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AWARD FOR DISTINGUISHED SERVICE TO 
PROFESSOR HARRY MERRILL GEHMAN 


Fittingly at this time the Mathematical Association of America honors 
Harry Merrill Gehman by naming him recipient of the Award for Distinguished 
Service to Mathematics. The dynamic strength of our Association as it now 
enters its second half-century can be attributed in marked measure to his de- 
voted and diligent service—for twelve years (1948-60) as its secretary-treasurer 
and, since 1960, as its treasurer and first executive director. With prudence and 
patience, good sense and good humor, he has guided the diverse activities of the 
Association through a difficult period of burgeoning growth. Today we are ver- 
itably saluting Mister MAA! 

Born at Norristown, Pennsylvania, in 1898, Harry Gehman did his under- 
graduate and graduate work at the University of Pennsylvania and began his 
teaching there. His A.B. (with ®BK) in 1919 and A.M. in 1920 came just at the 
time Professors R. L. Moore and J. R. Kline had made Pennsylvania the first 
home of American point-set topology (then called Analysis Situs). While serving 
as an instructor at Pennsylvania, Harry Gehman took a hand in this exciting 
new development and obtained his Ph.D. in 1925 with a thesis written under 
the supervision of J. R. Kline. After a year as National Research Council fellow 
with R. L. Moore at the University of Texas, he taught for three years at Yale 
University, one as instructor and two as assistant professor. 

In 1929 he accepted a professorship at the University of Buffalo, where 
Chancellor Capen had attracted promising scholars in several fields to establish 
a tutorial plan in the University’s new College of Arts and Sciences. He threw 
himself vigorously into building a strong mathematical program at Buffalo, 
while at the same time continuing active research in the topology of continuous 
curves [see bibliography in R. L. Moore, Foundations of Point Set Theory, 
American Mathematical Society Colloquium Publication No. 13]. For thirty- 
three years (1929-1962) he served as head of the Department of Mathematics 
at the University of Buffalo, now the State University of New York at Buffalo. 
There was one interlude: in 1945, literally at a moment’s notice, he went to 
England to head the Department of Mathematics of the Shrivenham University, 
United States Army. 

Harry Gehman was the first chairman (1940-41) of the Upper New York 
State section of the Association—an experience which seems to have led him to 
strive constantly to make the regional sections of the Association the “grass 
roots” of its nation-wide strength. He was elected to the MAA Finance Com- 
mittee in 1944, and succeeded W. B. Carver as secretary-treasurer in 1948. By 
effective selfless service, in the best tradition of his predecessors, he became the 
mainstay of our Association—managing its financial matters, implementing de- 
cisions of the Board of Governors, coordinating committee activities, and super- 
vising closely both editing and publishing. 
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In addition to serving ex officio on the Board of Governors and various 
Association committees (the Executive and Finance Committees, the Commit- 
tees on Publications and on Membership, and the Joint Committee on Places 
of Meetings), he has served by appointment on nominating committees, on the 
planning committee for the fiftieth anniversary celebration, and as chairman of 
the Committee on the Structure of the Government of the Association. He has 
represented the Association in the Division of Mathematics of the National 
Research Council, on the Policy Committee for Mathematics and then the Con- 
ference Board of the Mathematical Sciences, where he was elected to an addi- 
tional term as member-at-large. He was Chairman in 1951-52 of the mathe- 
matics section of the American Society for Engineering Education and partici- 
pated three summers (1959-61) in writing projects of the School Mathematics 
Study Group. 

Over and beyond this handsome record of accomplishment shine the amiable 
warmth and sterling spirit of the man himself—and his wife, Marian, who has 
shared in his mission to mathematics. It has been service with the extra zeal and 
zest of a man who enjoys working with other people and accepts their foibles 
with a chuckle. For all this we proudly and gratefully hail Harry Merrill 
Gehman. 


A. W. TUCKER 


AVOIDING THE JORDAN CANONICAL FORM IN THE 
DISCUSSION OF LINEAR SYSTEMS WITH 
CONSTANT COEFFICIENTS 


E. J. PUTZER, North American Aviation Science Center, Thousand Oaks, California 
(Now at 5143 Topanga Canyon, Woodland Hills, California) 


Consider the differential equation 
(1) | % = Ax; 4(0) = x03 0OSt< om, 


where x and x» are m-vectors and A is an m Xn matrix of constants. In this paper 
we present two methods, believed to be new, for explicitly writing down the 
solution of (1) without making any preliminary transformations. Th’s is par- 
ticularly useful, both for teaching and applied work, when the matrix A cannot 
be diagonalized, since the necessity of discussing or finding the Jordan Canonical 
Form (J.C.F.) of A is completely by-passed. 

If e4¢ is defined as usual by a power series it is well known (see [1]) that the 
solution of (1) is 


x = eA'x, 
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so the problem is to calculate the function e4*. In [2], this is done via the J.C.F. 
of A. In [1], it is shown how the J.C.F. can be by-passed by a transformation 
which reduces A to a triangular form in which the off diagonal elements are 
arbitrarily small. While this approach permits a theoretical discussion of the 
form of exp {At} and its behavior as ¢ becomes infinite (Theorem 7 of [1]), it 
is not intended as a practical method for calculating the function. The following 
two theorems suggest an alternate approach which can be used both for cal- 
culation and for expository discussion. It may be noted that the formula of 
Theorem 2 is simpler than that of Theorem 1 since the 7; are easier to calculate 
than the q;. 

In order to state Theorem 1 simply, it will be convenient to introduce some 
notation. 

Let A be an 2 Xn matrix of constants, and let 


fO) = |AL— Al =M+ Gd I+ ++ ted +60 


be the characteristic polynomial of A. Construct the scalar function 2(¢) which 
is the solution of the differential equation 


(2) gm) + ¢, yg) +--+ + 6 + coz = 0 
with initial conditions 
(3) 2(0) = 2(0) = --- = 2-2)(0) = 0; g-D(0) = 1. 


We observe at this point that regardless of the multiplicities of the roots of 
f(A) =0, once these are obtained it is trivial to write down the general solution 
of (2). Then one solves a single set of linear algebraic equations to satisfy the 
initial conditions (3). Since the right member of each of these equations is zero 
except for the last, solving them entails only finding the cofactors of the ele- 
ments of the last row of the associated matrix. It is not necessary to invert the 
matrix itself. For teaching purposes, the point is that the form of the general 
solution of (2) can be obtained quickly and easily by elementary methods. 

Now define 


z(t) C1 C2°**Cn1 1 
Z(t C cy: scl 
zm=| * |, ana cH|(% 77 
g(n-1) (t) Cn—1 1 
1 


We then have the following 


THEOREM 1. 


(4) At = YS gi(t) As 


j=0 
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where qo(t), --° , Qn—1(t) are the elements of the column vector 
(S) q(t) = CZ(). 


Before we prove this, a remark is in order as to what happens when f(A) has 
multiple roots but the minimal polynomial of A has distinct factors so that A 
can in fact be diagonalized. It appears at first glance that our formula will con- 
tain powers of ¢, yet we know this cannot be the case. What occurs, of course, is 
that the powers of ¢ in (4) just cancel each other out. This is the nice feature of 
formula (4); it is true for all matrices A, and we never have to concern ourselves 
about the nature of the minimal polynomial of A, or its J.C.F., and no pre- 
liminary transformations of any kind need be made. 

Proof. We will show that if 


n—1 


(6) &(t) = Do gilt) A? 
j=0 
then d®/dt=A® and ®(0) =I, so ®(t) =e4*. Since only go(t) involves 2@-(), 
q;(0) =0 for 721. Clearly, go(0) =1. Thus, ®(0) = J. 
Now consider (d@/dt) —A®. Differentiating (6), and applying the Hamilton- 
Cayley Theorem 


n—l1 


A™+ >) ¢;Ai = 0, 


j=0 
we obtain 
d® n—l1 ; 
7 A® = (Go + cogn—1) + Do (5 — Git + 6iQn—1) A. 
j=0 
It will suffice, therefore, to show that 
go(t) = — cogn—i(t), 
Qi(t) = qy-1(t) — c7Gn-1(8) j 


1,--°+,@— 1). 
From the definition (5), 


n—j- 


1 
(7) q(t) = Dy crqg2O-Y) 4 ge-F, 
k=1 
Therefore g;(f) = > Fr? Cn4.j32™ +209. 
But g,-1=2, so we have 
n—j—-1 
(8) G3 + ciqng = DS rye + 20-P forj=0,1,---,a—-1. 
k=0 
If 7=0, this yields 


n—l1 


Go + cogn—1 = Dy ors + 2™ 


ken 
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which is zero because of (2). 
If 721, replace j by j—1 in (7) and change the summation index from k to 
k-+1 to get 


n—jF-1 
(9) gis(t) = DS cage 4+ ged, 
k=0 
Comparing (9) and (8) we have g;+¢j¢n_1(f) =q;-1(t) for 7=1, 2,---,n—1. 


Students will want to see the formula (4) derived. One merely presents the 
proof backward, beginning with the observation that because of the Hamilton- 
Cayley theorem, exp { At} should be expressible in the form (6). Regarding the 
q; as unknowns, and applying the differential equation which exp {Az} satis- 
fies, leads directly to (4). 

A second explicit formula for exp { At}, which also holds for all matrices A, 
is the following: Let A1, Ae, - - -, An be the eigenvalues of A in some arbitrary but 
specified order. These are not necessarily distinct. Then 


THEOREM 2. e4t= D0" 1 ¢5,1(f)P;, where 


; 
P=; P;= |] (4 - XD, (g=1,---+,m), 
k=1 
and ri(t), +--+, tn(t) ts the solution of the triangular system 


| 11 = A\1?1 


4; = 13-1 + Agr; G =2,°°° n) 
Lo =1; 7;(0) =0 (j = 2,-- +n). 
Proof. Let 
(10) 8) = Dra? 


and define ro(t)=0. Then from (10) and the equations satisfied by the 7;(#) we 
have, after collecting terms in 7;, 


n—-2 


© — nb = DY [Pre + ser — An) Paleses. 


0 


Using Pj41=(A —Ajui DP; in this gives 


& — da® = (A — Agl)(® — rn (t) Pn-1) 
= (A — d,I)® — rat) Pra. 
But P,=0 from the Hamilton-Cayley Theorem, so = A®. Then since ®(0) =I 


it follows that @(t) = e4¢, 
Example. If one desires a numerical example for class presentation an ap- 
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propriate matrix A can be prepared in advance by arbitrarily choosing a set of 
eigenvalues, a Jordan Canonical Form J and a nonsingular matrix S and 
calculating 


A= SJS 1. 


Then beginning with A, one simply calculates the set { gi(#) } and/or {rs(t) } . Con- 
sider the case of a 3X3 matrix having eigenvalues (A, A, uw). There are two sub- 
cases; the one in which the normal form of A is diagonal, and the one in which 
it is not. These two subcases are taken care of automatically by the given formula 
for exp {At}, and do not enter at all into the calculation of the {g;} or {ri}. 

As an example we will explicitly find the sets {q;} and {7,;} for the case of a 
33 matrix with eigenvalues (A, A, A). We note that aside from the trivial case 
in which the normal form (and hence A itself) is diagonal, there are two distinct 
nondiagonal normal forms that A may have. As above, these do not have to be 
treated separately. 

From Theorem 1, 


f(x) = (« — dA) = x? — 3dx? + 32% — A 
SO C1= 3h, co = — 3X. Obviously 2(¢) = (a1 et +a3t?)e. Applying the initial con- 
ditions to find the a; yields z= $t?e, so 
{? 
Z(t) = fer*] AL? + 2 
N72? + 4Nt + 2 


Then since 
32 —3\ = 1 
C=|-3\ 1 0 
1 0 0 
N42 — Qt + 2 
q = CZ(t) = 4e*#| 3 =—2dt? + 2t 
i? 
Thus 
(11) eAt = Ledtl (\42 — t+ 2) + (—2P+ 2A + 2A F 


for every 3X3 matrix A having all three eigenvalues equal to A. The correspond- 
ing formula from Theorem 2 is obtained by solving the system 


V1 = AY1 
to = r1 + Are 
\f3 = ro + Ars 
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with the specified initial values. This immediately gives 


{? 
ry = edt; ro = ler; 3 = 7 eM! 


SO 
(12) eAt = eM) 27 + 24(A — ADT) + (A — XD?}. 
Of course, if we collect powers of A in (12) we will obtain (11). 


References 


1. R. E. Bellman, Stability Theory of Differential Equations, McGraw-Hill, New York, 1953 
2. E. A. Coddington and N. Levinson, Theory of Ordinary Differential Equations, McGraw- 
Hill, New York, 1955. 


THE IMPORTANCE OF ASYMPTOTIC ANALYSIS 
IN APPLIED MATHEMATICS 


L. A. SEGEL, Rensselaer Polytechnic Institute 


Friedrichs began his 1954 Gibbs lecture on asymptotic phenomena in mathe- 
matical physics [6| by saying “the problems I intend to speak about belong to 
the somewhat undefined and disputed region at the border between mathematics 
and physics.” In the ten years since his lecture there has been a growing ten- 
dency to define this region and some others as the domain of applied mathematics. 
A number of explicit university applied mathematics programs have been 
started, the Society for Industrial and Applied Mathematics has been founded 
in the United States and the Institute of Mathematics and its Applications in 
England. ! 

It ought to be helpful to have on record various opinions on what this new, 
or renewed, activity is all about. The general nature of applied mathematics has 
been ably discussed [7], [8] and the time now appears ripe for more detailed 
remarks on the elements of an applied mathematical outlook. The purpose of 
the following supplement to Friedrichs’ remarks and references is to stress the 
importance of asymptotic analysis in applied mathematics. Although they will 
not be mentioned here, there are of course several other important aspects of 
the subject. One of these is the use of computing machines. Murray [13] con- 
centrates so exclusively on this one aspect that he gives the impression that 
applied mathematics is a problem solving service rather than the independent 
science envisioned here and elsewhere. An indication of the central position of 
asymptotics is that in concentrating on it we do not present an unbalanced 
picture of applied mathematics. 
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Another important aspect of the subject is regular perturbation theory, 
which gives rise to convergent series solutions to problems. A convergent power 
series about a point is asymptotic as the independent variable approaches the 
point, but we wish to show the importance of “genuine” or nonconvergent 
asymptotic series. To do this we shall briefly examine (i) certain basic theorems 
connected with asymptotic expansions, (ii) a differential equation in the neigh- 
borhood of an essential singularity, (iii) a very simple singular perturbation 
problem, and (iv) the lack of genuine distinction between a large variable and 
a small one—all in order to emphasize the connection between asymptotic ap- 
proximations and essential singularities. By means of some examples, we shall 
try to show that the principal goal of the applied mathematician, basic under- 
standing of physical phenomena, is most likely to be attained when asymptotic 
analysis is used to obtain the qualitative behavior of a solution near its worst 
(essential) singularity. 

In his lecture, Friedrichs discussed two permissible views of Stokes-phe- 
nomenon-like discontinuities—the genuine boundary of a natural object or an 
approximation to a region of rapid change. He mentioned the paradox that 
classical mechanics is the first asymptotic approximation to quantum mechanics 
yet the latter cannot be defined without reference to the former. He thereby 
gave physical support for the view that asymptotic methods offer more than 
another approximation technique but rather have a fundamental role in the 
mathematical description of physical phenomena. This same view is supported 
here by stressing the connection between asymptotics and essential singularities. 

By definition, f(z) has an asymptotic power series P near Zo, 


(e) ~P, P= 3 Angle — 0)", 


n==() 


if for every NV 


Ec — > Ane — “| = O(2 — 2)X*t! as 2 29 


n=0 


OT 


N 
(1) lim (2 — 2)~* Ee — >}) A(z — 2 | = Q, 
2-20 n=0 

(Most often go is the point at infinity and the definition is modified in an obvious 
way. See [3], a basic reference for asymptotics.) Also f(z) ~g(z)P if and only if 
f/g~P. More general asymptotic series have sometimes proved useful, particu- 
larly in discussing functions of two complex variables [5]. 

Although different functions can have the same asymptotic power series, it 
follows from (1) that if a given function has a series the series is unique: 
(2a) Ao = lim f(z), (2b) A; = lim (g — 80) f (0) — Aol, etc. 


2-29 2-29 
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In practice it is frequently clear that f has an isolated essential singularity at go, 
so one might feel that (2a) conflicts with Weierstrass’ theorem that f(z) tends to 
any limit whatever as zz) through an appropriate sequence of values [15, 
p. 93]. Usually, however, we wish to approach 2 along a continuous path, not 
along a discrete sequence of points. To see what now happens, let zo be the only 
singularity of the (entire) function f; f is defined to have order p if pis the greatest 
lower bound of positive numbers A such that 


f(z) = O (exp E — Zo |4), Z—> Zo. 


It can be shown that an entire function of finite order p approaches at most 2p 
different values if z—z9 along some continuous curve [15, pp. 284-6]. This 
theorem lies behind the fact that different asymptotic series are usually en- 
countered in different sectors of the complex plane (Stokes phenomenon). To- 
gether with the result that if f is analytic and single-valued for zg near zo, and 
if (1) holds for all arg (z—20), then P converges to f near go [3, p. 22], it shows 
that asymptotic series are to be anticipated when approximating a function in 
the neighborhood of an essential singularity. 

“Asymptotic approximations are a type of approximation to a function that 
holds when a variable is large” writes Jeffries in the first sentence of his valuable 
book on asymptotics [9]. Essentially the same thought begins Rosser’s survey 
article on the subject [14]. Presumably for simplicity in exposition, these au- 
thors choose to ignore examples like 


(3) 24224 y=0, yO =0, yt =], 
at? dt 
Or 
(4) t4 “ + 28 ied + (1 — p*t?)y = 0, pa constant, 
dt? dt 


where asymptotic approximations are associated with small values of the pa- 
rameter € or the independent variable t. We expect, correctly, that expansions 
of solutions to (4) about the origin will be asymptotic because ¢=0 is an irregu- 
lar singular point of the differential equation so the general solution has an 
essential singularity at t=0. (On p. 533 of [12], Morse and Feshbach have a 
suggestive discussion of the relation between singular points of the equation 
and its solutions.) After the transformation x=1/t, (4) is the familiar Bessel 
equation 


(5) 2 VY" + xV’ + (x? — p)V = 0, V(x) = y(1/x). 


Many students meet asymptotic series for the first time in advanced calculus 
treatments of (5) for large x. Unfortunately the impression is often left that a 
mysterious nonconvergence of the series is connected with proximity to the 
mysterious point at infinity. 
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If € is small in (3), the natural thing to do is to ignore the term ey’. A first 
order equation results, making it impossible to satisfy both boundary condi- 
tions. This is one of the simplest examples of a singular perturbation problem 
in which the equation of the natural first approximation is qualitatively differ- 
ent from the full equation. That asymptotic approximations are associated with 
singular perturbation problems is suggested by the exact solution to (3): 


eY—-14+VJ/(1-—6] = —43+0(6. 
exp (m1) — exp (mz) m, = {-1— JS(1 — 2] =— 2e74 O(1). 


exp (mit) — exp (mol) my 
y(t, €-) = ———_——_ 


The essential singularity at e=0 is evident. Note that which boundary condition 
is lost as € tends to zero, or, equivalently, which boundary is associated with the 
rapid variation of y making neglect of ey” inappropriate, depends on the sign of e. 


lim y(t, «) = exp [4(1 — dj], 0<tsl; 
elo 
lim y(t, «) = 0, Ost<1. 
e10 


This different behavior for different signs of € is a reflection of the essential 
singularity in the solution. A striking illustration of this behavior in a boundary 
value problem for a partial differential equation can be found in [16]. An article 
by Erdelyi [4] provides a good introduction to recent work on singular perturba- 
tion problems. 

Students sometimes remark that an asymptotic expansion valid as \— © 
actually gives good answers for [| as small as 5, say, while a convergent ex- 
pansion about e=0 only seems useful for numerical computation when |e] is 
quite small, perhaps less than about 0.2. Since 1/5=0.2 the remark as stated 
has little content. To give a concrete example, no superior merit can be assigned 
asymptotic approximations by noting that the leading term in the asymptotic 
expansion of J;(x) as x0, 


3r 
(6) Ji(x) ~ (2/2x)"? cos (: — =) ’ 


gives the first zero of 3.832 with an error of less than 23%. When x = (3.832)—! 
the error in using the first term in the convergent expansion of J:(x) about x =0 
is less than 1%. The advantage of the asymptotic approximation (6) lies in its 
correct prediction of the decaying oscillatory behavior of J:, a behavior which 
is not apparent from the series about the origin. (It is well known that the 
asymptotic power series for half-order Bessel functions terminate, thereby sum- 
ming the convergent power series about x =0. A recent example where an asymp- 
totic attack on a nontrivial problem led to the same phenomenon, and hence an 
exact solution, can be found in [11].) The reward of obtaining a relatively simple 
expression giving the essential features of the solution comes to those who attack 
a problem from its most singular aspect. It appears that even in the impersonal 
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area of mathematical analysis there is an advantage in “taking the bull by the 
horns.” This is simply because the behavior of a function is dominated by its 
worst singularity. 

The above line of thought leads to an understanding of why asymptotic 
approximations are particularly important in applied mathematics. In seeking 
to understand a complex phenomenon the applied mathematician tries to select 
a simplified representation which retains its essentials. For example, in trying 
to understand phenomena arising from the hypersonic flight of a rocket, he may 
consider hypersonic flow past a sphere or a cone. Only in unusual instances 
would one be interested in quantitative aspects of the solution to such an 
idealized problem. As we have seen, if some sort of asymptotic analysis is possi- 
ble, it would be expected to lead to a good qualitative picture of the solution. 
By using large computing machines one might well be able to get detailed in- 
formation about hypersonic flow past a shape much more like that of a rocket 
than a sphere or a cone, but the problem now is more in the domain of the 
engineer than the applied mathematician. Moreover, one can hardly trust 
the result of a large detailed machine computation unless there is agreement 
with a basic understanding of the phenomenon, determined perhaps by a theo- 
retician like an applied mathematician or perhaps by an experimental scientist. 

It will be helpful if we illustrate our ideas by more specific remarks on an- 
other example. Consider the propagation of small amplitude water waves due 
to an initial displacement, at t=0, of height d for | | <h and height zero for 
| x| >h. By use of simple Fourier integral techniques the elevation ¢ can be 
expressed as 


2d (7? . dk 
(7) ¢(«, 1) = — i) sin kh cos kx cos yt — » 
T 0 R 


where y is a function of k. For water of depth H, surface tension 7’p, and den- 
sity p, 
(8) vy? = (gk + T’k®) tanh kH, 


where g is the acceleration of gravity [10, p. 512 and p. 515]. Equations (7) and 
(8) are a complete formal solution to the problem but one cannot be content 
to leave the answer in the form of a complicated definite integral. The reason 
for doing the problem is to learn something about water waves. About all it is 
possible to learn so far is how the phase velocity y/k changes with surface ten- 
sion and depth. 

A simplification of (7) valid for small time can be obtained by expanding 
cos yt in a Maclaurin series but we can guess in advance that this will not be 
very informative. The initially rectangular bump will simply spread out; by 
symmetry it must split into congruent right and left moving portions. The fact 
that the expansion for small ¢ is convergent goes hand in hand with the fact 
that it expresses a relatively uninteresting regular perturbation from the initial 
state. 


12 ASYMPTOTIC ANALYSIS IN APPLIED MATHEMATICS [January 


When ¢ is large, we expect the effect of initial conditions to be small and the 
wave pattern to be dominated by whatever phenomena there are which are 
common to all water waves. The integrand of (7) has an essential singularity at 
t= © so mathematical anticipation of an asymptotic expansion reinforces physi- 
cal expectation that it will be most fruitful to examine (7) when ¢ is large. The 
classical calculation requires investigating integrals for large ¢ at fixed x/t by 
the method of steepest descent. It transpires that “periods, wave-lengths and 
wave-velocities are propagated with the group velocity [dy/dk]; individual 
waves travel with the local wave-velocity [y/k| but change their periods, 
lengths, and velocities as they travel,” [10, p. 514]. Because of surface tension 
there is a minimum group velocity. Behind a point moving with this velocity 
the surface elevation falls off exponentially to the mean level. In the vicinity 
of this point, Airy functions are required mathematically. Airy functions are 
the simplest functions whose behavior changes from monotonic (describing 
smooth water behind the point moving with minimum group velocity) to oscil- 
latory (describing waves in front of this point). There are larger longer gravity 
waves towards the front of the wave-train. Near a point moving with the maxi- 
mum group velocity (which is the same as the phase velocity of pure gravity 
waves) there is again Airy function behavior as the surface elevation stops oscil- 
lating and exponentially approaches the mean level. Experimental verification 
that these predictions are correct and not very sensitive to initial conditions 
can be obtained by careful observation of what happens when one throws a 
rock into a pond. 

It is clear that there is a wealth of valuable and elegant physical information 
concealed in (7) and revealed by an asymptotic approximation to (7). The con- 
cept of group-velocity is in fact central to an understanding of all types of wave- 
motion. This can be deduced from the fact that the nature of waves in water 
only appears in the dispersion relationship y =y() of (8) and not in the Fourier 
integral (7), and the fact that qualitative behavior depends only on general 
properties like the existence of maxima and minima of dy/dk. It is typical that 
a concept of great value in widely different contexts is easily illustrated in the 
context of fluid motion. The physical prerequisites are few and the phenomena 
are within the everyday experience of everyone. This is why study of subjects 
like fluid mechanics and elasticity usually form an important part of the basic 
education of an applied mathematician. 

Returning to our example, in [1] there can be found an account of propaga- 
tion of light signals. Included are subtle asymptotic mathematics, mastery of 
physical principles, and glimpses of human conflicts in the emergence of funda- 
mental new ideas. Group velocity plays an important role, but a subtle one. 
W. Wien had noticed that if signals always travel with the group velocity then 
signals could travel faster than light. Because of a complex dispersion relation, 
Sommerfeld and Brillouin’s resolution of this apparent conflict with relativity 
theory requires steepest descent calculations complicated by the presence of 
branch cuts and poles near the saddle points. 
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To repeat the qualification made at the beginning, in stressing the im- 
portance of asymptotics we do not mean to make an invidious comparison with 
other weapons of the applied mathematician not treated in this note. For exam- 
ple, only a few point masses need be involved in a gravitational interaction for 
useful results to be derivable by the asymptotic methods of statistical mechanics. 
Of great interest, however, are three-body problems where such many-particle 
methods are inapplicable. In any given situation, then, search for a “large” 
variable and an accompanying singular perturbation problem may be in vain. 
This is illustrated by the tale of the applied mathematician who resigned from 
a meteorology research group as soon as he discovered that all terms in the 
relevant equations were of the same order of magnitude. On the other hand, a 
skilled applied mathematician, aware of the power of asymptotic methods, can 
frequently formulate a problem in such a way that they can be used to reveal 
the essential features of the phenomenon (see [2]). One is reminded here of a 
remark concerning a certain distinguished scientist, “All he can do is solve 
boundary layer problems. ... But of course he can turn all problems into 
boundary layer problems!” 

To sum up, since he is most often interested in the qualitative behavior of 
the solution to an idealized problem, the applied mathematician frequently 
uses asymptotic expansions which give this behavior because they describe 
functions near their worst (essential) singularities. The applied mathematician 
has the technical ability to use asymptotic methods when the occasion de- 
mands. More important, he possesses the power of formulating problems so 
that asymptotic methods can be used when the occasion permits. 


The author has been on leave, 1963-64, at the Massachusetts Institute of Technology, where 
he was partially supported by the National Science Foundation. 
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1. Introduction. One of the purposes of classical algebraic number theory 
is the study of the ideal theory in the ring A of all algebraic integers of a finite 
algebraic extension of the field of rational numbers. Every proper ideal of A 
(that is, different from A and the zero ideal) is either a prime ideal or a (unique) 
product of prime ideals; furthermore the residue class ring (ring of cosets) of A 
modulo an ideal B is finite for every proper ideal B of A (see [4] p. 56). The 
number of elements in the residue class ring of 4 modulo the ideal B is called 
the norm of B and is denoted by N(B). Using the unique factorization theorem 
stated above, it is shown that N(BC)=N(B)-N(C) for any two proper ideals 
Band C of A. This multiplicative property of the norm is a very important tool 
in classical algebraic number theory. The first main result of this paper is that 
the multiplicative property of the norm implies the unique (prime ideal) factor- 
ization theorem in an integral domain with unit element in which every proper 
ideal has a finite norm. The second main result is concerned with the notion of 
the length L(B) of an ideal B, defined in the last section of the paper. It is 
shown in Theorem 4 that the unique (prime ideal) factorization theorem is valid 
in a domain with unit if and only if every proper ideal has finite length and 
L(BC)=L(B)+L(C) for every pair of proper ideals B and C. 


2. Preliminaries. We review some basic concepts. 

Throughout this paper J will denote an integral domain with a multiplicative 
identity. An ideal B of J is a nonempty subset of J which is closed under sub- 
traction and under multiplication by elements of J. If B and C are ideals in J, 
then the product BC is the set of all finite sums of the form )/7., bc; where 
b,< Band c;€C; the sum B+C of B and C is the set of all elements of the form 
b+c where OCB and cC€C. It is easy to show that sums and products of ideals 
are ideals and the usual commutative, associative, and distributive laws hold for 


1966] TWO CRITERIA FOR DEDEKIND DOMAINS 15 


BC and B+C and, moreover, that the zero ideal (0) and the domain J are the 
additive and multiplicative identities respectively. A proper ideal of a domain J 
is an ideal different from J and the zero ideal. An ideal N is called nonfactorable 
provided WN is proper and N=BC, where B and C are ideals, implies that either 
B=J or C=J. (In classical algebraic number theory this is the definition of 
“prime” ideal.) An ideal P is a prime ideal provided ad€ P impliesaCP or bE P 
where a and 0 are elements of J. 

In a general integral domain a nonfactorable ideal may not be a prime ideal 
and a prime may not be nonfactorable. (See examples 5 and 6 in section 4.) 
An ideal M in a domain J is said to be maximal provided M#/J and the only 
ideals of J which contain M are M and J. It is a well-known fact that in a 
domain with unit element, maximal ideals are prime (but not conversely). An 
ideal B is said to be finitely generated if there exist elements $;C Bfori=1,---, 
n such that every element of B is expressible in the form 0”, x;:b; with 
X1,° °° ,%, elements of J; in this case we write B=(b1, ---, dn) and say that 
B is generated by 01, - - - , On. 

A domain J with unit is called a Dedekind domain provided every proper 
ideal is either a prime ideal or a unique (except for order) product of prime 
ideals. It can be shown (see [1] p. 273) that a domain with unit, in which every 
proper ideal is either a prime ideal or a product of prime ideals, is a Dedekind 
domain and that proper prime ideals are maximal in a Dedekind domain. The 
domains in the following three examples are Dedekind domains having the finite 
norm property (i.e., the ring of cosets modulo any proper ideal is finite). 

Example 1. The ring of all algebraic integers in any finite algebraic extension 
of the field of rational numbers (in particular, the ring of “ordinary” integers) 
is a Dedekind domain having the finite norm property (see [4]). 

Example 2. The ring of polynomials F|x]| over a finite field F is a Dedekind 
domain which has the finite norm property (see [5] pp. 55-62). 

Example 3. Let p be a prime number and denote by D the set of rational 
numbers a/b, where a and 0 are integers with 0 not divisible by p. The ideal P 
generated by p in D is the only proper prime ideal in D and every proper ideal 
in D is a power of P. The domain D is a Dedekind domain having the finite 
norm property (see [1] pp. 223-230). 


3. Finite norm. In this section we assume that the domain J has the prop- 
erty that every proper ideal B has finite norm N(B), that is, the residue class 
ring of J modulo B is finite with N(B) elements. 


Lema 1. If B and C are proper ideals of J such that BCC, then there exists a 
positive integer k such that N(B)=kN(C). Furthermore, B 1s a proper subset of C 
af and only tf k=2. 


Proof. Since B is a subgroup of C under addition it follows easily that there 
exist elements c;€C for i=1, -- +, R such that the cosets {B+c;} are disjoint 
fori=1,---, kand C=UL,{Bt+e;}. It is clear that if B=C then k=1, and 
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if B¥C then k>1. If J=UL,{ C+x;} is the coset decomposition of J modulo 
C, then 


J= U {B+e4++;} 
lsjgn 
lstsk 


is the coset decomposition of J modulo B. It follows that N(B)=kRN(C). 


LemoMaA 2. If every proper ideal of J has finite norm, then every proper ideal is 
finitely generated. 


Proof. Let B bea proper ideal of J and 0:+0anelement of B. If B= (0;), then 
B 1s finitely generated. If B¥(0,), let b2 CB and bo.¢ (b,). If B= (01, be) then B is 
finitely generated. If B¥ (hi, be), then there exists 6;€B such that 034 (bi, 0). 
If this process continues, we obtain a chain of ideals 


(1) C (1, b2) C (61, b2, b3) C++. 


By Lemma 1 we have 
N((b1)) > N((b1, b2)) > N((b1, bo, b3)) > + + 


and since the norm of a proper ideal is a positive integer, it follows that the chain 
of ideals above must terminate in a finite number of steps and, consequently, 
B is finitely generated. 


THEOREM 1. Let J have the property that N(AB) =N(A)N(B) for every pair of 
proper ideals A and Bin J. If A and B are ideals in J such that A CB, then there 
exists an ideal Cin J such that A=BC. 


Proof. We first prove the theorem for the case in which B=A-+(0) where 
b&A. If either A or A+(6) is not a proper ideal or if D€ A, then it is obvious 
that there is an ideal C such that 4 = BC. Suppose that A and B=A-+(0) are 
proper ideals such that b€A and denote by C the set of elements xC/J for 
which xbDCA., It is easy to verify that C is an ideal and that BCC_A. In order to 
show that BC=A, it is sufficient (by Lemma 1) to prove that N(BC) = N(A). 
Since BCCA it follows from Lemma 1 that N(BC)=N(B)-N(C)2N(A). 
Therefore, in order to prove that N(BC)=WN(A), it is sufficient to show that 
N(BC)=N(B)N(C) SN(A). Since ACB it follows (by Lemma 1) that N(A) 
+ N(B) =k is an integer. Hence it is sufficient to show that N(C) Sk. 

Let B=Ui1{A+x;} be a coset decomposition of B modulo A and let 
J =Uh1{C+y;} be a coset decomposition of J modulo C, where k=N(A) 
+ N(B) and n=N(C). We will show that the set of cosets 1 C+, C+Ya °°, 
C-+y,} can be mapped one-to-one onto a subset of the set of cosets {A-+m, 
At+xa, °°, A+x;}, from which it will follow that N(C)=nsk. Associate 
with each coset C+; the coset 4-+x; in which the element by; occurs (where 
B=A+(0)). If C+y,=C+y,, then y,—y,€C. From the definition of the ideal 
C it follows that (y,—¥4,)bGA. Since y,b and y,d belong to the ideal B and 
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yrb—y,bEA it follows that y,b and y,b belong to the same coset of B modulo A. 
This shows that the mapping defined above is independent of the coset repre- 
sentative. Since each element of B belongs to one and only one coset of A, the 
mapping is single valued. Suppose that two cosets, C-+y, and C+ ,, are associ- 
ated with the same coset A+x,, so that by,—by,€A. It follows that b(yu—y») 
CA. Therefore y,—y,EC and C+y,=C+y,. Hence N(C)=nSk and A=BC 
in case B=A+(0). 

Now let A and B be any two proper ideals such that BDA. By Lemma 2, 
B is finitely generated and, consequently, there exist elements 01, bo, - +--+, On 
such that 


AC A+ (61) C A+ (61) + (2) C++ CAH (1) $+ ++ + (On) = B. 


Applying the result obtained above in the first part of this proof, we obtain an 
ideal C, such that A =[A-+(b1)|-C,. There is an ideal C, such that A+(b1) 
~ [A +(b1) + (62) |- C2. Therefore A = [A +(b1) + (02) |-Ci-Ce. By a standard in- 
duction argument it follows that there exists an ideal C such that 4 = BC. 


LemMA 3. If P is a prime ideal in any domain and A and B are tdeals such 
that ABCP, then either ACP or BCP. 


Proof. Suppose ACP and let aE A, aE P. Since ABCP, abCP for every 
b€B. It follows from the definition of a prime ideal that D€P for every DCB. 


Lemma 4. If B and C are ideals in a domain D with unit element and 0O4a€D, 
then (a)B=(a)C wmplies B=C. 


Proof. lf b€&B then ab€(a)C and therefore 


ab = > (x,;a)e; = Date) = s ac} = a( > ct), 


a==1 


where x;ED, c;EC, cf CC for i=1,---,n. Therefore 


ab = o( Det) and b= di cf EC. 
t=] ee | 
THEOREM 2. If J has the properiy that N(AB)=N(A)N(B) for every pair of 
proper ideals A and Bin J, then every proper ideal of J is either a prime ideal or a 
unique (except for order) product of prime ideals. 


Proof. Let A be any proper ideal of J. If A is nonfactorable then A is maximal 
(and hence prime) since 4 CB implies by Theorem 1 that there is an ideal C 
such that 4 =BC, from which it follows that either B or C is J and therefore 
B is either A or J. If A is not nonfactorable, then A = 4,4_ where A; and A: are 
proper ideals. Hence N(A) = N(A1)N(Az2). Since the norm of a proper ideal is 
an integer 22 it follows that A can be factored into a product of nonfactorable 
ideals, say A =N,-Ne- ----Nn, where N; is a proper nonfactorable ideal for 
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i=1,---,m. Since proper nonfactorable ideals are maximal, it follows that A 
is a product of maximal (hence prime) ideals. 

Uniqueness follows from [1] page 273, but a much more elementary proof 
can be given in this case. Suppose that 


A=M,M,::--M,=MiM?-:--M, 


where the M; are maximal and the M/ are proper prime ideals. By Lemma 3, 
M,;CM; for some j, say j=1. Then M,=Mj. Let x40 belong to M;. Since 
(x) C My, there exists an ideal Q such that (x) =MQ by Theorem 1. We have 


OMi\M,---M,=QMiMi---M! 
(x)*Mg- +++ M, = (x)-Mg----- M 


By Lemma 4, we have Mz: M3: ---: - M,=Mz-Mj----- Mi. 

A standard induction argument completes the proof. 

We remark that in a domain J with unit element in which proper ideals 
have finite norms, the converse to Theorem 2 is also valid. The standard proof 
.in classical algebraic number theory is all that is needed to get this result. A 
domain with unit element in which the unique prime ideal factorization theorem 
holds need not, however, have the finite norm property, as the following exam- 
ple shows. 

Example 4. The ring of polynomials F[x] over an infinite field F is a Dede- 
kind domain which does not have the finite norm property, since the residue 
class ring of F[x] modulo the ideal (x) is isomorphic to F. 


4. Chains of ideals. In this section we consider a general integral domain J 
with unit element. Let A bea proper ideal of J and let S be the set of all positive 
integers 7 obtained by taking the lengths of all possible finite chains of ideals 


AC AiC 42C:::-CAn=J, where AX Ai and A; AF Avi 


for i=1, 2,---, 2—1. We say that A has finite length in case the set S is 
finite and, in this case, the largest integer in S will be called the length of A 
and denoted by L(A). 


Lemna 5. If every proper ideal in J has finite length, then every proper ideal ts 
finitely generated. 


Proof. Let a10 be an element of the proper ideal A. If A =(a,) then A is 
finitely generated. If A (a1), let a€A, aE(ai). If A=(a, ae), then A is 
finitely generated. If A 4 (a1, ae), let agE€A and a;¢ (a, a2). The chain of ideals 
(a1) C (a1, a2) C (a1, 2, a3) C - - - must terminate since (a1) has finite length, and 
it follows that A is finitely generated. 


THEOREM 3. Let the integral domain J have the property that every proper 
ideal has finite length and that L(A B) =L(A)+L(B) for every pair of proper ideals 
A and Bin J. If A and B are ideals in J such that A CB, then there exists an ideal 
C such that A=BC. 
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Proof. As in the proof of Theorem 1, it is sufficient to prove the theorem for 
the case in which B=A-+(b), where 0¢A. Denote by C the set of elements x in 
J for which xb) CA. As in Theorem 1, C is an ideal and BCCA. Hence L(BC) 
=I,(B)+L(C)2L(A). In order to prove that BC=A it 1s sufficient to prove 
that L(A) 2L(BC) =L(B)+L(C). 

Let 


(1) CCC+ (a1) CCH (a) + (me) C++ CO + (i) + + me) HS 


be a strictly increasing sequence of ideals from C to J. We will show that the 
sequence 


(2) ACA (bx) C A+ (bai) + (ba) C++ C A+ (bar) +--+ + (bmn) 


is a strictly increasing sequence of ideals each contained in B. It will follow from 
this that L(A) 2L(B)+L(C) and therefore A =BC. | 

Since B=A-+(b), it is clear that each of the ideals in the sequence (2) is con- 
tained in B. If A=A-+(bx), then bx,CA and it follows from the definition of 
C that x,CC. Hence C=C+(x1) and the sequence (1) is not strictly increasing. 
A standard induction argument completes the proof. 

It is known that a domain J with unit is Dedekind if and only if BDA im- 
plies there exists an ideal C such that A =BC (see [2] p. 13). We will give a 
more elementary proof that the domain of Theorem 3 is Dedekind. 


Lemna 6. If aCJ and B is an ideal in J such that (a) B, then there exists an 
ideal Q in J such that (a)-Q=B. 

Proof. Denote by Q the set of elements xCJ such that axCB. It is easy to 
show that Q is an ideal and (2)O=B. 


Lemna 7. Let J have the property that every proper ideal in J ts either maximal 
or a product of maximal ideals. If M is a maximal ideal in J, then there exists an 
element aC J and an ideal OA(0) in J such that MQ=(a). 


Proof. If M=(0), take Q=J and a=0. If M+A(0), let a¥0 be an element 


of M. There exist maximal ideals M,, Mo,---, M, in J such that 
(a) =M,M,--- My. Since MD (a), it follows from Lemma 3 that M=M; for 
some i, say 1=1. Then (2) =MM.--- M, and set Q=M2- --- -Mn. 


LemMA 8. Let J have the property that every proper ideal in J 1s either maximal 
or a unique (except for order) product of maximal ideals. If A and B are proper 
ideals in J such that A CB, then there exists an ideal C in J such that A=BC. 


Proof. By Lemma 7 there exists an ideal Q4(0) in J and an element JCJ 
such that BO=(d). It follows that (6) =BQDAQ and by Lemma 6 there exists 
an ideal C in J such that ()C=AQ. Then (01)C=BQC=AQ. By factoring A, 
B, C and Q into maximal ideals and using the uniqueness of the factorization, 
we see that d=BC. 
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THEOREM 4. In order that J have the property that every proper ideal 1s either 
maximal or a unique (except for order) product of maximal ideals it 1s necessary 
and sufficient that every proper ideal have finite length and that L(AB)=L(A) 
+-L(B) for every pair of proper ideals A and Bin J. 


Proof. In order to prove the necessity it is sufficient to note that if A isa 
proper ideal of J and 4d =M,M, - - - M, is the maximal ideal decomposition of 
A, then L(A) =n; this follows easily from Lemma 8 and the uniqueness of the 
factorization into maximal ideals. 

The sufficiency follows from the fact that every proper ideal of J is finitely 
generated and there are no ideals properly between a maximal ideal and its 
square (see [3] pp. 33), however, a much more elementary proof will be given 
here. 

Let A be a proper ideal of J. If A is nonfactorable, then it follows from 
Theorem 3 that A is maximal. If A is not nonfactorable, then proper ideals A, 
and A; exist such that 4 =A,A>. Since L(A) =L(A1)+L(4,2) it follows easily 
that A is a product of nonfactorable ideals. By Theorem 3, nonfactorable ideals 
are maximal and therefore A is a product of maximal ideals. The uniqueness 
follows as in the proof of Theorem 2. 

The following two examples illustrate some of the relationships between 
various properties of ideals in a domain. 

Example 5. Let F[x]| be the ring of polynomials over a finite field F and 
denote by D the subring of F[x] consisting of all polynomials with x-coefficient 
zero. The domain D has the finite norm property, but the norm is not multi- 
plicative and D is not a Dedekind domain. Every ideal in D is generated by 
either one or two elements and proper prime ideals are maximal. Every proper 
ideal is a product of nonfactorable ideals, but not uniquely (see [6]). The ideal 
(x?) is a nonfactorable ideal and not a prime ideal (or, a product of prime ideals). 
The cancellation law for ideals is not valid in D. In D every ideal has finite 
length, but it is not true that L(BC) =L(B)+L(C) for every pair of proper 
ideals B and C in D. 

Example 6. Let R[x, y| be the ring of polynomials in two variables over the 
field of rational numbers R and define a function v from R[x, y| into the additive 
group of real numbers by 


(X 55x" ‘ = min {i+jv2} 


@ i340 


for nonzero polynomials and define v(0) = © (in the extended reals). Extend this 
function v from R[x, y] to the quotient field R(x, y) of R[x, y| by o(f/g) =2(f) 
—v(g). Denote by D the set of all rE R(x, y) such that v(7) 20 and by M the 
set of all rC R(x, y) such that v(v) >0. It can be shown that D is a domain with 
unit and that M is a maximal (proper, prime) ideal of D and M?=M,i.e., M is 
a prime ideal which is not nonfactorable. The function v is a nondiscrete (rank 
one) valuation of R(x, y) and D is the valuation ring of v (see [5] pp. 239-240). 
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The ideal M is not finitely generated and D does not have the finite norm prop- 
erty or the finite length property (see Lemma 2 and Lemma 5). 
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EXTENDED NIELSEN OPERATIONS IN FREE GROUPS 
J. J. ANDREWS, Florida State University, and M. L. CURTIS, Rice University 


1. Introduction. The authors have made a conjecture about free groups 
[1] and noted some interesting topological consequences which would follow 
from the truth of the conjecture. The present paper represents some partial 
results obtained in attempting to prove the conjecture. Proposition 3.2 is due 
to Peter Hilton. 


Let X={m,---,x,} bea finite set. Let W be the set of all monomials 
Ne ng Ne 
Vis Vig eo e Nie s 


where 1 $1; Sn, n; is an integer, and e20. (For e=0 we write 1.) The product of 
two elements 


ny ne my Mh 
W1 == Vis ._ 8 @ Xie s Wo = V5, ee @ X75, 


is defined by the following: 


ny ne My ™rk 
W1° We = Ney ee @ VieXs, ee @ XFy . 


Under this operation W forms a semi-group with unit. We identify two ele- 
ments wy , w. of W if one can be obtained from the other by 


(1) replacing so4 4 by ralie and (2) replacing 6; by 1 


or the inverse of (1) and (2). 

The resulting set forms a group F. The group F is said to be freeon 11, ---, 
xn. We say F is free on 41, - + + , ¥n if there is an isomorphism @: F—F such that 
6(x4) = Vip 
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Let F be a free group on “1, °° -, %n. If ai, +--+, @» is any finite set of ele- 
ments of F, then a Nielsen operation is defined to be a change from ay, - - - , dy to 
di, °°, Gin one of the following three ways: 

(i) d=," , Gg=Q2,° °° ’ Ap =A, 

(11) y= 4, a;=M, @;=a; for jA1, 1. 

(iii) -A1 = 0102, do= Qs, sry Ap =p. 

THEOREM (NIELSEN [2]). If Fas free on x1, +++, x,andalso freeon y1,+°-, 
Yn, then a finite sequence of Nielsen operations will change x1, --+,%ntoV1°*:, 


Vn. (That is, Nielsen operations generate the group of automorphisms of F.) 


If A is a subset of F then G(A) will denote the subgroup of F generated by 
A and N(A) will denote the normal subgroup of F generated by A. If A isa 
finite set, then we note that Nielsen operations on A do not change G(A). Given 
a presentation 


{ai +++ atn| 71° +, taf 


of the trivial group, we know only that N(n, +--+, 7%.) =F and it often happens 
that G(n,---+, %)#F. In these cases Nielsen operations cannot change 
11, °° *,% tO X1, °°: , Xn, but we conjecture that addition of a fourth type of 
operation suffices. 


(iv) G1 = gaig-!, de = de, °° +, Gp = Gy, where g is any element of F. 


The three Nielsen operations along with (iv) will be referred to as extended 
Nielsen operations. The symbols 


N 
(11, °° +) tn) > (1, °° +, &n) 


will mean that 7, - - - ,7, may be changed tox, -- -,%, by a finite sequence of 
extended Nielsen operations. 


ConjJEcTURE. If F is free on x1, °-+ +, x, and N(n, +--+, %m) =F, then 


N 
(71, °° +5 fn) > (1, + + +, Bn). 


Just as the three Nielsen operations on A do not change G(A), so the ex- 
tended Nielsen operations on A do not change N(A). Hence, the condition 
N(n, -* +, %) =F is surely necessary for (71, -°--, rr) N (x1, -+ +, Xn), so the 
conjecture could have been stated with “if and only if.” We will see that G(4) 
may be changed by extended Nielsen operations—otherwise the conjecture 
would be clearly false. 

We restrict attention to the case 2=2, primarily for notational simplicity. 
It is not clear, however, that a proof for n=2 would give a means of proving 
the conjecture for larger values of n. 
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2. Degrees of words. In the free group F(a, 5) on a and 6, we define the 
a-degree d,(w) of a word wCF to be the sum of all the exponents of a in w. 
For any pair (p, g) of integers there is a normal subgroup consisting of all words 
w such that d,(w) is a multiple of p and d,(w) is a multiple of g. Clearly, such a 
subgroup is normal. For (~, g) = (0, 0) it is the commutator subgroup. 


PROPOSITION 2.1. cCF belongs to F’=[F, F| if and only if da(c) =0=d,(c). 


Proof. For cCF’ it is obvious that both degrees are zero. Conversely, if 
da(c) =0 =d,(c) then c goes to 0a+00 in the abelianization of F. Hence cC F’. 

We are interested in pairs (7, s) of elements of / whose normal closure is F. 
This imposes a condition on the degrees. 


PROPOSITION 2.2. If N(r, s) =F, then 
| p 4 | = +1, 
1 se™ 


where 


da (7) = p, dy(r) = 4 
da(s) = 1, dy(s) = m. 


Proof. It suffices to look at the abelianized group. Then a, 0 are linear in- 
tegral combinations of r, s (actually we mean their images in the free abelian 
group). So there exists a matrix 

( 
t u 


of integers such that 


Then 
I 


t u 


a 
Lm 


are integers whose product is 1, and the proposition is proved. 
This proposition is not the best possible. If we require only that {a, b| t, s} 
be a perfect group (see Section 3), then the same result may be proved. 


PROPOSITION 2.2a. If F/N(r, s) is equal to its commutator subgroup, then 


pq 


tom 


Jett 
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Of course, the converse of Proposition 2.2 is far from true (Section 3 contains 
specific examples), but there is one special case in which it is. 
THEOREM 2.1. Jf r=a?b2, s=a'b™, then 


Pq 


N(r,s) = Fe [= +1697 0). 
Lm 


Proof. We have observed in Section 1 that none of the extended Nielsen 
operations changed the normal closure of a set, so always 


N 
(r, 5) > (a, 6) = Nir, 5s) = F. 


Hence, it suffices to prove that the condition on the determinant implies 
(r, S) Na, b). This is an elementary manipulative exercise, a procedure for 
which we now sketch. 

Suppose p=/. Then ¢ is changed to a’b%a?—' (by conjugation by a~?*") and 
then changed to the inverse a~?t'b-%a—! of this element. Then we multiply by s 
on the right. This gives 


q-ptlp-ctm and alb™. 
Next we reduce 0” in the way we did a?, etc. This will finally give a and 0. 


3. Perfect groups. If M(r, s)=F then under abelianization 4: F—-F/F’ we 
see that 7(r), 7(s) are a basis for the free abelian group F/F’. Hence n(r), (s) 
may be changed by Nielsen operations only to y(a), 7(b). By simply following 
these operations up in F we get the first result of this section. 


PROPOSITION 3.1. If N(r, s) =F, then (r, s) may be changed by Nielsen opera- 
tions (no conjugation needed) to (¥, 5) such that *=Qqa, S=b, with a, a@CF’. 


It follows that we can restrict consideration to pairs of this sort, but it turns 
out that we cannot hope to handle all such pairs because the converse of 
Proposition 3.1 is false. That is, there exist elements ¢1, c, of the commutator sub- 
group Ff” such that 


N(c1a, 2b) ¥ F. 
Example. In particular, we assert that 
61 = (a~'bab-!)| (ba~!b—1a) (ab-1a-"D) J 
C2 = (ba~b-1a) (aba) 
is such a pair. In other words, the group G with presentation 
G= {a, b| 1d, cob} 


is nontrivial. 
To establish the nontriviality we will give a homomorphic mapping @ of G 


1966] EXTENDED NIELSEN OPERATIONS IN FREE GROUPS 25 


onto A;, the alternating group on five objects. Let 


o(a) = (2 1 4) 
$(6) = (1 2 3 4 5), 


and one can check that $(c:a) = 1 = ¢(¢2b) so that this assignment does determine 
a homomorphism of G. Clearly, the image is nontrivial. (Actually the homo- 
morphism is onto since (2 1 4) and (1 2 3 4.5) generate As.) 


PROBLEM 1. In F(a, b) describe those pairs q, cx€ F’ such that N(ca, cb) = F, 

A good clue to this problem is furnished by an observation of Peter Hilton 
showing that the bad pairs cq, c.(N(cia, cb) =F) come from presentations of 
perfect groups. 

Recall that a group G is perfect if G=G’, its commutator subgroup. We note 
that for any G4, ¢.€ F’ the presentation 


(a, b | C14, cob} 


is always a perfect group, since a group is perfect if and only if its abelianization 
is trivial. 

PROPOSITION 3.2. Each presentation of a nontrivial perfect group leads to a bad 
pair, 1, CF’. (This is not precise. We should say each presentation with two 
generators, but as remarked in Section 1, we use two generators only for notational 
convenience. ) 


Proof. Let G= {a, b|r, s} be perfect. Then a, b may be written as products 
of commutators of words in a and 6 (Proposition 2.1 applies only to free groups), 


a = ¢,(a, b) 
b = c2(a, d). 


The natural map 7: F(a, 0)-—>G sends the word c,(a, 6) to a in G. Hence 
N(cr“a, cob) is in the kernel of y. It follows that N(e:~'a, cg 10) ¥ F. 

So we see that one answer to Problem 1 is that q, c, is a bad pair if and only 
if cy, co! give a and 0b in some perfect group generated by a and 0. This is not 
much help since no scheme for listing all finitely-generated perfect groups is 
available. 


4, Lengths of words. In this section we consider the most promising tool for 
proof of our conjecture. The length | 2 | of a word w in F(a, d) is simply the 
number of letters used in writing it in reduced form (i.e., all aa! etc. are can- 
celled out). Obviously, for any two words u, vC F 


jw o| Ss [ul + [>| 
with equality holding whenever the last letter of a is not the inverse of the first 


letter of v. 
In general, long words do not generate as much of F as short words, and the 
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same is true about their normal closure. When we are trying to change, s toa, b 
by extended Nielsen operations, it seems natural to try to make |r| + | s| de- 
crease. Let us define |7|+]|s| to be minimal if 


N 
r,s (7,3) ole |+ [3] [r+ [sl 


We conjecture that if N(r, s)=F and |r| +|s| is minimal, then |r| +|-s| = 2, 
This, of course, would imply our original conjecture of section 1. In this section 
we give some very partial results along this line. 


Lema 4.1. [7] +]s| minimal=|r*| =2\|r|, | s?| =2|s|. 


Proof. lf |rr|<|r|+ |r| then some cancellation has occurred, so that 
r=pqp with p| =i. But then (p"'7p, s) is shorter than (r, s) (precisely, 
|p—rp| +- | s| < r| +- | s| ), contradicting the minimality of (7, s). 


LEMMA 4.2. |r| + | s| minimal=>r, s cyclically reduced. 


Proof. Cyclically reduced means (reduced and) the first and last letters are 
not conjugates. The proof is obvious. 


Lemma 4.3. |r| -+|s| minimal=r and s considered as cyclic words contain no 
common word w (or wand w) with |w| >4 min { [rl], |s| }. 


Proof. Suppose r= pwgq, s=twu. Then 


N (t"'u"9p, u-1w! 
(7, Ss) al (wap, t-u-*w—1) N : mt , 
(wap, i u-*gp). 
Suppose |7| <|s|. Then consider the lower pair. 
| wap | + |e wtop| = |r| + 1s] — lel + [rl — || 
< ir] tis] —alel + Ir] —alrl = Trl + Isp, 


contradicting the minimality of |r| +] s| . The same argument clearly applies 
if one (of 7 and s) contains w and the other w7. 

The hypothesis that V(r, s)=F means that a (and 0) can be written as a 
product of conjugates of powers of r and s 


a=fiPfr'--- fib fet, 


where B=r or s,l,,---, J, are integers and fi, - - - , f, are some elements of F. 
In other words, this complicated expression cancels down to a by simply can- 
celling a and a~!, 6 and b—! whenever they become adjacent. We want to show 
that this expression collapses as we make |r| -+|s| minimal. 

A simple result in this direction is the following. 
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Lemma 4.4. |r|+|s| minimal and a=frf—ese imply that |r| +|s| =2. 
(Hence, if N(r, s)=F,r and s are the set {a, bt). 
Proof: 
N (a, s) 
r,s) N 
(7, 8) y a 
so that 
irl +[sl 
Ir] + [s] S [vr] +1. 
By elementary considerations of degrees we see that one cannot have 


a=frfere* or @ = tr ur tw, 


Let us agree to call a minimal pair (7, s) nontrivial if |r| + | s| >2. We have now 
shown the following. 


THEOREM 4.1. Neither a nor b can be expressed as a product of two conjugates 
of elements from a non-trivial minimal set. 


REMARK. With a little more effort the word “two” in Theorem 4.1 can be 
changed to “three,” but it is not clear how to make a general inductive step. 

If (ry, s) may be changed so that one of them becomes quite short (and 
N(r, s) =F), then they may be changed to (a, 3). 


N 
THEOREM 4.2. If N(r, s) =F and |r| <A, then (r, s)—>(a, b). 


Proof. Since r is cyclically reduced and r cannot be a power of a or b except 
the first power (by elementary degree considerations), we see that the only 
possibilities are 


a, b, ab, ab, a?b, a~*b, ab?, ab~?, 


or inverses of these. Again elementary degree considerations show that 7 and s 
always have a common subword of length =4|r|. Hence |r|+]s| may be 
reduced to 2, and the theorem follows. 

It is clear that the arguments of Theorem 4.2 go just as well if @ and 6 are 
replaced by any two words a, 8 such that G(a, 8) = F. This observation leads to 
another special case in which our conjecture is true. 


THEOREM 4.3. If cE F’, then (c?a, c%) Naa, b) for any integers p, q. 
Proof. We will show that if a, B are words such that G(a, 6)=F and if 
|p| =|q| >0, then 


NN 
(c?a, c%B) — (c?’a’, 678"), 
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where | p’ | < |p| and G(a’, 8’) =F, This will suffice to prove the theorem, since 


(ctor, 8), (2,6). 
But we see easily that, for g>0, 


(c?a, c%B) — (B-1c? 4a, 698) —> (c? ~taB-", cB) 
and G(a, 8) =F implies G(agp—, B) = F. For ¢ <0 
(c?ax, c#8) —> (cPay, Bot) —> (Berta, o%8) — (ca, c*B) 
and G(a, 8) =F implies G(aB, 8) =F. 
5. Some conjectures. It seems that the condition that |r|+ |s| is minimal 
is very powerful and of course we expect the following: 
Conjecture 1. If N(r, s) =F and |r|+|s| is minimal, then |r| +|s| =2. 


This gives the main conjecture in the case in which we are working (F free 
on 2 generators). 

The difficulty is that we don’t know how many operations may be required 
to reduce |7| +|s| when we know it may be reduced. 


Conjecture 2. If |r| +|s| is not minimal, then at most three extended Nielsen 
operations are required to reduce it. 


In all examples we know if (7, s) Na, 6) then the only conjugations needed 
are cyclic conjugations. 


CONJECTURE 3. /f (7, s) Nua, b), then only cyclic conjugations are required. 
Again there seems to be experimental evidence for the following: 


CONJECTURE 4. If |r| + | s| is not minimal, then, considered as cyclic words, 
they have a common subword | such that 


Ir] + [s| — 2] 2] <max{[r|, [sl] }. 


Finally, we remark that our main conjecture is equivalent to a kind of 
“sequential solvability.” We say that (7, s) is a sequentially solvable pair if 
setting r=1=s will yield 


with the stipulation that to get r™=1=s™ only r@-) =1=s@-» are used. It is 
not hard to see that (7, s) is sequentially solvable if and only if (r, s) Naa, b). 


This work was partially supported by NSF-GP626. 
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SYSTEMS OF BOOLEAN EQUATIONS 
RALPH M. TOMS, Renton, Washington 


1. Introduction. In a solvable Boolean equation or system of equations 
each unknown has in general more than one value. Whitehead deduced necessary 
and sufficient conditions that a solution be unique [11]. A general proof of 
Whitehead’s theorem has been given by Bernstein [1]. In a later paper, by 
Bernstein and Parker, the conditions are stated in several forms and an algorithm 
for determining the unique solution is developed [2]. This algorithm utilizes the 
disjunctive canonical form of a Boolean function. In this article a new unique- 
ness condition is developed and some new algorithms are presented. 


2. Definitions and symbols. 


DEFINITION 1. One of the simplest Boolean algebras is that defined on the 
set {0, 1} with Boolean addition, +, (disjunction, inclusive union, logical sum, 
inclusive OR) and Boolean product, - , (conjunction, intersection, logical 
product, AND) of any two members of the set defined by, a+d=0 if a=0=0; 
otherwise a+d=1 and ab=1 if a=b=1; otherwise ab)=0. This particular 
Boolean algebra has been very useful in its applications to switching network 
theory [9, 10] and to the solution of a class of logical problems [3]. The re- 
mainder of this paper will be devoted exclusively to it. 


DEFINITION 2. A variable x is a Boolean variable if and only if its range is 
the set {0, 1}. A letter is a symbol representing an independent Boolean vari- 
able. The dual x’ of a letter is a Boolean variable such that x’ =0 when x =1 and 
x’=1 when x=0. Both x and x’ are called the literals associated with the letter x. 


DEFINITION 3. A Boolean function is any expression which represents the 
combination of a finite set of symbols (each representing a constant or a variable) 
by the operations of +, -, or’. Thus a’b+0 is a Boolean function provided that 
the symbols a and 0 are letters. The set of all Boolean functions of ” independent 
Boolean variables will be called the finite Boolean algebra B,. Two representa- 
tions of elements in B, are equivalent, =, if and only if they have the same value 
for every set of values of the independent variables. The symbols f(x») or 
f (x1, %2, ++ * , Xn) will be used to represent members of B,. The symbol, =, may 
be used for conditional equivalence. However, when there is no danger of con- 
fusion f=g may be written f=g. 


DEFINITION 4. A monomial is a product of literals of B, such that no letter 
occurs more than once in the product. A polynomial is the Boolean constant 1 
or the sum of a set of monomials of B,. If the set of monomials is empty the 
polynomial is the Boolean constant 0. An alterm is a sum of literals such that no 
letter occurs more than once in the sum. A conjunctive form of a Boolean 
function is a product of alterms. 
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DEFINITION 5. If C and D are monomials of a polynomial and «x is an inde- 
pendent Boolean variable such that 4 =Cx and B=Dx’ then CD is called the 
consensus of the monomials A and B. 


DEFINITION 6. If a, 6 and c are variables such that a=bc then (aSb, b2a) 
and (aSc, c2a). If A and B are monomials of a polynomial and A<B then A 
is said to subsume B. 


3. Canonical forms. By Definition 3 the equivalence of two Boolean func- 
tions can be determined by evaluating each of them for every set of values of 
the independent variables. This is the familiar truth table method. Although 
this can be a useful method it is advantageous to be able to determine the 
equivalence between Boolean functions by a direct inspection of the representa- 
tions of the functions. 

There exist transformations such that every equivalent representation of a 
Boolean function is transformed into a unique representation of that function. 
These unique representations are called canonical forms. The two classical 
canonical forms are the disjunctive canonical form and the conjunctive canoni- 
cal form [8]. Another useful canonical form is that due to Quine (6, 7] or Samson 
and Mills [9]. 


DEFINITION 7. The disjunctive canonical form of a Boolean function is 
given by, 


1 


Fv) = ove) Mpa 1) Cote? a), 


i}=0 in=0 


where xj=x; if 7=0; x3=x) if 2=1 and (i, j=1, 2,---,m). Each term of the 
disjunctive canonical form is called a minterm. The coefficients 
f(14, 1%, a) 1*) 


will be called the discriminants of the disjunctive canonical form. In what follows 
the symbol Q(x,) or Q(%1, x2, ° + +: , Xn) will represent the disjunctive canonical 
form of a given Boolean function f(x,). 

The following well-known properties of B, will be utilized (for proofs see [8]). 


PROPERTY 1. For any Boolean function f(x, xe, - - + ,%n) in Ba, 
f(%1, HQ, ° 2 yg Xn) = Xnf (a1, U2, °° * 5 Xn—1; 1) + Xn f (x1, Ua, °° * 5 Xn—-1, 0). 


This relation is sometimes referred to as the fundamental theorem of Boolean 
algebra. Thus Q(x,) of f(x,) may be written, 


O(%n) = 4nQ (x1, X02, °° * y Xn—ly 1) + Xn O(%1, U2, ° * * y Xn—1) 0). 
It should be noted that the polynomials Q(x, x2,---, Xn-1, 1) and 
O(x1, X2, - + * 5 Xana, 0) are disjunctive canonical forms of Boolean functions in 


n—1 independent variables. 
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PROPERTY 2. If a, 6 and c are Boolean variables then a+b+6c=a-+0. This 
procedure is called a deletion. The performance of all possible deletions on a 
Boolean function f(«,) is called a deletion iteration on f(x). 


PROPERTY 3. The disjunctive canonical form of the dual of a Boolean func- 
tion is the sum of the minterms of the set complement of the disjunctive canoni- 
cal form of the given Boolean function relative to the set of 2” minterms of By. 


DEFINITION 8. The following transformation, discovered by Samson and 
Mills [9], will reduce any member of B, to Quine’s canonical form. 

(i) Transform the given Boolean function f(«,) into an equivalent polynomial 
representation P(x»). 

(ii) If A and B are monomials of P(x,) such that ASB then remove B from 
the representation P(xn). 

(iii) If x4 and x’B are monomials of P(x,) such that the consensus AB is 
not the Boolean constant 0 and does not subsume any monomial of P(x,) then 
add the consensus 4B to P(xz,). 

(iv) If the monomials A and A’ occur in the representation then the canoni- 
cal form is the Boolean constant 1. 

(v) When a consensus is added in step (iii) then (ii), (iii), and (iv) are re- 
peated until no new consensus can be added. 

Proofs that this representation is canonical are given by Quine [6, 7] and 
Laxdal [5]. Digital computer programs have been developed by Laxdal [5] and 
Witcraft [12] which reduce Boolean functions to Quine’s canonical form. The 
monomials of Quine’s canonical form are called prime implicants. The symbol 
OF: f(xn) will be read, “Quine’s canonical form of f(x,).” 

The following useful theorem is due to Ghazala [4]: 


THEOREM A. If f(x%n) ts a Boolean function in conjunctive form and tf 

(i) all the indicated multiplications are performed, 

(ii) all products xx’ are dropped from the resulting polynomial P(xXn), 

(iii) a deletion iteration 1s performed on P(Xn), 
then the resulting polynomial 1s QF: f(xn). 

4. Systems of Boolean Equations. Consider the system of m Boolean equa- 
tions in 2 unknowns, 


(1) filtn) = £1(%n), fo(%n) = g2(%n), > * + ySm(%n) = Sm(%n). 


Any Boolean equation f=g can be written in the form fg’-+f’g =0 and hence, the 
system (1) becomes 


fin) gt (tn) + ft (%n) gin) = 0 


(2) Fo(%n) ge (tn) ++ fe (Hn) g2(%n) = 0 


Fa(%n) Bm (Xn) + fm (Xn) Sm(%n) = 0. 
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If a solution exists for the system (2) the left hand side of every equation of the 
system must have the value 0 for some set of values of the variables. The system 
(2) can therefore be reduced to the single Boolean equation 


(3) H(t) = > faletn)g! (tn) + ff (ten) es(2en, 


t=] 


where H(x,) is a function of 2 independent variables. Any solution to the equa- 
tion (3) is a solution to the system (2) and therefore is a solution of system (1). 
Thus it is sufficient to examine the solution of the single Boolean equation (3). 
A solution to a Boolean equation such as (3) will be written as ordered n-tuples 
of the Boolean constants 0 and 1. For example (0, 1) is a solution of x+y’ =0. 

Whitehead’s conditions for the uniqueness of a solution to the equation (3) 
require the use of the disjunctive canonical form O(x,n) of H(x,) [11]. That is, 


THEOREM B. The necessary and sufficient conditions that the equation Q(x») =0 
have a unique solution are 


(i) Aid, °° + agn=0 and (ii) aja; =0 (Aj), 
where the a; are the discriminants of O(xn). 


It should be noted that thistheorem implies that if O(x,) =0 has a unique 
solution exactly one discriminant of QO(x,) has the value 0. 


THEOREM 1. Jf T= {a;| a;=1}, where the a; are the discriminants of Q(xn) and 
t 1s the cardinality of T, then the number of solutions to the equation Q(x,) =0 
4s 2% —f. 


Proof. The proof is by induction on n. For the case n = 1 the proof is trivial. 
Assume now that the statement is true for n= and consider the equation 
O(xn41) =0. By the fundamental theorem (Property 1): 


Ost) = ves1O(a1, 2, °° + 5 ey 1) + vey (a1, 2, -* +, Xe, 0). 


Let the cardinality of T for O(x1, x2, - + - , Xx, 1) be é, and for Q(x1, x2, - - + , Xx, 0) 
let it be f. For the case where x,41= 1 it is clear that Q(xz41) has the value 0 only 
if O(%1, X2, - - + , Xx, 1) has the value 0. By the induction hypothesis, this implies 
that O(%n41) has 2*—#, solutions for x,4,=1. By a symmetrical argument, if 
Xt41= 1 then O(x241) =0 has 24—t, solutions. Since these cases are mutually exclu- 
sive it follows that there are 2* —t,-+2* — i, = 2'+!— (#,+#,) solutions of O(xz41) =0. 
Clearly the set of discriminants of O(xz41) is the union of the sets of discrimi- 
nants of O(x1, x2, - + - xx, 1) and O(x1, x2, - - + , Xx, 0). Therefore the cardinality 
of T for O(Xx41) is ti tt. Hence, by mathematical induction, the theorem is 
true for all x. 

In addition to indicating the number of solutions, it should also be observed 
that Theorem 1 yields all of the solutions to a given equation. For example, 
consider the equation 
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O(x vy, 2) = x’ys + xy’s + x’y’s + x'y'2!’ + axy’s’ + xyz = 0. 


Since Q(x, y, 2) is in disjunctive canonical form, by Theorem 1 there are exactly 
two solutions to the equation. By taking the set complement of the set of 
minterms of Q(x, y, z) and setting each of these minterms equal (equivalent) to 
1 the solutions are readily obtained. That is, 


xyz’ = 1 for (1, 1, 0), x’yz' = 1 for (0, 1, 0), 


and these are the two solutions to the given equation. 

Theorem 1 is simply a generalization of Theorem B and is, of course, no 
more than a formalized truth table. Thus the utilization of Theorem 1 necessi- 
tates the examination of 2” monomials. For large n this may not be practical 
except in particular instances where the set complement of the set of minterms 
is small and readily obtained. The following theorem leads to methods that 
may have a wider range of applicability. 


THEOREM 2. A necessary and sufficient condition that the equation f(xn) =0 
have a unique solution is that OF: f(xn) 1s an alterm in n letters. 


Proof. The condition is sufficient for if, 
OF :f(an) = >) a; = 0, 
i=1 


where the a; are literals, then every a; must be exactly 0 and a unique solution 
is determined. 

If there is a unique solution to the equation then by Theorem B (or Theorem 
1) exactly one discriminant of the disjunctive canonical form of f(x,) is 0. If M@ 
is the minterm whose discriminant is 0 then by Property 3, 


M = (Q@n))’. 


Now, 
Hen) = Olen) = (Q' tn)’ = > a, 


where 5.7, a; isan alterm. Theterm >.7_, a; isa conjunctive form (a conjunc- 
tion of one alterm). By Theorem A the alterm is in OF: f(x,) and this shows the 
necessity of the condition. 

The theorem just presented can be used to obtain the unique solution 
(if it exists) to a given equation f(x,)=0. By the transformation shown in 
Definition 8 the function f(x,) is transformed into Quine’s canonical form and 
the solution is easily obtained. As an example of this procedure consider the 
equation, 


f(w, x,y, 2) = 2a + w'a’2 + ax’ye + x2’ + wys’ + w'e’s’ + o’2’ = 0. 
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By the transformation of Definition 8 
OF :f(w, x4, 7,2) =w +atyt+e2=0 
and clearly the solution is (1, 0, 0, 1). 


THEOREM 3. If QF: f(«n) has in tis representation prime implicants which are 
literals then in any solution to f (xn) =0 the values of the variables associated with the 
literals are uniquely determined. 


Proof. Suppose that OF: f(x.) =P+w,, where P isa polynomial no monomial 
of which is a literal and y; is an alterm. Then if f(x,) has the value 0 for a set 
of values of the independent variables every literal of y;=0. In that case the 
variable associated with a particular literal is uniquely determined. 


THEOREM 4. If OF: f(xn) ts not the Boolean constant 1 and tf a letter appearing 
in the representation of f(xn) does not appear in the OF: f(xn) then the variable 
associated with the missing letter 1s arbitrary in any solution of f(xn) =0. 


Proof. It is evident that a letter can be deleted only by a multiplication by 0, 
a summation with its dual to yield 1 or by a deletion iteration. That is, suppose 
that x is a letter appearing in f(«,) but not in OF :f(x,) then if A and B are not 
functions of x: 

(i) f(*n) has the form A-+0-x and the value of x is arbitrary, or 

(ii) f(x,) has the form A+ B(x+.x’) and the value of x is arbitrary, or 

(iii) the form Ax-++A appears in the representation of f(x,) during the Quine 
reduction and by Property 2 the value of x is arbitrary. 


THEOREM 5. If f(xn) 1s a Boolean polynomial, then a necessary and sufficient 
condition that the equation f (xn) =0 will have a unique solution is that OF: (f(xn))’ is 
a monomialin n literals. 


Proof. This is the dual of Theorem 3. 

The above results will yield several algorithms for determining unique solu- 
tions to systems of Boolean equations. Often they will determine arbitrary 
variables and yield complete sets of solutions. For example, consider the follow- 
ing algorithm. 

Given the equation f(x,) =0; 

. transform f(x,) to an equivalent polynomial P(x), 
. perform a deletion iteration, 
. determine the conjunctive form (P(x,))’, 
. perform a deletion iteration, 
. perform the indicated multiplications, 
. perform a deletion iteration. 

If the above procedure results in a monomial representation M(xn) of f(xn) 

in # literals the equation has a unique solution which is obtained by solving the 


le 
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equation M(x,)=1. As an example consider the equation 
f(%, y) = y@ + 4’y) + ary’ 

then, 
f(%, y) = ay + aly + ay’ 


f(x,y)! = (a! + y’)(a + y')(e’ +9) 
F(x, y)’ = x"y’ 
f(%, y) =«“x+y=0 


and the unique solution is (0, 0). As another example consider the equation 
T(m, y, 2) = a(u + yz) + yx’ = 0 
then, 
S(&, 9, 8) = % +b aye > yx! 
F(%, y, 2) = & > ys! 
S(%, 9, 2)! = a'(y! + x) = a’y! 
{%, 9,2) =e ry=0 


and the solutions are (0, 0, 0) and (0, 0, 1) since g is arbitrary. 


The primary results of this paper were taken from a thesis submitted to Oregon State Uni- 
versity in partial fulfillment of requirements for the M.S. degree. The author is indebted to Pro- 
fessor Harry E. Goheen for his able guidance during this research. 
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THE CONSTRUCTION OF PROJECTIVE PLANES FROM 
GENERALIZED TERNARY RINGS 


J. R. WESSON, Vanderbilt University 


1. Introduction. It is well known that any projective plane can be coor- 
dinatized from a ternary ring with a zero and a unit [1, p. 118; 2, p. 3; 4, p. 247; 
5, p. 353]. In this paper a ternary ring R is defined without the usual assump- 
tions of the existence of a zero and a unit, and it is shown that R induces a pro- 
jective plane. From the ternary ring & there is constructed a ternary ring R’ 
with a zero and a unit. The planes induced by R and R’ are isomorphic. 


2. Construction of projective planes from ternary rings. 


DEFINITION 2.1. A ternary ring is a set R= {a,b - + -| of at least two elements 
with a ternary operation xyz (that 1s, typified by xyz) such that: 

T1. For all x, y, zCR, xyz 1s a unique element of R. 

T2. If a, b, cER, there exists a unique zGR such that abz=c. 

T3. If a, b,c, dCR with aX¥c, there exists a unique xCR such that xab =xcd. 

T4. If a, b, c, dC R with ac, there exists a unique pair x,y CR such that 
axy=b, cxy=d. 


DEFINITION 2.2. A projective plane (or plane) is a set S of “points” with certain 
subsets called “lines” such that: 

P1. Any two distinct points are contained in exactly one line. 

P2. Any two distinct lines contain exactly one common point. 

P3. S contains at least four points, no three of which are on the same line. 


We now construct a plane from a ternary ring. 


THEOREM 2.1. Let R be a ternary ring with operation xyz. Take as points (~), 
(m), (a, b) where a, b, mE Rand © ER. Choose as lines L, x =a, y=xmb, where 
a,b, mCR. Define the following (and no other) incidences of points and lines: 


(0) € Le, (m) © y = «mb, 
(w)Ex=a (4,b)€x=<a, 
(m) € La, (a,b) © y = xmce if and only if amc = 6b. 


Then the points, lines, and incidences so defined form a projective plane m, 
[5, p. 355]. 


Proof. First observe that the point («) cannot lie on a line y=xmb. Simi- 
larly, (m)¢x=a and (a, |) EL. 

Next, we prove that any two distinct points lie on exactly one line. Only the 
more difficult of five cases are considered. The points (m) and (a, 0) lie on the 
line y=xmc, where c is determined uniquely by amc=b according to T2. The 
distinct points (a1, 01), (a2, 02) lead to two cases. If a1=a2, the points lie on 


36 
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*==a1, but they do not lie on a line y=xme for this would imply aymc=a2mc 
= 5; = bs, a contradiction to the distinctness of the points. On the other hand, if 
Q1Ad2, the points (a1, 1), (a2, be) lie on y=xmc, where the equations aimc=bi, 
aymc = by determine m, c uniquely by T4. Hence P1 holds. 

To establish P2 it is necessary only to show that any two distinct lines have 
a point in common, for the intersection of two distinct lines in more than one 
point is prevented by P1. Again, only two of five cases are considered. The lines 
*=a, y=xmb contain (a, amb). The distinct lines y=xmbi, y=xmeb2 contain 
(my), if m,=m. On the other hand, if mime, the lines contain (u, v), where w is 
determined uniquely by u2b,=umeb, (T3) and v is determined uniquely by 
v=umyb, (T1). 

Finally, four points, no three collinear, are displayed. Consider the non- 
collinear points («), (a, a), (b, 6), with ab. Let (u) be a point not on the line 
joining (a, a) and (0, b). Then the four points (), (a, a), (0, b), (u) are the ones 
required by P3. 

This completes the proof of the theorem. The plane a is called the plane 
induced by R. 


3. Introduction of a zero in a ternary ring. The introduction of a zero in a 
ternary ring R is made in two steps. First a “left” zero is introduced to change 
R into another ternary ring R;. Then a zero is introduced in RK; to form a ternary 
ring Ry. The planes induced by R and R, are isomorphic, and each is the dual of 
the plane induced by A1. 


DEFINITION 3.1. Two planes 7, and 2 are isomorphic [5, p. 348 | if there exists 
a one-one mapping a of the points of 11 onto the points of m2, and a one-one mapping 
B of the lines of m1 onto the lines of m2 such that PCl in m implies PaClp in Tm. 
(P represents a point in m, 1 represents a line of 71.) 


DEFINITION 3.2. Two planes 1, and m2 are dual [5, p. 347| if there exists a 
one-one mapping a of the points of mr onto the lines of 7: and a one-one mapping B 
of the lines of 11 onto the points of m2 such that PCl in m1 implies IB © Pa in m2. 


Isomorphism of planes is an equivalence relation. Duality of planes is a 
symmetric relation, and planes dual to the same plane are isomorphic. 


THEOREM 3.1. Let R, xyz be a ternary ring (that is, let R be a ternary ring with 
operation xyz). Define a new ternary operation (xyz) by yx (xyz) =y0z, where 0 is 
any element of R. Then R, (xyz) is a ternary ring satisfying (Oyz)=2 (for all y, 2), 
and the plane induced by R, (xyz) is dual to the plane induced by R, xyz. 


Proof. First it is proved that (xyz) satisfies T1 through T4. We have, of 
course, that xyz satisfies T1 through T4. 

T2 for the operation xyz implies T1 for (xyz). 

(abs) =c if and only if ba{abz) =bac, or if and only if }02=bac. Hence there 
is a unique g satisfying (abz)=c. 
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Let ac. There exists a unique x such that (xab)= (xcd) if and only if there 
exists a unique pair x, u such that (xab) =u, (xcd) =u. This system is equivalent 
to ax(xab) =axu, cx{xcd)=cxu or axu=a0b, cxnu=cOd. Therefore, the existence 
of a unique pair x, u is assured by T4. 

Again, let a¥%c. The system (axy)=b, (cxy)=d has a unique solution x, y 
if and only if the system xab=<x0y, xcd=x0y has a unique solution x, y. Now x 
is determined uniquely by xab=«xcd according to T3. Then y is determined 
uniquely by xOy=xab and T2. 

Therefore, R, (xyz) is a ternary ring. Also, the definition of (xyz) gives 
yO(Oyz)=y0z. Hence T2 implies (Oyz) =z. 

Next we show that the two planes induced by the ternary rings are dual. 
Let 71 be the plane induced by R, xyz and let 72 be the plane induced by R, (xyz). 
The following correspondence gives the duality. 


T1 Te T1 = 

(0) <> Le Lp <> (0) 

(m)<-> «=m x = a<> (a) 
(a, 206) <> y = (xab) y = xmc <> (m, Cc) 


We need only to verify that if in 7, the point P belongs to the line /, then in 7, 
the image of / belongs to the image of P. Only one of six cases is considered. If 
(a, 200) Cy=xmc in m, then a0d=amc, am(mab)=amce, (mab) =c, and (m, c) Ey 
= (xab) in m2. This completes the proof of the theorem. 


THEOREM 3.2. Let R, xyz be a ternary ring satisfying the identity Oyz=2 for 
a fixed element 0. Define a new operation (xyz) by yx(xyz) = yOs. Then R, (xyz) is a 
ternary ring with zero; that is, (x0z)=(Oyz) =2 for all x, y, 2. 


Proof. That R, (xyz) is a ternary ring satisfying (Oyz)=z follows from 
Theorem 3.1. Now 0x(x0z)=00z from the definition of (xyz). Also, O0x(x0z) 
= (x0z) by hypothesis. Hence (x0z)=00z=2. This completes the proof. 


THEOREM 3.3. Let R, xyz be a ternary ring and let 0 be a fixed element of R. 
Define (xyz) by yx (xyz)=y0z, and define [xyz| by (yx [xyz|])=(y0z). Then 
R, |xyz| is a ternary ring satisfying [x0z|=[Oyz|=2, and the plane induced by 
R, [xyz| is isomorphic to the plane induced by R, xyz. 


Proof. It is necessary only to refer to Theorems 3.1 and 3.2 and to recall 
that the dual of the dual of a plane 7 is 7m itself. 

For a ternary ring R with a zero (an element 0 such that x0z=Oyz=2) the 
following properties are immediate. 


Zi. If a, 6b, cER with a0, there exists a unique element xCR such that 
xab=c, and there exists a unique element yCR such that ayb=c. 
Z2. ab0=0 tf and only tf either a=0 or b=0. 
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Z3. If a¥0 and abc=adc, then b=d. 
ZA. If a¥0 and bad=cad, then b=c. 


Zi is proved by taking c=0 in T3 and by taking c=0 in T4. Then Z2, Z3 
and Z4 are consequences of Z1. 


4, Introduction of a unit [3, pp. 8, 56]. For a ternary ring R with a zero, 
left and right divisions will be defined. Then a new operation on the elements 
of R gives a ternary ring with zero and unit. The plane induced by the new 
ternary ring is isomorphic to the original plane. 


DEFINITION 4.1. Let R, xyz be a ternary ring with zero. For any nonzero element 
acCR define (i) x/a=y tf and only tf x=ya0. (ii) a\x=y tf and only if x=ay0. 


Property Zi assures the unique existence of «/a and B\x. Similarly, the three 
statements a=b, a/a=b/a, B\a=B\b are equivalent. That 0/a=8\0=0 is ob- 
vious, and it is not difficult to verify that («/a)a0=x, B(6\y)0=y, xa0/a=x, 
and B\By0=y. 


THEOREM 4.1. Let R, xyz be a ternary ring with zero (0), and define (xyz) by 
(xyz) = (x/a) (B\y)2, where a, B are fixed nonzero elements of R. Then R, (xyz) ts a 
ternary ring with zero (0) and with unit e=Ba0 (that is, exO0=xe0=<x for all x). 
Furthermore, the plane induced by R, (xyz) is tsomorphic to the plane induced 
by R, xyz. 


Proof. The operation (xyz) is uniquely defined. The equation (abz)=c is 
equivalent to (a/a)(6\b)z=c, and therefore T2 holds. Next, (xab) = (xcd) if and 
only if (x/a)(B\a)b = (x/a)(B\c)d, and hence for a#¥c, x/a and x are uniquely 
determined. This establishes T3. Also, (axy)=0), (cxy)=d if and only if 
(a/a)(B\x)y =, (c/a) (B\x)y =d, and for ac, x and y are uniquely determined. 
This establishes T4. Clearly («0z) = (Oyz) =. Furthermore, the element e=6a0 
isa unit, for xe0 = (x/a) (B\e)0 = (x/a)a0 =x and ey0 = (e/a) (B\y)0 =B8(B\y)0 =. 
Hence R, (xyz) is a ternary ring with zero and unit. 

Let 71 be the plane induced by R, xyz and let a2 be the plane induced by 
R, (xyz). The following correspondence is an isomorphism between 7 and 7. 


(co) <> (0) Lip > Leo 
(m) <> (B\m) t= aru = a/a 
(a, b) <> (a/a, b) y = (xmb) <> y = «(6\m)b 


It is not difficult to show that the correspondence preserves incidence between 
points and lines. For example, let (a, 0) CGy=(xmc) in m.. Then b=(amc) 
= (a/a)(B\m)c and (a/a, 6) Cy =x(B\m)c in m1. 


Presented March 20, 1964 to the Southeastern Section of the Association at Charleston, 
South Carolina. 
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BOOLEAN-LIKE FUNCTIONS 
E. D. Goopricu, Ohio University 


Introduction. In [1] Foster introduced the concept of a Boolean-like ring 
with the following definition: 

A ring R is Boolean-like if and only if 

(i) It is commutative, with unit element. 

(ii) It is of characteristic 2. 

(iii) Each element x in R may be expressed uniquely as x =x;+x, where x; 
and x, are idempotent and nilpotent elements, respectively, of R. 

(iv) nn*=0 for all nilpotent elements n, n*. 


In addition to the two binary operations of R we define a unary operation 
as a’=1-+a, where 1 is the unit element. It was shown also in [1] that every 
Boolean ring is Boolean-like but not conversely. In one respect, a Boolean-like 
ring differs from a Boolean ring in the sense that not every element need be 
idempotent. It can easily be shown that if 0 is the only nilpotent element of R, 
then R must be a Boolean ring. 
In [2] Hohn defines a Boolean function of » variables to be of the form 


é é é 
f(%1, 2, ° °°, 4) = » filer, €2, °°, Cn) ay Xo, ae 
(e) 


where the summation extends over all combinations (e) of ” zeros and ones and 
x5 = xy x7, =x; where ’ is the unary operation of the Boolean ring. In particular, 
a function of one variable is of the form f(x) =f(1)«+f(0)x’; a function of two 
variables is of the form f(x, y)=f(1, 1)xv+f(0, 1)x’y+/f(1, O)xy’ +f(0, 0)x’y’. 

It is the purpose of this paper to define a Boolean-like function of 7 variables 
and to show that all functions of one, two and 7 variables are of a form similar 
to that of Boolean functions. 
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DEFINITION 1. Let x1, x2, - + + , X, be variables whose domain ts a Boolean-like 
ring B. Then a function f(x1, Xo, °° * , Xn), built up from these variables and from 
elements of B by a finite number of applications of the binary and unary operations 
of B ts called a Boolean-like function. 


THEOREM 1. Any Boolean-like function of one variable is of the form f(x) =ax; 
bx} +x Xn+dx! xn where x; and x, are the idempotent and nilpotent parts, re- 
spectively, of x and a, b, c, d are elements of a Boolean-like ring B. 


Proof. It is immediate that the functions c, x;, x{ and x, are of the required 
form since 


c= 6%; + cx] + Oxit, + Onl x, (for ¢ any element of B) 
, = 1x; + Ox! + One, + Oxf xn 
ui = Ox; + inf + Ox, + Oxi! xn 
Xn = Ox; + Ox? + 1x, + 1xf an 
Now if f(«)=ax;+bx{ +cxnn,+dxix, and g(x)=ex;+fx/ +exn,+hx! x, are 


Boolean-like functions then f(x) +g(x), f(x)g(«) and (f(x))’ are also of the form 
since 


f(x) + g(x) = (a+ eles + (0 + fal + (C+ g) itn + (d+ hiya] xn 
f(x)g(x) = (ae)u; + (Of)xi + (ag + ec)xin + (bh + fd)xl xp 
(f(x))’ = 1 + (au; +b xf + exe, + dx] xp) 
(xe + xe) + (ams + dai + cxitn + dx] xn) 
(1 + a)x; + (1 + b)ad + cue + dul x, 


= ax; + b’xd + cx, + del xn. 


I 


Since every Boolean-like function is built up from the variables and elements 
of B with a finite number of applications of the operations, then it follows that 
every function of one variable is of the stated form. 

By the definition of a Boolean-like ring, every element 0 can be represented 
uniquely as b=0;+0,; if c, d€B then c=c;+c, and d=d;+d,. Hence 


CX Xn = (ci + Cn) Xikn = CiNiXn 1 CnXiXn = CiiXn and ax} Xn = ayxet Xn 


Therefore, without loss of generality, one need consider only idempotent ele- 
ments as coefficients of the xx, and x/x, terms since the nilpotent part adds 
nothing to the function. Also since 1=1+0 and 0=0+0 then f(1)=a and 
f(0) =b. Now we define a Boolean-like function of one variable to be of the form 
f(x) =f(i)x:+f(0)«? +cxw,+dx} x, where c and dare idempotent elements of B. 

The question naturally arises as to the uniqueness of a function of one vari- 
able, that is, if two functions are equal, what can be said concerning the coeffi- 
cients of like terms? This will be resolved with the aid of the following theorem. 
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THEOREM 2. Let B be a Boolean-like ring and O= {20 x? =x and xn=0 for all 
n such that n?=0}. Then Q is an ideal in B. 


Proof. Obviously 0€©Q. Let a, b€©Q. Then if 2 is any nilpotent element, 
(a+b)n=an+bn=0+0=0. Thus a+0€Q. Also for aC B, b€OQ, (ab)n=a(bn) 
=a0=0. Hence ab€Q and Q is an ideal. Q will be called the “O-like ideal” of B. 
Now to return to the question of uniqueness. 


THEOREM 3. Let f(x)=f(i)x:t+f(O)xi +exwntdx{x, and g(x)=g(1)x,; 
+2(0)x/ +éxixntdx! xn and let O be the 0-like ideal. Then f(x) =g(x) if and only 
af f(1) =g(4), f(0) =g(0), c=E(mod Q) and d=d (mod Q), where m=n (mod Q) 
means m+-nEOQ. 


Proof. Assume that f(x) =g(x). Now f(1) =g(1) and f(0) =g(0). Consider now 
2, to be any nilpotent element, that is 2, =0-+2,. Hence f(z.) =f(0) +dzn=g(0) 
-+dz,. Thus dz, = dz, which implies that (d+d)z, =0. Since d and d are idempo- 
tent then d+d is idempotent. Hence d+d€Q. Thus d+d=0 (mod Q) which 
implies that d=d (mod Q). To verify that c=é (mod Q) let z be any unipotent 
element, that is z=1++-2,, and evaluate f(z). 

Assume now that the conditions hold. Hence c+¢=0 (mod Q) and d+d=0 
(mod Q). For any nilpotent element x,, (c+é)x,=0 and (d+d)x,=0. Thus 
CX, =Ex, and dx,=dx,. Also for x; any idempotent element, cxx,=¢x,x, and 
dx) Xn=dxiXn. Hence f(x) =g(x). 

We may conclude that functions of one variable are unique up to equivalence 
classes of B modulo the 0-like ideal. If all elements of B are idempotent and 0 is 
the only nilpotent element (all idempotent elements force 0 to be the only nil- 
potent element) then B=Q and f(x) =f(i)x+f(0)x’. 


THEOREM 4. Any Boolean-like function of two variables 1s of the form 
Sey) = fC, Iaeve + LO, Iaigs + $C, O)eeve + £0, Oar yi 
+ (aoxiys + ariel vib Goes + O3Ki YE) Vn 
+ (aseiye + aged yi + aguiy! + arxi yi )an, 
where a; (j=0, 1, 2,3, ---, 7) are idempotent elements of a Boolean-like ring. 


Proof. The proof follows the same outline as Theorem 1. Again if the ring 
happens to be Boolean then f(x, y) =f(1, 1)xy+f(0, 1)x’y+f(1, 0)xy’ +f£(0, 0)x’y’ 


which is the Boolean function of two variables. 


THEOREM 5. Let f(x, y) and g(x, y) be Boolean-like functions. Then f(x, y) 
=g(x, y) if and only if coefficients of like terms are congruent modulo the 0-like 
ideal. 


Proof. The proof is similar to that of Theorem 3. 
A function of two variables, say f(x, y), where the domain of the variables 
is a Boolean-like ring B is actually a function which relates to each pair of ele- 
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ments x and y of B an element of B (that is, f(x, y) is a binary operation defined 
on B). One may consider the set of all functions of two variables as a set of 
binary operations defined on B. With this in mind, the following theorem will 
be proved. 


THEOREM 6. A necessary and sufficient condition that a binary operation o, 
defined on a Boolean-like ring B, be a commutative operation, that 1s, xoy=yox 
for all x, yEB (or f(x, y) =f(y, «) for all x, y€B), ts that f(0, 1) = f(i, 0), ao=aa 
(mod Q), a1=as (mod Q), a2=as (mod Q) and ag=a7 (mod Q) where f(x, y) 4s 
given as in Theorem 4. 


Proof. Assume that xoy=yox. Then, as a consequence of Theorem 5, we 
can equate coefficients to obtain the condition. 

Assume now that the condition holds. By substituting, for some of the coeffi- 
cients, other representatives of the same equivalence class modulo Q (for exam- 
ple, substitute ao for a4) it is easily seen that xoy=yox. 

A question arises. Given a Boolean-like ring is it possible to define on this 
ring binary operations, in terms of the given operations, in order to form a 
Boolean ring? Since every Boolean ring is commutative and every element is 
idempotent, the following theorem settles the question. 


THEOREM 7. Let B be a Boolean-like ring such that for some nilpotent element 
nCB, n<0 (that is, B is not Boolean). Then there does not exist a commutative 
idempotent binary operation o defined on B. 


Proof. Letx€B with x=x;+%n. Then xox =f(1, 1)xs+f(0, 0)xi + (Got+as)xi%n 
+ (a3+a7)x/ xn. Assume now that xox=x. From Theorem 1, x=x;+x,=1%; 
Ox! +1xwntixfx, Hence f(1, 1)x:+f(0, 0)xf + (dots) xen + (@star) xi Xn 
=1x,+0x/ +ixwatix/x,. Thus, by Theorem 3, as+a;=1 (mod Q), but, since 
o is a commutative operation, a@3=a7 (mod Q), which implies that a3;+a7;=0 
(mod Q). Therefore 1=0 (mod Q). Hence 1n=0 for all nilpotent elements and 
in=n. Thus n=0 for all nilpotent elements which would contradict the assump- 
tion that there exists an »©B such that 10. 


THEOREM 8. Any Boolean-like function of m variables 1s of the form 


é é €. 
f(«1, Xo,°° %y Xi) = >> fle, Cx ** *y Cm) 1,22, tee Lens 
(e) 


™ 
ey eg em 
+ » 1x Qg,X1,%2; °° * am Nip 


k=1 (e) 


where the summation >.) extends over all combinations (e) on m zeros and ones 
and x°.=x",,, Xp, =Xp, Also Xp, Xp, are the idempotent and nilpotent parts, respec- 
tively, of Xp ANd As, =Arey,¢9,+++em), Where each a,, is an idempotent element of the 
Boolean-like ring. 
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Proof. The proof follows the outline of Theorem 1. It should be noted in con- 
clusion that if the ring is Boolean then each x,,=0 for all p=1, 2,+--, mand 
the function reduces to the Boolean function as given in [2]. 
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ON THE NUMBER OF SOLUTIONS OF A CONGRUENCE 


K, S. Wititams, University of Toronto 


1. Notation. Let » be a prime, p=1 (mod 3). Then the pair of integers A 
and B are uniquely determined by the relations: 


4p = A? +27B2 A=1(mod3), B>O. 


We shall write 0,=1(A +3B/ —3), 02=61 so 6:0. =. The complex cube roots of 
unity will be written w and w?, where w=3(—1++/—3). Further the principal 
character (mod ~) will be denoted by xo and the two nonprincipal cubic ones 
by x1 and x. In order to distinguish between these we have: 


x1(a) = 1, w, w? according as a@-)/3 = 1, w, w? (mod 41) 


x2(a) = 1, w?, w according as a@—/3 = 1, w, w? (mod 41). 


Hence we have x7 = x2, x3 =xX1and x1x2=Xxo. Finally we write e(¢) for exp (27iip—) 
and define 7,;(a)(¢=1, 2) by 


pl 
tila) = 2 xi (x) e (ax) 
with 7;=7;(1). So we have the following relations 
(1.1) T1T. = P, nn = ph, rs = p0o 
and 11(a) =x2(a)T1, T2(a) = X1(@)T2. 
2. Introduction. The above notation is essentially that used by Eckford 


Cohen in [1]. We shall find in this article an expression for the number of solu- 
tions NV, of the congruence: 


ays + aos a wo Onin +b=0 (mod p), where p} || a,. 
t= 


3. We first need a simple lemma. 


Lema. If pla then Pao C(ax*) = Tex1(a) +71x2(a). 
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Proof. 
© eos" =1-+ > e(ay) N(x: a8 = y) = 1+ Y elas) [xo(y) + xaly) + xe(y)] 
= 14a) + ra) = roeala) + raala) using (1.1). 
4. Now 
Ny = > Le ¥ fea feet ant, + 8)} 
12 , pot 
= pr t+ — 5 2, eo 4S x efor) vee = elastin) 


p—1 


1 
= pyit+t > a e(bt){ taxi (ait) + Tixe(ait)} - - + {r2x1(ant) + T1x2(ant) } 


using the lemma. 


Now set 
(4.1) uz: T2X1(43), y= T1X2(@:) for 4 = 1, 2, cer yn. 
Therefore 
1 p—1 n 
Ny = pvt + > Dd, e(bt) TT (uixi() + vix2(0)). 
t=1 t=] 
Define xn=Xn(u1, Ue, °° +, Unj V1, Vay ° °° Un) =Xnx(u™, v™), similarly define 
Yn) &n (noting that x,(v™, u™) denotes x,(u™, v™), where u; has been replaced 
by v; @=1, 2, ---,m) and vice-versa) by 
xnxo(t) + ynxr(t) + enxe(t) = IT (wixilé) + vix2(2)). 
i=1 
Thus 
1 2x1 
Ny = p™* + > D, €(bt) [%nxo(t) + ynxr(t) + 2nxa()]. 
t=] 
Therefore, 
(4.2) Ny = prt ; (p ~ 1) if b = 0 (mod 9) 
or 
(4.3) N,= prt — ; 42" F = x0(b)r1 +- - ~ x1(b) 72 if b =f 0 (mod p). 


5. We now define a symbol [m, n—m] in terms of which we shall give 
Xny Vny Zne 
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DEFINITION. Letm and n be fixed integers such that OSm Sn. Define [m,n—m| 
tobe dD, u+-+uv-+-+9, where there are m u's and (n—m) v's and the subscripts 
in some order form the sequence 1,2, ---,n. Inall there will be (;,) terms. 


Examp.es: [0, 3]=o,0003, [2, 1] = avg uweust+ vious. 
We understand [0, 0| to mean 1. We thus have the following identity: 


(5.1)  ungalm, n — m\ + ongilm + 1,2 —m — 1] = [m+ 1,0 — ml]. 
6. Now 
snxo(t) + yaxi(t) + 2nxa(2) 
= (unxr(t) + nxa(t)) (%n—1X0(t) + Yn—1x1 4) 1 2n—1X2(Z)) 
= (UnVn—1 Ht Unen—1)X0(t) A (Un%n—1 + UnSn—1)X1(E) + (Untn—1 + UnYn—1)x2(2). 
Thus 
sin(U™, 0) = mYn—1(UO—Y, VOD) $e tytn —a(U-D, VOD) 
yn(U™, 0) = thn a(UO—Y, VOD) $ pZn—1(MO—D, VOD) 
en(u™, 9) = Vntn—1(U—Y, VD) + thnYn—(UO—Y, VOY), 
For completeness we define x9=1; yo=0; 20=0. It is straightforward to show 
by induction that x, is symmetric; that is, 
sen (ue, 9) = ay (0™, 4), 
It then follows immediately that yn(u™, y¥™) =2,(v™, u™). Now the difference 
equations simplify and we obtain 
(6.1) ain(e™, 0) = dn Yn—1(U—Y, VOD) FH tenyna(O-Y, wD), 
yn(um, 0%) = Unr—1Yn—2(U“—™, VO) nUn—1Yn—2(V-, UO) 


(6.3) an(u™, o™) = yn(v™, wu), 


(6.2) 


7. Let us define for convenience: t= [m/6], 

f(m) = 1 m= 1,4 (mod 6) 
m = 0, 2, 3, 5 (mod 6) 
m=0,1,2 (mod 6) 


0 
g(m) = 1 
0 m= 3,4,5 (mod 6) 
0 
2 
1 


h(m) m= 0 (mod 3) 
m = 1 (mod 3) 


m =2 (mod 3). 


1966] MATHEMATICAL NOTES 47 


Now we show that the solution of the difference equations is given by 


(7.1) m= EI + h(m), m — 3l — h(m)| + oo [m — 31 — h(m), 31 + h(m)], 
t—f (m+1) 
Ym = >, [31+ him — 2), m — 31 — h(m — 2)] 


(7.2) 


+ > [m — 3] — h(m — 1), 3l + h(m ~~ 1)], 


i=0 


t—g (m) 
im = >, [31+ h(m — 1), m — 31 — h(m — 1)] 
l=0 


(7.3) 


t—f (m+1) 
+ >> [m — 3l — h(m — 2), 31 + h(m — 2)]. 


l=0 


We begin the inductive proof. We assume that the expressions for the ym are 
true for m=0, 1, 2,- ++, 6%—1 and deduce that they are valid for m=6n, 
6n+1,---, 6n+5. It is easily verified that they are indeed valid for m=0, 
1,2, 3, 4, 5. We illustrate the inductive step from m=6n—1 to m=6n. The rest 
are similar. From the recurrence relations (6.1) and (6.3) we then have x, and 
Zn. Now from (6.2), 


Ven (66m), y (6n)) 


~ MenVon—1y on—2( UO"? yon?) + UsnUon—1y6n—2(0 6"), 4 (on?) ) 


+ VenVen—1(v 66") »u (6n—1)) 


n—1 n—1 
= UenVen—1 >. [31 + 1, 62 — 31 — 3] + wenden—1 2, [6x — 32 — 2, 3i] 
i=0 l=0 
n—1 n—1 
+ tenten—1 >. [31, 62 — 31 — 2] + wenten—1 >, [6n — 31 — 3, 314+ 1] 
t==0 l=0 
n—1 n—1 
+ ven >. [60 — 31 — 1, 31] + 260 >, [32 + 2, 6n — 31 — 3] 
i==0 i=0 
n—1 
= ten >» { Uon—1[3l, 6n — 32 — 2] + ren1[32 + 1, 6n — 31 — 3]} 
l=0 
n—1 


+ ten >, {Uen—1[6n — 31 — 3, 30-+ 1] + v6n-1[6n — 32 — 2, 37]} 


=0 


n—1 n—l1 


+ ven >. [62 — 31 — 1, 31] + ven >, [31 + 2, 6n — 31 — 3] 


=0 i=0 
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n~—1 


= DY {uen[3l + 1, 62 — 31 — 2] + v6n[32 + 2, 6 — 31 — 3]} 
i=0 
n—l 
+. & {ueal6n — 31 — 2, 31+ 1] + voel6n — 31 — 1, 31]} using (5.1) 
i=0 
n—1 n—1 
= >> [31 + 2, 6x — 31 — 2] + >> [6m — 37 — 1,32 +1] using (5.1) again. 
i=0 t==0 


This is correct since t=n, f(m+1) =1, g(m) =1, h(m—1)=1, h(m—2) =2. This 
completes the proof. 

8. We now define a new symbol, similar to [m, n — m], namely 
[x1(a: m)x2(a: n—m)| for positive integers n, m such that OSmSn. The ex- 
planation of this symbol is perhaps best illustrated by two examples: 

Example (i) 


[x1(a:1)x2(a:2)] = x1(a1)x2(aea2) + x1(@2)x2(a301) + x1(a3)x2(a102). 
Example (ii) 
[x1(@:0)x2(a:3)] = x2(ara2as). 
In general there will be (7) terms. 


9. Conclusion. If b=0 (mod /), using (1.1), (4.1), (4.2) and (7.1) we find that 


v,=po4+l a ) {ri > (=) (2) bealor3i-+i(n))xa(ein—31— Hn) 


=0 \ OY 


n of = 


= ( 9) = " fxa(ain—31—H(n))xa(a:31-+ h(n) , 


1=0 
In particular for n=1, 2, 3 we have the familiar results: 
Ni=1, 
No = p+ (pb — 1)(x1(41)x2(@2) + x1(@2)x2(a1)), 
= p? + (p — 1)(Oex1(a1G203) + 81x2(a10203)). 


If a;=1 (4=1, 2, -- -, m) then the expression for NV, simplifies to 


(p — 1) 
3 


Ny = pvt + [(r1 + 72)” + (ors + 272)" + (wrt + wr2)"]. 


If b40 (mod #), using (1.1), (4.1), (4.3), (7.1), (7.2), (7.3) we have 


BOGS (2) (ZS) balerse+ien—1))xa(on—31— 1-1) 
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=> (n+1) h(n—2) 
475 2 » (4 (ce ) [xi(a:n—31—W(n—2))xa(e:s1-+i(n—2))]} 
+20) ‘<a> see ; (=) (2) beslo:3t-bi(n—2))xo(a:n—31—h(n—2))] 


ny (* (2) balein—31-H(0—1))xala:al-+H(n—1p]} 


m= \ Oe 
- mat = (=) (=)" [x1(a:30-++h(n))x2(a:n—31—A(n))} 
+ 75 b> (5) () batain—s1—n(oyyralessi+icny] , 


With n=1, 2, 3 we have the known results [2]: 
Ny = 1+ x2(@1)x1(6) + x1(a1)x2(5), 


No = p + O2x1(a1d2b) + 61x2(a1a2b) — x1(a1)x2(a@2) — x1(a2)x2(a1), 
= p? + p(x1(G1d2)x2(a3b) + x1(a2ds)x2(a1b) + x1(@301)x2(a2b) + x1(01b)x2(a2a3) 
+ xX1(d2b)x2(a301) + xX1(a3b)x2(a1a2)) _ (00x1(@102d3) + 01X2(a1@203)). 
If a;=1 @=1, 2,---,m) the formula becomes: 


= prt 4+ — ue ~ Lr + 72)” + w%(wrr + wre)" + w(w27y + wr)” 


es 


~ Lr + 72)” + wlwrr + wre)” + w?(w2r1 + wre)” | 


- = [(r: + 72)” + (wre + 72)" + (w271 + wr2)"]. 


The author wishes to thank Mr. C. F. Dunkl, now at the University of Wisconsin, for a lively 
and stimulating conversation in connection with this article. 
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SOME CHARACTERISTIC PROPERTIES OF THE FAREY SERIES 
Jean A. BLAKE, Oakwood College, Huntsville, Alabama 


DEFINITION. The Farey series F, of order n is the ascending series of irreducible 
fractions between 0 and 1 whose denominators do not exceed n. We assume through- 
out that n>1. 


Thus h/k belongs to F, if OS4SkSn, (h, k) =1; the numbers 0 and 1 are 
included in the forms 0/1 and 1/1. For example: 


Fy) = 0/1, 1/10, 1/9, 1/8, 1/7, 1/6, 1/5, 2/9, 1/4, 2/7, 3/10, 1/3, 3/8, 2/5, 3/7, 4/9, 

1/2, 5/9, 4/7, 3/5, 5/8, 2/3, 7/10, 5/7, 3/4, 7/9, 4/5, 5/6, 6/7, 7/8, 8/9, 
9/10, 1/1. 

Four well-known theorems dealing with the Farey series are (see [1]): 

THEOREM A. If h/k and h’'/k’ are two successive terms of Fn, then 

kh’ — hk’ = 1. 
THEOREM B. If h/k, h’’/k’’, and h'/k’ are three successive terms of F,, then 
h'/k! = (heW)/(k +B’). 
THEOREM C. If h/k and h'/k’ are two successive terms of F,, then 


(R+k') >n. 


THEOREM D. No two successive terms of F, have the same denominator. 


Purpose of this paper. The primary purpose of this paper is to confirm a 
conjecture of Harold L. Aaron [2]. 


THEOREM I (AARON’S CONJECTURE). The sum of the numerators of the frac- 
tions of a Farey series F, 1s equal to one-half the sum of the denominators of these 
fractions. 


In addition to. this, I shall establish the following: 


THEOREM II. In Fy, the denominator of the immediate predecessor and immedi- 
ate successor of 1/2 is equal to the greatest odd integer Sn. 


In order to establish Theorem J, I shall prove a few preliminary lemmas. 


LemMMA 1. The sum of the two fractions between 0 and 1 belonging to F, and 
equidistant from 1/2 is equal to 1 (such fraction pairs are hereafter termed comple- 
mentary). 


Proof. Suppose that h/n is a number of this series which is less than 1/2 and 
such that (h, 2) =1. Comparing the corresponding number on the other side of 
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1/2 we find (n—h)/n. For it to belong to F, it is necessary that ((n—h), n) =1. 

Suppose, on the contrary, that (1—h) and 7 are not relatively prime. Then, 
n—-h=rd and n=rd+h. Also, n=sd and hence sd=rd+h; therefore, d divides 
h, and consequently d divides (n—h) for d divides n. This contradicts the fact 
that (1—h)/n was in its lowest terms (definition of terms in a Farey series), and 
therefore ((n—h), n)=1. We verify directly that h/n and (n—h)/n are equi- 
distant from 1/2. 


LEMMA 2. In Fn, the immediate predecessor of 1/2 and its immediate successor 
are complemeniary. 


Proof. Let g/m be the immediate predecessor of 1/2. If there is another term 
immediately succeeding 1/2 and belonging to F,, then by Theorem B we know 
that if the fractions are g/m, 1/2, x/y (arranged in order of magnitude), then 
1/2=(g+x)/(m+y). Now to prove that g/m+x/y=1;x/y must be in its lowest 
terms if it is to belong to F,. Two fractions whose sum is 1 are in their lowest 
terms if and only if their denominators are equal, as was brought out in 
Lemma 1. 

Hence, if g/m+x/y=1 we must have y=m, and consequently x=(m—g). 
But, g/m was the immediate predecessor of 1/2, and «/y=(m—g)/m the im- 
mediate successor; therefore, the Lemma is proved. 


Lemma 3. If g/m is the immediate predecessor of r/s, then (m—g)/m 1s the 
immediate successor of (s—r)/s and vice versa. 


Proof. By Lemma 2 it was proved that the immediate predecessor of 1/2 
and its immediate successor are complementary. If we take the term r/s im- 
mediately preceding g/m and belonging to F, then by Lemma 1 we can find the 
complement of 7/s, seeing that that is equidistant from 1/2. Thus we find that 
the complement to r/s, (s—r)/s, has one term between it and 1/2, i.e. (m—g)/m. 

By first starting with (s—r)/s we could by the same reasoning find r/s; thus 
the lemma is established. 

Proof of Theorem I. Utilizing Lemmas 1, 2 and 3 we can now consider a 
typical Farey series F,, which has the form: 


0/1,---,h/n, g/m, r/s,--+,(s — 1r)/s, (m — g)/m, (n —h)/n,-++, 1/1. 
Here the sum of the numerators divided by the sum of the denominators is: 
Otf---+thtgtrt-::+it:-:-+s—-rt+m—gtun—-h+--- +1 

1+ 2%+2m+2s+2+---+1 


or 


O+th-ht+g-—gtr-rt-:---t1itatmest::-4+1 
1+ 2n+2m+2s4+2+---4+1 
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and hence 


ma+-mtster e+ +2 
mt+mbastes +4 


thereby proving the theorem. 

Proof of Theorem II. Suppose that 1 is odd; then we have to consider Fn44. 
The fraction less than and differing least from 1/2=(n+1/2)/(2n+1) with 
denominator (2n-+-1) is n/(2n-+1). Suppose that there is a fraction of Pani be- 
tween 2/(2n+1) and 1/2. This fraction has to have a denominator which is less 
than (2n-+1). Suppose it is odd. Then we get: 


n/(2n +1) <h/(2h +1) < 1/2. 


From this we see easily that n<h, which contradicts (2n+1) >(2h+1). Clear- 
ing of fractions gives: (2h+1)n<(2n+1)h, that is, 2hn-+n<2hn-+h. 
For an even denominator, we have 


n/(2n +1) < (h — 1)/2h < 1/2. 


Again (2n+1)>2h, and 2hn<(2n+1)(h—1), 2n+1<h, which contradicts 
(2n+1)>2h. If, therefore, m is odd, the denominator in F, of the immediate 
predecessor of 1/2 is equal to n. 

Now, consider F2,42. As can be readily observed, to construct Fen. having 
given Fon41, requires the addition of the irreducible fractions of denominator 
(2n+2) to the series F2,41;. The fraction nearest to 1/2 with this denominator 
is n/(2n+2). For Fens: we discovered that n/(2n+1)<1/2. The question now 
is: does n/(2n+2) lie between n/(2n-+1) and 1/2? 

Consider n/(2n-+1) <n/(2n+2) <1/2. This is obviously impossible because 
of the relative size of the denominators. Hence n/(2n-+1) is closest to 1/2 in 
Fons2. We may, therefore, conclude that the immediate predecessor of 1/2 is 
the greatest odd integer <n. 

A similar reasoning establishes the nearest term immediately succeeding 
1/2 in F, is the greatest odd integer <n. 
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A PROOF OF 4-COLORING THE EDGES OF A CUBIC GRAPH 
E. L. JoHNsON, Operations Research Center, University of California, Berkeley 
The definitions are those of [3]. A cubic graph is a finite, undirected, regular 


three-degree graph without loops, but with multiple edges permitted. A graph 
is called strongly connected if it is connected and not 1-edge connected. 
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Coloring the edges of a cubic graph is of special interest because the 4-color 
conjecture is equivalent to 3-coloring the edges of a planar, strongly connected 
cubic graph [4]. The purpose of this paper is to present a simple proof that the 
edges of any cubic graph can be 4-colored. This result follows from a theorem 
on coloring the vertices [1] and is a special case of Shannon’s theorem [5]. The 
result in a strongly connected cubic graph follows from Peterson’s theorem on 
existence of a perfect matching in a strongly connected cubic graph. Frink’s 
method of proving Peterson’s theorem in [2] can be used, however, to 4-color 
the edges so that no color is changed once it is assigned. In contrast, both 
Shannon’s proof and Frink’s proof of Peterson’s theorem require changes along 
alternating paths. 


THEOREM. The edges of a cubic graph can be 4-colored. 


Proof. lf the theorem is false, then there is a smallest cubic graph G for 
which it fails. Clearly, G is connected and contains no 3-edges. 
Suppose that G is strongly connected. If G contains a 2-edge, 


V1 Ve V3 U4 


Fic. 1 


then form G’ from G by eliminating vertices v, and v3 and the edges incident to 
them, and adjoining edge [v, v4]. Because G is strongly connected 9,41 so G’ 
is a smaller cubic graph than G, and hence its edges can be 4-colored. But then 
the edges of G can be 4-colored by coloring [v, v2] and [v3, v4] the same color 
as [v,, v| in G’, and coloring the two edges [v2, v3] any two of the remaining 
three colors. Hence, if G is strongly connected, then it contains no 2-edge. 

Still supposing G to be strongly connected and now containing no 2-edge, 
if G contains a triangle, 


Fic. 2 
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then form G’ by eliminating v4, v3, and vg and the edges incident to them, and 
adjoining vertex v’ and edges [, v’|, [v2, v’], and [vs, v’]. Then G’ is a cubic 
graph so its edges can be 4-colored. The edges of G can also be 4-colored by 
coloring [v, v1] and [v;, ve] the same as [v, v’|; [ve, v5] and [v,, v6] the same as 
[v2, v” |; and [vs, vg| and [v4, 25| the same as [vs, v’ |. Hence, G contains no triangles. 
Hence, G is either strongly connected with neither 2-edges nor triangles, or 
G is 1-edge connected. In the first case, let [v,, v2] be any edge. In the second 
case, there is an edge |v, v2] such that its removal causes G to break into two 
connected components. Consider the two other incident edges at 2, and 2. 


V3 Us 

VY V2 

Us O % 
Fic. 3 


Form G’ by eliminating v; and v2 and all incident edges from G, and adjoining 
[vs, vs] and [v4, v6]. In either case v3v5 and 144s, so no loops are introduced, 
although multiple edges might be introduced. Therefore, G’ is a cubic graph 
and its edges can be 4-colored. But then the edges of G can also be 4-colored as 
follows. 

If [vs, v5] and [v1, vg] are colored different colors in G’, then color [n, v3| and 
[v2, v3] the same in G as [vs, vs] was in G’, color [m, 1%] and [v2, v6] the same in 
Gas [vs, v6] was in G’, and color [m, v2| either of the two remaining colors. 

If [vs, 25] and [v4, vs] are colored the same colors in G’, then color [v, v3] and 
[v2, v5] the same in G as |[vs, v3| was in G’, color [v, v4] the color not incident to 
v, in G’, color [ve, v6] the color not incident to vs in G’, and color [v, v2| the re- 
maining color. 

ReMARK. All of the reductions except that in the very last paragraph per- 
mit 3-coloring the edges. The significant problem is to find conditions under 
which the fourth color is not needed. 
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DIRECT PRODUCTS OF CYCLIC GROUPS 


MICHAEL ROSEN, Brown University 


Let L bea Galois extension of K whose Galois group is the direct product of 
n copies of a cyclic group of order m. L is clearly the compositum of 7 cyclic 
extensions of K of degree m. We would like to calculate the number of subfields 
of Z which are cyclic extensions of K of degree m. By Galois Theory this is 
equivalent to calculating the number of subgroups H of G such that G/A is 
cyclic of order m. We shall answer the more general question of determining the 
number of subgroups H of G such that G/H is the direct product of k Sn copies 
of a cyclic group of order m. 

For a given integer m, let Z(m) be the ring of integers modulo m. Let F be 
the free Z(m) module of rank n. Then F is isomorphic to G as an abelian group, 
and there is a one-to-one correspondence between the subgroups of G and the 
submodules of F. We may thus reformulate our problem as follows: How many 
submodules EC F are there such that F/E is free of rank k? The following result 
is standard. 


Lemma 1. If F/E ¢s free then E 1s a direct summand of F. 


Let C be the set of submodules of F which are direct summands having free 
complements of rank k. By Lemma 1 our question becomes that of determining 
the number of elements in C. 


LEMMA 2. A direct summand of F having a free complement ts free. 


Proof. Let F=E@F,, where F; is free, and let and 7, be the ranks of F 
and F, respectively. We will establish the result by applying the fundamental 
theorem of abelian groups, namely that every finite abelian group is the diréct 
sum of cyclic groups of prime power order, and the number of cyclic summands 
of each order is unique. 

Let m=pt - - - p* be the prime decomposition of m. We have 


Z(m) = Z(p) ® --- © Z(h,') 


by the Chinese remainder theorem. Each Z(p{') is cyclic and appears m times 
in F and n, times in F,. Consequently it appears n»—m, times in £. It follows 
that E is the direct sum of »—7,; copies of Z(m). 


Let x1, -°:,x, be a basis for F and let Eo be the module generated by 
X1,° °°, Xn—~ BHoEC. Let HEC. By Lemma 2, E is free. Thus we can choose a 
basis y1, -- +, Yn of F such that y, ---, Ya_z generate E. Define a(x,) =y, and 


extend a by linearity to an automorphism of F. We have a(£o) =£. Conversely 
if w is an automorphism then a(£o) EC. 
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THEOREM 1. Let A(F) be the group of automorphisms of F, and let I be the 
subgroup defined by 


[= {a C A(F) | a(Eo) = Ey}. 
The number of elements in C is equal to the index of Iin A(F). 


Proof. By the preceding remarks the map a—a(Eo) maps A(F) onto C. 
a, BEA(F) have the same image, i.e. a(Zo) =6(£o), if and only if B-'a(Eo) = Eo, 
that is if and only if B-!a@E€J. The result follows. 

Using the basis x1, ---, %. we can associate to each element of A(F) a 
matrix. For aGA(F) set 


n 
a(x:) = Dy az%; 
j=1 


and associate (a;;) to a. The map a—(a;;) determines an isomorphism between 
A(F) and the group Gl,(Z(m)) of all n by matrices with coefficients in Z(m) 
having for their determinant a unit. Under this isomorphism J goes into the 
subgroup of Gl,(Z(m)) defined by the property that the rectangle formed by the 
intersection of the first »— columns and the last k rows consists entirely of 
zeros. From the form of these matrices it follows that the order of J is given by 


m*—*) ord Gl,»-4(Z(m)) ord Gl,(Z(m)). 


We have reduced our problem to the computation of the order of G/,(Z(m)). 
This has already been accomplished by Jordan (see pp. 95-97 in [2]). We shall 
rederive his result by somewhat different methods. The idea is to reduce the 
computation to the case in which m is a prime, the answer in this case being 
well known. 


LEMMA 3. Suppose | divides m. Then there is a natural homomorphism from 
Gla(Z(m)) onto Gla(Z(D)). 


Proof. Let x denote the natural homomorphism from Z(m) onto Z(J). For 
(aij) €Gln(Z(m)) define $(a.;) = (a(aij)). To show ((aij)) EGln(Z(m)) notice 
that det (m(ai;))=a det (a.;). Since + maps units to units it follows that 
(1 (ai3)) EGl(Z()). 

@ is easily seen to be a homomorphism, It remains to show that ¢ is onto. 

Let (b,;)€Gl,(Z(D) and let (6;;) bean 2 Xn matrix of integers which reduces 
to (0:;) modulo J. Let y be the product of those primes which divide m but not 1. 


and é;;=5,,(l’), where 5,;=1 if ¢=j7 and zero otherwise. det (4;;) 1s relatively 
prime to J and I’ and consequently to m. Let (a,j) be the reduction of (4:3) 
modulo m. Then (a,;)EGl,(Z(m)) and $(a.;) = (b:;). Thus ¢ is onto. 
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LEMMA 4, Letm=p? -- - p® be the prime decomposition of m. Then Gl»(Z(m)) 
4s tsomorphic to the direct product of the groups Glr(Z(pj')). 


Proof. By Lemma 3 there is a homomorphism ¢; from Gi,(Z(m)) onto 
G1, (Z(p7')). For A €Gl,(Z(m)) define 


6(A) = (¢1(A), ++ +, @(A)) © Gla(Z(p1)) X ++ + X Gh(Z(p7')). 
@ is the required isomorphism. We omit the more or less straightforward details. 
Lemna 5. Let p be a prime. The order of Gl,(Z(p*)) is p"(1—p) - ++ (1—p-*). 


Proof. In Lemma 3 we defined a natural homomorphism from Gl,(Z(p%)) 
onto Gl,(Z(p)). The kernel of this homomorphism consists of all matrices of the 
form [+ where I is the identity of G/,(Z(p’)) and M is an arbitrary ” by n 
matrix with elements in pZ(p2). Since pZ(p") has p9—! elements, the kernel has 
po-)n* elements. The order of Gi,(Z(p)) is 

(o"— 1) +++ (o" — prt) = ph(L— pt) (Lh - ) 
(see, for example, [1], p. 169). Putting these facts together we see that the 
order of Gl,(Z(p*)) is 


povepr(L — pty. ++ (lL — pr) = pm(1 — pt) (le). 
THEOREM 2. The order of Gla(Z(m)) is 
m™” TT JT (1 — o-4. 
p\m t=1 
Proof. This follows immediately from Lemmas 4 and 5. 


THEOREM 3. Let G be the direct product of n copies of a cyclic group of order m. 
Then the number of sub-groups HCG, such that G/H is the direct product of kan 
copies of a cychc group of order m, 1s equal to 


a—k 4 — perk) 
oo HERE 
pilm i=1 1 — p* 


Proof. By Theorem t and the remarks following it, the number we are looking 
for is the order of Gl,(Z(m)) divided by 


m*—-) ord Gl, (Z(m)) ord Gl,_4(Z(m)). 
The result follows by applying Theorem 2 and simplifying. 
This work has been partially supported by the NSF Grant GP-1569. 
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Proof. Since the functional M is multiplicative, we have 
2m\ 1/2 /2n\ 1/2 2m\ /2n\) 1? 
rn) s(°") (") accou@ = {C")\C") ae 
m n m/\n 
2m\ (2n\) '? 
£ (CC) 
m/\n 
by Theorems 1 and 2. 
It has also been observed by Mahler [2] that 


(2) M(f +g) S$ 2{M(f) + M(p)} 


for polynomials f(z) and g(z) of degree at most m and that such inequalities have 
applications in the theory of diophantine approximations. Since 


Cn) (BG)) < BG)-™ 


for m21, the following result is an improvement over (2). 


THEOREM 4. If f(z) and g(z) are polynomials of degree at most m, then 


2 1/2 
M(f+s) < (”) {M(f) + M(g)}. 


Proof. Since the sequence {(”)/2} is monotonic increasing, we have 
M(f+g) SLf+g) SL) +L(g) S(n)?{ M()+M(g)} by Minkowski’s in- 
equality [3, Sec. 12.43] and Theorems 1 and 2. 

By using Stirling’s formula [3, Sec. 1.87] and calculating a few simple 
limits we see easily that 67")/2~(am)-42™,. Thus the constants in the above 
theorem have lower order of magnitude than those in (2). 
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THE STRUCTURE OF NEAR RINGS ON A GROUP OF PRIME ORDER 
R. A. Jacosson, Houghton College 


In a recent note [1], Clay determined a lower bound for the number of left 
near rings for the triple (G, +, *). An additional theorem enables us to analyze 
the entire structure of such near rings for all groups where (G, +) is of prime 
order. A natural consequence of such a discussion is an exact expression for the 
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number of left near rings which verify the results computed in [1] for n=3, 5, 7. 
and also discloses the previous error for n=2. 

In the following, we let P= 10, 1,---, p—i} where / is prime and gq isa 
specific primitive of ». Let N be the multiplicative subgroup of Puj0} gen- 
erated by g” and rN denote the coset containing the element r. Borrowing from 
[1], we let 7 * 1=0 define the function (r) =) and recall Theorem II: * is an 
associative left distributive binary operation if and only if 


(1) m(r)-m(s) = ar(r-m(s)), 


where - implies multiplication, (mod 9). 
Assuming that a(y) #0 for some yCP, we have 


THEOREM 1. Let n=g.1L.b. {| Sy and a positive integer x such that yCP and 
w(y) =q?} and x(0) =0. If * is an associative left distributive binary operation it 
follows that: 

(i) af w(r) 40, then r(r) =q?, where n| x; 

(ii) af w(r) =0, then r(s) =0, VsCrQ; 

(iii) af w(r) 40, then VOECN, S3sCrN such that r(s) =b. 

Proof. In the following, let v be such that (v) =q”. 

(i) Let r(r) =q* and w(s)=g*. From (1), we have g*+8=a(r) -a(s) =2(rq®) 
and the set X = {2 Sy such that yCP and z(y) =q*} is closed under addition, 
(mod p). Thus, the elements of X are all multiples of the least positive element n. 

(ii) If w(r) =0, we use (1) to write 0=2(r) -r(v) =a (r-m(v)) =a (rq”). A re- 
application of (1) gives 

= m(rg")-a(v) = a(rg"-a(v)) = (rq). 
It is evident that a continuation of this procedure results in r(rq%") =0 for all 
elements rq*"*CrJN. 

(iii) Let x(r) =q*". Then employing (1) we have 

geen = w(r)-a(r) = a(r-a(r)) = w(rq2”). 

Reapplications of (1) yield 

geen = a(rge")-a(r) = w(rqe”-a(r)) = a(rg""), 
and so on, until we have 1 =a(rq*") for some element rq®*=tCrWN. Since w(t) =1, 
it follows that g*=7(t)-a(v) =7(t-a(v)) =a(tq") where tg?=uCrN. Then con- 
sidering products q?”=7(u) -w(u) =a(um(u)) =(ug"), etc.; we find by induction 
that 
(2) (uge*) = getDn 
and the theorem is proved. 


REMARK. The structure of (G, *) can now be established by noting that 
whenever the hypothesis of Theorem 1 is satisfied, then any combination of 
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cosets can have an element u such that r(u) =q"; furthermore, the element u in 
a particular coset can be chosen at random. 

Proof. In order to establish the remark we must show that (1) holds for all 
r, s©P. Since (0) =0, it is evident that (1) follows if either r=0 or s=0. On 
the other hand, if rs+0, then from Theorem 1, there is an element a@rN such 
that r(a)€{0, q"}. Similarly, there exists an element JGsN with the same 
property. Upon letting r=ag*" and s=bq", we find that (1) becomes 


(3) m (ag?”) -@(bge") = (ag: (bg). 
If 7(b) =0, we recall that (0) =0 and employ (ii) to establish that 
m (ag) - (bq) = m(ag*")-0 = 0, 
(ag? -a(bg’")) = w(ag"-0) = 2(0) = 0. 
If r(b) 40, (a) =0, we again use (ii) together with (2) and find that 
a (ag?”) - (bqe) = O-gutba = 0, 
a (ag*”- a (bg4”)) = m(ag@tyt)n) = 0. 


Finally, if (a) =7(b) =q”, we use (2) to simplify (3), obtaining on the left side 
a (ag?) -m(bge") = gettin, 
and on the right side 
1 (ag?*- (bgt) = mag @tytin) = gletut2)n, 


and thus (1) holds for all 7, s. Since the proof does not depend on the choice of 
a or b, the remark is verified. 

In order to find the total number of possible left near rings, we proceed as 
follows: 

(a) enumerate the possible combinations of cosets of N, that is, C(n, 7), 
j=0, 1,7 -+ +, 1; 

(b) for each coset the element such that 1(u) =q” can be chosen in (p—1)/n 
ways; 

(c) thus, the elements u; such that a(u;) =q* can be chosen in ((p—1)/n)? 
ways for any particular combination C(n, j); 

(d) finally, including the two cases r(r) =0, VrEP and w(r) =1, VrEP (see 
Theorem IV, [1]); we find the exact number of left near rings is given by 


(4) 2 + D4 2 Chi) (2—)\ where k| p — 1. 


The correct value of 3 for p=2 follows from (4). 
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ISOMORPHISMS BETWEEN CERTAIN SUBSEMIGROUPS OF THE POSITIVE 
INTEGERS UNDER MULTIPLICATION 


PAGE PAINTER, University of California, Davis 


1. Introduction. It has been proved that there is no algorithm for deter- 
mining when two semigroups are isomorphic [1], and no algorithm is known for 
the case in which both semigroups are imbedded in the multiplicative integers. 
We will discuss isomorphisms among the semigroups 


M;={z|z22 7} and J; = {z| 2 = nj for somen € Z+}. 


We note that both of these subsemigroups are ideals in the multiplicative posi- 
tive integers. Throughout this discussion, all lower case letters will stand for 
elements of the set of positive integers Z*, the binary operation in each semi- 
group will be ordinary multiplication, and the phrase “?: A—B is an isomor- 
phism” will mean “¢ is an isomorphism of A onto B.” 

Now any positive integers j and k define the subsemigroups J;, I,, M;, and 
M,,. For any two of the above subsemigroups, we will find necessary and suff- 
cient conditions for the existence of an isomorphism between them. 


2. Isomorphisms between M/; and M;,. We will prove 
THEOREM 1. M;=M;, «af and only if j=k. 


Proof. Assume that ¢: M;—M;, is an isomorphism. We may assume that 
j>k. lf k=1, M;, contains the identity, and consequently M; also contains 1. 
This gives the contradiction j =k =1, and we can therefore restrict our attention 
to the case j>k>1. Define N;= {z|1<z<j} and N,={2|1<z<k}. Note that 
N; is not empty. Now let a be an integer such that 2¢27. Then for all z€@.N; and 
for all zC N;, we have 2*CM; and 2z*C M,. Now for any zE€N,;, j2€ M;, and 
therefore (jz) EC M;,. Since 2*€ M;, we have | o(j2) bam (J) hag(z), But from 
this equation we see that (2°) is a positive integer with a rational a’th root and 
that consequently $(z*)=x* for some positive integer x. We will show that 
xGN,. Since 146 Mi, (2%) 41. Now, if x2k, then g(x) =yEM;. But then 
we have $(y) =x, and $(y*) =x*=¢(2%). Hence y=gz, contradicting 2G Nj. 

Therefore, we can define Y: N;->N;, by (zs) =x, where (27) =x*. We see 
that Y is 1—1, for if Y(y) =V(z), then o(y*) =¢(2%), and we have y=gz. Since 
N; properly contains N;, however, such a function cannot exist. We conclude 
that j=k. 


3. Isomorphisms between J; and J; We will prove 

THEOREM 2. 1;1;, of and only «af there exist distinct primes pi, po, +++ Dns 
distinct primes qi, 2, °° * 5) Yn» ANd integers a1, Ae, +++, An Such that 7=py'p3? 

++ pp” and k=qy'qo" «+ dn". 

Proof. Assume that f1, po, - --, pa are distinct primes, that qi, ge, * °° Qn 
are distinct primes, and that 
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i] = Pi pe eee Dn” and k = q1 g2. eo 8 e Qn’ 
We will construct an isomorphism ¢ : J;—J,. 
Define $(p;) =q:. Now let x be a bijection of the set P of all primes other 
than 1, po, - + - , Pa onto the set Q of all primes other than qi, q@, - ++, dn, and 
extend @ by x. Define (1) =1, and for any integer b, define 


$(6) = $(b1)b(b2) + + » $s), 


where b,b2 - - - 0, is the factorization of b into primes. Now ¢ is an isomorphism 
of the positive integers onto the positive integers, and clearly ¢ restricted to J; 
is an isomorphism onto J;,. 

For the converse, assume that ¢: J;—J;, is an isomorphism. We note that 
any isomorphism preserves the number of distinct factorizations of an element 
into the product of a given number of factors. (If two factorizations differ only 
in the order of the factors, we consider them equal.) Now $(7) =k«x for some 
integer x, and #(j”) = (kx)?, but 7? has only one factorization into the product 
of two elements of J;, j?=(j)(j). Therefore, (kx)(kx) and (kx?)(k) cannot be 
distinct. Consequently, «=1 and ¢(j) =B. 

Now we wish to use ¢ to construct a mapping of the primes into the primes. 
To do so, we note that if » is a prime, then (pj) =qk for some integer g. We 
will show that q is prime. Since 7? has only one factorization in I;, (pj)(j), 
$(pj") =qk* can have only the one factorization (qk)(k). But if g=gq’q’’ and 
q>1,q’’>1, then (q’k)(q’’k) is a distinct factorization in J,. Therefore, g must 
be prime. Now define ¥(p) =q, where 6(pj)=gk. We note that w is 1—1, for 
if ¥(p) =(p’), then $(p7) =4(p’7), and hence p=’. 


Now factor j into primes, 7= pps? - - - p%". We have 


b{ (jp1)°*(jp2)% > + - (jPn)™} = (b(7p1))*(G(jp2))*? «+ + (b(jpn))™ 
= (hqi)™ (qo) + + + (Rgn)%*, 
where g;=y(p,). We also have 
| (j1)1(jp2)% + + GPa)an} = p(jartart + tanparpan . . . pan) 


= p( jarrest: oe tantl) = fpertaste:++an+l | 


From these equations we see that k=q{'g3? - - - g", where the q; are distinct 
primes, and this completes the proof. 


4. Isomorphisms between M; and [,, 
COROLLARY. M;2J, if and only if j=k=1. 


Proof. Assume that M;=Jj, and that k=2. We note that the square of every 
element other than k in J; has the distinct factorizations (kx?)(k) and (kx)(kx), 
while the square of any prime in M; has only one factorization (p)(p). Therefore, 
every prime in M; maps onto k, which contradicts M;2Jy. 


64 CLASSROOM NOTES [January 


If k=1, then we have M;==M,. But by Theorem 1, M; is isomorphic 
only to M,. Hence we have j=k=1. 
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A GENERAL FORM OF THE REMAINDER IN TAYLOR’S THEOREM 
P. R. BEESACK, Carleton University, Ottawa, Canada 


In a typical derivation (cf. [1] p. 137) of Taylor’s theorem with remainder, 


a) 0) =f) +E @-) +E aye +e — a) 
+ R(x, a), 

one usually assumes a remainder of a specified form, such as 

(2) R,(%, @) = K(x, a)(x — a)", or R(x, a) = K(x, a)(x — a), 


leading to the Lagrange or Cauchy form of the remainder, respectively. We 
shall follow the usual method of proof here, first regarding (1) as an identity in 
the variables (x, a), noting what this implies for the function R,, and then using 
these observations to obtain some specific—but rather general—forms of the 
remainder. 

As usual, we assume that f@—” is continuous on I= [a, 0], and that fm 
exists on [°=(a, 0). Defining the function R, on IXI by the equation 


£0 "Oo FBO 
pp TOP OPP FO 


we see that 0”-1R,/dx"—! is continuous on IXJ, 0*R,/dx” exists on J°XJ, and 
OR,/dt exists on IXI°. Moreover, R,(x, x) =0, xE I. Now, for each xCJ, the 
function F,, defined for tC JI 

ft) FOV (Z) 


it (w— it) +: AEE ott Balm oh, 


f(x) =fO + (x — t)** + Ra(x, 2), 


F.(t) = f(«) - {i + 
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is identically zero. Hence also, 

(a) (¢ OR, (4, t 
LOO og wna — Ral 
(x — 1)! at 
Using the fact that R,(x, x) =0, we thus obtain the explicit evaluation 


ARC, 8) 2 f(s) | 
R(x, t) = J —, 4% = , Gob! («4 — s)"""' ds, 


(3) F; (i) = 


= 0. 


Hence, in (1), we obtain the exact or integral form of the remainder, 


= f) 
a (n—1)! 


(This assumes, of course, that f™ is integrable on J, as does the usual proof.) 
As is well known, the remainders (2) may be derived from (4) using the integral 
mean value theorems. 

Returning now to equation (3), it is clear that if R, is known to be “of a 
certain form,” then R, can be explicitly determined from (3) without any 
integration. For example, if 


(4) R(x, a) = 


(« — s)""ds. 


(5) R,(%, t) = K(x)g(, 4), 

where g is a given function, we would have 
OR, f() 
—=K = - — 1)“, 
a = KOs) = 7 ed 


Hence, provided g:#0 on JXJ, we could solve this equation for K, and thus 
determine R, explicitly in the form 


{OW — gx, t) 
(7 — 1)! g;(4, #) 


The assumption that R, can be expressed in the form (5) is not usually valid, 
of course, and we must modify our procedure somewhat. 

Since we are concerned with R,(x, t) only for fixed t=a, the above line of 
reasoning suggests we write 


(6) R,(x, a) = K(x)g(x, a), 


where g is a given function (whose properties will be specified), and redefine the 
function F, preceding (3) by 


f'@ for) 
—f eee 

ip OF GD! 

F, is no longer identically zero on [XJI, but F(a) =0 by (6), while 


F,(x) = — K(x) g(x, 2). 


R,(«, t) = — 


x — p)r-}, 


(7) FAW =f(e)— {+ (e—)4.K (a) a(x, i | 
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This implies that F(x) =0 if g ts selected so that g(x, x) =0 on I. (Of course K(a) 
is not then defined by (6), but this is immaterial since R,(a, a) =0.) F, is con- 
tinuous on J for each «CI provided g is continuous on aSisSb for each xElJ. 
Finally, as in (3), we obtain 


{™() 


(8) Fi) = -7 


(x _ in _ K(x) gi(x, t), a<t<6, 
assuming that g; exists on a<t<b for each xCI. In particular, if a<x3b, it fol- 
lows from Rolle’s theorem that =X €(a, x) such that 


{™(X) 
(x — 1)! 


O= Fy (X) = — (x — X)r-" — K(x)gi(x, X). 


It now follows that zf g:(x, t) 40 fora<x <b, a<i<x, then 
fO(X) (w= XY 
(7— 1)! ge(, X) 


K(*) = — 


and 
F(X) gC, a) 
(w — 1)! gi(*, X) 


We have proved the following 


(9) R,(%, a) = (7 — X)"-}, ax<X<x. 


Tueorem. [f f- ts continuous on I= [a, b|, and f™ exists on I°=(a, b), 
then for each x(a, b|, f has the representation (1), where Rn is given by (9), g 
being any function satisfying the conditions 

(a) gis continuous on aStSb for eachxCl; 

(b) g(x, x) =0 on TI; 

(c) ge exists ona<t<b for eachxCl; 

(d) g(x, t) 40 for a<xSb, a<t<x. 


Example 1. g(x, t)=h(x—#), where h(t) is continuous for t20, h(0)=0 and 
h'(t) #0 for t>0. The remainder is given by 
f(X) — h(w — a) 


(4 — X)"-}, ax<XxX <x. 


Taking h(t) =¢ for any p>0, we obtain Schlémilch’s remainder ({2| p. 99) 
FOX) 
(w — 1)!p 


The choices p=n, p=1 give the remainders of Lagrange and Cauchy, respec- 
tively. 


R,(«, a) = (« — X)"-?(“ — a)?, ax<X<-x. 
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Example 2. g(x, t) =h(x) —h(t), where h is continuous on J, and h'+0 on Io. 
In this case the remainder is given by 
f™(X) h(x) — h(a) 
(n—1)! W(X) 
Taking h(t) =(t—a)? for any p>0, we obtain 


Rilx, a) = _ FOX) = oP (x — xX)-}, a<X<x. 
(n — 1)! p (X — a)?“ 


(11) R,(%, a) = (2 — X)*-, axcx <x, 


If p=1 this is just the Cauchy remainder. The choice p=n gives the remainder 


mM(X)/x — n—l 
R(x, @) _/ _ (= ~~) (%« — a)”. 


Comparing the usual proofs (cf. [1] p. 136) of Taylor’s formula with integral 
remainder (depending on successive integrations by parts) with that given 
above, there appears to be some pedagogical advantage to the latter: both this 
exact form of the remainder, and the special forms are obtained by essentially 
the same method. 
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TAYLOR’S FORMULA WITH DERIVATIVE REMAINDER 
ALFRED J. Maria, late of Brooklyn College 


In the usual derivation of Taylor’s formula with derivative remainder there 
is used either an assumed form of the remainder or a generalized mean value 
theorem. In this note we shall derive Taylor’s formula with a general form of 
derivative remainder as a straightforward application of the mean value theorem 
without any a priori assumed form of the remainder and also without use of 
generalized mean value theorems. 

Let f be a function which together with its first 2 derivatives (finite) is con- 
tinuous on the interval a<s<x,a<x(xSezSa, x <a). It is further assumed that 
the (x+1)th derivative of f exists (finite) on the interval a<z<x (x<z<a). We 
consider now the function F, defined for aSuSx, aSvSx (xSuSa, xSvSa), 
whose value F(u, v) at (u, v) is 

rn (u — v)4 
fu - dU wae 70), 


j=0 


Essentially our problem is to find F(x, a) in terms of a value of the (x+1)th 
derivative of f. To do this we join (x, a) to (x, x) by a suitably restricted curve 
u=u(t), v=v(t) and apply the mean value theorem to the function whose value 
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attis F(u(t), v(¢)). Differentiating this function we obtain 


SAO | poreucnynryy = FSO OM joey 
(u() — (9) = MOKA porn eoennn (0, 
which after simplification gives 
AOE? = funny — LO— 20” paer(eyv 


ee ® — oO)? 
j=l (j — 1)! 


We now choose the curve u=x, v=v(t), where v(0) =a, v(1) =x and a<u(t) <x 
(«<v(t)<a) for 0<t<1. It is further assumed that v is continuous on the 
interval 0<#S1 and is differentiable (finite) on the interval 0<t<1. By the 
mean value theorem there is a number /, 0 <#<1, such that 


F(x, 2) — F(x,a) = — SR HO” jo O)O. 


FP (M)u© (). 


We therefore have, since F(x, x) =0, 


a)i 


f(x) = ye oan 7 f(a) + Rasa, 


j=0 
where we have set Rasi={(x—v(f))*/n!}f@+(o@))oM(@). This is the desired 
result. 

It is to be observed that if v (¢) 40 (v (#4) finite) for 0 <#<1, then it is suffi- 
cient to assume that the (7+1)th derivative of f exists (finite or infinite) on the 
interval a<z<x (x<z<a). If we take v(t) =x—(x—a)(1—2)"/?, b>0, we shall 
have 


Raya = Sar ena — (« — a)(1 — )!/?) - (1 — f)@+1)/2-1 


and on setting (1—7)? =1—6 we obtain 
(“4 — q)rri 


Rip = memeermmr hiiies + 6(4 — 2) — —(1— 6), 
n| p 


which is Schlémilch’s form of the remainder, 
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A NEW PROOF OF TWO SUMMATION FORMULAS 
C. W. Barnes, University of Mississippi 


Heath [1], p. 114, states that certain proportions in Archimedes are equiva- 
lent to the formulas 


_ ot _ ar ; 7 7 
sin —-+ sin —-+ --- + sin (2n — 1) — = cot— 
2n n 2n 4n 


and 


_ &  , 2x , x , 

2(sin= + sin = + --- + sin (n — 1) =) + sin x 
n n n x 
ggg I — cot — ie 
1 — cosx 2n 

Heath also pointed out that Archimedes’ work gives in fact a summation of the 
series sin x-+sin 2x-+ ----+sin (n—1)x. Reference is made to Loria, Il periodo 
aureo della geometria greca. 

A particularly simple proof using complex numbers is given by Loney ([2], 
pp. 115-116) for the more general identities 


nl 1—tcosx% — é* cos mx + i+! cos (n — 1)x 
(1) 1+ TS cos te = SSATP cose FP cos = 
ra 1—ftcose#+? 
and 
n—1 tsinx— isin nx + gt! sin (x — 1)x 
(2) >, & sin kx = isne eee meee 
rar 1— 2tcosx+?? 


It is unfortunate that these formulas are so little known, as the writer has 
found that they are useful in beginning calculus classes in the evaluation of 
such integrals as [7 sin x dx by appealing to the definition of a Riemann inte- 
gral. The case ¢=1 is used for this, where «42kza for k an integer. 

For example, if the existence of {7 sin x dx has been discussed and if 
limz.o (sin x«/x) =1 has been proved, we divide the interval [0, 7/2] into n equal 
subintervals, evaluate sin x at the right endpoint of each subinterval and form 
the approximating sum 


n k 
S,= >) sin —- 


k==1 2n 2n 
By (2), this sum may be written 
T  amt+i1)r . 


sin —- — sin ——————- + sin — 
5 2n 2n 2 


T 
2 — 2cos — 
2n 
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or when simplified, 


n [(1 + cos (a/2m)]/2_ 


So in (x/2n)/(ar/2n) 


Letting ” increase, we have 


a [2 
f sinxdx = lim S, = 1. 
0 


n~> 00 


Recently the writer was able to give a new proof of (1) and (2) by using 
methods of elementary matrix algebra. The proof is an interesting application of 
some of the routine theorems in a first course in matrices. 

Consider the matrix 


tcosx —tsinx 
(3) 4=| |. 


isin x t{cosx 


where x and ¢ are real. We verify by induction that for every positive integer a 
i*cosnx —f" sin nx 
At = , 

i” sin 2x i” COS NX 


The following theorem is proved in Mirsky [3] page 332. 


THEOREM 1. If the modult of all characteristic roots of the matrix A are less 
than 1, then I—A 1s nonsingular and the series I+-A+A?+A3+ +--+ converges 
to (I—A)7}. 


Moreover, we have 
THEOREM 2. If I—A 1s nonsingular then I+A-+A?+A8+ +--+ +A”! 
=(I—A*)(I—A)7}. 


We note that the characteristic roots of (3) are te and te-**. Hence Theorem 1 
may be applied if we require | ¢| <1. 
Since 


G— Ay 1 pee ee 
 1—2cose+? tsinx 1—tcosx]’ 


whenever |t| 41, and x#2k7 if |t] =1, Theorem 2 gives 


n—1 n—1 
1+ >i tcoskx — >) f sin kx 
k=1 k=l 


n—-1 n—1 
DY sinkx 1+ >) cos kx 


kul k=1 
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1—t cos x—i" cos mu+i"*! cos (n—1)% —t sin «+2 sin mx—t"t! sin (n—1)x 


1—2t cos «-+?? 1—2¢ cos «+? 
fsinx—i*sin nx+i"t! sin (n—1)x 1—tcosx—i* cos nx+i"*! cos (n—1)x 
1—2t cos «+? 1—2! cos «+? | 


after simplifying the elements of the product on the right. Equating correspond- 
ing elements of these matrices we obtain (1) and (2). 
If we now suppose | ¢| <1 we may apply Theorem 1 to obtain 


00 00 1—tcosx —tsinx 
1+ > i cos kx — > é sin kx $$ 
k=l k=l 1—2tcosx+# 1-—2tcosx+t? 
tsin x 1—tcosx 


> fsinke 1+ >> cos ke 
k=l 


k=l 1—2tcosxtf 1-—2tcosxtP 


It follows that 


a 1—tcosx 
1+ >> # cos kx = ———_ 

k=l 1 — 2tcosx + ?? 
and 

ia ¢ sin x 

> t* sin kx = ————_ 

k=1 1 — 2tcosx + ?? 
as found in [2], p. 116. 
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PICTURES ABOUT 0-DERIVATIVES 


Burrowes Hunt, Reed College 


There is some interest in proving as directly as possible the theorem that a 
function with 0-derivative on an interval must be constant on the interval. [See 
for example: Mary Powderly, this MonTHLY, 70 (1963) 544, | 

Suppose that the function g is such that g’=0 on an interval J, but g is not 
constant on J. There are a and b in J with a<b and g(a) #g(0). Define f, for x 
in the domain of g, by f(x) = (g(x) —g(a))?. Then f’ =0 on J, f(a) =0, and f(d) >0. 

Picture A is about the graph of a function f such that f’(xo) =0, for some po. 
For each e>O there is §>0 such that the graph of f is in the interior of the 
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shaded triangles over the intervals (%o—6, xo) and (xo, xo+5). In short, A isa 
picture about: 


f(x) — f (x0) _ 


xX — Xo 


Ol <e. 


With f as in the second paragraph let L, with equation y= L(x), be the line 
through (a, 0) and (0, f(0)). L has positive slope: call it e. 


PICTURE A 


L: slope e>0 


PICTURE B 


The right half of Picture A, applied in Picture B with x»=a, shows that over 
an interval (a, a+6,), the graph of f is under L. The left half of Picture A, 
applied with x»=0, shows that over an interval (6—6:, 0), the graph of f is 
above L. 

Let S be the set of x in (a, 0) such that f(x) S$ L(x). Then S is nonempty 
because a+ 36, is in S, and has upper bounds: e.g. b— &:. 

Picture B makes it clear that if c; is in (a, 6) and f(c,) S$ L(c,) then cq is not 
an upper bound for S. Also it is clear that if f(c.) $Z(c) and c, is an upper 
bound of S then ¢ is not the least upper bound. 

The existence of a nonconstant function with derivative 0 on an interval 
contradicts the least upper bound property. 
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AN ELEMENTARY CALCULUS COMPUTATION WITHOUT VARIABLES 
ALBERT WILANSKY, Lehigh University 


1. Arecent note [1] concerned solutions of the functional equation Df [g(x) | 
= g(x). Without making any mathematical contributions, we point out that the 
notations of calculus “without variables,” as proposed in [2|, make the compu- 
tations simpler and clearer and avoid the use of ad hoc designations. The calcula- 
tions of [1] are carried out in section 3. The two examples given are the same as 
those in [1]. Section 2 is devoted to an exposition of the notation of [2], modified 
by the present author without the knowledge or consent of Professor Menger. 
In the author’s opinion this notation is not as well known as it deserves to be. 


2. Numbers are denoted by a, 0, c, x, y; functions by f, g, h. Also, a-f, f-g, 
f+g, fg are those functions whose values at x are 


respectively. Composition of functions is given first priority, thus 


fg-he = (fgx)-hx = f[g(x)|-hex. 


The function j is defined by jx =x. Obvious definitions lead to such equations as 
(PULA S=/Sf+f, (1/7)f=1/f. Constant functions are denoted by underlines, 
thus 2x=2, and (j7-+2)x =x?+2; j7?+2 is meaningless; «?+2x=(7?+2,)x. 

Df is the derivative of f and D reaches only to the succeeding letter, for ex- 
ample Dj? sin = 37? sin =3 sin®. The chain rule reads D(fg) = Dfg- Dg, for example 
D sin= D(j7* sin) = D7? sin- D sin = 37? sin-cos=3 sin?-cos. 

(The next notation is violently objected to on p. 155 of [2].) 

Jf is (the) (an) indefinite integral of f and { reaches only to the succeeding 
letter, for example /[j? cos=(j*/3) cos=cos*/3. The inverse chain rule reads 
(fg: Dg) = ffg. For example, to evaluate the traditionally written /(cos x*)3x? dx 
we have 


J (cos 73-372) = f(cos j?- D7’) = fcos 7® = sin # or, for f(2x% dx)/(1 + x?) 


write f[1/j(1+9?) -DA+3*) ]=f1/jA47?) =log (1+7?). 


3. To solve D(fg) =g. 

Case I: g is given. Then fg= fg so f=/g g—. 

Example 1. g=log. Then f = flog exp = [j- (log — 1) | exp = (j exp) - (log —1) exp 
=exp:(j—1) or f(x) =e*(x—1). 

Case II: f is given. Then g=D(fg) = Dfg-Dg. Hence 


D D D 
1 = Z!8 ng = (=) «Ds and so j= fai-f  y 
= g j -_ J 
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SF) 
-(f 2" 
J 

Example 2. f=cj". Then 


e I ne e -t e n— 1 e 
gQ= [ nc — quot — Giia@-h) j 
n— i NC 


by Lemma i, below. Thus 
(n — 1a] @-dD 
wo [emg 


nC 


and so, finally 


Lemna 1. (aj")-!=j""(j/a). 
For (aj")(j"!") G/a) =aj(G/a) =j. 
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TEACHING EXPERIENCE FOR PROSPECTIVE TEACHERS OF MATHEMATICS 
V. D. TuRNER, Mankato State College 


This is a report on an attempt to provide teaching experience for prospective 
teachers of mathematics at Mankato State College in addition to their regular 
student teaching program. 

For the past year, a two-quarter hour special problems course called “Teach- 
ing Experience” has been offered to enable junior or senior mathematics majors 
to work closely with staff members. These students are called special assistants 
and, thus far, have been assigned to staff members teaching the general education 
course. This course meets four days per week covering the idea of sets, structure 
of the number system, number bases, logic, and elementary algebraic concepts. 
Classes generally have an enrollment of 70-80 students. 

The special assistant was invited to attend lectures as deemed necessary to 
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acquaint himself with the course content, method used by the instructor, kinds 
of difficulties experienced by the class, and so on. The class met with the regular 
instructor four days per week, and on the fifth day a help session was conducted 
by the special assistant. During the quarter, the special assistant also made out 
an hour examination under the direction of the instructor, assisted in administer- 
ing the examination, graded the examination, and prepared an item analysis of 
the test. 

The response from special assistants participating to date has been very 
enthusiastic. Typical comments are: 

“T feel that I have gained considerable confidence in appearing before a 
group and am sure that I want to teach.” 

“IT appreciate the opportunity to work closely with what goes on behind the 
scenes. I think I would like college teaching.” 

“I would say the experience I gained was invaluable, so much so in fact 
that these two credits could well be the most useful a future mathematics 
teacher could take.” 

The staff feels that the increased personal attention is of benefit in the large 
class sections, and student acceptance is evidenced by an average of 25-30 at 
each help session. 

In addition, the staff has found this program to be helpful in that it enables 
them to get better acquainted with mathematics majors. 


PURE MATHEMATICS PUBLICATIONS: 1939-1958 
L. R. WaLum, Denison University 


This paper reports some statistical and descriptive results concerning publi- 
cation in pure mathematics from 1939 to 1958. Pure mathematics was delimited 
to the five specialties of algebra, geometry, analysis, topology and number the- 
ory. A systematic random sample of approximately 9 per cent of the publica- 
tions so classified in the Mathematical Reviews was taken. 

The total sample numbered 5114 which estimates a population of 57,000 
articles for those nineteen years. Although the number of publications increases 
steadily, two major troughs are noteworthy. The first occurs during the middle 
of World War II; the second during the Korean War. 

Forty-one nations are included as publishing loci for mathematics. Of these, 
however, seven account for approximately 70 per cent of the total frequency. 
These are the United States (21 per cent), the U.S.S.R. (14 per cent), Italy (9 
per cent), France (8 per cent), Japan (7 per cent), Germany (7 per cent) and 
England (5 per cent). Since the rank order of nations is maintained, year by 
year, through time, the ordering is not the result of publication during any 
one period, including the present one. 

When national publication is standardized by population size, the leading 
nations are Switzerland, Belgium, Norway, Israel, Netherlands and Hungary 
in that order. 
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Although there are 26 different languages represented, including Gaelic and 
Esperanto, five major ones account for nearly 92 per cent of the total sample. 
These are English (43 per cent), French (16 per cent), Russian (13 per cent), 
German (11 per cent), and Italian (8 per cent). All of the Scandinavian lan- 
guages combined account for only .5 per cent of the total and all of the Asian 
languages for only .6 per cent. 

The mathematical specialties maintain the same relative positions through 
time. In order of preponderance, they are analysis (50 per cent), geometry (20 
per cent), algebra (14 per cent), number theory (9 per cent), and topology (7 
per cent). 

Over 92 per cent of the publications are of single authorship. However, there 
is a significant trend towards increasing joint authorship, particularly in the 
United States and Japan. All of the mathematical specialties are about equally 
prone to single author papers. 


From “Pure Mathematics: A Study in the Sociology of Knowledge,” (Unpub. Ph.D. thesis, 
Univ. of Colo., 1963). This research was supported by a Public Health Service Predoctoral Fellow- 
ship (MPM-12,836) from the National Institute of Health. I thank Edward Rose for guiding this 
project, Robert C. Hanson, Alex Garber, Sarvadaman Chowla, and Chandler Davis for their sug- 
gestions and advice. 


BRIEF COMMENT 


In response to requests from readers of the MONTHLY a new feature has been added to Mathe- 
matical Education Notes. Professor John D. Baum, of Oberlin College, has kindly agreed to 
review articles in other publications which are believed to be of interest to readers of the 
MONTHLY. 


“But is the teacher also a citizen?” ALvIN M. WEINBERG, Science, August 6, 
No. 3684, 149(1965) 601-606. 


“Our society is ‘mission-oriented.’ Its mission is resolution of problems aris- 
ing from social, technical, and psychological conflicts and pressures. The uni- 
versity by contrast is ‘discipline-oriented.’ Its viewpoint is the sum of the view- 
points of the separate, traditional disciplines that constitute it. The problems it 
deals with are, by and large, problems generated and solved within the disci- 
plines themselves. In society the nonspecialist and synthesizer is king. In the 
university the specialist and analyst is king.” 

This article, dealing as it does with “mission-oriented” society vis-a-vis 
“the discipline-oriented” university, points up the conflict between the two. 
Choosing many examples from the field of the teaching of mathematics in the 
schools—particularly emphasizing the recent radical reforms and the extent to 
which they have been dictated by the university—the author questions whether 
such changes serve society’s interests best. He argues that “the discipline- 
oriented university encourages the rise of purism and specialization and the 
denial of scholarship and application” and that “these trends in the universities 
are affecting our elementary curricula; are giving us poorer people to get on with 
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the applied work of the day; are substituting research for action; and are tend- 
ing to impose the scientific values of the fragmented university upon society.” 

An editorial in the New York Times for August 10, 1965, page 28, discusses 
the article. 


Experiments in the teaching of sixth form mathematics to nonspecialists, 


Pamphlet No. 1 of a series prepared for the Mathematical Association, 
London, 1965. 


“Ideally, every adult should understand the simple mathematics of citizen- 
ship and the national budget, and should be able to distinguish between the use 
and misuse of statistics. Certainly no sixth former should be afraid of decimal 
points, or strings of noughts in large numbers, or simple proportion. It would be 
difficult, perhaps impossible, to devise a course which would attract all types of 
pupils. The object of this pamphlet is to describe some of the work which is going 
on. While the accounts may suggest possibilities for various kinds of pupil, it 
must be emphasised that they are not intended to be in any way final, authorita- 
tive or exclusive.” 

“We cannot state too clearly nor too often that the object of any non-spe- 
cialist course is to encourage critical thinking, and not manipulative technique 
based upon rule of thumb. We want our pupils to have understanding, to be able 
to analyse a variety of situations and pick out those features which are amenable 
to mathematical treatment. We want them to be able to solve interesting and sig- 
nificant problems by bringing to bear some depth of understanding, not by ap- 
plying a standard method.” 

With the above statement of philosophy as background and with some 
further discussion of this philosophy, there are described three programs which 
have been carried on in recent years at various British schools. There is also a 
short booklist. 


The information revolution, Section 11, The New York Times, May 23, 1965. 


This advertising supplement was sponsored by The International Federation 
for Information Processing and participating advertisers. It contains a sequence 
of articles dealing with information storage and retrieval via computers. Of 
particular interest, perhaps, is the article by R. A. Buckingham of the Univer- 
sity of London on Education in Information Processing in which it is asserted 
that “training in how to use a computer must begin far below the university 
level and must be provided to a far broader spectrum of the population than 
just technical people. For there is no doubt that the computer during the next 
few decades will evolve from a mysterious presence used by a relatively few peo- 
ple into a commonplace tool used, in some way or other by almost everyone.” 

Copies of the supplement can be obtained from the American Federation of 
Information Processing Societies, 211 East 43rd St., New York, N. Y. 10017, 
at 50 cents each. 
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A second report on the teaching of mechanics in schools, A report prepared for 
the Mathematical Association, London, 1965. 


Besides detailed course descriptions and a brief history of mechanics up to 
the time of Newton, the report presents a philosophy of the teaching of mechan- 
ics in schools. The philosophy is best stated in the words of the report: “We 
have no hesitation in commending mechanics as a part of a secondary school 
mathematics course, whatever the age or grade of the pupils and whether they 
be in the early years in a secondary modern school or preparing for university 
entrance. It is a subject which, more than most, can give reality to mathematics 
by showing how it may be applied. In the hands of a skilled teacher it can be 
used to stimulate pupils to face and overcome the mathematical difficulties that 
present themselves.” 


Emerging twelfth-grade mathematics programs, LAUREN G. WOODBY, Superin- 
tendent of Documents, U. S. Government Printing Office, Washington, 
D. C. 1965 (Catalog No. FS 5.229:29060) v+40 pgs, 20 cents. 


“This report describes the fourth- and fifth-year courses in mathematics 
offered during 1962-63 by 66 selected high schools in 20 States. The report is an 
intensive study of some current practices that appear to be promising, rather 
than an extensive study designed to give a composite view of the situation in all 
the schools in the Nation.” 

The conclusions of the report are about what one would expect: good teach- 
ers teach good programs; there is no agreement on what the best course for this 
level is; concern as to what to do with calculus continues; the following conclu- 
sion, however, is not what this reviewer would have predicted: “There is little 
acceptance of a course in probability and statistics as the fourth or fifth year 
mathematics offering in the college-preparatory program.” Of the recommenda- 
tions, the following is worth mentioning: “Courses in calculus and analytic 
geometry of the warmup variety are not recommended.” Instead either a full 
year of calculus (perhaps, advanced placement style) or courses in probability 
and statistics, linear algebra, or analytic geometry should be considered. 


An experiment in the teaching of “Modern Mathematics” in schools, RoBIN J. 
Witson, The Mathematical Gazette, 49 (1965) 22-33. 


This article is an account of an experiment in teaching two forms in a 
British Public School (University College School) a two week course covering 
several topics in ‘modern mathematics.’ The boys, 46 in number, were of two 
ages, 12 year olds and 14 year olds. The topics covered were matrices, sets, 
number systems, and groups. The most interesting aspect of the article is per- 
haps the portion which deals with the reaction of the students to the material. 
Few of them seem to have found it very difficult, and many found one topic or 
another quite stimulating. The following statement on the part of one student 
is worth repeating: “The present syllabus is terribly uninteresting, and we have 
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to wait until we are at University to do the beautiful and interesting calcula- 
tions. If children did so-called ‘Modern Maths’ at an early age, we would be far 
more advanced in our ideas. Doing 2000 year old Maths is just as silly as doing 
2000 year old Physics e.g. Earth, Fire, Air and Water theory.” 


Stage A Topology in the Main School, A. R. TaMMADGE, The Mathematical 
Gazette, 48 (1964) 365-372. 


Despite the title of this article, it deals largely with graph theory. The article 
describes the material presented to a class of second form (12+ year old) boys 
in 1964. The assertion is made that the class was not particularly bright. The 
author makes an association of a square matrix with each linear graph; thus the 
article, besides providing an interesting example of enrichment material for 
secondary school use, also provides a strong motivation for the introduction of 
matrices and their properties. 


The AAAS Science Book List for Young Adults, HiLtary J. DEAson, (Editor), 
AAAS Miscellaneous Publication No. 64-11, Washington, D. C., 1964. 


The books listed in this book list “are intended primarily for collateral read- 
ing and reference by students in the ninth to twelfth grades, for students in 
equivalent forms in private preparatory schools, for first and second year college 
students, and for their instructors. They are also appropriate for the interested 
adult reader.” Of the 1376 titles listed some ten per cent are in the field of 
mathematics. The book list is annotated with brief comments on each of the 
titles; these comments should prove quite useful for someone seeking reference 
material in a particular area and at a particular level. The book list is available 
from the American Association for the Advancement of Science, 1515 Massa- 
chusetts Ave., N.W., Washington, D.C. 20005 for $2.50 in the paperback edi- 
tion, and $3.50 in cloth. 


The Comprehensive College Tests, Educational Testing Service, Princeton, 
1964. 


This ten page descriptive brochure announces the issuance by ETS of a 
sequence of examinations at the college level. These examinations have been 
provided, since “in recent years, colleges throughout the country have expressed 
a need for college-level tests that would provide measures of undergraduate 
achievement that could be used for a variety of purposes.” The tests offered fall 
into two categories, the first of which is “the general examinations [which] are 
intended to provide a comprehensive measure of undergraduate achievement 
in the five basic areas of the liberal arts—English Composition, Humanities, 
Mathematics, Natural Sciences, and Social Sciences-History.” The other cate- 
gory is that of subject examinations which are “end-of-course examinations that 
are developed for certain widely-taught undergraduate courses most frequently 
taken in the first two years of college.” Among the subject examinations is one 
in introductory calculus. “Each Subject Examination consists of a 90-minute, 
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multiple-choice test with an optional essay section. The essay test requires an 
additional 90 minutes of testing time.” Further information concerning the pro- 
gram and the tests in the program may be obtained by writing to Director, 
Comprehensive College Tests, Educational Testing Service, Princeton, N. J. 
08540. 


Wordless programing of mathematical concepts, M. DANIEL SMITH, Pro- 
gramed Instruction, June 1965 (Vol. IV, No. 9). 


The above programs were written in response to “difficulties in studying ab- 
stract mathematics, some of which seemed to stem from a need for verbal medi- 
ators in areas where such mediators were ineffective.” There seemed to be to 
the author “certain advantages to learning sequences which did not use words, 
and which therefore in some sense shaped the ability to employ nonverbal 
mediating processes.” The “non-wordal” programs developed were given to five 
fifth-grade students in the academic year 1962 and covered such topics as 
vectors interpreted as operators, vector addition, addition of directed numbers, 
inverse, subtraction of vectors and of directed numbers, nonrectangular coordi- 
nate systems, and addition and subtraction of ordered sets (sic) and matrices. 
“While the students had little trouble learning the material, they did have some 
trouble explaining what they were learning to their parents, since they had no 
words for it.” Further work in this area seems indicated, for one wonders how 
successfully a concept is grasped if it is impossible to communicate it adequately. 


The Ubiquitous TA, Time Magazine, June 4, 1965 (Vol. 85, No. 23) 49-50. 


This article, which describes the position and function of the teaching assis- 
tant in the American University today, gives a fair picture of the sorts of prob- 
lems which are faced by mathematics departments—as well as many other 
departments—in many American universities. There are some interesting sta- 
tistics on the number of teaching assistants at various schools, as well as on 
salary levels for teaching assistants. 


Review of Goals for School Mathematics: The Report of the Cambridge Con- 
ference on School Mathematics, Boston, Houghton Mifflin Company, 1963, 
by MarsHAa.y H. Stone, in The Mathematics Teacher, 58 (1965) 353-360. 


“I am reluctant to believe that the Cambridge Report represents the best 
thinking of which we in the United States are collectively capable in the field 
of mathematical education. The goals proposed by the Cambridge Report fall 
short of those already formulated and already on the way to realization in 
Europe. The merit of the Cambridge Report is not to be found in its substance 
—in that respect it is, quite bluntly, extremely disappointing—but rather in its 
willingness to challenge the extent of our current achievements in the field of 
mathematical education and to demand a thorough and uncompromising revi- 
sion of the entire school mathematics curriculum.” The above quotes from the 
review give one the tone of the criticism—criticism of the most constructive 
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kind, for besides making explicit the objections to the findings of the Report, 
and the reasons for these objections, alternative solutions are proposed. 

This is an important and valuable review. It deserves the attention of anyone 
who is concerned with and involved in mathematical education. 


PROBLEMS AND SOLUTIONS 
EDITED By E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; L. CARLITtz, Duke 
University: H. S. M. Coxerer, University of Toronto; H. Eves, University of Maine; 
A. E. Livincston, University of Alberta; and A. WILANSKY, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, Bloomfield Ccllege, Bloomfield, N. J. 07003. Proposers of Problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to 
Professor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to A. E. Livingston, University of Alberta, 
Edmonton, Alberta, Canada. To facilitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitted on separate, signed sheets and should be mailed before 
May 31, 1966. 


FE 1845. Proposed by R. S. Nickerson, Hanscom Field, Bedford, Mass. 


Consider a sequence of integers in which: (a) every integer, 1, 0<7Sn, 
occurs exactly twice, and (b) the second occurrence of an integer, 7, follows its 
first occurrence by exactly 7 integers. For example, for »=5, the sequence 3, 5, 
2, 3, 2, 4, 5, 1, 1, 4 satisfies these conditions. 

For arbitrary 1, (1) state a rule determining whether or not at least one such 
sequence exists, (2) describe a procedure for generating such a sequence if it 
exists, and (3) state a rule for determining how many such sequences exist. 


E 1846. Proposed by M. N. S. Swamy, University of Saskatchewan 
Show that the Fibonacci polynomial defined by 
f(x) = «-fr—i(x) + fn2(x), fi = 1, fo = 4%, 
satisfies the inequality f2(x) S (~2-+-1)?:(x2+2)"-8, n>2. 


E 1847. Proposed by J. I. Nassar, Socony Mobil O1l Company, Princeton, 
N. J. 


Let hj, 7; @=1, 2, 3) be the altitudes and exradii respectively of a triangle, 
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and let a1, a, a3 be any nonnegative numbers. Prove that 


ay, &_ ag Qy ay ag 
>> hi h; hy = 13 17 Tk ; 


where the summation is taken over all permutations of 1, 2, 3. The equality holds 
if and only if the triangle is equilateral. Here x* is taken to be the positive 
number x* for x>0, a20. This is an extension of E 1675 [1965, 187]. 


E 1848. Proposed by J. F. Traub, Bell Telephone Laboratories, Murray Hill, 
N. J. 


Let P(t) be a polynomial of degree n with distinct zeros p1, po, - * - , Pa. We 
know from interpolation that 


P) = L PodLid 
where L,(¢) is the Lagrange polynomial 
P(t) 
P'(p.)(t — ps) | 
Prove also that P’(#) = >07., P’(p) L2(2). 
FE 1849. Proposed by George Purdy, The University, Reading, England 
Let fo(x) =cosh «x, fi(x) =sinh x. Then for r=0, 1 and m=1, 


L(t) = 


far + to + +++ + 4m) = Do fe,(01) - + + fem (Xm) 


identically, where the summation is taken over all choices of 51, - + - , Sm, each 
being 0 or 1, with s+ - +--+ +s,=7r (mod 2). A proof is desired which does not 
employ mathematical induction. 


E 1850. Proposed by George Purdy, The University, Reading, England 


Prove the following formula in which o(n) is the sum of the divisors of the 
positive integer ”, and [x+-1] denotes the integral part of x +1. 


a(n) = - Cos (“mes *) dx. 


m=1 mM 


E 1851. Proposed by W. E. Patten, South Boston, Va. 


In problem E 1704 [1965, 669] it was found that if an mXn rectangle is 
partitioned into mm unit squares in the natural way, then the number of these 
which meet a diagonal of the rectangle is m+n—(m, n), where (m, n) is the 
g.c.d. of the positive integers m and n. Given the positive integer k, for how 
many rectangles does a diagonal meet precisely k unit squares? 


1966] PROBLEMS AND SOLUTIONS 83 


E 1852. Proposed by Stephen Haines and L. F. Leetch, Bowling Green State 
University, Ohio 

If F*(x) =limasof F(x+h) —F(x—h)}/2h, prove or disprove the following 
statement: If Fand F* are continuous at x, then F’ exists at x and F’(x) = F*(x). 


E 1853. Proposed by D. R. Breach, University of Toronto 


A format for a crossword puzzle is formed by blacking in certain cells of a 
square of ? cells. In any row or column call the blank gaps between the black 
cells words. (With this definition a word might contain one cell only.) In a well- 
designed format any two words are connectable, that is, a rook may move from 
a cell of one to a cell of the other without passing through any black cells. How 
many well-designed formats are there? 


E 1854. Proposed by Rolf Schneider, the University, Frankfurt am Main 
Let p be an odd prime and k any positive integer. Show that 


(p*-1) /2 


21 
(—1y( ‘) = 5#o-D/2 (mod 9), 
1 


7=0 


(p"-1)/2 72; 
S (2) = (3-9 (aod 2). 
4 


t=0 


SOLUTIONS OF ELEMENTARY PROBLEMS 


Composite Components for Vector-valued Integral Polynomials 


E 1748 [1965, 74]. Proposed by Michael Gemignani, University of Notre Dame 


Let S= { Pi(x), - ++, Pa(x)} be any finite set of nonconstant polynomials 
with positive integer coefficients. Show that for some natural number m, the n 
integers Pi(m), +--+, P»(m) are all composite. 


Solution by William H. Bonney, New Mexico State University. Suppose 
merely that Pi(x), -- +, P(x) are nonconstant polynomials with integral coeffi- 
cients and positive leading coefficient. (The latter requirement is no restriction 
since Pi(m), - +--+, P,»(m) are all composite if and only if + Pi(m),---, +Pn(m) 
are). For some integer a, the polynomials Pi(x), - - +, Pa(x) are greater than or 
equal to 2 and strictly increasing for x 2a. Let a be so given. For each j among 
1,---,%, the Taylor expansion of P; about a has integral coefficients and con- 
stant term P;(a) 22, and P;(x)>P;(a) for x >a. Let M be the l.c.m. of P,(a), 

- ++, P,»(a). For each positive integer k and each 7 among 1, ---, ”, we have 
P,(a)| Ps(a+kM) and 2<P;(a)<P;(a+kM). Hence Pi(a+kM),---, 
P,(a+kM) are composite positive integers for each positive integer k. 
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Also solved by J. C. Abad, R. G. Albert, D. P. Ambrose (Basutoland), J. T. Anderson, M. A. 
Bershad, Walter Bluger, J. A. Burslem, Leonard Carlitz, Mannis Charosh, Allan Chuck and Peter 
Goldstein (jointly), C. C. Clever, David Cohen, Daniel Cohen, J. E. Connett, R. B. Eggleton 
(Australia), E. W. Ewing, G. F. Feissner, N. J. Fine, W. D. Fryer, Philip Fung, P. K. Garlick, 
R. W. Gilmer, Jr., A. A. Gioia and A. M. Vaidya (jointly), Michael Goldberg, Jerry Goodman, 
H. S. Hahn, D. M. Hancasky, Ned Harrell, Susan H. Harris, B. A. Hausmann, G. A. Heuer, Ray 
Jurgensen, M. S. Klamkin, H. L. Lahmann (Germany), C. C. Lindner, Robert Maas, Andrzej 
Makowski (Poland), D. C. B. Marsh, Charles McCracken, M. G. Murdeshwar, Harsh Pittie, 
G. B. Purdy (England), Simeon Reich (Israel), Robin Sibson (England), L. W. Stern, G. C. 
Thompson, A. E. Tong, Guy Torchinelli, B. R. Toskey, C. Van de Vyle (Belgium), Simon Vatri- 
quant (Belgium), Emanuel Vegh, Julius Vogel, John Waddington, Lenard Weinstein, William 
Wernick, and the proposer. 


A Bound for the Average of the Divisors of x 


E 1749 [1965, 75]. Proposed by Stanton Philipp, Long Beach State College, 
California 

Prove if m>1 then o(n)/r(n) $3n/4, where 7(m) is the number of divisors of 
n, and a(n) is the sum of the divisors of n. 


I. Solution by Allan Chuck and Peter Goldstein, Students, Lincoln High School, 
San Francisco. Call n/d the complement of the divisor d of n. 1 is the only divisor 
of m which is greater than or equal to 37/4, its complement is 1, and their arith- 
metic mean is (7-+1)/2. If ~iscomposite, all other divisor-complement pairs have 
arithmetic mean less than 37/4, since both divisor and complement are less than 
3n/4. But (n+1)/2 $3n/4, with equality only for »=2. Thus the arithmetic 
mean of all the divisors of 7 is less than or equal to 3/4. Finally, the arithmetic 
mean is simply o(n)/r(n). 


II. Solution by E. S. Langford, U. S. Naval Postgraduate School, Monterey, 
California. Note that o(n)/r(m) is the “average size” of a divisor of 2. Consider 
then f(d)=(d+n/d)/2 for 1SdSn. Since f’(d)=n/@>0, f is concave and, 
hence, has the maximum (z+1)/2. Since (n—1)?>0, we see also that m!/? 
<(n+1)/2. Therefore o(”)/r(n) S(n+1)/2, with equality if and only if nm isa 
prime. This improves the given estimate. 

Using this technique, we can also improve the estimate of E1625 [1963, 894, 
and 1964, 683-4], namely, that o(”)/7(m) 2n1/?. Setting f’(d) =0, we see that 
f(d)2n"?2, with equality if and only if d?=n. Therefore o(m)2n-+1 
+(r(nm) —2)n1/?, and so 


a(n)/r(m) = (ntl? — 1)?/r(n) + nt, 


with equality if and only if 2 is a prime or the square of a prime. Since r() Sn, 
we see further that 


a(n)/r(n) 2 nt? + (1 — n*?*), 


with equality if and only if n=2. 
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III. Solution by Leonard Carlitz, Duke University. We have 


o(n)/{nr(m)} = TT A+ t/p +--+ + 1/p9/(e + 1) 


pln 


for n=[[pjnp®. Since (1+1/p-+ - + - +1/p*)Se+1 and n>1, it follows that 


3/4 (e= 1), 
2/3 (e> 1). 


Hence, o(m) S$2nr(n)/3 for n>2, and of course o(2) =3-27(2)/4. 


Also solved by J. C. Abad, A. N. Aheart, J. T. Anderson, J. W. Baldwin, Jack Barone, Robert 
Bernstein, M. A. Bershad, Walter Bluger, W. R. Boland, W. H. Bonney, Dale Burnett, J. A. 
Burslem, F. A. Butter, Jr., John Christopher, M. R. Chowdhury (Germany), D. I. A. Cohen, G. C. 
Dodds, R. B. Eggleton (Australia), J. D. Featherstone, N. J. Fine, G. Ford, P. K. Garlick, A. A. 
Gioia, K. R. Goodear!, Jerry Goodman, H. S. Hahn, D. M. Hancasky, B. A Hausmann, M. H. 
Hayamizu, Agatha Himmelfarb, Robert Hursey, Geoffrey Kandall, Agnis Kaugars, M. S. Klam- 
kin, Kenneth Kramer, C. D. La Budde, C. C. Lindner, Robert Maas, C. R. MacCluer, E. L. 
Magnuson, D. C. B. Marsh, C. J. Moreno, J. B. Muskat, M. G. Murdeshwar, C. B. A. Peck, Harsh 
Pittie, G. B. Purdy (England), Simeon Reich (Israel), G. V. Rowell, M. S. R. K. Sastry, P. A. 
Scheinok, Robin Sibson (England), Barry Simon, R. Sivaramakrishnan (India), Sidney Spital, 
E. E. Strock, J. J. Tattersall, Guy Torchinelli, A. M. Vaidya, C. Van de Vyle (Belgium), Emanuel 
Vegh, Lenard Weinstein, B. A. Welsh, K. L. Yocom, and the proposer. 

Many solvers deduced the inequality o(”)/r(m) S$(3/4)¢n where d is the number of distinct 
divisors of n. 


a(n)/{nr(n)} S (A+ 1/2 +---+1/2%/(e+1) ¥< ‘ 


Decomposition of 3-Space by Closed Half-Planes 


E 1750 [1965, 75]. Proposed by L. J. Bakanowsky, N. Greenleaf, and M. 
Walter, Harvard University 


If any two rays, emanating from the origin, are removed from the plane, the 
plane is cut into two components. What analogous statement(s) can be made 
with respect to the removal from three dimensional space of closed half-planes 
whose boundary lines pass through the origin? 


Solution by Michael Goldberg, Washington, D.C. 
t—~ 


S Na, ot / 


Three half-planes 


Two _half-planes with no edge in 
Two _half-planes without edges in common and not 
with edge in com- common; one re- cutting each other; 


mon; two regions, gion. one region. 
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Y/N 


Two _ half-planes Two half-planes 
with edge in com- with edge in com- Two _ half-planes 
mon, third half- mon, third half- with edge in com- 
Three half-planes plane entirely in plane dividing the mon, third half- 
with edge in com- larger region; two smaller region; plane in both re- 
mon; three regions. regions. three regions. gions; two regions. 
Three half-planes 
with no edge in k pairs of half- 
common, but cut- n half-planes with planes, each with 
ting each other; common _ intersec- common edge; 2(k? 
two regions, tion; one region. —k-+-1) regions. 


Also solved by J. W. Baldwin, A. G. Borden, Jr., D. I. A. Cohen, H. S. Hahn, D. M. Hancasky, 
C. D. LaBudde, Charles McCracken, D. C. B. Marsh, Robin Sibson (England), and the proposer. 


(adj A) =(det A)A* 


E 1751 [1965, 75]. Proposed by R. E. Mikhel, Tri-State College, Angola, 
Indiana 


Let A be an involutory matrix (A-!=A). Prove that if every element of A 
is replaced by its cofactor, then the resulting matrix is an involutory matrix. 


Solution by L. A. Gavin, University of Kansas, Lawrence, Kansas. The matrix 
obtained from A as in the statement of the problem is of course B= (adj A)*, 
and we prove the generalization: If d"=J for some integer n, then B*=I, 

Proof: The conclusion is clear for the case 7 =0. In the remaining cases, A is 
nonsingular and, so adj A =(det A)A-!=(det A)A*-!. But then 
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B" = BB = (det A)(A™™)*((adj 4)*)" 
= (det A)((adj A)""'A"!)* = (det A)(((adj A) A)""*)* 
= (det A)(((det A)I)"")* = (det A)*/, 


where we have used the fact that 4 commutes with its adjoint. The proof is 
completed by observing that 1=det [=det A”= (det A)”. 


Also solved by J. C. Abad, R. G. Albert, D. P. Ambrose (Basutoland), W. H. Bailey, W. T. 
Bailey, W. C. Barnes, John Beidler, P. M. Berry, M. A. Bershad, Marjorie Bicknell, D. A. Blaeuer, 
C. F. Blakemore, W. R. Boland, W. H. Bonney, A. G. Borden, Jr., G. R. Bowman, J. F. Burke, 
J. A. Burslem, David Carlson, Daniel Cohen, R. J. Cormier, W. G. Dotson, Jr., R. B. Eggleton 
(Australia), E. W. Ewing, J. D. Featherstone, Walter Feibes, N. J. Fine, Philip Fung, P. K. 
Garlick, L. A. Gavin, D. P. Geller, A. A. Gioia, Robert Gouw, Cornelius Groenewoud, J. D. 
Haggard and D. W. Height (jointly), H. S. Hahn, C. A. Hall, D. M. Hancasky, Eldon Hansen, 
J. Z. Hearon, J. C. Hickman, Andrew Jarosak, Agnis Kaugars, S. C. King, M. S. Klamkin, C. D. 
La Budde, H. E. Lahmann (Germany), E. S. Langford, Rene Laumen (Belgium), T. J. Lee, Steve 
Ligh, C. R. MacCluer, E. W. Marchand, D. C. B. Marsh, Charles McCracken, C. F. McLaren, 
Sister Irene Morvan, D. L. Muench, M. G. Murdeshwar, G. L. Musser, J. C. Nichols, Dave 
Nixon, J. M. O’Neil, J. M. Perry, Harsh Pittie, J. R. Porter, V. K. Rohatgi, Bernard Rosner, 
W. M. Sanders, Ronald Satterwhite, P. A. Scheinok, Robin Sibson (England), Barry Simon, 
Indranand Sinha, R. Sivaramakrishnan (India), G. P. Speck, Sidney Spital, R. L. Syverson, 
E. J. Taft, R. P. Tapscott, Mrs. Elaine Tatham, Rory Thompson, D. P. Tihansky, B. R. Toskey, 
Elias Toubassi, C. Van de Vyle (Belgium), Simon Vatriquant (Belgium), Emanuel Vegh, Lenard 
Weinstein, R. A. Wiesen, C. R. Williams, Theodore Zerger, and the proposer. 


ADVANCED PROBLEMS 


All sclutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Unt- 
versity, New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should 
be submitted on separate, signed sheets and should be mazled before July 31, 1966. 


5350. Proposed by S. A. Naimbally, Iowa State University 


Menger (Math. Ann. 100 (1928), 75-163) defined a convex metric space 
(X, d) to be one for which, corresponding to each pair of distinct points ~, qCX, 
there exists a point rC X different from p, g such that d(p, gq) =d(p, r)+d(r, q), 
and showed that if X is complete then #, g are joined by a metric segment pg, 
i.e. by a subset of X which is isometric to a segment of the real line of length 
d(p, q). Further, if this metric segment is unique we call X a strongly convex space. 

If (X, d) is a strongly convex complete metric space with a bounded metric 
d, and F is the function space of all continuous self-mappings of X with metric p, 
where for f, gC F, p(f, g) =suppexd(f(p), g(p)), then show that F is convex. Is F 
convex when X is merely convex? 


5351. Proposed by R. G. Buschman, State University of New York ait Buffalo 


Louis Brand (this MONTHLY, 71 (1964) 719-728) discusses a convolution 
ring S for sequences of complex numbers and its extension into a division alge- 
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bra. It is not difficult to see that for a sequence A ES with ao=0, the equation 
X*=A has no solution. 

(i) Show that X?=A has a solution in S if and only if the index of the first 
nonzero element of the sequence A <0 is even. 

(ii) Hence, for the Fibonacci sequence, Y?= { fat has no solution, but 
X?= { fast has a solution. Extract the square roots of this “left-shifted” 
Fibonacci sequence. 

(iii) Indeed, show that {i-"P,,(i/2)}?={faii}, where the P, are the Le- 
gendre polynomials. 


5352. Proposed by Kwangil Koh, North Carolina State University 


A ring is called duo if every one-sided ideal of the ring is a two-sided ideal. 
If R is a ring let R4 be the singular ideal of R. Prove that for a duo ring R, the 
following conditions are equivalent: 

(i) R4=(0). 

(i1) is isomorphic to a subdirect sum of Ore domains. (A ring R is said to 
be an Ore domain if it is an integral domain and any pair of nonzero right ideals 
and left ideals has a nonzero intersection.) 

(iii) R is isomorphic to a subring of a direct sum of division rings. 


5353. Proposed by Kwangtl Koh, North Carolina State University 


A subdirectly irreducible duo ring which is semi-simple is a division ring. 


5354. Proposed by B. R. Toskey, Seattle University 


An exercise in Fuchs, Abelian Groups, (ex. 26, p. 36) is to prove that if G is 
an R-module, where R is a (commutative) domain of integrity, then the ele- 
ments of nonzero order form a submodule. Is the statement true if R is a non- 
commutative integral domain? 


5355. Proposed by P. M. Weitchsel, University of Illinois 

Let G be a group. Show that u is an element of the commutator subgroup of 
G if and only if there exist elements gi, ---, g, in G such that u=gige-- + gy 
and 1 = op 2n-1 ses 24. 


5356. Proposed by K. E. Whipple, Auburn University, Alabama 


Suppose that Fis a subfield of the real numbers and P is a subset of F having 
the following properties: 

(1) P is closed with respect to addition and multiplication. 

(2) If « belongs to F, then only one of the following is true, (i) x=0, (ii) 
xP, (ili) —x EP. 

Must P be the set of positive numbers in F? 


5357. Proposed by David Rearick, University of Colorado 


If 7 is a positive integer, let f(m) denote the number of ways of expressing n 
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as a product of two relatively prime positive integers, disregarding order. Let 
v(m) =(—1)"™ where r(z) is the number of distinct prime divisors of n. Show 
that 


2 y(n) fr(n 7 
Svein) 


n=] n? 8 


5358. Proposed by H. F. Mattson and E. F. Assmus, Jr., Sylvania Electronic 
Systems, Waltham, Mass. 


Let A be an mXn matrix over the integers with 2<m+1<n. Prove that if 
p is a prime such that p<max (m, n—m) then p divides one of the mxm 
determinants in A. 


5359. Proposed by Jean-Pierre Serre, Paris, France 


Let A, be the projective n-space (122) over some field K. A finite subset X 
of A, is called a Sylvester-Gallai (S-G) configuration if it verifies the following 
condition: 

(*) If P, QEX, with PQ, the line joining P and Q contains at least one 
more point of X. (Equivalently: no line intersects X in exactly two points.) 

An S.-G. configuration is called linear (planar) if it is contained in a line 
(plane). If K is the field of real numbers, it is known that any S-G configuration 
is linear. Over the field of complex numbers there are well-known examples of 
nonlinear S-G configurations (e.g., the nine inflection points of a nonsingular 
cubic). 

Is there a nonplanar Sylvester-Gallai configuration over the field of complex 
numbers? 


SOLUTIONS OF ADVANCED PROBLEMS 
3133 [1965, 915]. Erratum in Note by Albert Wilansky, Lehigh University. 


Bottom line, for “identity” read “idempotent.” 


Ares Bounded by Mutually Tangent Ellipses 
4744 [1957, 437]. Proposed by M. S. Klamkin, University of Minnesota 


Three congruent ellipses are mutually tangent. Determine the maximum 
and the minimum of the area bounded by the three ellipses. 


Solution by Michael Goldberg, Washington, D. C. The extremal positions can 
be found as equilibrium states of the following hydromechanical analogy. The 
minimum enclosed area is obtained by uniform external pressure on the ellipses 
while the maximum enclosed area is produced by a pressure within the enclosed 
area. In either case, the resultant force due to the pressure on an ellipse is directed 
along the perpendicular bisector of the chord joining the points of contact. This 
force can be resisted only by normal forces at the points of contact. To obtain 
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equilibrium, the ellipse will turn until these forces are concurrent. But this can 
occur only when the chord is parallel to an axis of the ellipse, and this applies to 
each of the ellipses. Hence, the maximum enclosed area is attained when the 
arcs of least curvature bound the area: that is, when the chords are parallel 
to the major axes and form an equilateral triangle. The least area is attained 
when the chords are parallel to the minor axes and form an equilateral triangle. 

The enclosed areas can be derived as follows. Begin with a circle of radius a 
and two tangents which make an included angle of 2A. Then the area between 
the circle and the tangents is a?(cot A+A —7/2). If the figure is rotated about 
the bisector of the angle 2A so that the circle projects into an ellipse of semi- 
minor axis 0, then the included area becomes ab(cot A+A —7/2), but the angle 
between the tangents becomes 2B, where a tan B=bd tan A. Thus the minimum 
area for the given problem is obtained when B=7/3, tan B= 1/3, tan A =3"/%a/d, 
and the total enclosed area is 3a0(b/a»/3—tan—!(b/av/3)). 

If the figure is rotated about the normal to the bisector of angle 2A so that 
the circle projects into an ellipse of semiminor axis 0, then the new included area 
again becomes ab(cot A+A—7/2) but the new angle between the tangents 
becomes 2B, where d tan B=a tan A. For the maximum area of the given prob- 
lem, B=7/3, tan B=W/3, tan A=b+/3/a, and the total enclosed area is 
3ab(a/b+/3—tan-!(a/b/3)). 

The foregoing procedures can be used when the three ellipses are not congru- 
ent, even when other curves are used. The following theorem may be stated: 
A necessary condition for an extremum for the area enclosed by three (or more) mu- 
tually tangent curves is the equilibrium condition that the normals at the points of 
contact of each curve make equal angles with the respective chords joining these 
points of contact. 

The adjoining figure is an example of the maximum area enclosed by three 


unequal ellipses. 


LZ 
oN 
NO 


Also solved by A. R. Hyde. 


1966] PROBLEMS AND SOLUTIONS 91 


Derivatives of Functions Continuous on the Rationals 


5181 [1964, 325; 1965, 327]. Proposed by E. J. Burr, University of New Eng- 
land, Australia. 


Let f(x) =0 for x irrational, f(0) =e. >0, and f(m/n) =e, >0 for m, n coprime 
integers with »>0. Find, or disprove the existence of, sequences {e,} with 
lim €,=0 such that (a) f’(x) exists nowhere, (b) f’(x) exists for some x, (c) 
f’(x) exists for all irrational x. 

Note by M. D. Mavinkurve. In the original solution [1965, 327] the second 
sentence of part (c) should read as follows: For by a theorem due to M. K. Fort, 
the points of continuity of the derivative of a real function (on any interval) 
which itself is discontinuous on a dense subset, form a set of the first category, 
and the set of irrationals is not of the first category. 


A Filter on a Set of Monotonic Sequences 


5234 [1964, 923]. Proposed by George Bergman, Harvard University 


On the set of sequences 0= (bo, 01, -- +), 120;20:4120, let F be the filter 
having the following subbasis: for every convergent series of real numbers 
Dot: and every positive e, the set { 0: | > ab:— da; <e} CF. Find a simple 
08 for F. Prove therefrom that if >a; converges, then lim > as1d x! 
=) Qj. 


Solution by the proposer. F may be described as the filter of termwise con- 
vergence to the sequence (1, 1, 1, - - - ). This is seen from the fact that a basis 
for F is the set of sequences {b= (hi, be, « - -)} described as follows: For real 
5>0, B={b: b,>1—6 for every positive integer 1}. (In this description we 
retain the condition 120;20;,,:20.) 

Proof. These sets form a filter basis, for the intersection of every finite set of 
them contains a set of the same sort, namely the one obtained by taking the 
minimum 6. Each of them is contained in F—is, in fact, the member of our 
subbasis gotten by taking a;=6;, e=6. To show the equivalence of the filters 
generated, it will suffice to show that any member of F contains one of these 
basis elements, i.e., that given a convergent series >; and an e>0, there exists 
a 6>0 such that for )€B, b,>1—6 implies | > abi- >a; <e. 

Choose n21 such that for all ken, | Difusiai| <e/3, and let 
5=6/3n maxozz| Diep di]. Now 


(inf 6;) + (bo — 61) + (01 — be) + ee ~+ (by — deg) + a 
\ 


is an absolutely convergent series (with sum 09). Hence the series 


rr) k 
(inf B:) >, ai + (bo — bi)ao H+ + (Be — Oey) Dat: 


a=0 7=0 


converges, and its sum= ).a,b,, which is within € of > aj. 
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For 0SxS1, clearly (x°, x1, x?, ---)€B. Then, it suffices to observe that 
as x—>1, this sequence converges termwise to (1, 1, ---). 


Addition of Plane Convex Figures 


5253 [1965, 84]. Proposed by Joseph Hammer, University of Sydney, Australia 


“Addition” of plane convex figures ¢, and ¢@2 is the following operation: 
Take any point R,; in ¢1, and any point Re, in ¢@2, with an arbitrary point in the 
plane taken as origin O. The point R which is defined as the vector-sum 


a —s 
OR = OR, + OR, 


is considered as the sum of the points Ri and Re. If for every possible Ry in ¢1 
and Rz in @2 we construct Rk as the sum of R; and Ro, then the locus of R is called 
the “sum” of ¢; and de. 

Let us denote the boundaries of 1, ¢d2 and 6=d1+¢2 by Ki, Ke and K re- 
spectively. Prove that the area enclosed by K is greater than the sum of the 
areas enclosed by K,; and K>. Has this area an upper bound? 


I. Solution by P. R. Scott, Victoria University, Wellington, New Zealand. 
For any two bounded two dimensional figures ¢; and @z2 in the plane having 
boundary curves Ki, Ke respectively, the figure ¢1-+¢. can be obtained in the 
following way. Let ¢; have a fixed position in the plane, and let Az be a fixed 
point of Ky. Denote by ¢,"’ the figure obtained by translating ¢: so that A» co- 
incides with a point P of Ky. Then the set of all figures #\U¢%, in which P 
ranges over all points of K,, forms a figure which equals the sum ¢1-+¢@z. 

Suppose now that K, and Ke are given the same orientation. Let lz be a 
support line (for definition, see Yaglom and Boltyanskii, Convex Figures, p. 7) 
to @2 through Ag, and let /, be a support line to qi, parallel to /, but with opposite 
orientation. Let A; be a contact point of 1, and Ky. If ¢2 is now translated to 
position ¢$4” so that A, and A: coincide, J; and J, also coincide; hence ¢; and 
#4) have only boundary points in common. Since ¢i\U¢4” is contained in the 
sum figure, the first required result follows immediately. 

It is easy to see that this area has an upper bound. If 6=¢1+¢2 has boundary 
K then it is well known that the length of K is the sum of the lengths of Ky 
and Ke (loc. cit., p. 45). The figure of given perimeter Z and maximum area is 
the circle. Hence the area of the sum figure is bounded above by (11+L,)?/47, 
where L, is the length of K,. This bound is precise when @ is a circle. 


II. Solution by Fritz Steinhardt, City College, City University of New York. 
The “addition” in question, 6=¢1+¢2, was first studied by H. Brunn and 
H. Minlowski (see, e.g., Bonnesen and Fenchel, Theorie der konvexen Kéorpber, 
1934, chapters 5, 11). Denote by dd; the plane convex figure obtained from ¢; 
by magnification with center 0 in the ratio \:1. Then the linear series connecting 
go, and ¢z is the family { (1—d)b1tAde| 0S\S1} of convex figures, which for 
\=4 contains $@1+¢2) = 30. 
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Denote the area of (1—A)¢@it+Ade by Kis (hence K3=area of 46=4K). 
The Brunn-Minkowski theorem on linear series (loc. cit. p. 88) implies that 
/Ki4, is a convex function of X, i.e. that 


V Kin 2 (1 _ \)VK1 + AV Ko. 


Hence Kye =4(KitKet2V7Kik,), or Kk =4AK 3/0 >Ki+K.+2V7KiKo, whence 
K>Ki+ Kz unless one at least of 1, $e is a point. 

The ratio K/(Ki+K:2) has no finite upper bound. In fact, if ¢1, ¢2 are non- 
parallel line segments, then K; = K2=0 while K is the area of the parallelogram @ 
whose sides are congruent to ¢; and dz. 

Similar results and discussion apply to dimension n, where the Brunn- 
Minkowski inequality asserts the concavity of the function ~/ Kj.) of X. 


Also solved by Mordecai Avriel, E. O. Buchman, Michael Goldberg, Charles McCracken, 
Robin Sibson (England), S. J. Sidney, F. B. Strauss, Benjamin Volk, R. S. Yerkes, and the pro- 
poser. 


Monotone Multiplicative Number-Theoretic Functions 


5254 [1965, 84]. Proposed by A. M. Gleason, Harvard University 


Let f be a weakly increasing function from the positive integers to the posi- 
tive real numbers. Suppose that f(mn) =f(m)f(n) whenever m and n are rela- 
tively prime integers. Show that there is a nonnegative number @ such that 
f(n) =ne for all x. 


Editorial Note. The solution to this problem with related references appears in connection with 
problem E 1735 (1965, 912). 

Complete solutions were submitted by Y. M. ben-David, Robert Breusch, Yu Chang, N. J. 
Fine, R. M. Krause, Sim Lasher and Louis Gordon, C. L. Vanden Eynden, Benjamin Volke, R. S. 
Yerkes, and the proposer. Also acknowledged with thanks are communications from Paul Bate- 
man, L. Carlitz, E. S. Langford, Joseph Lehner, Andrzej Makowski (Poland), A. A. Mullin, M. G. 
Murdeshwar, C. B. A. Peck, Robin Sibson (England), S. J. Sidney, and Al. Somayajulu, all of 
which provided references to E 1735 or to other results already listed there. 

The proposer’s solution contains the following comment and questions. If we add only the 
hypothesis that f take integer values, we are led to the question: If a is such that n“ is an integer for 
every integer 7, must a be an integer? It is reasonable to conjecture that even more is true, for 
example: If 2* and 3¢ are both integers, then @ is an integer. The latter is subsumed under the fol- 
lowing conjecture, a proof of which would be a milestone in number theory: The logarithms of the 
primes are algebraically independent over the rationals. 


Jacobians of Elementary Symmetric Functions 


5256 [1965, 85]. Proposed by K. D. Taylor, George Washington University 


Show that the transformation A: (x1, + - + ,Xn)—>(01, ° + +, On), where the o’s 
are the elementary symmetric functions in 7 variables, has the Jacobian equal 
to the Vandermonde determinant w(x;—x,;), where 7 runs from 1 to n—1 and 
j runs through all values greater than 7. 
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I. Solution by D. P. Ambrose, University of Basutoland. The Jacobian is the 
nXn determinant with ith column, 

2 n—1 n—1 
(1,01 — %, 02 — Ho + Ui °° + On-1 — Hine te ++ t+(-1) % ), 
which is of degree $n(n—1) in x1, - ++, Xn. 

Putting «;=.x,, the determinant vanishes, since two columns are then identi- 
cal. Thus x;—x; is a factor for each of the (3) pairs 7, 7 such that 7+j. This pro- 
vides the required $n(m—1) factors, and hence the determinant is RII ;<; (x;—x;), 
where k can be obtained by comparing coefficients of x#7!x37? + + - x1. 

In the determinant this coefficient (by considering the non-leading diagonal 
of the minor of the least element of the first row) is 1. Thus the Jacobian equals 
the Vandermonde determinant. 


II. Solution by I. Olkin, Stanford University. First consider the transforma- 
tion to power sums, i.e., 


a 
ve = >. on, k=1,--+-,n. 
i=] 


The determinant of derivatives is immediately evaluated as n! V(o1, - ++, on), 
where V is the Vandermonde determinant. To transform y—x, where x, is the 
rth elementary symmetric function, note that yr=y,+A(y, °° +, ye-1) the, 
where A (y1, - + +, Yx-1) is a function of yi, - + +, yz-1. The matrix of derivatives 
is triangular, with diagonal elements 1, 2, - - - , 2, and hence the determinant is 
(n!)-!, The product of Jacobians yields the desired result. 

Also solved by M. G. Beumer (Netherlands), Robert Breusch, F. H. Butter, Jr., L. Carlitz, 
N. J. Fine, A. G. Heinicke, D. A. Hejhal, John B. Kelly, Stanton Philipp, V. L. N. Sarma (India), 
A. Sharma, S. J. Sidney, Sidney Spital, W. F. Trench, Simon Vatriquant (Belgium), and the pro- 


poser. 
Beumer points out that another formulation of this problem was presented as no. 4009 [1942, 


694 J. 


Continuation of Analytic Functions 


5257 [1965, 85]. Proposed by H. S. Shapiro, University of Michigan 


Show that there exists an infinite set NV of positive integers, and a sequence 
of complex numbers 2, | Zn | <1, such that lim | Zn | =1 and, for every 
f(2 = Doreo nz" analytic in |z|<1, if @) a,=0, nEN, and (ii) f(z.) =0, 
n=1,2,---, then f=0. 

Solution by P. B. Kennedy, University of York, England. If the set N can be 
arranged as a strictly increasing sequence {nx} satisfying 


(1) 1; | m, for allj, k with j < k, 


(e.g., 2, = 2"), then a sequence { Sn \ with the required property can be constructed 
as follows. Let {7,} be a sequence of numbers in (0, 1) such that 7,1 as Ro@, 
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and put 2,=0 (n<m), and 
(2) Zn = 1k exp| 2ri(n — nx) / nn} (Mx snc< MWk+-1y k= 1, 2, vse ). 


It is obvious that |z,|—1 as n>. 
Suppose now that f(z)= 52, a2" is analytic in | z| <i and satisfies 
f(2n) =0 (n=1, 2,---). For each k>1 put 


flz) = > ast, g(a) = f(2) — fal). 


It is clear from (1) and (2) that gz(2,)=g(r.) for nxSn<nsi. But by (1), 
Nes1Z2nx, and so by (2) the set {ga: m,n <m41} consists of , distinct points 
exactly. Hence the polynomial f;, of degree n,_1, takes the value —gz(r;,) at nz 
distinct points. Thus f;, is independent of z, and because & is arbitrary the con- 
clusion f=0 follows easily. 


Also solved by S. J. Sidney, Benjamin Volk, and the proposer who raises the additional ques- 
tions: (1) Does there exist a set N corresponding to a given sequence {z,} with the required prop- 
erty? (2) What kind of a condition must be set for N before it has an associated {z,}? In Volk’s 
example, N is the set of composites. 


Invertible Elements in a Finite Ring 


5258 [1965, 85]. Proposed by David Singmaster, University of California, 
Berkeley 


In any ring, a divisor of zero cannot have an inverse. Show that, in a finite 
ring, the existence of an element which is not a divisor of zero implies the 
existence of a unit and implies that any noninvertible element is a divisor of 
zero. (We consider 0 as a divisor of zero.) 


Solution by Kenneth Yanosko, University of Chicago. Suppose that a does not 
divide zero. Since R is finite there exist integers m<n with a”™=a", Then 
a”! (a—a"—™+1) =0, so that a=a"-™*!, For any DCR, ba=ba"—™*! which im- 
plies 0 =ba—ba"—™t1 = (6 —ba"—™)a which implies }=0da"-". Similarly }=a"—™b, 
so that a*-” is a multiplicative identity. Furthermore, a is invertible, so any 
noninvertible element must be a divisor of zero. 


Also solved by D. J. Allen, G. C. Anderson, D. R. Arterburn, D. W. Bailey, K. F. Bailie, G. 
Baron & W. Imrich (Austria), H. E. Bell, Y. M. ben David, D. E. Berthoff, Robert Bowen, F. P. 
Callahan, L. Carlitz, David Carlson, V. C. Cateforis, Paul Chabot, F. B. Crippen, J. R. Durbin, 
Dianne Erickson, E. W. Ewing, N. J. Fine, L. A. Gavin, Michael Gemignani, R. W. Gilmer, Jr., 
A. A. Gioia, Myron Goldstein, Paul Grabarkewitz, Charles Green & R. J. Lifsey, Jr., T. W. Har- 
grave, M. E. Harris, A. G. Heinicke, D. A. Hejhal, G. A. Heuer, W. D. Jackson, J. S. Johnson, 
K. G. Johnson, Geoffrey Kandall, V. H. Keiser & J. P. Burling, Kwangil Koh, A. G. Konheim, 
Donald La Budde, E. S. Langford, W. G. Leavitt, Steve Ligh, Kaye Lilja, C. C. Lindner, A. E. 
Livingston, C. R. MacCluer, D. J. Magnuson, D. C. B. Marsh, J. J. Martinez, M. D. Mavinkurve 
(India), Charles McCracken, T. Mitchell & F. D. Parker & F. R. Olson, R. C. Mullin, M. G. 
Murdeshwar, Gautam Pandya, H. A. D. Paris (Netherlands), Harsh Pittie, J. R. Porter, C. R. 
Rao, J. G. Rau, N. A. Razak, Arnold Reinhold, W. R. Ristow, V. K. Rohatgi, Azriel Rosenfeld, 
Francis Sandomierski, P. S. Schnare, Ross Schneider, Robin Sibson, S. J. Sidney, Indranand Sinha, 
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W. T. Smythe, Al. Somayajulu, John Stout, F. B. Strauss, E. J. Taft, T. N. Taylor, W. F. Trench, 
A. M. Vaidya, C. Van de Vyle (Belgium), Simon Vatriquant (Belgium), Emanuel Vegh, Lenard 
Weinstein, Carol Williams, Randy Woodward & Richard Tangeman, and the proposer. 

J. S. Johnson observes that the result remains true even if R is not finite but satisfies the de- 
scending chain condition for both left and right ideals. 


Positive Definite Quadratic Forms 


5259 [1965, 85]. Proposed by K. Mahler, The Australian National University, 
Canberra 


Let f(x1, - +, Xn) = Dd rar Do te1 GnnXnx, be a positive definite quadratic form. 
Assume that, as (x11, - °°, Xin), ° °°) (Xn, °° * » Xan) run over all sets of ~ points 
with integral coordinates, 

Y11° °° Xin |? 
f(a, °° + Hin) - + fn + + +) Xun) ZB A11de2 + + + Ann 
Xnl * Xan 
Then f is a diagonal form, 1.e., dn, =0 if hk. 

I. Solution by S. J. Sidney, Harvard University. First, if «=(0,---, 0, 1, 

0,---,0) with &th entry 1, we get ay,=f(x)>0. Thus the a, are positive. 


We claim adj,+a,y,=0 for h¥k. Suppose not, say dyz+a1~0. Let m be an 
integer and set x1 =m, X2=1, x4,=1 for R>1, and x,;,=0 otherwise. Then the 
stated inequality reads [a1m?+ (a1o+Go1) mM +22 |ao0d33 + + * Onn ZA. * * * AnnM?, 
which reduces to (d1.+d21)m+d2220. But appropriate choice of m renders this 
inequality false. Thus a;,-++-az,=0 for h#k. 

Now, if +k, f is not changed if we add a@ to ay, and subtract it from dps. 
Setting w= —dnx= zn, We see that f can be given by a diagonal matrix. 


II. Solution by Marvin Marcus, University of California, Santa Barbara. 
Let A=(an) and let x;=(xu,---, Xin). If (,) denotes the standard inner 
product in the space of real -tuples then the hypothesis reads 


(1) II (42, «:) 2 [I ai det (a, 23), 

t==1 i=l 
for all integral vectors x1, - - + , Xn. It is obvious that the inequality (1) also holds 
for rational vectors and hence, by continuity, for real vectors. Thus let x1, - - +, xn 


be an orthonormal set of real eigenvectors for A so that (1) becomes 


det (A) 2 [J ai. 


i=1 


The Hadamard determinant theorem then implies that det (A) =[]”., ai. But 
A is positive definite and equality holds in the Hadamard inequality if and only 
if H is a diagonal matrix. 


Also solved by K. R. Goodearl, W. F. Trench, W. C. Waterhouse, and the proposer. 
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Incomplete Topological Algebras 


5260 [1965, 85]. Proposed by M. Rajagopalan and A. Wilansky, Lehigh 
University 


A topological algebra is called a Q-algebra if its set of invertible elements is 
open. Must a normed Q-algebra be complete? 


Solution by Duane W. Bailey, Amherst College. No. Let A be the algebra of 
all continuous functions on (~~, ©) which are constant except on a compact 
set (which may depend upon the function), with pointwise operations. Let 
|||] =SUD_aciceo| x(t) |. It is easy to see that xCA is invertible if and only if x 
never vanishes, which implies that the set of invertible elements is open. How- 
ever, A is not complete, for the sequence { xn(£) I, where x,(f)=e-", for 
tE[—n, n] and x,(t)=e- for t€[—xn, n], is a Cauchy sequence which does 
not converge in A. 


Also solved by D. R. Arterburn, C. R. MacCluer, S. J. Sidney, Seth Warner, W. C. Water- 
house, A. Wilansky, and Kenneth Yanosko. 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED BY R. A. ROSENBAUM, Wesleyan University 
COLLABORATING Epitors: K. O. May, University of California, Berkeley, and 
E. P. VANCE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosenbaum, 
Wesleyan Unwersity, Middletown, Conn. 06457. Programmed Materials: K. O. May, 
University of California, Berkeley, Calif. 94704. Films: E. P. Vance, Oberlin College, 
Oberlin, Ohio 44074. 


The Language of Nature: An Essay in the Philosophy of Science. By David 
Hawkins. Freeman, San Francisco and London, 372 pp. $7.50. 


This is an ambitious book in the philosophy of science. It not only attempts 
to cover standard topics in the philosophy of science, but to relate the scientific 
enterprise to other forms of human activity, including those generally embraced 
by economics and ethics. It is also a strikingly original book in many ways. A 
pervasive theme is “that the content of positive knowledge reacts upon the ways 
of thought from which that knowledge evolved, and even, inevitably, upon the 
philosopher’s conception of his problems.” 

The attempt to embody this theme in particular analyses of scientific con- 
cepts leads to what will be regarded by many as confusions. The distinction be- 
tween what is known and what is the case is sometimes blurred; it would be 
easy to object that Hawkins confuses the normative and descriptive or the logical 
and empirical aspects of things. But such objections would be quite beside the 
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point; this apparent confusion is a part of his method. There is no confusion 
here, but a thesis which is illustrated (rather than defended as such) in his re- 
fusal to draw these sharp distinctions. Although I disagree with this thesis, I 
find it an illuminating one. 

The book is particularly outstanding in its treatment of entropy and infor- 
mation. These are made key concepts not only in the discussion of physics, but 
also in the discussion of biological concepts, evolution, learning, and even in- 
duction. Hawkins also tries more seriously than most to trace the relations 
between knowledge and behavior: more than most, both because of his particular 
intellectual commitments and because of his acute moral sense. 

Although it is offered as a text in the philosophy of science, students will 
find it difficult. Hawkins’ use of the concepts of entropy and information in a 
wide variety of contexts, for example, is one of the most interesting and en- 
lightening aspects of his philosophy of science; and yet is one that will make the 
book hard going for the student who is untrained in mathematics and physics. 
His style is not murky; indeed, it often has considerable sparkle. But his use of 
metaphor, for example will make the book hard for students; students are not 
generally prepared to bring their imaginations with them to work on science or 
on the philosophy of science. (E.g.: “The pathway beaten through a good analogy 
becomes, in the end, an element in a formal deductive system.”) 

The general plan of the book is the following: The first two chapters are on 
number and geometry; the interpretations offered cannot be classified either as 
empirical or as logical, but fall somewhere between. The next three chapters 
are on motion and analysis, measurement, and the laws of motion, and are 
fairly standard in viewpoint. Chapter Six offers a slightly novel interpretation 
of probability as “physical parametrization [sic] testable in terms of relative 
frequency.” Chapters Seven and Eight work up to the introduction of thermo- 
dynamic concepts and the concept of information. Chapter Nine deals with the 
relation between probability and credibility, and offers a cyclical approach to 
the justification of induction. Chapters Ten and Eleven are concerned with the 
application of the concepts of entropy and information to biology and evolution, 
and to psychology and behavior. Chapter Twelve concerns individual ethics, 
and Chapter Thirteen, the relation between economic theory and social choice. 

All in all this is a fascinating essay, and well worth the effort it takes to 
penetrate its occasional novelties of expression. Some will find it a useful text 
as well; others will find it very hard to use. 

H. E. Kypure, Jr., Wayne State University 


The Axiomatic Method: An Introduction to Mathematical Logic. By A. H. Light- 
stone. Prentice-Hall, Englewood Cliffs, N. J., 1964. vii+246 pp. $6.50.: 


This is an excellent text and an excellent introduction to mathematical logic. 
It takes the student from the propositional calculus through the very latest 
results in the theory of theories (the approach to completeness is essentially that 
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of Henkin; Vaught’s and Robinson’s completeness tests are established in the 
last few sections of the book). The prose is streamlined and efficient: words are 
not wasted. There are a great many thought-provoking exercises at the end of 
almost every one of the short sections of the book; these provide one of the 
book’s best features. 

There is only one topic I find treated poorly, and that is quantification 
theory. The “definitions” of universal and existential quantification on pp. 30 
and 33 will not work as they stand (there is a confusion of use and mention), 
and there is a more serious matter involved in the attempt to treat quantifiers as 
kinds of sentential connectives. The “proof” of the theorem on p. 31, for example, 
is simply irrelevant to the theorem. Indeed quantificational arguments seem to 
be handled in much too casual a manner: “strip off the quantifiers... ” and treat 
the argument as sentential. 

But by and large the book is first rate; and it is particularly valuable for the 
care with which it traces the complicated connections and interconnections be- 
tween logic and abstract algebra as these fields are now developing. 


H. E. KysuraG, Jr., Wayne State University 


Quantification Theory. By J. A. Faris. Monographs in Modern Logic. Routledge 
and Kegan Paul, London, and Dover, New York, 1964. 147 pp. $2.10. 


Although this volume is not up to the level of its predecessor (Faris, Truth- 
Functional Logic), it performs its function of providing an introduction to the 
techniques of quantification theory (with identity and definite descriptions) 
clearly and unpretentiously. The system of natural deduction presented is essen- 
tially that of Copi’s Symbolic Logic, except that it contains special rules con- 
cerning definite descriptions. 

Two novel forms of singular quantification are introduced: dummy quanti- 
fication, in contexts of the form (dx) (---x---+-) where ‘d’ is used to refer 
“to an individual whose identity (and whose real name) is undetermined; and 
proper name quantification, in contexts of the form (ax) (---x--+-); one 
would write ‘Socrates is mortal’ as ‘(sx) (Mortal x)’. The introduction of these 
new forms of quantification entails the introduction of two special quantification 
rules to deal with them. Since the new forms of quantification, and the two rules 
introduced to govern them, are introduced only for pedagogic reasons, and are 
quickly eliminated in favor of standard rules (dummy names remain, but the 
dummy quantifiers go), it may be questioned whether the added complications 
are worth the price; I suspect not. 

One particularly strong point of the book is the careful discussion of (and 
the provision of fairly mechanical recipes for) the symbolization of general and 
multiply general statements. 


H. E. KyvsuraG, Jr., Wayne State University 
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A Collection of Problems of Mechanics. By I. V. Meshcherskii. Pergamon Press, 
New York, 1965. xii +518 pp. $12.50. 


This is a translation of the twenty-sixth Russian edition (1960) of a remark- 
able collection of problems in statics, dynamics and the theory of vibrations. 
Problems, 1363 in number, many with appropriate illustrations, vary from the 
relatively simple to the tantalizingly complex. Numerical data and answers have 
been changed from the metric to the British system of units to meet the needs 
of the English-speaking market. Answers are given for all problems. 

No textual material accompanies the problems, but occasionally a hint is 
given to guide the student toward the solution. In addition to problems relating 
to statics in two and three dimensions, rigid body motion, kinematics of particles, 
dynamics of a particle and of particle systems, there are some 122 problems 
illustrating vibrating systems. The student is expected to be familiar with 
Lagrange’s equations, and many problems require this technique. 

The book can be recommended as supplementary material for students in 
many varied courses in mechanics, both at the undergraduate and at the 
graduate level. 

S. W. McCuskKeEy, Case Institute of Technology 


Analysis, Volume I. By Einar Hille. Blaisdell, New York, 1964. 640 pp. $9.50. 


This book should be in the hands of every teacher of calculus. Almost every 
topic is treated in a fresh and vigorous manner, which adds new insights to the 
most familiar material. The style is lively and stimulating with historical com- 
ments of great interest. The theory is handled with rigor but without mortis. 
There are over 2000 problems, many culled from British, French, Russian and 
Swedish sources. 

One of the more novel features is the introduction of complex numbers and 
functions of a complex variable with a proof of the fundamental theorem of 
algebra and an excellent treatment of rational functions. 

A second novelty is the treatment of the algebra of different classes of func- 
tions (e.g., functions continuous ona closed interval and differentiable functions). 
The class of piecewise convex functions is carefully studied from the point of 
view of differentiability. 

There is an unusually elegant chapter on curve tracing and appendices on 
Analytic Geometry and Functions of Bounded Variation and Non-Differentiable 
Functions, 

As an example of the delightful surprises in store for the reader, we find: 

“Within the range of the prime number tables 


li(x) — a(x) 


is positive, but it can be proved that the difference changes its sign infinitely 
often and that the first change of sign occurs for an x >10° but not exceeding 
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10°". The latter appears to be the largest number that ever served any definite 
purpose in mathematics.” 

Although the book treats many topics customarily reserved for a course in 
advanced calculus, it explains the more traditional ones with great clarity and 
there are an adequate number of simple problems. The text is intended for 
“honors students and future mathematics majors.” Even here it needs to be 
used with considerable discretion. In the hands of a student with sufficient 
mathematical maturity, it would be a liberal education in mathematics. The 
book is destined to become a classic quite apart from its possible use as an intro- 
ductory text. 

D. E. Ricumonp, Williams College 


Generalized Functions and Direct Operational Methods, Volume 1. By T. P. G. 
Liverman. Prentice-Hall, Englewood Cliffs, N. J., 1964. xii +338 pp. $10.50. 


This should be a rewarding text for use with a class of mature undergraduate 
mathematicians or exceptionally well-prepared physicists and engineers. It pro- 
vides a sound introduction to the theory of generalized functions (g.f.’s) and 
promises interesting applications in the forthcoming second volume. 

The author’s principal concern is with the g.f.’s of class D’,. Roughly speaking 
these are (equivalence classes of) sequences { fa} of piecewise continuous func- 
tions carried on forward half-lines [a, ©) such that (fn, ¢)=f?o fn(t) o(t) df 
converges for every 6© D_, the space of C* functions carried on backward half- 
lines (— ©, |. Definitions and first properties of such objects occupy Chapter IT. 
Their deeper properties are developed in Chapters V, VI, while the last two 
chapters, VII, VIII, treat the Laplace transform, and a class of periodic g.f.’s 
together with Fourier series. The book is amply sprinkled with stars and double 
stars indicating material of greater difficulty; in particular, the last four chapters 
are so marked. 

The one aspect of the book that warrants criticism is the large number of 
pages, about 100, that are devoted to linear differential equations with constant 
coefficients (d.e.’s). Presumably this was included to round off an “unstarred” 
course in g.f.’s for students who have little technical knowledge beyond ordinary 
calculus. But for such students even Chapter II must prove quite difficult; and 
there exist shorter routes to d.e.’s. Physically oriented students might better 
spend their time on vector-space theory, a context in which the theory of linear 
d.e.’s with constant coefficients can be stated in two lines: 


x(t) = Ax(t) +f, — #(to) = Ho if 
t 
c(t) = eltto4 fi, + f e(o~u) A F(14) iu . 
to 
The book concludes with an appendix containing short tables of operator 


inverses and Laplace transforms, and a bibliography of 58 items. 
J. G. WENDEL, University of Michigan 
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Discrete and Continuous Boundary Problems. By F. V. Atkinson. Academic Press, 
New York and London, 1964. xiv-+570 pp. $16.50. 


Most of this excellent book is concerned with an elementary and detailed 
analysis of certain symmetric linear operators which arise from boundary value 
problems for ordinary differential, difference, and recurrence relations. Some 
non-self-adjoint problems are also treated. The author’s aim is to compare the 
discrete with the continuous, and then to combine the two in a unified treat- 
ment. To quote from the Preface: “We shall pursue our task from three direc- 
tions. We shall present the theory of certain recurrence relations in the spirit of 
the theory of boundary problems for differential equations. Second, we shall 
present the theory of boundary problems for certain ordinary differential equa- 
tions, emphasizing cases in which the coefficients may be discontinuous, or may 
have singularities of delta-function type. Finally, we give some account of 
theories which unify the topics of differential and difference equations, relying 
mainly on the method of replacement by integral equations.” 

In keeping with the author’s goal of making everything as elementary as 
possible, he has intentionally avoided the use of functional analysis—in particu- 
lar, the spectral theory of self-adjoint operators in a Hilbert space. For example, 
rather than apply the abstract characterization of self-adjoint extensions of 
symmetric operators in terms of isometries of appropriate deficiency spaces, the 
author has chosen to classify his self-adjoint problems by using the invariance 
of appropriate quadratic forms. Such forms occur naturally in the Lagrange 
identity and its analogs. 

Another reason given for not treating this material as a subset of a more 
abstract theory is that a study of boundary problems can still suggest new 
directions for research in functional analysis. Indeed, it is in the development 
of this idea that the book attains its most characteristic and individual flavor. 
Starting from an analysis of the simplest boundary problem y’ =a\y, y(0) = y(1), 
on 0Sx 31, the author progresses at a leisurely pace through examples of re- 
currence formulas, discrete and continuous Sturm-Liouville theory, orthogonal 
polynomials, regular and singular problems, scalar and matrix equations, inte- 
gral equations involving Stieltjes integrals. At each stage analogies with pre- 
ceding work are pointed out, and often the new step is motivated by physical 
problems. The singular problems are treated as limiting cases of regular prob- 
lems; the Weyl limit-point, limit-circle idea is applied to many situations to 
obtain eigenfunction expansion results. 

The book is almost self-contained. There is a preliminary motivating 
chapter, followed by twelve chapters and six appendices. A list of books and 
monographs, and an extensive set of notes for each chapter are also included. 
In the latter, references to research literature and related problems are given. 
Finally there is a large collection of exercises, which makes the book valuable 
as a possible text. 

—E. A. CoppINGTON, University of California, Los Angeles 
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Functional Analysts. By Albert Wilansky. Blaisdell, New York, 1964. xvi+291 
pp. $10.50. 


This book is an excellent introduction to the subject. The author has chosen 
to present the material with close to minimal hypotheses, and the emphasis is 
therefore on general properties of linear topological spaces rather than on a de- 
tailed analysis of special cases such as Hilbert space. The exposition is very clear, 
partly because of an extensive use of clarifying comments set off in “proof 
brackets” from the main arguments. A student beginning in functional analysis 
may well find this book the most accessible in the field. 

The first eight chapters are more elementary than the last six and make use 
of topology only to the extent of metric spaces. Introductory chapters on 
Banach and Hilbert spaces are among these. Chapter Nine is a self-contained 
introduction to topology using nets. Linear topological spaces are defined in 
Chapter Ten and the next three chapters are devoted to their properties includ- 
ing local convexity, duality, and the closed graph theorem. The concluding 
chapter contains an introduction to Banach algebras. 

There are many examples and applications, including a proof of the Riemann 
mapping theorem, the existence of a continuous function with divergent Fourier 
series, and the Wiener theorem on the reciprocal of a function with absolutely 
convergent Fourier series. Other examples appear in the more than 2000 exer- 
cises which are one of the strongest features of the book. Most of these are quite 
easy, but the range is wide. 

There are a number of misprints, none of which seems to be serious. 


DuANE W. BalILeEy, Amherst College 


First Course in Functional Analysis. By Casper Goffman and George Pedrick. 
Prentice-Hall, Englewood Cliffs, N. J., 1965. xi+282 pp. $12.00. 


This book contains an introduction to the study of the topology of metric 
spaces, Banach spaces including L,, and Hilbert spaces. It differs from other 
books at this level in that it also includes locally convex topological vector 
spaces and Banach algebras. The book does not contain spectral theory of 
operators nor does it contain the theory of semigroups. 

An attractive feature of the book is that each major theorem is followed by 
one or two illustrations of its use. There are many well-chosen problems. Some 
problems ask the reader to apply an abstract idea to a concrete situation and 
others ask him to develop more theory. 

The book would be better if the references to the bibliography were more 
frequent and more specific. The main defect of the book is its high cost. 


G. W. HEpstrom, University of Michigan 
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Numerical Methods Using FORTRAN. By L. Dale Harris. Merrill, Columbus, 
Ohio, 1964. xi-+244 pp. $6.95. 


FORTRAN Programming (II and IV). By L. Dale Harris. Merrill, Columbus, 
Ohio, 1964. x +146 pp. $3.25. 


The first of these two books contains a five chapter elementary description 
of some common numerical methods interwoven with a four chapter minimal 
description of FORTRAN, together with two appendices on FORTRAN, a 43 
entry bibliography, and an index. The second book is essentially the FORTRAN 
portion of the first book. 

The organization of the first book is generally good. The numerical methods 
are illustrated by flow charts and programs, and these serve to clarify concepts 
in FORTRAN. Theoretical discussion is minimal and error analysis is lacking; 
in the chapter on systems of linear equations, the existence and treatment of 
singular systems are not mentioned. 

The second book is not sufficiently clear and comprehensive to constitute a 
manual. Illustrative examples are scarce, particularly in Chapter 2; between 
pages 16 and 37 there are 29 references to an example on page 10. Incomplete 
definitions lead to surprises as in the middle of page 37. Insufficient editing 
has left many awkward and incorrect sentence formations and notational 
inconsistencies. 

These two books contain a (mostly) well organized, hastily edited, minimal 
discussion of FORTRAN and numerical methods. The good bibliography will 
help the interested reader pursue many topics in more depth. 


J. B. Jonnston, General Electric Research Laboratory 


Numerical Methods in FORTRAN. By John M. McCormick and Mario G. 
Salvadori. Prentice-Hall, Englewood Cliffs, N. J., 1964. 324 pp. $10.75. 


This book contains an effective combination of numerical methods and 
FORTRAN. The methods are clearly and concisely derived, and well illustrated, 
in the first half of the book; the second half contains 53 complete, working 
programs incorporating the methods and illustrating the features of FORTRAN. 
The typography and editing are excellent. 

Chapter 1 contains a brief, well-illustrated description of FORTRAN 
through expressions, function names, IF, and DO. 

Chapters 2 through 8 constitute a lucid, concise, elementary text on: inter- 
polation and extrapolation; algebraic and transcendental equations; simul- 
taneous linear equations; initial-, characteristic-, and boundary-value problems; 
and partial differential equations. All methods are derived analytically, many 
from Taylor series expansions; some error analysis is given, along with references. 
Each of the 35 sections has approximately two examples, illustrated with ex- 
cellent tables and graphs; numerous references are made to associated programs 
in the second half of the book. 
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Most of the 53 FORTRAN programs are accompanied by detailed flow 
charts and copious notes on program functioning and on FORTRAN details. 
One minor flaw: neither the text nor Program 9.7 seems to treat attempted in- 
version of singular matrices. Although not a FORTRAN manual in the usual 
sense, this book can yield a good working knowledge of FORTRAN. 


J. B. Jounston, General Electric Research Laboratory 


Projective and Related Geometries. By Harry Levy, Macmillan, New York, 1964. 
x + 405 pp. $11.00. 


By now, there are three different approaches to group theoretical treatment 
of geometry. The first one (due to Klein) defines a geometry as the theory of 
the invariants of a subgroup of the general linear group. A modernized version 
of this should add: general linear group over a field and, in the case of a topo- 
logical field, closed subgroup. The second approach, due to Elie Cartan, is the 
basis of all of modern differential geometry. Even though it started as an elabo- 
ration of Klein’s approach and a fusion of Klein’s and Lie’s ideas, Cartan’s 
methods yield essentially new insights, methods, and geometries. Unfortunately, 
there exists no exposition of his approach on a reasonably elementary level in 
global (as opposed to differential) geometry, except for an article by H. Freuden- 
thal and H.-G. Steiner (Gruppentheorie und Geometrie, in: Grundziige der 
Mathematik, vol. II, chap. 10a. Vandenhoek & Ruprecht, Géttingen, 1960). 
That article is strongly recommended to the attention of future authors of text- 
books on the foundations of geometries. The third approach goes back to a 
series of papers by Ch. Wiener in the Leipziger Berichte in the early 1890's, 
and has been elaborated by G. Thomsen (see, e.g., The treatment of elementary 
geometry by a group calculus. Math. Gazette, 17, 1933, p. 232) and was recently 
the subject of a beautiful book (F. Bachmann, Die Entwicklung der Geometrie 
aus dem Spiegelungsbegriff, Springer, Berlin 1959). This approach also has 
shown itself to be much more fruitful in the generation of new geometries than 
the Klein approach. It therefore should be understood that even the most 
modern exposition of the Klein program represents a stage of mathematics that 
is no longer a center of active research. 

This being said, the book contains about everything in theorems about 
geometries one could ask for. (It contains very few theorems im geometry.) 
In addition, it is self-contained as far as linear algebra over abstract fields is 
concerned, and is reasonably complete in abstract quadratic algebra. Most prob- 
ably it is the best book on the market for a rigorous common development of 
linear algebra and analytic geometry and as such is highly recommended for 
any non-geometer teaching a beginning graduate course in these subjects. 


H. W. GUGGENHEIMER, University of Minnesota 
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Projective Geometry. By H. S. M. Coxeter. Blaisdell, New York, 1964. xiii--163 
pp. $5.50. 


From the preface it seems that the author wanted to write a book on pro- 
jective geometry for high schools. In this he certainly failed, but on the way he 
produced an excellent text for a one semester course in projective geometry on 
the advanced undergraduate level. Even though projective geometry is basically 
19th century mathematics, the treatment given here is modern in spirit because 
it uses an axiom system that is not categorical. (At a few places the generality 
is bought by disregarding cases that can appear in some theories only. This is 
done by saying: We restrict our attention to - - - , so it cannot be called cheat- 
ing.) The approach is synthetic and the conciseness of the proofs will cause some 
difficulties to inexperienced instructors and students. But both will be rewarded 
for their toils by an understanding of linear methods. The choice of the axiom 
system as well as the shortness of the book limit the choice of topics. In a last 
chapter the analytical theory of projective spaces will need quite a bit of addi- 
tional explanation by the instructor. Unfortunately, the bibliography lists 
English language titles only. 


H. W. GUGGENHEIMER, University of Minnesota 


Geometry and Analysis of Projective Spaces. By C. E. Springer. Freeman 
San Francisco and London, 1964. xi+299 pp. $7.50. 


This is a “down to earth” treatment of projective geometry, by which I mean 
that there is no celebration of abstract formalisms and axiomatic gimmicks 
attempted, but a natural and easily understandable development of problems, 
ideas, methods and results. Geometry, analysis and algebra are often simultane- 
ously built up, leading to a balanced treatment of classical projective geometry 
which will certainly be of great appeal to the interested student. Moreover, 
although—or rather, since—the book is clearly rooted in the classical spirit of 
1600-1900, many modern more “abstract” concepts can be introduced and illus- 
trated in class by a skilled teacher using this book as a teaching guide. The book 
is carefully written, containing the well-known theorems of projective geometry, 
plus many “bridges” with metric geometry, analysis and algebra. I would like 
to emphasize that quite a few topics—like invariants, covariants, jacobians and 
hessians—are considered, topics which belong to the “classical heritage” of 
mathematics and which are—at least in their original context—too often ignored 
and neglected in our sheaf-theoretic age. I believe that the book will fulfill its 
purpose of being a fine textbook for an introductory course in projective 
geometry. 


ALFRED AEPPLI, University of Minnesota 
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Axiomatic Analysis. By Robert Katz, Heath, Boston, 1964. 352 pp. $8.50. 


In this book the author gives a highly individualized account of elementary 
logic, set theory, and the real number system. Approximately a third of the book 
is devoted to the first two of these topics and the last two thirds to an axiomatic 
treatment of the real numbers. 

The text is broken down into 65 lessons made up of 12-15 hundred numbered 
units. The units are generally quite short, varying from a single sentence to a 
third of a page. The result is that the book reads almost like a programmed text. 

The author has taken considerable pains to eliminate from the reader’s mind 
all possible ambiguities in language and mistakes in logic. His definitions are 
careful and well-illustrated. Common pitfalls are pointed out and alternative 
usages are often mentioned. In short, the author has done all he can to make the 
book clear and self contained. There are exercises throughout, all of which are 
considered by the author to be an integral part of his development. 

The book could be used as a text at the high school or freshman-sophomore 
college level for courses in elementarylogic, elementaryalgebra, orthe real number 
system. Perhaps the best use would be for self study by a bright high school or 
college freshman student. 

The typography is good and the reviewer caught no misprints. 


J. B. Roperts, Reed College 


Introduction to Higher Algebra. By A. Mostowski and M. Stark. Translated by 
J. Musielak. Macmillan, New York, 1964. 474 pp. $6.50. 


This book covers those topics normally found in standard textbooks on the 
theory of equations, with additional topics in combinatorics and matrices. The 
text begins with an introductory chapter on sets, functions and induction fol- 
lowed by a chapter on permutations and combinations. An introduction to fields 
and complex numbers comprises Chapter 3, while Chapter 4 deals with determi- 
nants and their expansion. Chapter 5 includes just enough development of vector 
spaces to enable the authors to define the rank of a matrix as the dimension of 
the space spanned by its columns. Linear systems are also included in this 
chapter. Chapers 6, 7 and 8 consider polynomials in one variable. Topics include 
the arithmetic of polynomials, multiple roots, interpolation formulae, partial 
fract 'on decompositions, separation of roots, cubics and quartics, irreducibility 
criteria and a brief introduction to algebraic and transcendental numbers. The 
fundamental theorem of algebra is proved with the use of the basic notions of 
analysis. Symmetric polynomials and elimination theory are covered in Chapters 
9 and 10, and the final chapter is concerned with quadratic and hermitian forms. 
From three to eight exercises, primarily non-computational, are included in most 
sections. The translation and typography are adequate. 


E. A. Mater, University of Oregon 


NEWS AND NOTICES 
EDITED BY RAOuL HAILpeRN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hatlpern, Associate Secretary, Mathematical Association of America, SUNY 
at Buffalo ( Uniersity of Buffalo), Buffalo, New York 14214. Items must be submitted at least 
two months before publication can take place. 


PERSONAL ITEMS 


Professor Oscar Zariski, Harvard University, has been awarded the 1965 National 
Medal of Science. 

Professor Harold Bacon, Stanford University, received the Lloyd W. Dinkelspiel 
Award for Outstanding Service to Undergraduate Education. The Award was in the 
amount of $3,500. 

Professor Truman Koehler, Muhlenberg College, represented the Association at the 
inauguration of W. D. Lewis as President of Lehigh University on October 10, 1965. 

Rev. E. A. Sharp, S.J., Creighton University, represented the Association at the 
inauguration of L. E. Traywick as President of the Municipal University of Omaha on 
October 15, 1965. 

Arlington State College: Assistant Professor R. L. Tennison, East Central State 
College, Dr. Larry Heath, University of Kansas, Dr. D. R. Falconer, University of 
Texas, and Mr. R. G. Dean, Texas Christian University, have been appointed Assistant 
Professors; Assistant Professors Robert Coke and John Perryman have been promoted 
to Associate Professors; Mr. Joe Gilbreath and Mr. L. G. Shilling have been promoted 
to Assistant Professors. 

Ashland College: Assistant Professor A. G. Poorman has been promoted to Associate 
Professor; Mr. R. L. Wendling has been promoted to Assistant Professor. 

Bowling Green State University: Assistant Professor D. E. Ryan, Eastern Michigan 
University, and Dr. Wallace Terwilliger, Washington State University, have been 
appointed Assistant Professors; Assistant Professors Clifford Long and Ralph Townsend 
have been promoted to Associate Professors. 

California State College, Fullerton: Assistant Professor R. V. Benson, Long Beach 
State College, has been appointed Associate Professor; Associate Professor R. C. 
Gilbert has been promoted to Professor. 

California State College, Long Beach: Dr. F. A. Butter, Jr., Aerospace Corporation, 
El Segundo, California, has been appointed Associate Professor; Associate Professor 
A. H. Smith has been promoted to Professor; Mrs. Jean L. Conroy has been promoted 
to Assistant Professor. 

California State College, San Bernardino: Professor J. E. Hafstrom, University of 
Minnesota, has been appointed Professor and Chairman of the Mathematics Depart- 
ment; Mr. D. E. McLeod, University of California, Riverside, has been appointed 
Lecturer. 

University of California, Davis: Professor A. J. Macintyre, University of Cincinnati, 
has been appointed Visiting Professor; Associate Professor R. F. DeMar, Miami Uni- 
versity, and Dr. Kurt Kreith, Arms Control and Disarmament Agency, Washington, 
D. C., have been appointed Associate Professors; Assistant Professor D. O. Cutler, 
Texas Christian University, has been appointed Assistant Professor. 
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University of California, Los Angeles: Dr. David Sanchez, University of Chicago, 
has been appointed Assistant Professor; Associate Professor P. B. Johnson has been 
promoted to Professor; Professor Angus Taylor has been appointed Vice President for 
Academic Affairs. 

Central Michigan University: Associate Professor E. H. Whitmore, San Francisco 
State College, has been appointed Professor and Head of the Mathematics Department; 
Associate Professor Julia Adkins has been promoted to Professor. 

Colorado College: Mrs. Sandra N. Hilt, University of North Carolina, has been ap- 
pointed Assistant Professor; Associate Professor George Simmons has been promoted 
to Professor; Professor W. Y. Gateley has been appointed Chairman of the Mathe- 
matics Department. 

Duke University: Dr. W. E. Sewell, Associate Director of Special Research in Nu- 
merical Analysis, has been appointed Adjunct Professor: Dr. Jacob Burlak, University 
of Glasgow, has been appointed Associate Professor; Dr. R. E. Hodel, Duke University, 
has been appointed Assistant Professor; Associate Professor S. L. Warner has been 
promoted to Professor; Professor A. O. Hickson retired on September 1, 1965, with the 
title of Professor Emeritus. 

Georgia State College: Assistant Professors William Leonard, Susquehanna Univer- 
sity, and Kenneth Whipple, Auburn University, have beenappointed Assistant Professors. 

Iowa State University: Dr. J. A. Dyer, Southern Methodist University, and Dr. Peter 
Colwell, University of Minnesota, have been appointed Assistant Professors. 

Louisiana Polytechnic Institute: Professor W. E. Koss, Mississippi State University, 
has been appointed Professor; Associate Professors J. B. Garner and J. D. Gilbert have 
been promoted to Professors. 

Marquette University: Assistant Professors Miriam E. Connellan, Willard Lawrence, 
and J. E. Simpson have been promoted to Associate Professors. 

University of Montana: Professor R. E. Johnson, University of Rochester, has been 
appointed Professor; Assistant Professor J. A. Peterson has been promoted to Associate 
Professor. 

New Mexico State University: Associate Professor D. G. Johnson, Pennsylvania State 
University, has been appointed Visiting Associate Professor; Assistant Professors G, S. 
Rogers, University of Arizona, and Louis Solomon, Rockefeller University, have been 
appointed Associate Professors; Associate Professor J. M. Adams, Texas Western Col- 
lege, has been appoined Part-time Associate Professor and Director of the Computing 
Center; Drs. Joaquin Loustaunau, University of Illinois, Charles Swartz, University 
of Arizona, and Donald Stevens, New York University, have been appointed Assistant 
Professors; Associate Professor R. J. Wisner has been promoted to Professor; Assistant 
Professors E. D. Gaughan and J. D. Thomas have been promoted to Associate Pro- 
fessors; Professor Walter Heinzman retired on June 7, 1965 with the title of Professor 
Emeritus. 

New York University: Professor Ralph Niemann, Colorado State University, has 
been appointed Visiting Professor; Dr. Bertrand Levy, Office of Naval Research, Wash- 
ington, D. C., has been appointed Associate Professor; Mrs. Phyllis Strauss, Columbia 
University, and Dr. Hilbert Levitz, Williams College, have been appointed Assistant 
Professors; Associate Professors Jerome Berkowitz and Albert Blank have been pro- 
moted to Professors; Assistant Professor Anneli Lax has been promoted to Associate 
Professor. 

Newark College of Engineering: Associate Professors A. E. Foster, Carl Konove, and 
Charles Koren have been promoted to Professors. 

North Carolina State University at Raleigh: Associate Professor P. A. Nickel, Montana 
State College, has been appointed Associate Professor; Dr. R, E. Chandler, Duke Uni- 
versity, has been appointed Assistant Professor; Assistant Professor C. H. Little, Jr., 
has been promoted to Associate Professor. 
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North Texas State College: Assistant Professor M. R. Hagan, S. F. Austin State 
College, has been appointed Assistant Professor; Assistant Professor W. D. L. Appling 
has been promoted to Associate Professor. 

Northeast Missouri State Teachers College: Mr. R. A. Knight, University of Nebraska, 
has been appointed Assistant Professor; Mr. Samuel Lesseig has been promoted to 
Assistant Professor. 

Northwestern University: Assistant Professor H. F. Kreimer, Florida State Uni- 
versity, has been appointed Visiting Associate Professor; Assistant Professor Marvin 
Shinbrot, University of California, Berkeley, has been appointed Associate Professor. 

College of Notre Dame of Maryland: Sister Marie Augustine Dowling has been pro- 
moted to Assistant Professor and appointed Chairman of the Mathematics Department; 
Sister Mary Cordia Karl retired September 1965 with the title of Professor Emeritus. 

Ohio University: Dr. C. B. Mehr, International Business Machines, San Jose, 
California, and Dr. K. E. Eldridge, University of Colorado, have been appointed 
Assistant Professors; Associate Professor R. K. Butner has been promoted to Professor. 

Old Dominion College: Assistant Professor K. J. Davis, University of Tennessee, 
and Dr. H. W. Baeumler, Ohio State University, have been appointed Associate Pro- 
fessors. 

Pennsylvania State University: Professor P. C. Hammer, University of Wisconsin, 
Madison, has been appointed Professor and Chairman of the Department of Computer 
Science; Dr. Marllyn Boswell, University of Missouri, and Dr. H. L. Shapiro, Purdue 
University, have been appointed Assistant Professors; Professor Walter Gordon retired 
on October 1, 1965 with the title of Professor Emeritus. 

Polytechnic Institute of Brooklyn: Associate Professor George Bachman has been 
promoted to Professor; Dr. Stanley Preiser, United Nuclear Corporation, White Plains, 
New York, has been appointed Assistant Professor; Professor L. A. MacColl retired on 
September 1, 1965. 

Portland State College: Assistant Professors F. S. Cater, University of Oregon, and 
V. C. Williams, Reed College, have been appointed Assistant Professors. 

Purdue University: Professor G. E. Baxter, University of California, San Diego, has 
been appointed Professor; Dr. F. R. DeMeyer, University of Oregon, has been appointed 
Assistant Professor; Associate Professor M. L. Keedy has been promoted to Professor; 
Assistant Professor M. W. DeJonge has been promoted to Associate Professon 

St. Mary’s University: Col. John Armitage and Mr. F. J. Carter have been pro- 
moted to Assistant Professors; Brother Frank Gutting has been appointed Chairman of 
the Mathematics Department. 

Seton Hall University: Professor Volodymyr Bohun-Chudyniv, Morgan State Col- 
lege, has been appointed Professor; Mrs. Marcelle Friedman, New York University, has 
been appointed Assistant Professor. 

Southeastern Louisiana College: Mr. K. G. Holder, Chrysler Space Division, New 
Orleans, Louisiana, has been appointed Assistant Professor; Mr. J. R. Weaver has been 
promoted to Assistant Professor. 

Southeastern Massachusetts Technological Institute: Assistant Professor Fred Wolock, 
Boston College, has been appointed Associate Professor; Dr. A. J. Chandy, Boston 
University, has been appointed Assistant Professor. 

State University of New York at Buffalo: Professor Rafael Artzy, Rutgers, The State 
University, has been appointed Professor; Dr. Anthony Ralston, Stevens Institute of 
Technology, has been appointed Professor; Dr. Federico Gaeta, University of Madrid, 
has been appointed Professor; Dr. E. W. Wallace, University of Leeds, England, has 
been appointed Associate Professor; Dr. Ubiratan D’Ambrosio, Brown University, has 
been appointed Assistant Professor; Dr. Theodore Mitchell has been promoted to As- 
sociate Professor; Dr. Gerald Itzkowitz has been promoted to Assistant Professor. 
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University of Tennessee: Professor Herta T. Freitag, Hollins College, has been ap- 
pointed Visiting Professor; Associate Professor R. M. McLeod, American University of 
Beirut, has been appointed Associate Professor; Assistant Professors R. J. Bean, Uni- 
versity of Wisconsin, and D. W. Lick, University of Redlands, have been appointed 
Assistant Professors; Assistant Professors D. R. Brown, D. R. Hayes and H. L. Lee 
have been promoted to Associate Professors. 

Trintty College, Connecticut: Dr. G. A. Anderson has been promoted to Assistant 
Professor; Associate Professor E. F. Whittlesey has been promoted to Professor. 

Ursinus College: Assistant Professor Blanche Schultz has been promoted to Associate 
Professor; Professor F. L. Dennis has been appointed Head of the Department of 
Mathematics. 

University of Washington: Visiting Assistant Professor J. V. Ryff has been appointed 
Assistant Professor; Dr. David Topping, University of Chicago, has been appointed 
Assistant Professor; Associate Professor Robert Blumenthal has been promoted to 
Professor; Assistant Professor Jack Segal has been promoted to Associate Professor. 

Western Michigan University: Professor Emeritus E. H. Rothe, University of 
Michigan, has been appointed Professor; Assistant Professor D. R. Lick, New Mexico 
State University, has been appointed Associate Professor; Dr. J. D. Tarwater, University 
of New Mexico, has been appointed Assistant Professor; Assistant Professors J. W. 
Petro and J. E. Vollmer have been promoted to Associate Professors; Professor C. H. 
Butler retired with the title of Professor Emeritus. 

University of Wisconsin, Madison: Visiting Professor I. J. Schoenberg has been 
appointed Prefessor; Dr. R. A. Brualdi, Syracuse University, Dr. J. E. Hall, University 
of Wisconsin, Madison, Dr. J. J. Roseman, New York University, Dr. D. F. Shea, Jr., 
Syracuse University, and Dr. M. C. Thornton, University of Illinois, have been ap- 
pointed Assistant Professors; Associate Professors W. S. Bicknell and S. V. Parter have 
been promoted to Professors; Assistant Professors Richard Askey, Michael Bleicher and 
D. W. Crowe have been promoted to Associate Professors. 

U. S. Army, Mathematics Research Center, University of Wisconsin: Professor P. R. 
Masani, Indiana University, has been appointed Visiting Professor; Dr. H. F. Karreman 
has been promoted to Professor; Professor L. B. Rall has been promoted to Assistant 
Director of the Mathematics Research Center. 

Yale University: Professor A. H. Stone, University of Rochester, has been appointed 
Visiting Professor; Associate Professor G. B. Seligman has been promoted to Professor; 
Assistant Professors F. J. Hahn and R. H. Szczarba have been promoted to Associate 
Professors; Dr. E. L. Stout has been promoted to Assistant Professor. 


Professor W. M. Boothby, Washington University, is on sabbatical leave of absence 
for 1965-66 and will spend the year at the University of Geneva. 

Dr. R. K. Brown, U. S. Army Electronics Command, Fort Monmouth, New Jersey, 
has been appointed Professor and Chairman of the Mathematics Department at Kent 
State University. 

Dr. J. B. Burling, University of Colorado, has been appointed Associate Professor 
at State University College at Oswego. 

Professor Elizabeth Carlson, University of Minnesota, has been appointed Visiting 
Professor at Macalester College. 

Dr. P. J. Chase, California Institute of Technology, has been appointed Assistant 
Professor at College of Wooster. 

Mr. Arthur Eade, Hamden High School, Hamden, Connecticut, has been appointed 
Assistant Professor at Quinnipiac College. 

Mr. R. W. Feldmann, State University of New York at Buffalo, has been appointed 
Assistant Professor at Lycoming College. 
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Assistant Professor John Greever, Harvey Mudd College, has been promoted to 
Associate Professor. 

Assistant Professor J. T. Howson, Jr., Rose Polytechnic Institute, has been ap- 
pointed Assistant Professor at the University of Cincinnati. 

Professor W. E. Jenner, University of North Carolina, has been appointed Chairman 
of the Mathematics Department. 

Assistant Professor T. F. Kimes, Austin College, has been promoted to Associate 
Professor. 

Assistant Professor R. S. Kleber, St. Olaf College, has been promoted to Associate 
Professor. 

Mr. J. E. Lightner, Western Maryland College, has been promoted to Assistant 
Professor. 

Dr. A. V. Martin, University of Ibadan, Nigeria, has been appointed Professor at 
Union College. 

Mr. Morton Mecklosky, Suffolk County Community College, has been promoted to 
Assistant Professor. 

Mr. R. T. Morgan, State University College at Fredonia, has been appointed 
Assistant Professor at Montclair State College. 

Miss Edith Moss, Suffolk University, has been promoted to Assistant Professor. 

Professor Paul Patterson, Appalachian State Teachers College, has been appointed 
Chairman of the Mathematics Department. 

Associate Professor Gideon Peyser, Pratt Institute, has been promoted to Professor. 

Dr. A. S. Rehm, North American Aviation, Downey, California, has been appointed 
Assistant Professor at Clarkson College of Technology. 

Assistant Professor Wilbur Richardson, Southern Colorado State College, has been 
promoted to Associate Professor. 

Dr. J. A. Roberts, North Carolina State University at Raleigh, has been appointed 
Assistant Professor at Davidson College. 

Professor W. A. Rutledge, University of Tulsa, has been appointed Head of the 
Department of Mathematics. 

Miss Joan Schumaker, Cornell University, has been appointed Assistant Professor 
at State University College at Geneseo. 

Mr. J. A. Shneer, Hughes Aircraft Company, Culver City, California, has been 
appointed Member of the Technical Staff at the Computation and Data Processing 
Center of the Aerospace Corporation, El Segundo, California. 

Sister Mary Petronia, Mount Mary College, has been appointed Chairman of the 
Department of Mathematics. 

Mr. J. E. Strout, University of Illinois, has been appointed Assistant Professor at 
Southeast Missouri State College. 

Mr. J. C. Warren, Jr., University of Texas, has been appointed Assistant Professor 
and Chairman of the Mathematics Department of the College of Notre Dame, California. 


Professor J. J. Barron, Old Dominion College, died on August 13, 1965. He was a 
member of the Association for 17 years. 

Associate Professor L. L. Garner, University of North Carolina, died on June 12, 
1965. He was a member of the Association for 25 years. 

Professor Emeritus R. K. Morley, Worcester Polytechnic Institute, died on August 3, 
1965. He was a charter member of the Association. 
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COMMITTEE ON SUPPORT OF RESEARCH IN THE MATHEMATICAL SCIENCES 


At its annual meeting in March, 1965 the Division of Mathematics of the National 
Academy of Sciences—National Research Council voted to establish the Committee on 
Support of Research in the Mathematical Sciences (COSRMS). The Committee was to 
be charged with preparing (i) a study of the current state of research in the mathematical 
sciences and of mathematics education at the undergraduate, graduate, and post- 
doctoral levels; (ii) a study of the current levels and forms of support of mathematical 
research by federal and private agencies; (iii) an indication of appropriate support in 
the immediate future if a healthy state of mathematical activity is to be maintained. 

At the same time the Division of Mathematics authorized its Chairman, Mark Kac, 
to nominate the chairman and members of COSRMS. Following preliminary organi- 
zational work during the spring and summer, final appointment of the chairman and 
members was made by the President of the National Academy of Sciences—National 
Research Council, Frederick Seitz, in September, 1965. These are as follows. 


Lipman Bers, Columbia University (Chairman) 
T. W. Anderson, Columbia University 

R. H. Bing, University of Wisconsin. 

H. W. Bode, Bell Telephone Laboratories, Inc. 
R. P. Dilworth, California Institute of Technology 
G. E. Forsythe, Stanford University 

Mark Kac, Rockefeller University 

C. C. Lin, Massachusetts Institute of Technology 
J. W. Tukey, Princeton University 

F. J. Weyl, Office of Naval Research 

Hassler Whitney, Institute for Advanced Study 
C. N. Yang, Institute for Advanced Study 


The membership of the Committee provides authoritative coverage of various 
branches of the mathematical community and includes people involved in the applica- 
tions of mathematics to other sciences. 

In addition, COSRMS is served by four panels: a panel on graduate mathematics 
education under the chairmanship of R. P. Boas of Northwestern University, a panel on 
undergraduate mathematics education under the chairmanship of John Kemeny of 
Dartmouth College, a panel on levels and forms of support of mathematical research 
under the chairmanship of Mina Rees of City University of New York, and a panel on 
new mathematical centers under the chairmanship of Mark Kac of the Rockefeller 
University. 

COSRMS is closely cooperating with the recently organized Survey Committee of 
the Conference Board of the Mathematical Sciences under the chairmanship of Gail S. 
Young of Tulane University. 

COSRMS has its headquarters at Columbia University where it held its first meeting 
on October 8-9, 1965. It is hoped that the major portion of the work of the Committee 
will be completed within 12 months, though an additional 6 months may be required 
to prepare the publication of the results. COSRMS will not enter into the important 
problems of curriculum reforms on the secondary and elementary school level, except 
insofar as these matters affect the teaching assignments of the colleges or the general 
research picture. 

Clearly the value and success of COSRMS will depend on the full support of the 
entire mathematical community. Every effort will be made that the final report of the 
Committee represent, as far as possible, the common opinions of the whole mathematical 
community and also reflect the opinions of the scientific users of mathematics. The Com- 
mittee earnestly solicits the ideas, suggestions, and opinions of all of these. Communica- 
tions to the Committee may be sent to its Executive Director, Truman Botts, at the 
Department of Mathematics, Columbia University, New York, N. Y. 10027. 


MATHEMATICAL ASSOCIATION OF AMERICA 


CALENDAR OF FUTURE MEETINGS 


Forty-ninth Annual Meeting, Sherman House, Chicago, Illinois, January 26-28, 


1966. 


Forty-seventh Summer Meeting, Rutgers, The State University, New Brunswick, 


New Jersey, August 29-31, 1966. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Waynesburg College, 
Waynesburg, Pennsylvania, April 30, 1966. 

ILLINOIS, Saint Dominic College, St. Charles, 
May 13-14, 1966. 

INDIANA, Indiana State University, Terre Haute, 
May 14, 1966. 

Iowa, Central College, Pella, April 15, 1966. 

KANSAS, University of Kansas, Lawrence, 
March 26, 1966. 

KENTUCKY, University of Kentucky, Lexing- 
ton, March 26, 1966. 

LouIsIANA-Mississipp!, Louisiana State Uni- 
versity, Baton Rouge, February 18-19, 
1966. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
College of William and Mary, Williams- 
burg, Va., April 30, 1966. 

METROPOLITAN NEw York, St. John’s Uni- 
versity, Jamaica, N. Y., May 7, 1966. 
MICHIGAN, Wayne State University, Detroit, 

April 2, 1966. 

MINNEsoTA, Macalester College, St. 
May, 1966. 

Missouri, University of Missouri at Rolla, 
Rolla, April 30, 1966. 

NEBRASKA, Nebraska Center for Continuing 
Education, Lincoln, April 29-30, 1966. 


Paul, 


NEw JERSEY, Rutgers, The State University, 
New Brunswick, November 12, 1966. 

NORTHEASTERN 

NORTHERN CALIFORNIA, University of Cali- 
fornia, Berkeley, February 5, 1966. 

On10, Ohio Wesleyan University, Delaware, 
April 23, 1966. 

OKLAHOMA-ARKANSAS, Oklahoma Baptist Uni- 
versity, Shawnee, April 1-2, 1966. 

PaciFic NORTHWEST, University of Victoria, 
Victoria, British Columbia, June 17, 1966. 

PHILADELPHIA 

Rocky Mountain, Colorado State University, 
Fort Collins, May 13-14, 1966. 

SOUTHEASTERN, Emory University, Atlanta, 
Georgia, March 25-26, 1966. 

SOUTHERN CALIFORNIA, Occidental College, 
Los Angeles, March 12, 1966. 

SOUTHWESTERN, University of New Mexico, 
Albuquerque, April 1-2, 1966. 

Texas, Southern Methodist University, Dallas, 
April 15-16, 1966. 

Upper NEw York STATE, St. Bonaventure 
University, Olean, May 14, 1966. 

WISCONSIN, Wisconsin State University, Eau 
Claire, May 7, 1966. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Washington, D. C., 
December 26-31, 1966. 

AMERICAN MATHEMATICAL Society, Chicago, 
Illinois, January 24-28, 1966. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Washington State University, Pull- 
man, June 20-24, 1966. 

ASSOCIATION FOR CompuTING MACHINERY, 
Ambassador Hotel, Los Angeles, August 
30-September 1, 1966. 

ASSOCIATION FOR SYMBOLIC LOGIC 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Indianapolis, Novem- 
ber 24-26, 1966. 


INSTITUTE OF MATHEMATICAL STATISTICS, 
Rutgers, The State University, New 
Brunswick, August 30-September 2, 1966. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 


MATICS, Americana Hotel, New York City, 
April 13-16, 1966. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Miramar Hotel, Santa Monica, California, 
May 18-20, 1966. 

Pi Mu EpsiILton 


SOCIETY FOR INDUSTRIAL AND APPLIED Ma- 
THEMATICS, University of Iowa, Iowa 
City, May 11-14, 1966. 

(Symposium on Numerical Analysis.) 
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CALCULUS WITH ANALYTIC GEOMETRY 


John M. H. Olmsted, Southern Illinois University. 


This modern basic text stresses clarity, precision, and thoroughness, 
developing rigorous mathematical thinking while encouraging intuitive 
motivation. The book follows the historical development of integral 
calculus before differential calculus, and in the same spirit treats the 
global concept of uniform continuity before the local concepts of ordi- 
nary continuity and limits, Logical ideas used in mathematical analysis 
are introduced early, and quantifiers and negations of statements 
involving them are found throughout. Other distinctive features in- 
clude: extensive use of vector spaces and algebras of functions; honors 
sections distributed uniformly; and axiomatic treatment of area and 


volume. February, 1966, 2 vols., illus., 1000 pp. $15.00 


appleton + century ¢ crofts 


440 Park Ave. S., N. ¥. 10016 Div. of Meredith Publishing Co. 


The College Division of 
SCOTT, FORESMAN AND COMPANY 
Announces Its 
Editorial Board in Mathematics 


PROFESSOR ELDON DYER 


Rice University 


PROFESSOR PETER D. LAX 
New York University 


PROFESSOR MAXWELL ROSENLICHT 
University of California at Berkeley 


PROFESSOR I. M. SINGER 
Massachusetts Institute of Technology 


SCOTT, FORESMAN AND COMPANY 
Chicago Atlanta Dallas Palo Alto Fair Lawn, N.J. 


NOW IN A THIRD EDITION 
AN IMPORTANT FRESHMAN 
MATHEMATICS TEXT 


FUNDAMENTALS 
OF 
MATHEMATICS 


Third Edition 


by Moses Richardson, Brooklyn College, The City University of New York 
Stressing the fundamental concepts and applications of mathematics, rather 
than its formal techniques, this newly revised edition of Professor Richardson’s 
well-known work lays particular emphasis on current changes being made in 
mathematics curricula. There is increased stress on the language of sets, and 
a more thorough presentation of rational, real, and complex numbers. The 
chapter on calculus and the sections on linear graphs or networks are given 
expanded treatment. An entirely new chapter is devoted to vectors, matrices, 
and linear systems to provide students of the social sciences with the neces- 
sary background to read current mathematical works in their respective fields. 
The book is designed to bring within reach of the student of the arts or social 
sciences the most elementary aspects of recent developments in mathematics 
as they are related to the social and behavioral sciences. New material on elec- 


tronic computers, political structures, information theory, linear programming, 


and other topics are found in this new edition. The central theme of the book 
is the same as in its preceding editions: “to emphasize that logical reasoning 
and logical structure are common features of all subjects forming part of the 
search for truth.” 1966, 624 pages, $7.95 

Solutions Manual available, gratis, upon adoption 


Write to the Faculty Service Desk for an Examination Copy 


THE MACMILLAN COMPANY 


PAN, 7 ERM oe pN! AR ENS cc das ae a 
Sindat « se So" Diake . Meee weno 


GO FIFTH AVENUE, NEW YORK 10011 


TO BE PUBLISHED BY MACMILLAN IN 1966 


FORTRAN II AND IV FOR 
ENGINEERS AND 
SCIENTISTS 


by Helmut Golde, 

University of Washington 

This basic textbook provides a parallel 
treatment of FORTRAN II and IV with 
the primary objective of teaching stu- 
dents to use digital computers early in 
their course work. 1966, 208 pages, pa- 
per, $5.95 


TOPICS FROM THE 
THEORY OF NUMBERS 


by Emil Grosswald, 

University of Pennsylvania 

Allendoerfer Advanced Series 

This book is a self-contained treatment 
of number theory for the advanced un- 
dergraduate and beginning graduate stu- 
dent. 1966, 368 pages, $7.00 


APPLIED BOOLEAN 
ALGEBRA: An Elementary 
Introduction, 


Second Edition 


by Franz E. Hohn, University of Illinois 
Allendoerfer Undergraduate Series 

The new edition of this book provides a 
basic introduction to Boolean Algebra 
and its applications, particularly those 
relating to computer and switching cir- 
cuit design. 1966, 272 pages, $7.95 


THE STUDY OF 
ARITHMETIC 


by L. Clark Lay, 

California State College at Fullerton 

This book provides a complete survey of 
the fundamental concepts of arithmetic 
for prospective elementary and secondary 
school teachers. 1966, 500 pages, $8.00 


INTRODUCTION TO 
PROBABILITY AND 
STATISTICS, 


Second Edition 


by B. W. Lindgren and G. W. McElrath, 
both of the University of Minnesota 
This new edition provides a readable, 
teachable introduction to basic ideas of 
Statistical inference and probability. 1966, 
320 pages, $7.95 


MODERN UNIVERSITY 
ALGEBRA 


by Marvin Marcus and Henryk Minc, 
both of the University of California, 
Santa Barbara 

This book includes topics in algebra usu- 
ally considered too elementary for junior- 
senior level courses in modern algebra 
and too advanced for the traditional 
freshman college algebra course. 

1966, 272 pages, $7.00 


TOPICS IN MODERN 
MATHEMATICS 


by Howard M. Nahikian, 

North Carolina State University 
Allendoerfer Undergraduate Series 

This book is an introduction to topics in 
modern mathematics that are of interest 
to students of biology, the behavioral 
sciences, and the social sciences. !t is 
suitable for courses at the freshman or 
sophomore level. 1966, 208 pages, $6.50 


TOPOLOGICAL 
VECTOR SPACES 


by H. H. Schaefer, Universitat Tiibingen 
Macmillan Series in Advanced 
Mathematics and Theoretical Physics 
This book is the first systematic text on 
topological vector spaces and includes 
much material that has never been pub- 
lished in book form before. 1966, 384 
pages, $10.95 


Write to the Faculty Service Desk for Examination Copies 


THE MACMILLAN COMPANY 
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New and “Forthcomin IJ 


COMPLEX ANALYSIS, Second Edition 


By Lars V. Ahlfors, Harvard University. Inter- 
national Series in Pure and Applied Mathemat- 
ics. Off press. 


A thorough revision of the standard text used 
in most of the major universities for courses in 
complex variables, function theory, or complex 
analysis. A serious introduction to analytic func- 
tions of one complex variable, emphasizing the 
foundations of the theory. 


FUNCTIONS CF A COMPLEX VARIABLE: 
Theory and Technique 


By George F. Carrier, Harvard University; Max 
Krook, Harvard University; and Carl E. Pearson, 
Sperry Rand Research Center. 448 pages, $10.50. 


A senior-graduate level text based on courses 
in Applied Mathematics given by each of the 
authors at universities both in the U.S. and 
abroad. Provides a thorough treatment of mod- 
ern analytical techniques based on complex 
variable theory. Includes almost every important 
technique based on function theory, several pres- 
ently available only in research literature. 


INTRODUCTION TO APPROXIMATION 
THEORY 


By E. W. Cheney, University of Texas. Interna- 
tional Series in Pure and Applied Mathematics. 
Available in May. 


A valuable book for all involved in scientific 
computation. Designed for a first course in ap- 
proximation theory, it assumes a _ moderate 
mathematical background. Although the ap- 
proach is theoretical, emphasis is placed on 
topics useful in computer applications. The sub- 
ject of uniform approximation is stressed 
throughout, with techniques of convexity em- 
ployed to prove the main features. 


PLANE TRIGONCMETRY with Tables, 
Third Edition 


By Gordon Fuller, Texas Technological College. 
Available in February. 


A major revision of this modern introductory 
text. Analytic trigonometry is emphasized and 
brought into proper balance with numerical 
trigonometry. Major changes in this edition in- 
clude the expansion of introductory material, 
the addition of an appendix on polar coordi- 
nates, and the use of second color for emphasis 
and clarification. 


UNBOUNDED LINEAR CPERATORS: 
Theory and Applications 


By Seymour Goldberg, University of Maryland. 
McGraw-Hill Series in Higher 
Available in February. 


Mathematics. 


The first concise treatment in the field of linear 
operators, this book offers a uniquely extensive 
and up-to-date theory of unbounded operators. 
It stresses ordinary differential operators, and 
includes new applications of linear operators to 
differential equations developed by Dr. Gold- 
berg. 


MODERN INTRODUCTORY MATHEMATICS 


By Wendell G. Johnson, Hiram College; and Luke 
N. Zaccaro, Worcester 
Available in April. 


Polytechnic Institute. 


A practical text for non-mathematics and non- 
science majors, blending traditional and modern 
approaches to the fundamentals of mathematics. 
Between-chapters material offers insights into 
important personalities associated with the de- 
velopment of mathematics, as well as its in- 
triguing and still unsolved problems. Numerous 
exercises encourage the student to explore ideas. 
Color is used to set off principles and definitions, 
and to clarify mathematical procedures. 


McGRAW-HILL BOOK COMPANY 


Meath, ematics Texts 


INTRODUCTION TO LINEAR ALGEBRA 


By Allan D. Martin, late of Carnegie Institute of 
Technology; and Victor J. Mizel, Carnegie Insti- 
tute of Technology. Available in March. 


This unusually clear presentation of the subject 
is designed for one-semester courses in linear 
algebra for college sophomores. The book covers: 
(1) the algebraic and geometric fundamentals of 
real finite dimensional vector spaces; (2) the 
fundamentals of the theory of linear operators 
on finite dimensional vector spaces; and (3) the 
spectral theorem for symmetric operators. The 
approach is geometrical in nature and the format 
is coordinate free. Special aitention is given 
to teachability and readability, using clear, sim- 
ple language. There are numerous examples, dia- 
grams, and sections called ‘Problems and Com- 
ments” which contain standard problems illus- 
trating main concepts, problems which extend 
the discussion, comments and _ illustrations. 


MODERN ALGEBRA AND TRIGONOMETRY 


By J. Vincent Robison, Oklahoma State Univer- 
sity. Off press. 


A modern integrated text, developing college 
algebra and trigonometry through the use of 
set theory. The concept of function as a special 
kind of relation provides a unifying thread that 
connects various types of functions. Special fea- 
tures include: treatment of inequalities at vari- 
ous points in the text; early introduction of in- 
verse functions; an unusually detailed discus- 
sion of matrix solution of systems of linear 
equations; a number of problems at the end of 
each section. 


MATHEMATICS OF PHYSICS AND MODERN 
ENGINEERING, Second Edition 


By |. S. Sokolnikoff and R. M. Redheffer, both of 
University of California, Los Angeles. Available 
in April. 


Like its predecessor, this edition provides a 
sound, comprehensive, and stimulating presenta- 
tion of fundamental mathematics for engineers 
and applied scientists. Its scope is considerably 
broader than that of other engineering math 
texts, and much of the material included cannot 
be found in comparable books. In this edition, 
the number of problems and illustrative exer- 
cises has been greatly increased, many of the 
chapters now containing well over 300 problems. 


ALGEBRAIC TOPOLOGY 


By Edwin H. Spanier, University of California, 
Berkeley. McGraw-Hill Series in Higher Mathe- 
matics. Available in June. 


One of the world’s foremost topologists contrib- 
utes this important graduate level text and ref- 
erence book. The main organizing theme is the 
concept of functor, and functorial properties are 
emphasized throughout. The singular and sim- 
plicial homology theories are developed, simul- 
taneously as examples of functors defined on 
different categories. 


ADVANCED ENGINEERING MATHEMATICS, 
Third Edition 


By C. R. Wylie, Jr., University of Utah. Available 
in April. 


This highly successful text has been extensively 
rewritten to achieve greater clarity. This edition 
includes 40% more exercises than before, for a 
total of 1380 carefully graded problems. The 
new physical design is used to make important 
items such as theorems and definitions stand 
out from the rest of the material. 


Send for your examination copies today 
330 West 42nd Street / New York, N. Y. 10036 


SEE WHAT’S NEW 


By RicHARD A. DEAN, California Institute of 
Technology ... 


ELEMENTS of ABSTRACT 
ALGEBRA 


A first-rate introduction to the topics and tech- 
niques that are finding ever wider application 
in mathematics and in the applied sciences as 
well. 1966. Approx. 320 pages. Prob. $7.95. 


By G. F. D. Durr, University of Toronto; and 
D. NAYLOR, University of Western Ontario... 


DIFFERENTIAL EQUATIONS 
of APPLIED MATHEMATICS 


An elementary study of the Laplace, diffusion, 
and wave equations. 1966. Approx. 448 pages. 
Prob. $11.95. 


By J. Maurice KINGSTON, University of Washington .. 
MATHEMATICS for TEACHERS of the MIDDLE GRADES 


Modern mathematics material developed specifically for grades 4 


through 9. 1966. Prob. $6.50. 


By Davip Rappaport, Illinois Teachers College—Chicago 


(North) ... 


UNDERSTANDING and TEACHING 


ELEMENTARY SCHOOL MATHEMATICS 


Explains not only what the meanings and concepts of the new math 
are but also how to teach them to children. 1966. Approx. 288 pages. 


$5.95. 


By MARGARET F. WILLERDING, San Diego State 
College... 


ELEMENTARY MATHEMATICS 


Its Structure and Concepts—for elementary 
saoal teachers. 1966. Approx. 312 pages. Prob. 
6.95. 


By IrvING DRooYAN, WALTER HADEL and 
FRANK FLEMING, al/ of Los Angeles Peirce 
College... 


ELEMENTARY ALGEBRA 
Structure and Skills. 1966. Approx. 376 pages. 
$5.95. 


By Paut G. HoEL, University of Calzfornia, 
Los Angeles... 


ELEMENTARY STATISTICS 


A new, improved second edition. Coming in 
February, 1966. 


By THEODORE S. SUNKO, Wright Junior Col- 
lege; and MILTON D. EULENBERG, Loop Junior 


College... 
ARITHMETIC: 


A College Approach—with emphasis on both 
concepts and computation. 1966. Approx. 240 
pages. $4.95. 


By WILLIAM FELLER, Princeton University... 


An INTRODUCTION to PROBABILITY THEORY 
and its APPLICATIONS 


VOLUME II of this well-known work presents new proofs and methods and 
offers many excellent examples. 1966. Approx. 640 pages. $12.00. 


from JOHN WILEY & SONS, Inc. 


W 


IN MATHEMATICS TEXTBOOKS 


By Roy Dusiscu, University of Washington... 


INTRODUCTION to 
ABSTRACT ALGEBRA 


A gradual yet mathematically sound presenta- 
tion, appropriate for prospective secondary 
teachers. 1965. 193 pages. $5.95. 


By RALPH CroucH, New Mexico State Uni- 
versity; GEORGE BALDWIN, Eastern New Mex- 
ico University; and ROBERT J. WISNER, New 
Mexico State University... 


PREPARATORY MATHEMATICS 
for ELEMENTARY TEACHERS 


An exceptionally easy-to-understand develop- 
ment that emphasizes imaginative teaching. 
1965. 505 pages. $8.75. 


By RICHARD COURANT and FRITZ JOHN, both of New York University... 
INTRODUCTION to CALCULUS and ANALYSIS, Volume I 


A rigorous treatment of the function of a single variable. An Inter- 
science Book. 1965. 661 pages. $10.50. 


By WILLIAM E. Boyce and RicHarD C. DiPrima, both of Rens- 


selaer Polytechnic Institute... 


ELEMENTARY DIFFERENTIAL EQUATIONS 


and BOUNDARY VALUE PROBLEMS 


“It is the best book that I have seen in a long, long time.”—M. 
Ostrofsky, Rose Polytechnic Institute. 1965. 485 pages. $8.95. Also 
available without the boundary value problems and Fourier series: 


ELEMENTARY DIFFERENTIAL EQUATIONS 


By RAYMOND L. WILDER, University of Michi- 
Lan... 

INTRODUCTION to the FOUN- 
DATIONS OF MATHEMATICS 


A new expanded and modernized second edition. 
1965. 320 pages. $8.00. 


By WILLIAM L. ScHAaF, Brooklyn College, City 
University of New York... 

BASIC CONCEPTS of 
ELEMENTARY MATHEMATICS 


This second edition is both thorough and mod- 
ern. 1965. 384 pages. $6.95. 


1965. 361 pages. $7.75. 


By DANIEL KLEPPNER avd NORMAN RAMSEY, 
both of Harvard University... 


QUICK CALCULUS 


A short manual of self-instruction. 1965. 294 
pages. $2.25. 


By Davip C. MurpocH, University of British 
Columbia... 


ANALYTIC GEOMETRY 


with an Introduction to Vectors and Matrices. 
1966. Approx. 304 pages. Prob. $6.95. 


By Epwarp O. THorpP, University of Califor- 
nia, Irvine... 


ELEMENTARY PROBABILITY 
1966. Approx. 176 pages. Prob. $4.95. 


605 Third Avenue, New York, N. Y. 10016 


MATHEMATICS MAGAZINE 


A publication of the Mathematical Association of America 


Editor: Roy Dubisch, University of Washington 


Contents of issue for November-December 1965 


Generalizations of Theorems About Triangles C. B. Allendoerfer 
On Sums of Inverses of Primes ....... 0... ccc eee ee ee eens J. H. Jordan 
Conic Sections by Vector Methods Arnold Johnson 
EXTENDAPAWN-—An Inductive Analysis ...............000- J. R. Brown 


Ten other articles, Book Reviews, Problems and Solutions, 1965 Index. 


Published five times per year, bimonthly except July-August. Regular subscription 
rate: $3.00 per year. Special subscription rate for MAA members $5.00 for two years. 
Orders with payment should be sent directly to: Mathematical Association of America, 
SUNY at Buffalo (University of Buffalo), Buffalo, New York 14214. If you are not fa- 
miliar with MATHEMATICS MAGAZINE, write for a sample copy. 


PROFESSIONAL OPPORTUNITIES 
IN MATHEMATICS 


Sixth Edition 


A completely revised and up-to-date version of an article which appeared 
originally in the American Mathematical Monthly. 


32 pages, paper covers 


29¢ for single copies; 20¢ each for orders of five or more. Send orders with 
payment to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
SUNY at Buffalo (University of Buffalo) 
Buffalo, New York 14214 


ADDISON 
WESLE 


South Street 
Reading 


Massachusetts | 


Palo Alto © London — 


ALGEBRA 
By SERGE LANG, Columbia University 


The present book is intended to be used as a basic text for a one- 
year course in algebra at the graduate level. As prerequisites, the 
author assumes the reader is acquainted with the basic language of 
mathematics (i.e. essentially sets and mappings), and the integers 
and rational numbers. Many shortcuts can be taken in the presenta- 
tion of topics, which admit many variations. The chapters have been 
so written as to allow maximum flexibility in this respect. 


In Press, $12.75 
A FIRST COURSE IN CALCULUS 
By SERGE LANG 


This text is intended to teach the basic notions of derivative and 
integral and the basic techniques and applications which accompany 
them. Written for the student, to give an immediate and pleasant 
access to the subject, it strikes a proper compromise between dwell- 
ing too much on special details and not giving enough technical 
exercises to acquire the desired familiarity with the subject. 

258 pp, 96 illus. $8.50 


A SECOND COURSE IN CALCULUS 
By SERGE LANG 


Designed to follow the author's A First Course in Calculus, this text 
is similar in tone and emphasis. After an opening chapter dealing 
with vectors, it separates naturally into two parts, dealing with func- 
tions of several variables and linear algebra respectively. Since these 
are essentially independent, they may be studied in either order de- 
sired, each part requiring approximately one semester. 


256 pp, 227 illus. $7.95 
LINEAR ALGEBRA 
By SERGE LANG 


The present book is meant as a text for a one-year course in algebra 
at the undergraduate level during the sophomore and junior years. 
It starts with the basic notion of vector in Euclidean space, setting 
the general pattern for much that follows. Examples and special cases 
are worked out in abundance, and abstractions are developed slowly. 

In Press 


INTRODUCTION TO NUMERICAL ANALYSIS 
By CARL-ERIK FROBERG, University of Lund, Sweden 


Requiring a background of elementary calculus and differential equa- 
tions, this text is intended for introductory courses in numerical analy- 
sis. In the selection of topics, stress is placed on modern and efficient 
methods, and to a large extent, the book's content reflects the im- 
portant role played by electronic computers in recent years. A brief 
account of the theory of matrices is presented, while applications of 
matrix methods have been treated in considerable detail. 

340 pp, 22 illus. $8.95 


AN INTRODUCTION TO ABSTRACT 
MATHEMATICAL SYSTEMS 


By DAVID M. BURTON, University of New Hampshire 


The text is an outgrowth of a course given in a National Science 
Foundation summer institute for high school teachers of mathematics. 
The purpose of the book is to improve the students’ understanding of 
algebraic structure and to acquaint them with some of the basic re- 
sults of abstract algebra by investigating various mathematical sys- 
tems. 120 pp, 3 illus. $3.95 


LINEAR GEOMETRY 
By RAFAEL ARTZY, Rutgers, The State University 


Written at the advanced undergraduate level, this book is intended 
for courses in higher geometry. The emphasis is generally theoretical 
and will be of prime interest to students majoring in mathematics. 
However, prospective teachers and students of the physical sciences 
will also find the book valuable. In Press, $9.75 


DESCRIPTIVE STATISTICS: 
A Self-Instruction Program 


Howard W. Alexander and Roland F. Smith 


Requiring 15 to 20 hours of student time for 
completion, this new linear program covers 
the descriptive portion of the usual ele- 
mentary statistics course. Thoroughly field- 
tested. Paperbound 112 pages $2.25 


INTRODUCTION TO ABSTRACT 
ALGEBRA 


Wilfred E. Barnes 


Treats basic material on groups, rings, and 
fields, carrying these topics further than has 
been customary in books at this level. Suit- 
able for the advanced undergraduate or be- 
ginning graduate student. 

Clothbound 224 pages $6.25 


ALGEBRA, ELEMENTARY FUNC- 
TIONS, AND PROBABILITY 


William L. Hart 


Classical college algebra from a contem- 
porary viewpoint. Integrated with algebraic 
material are topics from analytic geometry 
through conics in the simplest positions. In- 
equalities are emphasized. 

Clothbound 482 pages text $8.10 


ANALYTIC GEOMETRY AND 
CALCULUS, Second Edition 


William L. Hart 


A contemporary text presenting the calculus 
topics with distinct emphasis on applications 
as weil as theory. 

Clothbound 690 pages text $9.95 


COLLEGE ALGEBRA AND 
TRIGONOMETRY 


William L. Hart 


A combination course presenting a complete 
treatment of trigonometry, including a 
sophisticated treatment of analytic trigonom- 
etry, as well as additional algebraic content. 
Clothbound 387 pages text $7.10 


AND COMPANY 


MATHEMATICS TEXTS 
From HEATH 


MODERN PLANE TRIGONOMETRY 
William L. Hart 


Emphasis is on analytic trigonometry with a 
modern discussion of functions and inverse 
functions, and enough analytic geometry to 
simplify certain trigonometric proofs. 
Clothbound 220 pages text $6.10 


DIFFERENTIAL EQUATIONS, 
Third Edition 


Alfred L. Nelson, Karl W. Folley and 
Max Coral 


Discusses the theory of the solution of or- 
dinary differential equations and the appli- 
cations of such equations in geometry, 
chemistry, and physics. Includes an extensive 
discussion of numerical approximations to 
solutions. Clothbound 360 pages $6.50 


ELEMENTARY INTRODUCTION TO 
NUMBER THEORY 


Calvin T. Long 


Designed for an elementary (one-semester) 
course in number theory to be given at a 
level somewhat below that of the usual intro- 
ductory college course. About three hundred 
exercises. Clothbound 352 pages $5.25 


AXIOMATIC ANALYSIS: An Iniroduction 
to Logic and the Real Number System 


Robert Katz 


A modern text designed for a one-semester 
course at any level where a detailed axi- 
omatic treatment is desired. 

Clothbound 352 pages $8.50 


ELEMENTARY ABSTRACT ALGEBRA 
John W. Keesee 


A first introduction to abstract mathematics 
through a study of mathematical systems 
arising from the real number system. Each 
concept introduced is applied later, leading 
up to a theorem stating that there exist un- 
countably many transcendental numbers be- 
tween any two distinct real numbers. 
Clothbound 256 pages $6.50 


_ COLLEGE DEPARTMENT 

D CS. HEATH Home Office: Boston, Mass. 02116 Sales Offices: Engle- 
wood, N.J. 07631 Chicago, Ill. 60616 San Francisco, 
Calif. 94105 
London W.C. 1 Toronto 2-B 


Atlanta, Ga. 30324 Dallas, Tex. 75247 


For those students who may not pursue further mathematics 
but who should obtain an insight into the ideas and methods 
of modern mathematics— 


TOPICS IN MODERN MATHEMATICS, Edited by Ralph G. Stanton and Kenneth D. 
Fryer, both of the University of Waterloo. This text satisfies the modern demand for a 
terminal college course, with more stress on concepts than on manipulation. Six contrib- 
uting authors explore a variety of topics ranging from set theory to the fundamental con- 
cepts of calculus. The text also includes usual modern topics in set theory, abstract alge- 
bra, as well as the more common modern topics such as statistics and numerical analysis. 
1964, 187 pp., $5.95 
A bridge between modern and traditional approaches— 


INTRODUCTORY COLLEGE MATHEMATICS, by Patrick Shanahan, College of the 
Holy Cross. The topics considered in this volume include sets, functions, various number 
systems, groups, and fields. It presents the traditional topics in a unified form and intro- 
duces the student to many of the fundamental ideas of present day mathematics. Although 
precise mathematical thought is emphasized throughout, the author writes in such a way 
that details never obscure the essential ideas of the subjects discussed. 

1963, 332 pp., $7.75 
A modern approach to the mathematical techniques in economics— 


MATHEMATICS FOR ECONOMISTS: AN ELEMENTARY SURVEY, by Taro 
Yamane, New York University. A wide variety of topics in mathematics, selected to suit 
the particular needs of economists. The book proceeds gradually from simple to more 
complex operations, and discusses set theory, calculus, differential and difference equa- 
tions, vectors and matrices, probability, statistics and game theory. “. .. quite compre- 
hensive and entirely ‘modern’ in its approach. There are an ample amount of problems for 
assignments and a sufficient number of examples for illustrative material.”—-comment 
on file. 1962, 544 pp., $9.95 


For approval copies, write: Box 903 
PRENTICE-HALL, ENGLEWoopD CLIFFs, N.J. 07632 


FUNCTION ALGEBRAS 


Proceedings of an International Symposium 
on Function Algebras, Tulane University, 1965 


Edited by FRANK T. BIRTEL, Tulane University 


Function Algebras represents a virtual catalogue of mathematicians working in 
this active area and an index to their current research. It brings together the in- 
vited addresses, submitted abstracts, and informal discussions at the International 
Symposium held under the joint sponsorship of the National Science Foundation 
and the Office of Naval Research. The book is divided into four sections: Uniform 
Algebras, Several Complex Variables, Harmonic Analysis, and Miscellaneous 
(Banach algebras, linear topological spaces and algebras) . Each section includes 
research papers by leading authorities in each of these areas. There are forty- 
four articles in all. The appendix consists of seventy-three research problems 
taken from each of the aforementioned areas. 


1966, approx. 400 pages, prob. $12.95 


SCOTT, FORESMAN AND COMPANY 
433 East Erie Street Chicago, Illinois 60611 


It is the Sixth Anniversary of Blaisdell Publishing Company .. . and 
we are proud to have published these texts in the mathematics field. 


N. I. Akhiezer, Kharkov University. The Calculus of Variations. 247 pp. $9.59. 


Tom M. Apostol, California Institute of Technology. Calculus, Volumes I and II. 
Volume I: 515 pp. $9.50 Volume II: 525 pp. $9.50. 


Rutherford Aris, University of Minnesota, Discrete Dynamic Programming. 
148 pp. $5.50. 


H. S. MacDonald Coxeter, University of Toronto. Projective Geometry. 162 pp. 
$5.50. 


Philip J. Davis, Brown University. Interpolation and Approximation. 393 pp. 
$12.50. The Mathematics of Matrices: A First Book of Matrix Theory and Linear 
Algebra. 348 pp. $5.20. 


Roy Dubisch, University of Washington. Lattices to Logic. 96 pp. Paper, $1.65. 


Doris R. Entwisle, The Johns Hopkins University. Auto-Primer in Computer Pro- 
gramming for the IBM 1620 in FORTRAN. 345 pp. Paper, $6.50. 


Richard R. Goldberg, Northwestern University. Methods of Real Analysis. 
359 pp. $9.00. 


G. Hellwig, Technische Universitat, Berlin. Partial Differential Equations. 
255 pp. $10.00. 


I. N. Herstein, University of Chicago. Topics in Algebra. 342 pp. $9.00. 


Einar Hille, Yale University. Analysis, Volumes I and II. 
Volume I: 626 pp. $9.50—Volume II: In press. 


Alston S. Householder, Oak Ridge National Laboratory. Theory of Matrices in 
Numerical Analysis. 257 pp. $9.00. 


Norman Miller, University of Toronto. Limits. 149 pp. Paper, $2.25. 


Merlin M. Ohmer, The University of Southwestern Louisiana; Clayton V. Aucoin, 
Clemson University; Marion J. Cortez, The University of Southwestern Louisiana. 
Elementary Contemporary Mathematics. 392 pp. $7.50. Elementary Contem- 
porary Algebra. 238 pp. $6.50. 


William Prager, University of California, San Diego. Introduction to Basic FOR- 
TRAN Programming and Numerical Methods. 203 pp. Paper, $6.50. 


Walter Prenowitz and Meyer Jordan, Brooklyn College of The City University of 
New York. Basic Concepts of Geometry. 350 pp. $7.50. 


Hans Rademacher, New York University. Lectures on Elementary Number Theory. 
160 pp. $7.50. 


Shepley Ross, University of New Hampshire. Differential Equations. 594 pp. 
$10.50. 


Patrick Suppes, Stanford University, and Shirley Hill, University of Missouri. First 
Course in Mathematical Logic. 274 pp. $5.20. 


Angus E. Taylor, University of California, Los Angeles. General Theory of Func- 
tions and Integration. 437 pp. $12.50. 


H. F. Weinberger, University of Minnesota. A First Course in Partial Differential 
Equations. 446 pp. $12.50. 


Albert Wilansky, Lehigh University. Functional Analysis. 291 pp. $10.50. 


George E. Witter, Western Washington State College. Mathematics: The Study of 
Axiom Systems. 319 pp. $6.50. 


Blaisdell Publishing Company 


A Division of Ginn and Company 
275 Wyman Street, Waltham, Massachusetts 02154 


UNIVERSITY SERIES IN UNDERGRADUATE 
| MATHEMATICS 


| Edited by John L. Kelley and Paul R. Halmos 


| ALGEBRA: A MODERN INTRODUCTION 
s by John L. Kelley 1965 335 pp. $6.75 | 


# VECTOR CALCULUS AND DIFFERENTIAL EQUATIONS 
p by Albert G. Fadell 1965 312 pp. paperback $3.95 § 
f INTRODUCTION TO MATHEMATICAL LOGIC ; 
i by Elliott Mendelson 1964 300 pp. $7.25 § 
| PRECALCULUS MATHEMATICS : 
: by Herman Meyer 1964 365 pp. $7.50 § 


| UNIVERSITY SERIES IN HIGHER MATHEMATICS 


Edited by Marshall H. Stone 


THEORY OF FIELDS AND GALOIS THEORY | 
s by Nathan Jacobson 1964 323 pp. $9.75 I 


5 THE HAAR INTEGRAL ; 
f by Leopoldo Nachbin 1965 156 pp. $6.50 | 
| PRINCIPLES OF RANDOM WALK } 
by Frank Spitzer 1964 A406 pp. $12.50 | 
GROUP THEORY 
by Eugene Schenkman Just Published 304 pp. $9.50 § 
| INTRODUCTION TO COMPLEX ANALYSIS IN SEVERAL VARIABLES | 
f by Lars Hérmander Coming February 1966 about 185 pp. and $6.50 | 


| VAN NOSTRAND MATHEMATICAL STUDIES 
f A Paperback Series Edited by Paul R. Halmos and Frederick W. Gehring 
| #1 Halmos, LECTURES ON BOOLEAN ALGEBRAS 1963, 147 pp., $2.95 | 
#2 Agmon, LECTURES ON ELLIPTIC BOUNDARY VALUE PROBLEMS 
1965, 289 pp., $3.95 § 
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FLOW NETWORKS AND COMBINATORIAL 
OPERATIONS RESEARCH 


D. R. FULKERSON, RAND, Santa Monica, California 
PART I: FLOWS IN NETWORKS 


1. Maximal flow. A directed network (graph) G=[N; @| consists of a finite 
collection N of elements 1, 2, --+, together with a subset @ of the ordered 
pairs (7, 7) of distinct elements of N. The elements of WN will be called nodes; 
members of @ are arcs. Figure 1.1 shows a directed network having four nodes 
and six arcs (1, 2), (1, 3), (2, 3), (2, 4), (3, 2), and (3, 4). 


2 


3 
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Sometimes we shall also consider undtrected networks, for which the set @ con- 
sists of unordered pairs of nodes. For emphasis, these will then be termed Jinks. 

Suppose that each arc (2, 7) of a directed network has associated with it a 
nonnegative number c,;, the capacity of (1, 7), to be thought of as representing 
the maximal amount of some commodity that can arrive at j from 7 along (2, 7) 
per unit time in a steady-state situation. Then a natural question is: What is the 
maximal amount of commodity-flow from some node to another via the entire 
network? (For example, one might think of a network of city streets, the com- 
modity being cars, and ask for a maximal traffic flow from some point to 
another.) We may formulate the question mathematically as follows. Let 1 and 
n be the two nodes in question. A flow, of amount v, from 1 ton in G=[N; @| is 
a function x from @ to real numbers (a vector x having components «,; for(7,7) 
in @) that satisfies the linear equations and inequalities 


v,7 = 1, 

(1.1) > xi — >» Nig = {—-V, 1 = N, 
; ; 0, otherwise, 

(1.2) OS 43 S cy, (i, 7) in @. 


In (1.1) the sums are of course over those nodes for which x is defined. We call 
1 the source, n the sink. A maximal flow from source to sink is one that maximizes 
the variable v subject to (1.1), (1.2). 


115 
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Figure 1.2 shows a flow from source node i to sink node 6 of amount 7. In 


Figure 1.2, the first number of each pair beside an arc is the arc capacity, the 
second number the arc flow. 


14 


8,7 
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To state the fundamental theorem about maximal flow, we need one other 
notion, that of acut. A cut separating 1 and n is a partition of the nodes into two 
complementary sets, J and J, with 1 in J, say, and m in J. The capacity of the 
cut is then 
(1.3) » Cuz. 

tin TI 

jinJ 
(For instance, if [= (1, 3, 4} in Fig. 1.2, the cut has capacity c1g+c33-+C45 = 17.) 
A cut separating source and sink of minimum capacity is a minimal cut, relative 
to the given source and sink. 

Summing the equations (1.1) over z in the source-set J of a cut and using 
(1.2) shows that 


(1.4) v= Do (wy — a) S DD cy. 
t inl zinl 
jinJ jinJ 


In words, for an arbitrary flow and arbitrary cut, the net flow across the cut is 
the flow amount v, which is consequently bounded above by the cut capacity. 
Theorem 1.1 below asserts that equality holds in (1.4) for some flow and some 
cut, and hence the flow is maximal, the cut minimal [11]. 


THEOREM 1.1. For any network the maximal flow amount from source to sink 1s 
equal to the minimal cut capacity relative to the source and sink. 


Theorem 1.1 is a kind of combinatorial counterpart, for the special case of 
the maximal flow problem, of the duality theorem for linear programs, and can 
be deduced from it [5]. But the most revealing proof of Theorem 1.1 uses a 
simple “marking” or “labeling” process [12] for constructing a maximal flow, 
which also yields the following theorem. 


THEOREM 1.2. A flow x from source to sink 1s maximal tf and only tf there 1s no 
flow-augmenting path with respect to x. 
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Here we need to say what an x-augmenting path is. First of all, a path from 
one node to another is a sequence of distinct end-to-end arcs that starts at the 
first node and terminates at the second; arcs traversed with their direction in 
going along the path are forward arcs of the path, while arcs traversed against 
their direction are reverse arcs of the path. A path from source to sink is x- 
augmenting provided that x<c on forward arcs and x>0 on reverse arcs. For 
example, the path (1, 2), (2, 4), (5, 4), (5, 6) in Figure 1.2 is an augmenting 
path for the flow shown there. Figure 1.3 below indicates how such a path can 
be used to increase the amount of flow from source to sink. 


Taking the flow change ¢e along the path as large as possible in Figure 1.3, 
namely e=2, produces a maximal flow, since the cut [= {1, 2, 4}, J= {3, 5, 6} 
is then “saturated.” 


Fic. 1.4 


The labeling process of [12] is a systematic and efficient search, fanning out 
from the source, for a flow augmenting path. If none such exists, the process 
ends by locating a minimal cut. 

The following theorem, of special significance for combinatorial applica- 
tions, is also a consequence of the procedure sketched above for constructing 
maximal flow. 


THEOREM 1.3. If all arc capacities are integers, there is an integral maximal 


flow. 
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It is sometimes convenient to alter the constraints (1.2) of the maximal flow 
problem to 


(1.5) bis Siz S Cay. 


Here / is a given lower bound function satisfying 1c. The analogue of Theorem 
1.1 is then 


THEOREM 1.4. If there is a function x satisfying (1.1) and (1.5) for some num- 
ber v, then the maximum v subject to these constraints is equal to the minimum of 


(1.6) Dy (cis — Uys) 


tinl 

jinJ 
taken over all cuts I, J separating source and sink. On the other hand, the minimum 
vy is equal to the maximum of 
(1.7) d, (lig — 3) 


ainld 
jinJ 


taken over all cuts I, J separating source and sink. 


The question of the existence of such a flow x, together with another flow 
feasibility question, will be discussed in the next section. 


2. Feasibility theorems. The constraints of the maximal flow problem are of 
course always feasible, since x =0 satisfies (1.1), (1.2) with v=0. By changing the 
constraints in various ways, interesting feasibility questions arise. Here we shall 
consider two such, one involving supplies and demands at nodes, the other lower 
bounds on arc flows, as in (1.5). 

Let G=|WN; @| have capacity function c, and let S and T be disjoint subsets 
of NV. With each 7 in S associate a supply a;20, with each z in T a demand 6;20, 
and impose the constraints 


(2.1) >) (3 — #3) Sa, iin, 
; < —b,iinT, 
= Q, otherwise, 
(2.2) 0 < x; S cy, (i, 7) in @. 


Fic. 2.1 
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In words, the net flow out of 7 in S is bounded above by the supply a;, and the 
net flow into z in T is bounded below by the demand 0;. When are the supply- 
demand constraints (2.1), (2.2) feasible? 

This question is easily answered by applying Theorem 1.1 to an enlarged 
network. Extend G=|[N; @] to G*=[N*; @*] by adjoining a source 0 and sink 
n+1, together with source arcs (0, 7) for j in S, and sink arcs (4, +1) for 7 in T. 
(See Figure 2.1.) The capacity function c* on @* is defined by c,=a; for 7 in 
S, Cin41=5; for iin T, cy=c,; for (2, 7) in @. The constraints (2.1) and (2.2) are 
feasible if and only if the maximal flow amount from source to sink in the en- 
larged network is at least >); in 7 0;, that is, if and only if a maximal flow saturates 
all sink arcs. Hence we need only construct a maximal flow in order to check 
the feasibility of (2.1), (2.2). By pushing the analysis a little further, using 
Theorem 1.1, the following theorem emerges [21]. 


THEOREM 2.1. The supply-demand constraints (2.1), (2.2) are feasible tf and 
only tf, for each subset T’ of T, there 1s a flow x(T"’) that satisfies the aggregate de- 
mand >): in 1 b; without violating the supply limitations at nodes of S. 


Here satisfying the aggregate demand over 7’ means that the net flow into 
the set 7’ must be at least >); in 7 ;, without regard for the individual demands 
in 7’. The necessity of the condition is of course clear; sufficiency asserts the 
existence of a single flow x meeting all individual demands provided the flows 
x(T’) exist for all subsets T”’ of T. 

It should be noted that if the functions a, b, c of (2.1), (2.2) are integral 
valued, and if feasible flows exist, then there is an integral feasible flow. This 
follows from Theorem 1.3 and the conversion of (2.1), (2.2) to a maximal flow 
problem. A similar integrity statement holds for the situation of Theorem 1.4, 
and indeed, for all the flow problems to be discussed in any detail in this survey. 

We turn now to a consideration of lower bounds on arc flows, as in (1.5), 
and pose the resulting feasibility question in terms of circulations, 1.e., flows 
that are source-sink free, instead of flows from source to sink. (One can always 
add a “return-flow” arc from sink to source to convert to circulations.) Thus we 
are questioning the feasibility of the constraints 


(2.3) > (ty — x4) = 0, iin N, 
j 


(2.4) Liz S Miz S C53, (7, 7) in @. 
The following theorem answers the question [26]. Its proof can be made to rely 
on Theorem 1.1 [15]. 


THEOREM 2.2. The constraints (2.3), (2.4) are feasible 1f and only tf 


(2.5) » Cij = > bis 


sinZ sind 
ginJ gsinJd 


holds for all partitions I, J of N. 
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Again the necessity is clear, since (2.5) simply says there must be sufficient 
escape capacity from the set J to take care of the flow forced into J by the func- 
tion /. But sufficiency is not obvious. 

Other useful flow feasibility theorems have been deduced [19, 26]. In each 
case Theorem 1.1 can be used as the main tool in a proof. 


3. Minimal cost flows. One of the most practical problem areas involving 
network flows is that of constructing flows satisfying constraints of various kinds 
and minimizing cost. The standard linear programming transportation problem, 
which has an extensive literature, is in this category. 

We put the problem as follows. Each arc (2, 7) of a network G=[WN; @| has 
a capacity c;; and a cost a,;. It is desired to construct a flow x from source to 
sink of specified amount v that minimizes the total flow cost 


(3.1) Dy Uiksj 

(7,9) in 
over all flows that send v units from source to sink. In many applications one 
has supplies of a commodity at certain points in a transportation network, de- 
mands at others, and the objective is to satisfy the demands from the supplies 
at minimum cost. 

By treating v as a parameter, the method for constructing maximal flows can 
be used to construct minimal cost flows throughout the feasible range of v. Indeed, 
the solution procedure can be viewed as one of solving a sequence of maximal 
flow problems, each on a subnetwork of the original one [14]. Another, not essen- 
tially different, viewpoint is provided by the following theorem [1, 29]. 


THEOREM 3.1. Let x be a minimal cost flow from source to sink of amount v. 
Then the flow obtained from x by adding e>0 to the flow in forward arcs of a 
minimal cost x-augmenting path, and subtracting e from the flow in reverse arcs of 
this path, 1s a minimal cost flow of amount v+e. 


Here the cost of a path is the sum of arc costs over forward arcs minus the 
corresponding sum over reverse arcs, i.e., the cost of “sending an additional 
unit” via the path. 

Thus, if all arc costs a;; are nonnegative, for example, one can start with the 
zero flow and apply Theorem 3.1 to obtain minimal cost flows for increasing v. 
(The cost profile thereby generated is piecewise linear and convex.) All that is 
needed to make this an explicit algorithm is a method of searching for a minimal 
cost flow augmenting path. Various ways of doing this can be described. One 
such will be given in Part II, section 1. 

Another method [17] for constructing minimal cost flows poses the problem 
in circulation format, that is, (3.1) is to be minimized subject to (2.3), (2.4). 
This construction has a number of advantages, principally in terms of generality 
and flexibility. For instance, it may be started with any circulation; even (2.4) 
need not be satisfied initially. Also, no assumption about the cost function is 
required. 
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These methods produce integral flows in case the arc capacities (and lower 
bounds) are integers. Theoretical upper bounds on the computing task, ones 
that are quite good, are easily obtained in each case. This may be contrasted 
with the situation for general linear programs, where decent upper bounds on 
solution methods are unknown. 


4, Maximal dynamic flow. Suppose that each arc (7, 7) of a network G has 
not only a capacity, but a transit time ¢,;; as well, and that we are interested in 
determining the maximum amount of flow that can reach sink m from source 1 
in a specified number ¢ of time periods. This dynamic flow problem can always 
be treated as a static flow problem in a time-expanded version G; of G. For 
example, if the given network G is that of Figure 4.1 and if each arc of G has 
unit transit time, then G; is shown in Figure 4.2. (We have included “storage 
arcs” leading from a location to itself one unit of time later.) 


0) 2 3 
>o 
2 
2 > 8 
| e 4 i) 

3 - = 
3 4 __S,_ 

Fic. 4.1 Fic. 4.2 


Expanding the network in this way puts one back in the static case. More- 
Over, arc capacities and transit times can vary with time and this is still so. 
However, if each capacity and transit time is fixed over time, the problem can 
be solved in the smaller network G. Specifically, a maximal dynamic flow for ¢ 
periods can be generated from a static flow x in G of amount v that minimizes 
the linear form 


(4.1) Dd, tigtig — (E+ 1) 

(4,7) in @ 
over all flows in G from source 1 to sink m [14]. By adding the return-flow arc 
(n, 1) to G with cy, = ©, tz, = —(¢+1), the problem may be viewed as one of con- 
structing a circulation that minimizes the “cost” form (4.1). 


5. Multi-terminal maximal flow. Heretofore we have phrased statements in 
terms of directed networks. In this section we confine the discussion to un- 
directed flow networks, by which we merely mean the following. A link (i, 7) 
can carry flow in either direction and has the same flow capacity each way. Thus 
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one can think of an arc (i, 7) with capacity ci and an arc (j, 7) with capacity 
C;;=ci. The assumption of a symmetric capacity function c makes the results 
described in this section considerably simpler and more appealing than they 
would otherwise be. 

Instead of dealing with a single source and sink, we shift attention to all pairs 
of distinct nodes taken as terminals for flows. These flows are not to be thought 
of as occurring simultaneously. 

Let v;; denote the maximal flow amount from 7 to j. Thus the function v is 
symmetric, v;;=;;, and may be determined explicitly for an m-node network by 
solving n(n—1)/2 maximal flow problems. There is, however, a much simpler 
way of determining the function v, one that involves the solution of only n—1 
maximal flow problems; in addition, there is a simple condition in order that a 
symmetric function v be realizable as the maximal multiterminal flow function 
of some undirected network [22]. 


THEOREM 5.1. A symmetric, nonnegative function v 1s realizable by an un- 
directed network if and only tf v satisfies 


(5.1) Vij = Min (Vx, V5) 


for all triples 1, j, k. 


The necessity of the “triangle inequality” (5.1) follows easily from Theorem 
1.1. 

The condition (5.1) imposes severe limitations on the function v. For in- 
stance, among the three functional values appearing in (5.1), two must be equal 
and the third no smaller than their common value. It also follows that if the net- 
work has » nodes, v can take on at most »—1 numerically different functional 
values. It is not altogether surprising, therefore, that » can be determined by a 
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simpler process than solving all single-terminal maximal flow problems. This 
process systematically picks out precisely n—1 cuts in the network having the 
property that v,; is determined by the minimum one of these cuts separating 
i and j [22]. For example, in the network of Figure 5.1 the relevant cuts are those 
shown. Thus, for instance, since nodes 1 and 4 are separated by the three cuts 
(1/2, 3, 4, 5, 6), (1, 3/2, 4, 5, 6), (1, 2, 3, 5/4, 6) having capacities 8, 6, 6 respec- 
tively, then v14=min(8, 6, 6) =6. 


6. Other flow problems. The flow problems that have been discussed thus 
far all have the useful and pleasant feature that the assumption of integral data 
implies the existence of an integral solution. A number of flow problems that 
do not share this property have also been studied. Among these we mention 
flows in networks with gains [29], simultaneous multi-terminal flows [13], and 
problems involving optimal synthesis of flow networks that meet specified re- 
quirements [16, 22]. Methods of solution for such problems are, in general, more 
complicated than methods for those we have discussed. One rather surprising 
exception to this statement is the following synthesis problem. Suppose it is 
desired to construct an undirected network on a specified number of nodes so 
that v,;27,; for stipulated requirements 7,;, with the total sum of link capacities 
of the network minimal. A very simple combinatorial method of solution for this 
synthesis problem is given in [22]. 


PART II: COMBINATORIAL PROBLEMS 


1. Network potentials and shortest chains. Consider a directed network in 
which each arc (4, 7) has associated with it a positive number a;;, which may be 
thought of as the length of the arc, or the cost of traversing the arc. How does 
one determine a shortest chain from some node to another? Here we have used 
chain to mean a path containing only forward arcs, the length of the chain being 
obtained by adding its arc lengths. 

While this is a purely combinatorial problem, it may also be viewed as a 
flow problem simply by imposing a cost a4 per unit flow in (4, 7), taking all arc 
capacities infinite, and asking for a minimal cost flow of one unit from the first 
node to the second. An integral optimal flow corresponding to v=1 singles out 
a shortest chain. 

Many ways of locating shortest chains efficiently have been suggested. We 
describe one [10]. Like others, it simultaneously finds shortest chains from the 
first node to all others reachable by chains. 

In this method each node z will initially be assigned a number 7;. These node 
numbers, which we shall refer to as potentials, will then be revised in an iterative 
fashion. Let 1 be the first node. To start, take 71 =0, 7;= © forz#1. Then search 
the list of arcs for an arc (z, j) whose end potentials satisfy 


(1.1) Ti+ ij < T;. 


(Here 0 +a= 0.) If such an arc is found, change z; to 7/ =7;+4a.;, and search 
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again for an arc satisfying (1.1), using the new node potentials. Stop the process 
when the node potentials satisfy 


(1.2) Ti + Ay 2 1; 


for all arcs. 

It is not hard to show that the process terminates, and that when this hap- 
pens, the potential 7; is the length of a shortest chain from 1 to j. (Here 7;= © 
at termination means there is no chain from 1 to j.) A shortest chain from 1 to j 
can be found by tracing back from j to 1 along arcs satisfying (1.2) with equality 
(see Figure 1.1). 


Fic. 1.1 


Practical applications that require shortest chains are numerous. For in- 
stance, in making up a table of highway distances between cities, a shortest 
chain between each pair needs to be found. A less obvious application is the dis- 
crete version of the problem of determining the least time for an airplane to 
climb to a given altitude [2]. Some other applications will be discussed in fol- 
lowing sections. 

While we have assumed positive lengths for the method described above, 
this assumption can be weakened. Call a chain of arcs leading from a node to 
itself a directed cycle. Then it is enough to suppose that all directed cycle lengths 
are nonnegative. 

If directed cycle costs are nonnegative, the minimum cost flow problem of 
Part I, section 3, can be solved by repeatedly finding cheapest chains in suitable 
networks. Because of the assumption on the cost function a, we may start with 
the zero flow. Thus, using Theorem 3.1, it is enough to reduce the problem of 
finding a cheapest flow augmenting path with respect to a minimal cost flow x of 
amount v to that of finding a cheapest chain. Define a new network G’=[N;@’| 
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from the given one G=[N; @] and the flow » as follows. First note that we may 
assume %4j°%;;=0, since a,;+a;;20. Now put (2, 7) in @’ if either x,;<c,; or 
x3:>0 and define a’ by 


y= 


1.3) , { Qi VW xy3<¢; and 4«;; = 0, 
—a;; Wo x; > 0. 


Thus a chain from source to sink in the new network corresponds to an x- 
augmenting path in the old, and these have the same cost. Moreover, since x is 
a minimal cost flow, the function a’ satisfies the nonnegative directed cycle con- 
dition. Hence the method of this section can be used to construct minimal cost 
flows of successively larger amounts. 


2. Optimal chains in acyclic networks. If the network is acyclic (contains 
no directed cycles), the shortest chain method of the last section can be modified 
in such a way that, once a potential is assigned a node, it remains unchanged. 
One can begin by numbering the nodes so that if (z, 7) is an arc, then <j. Such 
a numbering can be obtained as follows. Since the network is acyclic, there are 
nodes having only outward-pointing arcs. Number these nodes 1, 2,---, &in 
any order. Next delete these nodes and all their arcs, search the new network 
for nodes having only outward-pointing arcs, and number these, starting with 
k-+-1. Repetition of this process leads to the desired kind of numbering (see 
Figure 2.1). 


Fic. 2.1 


If we wish to find shortest chains from node £ to all other nodes reachable 
from k by chains, the calculation is now trivial. Simply define mz, Tri, ° °° , Tn 
recursively by 


(7, = 0 


(2.1) 


i> min (1; + a3), g=k+1, cst yn. 
k<st<j 


Here the minimum is of course taken over 7 such that (4, 7) is an arc. 
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Longest chains in acyclic networks can be computed by replacing “min” by 
“max” in (2.1). 

The recursion (2.1), of dynamic programming type, can be applied in a 
number of problems. We shall discuss three such applications in the following 
sections. 


3. The knapsack problem. Suppose there are K objects, the 7-th object having 
weight w; and value v,, and that it is desired to find the most valuable subset of 
objects whose total weight does not exceed W. Thus we wish to maximize 


(3.1) > v; 
sin S 
over subsets SC f{1, 2,°°°, K} such that 
sin S 
We take wi, we, ---, wx, W to be positive integers. 


This combinatorial problem, commonly referred to as the knapsack problem, 
can be viewed as one of finding a longest chain in a suitable acyclic network. Let 
the network have nodes denoted by ordered pairs (2, w), «~=0, 1,---, K, 
w=0,1,---,W. Thenode (i, w) has two arcs leading into it, one from (¢—1, w), 
the other from (—1, w—w,), provided these exist. (See Figure 3.1.) The length 
of the first arc is zero; the other has length »;. In addition we put in a starting 
node and join it to all of the nodes (0, w) by arcs of length zero. Then chains 
from the starting node to (z, w) correspond to subsets of the first 7 objects whose 
total weight is at most w, the length of the chain being the value of the subset. 


4=W 


Fic. 3.1 


4. Equipment replacement. As equipment deteriorates with age, and im- 
proved equipment becomes available on the market, a time may be reached 
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when the purchase cost of new equipment is repaid by its potential future earn- 
ings. One is then faced with the problem of determining an optimal replacement 
policy [9]. 

For simplicity, consider a single machine and suppose that at the beginning 
of each of K periods of time it must be decided whether to keep the machine 
another period or purchase a new one. Let 7(z, ¢) denote the revenue obtainable 
during period z from a machine which starts the period at age ¢ (the function 7 
may reflect upkeep costs), and let c(z, ¢) denote the cost of replacing a machine 
of age ¢ with a new machine if the replacement occurs at the beginning of period 
1. Thus replacing a machine of age ¢ at period 7 gives a net return for the period 
of r(i, 0) —c(4, #). 

The acyclic network shown in Figure 4.1 indicates one formulation in terms 
of chains. Again nodes are points (7, f),7=0,1,---,K,t=0,1,---,T7. (Here 
T is some sufficiently large integer; if we start with a machine of age #, T=K-++# 
will do.) In general, two arcs, reflecting the possibilities of keeping or replacing, 
lead from (i, t), the “keep” arc going to (¢ +1, ¢+1), the “replace” arc to (¢-+1, 1). 
The first of these has length r(z, ¢), the second has length 7(z, 0) —c(t, t). We may 
also put in a sink node with arcs of length zero leading into it from the nodes 
(K, t), ¢=0,1,---, T. Then chains from (0, #) to the sink correspond to the 
various replacement policies starting with a machine of age t, the length of the 
chain being the total return from the policy. 


A simpler network for this problem is shown in Figure 4.2. In Figure 4.2 an 
arc’ (i, 7) corresponds to keeping the machine throughout periods 7,7+1,---, 
j—1iand replacing it at the start of period j, the associated length being the re- 
turn obtained from this action. Thus a longest chain from source 1 to sink K 
is to be found. 
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The examples of this section and the preceding section are typical discrete 
dynamic programming problems. Such problems can always be viewed as seek- 
ing optimal chains in appropriate acyclic networks. 


5. Project planning. One of the most popular combinatorial applications 
involving networks deals with the planning and scheduling of large, complicated 
projects [33]. Suppose that a project of some kind (the construction of a bridge, 
for example) is broken down into many individual jobs. Certain of these jobs 
will have to be finished before others can be started. We may depict the order 
relations among the jobs by means of an acyclic network whose arcs represent 
jobs. To take a simple case, suppose there are five jobs with the ordering: 1 pre- 
cedes 3; 1 and 2 precede 4; 1, 2, 3 and 4 precede 5. This may be pictured by the 
network shown in Figure 5.1. 


| 
1 3 
| | 5 
® | ene Binal 
| 
2 ! 4 
Fic. 5.1 


Notice that we have added a “dummy” job, the dotted arc of Figure 5.1, to 
maintain the proper order relations among the jobs. The use of dummies per- 
mits a network representation of this kind for any project (finite partially 
ordered set). 

Assuming that each job has a known duration time (dummies have zero 
duration time), that the only scheduling restriction is that all inward-pointing 
jobs at a node must be finished before any outward-pointing job can be started, 
it follows that the minimum time to complete the entire project is equal to the 
length of a longest chain of jobs. Hence the minimum project duration time can 
be calculated easily. 

Although a fixed time has been assumed for each job, it may be the case that 
by spending more money, a job can be expedited. The question then arises: 
Which jobs should money be spent on and how much, in order that the project 
be finished by a given date at minimum cost? If the time-cost relation for each 
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job is linear, this problem can be shown to be a minimal cost flow problem of 
the kind described in Part I, section 3 [18, 33]. 


6. Minimal chain coverings of acyclic networks. The following question con- 
cerning acyclic networks has both theoretical and practical interest: What is the 
minimum number of chains required to cover a given subset of arcs? We first 
show how flows may be used to answer this question, and then give a practical 
interpretation. 

Let the subset of arcs be denoted by @’. To rephrase the question, we seek 
the minimum number of chains in the acyclic network G such that every arc 
of @’ belongs to at least one of these chains. Theorems 1.3 and 1.4 can be used 
to provide an answer to the question, as sources in G take all nodes with only 
outward-pointing arcs; as sinks take all nodes with only inward-pointing arcs. 
Now place a lower bound of 1 on flow in arcs of @’, 0 on arcs not in @’, and take 
all arc capacities infinite. Then an integral flow through G of amount v picks 
out v chains in G that cover all arcs of @’, and the second half of Theorem 1.4 
implies 


THEOREM 5.1. The minimum number of chains in an acyclic network needed 
to cover a subset of arcs is equal to the maximum number of arcs of the subset having 
the property that no two belong to any chain. 


Theorem 5.1 is a generalization of a known result on chain decompositions 
of partially ordered sets [8]. 

A practical instance of this situation arises if we think of an airline, say, at- 
tempting to meet a fixed flight schedule with the minimum number of planes, all 
of the same type [4]. Let the individual flights be numbered 1, 2, - - - , 2. Start 
and finish times s;<f; are known for each flight, and the times ¢,; to return from 
the destination of the 7th flight to the origin of the jth flight are also known. The 
flights can be partially ordered by saying that 7 precedes j if f;+t:;Ss;, and the 
resulting partially ordered set represented by an acyclic network (as in the pre- 
ceding section). A chain in the network represents a possible assignment of 
flights to one aircraft. The problem then is to cover the nondummy arcs (those 
corresponding to actual flights) with the minimum number of chains. Theorem 
5.1 asserts that this number is equal to the maximum number of flights, no two 
of which can be accomplished by a single plane. 

Problems of this nature become considerably more complicated if the as- 
sumption of a fixed schedule is dropped. For instance, suppose the times 5;, f; 
are at our disposal subject to the restriction that f;—s;=t,;, with the duration 
times ¢; known, as well as the reassignment times #;;. The problem might then 
be to arrange a schedule completing all flights by a given time and requiring the 
minimum number of planes, or to finish all flights at the earliest possible time 
with a fixed number of planes. For such scheduling problems there is very little 
known in the way of general theoretical results or good computational pro- 
cedures. However, some special results have been deduced [27, 31]. 
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7. Assignment problems. The following is typical of an important and well- 
known class of combinatorial problems having network flow formulations. Sup- 
pose there are m men and 7 jobs, and that it is known whether or not man 7 is 
qualified to fill job j, 2=1,2,--+,m,j=1,2,---,7. When is it possible to fill 
all jobs with qualified men and how does one determine such an assignment? 

Using Theorem 1.3, the problem may be phrased in terms of flows. Corre- 
sponding to man z take a source node ?, to job j a sink node j, and direct an arc 
from 2 to 7 if man 7 is qualified for job j. (See Figure 7.1.) Impose a demand of 1 
unit at each sink and let each source have a supply of 1 unit. All arc capacities 
may be taken infinite. The problem of assigning men to jobs thus becomes that 
of constructing a flow (integral, of course) meeting the demands from the sup- 
plies. 


1 1 
2 2 
3 3 
4 4 
5 5 
6 


Fic. 7.1 


Combinatorial interpretations of Theorems 1.1 and 2.1 for this situation lead 
in the first instance to a well-known theorem about maximum matchings and 
minimum covers in bipartite networks [35], and in the second instance to an 
equally well-known, and equivalent, theorem concerning systems of distinct 
representatives for subsets of a given set [24]. 

A more general assignment problem, usually referred to as that of optimal 
assignment [36, 42], assumes that man 7 in job 7 is worth a,; units, and the total 
worth of an assignment is given by the sum of the numbers a,; taken over the 
individual man-job matchings in the assignment. The problem then is to con- 
struct an assignment of maximal worth. By taking the cost per unit of flow in 
arc (i, 7) to be —a,;, the optimal assignment problem is seen to be a special case 
of the minimal cost flow problem. 

More complicated personnel assignment models have been formulated in 
terms of flow networks. For instance, one which involves the recruiting, train- 
ing, and retraining of military personnel to meet stipulated requirements in 
various job specialties over time has been treated in this way [23]. 

Applications of the optimal assignment model to other kinds of problems 
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are very numerous. We mention one which involves the optimal depletion of in- 
ventory [7]. Suppose a stockpile consists of m items of the same kind, and that 
the age t; of item zis known. Also known is a function u(¢) giving the utility for 
an item of age ¢ when withdrawn from the stockpile, together with a schedule of 
demands specifying the times at which items will be required. The problem is 
to determine that order of item issue which maximizes the total utility while 
meeting the demand schedule. (For a concrete example, suppose one has m 
bottles of wine in his cellar, the ages of each being known, and consumes one 
bottle of wine weekly. The utility function for wine might appear as in Figure 
7.2.) The utility of item 7 issued at time j is given by u,;=u(t;+j), and hence the 
problem is to find an assignment of items to times which is optimal in terms of 
the U ij. 


4 
Fic. 7.2 


If the utility function is convex, there is a simple rule for solving the prob- 
lem: Issue the youngest item first, then the next youngest, and so on. This 
policy, sometimes called LIFO (last in first out), may be shown optimal here 
by a simple interchange argument. Similarly, if the utility function is concave, 
the reverse rule FIFO (first in first out) solves the problem. In general, however, 
no such simple rule works and an optimal assignment needs to be computed. 


8. Production and inventory planning. Problems involving dynamic produc- 
tion and inventory programs for a single type item have received considerable 
study. A very simple deterministic problem in this category is the following. 
Suppose there are ” periods of time with known period demands hi, bz, +++, On 
for the item, that the unit cost of production in period 7 is p;, and the unit cost 
of storage from period 7 to 7+1 is s; What pattern of production and storage 
meets the demands at minimum cost? 

The network shown in Figure 8.1 assumes that production in period 7 can 
be used to satisfy demand in period 7. The ith “production” arc (source arc) has 
infinite capacity and cost p;; the ith “storage” arc has infinite capacity and cost 
s;; the ith “demand” arc (sink arc) has capacity b; and zero cost. The problem 
then is to determine a flow of amount v= >_; }; from source to sink that min- 
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imizes cost. Clearly production and storage capacities may be introduced if de- 
sired. But if these are left infinite, there is a very simple rule for solving the 
problem. For the ith demand, compare the chain costs 


Pit sities se + Sin 
pot Soto ss + Se 


pi 


and take the smallest of these. Then send b; units of flow along the correspond- 
ing chain. An almost equally simple rule works in case each period’s production 
cost is convex in the number of items produced [30]. 

If it is assumed that demands do not have to be satisfied, but that unful- 
filled demand in period 7 results in a penalty cost c; per unit, we may place a flow 
cost —c; on the 7th sink arc and solve the minimal cost flow problem parametri- 
cally in the flow amount 9, selecting that v which gives the least cost. 


9, Optimal capacity scheduling. The model of this section, proposed and 
studied in [41], is a rather general one which can be shown to include several 
of those previously discussed here. One version of the model is described in 
[41] as follows: “A decision maker must contract for warehousing capacity over 
n time periods, the minimal capacity requirement for each period being de- 
terministically specified. His economic problem arises because savings may pos- 
sibly accrue by his undertaking long-term leasing or contracting at favorable 
periods of time, even though such commitments may necessitate leaving some 
of the capacity idle during several periods.” 

To put the problem mathematically, let d; be the minimal capacity demand 
in period 2. Let x4;,1<7, be the number of units of capacity acquired at the begin- 
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ning of period 7, available for possible use during periods7,i+1,---,j—1, and 
relinquished at the beginning of period j, and let a,; be the associated unit cost. 
Then the problem is to find x,;;20 that minimize 


n ntl 
(9.1) > » Dighig 
t=a1 josi+1 
subject to the constraints 
k ntl 
(9.2) > do wy; = dh, k=1,2,---,n. 
im1 jok41 


To see that the constraints (9.2) describe flows, first rewrite (9.2) as 


k ntl 


(9.3) a ti =a =z. 


t=1 j=k+1 


Next successively subtract the (k—1)-st equation from the kth, k=n, n—1, 
+++, 2, to obtain an equivalent system of constraints. The result is 


Dy ii — 1 = dh, 


ju2 
Ce _ 
(9.4) Di — DO tet Ha m= a — day k=, + GN, 
fok41 i=l 
nl ‘ 
—~> Xin + Y = — dn, 
q==1 


subject to which the linear form (9.1) is to be minimized. 
The corresponding network is shown in Figure 9.1 below. 


Here x,; is the flow in (2, 7) and a,; is the cost per unit of flow; y; is the flow in 

(¢+1, 2), with aj;11,,=0. Nodes z for which d;—d,;_1>0 are sources with supplies 

d;—d,;-1; nodes 7 for which d;—d;1 <0 are sinks with demands — (d;—d,_1). 
Referring to Figure 4.2, Part II, and Figure 9.1 above, it is apparent that 
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the equipment replacement problem can be viewed as a special case of capacity 
scheduling by taking d;=1, all z. 

A number of other situations that can be interpreted in terms of capacity 
scheduling are described in [41]. Mentioned are models involving checkout and 
replacement of stochastically failing mechanisms; determination of economic 
lot sizes, product assortment, and batch queuing policies; labor-force planning; 
and multi-commodity warehousing decisions. 

One application (the dynamic economic lot size model [43]) deals with the 
problem described in section 8, where production costs now are concave func- 
tions of the number of items produced, and demands must be satisfied. Gener- 
ally speaking, concavity makes minimization problems difficult, but here it can 
be seen that it is uneconomical to both produce in a period and carry inventory 
into the period, and hence there is an optimal policy of the following kind. The 
total time interval is broken into subintervals, with enough production at the 
beginning of each of these to satisfy its aggregate demand. Thus finding an 
optimal policy can be formulated in terms of capacity scheduling by letting 
ai; be the total cost (including storage) associated with producing enough in 
period 7 to satisfy the demands for periods 7,7+1, ---+,j—1, and by taking all 
d;=1. In short, the problem has been reduced to one of finding a cheapest chain 
from source to sink in the network of Figure 9.1. 


10. Minimal spanning trees. A network combinatorial problem for which 
there is a particularly simple solution method is that of selecting a minimum 
spanning subtree from an undirected network each of whose links has a length 
or cost. We may illustrate this problem with the following example. Imagine a 
number x of cities on a map and suppose that the cost of installing a communica- 
tion link between cities 7 and 7 is a;;=a;;20. Each city must be connected, 
directly or indirectly, to all others, and this is to be done at minimum total cost. 
Clearly attention can be confined to trees (acyclic and connected networks of 
links), for if a connected network contains a cycle, removing one link of the 
cycle leaves the network connected and reduces cost. A minimal cost tree can be 
found easily as follows [37]. Select the cheapest link, then the next cheapest, and 
so on, being sure at each stage that no subset of the selected links forms a cycle. 
After 1 —1 selections, a cheapest tree has been constructed. 

For example, in the network of Figure 10.1, this procedure might lead to the 
minimal cost tree shown in heavy links. 

While it is not difficult to prove that this method solves the problem, it is 
nonetheless remarkable that being greedy at each stage works. There are few 
extremal combinatorial problems for which it does. 

There is an interesting relation between the minimal spanning tree problem 
and another, which sounds on the surface to be very different. Think of the net- 
work in Figure 10.1 as being a highway map, where the number recorded be- 
side each link is the maximum elevation encountered in traversing the link. 
Suppose someone who plans to drive from 7 to j dislikes high altitudes and hence 
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wants to find a path connecting 7 and 7 that minimizes the maximum altitude. 
This problem is related to the shortest chain problem in the sense that methods 
for solving the latter are easily modified to solve the former, and this is so in 
either the directed or undirected case [40]. But it is also true in the undirected 
case that the minimal spanning tree solves the problem, and for all pairs of 
cities. That is, the unique path in the minimal spanning tree joining a pair of 
cities minimizes the path height [28]. Here we have used “path height” to mean 
the maximum number on the path. 

There is also a min-max theorem concerning paths and cuts for this problem. 
Call the minimum link number in a cut the “cut height.” Then it may be verified 
that the minimum height of paths joining two nodes is equal to the maximum 
height of cuts separating the two. 


11. The traveling-salesman problem. Many problems that involve minimal 
connecting networks, and hence superficially resemble that of the last section, 
have no known simple solution procedures. For example, consider a network 
connecting a number of cities, with the length of each link being known, and 
imagine a traveling salesman who must start at some city, visit each of the others 
just once, and then return to the starting city. How does the salesman determine 
an itinerary that minimizes the total distance traveled? 

A cycle that passes through every node of a network just once is usually 
called a Hamiltonian cycle. For brevity, we refer to it as a tour. Thus the prob- 
lem asks for a shortest tour. (Of course the given network may contain no tour, 
but the existence question can be subsumed by considering all possible links 
present, those not corresponding to original ones having very large lengths.) 

Nota great deal is known, either theoretically or computationally, about this 
problem, except that it is hard. On the theoretical side, for instance, there seem 
to be no simple conditions that are necessary and sufficient for a given network 
to contain a tour. On the computational side, while many methods for deter- 
mining a shortest tour have been proposed, it is safe to assert that no one of 
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these would guarantee that a problem involving 100 cities, say, could be solved 
in a reasonable length of time. 


12. Minimal k-connected networks. In considering the synthesis of reliable 
communication networks with respect to link failure, the following question 
may be raised. Suppose given the complete, undirected network G on 1 nodes, 
where again each link of G has an associated number, the cost of installing a 
communication link between its end-nodes. For each k=1, 2,---,n—1, finda 
minimal cost k-link-connected spanning subnetwork of G [20]. Here a k-link- 
connected network is one in which at least & links must be suppressed in order to 
disconnect the network. Another way of characterizing this property is to say 
that every pair of nodes is joined by at least k link-disjoint paths. Thus k might 
be thought of as the “reliability level” of the communication network, and the 
practical problem is to minimize cost while achieving a stipulated reliability 
level. 

For k=1, the problem is that of section 10, and hence is readily solved. For 
k=2 and all link costs 1 or ©, the problem becomes that of determining whether 
a given network (the subnetwork of unit cost links) contains a tour, and is thus 
already difficult. But if all link costs are equal, the answer is known. Here the 
problem is to determine the minimum number of links required in a k-link- 
connected network on u nodes. For k =2, there is an obvious lower bound on the 
number needed, namely kn/2 (for even kn) or kn+1/2 (for odd kn). These 
bounds can always be achieved. 


This research was sponsored by the United States Air Force under Project RAND—Contract 
No. AF49 (638)-700. 
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QUADRATIC CONGRUENCES WITH AN ODD 
NUMBER OF SUMMANDS 


ECKFORD COHEN, University of Tennessee 


1. Introduction. It is well known [6, Chapters 6-11] that the formulas for 
the number of representations of an integer as a sum of an odd number of 
squares are, in general, more complicated than in the case of an even number. 
While this principle remains valid when the representations are taken with 
respect to a modulus, there are several important special cases of quadratic 
congruences with an odd number of unknowns for which the number of solutions 
is expressible by a quite simple formula. It is the purpose of this paper to exhibit 
some of these cases. 


Let 2 be an integer and ra positive integer. Also, let a1, - + + , dam41 be integers 
prime to 7 for m20, and with s=2m-+1, place 
(1) a = (—1)"a1--° Gs, (a, 7) = 1. 


Denote by Bn(n, r) the number of distinct solutions (mod 1) of the congruence, 


2 2 
(2) N= AyX, + ++ + Comi¥omtr (mod r), 


the a; being subject to the condition in (1). We shall use Q to represent the set 
of square-free integers and g(m) the characteristic function of Q, defined by 
qg(n) =1 if nCO and 0 if EQ. The Jacobi symbol (mod 1r) will be denoted y,(z). 

A particularly simple formula for B,,(m, r) occurs when r is odd and n is 
relatively prime to 7. In fact, we have the following elegant formula due, at 
least in an implicit form, to Minkowski: 


a(@) 


(3) Bn(n, r) = 7" >) alan) me (n, 7) = 1, r odd. 


d|r 
For an account of Minkowski’s work on quadratic congruences, we refer to 
Bachmann [1, Chapter 7] and in particular to Sections 2 and 7 of that reference. 
Regarding the case s=1 of (3), in an equivalent form, we mention Landau |7, 
Theorems 71 and 87]. The history of the earlier development of the theory of 
quadratic congruences may be found in Dickson [6, Chapter 10]. 
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The present paper is motivated by a belief that results such as the one con- 
tained in (3) should be more widely known. Although it is mainly expository, 
being based on an earlier paper [3], some of the details of proof are simplified 
by virtue of the special cases under consideration. In addition, several of the 
results of [3] are stated here in a simpler or more instructive form. We draw 
particular attention to the statement of Corollary 6 and its reformulation in 
Theorem 2 of Section 5. 

As in [3], we use a method based on elementary properties of Gaussian sums 
and related sums. Preliminary material is collected in Section 2, the main re- 
sults are proved in Section 3, special cases are discussed in Section 4, and a con- 
nection with totients is established in Section 5. 


Z. Preliminaries. We need some terminology and some further notation. A 
divisor d of r will be called unitary if d is relatively prime to the conjugate divisor 
r/d. The set of those integers which have no unitary square divisor other than 1 
will be denoted by Q*. The set Q* is the “unitary” analogue of Q and consists 
of those integers whose canonical prime-power exponents are all odd (1, 2, 3, 5, 
6, 7, 8, 10, 13, 15, - - -). The core y(r) of r is the maximal divisor of r contained 
in Q; the maximal unitary divisor of r contained in Q is denoted y*(r). Finally, 
(1, r)x will denote the largest unitary divisor of r which divides n, while (n,7r) 
represents, as usual, the greatest common divisor of » and +. 

The Kluyver function x(n, r) may be defined by the implicit relation, 


r if r|n, 


(4) (mn, d) = n(n, r) a 


dir 
The function x(m, 7) is periodic (mod r) and has the trigonometric representa- 


tion, 


(5) k(n, 7) = c(n,r)= DL enn, n), 


(z,r)=1 


where e(a, r) =exp(27ia/r), the summation ranging over a reduced residue sys- 
tem (mod 7). The sum c(n, r) is the familiar Ramanujan sum. Letting (r) de- 
note the Euler totient and u(r) the Mobius function, we recall that 


(6) u(r) = c(1, r); o(r) = c(0, r); u(r) = q(r). 


For the explicit arithmetical representation of x(n, r) and a further discussion, 
we mention [4]; for our purposes it will suffice to have only the additional 
special result, 


(7) k(n, 7°) = ru(r) if (m, 7) = y(7). 


REMARK. In the rest of the paper r will be assumed odd. 
The Gauss sum G(n, r) is defined by 


(8) G(n,r) = 2) ena, r), 


2(mod r) 
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and the associated sum G*(n, 7) by 


(9) G*(n,r) = 2) ve(x)e(me, 1). 
(z,r)=1 
We note that y,(m) =0 if (”, r) 41, that y1(m) =1 for all n, and that y(n) =1 if 
y is a square and (n, r) =1. 
The following elementary properties of G(n, r) will be needed (cf. [3, Section 2] 
and Walfisz [8, Section 1]): 


(10) G(n,7r) = v¥,(n)G(, 7) if (mr) = 1, 
(11) G(nr’, rr’) = r'G(n, 1), 
(12) G?(1, r) = ¥,(—1)r, G(1, r?) = r. 


We shall also require the following special formulas for G*(n, r). Let M de- 
note the set of integral squares. 

Lemna 1. If y(r) |n, (n, r)/(n, r)x ts in O*, and r1| rv, then 
cin, 1) if neEM, 
0 otherwise. 


ein =f 


Lemma 2. If (n, r)|y*(r), then 


G(n,r) tf r&Q, (nr) = 1, 
ortn, y) = SOQ FEO (2) 
Lo otherwise. 
These results are special cases of a general relation for G*(n, 7) proved in 
[3, Theorem 3]. We remark that in [3], G(n, r) and G*(n, r) are designated 
S(n, r) and J(n, r), respectively. 


3. The principal results. We now prove our main theorem. Recalling our 
previous notation and the Remark of Section 2, we have 


THEOREM 1. If y(r) | nand (n,7r)/(n, 7)x ts contained in Q*, then 


(13) Bn(n, 1) = 7" d) ———— ai “ 
air 

if (n, r)|-y*(r), then 

(14) Bln, tr) = 7°" >) Yalan) — “ d 


d\r 


Proof. Our proof is based on the fact that B,,(n, r) is a periodic function of x 
with period r and hence has a finite Fourier expansion. In particular, by 
[1, Section 5], we may write 


(15) B,(n,r) = D2 a,(z)e(zn, 1), 


a(mod r) 
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where 


a, (2) = (1/r) > e(—2u, r) Bn(u, 1) 


(mod r) 
2 2 
= (1/r) » e(—2(ai%1 +-+-+4%,).7), 
wj(mod r), Isige 


so that by the definition of G, 


(16) a,(z) = (1/r) TI G(—ai8, 1). 


ga] 


In the summation (15), each zg (mod 7) has a unique representation of the form 
z=xr/d, x (mod d), (x, d) =1, d| r. With such a representation, (16) becomes, on 
the basis of (10) and (11) and the oddness of s, 


a,(z) = (1/r)(r/d)*ba(— xa, - + + a,)G*(1, 2), 
and hence by (15), ) 
Bn (n, 7) = re > Wa(— dy + - * ) (=*) G*(n, d). 
d(r 


Application of (121) leads then to 


(17) Bn(n, 7) = r°— >) Wa(—a) G(L, DEN, 2) , 


dir qmti 


This result holds for arbitrary x. We now specialize to the cases of the theorem. 
In the first case, with (n, 7)/(n, 7)x assumed to be in Q* and y(r) to divide u, 
we have by Lemma 1 and (17), 


Ba(a,)y=rre SE EE OAH A 


dir, deM qmtt 
and hence by (12), in this case, 
c(n, d? 
Bn(n, r) = pet mane ; d 
d'\r q2mtl 


The first part of the theorem results now by (5). 
In the second case, in which (, 7) is assumed to be a factor of y*(r), we 
have by (17), Lemma 2, and (10), 


— 2 


Br(n,r) =r? hala) 


d\|r,d€Q, (d,n)x1 


and therefore by (121), 


Bn(n,r) =r! 2) alan) . 


d|r,(d,n)=1 
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The relative primality condition is superfluous and hence (14) is proved. 


4, Special cases. It is noted that the condition of the second case of the 
theorem is satisfied if (7, r) =1; hence the result stated in the Introduction. The 
condition of (14) is also satisfied for a square-free modulus r: 


Coroxiary 1. If rEQ, then for all n, Bn(n, 7) =17?" doa), Walan)/d”. 

If r|, the latter sum is 0 unless d=1; thus 

CoroLuary 2. If rE Q and n=0 (mod 7), then By(n, 7) =r2™. 

It is also of interest to record the case s=1 of (14). 

Corotiary 3 (m=0). If (n, 1) | y*(r), then 

Bo(n, 1) = 2. Wa(on)u?(d). 

The first case of the theorem arises when r| n. In this case (13) yields, by 
virtue of (5), (6), and the fact that d(r?) =rd(r), 

Coro.uary 4. If n=0 (mod 1), then Bn(n, 7) =72" >> 21, 6(d) /d™. 

As for the case s=1, we have 

CoRoLLary 5 (m=0). If n=0 (mod 1), then Bo(n, r) = 021, O(a). 


The condition of the first case of the theorem is also satisfied when y(r)||n. 
More generally, by (7) and (13) it follows that 


CoROLLARY 6. If (n, 7) =y(r), then 


Buln, r) — 72m >» u@) . 


lp q2™ 
Note that Corollary 2 is a consequence of either Corollary 4 or 6. 


5. A connection with totient functions. In case m=0, Corollary 6 reduces to 
the familiar relation, 


(18) g(r) = 27 u(d). 


dtp 


We use this formula in establishing a combinatorial evaluation of B,(n, r) in 
the case of Corollary 6. 

Let us define ¢,(r) for arbitrary positive integers ¢ to be the number of f- 
tuples of integers bi, - - - , b:, distinct (mod 7), such that the greatest common 
divisor (b1, - +: , 4, 7) of bi, - > + , bg and 7 is contained in Q. 

We now prove 


THEOREM 2. If (n, r) =¥(r), then for s>1, 
(19) Br(n, 1) = r™bn(r). 
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Proof. By Corollary 6 of Section 4, 
Bun, 1) _ 


= Due/ayn = > aa ( 3 t) 


vm d* Ir a? tr 


~ X aa) ( > 1) = >> = u(d). 


a? |r b; (mod r),d"|b;,1lstsm b(mod r),lsism 7}b,,47 Ir 


z, (mod r/d’) slsigm 


Therefore by (18), 


Bal) by es bm )) = > 1, 


r bj(mod r),lsism (b1,++ + Bm) EQ,by (mod 1) 
which is dn(r). Place $(r) =¢1(r). 
COROLLARY (m=1). If (n, r) =y(r), then Bi(n, r) =1rd(r). 
For an application of the function ¢(r), we mention Cohen and Robinson [5]. 


The author is indebted to the National Science Foundation for its support in the completion 
of this paper. 
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ON SOME SUMS AND INTEGRALS INVOLVING 
BESSEL FUNCTIONS 


ELDON HANSEN, Lockheed, Missiles and Space Div. 


Introduction. In problem 5099 of this Montuiy, Mitrinovic [1] posed 
the problem of summing the series 


(1) p> (2h + p)Julx)Trra(2), 


when # is an even integer. The case p an odd integer is known (see the editorial 
comment on page 449 of [2]). 
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In this paper we consider the more general sum 


n 


(2) Sil P, J, @, X,Y, n) = > Ra” I n13(4)J arn(y), 


kewl 


where ” may be finite or infinite and where m is a nonnegative integer. The 
parameters p, qg, x, y, and a are, in general, arbitrary real or complex numbers. 
For simplicity, we shall assume x, y and a are nonzero. 

We shall evaluate the sum in equation (2) and some similar sums in three 
particular cases. We conclude by evaluating certain integrals involving Bessel 
functions which have been expressed in terms of these sums. 

To conserve space, we shall write only as many of the (leading) arguments of 
Sm as are required for clarity. Arguments not shown will be assumed to be the 
same as in equation (2). 

Our main results will be derived using only the recursion relation 


(3) 2rJ (2) = 2lJryi(2) + Jralz)] 
and hence hold equally well for other functions satisfying this relation. 


Some basic relations. Using equation (3) with r=k+4, 


Sin + PSm—1 = Dy blak + p)Jorn(*) Tarn (y) 


(4) = 5D Peon) + Jona) eral) 
= = [Swap + 1) + Sea? — 1)] 

Similarly, 

(5) Sm + Sm-1 = = [Smal?, @ + 1) + Smalp, @ — 0). 


2 


Note that equation (4) or (5) relates S,, to corresponding sums with m replaced 
by m—1. Hence if we can find Sp or S; for appropriate values of » and g, we can 
recursively find S,, for any positive integer m. We now proceed to evaluate Sp 
or Si. 

From the defining equation (2), 


I 
M 


aS o(p, q + 1) 


aT (4) J oi nsi(y) 


(6) n+-1 


M 


OT py n—1(%) J ae (y) 


So(p _ 1, q) + A(p, g, a, x, 9, n), 
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where we have used the abbreviation 
(7) A (4, Gg, &, X,Y, n) = aT a in(X)S gingily) — aS y(%)J gaily). 


As in the case of S,,, we shall write only those arguments of A which are neces- 
sary for clarity. For later use, we rewrite equation (6) with p and g replaced by 
p+1 and q—1, respectively. Then 


(8) aSo(p + 1) = Solb,g — 1) + A+ 1,9 — 1). 


Using equations (4) and (5) with m=1, combined with equations (6) and (8), 
we have four equations in the six unknowns So, So(+1), So(p—1), Sol, g+1), 
So(’, g—1) and S,. For special values of some of the parameters #, g, a, x and y, 
we can isolate one of these six unknowns. These cases yield the following results 
which are easily verified: 


(4 1) paa)Jgu(t 2) 


kel 


So(P, q) + 1, uy + x) 


x 
(9) = 2q — p) [A(p, q) as 1, %, + x) 


FA(p+ti,qg—1,+1,%, +4] (p # q), 


Sop +1, p, a, #, ax) = 2) aT psesa(*)J px (ax) 


k==l 


1 
(10) = ; [aA(p + 1, p — 1, a, x, ax) 


a? — 


— A(p, p, a, %, ax)] (a? # 1), 


k=l 


(11) —[A(p, a + 1% £ 98/2) 
= TY »7, © 1,%, © gr 
Xp — @) P; q gx/p 


FA(p+i,g—1, 41,2, + gx/p)] (p ¥ q). 


The two equations expressed by (9) by using the upper or the lower signs are 
identical. This can be shown using the relation J,(e"™*z) =e™’"™*J,(z). The same 
is true of (11). But if some other function F,(z), satisfying equation (3), were 
used instead of J,(z), this may not be the case. Hence we have included both 
signs for completeness. For simplicity, however, we shall use only the upper 
signs in what follows. 

Now nc*J,1,(cx) 0 as n— © for arbitrary (but fixed) 7, x and c. Hence the 
terms of the sums in equations (9), (10) and (11) approach zero as ko. There- 
fore, also, each right hand member in equations (9), (10) and (11) is uniformly 
bounded for large ~. We thus conclude that each of these series converges as 
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n—o and we obtain, respectively, 


~ x 
(12) 2 J ps4 (%)J qte(%) = 29 — b) [Jori(x)J q(x) —_ IT p(%)J+1(x)], (p ~ q), 


(13) x OS pr p4 UX) J pyn (ax) = [Jp(%)J p+1(ax) _ aT p+1(%)F (ax) |, (a? ¥ 1), 


a* — I 


and 


(14) 2s RI nru(¥)J qru(qu/p) = ra) [Jrss(%)J q(qu/p) — Iy(%)Ja41(qu/p)I, 


(p ¥ q). 
Mixed cases. So far, we have used equations (4), (5), (6) and (8) only to 
solve for one of the sums So, So(p+1), So(o—1), Solo, g+1), So(v, g—1), or Si 


alone. If we solve for a combination of two or more of these sums, we can obtain 
results with less restriction on the parameters. For example, we can get 


= [= yk + Gt — 29) Very(®)Jrsals) 


k=1 
(15) xy 
with no restrictions on p, g, x or y. 


Other sums. Having considered Sn, it seems natural to consider the similar 
sums 


n 


(16) Timp, 9, 4, 9,2) = DY k*a"Tp1(%)Jaru(y) 
k=l 

and 

(17) UO nlp, Gg, @, %, Y; n) = » R™a*S p_4(%)Jq4(y). 
kel 


Let us first consider Tm. 
Corresponding to equations (4), (5) and (6) we obtain 


9 
(18) Tm = PTm1— > [Tm1(p + 1) + Tri — 1], 


(19) Tn = — qT na + = [Tn-1(b, q +1) + Tna(p, 9 — 1)], 
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and 

(20) aTo(p, 9 + 1) = Tol + 1) + B, 
where 

(21) BY, g, a, & y) = APT pn (¥)J ainsi) — AS p(%)Joti(9). 


Corresponding to equations (9), (10) and (11), we obtain from equations (18), 
(19) and (20), 


n 


To(?, q) 1, Xs — x) — (— 1)2 > (— 1)*F pa (%) J o+4(%) 


2) — - [Bip _ 1, q — 1, 1, ty x) 
2(p + 4) 
_ Bip, q) 1, vy x) | (q x p), 


Ti(p — 1, — p,@,%, — ax) = > aT p_41(%)Jx—p(— ax) 


k=1 


(23) — 1-@ [B(p, — p, a, %, — ax) 
— @ 

— aB(p — 1, —p-—I, a, x, — ax)| (a? 1), 

and 
Ti(p, 9, 1, &, gu/p) = RI pu (%) J a+n(q%/P) 
(24) k=1 
=" [B(p, q 1, 92/P) 
2p + 9) »Y, +) %y 


— Bip —1,q—1,1, 4, gx/p)| (q ~— Pp). 


To obtain equation (22), we used the fact that J,(—x) =(—1)'J,(x). 
Similarly, 


(25) Om = pUma — > [Un—1(p + 1) + Una(p — 1)], 

(26) Un = Una — [Una +1) + Uns 9— 1) 
and 

(27) Uld,qg+1) = eUi(g —1) + C, 

where 


(28) C(p, q, a, %, y) = AF p-1(2)Jaly) — aT 9 n-1(%)J q—n(y). 
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From equations (25), (26) and (27), 


Uoty, q) 1, %, x) — > J p—4(%) J q_n(%) 
k=1 


x 
(29) = C(p, , 1, x, x) 
2(q — p) CC 9 
—C(o+1,¢q—1, 1, x, x)| (q # p), 
Uilp — 1, p, a, 2, ax) = D2 ay 4-a(v)Jp-+(02) 
k=1 
30 
eo) = [aC(p, p, a, #, ax) 
1 — a 
_ C(p + 1, p — 1, a, %, ax) | (a? aad 1), 
and 
Ui(p, q, 1, @, gu/p) = DY RI pa(*)Jq+(qu/) 
k=1 
(31) gx 
= Cp, , 1, 4, x/p) 
Ca IC(p, q gu /p 
— C(p+1,q— 1,1, «, qx/p)| (q ¥ fp). 


Limiting cases. In equation (10), (13), (23) and (30) we had the restriction 
a?£1, This excluded case is, in each of these equations, a special case of the 
equation immediately preceding it. This is obvious for a=1. For a=—1, it 
follows easily by using J,(—z) =e?™*"J,(z). 

In other equations, we had the restriction )¥g or p+¥ —q. For each of these 
equations, we can obtain the excluded case. We illustrate this by considering 
equations (12) and (14). In equation (12), let gp and use L’Hospital’s rule. 
We get 


, aFaCt)  Tyxa(2) 
(32) owls)? = 5 | Foes(e Ty(e) | 
For Re(p) >0, we can rewrite this as 
2 di 1 
(3) X Ven @l = pf Vol = 5 Woe) 


which is given as equation (5), section 5.51 of [4]. It is known that the right 
members of (32) and (33) are equal. See equation (6), page 255 of [6]. 
If we let gq—>p in equation (14), the series becomes S;(p, p, 1, x, x, ©) which 
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can be obtained by substituting equation (32) and appropriate cases of equation 
(12) into equation (4) (with m=1). 


Known special cases. We have pointed out that a result equivalent to equa- 
tion (32) was known provided Re(p)>0. We now indicate other known special 
cases of equations derived above. 

Equation (20), section 7.15 of [3] is: 


0 sin rp 1 
(34) > Tip (4) Sx—p(%) = — — J(%)J—p(x). 

k=l 27 2 
This is the special case g=—p of equation (12) as can be shown using the 
relation 


Lar pJ p(x) J—p(%) + m2] J p(*)J 1-p(«) —_ J p+1(%)I_»(«)| = 2 sin rp. 


If we let p->0 in equation (34), we obtain the well-known result 


ioe) 


1 1 
(35) >, [Ju(x)]? = [Jo(x) ]?. 


o 2 2 
Equation (21), section 7.15 of [3] is: 


(86) Tp ale) cos bt = — Jagl 20 00s (/2)] = — LE 


k=1 


which is valid for Re(p) >0 and —7StSz. Letting t=7 yields 


% 1 
2 (—1)*Jp2(%)Jorn(%) = — 7 [Jn («)]?. 
This equation also follows from equation (22). 

The series S,(0, 0, 1, x, x) = Dori, k™[Jz(x) ]? are known for m even. They 
follow from equations (3), page 37 of [4] and are all polynomials in x. For m 
odd these series are apparently not known. They follow recursively however, 
by use of equations (4), (12) and (35). In these cases, they are not polynomials. 
For example, 


p> k[Ji(x)]? = > { [Fo(x) |? + [Fi(w)]?2} — > To(%)F1(x). 


Evaluation of certain integrals. Certain integrals involving Bessel functions 
have been evaluated in terms of some of the series discussed above. By summing 
these series, we have thus evaluated these integrals in more simple form. We 
give two illustrative results without derivation. They follow easily from previous 
equations. 

Using equation (33), page 982 of [5] and our equation (15) with p=1/4, 
g=3/4 and y= —x, we obtain 
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f J 1j4(t)J—1/4(t) cos 2(a@ — t)t1/2dt 
0 


ott SS (—1)K(2k + 1)Teaayal evil) 


k=0 


1 
wT 3 14(e)Jij4(e) — 7 03!21 Ty 4(%)I7p4(") + Ts y4(%)J374(x) |. 


Using equation (332), page 982 of [5], and our equation (15), we get 


{ T(t) J p-rp2(tledt = 42D" Toys (%) J ppe¢s2(x) 
0 


k=0 
= 2294) I pp12(%) +09! [ Toa (2) I p41)2(%) —So(#)J p4s/2(a) |. 


This holds for Re(p) > —1/2. 
For other similar cases, see [6]. 
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GENERALIZED INVERTIBLE SPACES 
DANG XUAN HONG, Peabody College and Vanderbilt University 


1. Introduction. Doyle and Hocking [2] define a topological space X to be 
invertible, provided for each nonempty open subset U of X, there exists a homeo- 
morphism f of X onto X such that h(X — U) CU. Several theorems in the liter- 
ature are of the following type: if there is a nonempty open set U of X such that 
U has property P, then X has property P. The purpose of this paper is to gen- 
eralize the notion of an invertible space and to extend to this more general set- 
ting many of the results in the literature. 

DEFINITION. A topological space X is a generalized, (generalized,) invertible 
space provided there exists a proper (for each) open subset U of X and there 1s (there 
exists) a homeomorphism h of X onto X such that for each xECX, h(x) ECU for 
some integer n(x). The pair (U, h) 1s called an inverting pair for X. 


Primarily we will confine our attention to generalized, invertible spaces. Each 
Euclidean space #” is a generalized, invertible space, although E* is not an 
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invertible space. In fact, Doyle and Hocking [3] have shown that the n-sphere 
is the only invertible m-manifold. In Section 2, we show that if (U, h) is an in- 
verting pair for X, and if U has certain properties, then X also has these prop- 
erties. However, U may have some properties (e.g. paracompactness, metriza- 
bility, etc.) which are not possessed by X, and in Section 3, we impose further 
restrictions on U so that some additional properties of U are carried over to X. 

The author wishes to thank Professor B. F. Bryant of Vanderbilt University 
for his encouragement and advice during the preparation of this paper. 


2. Throughout the remainder of the paper, we suppose that (U, h) is an 
inverting pair for X. This section is devoted to the proofs of the following theo- 
rems: 


If U has property P, then X has property P, where P 1s 


(1) To. (5) second countable. 
(2) Ty. (6) Lindeléf. 

(3) separable. (7) first category. 
(4) first countable. (8) Batre. 


Proofs. (1) Let x, yEX with xy. If x, yCU, then the conclusion holds. If 
xEU and yE&U, then U is the required open set. (2) Let x, yEX with «+. If 
x, y& U, then the conclusion holds. Next, suppose x€ U and y€ U. There exists 
n such that h"(y) CU; if h(x) CU, then there exists an open set W such that 
h"(y) EW and h(x) EW. Hence yEh-"(W) and x Eh-"(W), and the conclusion 
holds. Finally, suppose that x, yG.U, and h(x) CU. If h"(y) EU, we apply the 
first part of the proof; if k"(y) € U, we apply the second part of the proof. 

(3) If A is a countable dense subset of U, then 


B= {h"(a) | nm an integer, a © A} 


is a countable dense subset of X. 

(4) Let xEX and h*(x) ECU. If { U;} is a countable basis about h”(x), then 
{n-"(U;)} is a countable basis about x. 

(5) If { U;| 1 a positive integer } is a countable basis for U, then K = { hi( U;) li 
an integer and 7 a positive integer} is a countable basis for X. 

(6) Let {O.} be an open cover of X. For each integer n, {2"(0.) OU} is an 
open cover of U. Hence there exists a countable subcover 


{h"(On,) \ U| i = 1, 2,3,--> f. 


The collection { On; | nm an integer and 1=1, 2, 3,---> } is a countable subcover 
of the cover {Oz}. 

(7) If a set A is nowhere dense in U, then A (and hence h(A)) is nowhere 
dense in X. Hence, if U=U;{, A; where each A; is nowhere dense in U, then 
X =Uh"(A,) for m an integer and 1=1, 2, 3,- ++, and each h”(A,) is nowhere 
dense in X. Thus X is of the first category. 

(8) A topological space S is a Baire space if for each countable collection 
{0;}, where each O; is open and dense in S, M2, O; is dense in S [1]. We first 
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establish that if each point of X is contained in an open set which is a Baire 
space, then X is a Baire space. Let {O,;} be a countable collection of open sets, 
each of which is dense in X. Let xC X, and let V be an open Baire space con- 
taining x. Let W be an arbitrary open set containing x. Since each O; is dense 
in X, each O;,(\ V is dense in V. Since V is a Baire space, f;2., (O;7 V) is dense in 
V. Thus 


wa(No)owal vu (0:70 v)|= WAV] NON v) |x 


i=1 4=] 


= 


Therefore {\2, O; is dense in X, and hence X is a Baire space. Now for each 
xEX, h"(x)CU for some n; but U is a Baire space, and hence x€h-*(U) 
which is an open Baire space. The first part of the proof implies that X is a 
Baire space. 

REMARK. Let A= {a,|¢=1, 2, 3,---}, and let X={a, D}UA. We define 
each subset of A to be open, and if aE WCX (orbE€WCX), then W is open if 
and only if W contains all but a finite number of the members of A. Then 
(U, h) is an inverting pair for X, where U= {a} UA, and 


x ik x A, 
h(x) = ia if x= 8, 
[ if x= a. 
U is T2, T3, paracompact, and metrizable, but X is not T2, T3, paracompact, nor 


metrizable. Thus, in the next section we place further restrictions on U so that 
whenever U has the above properties, so does X. 


3. THEOREM 9. Suppose UCA, where A is closed. If A 1s T; (4=2, 3), then 
X 4s T; (i=2, 3). 


Proof. We only give the proof for 7=3. Let V be an open set containing x, 
and let h"(x) EU. Hence h(x) ECh"(V) VU CUCA; so there exists W (open in 
A and contained in U, and hence openin X) such that h"(x) EWCW Ch(V) QU 
(since A is closed, the closure of W relative to A is the closure of W in X). Thus 
xCh-"(W) Ch-™(h™(V) CU) CV, so X is Ts. 


THEOREM 10. Let X be an invertible space. If X contains a nonempty open set 
U such that U is T; 4=2, 3), then X is T; (4=2, 3). 
This theorem is due to Doyle and Hocking [2] for J; and to Levine [7 | for 73. 


THEOREM 11. Suppose UCA, where A 1s closed. Then A 1s paracompact tf 
and only if X 1s paracompact. 


Proof. One part of the theorem is the observation that a closed subset of a 
paracompact space is paracompact ([4], p. 78). Next, let {O.} be an open cover 
of X. With Kelley, we require a paracompact space to be 73. (We remind the 
reader that Kelley uses regular for what we have called 73). Thus A is 73, and 
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hence X is T3; by Theorem 9. We shall show that {Oa} has an open o-locally 
finite refinement which will establish that X is paracompact. For each n, 
| h" (Oa) (\A } is a relatively open cover of A. Thus there exists a relatively open 
locally finite refinement | W,,\A} where each Wg, is open in X. Thus for each 
fixed n, the collection | Ws,7U} is also locally finite relative to A and Ws,\U 
is open in X. Since A is closed, one can show that for each n, the family 
{A-™( Wa. U)} is locally finite relative to’ X. Also, for each £6, there exists a 
such that We (VU Ch"(Oa)(\A; hence 


h-"(W,, (\ U) C h-™(h"(On) C\ A) C Ow 


Therefore U | k-"(Ws,\U) | nm an integer} is a o-locally finite refinement of 
{Ow}, and hence X is paracompact. 

This proof is also valid if X is a generalized, invertible space provided X is 
T3. A similar statement holds concerning Theorem 12 below. 


CoroLuARY. Let X be an invertible space. If X contains a nonempty open set U 
such that U 1s paracompact, then X 1s paracompact. 


Proof. U is paracompact, and hence 73; thus X is T3 by Theorem 10. There- 
fore there exists a nonempty open set V such that VCVCU. But U is para- 
compact, so V is paracompact. Also there exists a homeomorphism h such that 
(V, kh) is an inverting pair for X. Hence, by the above theorem, X is paracom- 
pact. 


THEOREM 12. Suppose UCA, where A 1s closed. If A 1s metrizable, then X 1s 
metrizable. 


Proof. A is regular (i.e. Ty and 73), and hence X is regular by Theorems 2 
and 10. A regular space is metrizable if and only if it has a o-locally finite basis 
([6], p. 127). Hence, for each positive integer 7, there exists a collection | Ws, } 
which is locally finite relative to A such that each Wz, is open in X and 
U { W,,(\A|na positive integer } is a basis for A. Hence U{ Ws, U| 1 positive 
integer } is a basis for U, and for each n, the family {WoO U} is locally finite 
relative to A. Furthermore, the family 


U { h™(We, (\ U) | n @ positive integer and m an integer} 


is a basis for X. Since A is closed, one can show that for m and n fixed, the family 
{h(We,(\U)} is a locally finite family relative to X. Thus U{z™(Ws,QU)|n 
a positive integer and m an integer } is a o-locally finite basis for X, and hence 
X is metrizable. 


Coro.tiary. (Gray [5]) Let X be an invertible space. If X contains a non- 
empty open set U such that U 1s metrizable, then X 1s metrizable. 


Proof. U is metrizable, so U is 73; hence X is T3 by Theorem 10. Therefore 
there exists a nonempty open set V such that VCV CU, and hence V is metriza- 
ble. Also there exists a homeomorphism h such that (V, h) is an inverting pair 
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for X. Thus, by the above theorem, X is metrizable. 

If X is the integers, U a single point, and # the shift homeomorphism, then 
(U, h) is an inverting pair for X and U is compact, but X is not compact. How- 
ever, one has the following 


THEOREM 13. If UCA, where A 1s compact, and tf there exists N such that for 
each xEX, h™(x) EU for some n with | | <N, then X 1s compact. 


Proof. Let {O.} be an open cover of X. For each n, |n| <N, {h™(O.)AA} 
is an open cover of A; thus there 1s a finite subcover 


{h"(On,) C\ Ali = 1, 2,-++, In}. 
The family { On, | | | <N,t=1,2,---, I, is a finite cover of X. 


CoroLLaRy. (DoyLE AND Hockxine [2]) If an invertible space X contains a 
nonempty open set U whose closure U is compact, then X is compact. 
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ON THE NUMBER OF TOPOLOGIES ON A FINITE SET 
V. KRISHNAMURTHY, University of Illinois, Urbana 


1. Introduction. Let 7 be a finite positive integer. Let N= 1, 2,¢6 4, n} 
and H= { x8, 1EN I Let f(z) be the number of distinct topologies that can be 
defined on FE. Note that we shall not be taking homeomorphisms into account 
and so we shall be counting two homeomorphic topologies as distinct provided 
the open sets are not identical. So f(1) =1 and f(2) =4. Also, with some effort 
one can see that f(3) =29. But f(4), as far as we know, has not been computed. 
It is also clear that f(z) $22", but no sharper bound seems to have been known. 
In this paper we obtain easily a sharper bound for f(z), namely, 2"). We then 
pursue the argument and prove a theorem saying that f(m) is precisely the 
number of certain 1 Xn matrices of zeros and ones. The counting of these matri- 
ces seems to be well adapted to the methods of work on a computer. With the 
help of a computer it was then found by Mr. Elio Marzullo that f(4) =355. In 
the process of the counting and the listing of these matrices and therefore of 
these topologies, we hit upon the concept of an n-basic number. It is not clear, 
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at least to the author, what interesting properties these m-basic numbers have or 
can be expected to have. 


2. THEOREM. On the finite set E of n elements there are as many topologies (not 
taking homeomorphisms into account) as there are nXn matrices (a;;) of zeros and 
ones with a;;=1 for all 1 and with the following property: 

(*): For every ordered patr (R;, Rj) 4, 7=1, 2, +--+, 2) of rows of (a4;) and for 
every index k, a;;=1=ay, imphes aj,=1. 


3. Proof of the Theorem. First we note that the number of filters on the set E 
is 2"—1; for, each such filter is generated by one nonempty subset of E. We can 
therefore specify one such filter by specifying the basis, namely the set which 
generates it, thus: 3Cgs=the filter generated by SCE, which is the same as the 
class of all supersets of Sin E. If ris a topology on E£, then a family of 7-neighbor- 
hoods for xCE has to be a filter on E, containing x. So every family of neighbor- 
hoods of xCE is specified by a filter Hg :2) where S(x) is a certain subset of & 
containing x. Given «CE there are 2”—! possible choices for S(x). So there are 
2"-1 possible choices for a filter of neighborhoods of x. Hence the number of pos- 
sible choices for the neighborhood system of the whole space —& cannot be greater 
than 2*"—-), This number therefore is an upper bound for f(z). 

Not all these 2”“"-)) choices actually give rise tod ifferent topologies on E. 
Let Sg ,) be the filter generated by the set S(x;). This filter as well as its gen- 
erator S(x;) are uniquely specified by the row vector (dy, diz, - + + , @in) Where 
a,;=1 if x,ES(x,;) and a;;=0 if x; S(«,). So any choice of a possible basis of 
neighborhoods for.a topology 7 on E can now be described by x row vectors 
S(x;), EN and hence by the matrix (a;;) of zeros and ones, with all the elements 
in the leading diagonal being one. The 7th row of the matrix represents a subset 
of EZ which generates a filter of neighborhoods of x;. Hence, S(x;), being the 
intersection of all 7-neighborhoods of x;, has to be r-open. Thus the system 
S= 1S (x;),t€.N} and therefore the matrix (a,;) associated with S as above, give 
us 7-open sets. We claim that in order that such an S, together with the empty 
set be actually a basis of r-open sets it is necessary and sufficient that the matrix 
(a;;) has property (*). 

To see the necessity part of the assertion, reason as follows: a;;=1 simply 
states that 7;;=S(x;)S(%;) contains x,. If, in addition, a,,=1 but a;,=0 then 
the latter would mean that 7;; contains x; but not x, and thus there would be 
an open set containing x; but not x,. This cannot be; for, every open set con- 
taining x; has to contain S(«,), the generator of the filter of neighborhoods of x; 
and S(x;) contains x,;, in virtue of a,j, being 1. Thus (*) is satisfied. 

Conversely, to see that (*) suffices to make S’ =the class 1S ES, and @, 
the empty set} define a basis for 7, it is enough to prove that S’ has the property 
that if A and B belong to S’, then each point of AMS is contained in a set C 
belonging to S’ such that CC AMB. Our hypothesis (*) means that T;; is S(«;) 
whenever S(x;) contains x;. If S(«;) does not contain x;, then there are two cases: 
either S(x;) contains x; or not. In the former case, applying (*) to the ordered 
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pair (R;, R;) we see that Ti;=S(x;). In the latter case T;; 1s either empty or 
contains some other x,. Summing up these arguments, we see that T;; falls into 
one of these four categories. It is either S(x,) or S(x;) or empty or finally it con- 
tains some x, R41, 7. We have only to follow up this last possibility. 

Let T= Ti; CE\| xi, x; }. We shall show that, for every k for which x,€7, 
the S(x,) associated with the kth row of (a,;) is contained in T. For this, we 
exhibit the relevant elements from the 7th, jth, and kth rows as follows: 


ath row: 1 ai; Ait Ain 
ith row: Aji 1 Aix jp 
kth row: Ans an; 1 Op 


Observe that, in the above, a;;=0=a;:, since x; and x; are not in T. Also 
Qi,=1=a,,, since x,€T. In order to prove our assertion we have only to show 
that whenever there is an index r(+k) EN such that x,€T, then a;,=0. Now 
x, T means that x, does not belong to at least one of S(x,) or S(x;). Let us take 
,,S(«;). The other possibility can be similarly handled. Write r=p. Thus 
A) =0. Now if az)=1, then, applying (*) to the ordered pair (Ri, Ri), we see that 
Ain =1=Azy ives A:)7=1 which is not true. Hence dy,y has to be zero. Thus we 
have proved that, for every rk, x»€T implies a;,=0. In particular, of course, 
A4i= 0 =a;;. This completes the proof that for every x, T=T;;, T contains the 
set S(xz) belonging to 9’. 

The above completes the justification of the claim that S’ is a basis of r-open 
sets for E if and only if the matrix (a;,;) associated with S has property (%*). 
Thus with each topology on E we can associate a unique matrix (a;;) with prop- 
erty (*) and with each such matrix we can associate a “valid” topology on E£. 
From the fact that this association makes S’ a basis of open sets it is also clear 
that two different matrices with property (*) lead to two distinct (not necessar- 
ily nonhomeomorphic) topologies on E. The theorem therefore stands proved. 


4. In counting the matrices with property (*) we proceed as follows: First 
delete the main diagonal, which is just an m-string of ones. We then have n 
rows of (x —1)-vectors, each entry in these vectors being zero or one. Write these 
n rows of zeros and ones in succession as if it were a single number written in 
binary scale. In this form it represents an integer less than 2"-)). Each of these 
numbers corresponds in a 1-1 manner to a “valid” topology on E. So we make 
the following 


DEFINITION. An n-basic number is a positive integer not greater than 2" %—)), 
which leads to a matrix of zeros and ones, having ones in all the entries of the leading 
diagonal, and which possesses property (*), provided the following operations are 
performed on the number: 

(a) Express the number in binary scale. 

(b) Add enough zeros to the left to bring the total number of digits to n(n—1). 

(c) Break this binary number from left to right into n blocks of (n—1) entries 
each. 
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(d) Write the blocks one after another in the form of n rows of (n—1)-vectors to 
form an nX(n—1) matrix. 

(e) Remembering that these should be the off-diagonal elements of an nXn 
matrix, supply the leading diagonal of ones by writing ones tn the “proper” places. 


CONVENTION. The u-basic number corresponding to the discrete topology on 
E would be in the spirit of our definition, the number corresponding to the 
matrix (5,,;), (6,; denoting Kronecker delta) and so this number would have to 
be zero. But we shall make a convention of taking this number to be 27-0, 
This convention has been followed in the counting process but this may not be 
necessary for a study of n-basic numbers. 


REMARK. Note that the trivial topology on E always corresponds to the 
number 2”(-1) — 1, 


5. We give below the results of the listing of these 2-basic numbers for 
n=2, 3. Each of these numbers defines a distinct topology on the set E of n 
elements and from our theorem it follows that there are no more. The process of 
programming and of counting these topologies was performed on an IBM 7094 
computer with a straightforward Fortran Programming by Mr. Elio Marzullo 
of the Department of Physics, University of Illinois, Urbana, to whom my 
thanks are due. A list of the 355 4-basic numbers may be had, on request, from 
him or from the author. 


n=2 1 2 3 4 
f(2)=4 
n=3 1 2 3 4 5 8 10 11 12 
f(3) =29 14 15 16 18 20 28 30 32 33 
35 40 43 48 49 51 52 53 60 
63 64 


6. Among the questions that may be asked about n-basic numbers, we draw 
the attention of the reader to the following, which may probably lead to more 
knowledge about an expression for f(#): What are necessary and sufficient con- 
ditions in order that an n-basic number be also an (w+1)-basic number? 


This work was supported by NSF Grant GP1909. 
Author’s present address: Birla Institute of Technology and Science, Pilani, (Rajasthan) 
India. 


Said a young man named A. Grothendieck: 
“In Geometry I’m rather weak. 

I’m no Altshiller-Court; 

It’s just not my forte, 

So I’d best make it more Algébrique,” 


ARISTOTLE NICHOLAS OnyMous, Harvard University 


MATHEMATICAL NOTES 
EDITED By J. H. Curtiss, University of Miami 


ON A METHOD OF CONSTRUCTION OF PARTIAL GEOMETRIES 
AND PARTIAL BOLYAI-LOBACHEVSKY PLANES 


ESTHER SEIDEN, Michigan State University 
Dedicated to JERzyY NEYMAN on the occasion of his 70th birthday. 


1, Summary. The concept of partial geometries was introduced by R. C. 
Bose [3]. The method of construction of partial geometries described here was 
not mentioned by Bose. It applies only to projective planes of even order, say 
2h, provided that they do possess an oval of size 24-2. It is pointed out here 
that such planes can be split into two partial geometries. One of them consists 
of all secants, the lines which include two points of the oval, after removing the 
points of the oval. The other partial geometry is formed by the remaining lines 
of the projective plane i.e. by the lines which do not contain any point of the 
oval, nonintersectors. The duals of these partial geometries are again partial 
geometries. L. M. Graves [4] introduced the concept of finite Bolyai-Lobachev- 
sky planes and constructed some examples of such planes. Graves states, “It 
would be interesting to know methods for construction of additional examples of 
finite B-L planes (in particular homogeneous planes) and learn the limitations 
on the number z of points on a line and number » of lines on a point.” This re- 
quest was answered to some extent by R. Sandler [7] and T. G. Ostrom [6]. 
Both gave methods of construction of infinite classes of finite B-L planes, but 
their planes are not homogeneous in the sense of Topel [9], according to which 
all the lines have to contain the same number of points. Topel proved that 
there is no homogeneous B-L plane with finite lines containing more than two 
points. It is especially interesting, therefore, to construct finite partial B-L 
planes and find out the limitations on the number of points on a line. The class 
of B-L partial planes constructed here are homogeneous in the sense of Topel. 
They are also homogeneous in the sense of Graves, i.e. “that for each pair of 
points there is a collineation carrying the first into the second.” 


2. Construction of partial geometries. Bose, in [3| defines a partial geometry 
(r, k, #) as a system of undefined points and lines and an undefined relation 
“incidence” satisfying axioms Al through A4 below: 


Al. Any two points are incident with no more than one line. 

A2. Each point ts incident with r lines. 

A3. Each line 1s incident with k points. 

A4. If a point P is not incident with the line 1, there pass through P exactly 
t lines (t21) intersecting L. 


158 
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Suppose now that there exists a projective plane of order 2h which possesses 
an oval consisting of 24-++-2 points. One can classify the lines of such a plane 
into two categories. The first category consists of lines, henceforth called secants, 
including two points of the oval. The second category consists of lines, hence- 
forth called nonintersectors, not including any points of the oval. If we remove 
now the points of the oval from the lines of the first category then each of the 
two categories of lines separately forms a partial geometry. Each of these partial 
geometries include all the points of the original projective plane except of the 
points of the oval. Hence there are 4h?—1 points in each of the partial geom- 
etries. Two points of the oval determine a unique secant. The number of lines 
of the partial geometry formed by the secants will therefore be (h+1)(2h-+1). 
The remainder of the lines of the projective plane, 2h2—h in number, form the 
second partial geometry. Each point in the projective plane which does not be- 
long to the oval is an intersection of A-+1 secants and / nonintersectors. Hence 
r for the two partial geometries will be equal to #+1 and hk respectively. The 
number of points on a line k is equal to 2h—1 and 2h-++1 respectively, because 
from each secant two points belonging to the oval are removed. Finally ¢, the 
number of lines passing through any point X not on a line / which intersect J, 
is equal to A—1 and / respectively, since through X there pass h-++1 secants. Two 
of them intersect / in the removed points of the oval. The remaining h—1 
secants and the #-++1 nonintersectors intersect /. 

There are infinitely many realizations of partial geometries of this kind. It 
is enough to observe that an Arguesian plane of order 2h=2", m a positive 
integer, possesses an oval consisting of 24-+-2 points. As to the non-Arguesian 
planes of even order it is not known whether or not they possess an oval con- 
sisting of 24-+2 points. Hence no partial geometries based on them could be 
exhibited by the described method. 


REMARKS. These two partial geometries were discussed by the author in 
terms of partially balanced block designs in [8]. The duals of the partial geom- 
etries formed by the secants are also partially balanced block designs. To de- 
scribe the parameters of these designs one would have to introduce the language 
of the designs. It will not be done here. The duals of the partial geometries formed 
by the nonintersectors form resolvable balanced block designs. This was ob- 
served by the author independently and reported to R. C. Bose. Bose replied 
that he made this observation long ago and used it to prove a theorem in [2]. 
It may be pointed out in this connection that in the proof of this paper the oval 
consisted of a conic and its center but it applies equally well to any oval. 


3. Construction of Bolyai-Lobachevsky planes. Graves defines a plane @ to 
be a finite B-L plane if it satisfies the following axioms: 


Al. The plane © 1s a finite collection of elements called points. 

A2. There are certain distinguished subsets of the plane @ called lines. 
A3. There are at least two points on each line. 

A4. Two distinct points lie on one and only one line. 
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AS. The plane © contains at least four points, no three of which lie on one line. 

Ao. If a subset of © contains three points not on a line, and contains all the 
lines through any pair of its points, then the subset contains all the points 
of @. 

A7. Through each point X not on a line b there pass at least two lines not meet- 
ang b. 


It will be shown here that the dual of the partial geometry formed from the 
nonintersectors of the projective plane of even order is a partial B-L plane. The 
number of points of this dual plane is clearly 2h?—h, while the number of lines 
is 4h2—1. The number of points on a line is n=h, and the number of lines 
through a point is y=2h+1. Axioms Al through A4 are trivially satisfied. As- 
sume now that h=2; then axiom A5 will be satisfied, since it is easy to see that 
the partial geometry of the nonintersectors contains at least four lines, no three 
concurrent. Take any point in this partial geometry and two lines through it. 
Consider two distinct points on one of these lines different from the first chosen 
point. Such points do exist because k= 2h-+1. Clearly, there must exist two lines 
passing respectively through each of these points which do not intersect on the 
second line through the first chosen point. These four lines will form a set of lines, 
no three concurrent. It will be shown next that if k>3 then A6 will be satisfied. 
Let a subset of ® contain three points not on one line, say, A, B, C. Consider the 
lines through A. There are 24+1 such lines. Two of these lines are the lines 
AB and AC. The premise implies that the line BC belongs to the subset. This 
line must include k—2 additional points which belong one by one to some addi- 
tional h—2 lines through A. Thus the subset already includes h(/—1) points 
different from A belonging to A lines through A. Notice further that the 22-++1 
lines through A include all the points of @ because of axiom A4. Now suppose 
that there exists a point of @ which does not belong to the subset. This point 
must belong to one of the lines through A other than the d lines counted previ- 
ously. Through this point must pass 2 additional lines and none of them can 
contain more than one of the #(#—1) points which already belong to the subset, 
thus 2h =h(h—1). This is clearly impossible unless # $3. Axiom A7 will be satis- 
fied for the following reason. If a point X is not on a line b then there will be / 
distinct lines joining X to each of the points of b. Each of these lines has h—2 
more points. Thus the total number of points through X incident with lines 
intersecting b is A(h—1). Since there are 2h?—/ points in the plane, X must be 
joined to 2h?—h—1 points. Thus X will be joined to the remainder of h’—1 
points by lines parallel to b. This gives #-+1 lines passing through X and parallel 
to b. Notice that the number of parallel lines is independent of the choice of X 
and 0. 


4. The homogeneity of partial B-L planes. It will be shown presently that 
the partial B-L planes obtained from Arguesian planes are homogeneous in the 
sense of Graves [4], provided that the oval used for their construction consists 


1966] MATHEMATICAL NOTES 161 


of a conic and its center, i.e. the point of intersection of the tangents to the conic. 
The proof follows from some simple properties of the Arguesian planes of 
even order, say, 2”. 

R. C. Bose showed in [1] that, if the 2”+-1 points of a nondegenerate conic 
are represented by the equations ax?+by?+cz?+/fyz+gxz+hxy=0, then the 
(2™-1-2)-nd point of the oval, the center of the conic can be represented by the 
coordinates (f, g, 4). We may conclude further that three points of a conic to- 
gether with its center determine the conic uniquely. 

Another property of Arguesian planes to be used here is that their collinea- 
tions are transitive on quadrilaterals (see [5]). 

A collineation which leaves the oval fixed will clearly be a collineation of the 
partial planes formed by the nonintersectors and hence a collineation of their 
duals, the partial B-L planes. One can obtain such a collineation by mapping a 
quadrilateral consisting of three points of a conic and its center into a quadri- 
lateral of the same type in respect to the same conic. Since three points of a conic 
can be chosen in (22"—1)2™ ways, the collineation group will be of that order. 
The question which remains to be answered is whether this group contains a 
collineation which maps any arbitrary point not belonging to the oval A into 
any other arbitrary point of the same kind B. To see that the answer is in 
affirmative it is enough to join the points A and B to the center of the conic, say 
C. The lines AC and BC, not necessarily distinct, include another point of the 
conic. Consider two more distinct secants through A and B respectively. The 
collineation which maps the quadrilateral consisting of C, the point of the conic 
on AC and the two points of the conic on the secant through A into the corre- 
sponding quadrilateral through B will map A into B. This concludes the proof. 
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during the preparation of this paper. 
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SOME LIMITS INVOLVING BINOMIAL COEFFICIENTS 


D. R. Haves, University of Tennessee 


1. In a recent paper [1], H. W. Gould showed that 


(1) tim — 3 tog (*") _2, 


no 1” 49 pbk 2 


where # is a positive integer and (jf) is a binomial coefficient. The aim of this 
paper is to determine limits involving sums of the form 


Q) Sya(tt, n) = So a* log (’ ) 
k=0 gk 


as n— 0, where x is a given complex number and p and q are positive integers 
such that gp. The author is indebted to Professor Gould for suggesting this 
problem. 

It turns out that the sequence {Sp (x, ) }n>o0 behaves rather differently ac- 
cording to whether the point x lies in the interior, in the exterior, or on the 
boundary of the unit disk. When x does not lie on the unit circle, one can 
answer satisfactorily the questions: (1) What is the “natural” elementary func- 
tion A(z) having the property that A(m)-Spq(%, m) converges to an interesting 
limit as n— © ? and (2) What is that limit? The results are: 

(a) If |«| <1, then 


SpalX; 
(3) lim p(X, 2) _ qu 
n— 2 log nN (1 — a)? 
(b) If |«|>1 and p=q, then 
Sgq(x, 7) _ qe 
n>0 «x log n (% — 1)? 


(4) 


(c) If |x| >1 and g<p, then 


_ Spal, #) x 

(5) lim ——— = [p log p — q log g — (p — 9) log (p — g)|-—_ 

n— 00 Nx” x — 1 
When | «| =1, the sequence {Spq(x, 7) \ D0 can behave rather erratically. For 
example, the sequence {Su(—1, n) /log 1} n>0 has exactly two limit points, 0 
and —3. Nevertheless, some results can be obtained. For example, Gould’s 
result (1) deals with S,,(1, 2). In section 3 below, we show that if g<p, then 
. Sp(l,m) pb , Pp 
(6) lim 1 — = = + 5 [dt — (a/p))? log (1 — (¢/)) — (@/6)? 108 (a/8)|. 


nN— 00 nN 2q 


Professor Gould has also derived this result using the methods of his paper [1]. 
Furthermore, if ¢ is an r-th root of unity different from 1, one can show that 
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Sulf,rn) 2g 


7 = , 
0) noe log (1 — ¢)? 


The proof of (7) is left to the reader. 
2. The following Lemma is useful in proving (3) and (5). 


LEMMA. Let {a(n, k) \ ek be a “triangular” double sequence of complex numbers 
such that a(n, k)—a(k) as n— © for each k. Suppose that | a(n, k) | <6(k) for all 
n=k, where 0(k) is a positive-valued function such that > ox. O(k)x* converges for 
|x| <1. Then for |x| <1, the series on the right in (8) below converges and 


(8) lim ( >, a(n, is") = >) a(k)x*. 
h-> 0 k=0 k=0 

Proof. Since | a(n, k) | <6(k) for n=, it is clear that | a(R) | <6(k). The con- 
vergence of the series on the right in (8) for | «| <1 follows from this fact by 
comparison with the convergent series })7., 0(k)x*. Now suppose a complex 
number x with |x| <1 and e>0 are given. Choose N so large that 
nevis OCR) | 2c | k<¢/4. Then choose n> WN so large that | a(n, k) —a(k) | <a1- | «| ) 
-(e/2) for all RS N. Then we have 


n 


>, a(n, kya — a(k)x* 


p> | a(n, k) — a(k) | JeP+ > ({ a(n, k)| + | a(e)])| «A 


=N+1 


<(1— |o|)-(/2) Slek+ SX 20): [2 / 
k=0 k=N+1 


IIA 


(1— |x|)-(/2)- Sle +2 O 0: [ol 
k=0 k=N+1 


6/2 + 2-(€/4) = «. 


Thus, limps peg a(n, k)xk—> "4 a(k)x*) =0, from which the assertion of the 
Lemma follows easily. This completes the proof. 
Proof of (3). For n=k, put 


pn 
a(n, k) = log ( ) / 168 Nn. 
gk 


(9) a(n, k) = > log (pn — i+ 1)/log n — log (gk) !/log n. 


t=] 


IIA 


Then 


Since the binomial coefficients are integers, it follows from (9) that 
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qk 
a(n, k) | < Do log (pn — i+ 1)/log n 
t=1 


] lo 
<= (gk) 108 en) (qk) (1 ++ o *) 


log n 


< (qk)(1 + log p/log 2) fornu> 1. 
Also, from (9) 


qk 


qk 
lim a(n, k) = > ( lim (log (pn — i+ 1)/log °)) = )\1= gk. 
n— 0 t=1 


rt 0 t=] 


Thus, if we take 0(2) = (1+log p/log 2)gk and a(k) =qgk, then the Lemma applies 
to the sequence a(n, k) and yields, for | | <1, 


Spq(%, 1 i © 
jim 27”) _ Do (gk)a* = q Dy kak = 
k=0 


m— 0 log nN k=0 


(1 = 2)? 
which is (3). 
Proof of (4). We have 


” nN n nN 
Sag(x, n) = >> x log (“) = 4" >) x” log (’ ) 
k=0 gk k=0 k 


q 


n n n {1 n 
(10) = 4" }) x log ( : ) = yn (—) log (’ ) 
3=0 qn — Qs s-0 \% gs 


1 
= 0"S\o¢ (— ) n), 
a 


where s=n—k. Thus, if | «| >1 we get 
Saq(X, 1) , Sqq(1/x, 2) q(1/x) q% 
m ——— = lim —— = ——____. 


noe “*logn «sz» logn (1 — (1/x))? 7 (« — 1)? 


by (3). This completes the proof. 
Proof of (5). Suppose | | >1. Asin (10), we find that 


Spq(*, n) ~ 1 pn 
nxt >(-) 108 ( — »)/" 


Our aim is to apply the lemma with a(n, k) =log Gany)/n. We have, clearly 
| a(n, k) | S (log (1-+1)?")/n= (pn) log 2/n=p log 2, so that 0(k) = p log 2 meets 
the requirements of the lemma. To evaluate the a(k), we need the following 
familiar limit: 


y {llr 
(11) lim ( ) =e}, 
T—> 00 7 
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Since a(n, k)=log Ginn)", in order to evaluate a(k), it suffices to find 
limnsco (gaz). This may be accomplished as follows. For brevity put 
[7] =(r!/")/r, so that by (11) lim ,., [ry] =e". Then 


(wn) (marr) 


= [pn]r([(b — 9)n + ghk])eP- (abl 
x (laa — k)]) alm -apr-(p — g + (gk/n)) PIM 


X (¢ — (gk/n)) irs, 
so that 


pn \in 
iim ( (n — ») = (e Per tet) pr(p — ght rqt = prg-a(p — qr. 


Therefore, a(k) =p log p—q log q—(p—gq) log (p—g) for every value of &. We 
are now in a position to apply the lemma. We find that 


lim ————— 


n— 0 Nx” k=0 


Snq(X, 2 i 1\* 
ee) = © [p log p — glog ¢ ~ (» ~ 4) tog (» - «)1(—) 


x 
= Ip log p — glog q — (6 — g) log (6 — g)|-——_- 
This completes the proof of (5). 
3. The equation (6) can be established in the following way: 


Soo(tym) 1 By (**) 


n* nN” 4=0 gk 


aoe ay | 
- 8 (ow) te tle Ga 


n* k=1 j=1 (j/n) 
= Sy +- S'o. 


(12) 


One can show easily enough that S,—0 as no. And Sy is recognized as an 
approximating sum to the double integral of the function log ((p—¥y)/y) over 
the triangular region A = { (2, y) | O<x<1and0 <ySqx}. Therefore we have 


tin = fe 7) aa 


The double integral may be evaluated by standard methods and yields (6). 


Reference 
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ON ZEROS OF A CONTINUOUS NOWHERE DIFFERENTIABLE FUNCTION 
J. S. Lipinsx1, University of Lé6dz, Poland 


In the note [2], of S. Roy Schubert, the author asks whether there exists a 
continuous mapping f: J—R and a set ACJ such that f is nowhere differentiable, 
f=0 on A, and m(A)>0. The letter J denotes here the closed interval (0, 1), 
and m the Lebesgue measure on the real line R. The answer given by Schubert 
is affirmative: “Given e>0, it is possible to construct such a function f on J with 
the corresponding ACJ that m(A) >1-—e.” Unfortunately, the function f intro- 
duced in [2] does not have the announced properties. His f is continuous and the 
set of its zeros is of the desired measure, but as we shall show, the function f is 
differentiable almost everywhere in A. 

The function f is constructed as follows: Let W be a continuous nowhere 
differentiable function defined on J such that W(0)=W(1)=0. In particular 
Schubert chooses W to be a well-known function of van der Waerden (see [3]); 
hence W(t) >0 for 0<i<1. Let e>0 be given and let C, denote a Cantor-like 
set on J such that m(C.)>1—e. Then C.=J\U;21 En where En=(dn, bn). Set 
f=0 on C, and define f to be a copy of W on the closure F, of E, for each 2. 
According to this definition 


f(«) = (, — on) ( * “.) for dn S 4% SS dy. 
bn — Qn 
Set M=maxzer W(x), M,=maxzez, f(x). Then 0<M <1 and M,=(b,—an) M. 
Let B,= |x: Dt(x)>1/k, xEC.}, where D+ denotes the upper left-hand Dini 
derivative. Let further x»©B,. Then there exists a sequence of positive num- 
bers tm—0 such that hy'f(xothm) >k7-. Clearly xothmE C.. Let xothmEEn,: 
Then 


Diem — Qn > Mn, Onm —_ a f(%o + Vem) rim — Xo > i (: _ Drm —_ “2), 
Bn, — %0 On, — 40 On, — Xo Nim Bn — %0 k Bam — %o 
Hence, 
Dram — Ann 1 
> —— 
Dm — x0 R 1 


Further, in view of 


m (\Ce) CV (0, bin) } 5 nn = Onn 


= ’ 
bnm — %o Dim — %0 


we have 


m\ (I\C.) CV (20, %0 + 2) ae. 


l(%o) = lim su > . 
(%) = Hm sup h =h+1 
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According to the well-known Lebesgue theorem on density points (see e.g. [1] 
p. 129) for any set C,, m{x: U(x) 0, «EC.}=0. Thence m(B,)=0. Let 
B= {x Dt(x)>0, xEC,}. In view of B=Uz., Bz we have m(B)=0. An anal- 
ogous argument may be applied to the other Dini derivatives. Thus the set of 
points x©GC, in which at least one Dini derivative is different from zero is a set 
of the measure zero. In consequence f’(x) =0 almost everywhere for xEC,. 

I shall now show that the question asked in [2] has an affirmative answer. 
Moreover, I shall not only prove the existence of a continuous nowhere differen- 
tiable function with a set of zeros of positive measure, but also I shall present 
a complete characterization of this set. 

From the continuity of the function it results that this set must be closed. 
The function cannot be constant on any interval, and so the set of zeros does 
not contain any interval. A set which does not contain any interval is nowhere 
dense. These two properties characterize completely the set of zeros. 


For any closed nowhere dense set CCI there exists a continuous nowhere dif- 
ferentiable function f which vanishes for xGC and is positive for xE(0, 1)NC. 


REMARK. The above theorem gives the answer concerning the question in 
[2] since for any e>0 there exists in J a closed nowhere dense set of a measure 
larger than 1—e. 


Proof. Arrange in a sequence {An} all intervals (2-*(k—1), 2-*k), where 
k=1, 2, sty 2': 1=1, 2, -+ +, Let (0, 1)\\C=Un1 (d;, b;) where (di, b:)(\(a;, b;) 
=0 for ij. Let F; be any interval (a,, b;) contained in Ai in case such intervals 
exist, and the empty set in case there are no such intervals. Let F, be any 
interval (a,, b;) contained in An, F,#F; (j=1, 2,--+,m—1) in case such an 
interval exists, and the empty set in case there are no such intervals. Set 


f(x) =0 for «EC, | 


Ie) = m(AQW (<—*) for a © Fy = (any bn.) 
ng ng 
and let 
f(x) = (bh — on) (= — =.) for « © (dn, bn) ¥ Fr (k = 1,2,---). 
n— Qn 


In view of W(x) >0 for 0<x <1 we have f(x) >0 for xE(an,, bn,) and xG (dn, Dn). 
Then {20 O0<x <1; f(x) = 0} = C. The function f(x) is continuous in (a@,, b,) and 
continuous from the right at the points a,. We shall prove the continuity of this 
function from the right at other points i.e. in the set D=C—U,., (an, bn). Let 
e>0 and xGD. Denote by S the union of intervals (an, bn) satisfying the condi- 
tions d,>%, b,—-ad,2e€ and m(A;) Ze for (an, bn) =F;. The number of intervals 
which satisfy the first and second or first and third inequalities is finite, and the 
union is also a closed set. Put 6=infye, la—y| ; then 6>0. If yEC then f(y) =0 
and | f(x) —f(y)| =O<e. If yE(a;, b;)=F;,, then we have F,\S=0 and 0<f(y) 


168 MATHEMATICAL NOTES [February 


<m(F;) <e. Finally, if xE(a;, 6;)\UL, F; then 0<f(x) <b;—a;<e. In this way 
we have proved the right-hand continuity in any point of the interval (0, 1). 
The proof of left-hand continuity may be performed analogously. In conse- 
quence f is continuous in J. 

There remains to prove the nondifferentiability of f. Nondifferentiability in 
the points of the interval (an, bn) is clear. Let xEC\Ug1 (an, bn) and let {A,,} | 
be any decreasing sequence which contains the points x. Every interval An, 
contains infinitely many intervals (a,, b,), and thus the set F,, is not empty. 
The function f attains in F,, a maximum equal to M-m(A,,). Suppose that 
this maximum is attained in the point x; We have lim;.,*;=x and (f(x;) 
—f(x))/|x;—x| = Mm(A,,)/m(An,) =M. Denote by y; one of the end-points of 
F,,. Then lim;... yj=% and (f(y;) —f(x))/] yj 2 | =(. Thus we have proved that 
the function f is not differentiable in the point x, which completes the proof. 
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SOME LIMITS INVOLVING BINOMIAL COEFFICIENTS 


L. Cariitz, Duke University 


1. Put Spq(x, ) = >3. x* log (72), where p, g are positive integers, p=q, 
and x is a given complex number. D. R. Hayes [2] has investigated the behavior 
of Spo(x, 2) as n> ©. He showed that the sequence {.Sp9(x, 2) } behaves rather 
differently according as x lies in the interior, in the exterior or on the boundary 
of the unit circle. In particular, he showed that if |x| <1 then 


Snq(X, 1 x 
(1) lim pal ) _ qd 
n=0 log n (1 — x)? 
When x =1, lim n~?S,,(1, x) is evaluated. Earlier H. W. Gould [1] had discussed 
some special cases. 


Hayes pointed out that when | «| =1 the situation is rather different. In 
particular he stated the formula 


2 
(2) lim Sul 1) = ss 
n=o  logn (1 — £)? 
where ("= 1, (#1. 


In the present note we show that if |x| =1, «1, then 


(3) Spp(%, 2) = pol 2) log nm + O(1), 
(1 — «)? 
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nents 
(4) Spa(t, 2) = — ——— |b log p — @ log g — (@ — g) log (p — g)] + O(log x) 
(p > q). 
2. The identity (with a)=0) 
n n—1 n+1 
2, Hc = — - D, (ax — dey1) — = 
k=0 1— 2% x20 1—x 
gives 
x n—1 "( pn ) antl (*") 
5) Siq(t, 2) = —-—— Sak l — 
©) Souls”) foe 2 on (” g(k + 1) t—a ”\qn 
We have 
n—1 ") ( pn ) n—1 q gk + j 
6 k | _ i | ee 
(6) 2s e( ety) ~ 2° UG ae ts 


n—1 g 
— Do (wr! — a) log TI (op — Qn t+ gk +7) = Si — Se 
k=0 


j=1 


say. By partial summation 


= ; qk tJ 
k | —_—— 
2 8 Ont gh i 
we 1 a 2 gk + j (p—g)n+qk+qt+j 
=) log LL —_——_._ 
zo 1% j-1 (P ~ g)n + qk +7 gk + gq +j 
1 — x” 


Since 


(p—qnut+qk+qtj ( q ) (—) 
log —_——____—__——— = log ( 1 + ————-——__] = 0 (— ) (p > 9) 
°6 (p—q)n+qk+j : (p—q)n+qk+j n p 


a n— + , 
log I] ——*“ = 01), 
jal pn—Q+tj 
it follows that 


(7) Si = O(logn) (p> 4). 
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Turning to So, we put 
k 1 — ght) — yk n 
T(n, k) = » (qr-F1 — 47) —_ — Ss A Aa . 
j=0 1—%* 
Then by partial summation 
b+ 
-= T(n, k) log II ba antakti 
jar (P — q)n + qk +qtj 
Now 
= (p—-gutaktqtj_ pn—-qtj 
g TL ——————— = 2) log -————. 
b=0 jot (P — Qin + gk +j jt (P— Qn tj 


Clearly this sum is O(log x) when p>q and is equal to p log n+ O(1) when p =g. 
On the other hand, the sum 


> gk + J 
yk+l + an—k—1 ] g = O 1): 
2. )lo te area gk tqa+ 7 ”) 
It follows that 
O(log 7) (p > q) 
(8) S2 = 


1 -+ x” 
_ logn +O) (= 4). 


a 


Finally, by Stitling’s formula, 
pn 
(9) log (*") = [plog p — qlogg — (p — q) log (p — g)]n + Ologn) (p> 9). 


Substituting from (6), (7), (8) and (9) in (5) we get (3) and (4). 
Supported in part by NSF Grant GP-1593. 
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UNIFORM DISTRIBUTION OF POLYNOMIALS MODULO m 


S. R. Cavior, State University of New York at Buffalo 


Let f be a polynomial with integral coefficients. We say that the infinite se- 
quence S(f)={f(i):i=1, 2,--- | is uniformly distributed modulo m (or u.d. 
(mod m)) if 


4 1 
lim —A(n,j,m) =—> 
n-—- 00 VW Mm 
where A(n, j, m) denotes the number of terms among f(1), f(2), -- - , f(#) that 

satisfy the congruence 


f(i) = j (mod m). 


In [1] Zane noted that the sequence S(f) is u.d. (mod m) if and only if the 
integers f(1), f(2),-- +, f(m) constitute a complete residue system (mod m). 
From this point of view he determined which monomials are u.d. (mod m). The 
object of the present paper is to find necessary and sufficient conditions for an 
arbitrary polynomial to be u.d. (mod m). 


Suppose m=p;'- - - p. For a polynomial f(x) with integral coefficients to 
be u.d. (mod m), it is necessary and sufficient that 
(1) f(«) = i(mod m) (i sism) 


have a unique solution (mod m). One can easily show that, if N(z) denotes the 
number of solutions of (1) and N“(z) denotes the number of solutions of 


(2) f(x) = i(mod 9;), (1<i<p;,,1S5j 8), 
then 
Ni) = JJ N(). 


J 


Accordingly, (1) has a unique solution (mod m) if and only if (2) has a unique 
solution (mod //) for j=1, 2,---,7. 

Following Hardy and Wright [2, Theorem 123, p. 97], we note that the con- 
gruence (2) has a unique solution (mod #7) if and only if f(x) =i (mod ;) has a 
unique solution (mod #,) and 


f(a) 4 0 (mod ;) (a = 1, 2,°°+, p3e;> 1). 


Thus, for a polynomial f(x) with integral coefficients to be u.d. (mod m), it is 
necessary and sufficient that the congruence f(x) =7 (mod #,) be solvable for 
a=1,2,---,p;andj=1,2,---,7,and that f’(a) 40 (mod #;) fora=1,2,---, 
p and e;>1. The first condition is clearly equivalent to requiring that S(f) is 
u.d. (mod #;), 7=1, 2, ---,7. Therefore, we have 
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THEOREM 1. Let m=py'--- pr and let f(x) be a polynomial with integral 
coefficients. S(f) 1s u.d. (mod m) tf and only tf S(f) is u.d. (mod p;),7=1, 2, ++ -,7, 
and 


f(a) #0 (mod pj) (a= 1,2,---+, pie; > 1). 


It should be noted that, when Theorem 1 is applied to monomials, we obtain 
the result due to Zane |1, Theorem 2, p. 163] which states that the sequence 
S(ax*) is u.d. (mod m) if and only if S(ax*) is u.d. (mod #,) for each prime 
divisor p; of m and m is square free. To show that Zane’s result is in fact a spe- 
cial case of Theorem 1, we observe that, since 


kx! = 0 (mod ,) 


has the solution 0, Theorem 1 requires that e;=1 for j=1, 2,---,7. In other 
words, m must be square-free. 

In the event that m is square-free, Theorem 1 can be simplified in the follow- 
ing way. 


THEOREM 2. Let m=pibo - + - pr, where the primes are distinct, and let f(x) be 
a polynomial with integral coefficients. S(f) ts u.d. (mod m) af and only if S(f) is 
u.d. (mod #,),7=1, 2,---,7. 


As a simple illustration of Theorem 2, suppose that f(x) =x*. Since S(/) is 
u.d. (mod 5) and u.d. (mod 11), S(/) is u.d. (mod 55). 

It might be of interest to note the following result which is a rather simple 
consequence of Theorem 1. 


THEOREM 3. If S(f) is u.d. (mod pf - - - pr) and e;>1 for 1=1, 2,---,7, 
then S(f) is u.d. (mod pi! + - - p&), where f;2e; fori=1,---+,7. 
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A THEOREM ON LINEAR SUMMABILITY 


D. F. Dawson, North Texas State University 


If M is a set of complex numbers, let M’ denote the set of all convergent 
sequences whose terms belong to M. In [1] we used only the linearity of tri- 
angular matrices, regarded as sequence-to-sequence transformations, in order 
to show that if C is the Cantor set and A is a complex triangular matrix which is 
convergence preserving over C’, then A is convergence preserving. The following 
theorem includes this result. 


THEOREM 1. Jf M 1s a set of real numbers, then the following two statements 
are equivalent: (1) if A ts a complex matrix which ts convergence preserving over 
M’, then A 1s convergence preserving, and (2) M has a finite limit point. 
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The proof of Theorem 1 will be given later. Meanwhile, we will show that 
Theorem 1 is the best possible in the sense that “complex matrix” in (1) cannot 
be replaced with “linear sequence-to-sequence transformation.” Let R denote 
the set of rationals. 


THEOREM 2. There exists a linear sequence-to-sequence transformation A which 
has the following properties: (1) the domain of A 1s the set of all real sequences, 
(2) A is regular over R’, (3) A 1s not convergence preserving. 


Proof. Let X denote a basis of R’ and let X* denote the finite linear com- 
pletion of X using real coefficients. Let Y denote the complement of X* with 
respect to the set of all real sequences. We now show that Y contains a con- 
vergent sequence. Let B denote a rational basis of the real numbers, and let 
{én} = {dpby} be a null sequence such that 4,40, a;ER, b;SB,i=1, 2,3,---, 
and 6,=0; if and only if s=t. Suppose that 


0 fea} = cid + cad ot ond, 


where dC R’, 1=1, 2,-+-+, ”, and each c; is real and nonzero. By the B- 
representation of a real nonzero number c we will mean the unique (no zero 
coefficient) representation of c as a finite linear combination with rational 
coefficients of elements of B. Let N be a positive integer such that the B-repre- 
sentation of c; does not involve by, i=1, 2,---, 2. Then from (*) we see that 
by is a finite linear combination with rational coefficients of elements of B which 
are distinct from by. But this contradicts the fact that B is a rational basis of 
the reals. Thus {e,} is a convergent sequence in Y. Let W={XUY, <} bea 
well-ordering of XU Y such that if xEX and yE Y, then x< {ep} <y. Using W, 
we now form a real basis Z for the set of all real sequences in such a way that 
X CZ and {en} €Z. Define a sequence-to-sequence transformation A as follows: 
(a) If xEX, then Ax=x, 


(b) A transforms fen} into (1, 0,1,0,--- \ 

(c) if y¥EZ—X and y# {en}, then Ay= 10, 0,0,---: is 

(d) A transforms 10, 0,0,--> } into 10, 0,0,--- \ 

(e) if g is a real sequence, 2 {0, 0, O,-:- I and ay) +aeg@)+ --- 


+a,z™ is the Z-representation of z (a; real, 2 CZ, no a;=0), then 
Ag=aAz™+a,.A2-+ +--+ +a,A8%. 
Clearly, A is linear and satisfies (1), (2), and (3). 
We conclude with a proof of Theorem 1. Suppose (1) holds, but (2) is false. 
If {x,}€M’ and is convergent, then there exist numbers N and k such that 
Xn =k if n>N. Therefore, if A =(a,,) is a matrix such that 
(i) {dnp nent converges, p=1,2,3,--:-, 
and 
(ii) {or Onp | u1 converges, 
then A is convergence preserving over M’. Furthermore, if A fails to satisfy 
(iii) there exists Z such that Sot | Qnp| <ZL,n=1,2,3,--°:, 
then A is not convergence preserving. We note that (i), (ii), and (iii) are the 
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well-known Silverman-Toeplitz conditions which are necessary and sufficient for 
A to be convergence preserving. Hence (1) implies (2). 

Now suppose that (2) holds and that A is a matrix which is convergence pre- 
serving over M’. Let s and ¢ be distinct nonzero numbers in M and let k bea 
positive integer. Let z,=s if pk, 2, =#, and let y,=s, p=1, 2, 3,--+.Since A 
transforms {zn}, {yn}, and consequently Zp—Vp} into convergent sequences, 
we see that (i) and (ii) hold. Suppose (iii) to be false. Let A=B+iC, where B 
and C are real matrices. Clearly B and C are convergence preserving over M’ 
and satisfy conditions corresponding to (i) and (ii), but one of them must fail 
to satisfy a condition corresponding to (iii); let us say B. Suppose that 7 is a 
limit point of M and let My={x—r|xGM} if r is a limit point from the right; 
otherwise, let My= {r—x|xGM}. Thus 0 is a limit point of M, from the right. 
From the linearity of B and the fact that B satisfies a condition corresponding to 
(ii), we see that B is convergence preserving over Mj. Using only slight varia- 
tions of a method now classical [2, p. 46], we can determine a null sequence in 
My which B fails to sum. Thus the assumption that (iii) fails to hold is false, 
and therefore (2) implies (1). 
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A NOTE ON THE OUTER AUTOMORPHISMS OF FINITE NILPOTENT GROUPS 


O. J. HuvaL, University of Southwestern Louisiana 


Since a finite nilpotent group is a direct product of its Sylow p-subgroups its 
automorphism group is a direct product of the automorphism groups of its 
Sylow p-subgroups. To show that a finite nilpotent group has outer automor- 
phisms, then, is to show that one of its Sylow p-subgroups has outer auto- 
morphisms, or generally, to show that any finite p-group has outer automor- 
phisms. In this note we give an explicit outer automorphism for certain finite 
non-abelian p-groups. 

In the following material G is a finite non-abelian p-group; Z(A) is the center 
of group A; (a, b) =a-'b-'ab for any a and b in a group A; [B, C,-- - | is the 
set generated by the subsets B, C, --- of a group A; Z,(A) is the complete 
inverse image of the center of A/Z(A) for any group A; and 4 is the inner auto- 
morphism induced by the element a of a group A. 

We remark that since Z,(A) is the complete inverse image of the center of 
A/Z(A), for any ain A and any b in Z,(A) (a, 0) isin Z(A). 


Lemma. Suppose that the factor group of the normal subgroup M of G 1s cyclic 
of order p%. Let n be such that |n, M|=G. If there ts an element x in Z(M) so that 
(nx)?*=n?', the mapping @ sending g=n'm into (nx)'m, where 1S1Sp%, and 
mEM is an automorphism of G under which M 1s left elementwise fixed. 
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Proof. Since the mapping ¢ permutes the elements of each coset and since 
an element of G has a unique representation modulo M under the conditions in 
the hypothesis, it follows that 

(1) for g and fA in G, g=h if and only if ¢(g) =@(h). 

Since x is in Z(M) and since (nx)?*=n?", we see by direct calculation that 

(2) for g and A in G, (gh) =o(g) b(n). 

From (1) and (2) it follows that ¢ is an automorphism of G. 

Now suppose mG M. Then m=n?"m!' for some m’ in M. Then 6(m) = (nx)?"m! 
=n?'m' =m. This shows that M is left elementwise fixed by ¢. 


THEOREM. Suppose that M and N are maximal subgroups of G. If 
Z(MON)OZA(G) properly contains Z(M)Z(N)OZA(G), then G has outer auto- 
morphisms. 


We now give an example of such a group. Let G be the group generated by 
a, b, and c, where a8 =0b?=c?=1, bab =a, cac=a’, and bc=cb. The subgroup M 
generated by a and 0, and the subgroup NW generated by a and c are maximal 
subgroups of G which satisfy the hypothesis of the theorem. 


Proof. We show first that MCN and NCM. Suppose that NCM. Then 
NOAM=N, and Z(MOAN)ONZ.(G) =Z(N)OZ(G) CZ(M)Z(N)OZA(G). But by 
hypothesis Z(MMN)MZ.(G) properly contains Z(M)Z(N)MZ.(G). Hence, 
NCM. Similarly, MCN. Since M is maximal in G and since MDN, there is 
an n in N such that [n, M]=G. Similarly there is an m in M such that [m, N] 
=G. 

Let x be an element of Z(MAN)MZ,(G) not in Z(M)Z(N)MZ2(G). Since 
xe Z(MON) and since 27?€ MNNN, (x7!nx)? =x71n?x=n?. Thus (n(n, x))? =n? 
for x~!nx=n(n, x). Similarly we show that (m(m, x))? =m?. 

Let g be any element of G. Then, modulo M, g=n‘m’ for some integer 1SiSp 
and some m’ in M and, modulo N, g=m/n’ for some integer 157 p and some 
n’ in N. Since (n, x) EZ(M) and (n(n, x))? =n?, it follows from the above lemma 
that the mapping a sending g=n‘m’ into (n(n, x))'m’ is an automorphism of G 
under which M is left elementwise fixed. Similarly the mapping 6 sending 
g=min’ into (m(m, x))in’ is an automorphism of G under which W is left ele- 
mentwise fixed. 

From the definitions of a and 8 it follows that aB=. Since # is an inner 
automorphism, then @ and @ are both inner automorphisms, or they are both 
outer automorphisms. Suppose that @ and 6 are both inner. Then there exist u 
in Z(M) and v in Z(N) so that a=4@ and B=3. Since oB=%, =H45. But this 
implies that x is in Z(M)Z(N)OZ,(G). Hence @ and € are not inner automor- 
phisms but outer automorphisms. 
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there is a@€ A such that ax+0. RaM\x'A(0) since x! is large. Hence there is 
r,a%40 in Ra such that (71a)x =0. This is impossible since (71a)" =a". 


THEOREM 3.2. Let REC and L*(R) be atomic. If R has a regular ring Q as a 
two-sided quotient ring (in the sense of R. E. Johnson) then Lj (R) is also atomic. 
If, in addition, some uniform right ideal of Ris a prime ring, then Q 1s a division 
ring and Ris a right and left Ore-domatn. 


Proof. lf 0 is a regular ring then each atom of L*(Q) is a minimal right ideal 
by Lemma 2.3. Let A be an atom of L*(Q). Then A =eQ for some idempotent 
ein Q. Since A is a minimal right ideal, Qe is a minimal left ideal. Thus Qe(\R 
is an atom of L*(R). In case atom ACL*(R) is a prime ring then (A)’=(0) by 
Lemma 2.2. Hence e must be equal to 1. Thus 4 =Q and Q is a division ring. 


REMARK. The Theorem 3.2 asserts that in general the maximal two-sided 
quotient ring of a ring R with R*=(0) and R* =(0) is not necessarily regular. 


Acknowledgment. I am deeply indebted to the referee for many helpful suggestions. 
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A TYPE OF ‘“‘GAMBLER’S RUIN’? PROBLEM 


R. C. Reap, University of the West Indies, Jamaica 


In his book “Tomorrow’s Math” ([1], page 114) Ogilvy quotes the following 
as an unsolved problem: “Three men have respectively J, m and m coins which 
they match so that the odd man wins. Whenever all coins appear alike they re- 
peat the throw. Find the average number of tosses required until one man is 
forced out of the game.” In this paper we derive the solution to this problem, 
which turns out to be unexpectedly simple. 

Let E(1, m, n) be the expected number of tosses. Of course we assume that the 
coins are “fair”. If one toss is made then there is 

(i) probability + that the coins appear alike, in which case E(/, m, m) further 
tosses are expected. 

(ii) probability 4 that the first player wins, in which case EH(J-+2, m—1, n—1) 
further tosses are expected. 

{iii) and (iv) probabilities as for (ii) but for the second or third players. 

From these remarks we see that 


+214 E00 —1,m+2,n—1)]+4[1+ E@-—1,m-—1,2+4 2)| 
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or 
iE(l,m,n) = 1+ 7E0+ 2,m—1,n—1)+4E0—-—1,m+ 2,n —1) 
+ 7E( —1,m—1,n-+ 2). 
It will be convenient to put /=p+1, m=q+1, n=r-+1 and thus obtain 
E(jé+1,g+1,r+ 1) = $+ ZE( + 3,9,7) + $E(D, 9 + 3,7) 
+ 3E(p, g, 7 + 3). 
Throughout the game the sum 1+m+n=p+q+7r-+3, the total number of 
coins, remains the same. Therefore although equation (1) has the appearance 
of a recursion formula, it cannot be used directly to calculate E(J, m, n) in 
terms of E’s with smaller values of J, m and n, as one would expect from a recur- 
sion formula. For example, if /+-m-+n2=7 then, since E(], m, n) =0 if any one 
of 1, m or n is zero, we can derive from (1) the following equations: 
E(S5, 1, 1) — E(1, 5; 1) = K(1, 1, 5) = 3 
E(3, 3, 1) — 3 + ZE(2, 2, 3) 
E(3, 2,2) = $+ 3H(5, 1,1) + ZE(2, 4, 1) + Z£(2, 1, 4). 


(1) 


These three equations can be solved and we find, since the function E is 
clearly symmetrical in its arguments, that 


E(4, 2,1) = E(2, 4,1) = E(2,1, 4) = 32 
E(3, 3, 1) = EG, 1,3) = E(1, 3, 3) = 4g 
and 


E(2, 2,3) = E(2, 3, 2) = E(3, 2,2) = 42- 


This method of calculating the values of E(1, m, n) will clearly become increas- 
ingly tedious as the value of 1+m-+-n increases, and in any case is not likely to 
yield a general formula. Moreover the usual techniques of using counting series 
or generating functions do not seem to be of much help in a problem of this kind. 

Let us turn to a simpler problem. Two men match coins. If one is “heads” 
and the other “tails,” then “heads” wins. If the coins are alike, neither player 
wins. As before, we must find the expected number of tosses before one player is 
ruined. It is easily seen that this problem is equivalent to a random walk on a 
line, with probabilities ¢, $ and ¢ of moving one unit to the left, staying put, or 
moving one unit to the right. The equation analogous to (1) is 


(2) E(é+i1,¢+1) =2+4E(p + 2, q) + 4E(p, q+ 2) 


with an obvious notation. If we write u,= (J, N—l), where N is the total num- 
ber of coins, then (2) becomes 


1966] MATHEMATICAL NOTES 179 


(3) Upt2 — LUpy1 + Up = — 4. 


This is a straightforward difference equation, the solution of which, by the 
usual methods is 


Up = Ch + D — 26(p — 1), 


where C and D are constants. We require u, to be zero when =0 and when 
p=N. For this we must have D=0 and C=2(N—1), and we obtain 


E(l, m) = 2(N — 1)1 — 21(1 — 1) = 2Im. 


This is an extremely simple result, and it would be sanguine in the extreme 
to expect a similar result to hold for equation (1), but there is no harm in trying. 
Let us assume E(1, m, n) =Klmn, where K is a constant. Equation (1) becomes 


(4) K+ 1)@+1¢4+1)=4$+ 3K{[ (+ 3)qr + pq + 3)r + palr + 3)} 


or K(p+q+r)+K =4, since the terms of the second and third degrees cancel. 
Hence 


4 4 
K = —_—_— — = 
3(ptatrt1) 3¢+m+n— 2) 


Thus we have E(1, m, n) = (4lmn)/3(1+m-+n—2), which furnishes one solution 
of the problem much more easily than one would have any reason to expect. 

A similar problem with four players would be unlikely to have a simple solu- 
tion. In the equation analogous to (4), in fact, the terms of degree 4 would can- 
cel, those of degree 3 might do so, but those of degree 2 would almost certainly 
not. Hence no constant K would cause the equation to be satisfied. A typical 
problem of this type would be the following. Four players match coins, the odd 
man winning and collecting a coin from each of the other three. If all coins are 
alike, or if there are two heads and two tails, then no coins change hands. Given 
the number of coins each player has in the beginning, find the expected number 
of tosses before one player loses all his coins. Other problems with four players 
will result from different rulings concerning the way the coins change hands. 

It is readily shown that the function Klylol3l4, where d1, lo, 13, 14 are the num- 
bers of coins, is zot the solution to this problem. Other plausible possibilities, 
such as a linear combination of the symmetric functions Jlsl3l4, Dhilels, Dhile and 
al, can also be easily ruled out. It looks as though this problem is one that does 
not have an easy solution. 


» a constant! 


Reference 


1, C. Stanley Ogilvy. Tomorrow’s Math; unsolved problems for the amateur, Oxford Uni- 
versity Press, New York, 1963. 


Editorial Note. This is Problem 4003 in this MontTuHLy, 48 (1941) 483, proposed by G. W. 
Petrie. The galley proofs of the present issue contained a solution by F. Gobel (Netherlands). 


CLASSROOM NOTES 
EDITED BY GERTRUDE Eurticu, University of Maryland 
“THE PRICE IS RIGHT” GAME 


Suimon Even, Sperry Rand Research Center, Sudbury, Mass. 


Let there be 2 players A1, Ao, -- +, An playing on the interval [0, 1] in the 
following way: Each player in his turn (A plays first, and they follow in the 
natural order in a cyclic manner) either makes a bid 0Sx1 such that x is 
larger than any previously made bid, or passes, in which case his last bid be- 
comes his final bid. The payoff for each player is computed after the bidding is 
over, and is defined by the length of the interval between his final bid x and the 
least bid higher than x or, in the absence of such a bid, it is 1—x. The payoff 
for a player who makes no bid is zero, and therefore, each player will make at 
least one bid. (This game was inspired by the ABC television show of the same 
name. The rules have been changed, however, and the assumption has been 
made that all the players have the same price distribution in mind.) 

It is clear that in this game the players are not really playing against their 
opponents (this is not a zero-sum game), but rather do their best to maximize 
their own payoffs subject to the knowledge that their opponents have the same 
objective in mind. It is assumed that the players are rational, and are capable 
of contemplating all possible outcomes. Also it is assumed that if by bidding 
again a player can get at most as much as by passing, he will choose to pass. 


The 2-player game. For the case »=2 it will be shown that there exists a 
unique way of playing the game. Surprisingly, the solution is given by the 
famous golden section. 

Player A; will start the bidding by naming 0 as his first bid, because if he 
bids 1=x>0 then the game will proceed on the interval [x, 1] in the same 
manner as it would on [0, 1], only that now the final payoffs will be smaller 
by a factor 1—x. The second player’s first bid will be called terminal, it the first 
player will respond with a “pass” and thus terminate the bidding. It is clear 
that there exist terminal moves. For example } is terminal, because after A, 
has bid 4, A: can name only 12x> 3, by which his final payoff is sure to be less 
than 3, and if he passed his payoff is 4. It is easy to see that there also exist 
terminal moves less than 4. Let \ be the least terminal bid. 


THEOREM. In the 2-player game, Az will bid d on his first bid. 
Proof. Clearly, Az will not bid 12x>\, since ~x is also terminal, and A.’s 
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payoff is thus reduced. Assume now that A2 plays \>x20. Since J is the least 
terminal bid, Ai will not pass. By bidding x +A(1 —x), Ai terminates the bidding 
and assures himself a payoff of (1—A)(1—«x). Therefore he will bid in some way 
that will produce for him at least (1—A)(1—¥~). Clearly, then, A, cannot ex- 
pect to get a payoff higher than (1—x)—(1—A)(1—x) =A(1—«x), and since 
<4, and (1—x) <1, he will get a payoff less than 4, whereas by playing \ he 
assures himself a payoff greater than 3. 

Now that it has been established that A is the best strategy for the second 
player, it is possible to compute X. For if A, decides to bid again, after A, has 
bid d, the best he can do is bid A+A(1—A), which will terminate the bidding, 
and his new payoff is (1 —A)?. In order to be indifferent about this move, so that 
\ is indeed terminal, it is required that 


42 (1 — 4)’, 
and the minimal value of \ for which this holds is given by: \X=(1—A)?. The 
solution of this equation (in [0, 1]) is 
3—Vf5 
2 


} 


which is the well-known value of the golden section. In short the 2-player 
game will proceed in the following way: (a) Ai will bid 0; (b) As will bid 
AN=(3—V75)/2; (c) Ai will pass; (d) Az will pass. 

Clearly, Az has the advantage, and he will get a payoff of (1—A)&0.618, 
while A; gets \X0.382. 


The n-player game. The author has found the z-player game, for » =3, hard 
to analyze. He will report in this section his progress and conjectures. 

In the 3-player game, if any two players form a coalition they can keep their 
opponent’s payoff below any e>0. The z-player game, for 24, with coalitions 
is extremely difficult to analyze, and no progress has been made in this direction. 
Throughout the rest of this section it will be assumed that no coalitions are 
allowed. 

Consider the following sequence of bids for the 3-player game: 


N 
(a) Ai bids 0, (b) As bids - 


Faced with this situation, A; will bid 2\/1+,. To demonstrate this fact, it will 
be shown first that this terminates the bidding. 

If Az passes, Az passes too, for he is now in the same situation as the first 
player is in the 2-player game after the second player bid X. (This follows from 
the fact that [\/(1-++A) ]/[1—X/(1+A) ] =X.) Also, it is clear that A, will pass, 
for he can get at most what he is already assured of having. Thus, if As bids 
2X/1-+d he terminates the bidding. If he bids x >(2A/1+A), he still terminates 
the bidding and has less payoff. If he bids x <(2N/1--A), and A passes, Ao is 
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sure to bid again and improve his payoff, for 


a —a—4) > @-y(1- = d 


a e 


1+r> 1+? 


while if Ay chooses to move, he is assured of getting this much himself. In either 
case the payoff to A; will be decreased. Thus, if Az bids \/1--A then A; will fol- 
low with 2\/1-++-A and terminate the bidding. The natural question to ask is: 
can A, improve his payoff by bidding «<(A/1+A)? (Clearly, x«>(A/1-+A) will 
not do.) If A; still does best by terminating the bidding, he has to move to the 
right, thus widening A,’s payoff even further. It is conjectured that A; will 
choose that strategy as long as he can not get more by the same scheme on the 
interval 1—x. The value of x can now be evaluated by solving the equation 


The solution is given by w=1—+/(1—A). Thus, it is conjectured that the 3- 
player game will proceed as follows: (a) A1 bids 0; (b) As bids w&¥.214; (c) As 
bids 1 —(u/1 —A) &.654; (d) Everyone passes. This means that the second player 
is the most powerful, and his payoff is about 44 percent of the whole interval. 

It is conjectured that the u-player game proceeds in a similar manner; 


namely, that each player bids only once. Let af, af, -- +, a" be the bids made 
by Ai, Ao, +++, An. Clearly, af=0. It is conjectured that 
n+1 n n+1 n+ 
a2 = ae(1 — a3 + Qe 5 
n+1 n+1 n+1 n+1 n+1 
4 — a = (a3 — Qe )(1 — ae ) 
n+1 n+1 n n+1 n+1 3 
a;,5 —a; = (a4 —d3)(1— a3 +a, ) (define a, = 1) 
n+1 n+1 n n n+1 n+1 
Qn41— Gan =F (An —_ An—1) (1 — 43 + Qe ) 


n+1 n n+1 n+1 
1 — Qi41= (1 —a,)(1—as; +a. ) 
describe the solution for the (7+1)-player game, where for 1=2 the first two 
equations are used instead of the first and the last. 


Acknowledgment. The author wishes to thank Drs. I. M. Isaacs and W. L. Eastman and Mr. 
A. A. Hauser, Jr. for stimulating discussions. 


CONVERGENCE ALMOST EVERYWHERE IS NOT TOPOLOGICAL 
EK, T. ORDMAN, Princeton University 


When the notion of convergence almost everywhere (a.e.) is introduced, the 
student acquainted with convergence in general topology may try to carry over 
more properties than are justified. This note shows that if X is the space of 
bounded measurable real functions on [0, 1], convergence a.e. is not equivalent 
to convergence in any topology on X. 
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Let { fr} be a sequence of functions which converges in measure to zero but 
fails to converge a.e.; the standard example is the sequence ft, ft, fa, fty fay °° * 
where 


) 


1 (m—1)/nSx%xSm/n 


fats) = | 1simesn. 


QO otherwise 


Now suppose that a topology of convergence a.e. exists on X. Since { fa} 
fails to converge to zero, there must be a neighborhood N(0) which f, is fre- 
quently outside; let { far} be the subsequence of terms outside of N(0). Then 
{f,.} converges in measure to zero, so by a standard theorem ({1], p. 46), it 
has a subsequence which converges a.e. to zero. But that subsequence is even- 
tually in N(0), contradicting the choice of { fat} to remain outside. That is, the 
supposed topology cannot exist; in fact, there is no way to define convergence 
a.e. by a neighborhood filter of the usual sort. 


Reference 
1. A. N. Kolmogorov and S. V. Fomin, Functional Analysis, Vol. 2, Graylock, Albany, 1961. 


AN ELEMENTARY CONSTRUCTION OF A FINITE 
NONARGUESIAN PROJECTIVE, PLANE 


J. R. Wesson, Vanderbilt University 


1. Introduction. We give here a construction of a known finite nonarguesian 
plane in such a way that beginning students can easily check the details. Our 
construction is equivalent to one that is well-known [1, p. 408; 2, p. 364]. 

In Section 2, a Veblen-Wedderburn system with 9 elements is presented. The 
corresponding projective plane is given in section 3. Also, we outline six cases 
in which the theorem of Desargues fails. 

The paper can be read easily by a student with an elementary course in ab- 
stract algebra, and the author believes the material could be used in connection 
with an elementary course in algebra or geometry. 


2. Construction of a Veblen-Wedderburn system. Let F be the field of nine 
elements, with the usual identities 0, 1, and with 2=1+41. (Recall that Fcan be 
displayed as the set of elements m+mi, where m, n represent residue classes 
modulo 3. Addition is given by (m,-+ mt) + (meo-+ net) = (m+ me) + (1+ m2)2, and 
multiplication makes use of the definition that 72+1=0 [1, p. 410].) 

An element x of F is called square provided x =a? for some aC F. It 1s easy 
to prove the following for xG F: 


(2.1) 2x5+2x=x or 0, according to whether x is square or not square. (The 
square elements are 0, 1, 2, 7, and 21.) 

(2.2) x5'+2x=0 or x, according to whether x is square or not square. 

(2.3) x?+x4+x5=2 for all x except 0, 1, 2. 


Next we use the elements of F to form a Veblen-Wedderburn system V. 
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Addition in V is the same as in F, and we define a new multiplication - for V by 
(2.4) ty = x(2y® + 2y) + x3(y® + 2y), 


where operations in the right member are from F. From (2.1), (2.2), this is 
equivalent to defining x-y=xy for y square (a square element of F), and x-y 
=x%y for y not square [1, p. 410]. 

In order to see that V is a Veblen-Wedderburn system, we check the follow- 
ing properties. 


Pl. O-x=x-0=0; 1-x=x-1=x. 


P2. If a, b€V with a0, then the equation x-a=b has a unique solution x, 
and a-y=b has a unique solution y. 


Proof. If a is square, x-a=xa. If not, x-a=b if and only if x3a=b. Hence 
x-a=b is uniquely solvable. 

For the remainder, it is sufficient (since V is finite) to prove that a-y, 
=a-y2 implies y1=y2. For the only nontrivial case, let y; be square and y2 not 
square. Then ayi=a*yo, yi =a7yo, and ye is square, a contradiction. 


P3. (xnty)-s=x-sty-g. 
Proof. If z is not square, use the identity («+y)’=x?+y3 from F. 
P4. Ifa, 6b, cEV with ab, then x«-a=x-b-+c has a unique solution x. 


Proof. The proof is immediate if a, b are either both square or both not 
square. Suppose a is square and 0 is not. Then xa =x*b-+c if and only if x°b —xa 
+c=0. To show that this last equation has exactly one root, it suffices to show 
that xf —x,ab-!+-ch—! = x3 — x,ab-!-+ ch—! implies x1 = x. If x8 —x3 =x,ab-1—x,ab-} 
with x14 %2, then («1—x2)?=ab—! and b is square, a contradiction. 

We can cover the case for } square and a not square by applying the preced- 
ing to x-b=x-a—c. 


LemMA 1. Let a, b, c, d be any elements with ac. The system a-x+y=b, 
c-x+y=d has a unique solution (x, y). 


Proof. If a =0, the solution is given by y=), c-x=d—b. If a40, a-x;+y,;=b 
determines a 1-1 correspondence x,<>y,;. Also, if x;4x,, then c-x;+y;4c-x;+y,;, 
for otherwise the pair c-x,;+ty;:=c-xj+4;, a-x:+y;=a-x;+y; would contradict 
the uniqueness mentioned in P4. Hence c-x,;+y,;=d for exactly one pair x;, y;. 


LEMMA 2. Jf «0, 1, 2, then x-x=2. 

Proof. From (2.4) and (2.3), x-*=2(x?+x4+%8) +x8=2. 
LEMMA 3. 2:*=2x. 

Proof. 2-*«=(1+1)-x=x+x=2x, 
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LEMMA 4. 2-(x+y) =2:x+2-y=2x-+2y. 
Proof. Use Lemma 3. 


3. Construction of the nonarguesian projective plane. We use the construc- 
tion in Hall [2, p. 353]. Points are taken as (a, 0), (m), (~), where a, b, m are 
any elements of V,and » € V. Lines are L.,x=a, y=x-m-+b, wherea, m, DEV. 
The following (and no other) incidences between points and lines are defined. 
The line «=a contains () and all points (a, 0). The line Z,, contains («) and 
all points (m). The line y=x-m-+b contains (m) and all points (x1, yi) such that 
Vi x1 M +6. 


TuroremM. Let b be any element of V other than 0, 1, 2. The triangles A(1, 1), 
B(2b+1, b+2), C(1, 6) and A’(2b+1, 1), B’(2, 2b-+1), C’(2, 26+2) are centrally 
perspective, but Desargues’ theorem fauls. 


Proof. Line AA’ has equation y=1. The equation of BB’ is y=x-b-+1, for 
(2b+1)b+1=(06+64+1)04+1=60:64+6064+64+1=672 


by P3 and Lemma 2, and 2-b+1=2b+1 by Lemma 3. Line CC’ has equation 
y=x-(b+2)+1, for 1-(64+2)+1=5b, and 2-(6+2)+1=2b+2 (Lemma 4). 
Hence triangles ABC and A’B’C’ are perspective from (0, 1). 

The following lines and points have equations or coordinates as indicated. 


BC: y=x-(2b)+2b B’C’: x«=2 
CA: x=41 C'A’: y=x-(2b)+0+2 
AB: y=x-(2b+1)+0) A’'B’: y=x-(b+2) 


D or (BC, B’C’), the intersection of BC, B’C’: (2, 0) 
E or (CA, C’A’): (1, 2) 

F or (AB, A’B’): (6+1, 20) 

DE: y=x-+1. 


For example, B lies on y=x- (2b) +2), since 
(2b + 1)-(2b) + 2b = (26)-(2b) + 2b + 26 
=2+ 4, (apply Lemma 2 for # = 26). 
Similarly, B lies on y=x-(2b+1)+-3, since if D0, 1, 2 then 26+10, 1, 2, 


and, by Lemma 2, (26+1)-(2)-+1)+6=2+0. 
Also, A’ lies on y=x-(b+2), since 


(2b + 1)-(b+ 2) = (6+2+6+42)-(6+ 2) = + 2)-(64+ 2) + 64+2)- (+2) 
=2+2= 1, (use Lemma 2). 
In the same way, (b-++1, 20) lies on y=x-(2b+1) +0, for (0+1)-(2b+1)+6 
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=b-(2b+1)+1=(20+1+2642) -(26+1)+1=2+(20+2)-(26+1)+1=(26+1) 
-(26+1)+(26+1) =2+2b+1=25b, (use P3 and Lemma 2). 

Similarly, (6+1, 2b) lies on y=x-(b+2), since (6+1)-(6+2)=(6+2-+2) 
-(b+2) =2+2-(6+2) =20. 

The other incidences are easier to check. Since F does not lie on line DE, the 
plane is nonarguesian. 


References 


1. R. D. Carmichael, Groups of finite order, Ginn, New York, 1937. 
2. M. Hall, The theory of groups, Macmillan, New York, 1959. 


A CLASS OF NONISOMORPHIC RINGS, EACH ISOMORPHIC TO A PROPER 
SUBRING OF EVERY OTHER 


B. R. ToskeEy, Seattle University 


We give here an example of a countably infinite collection of commutative 
rings, all having the same additive group, having the properties 1) no two are 
isomorphic to each other, and 2) any ring in the collection will possess an infinite 
number of subrings which are isomorphic to any other selected ring. 

The additive group common to all rings in the class we will consider is the 
direct sum of two infinite cyclic groups, with generators # and v. The rings we 
construct will be denoted by T,, n=1, 2, 3, - +--+, and we need only to define 
multiplication in T,. In the ring T,, we shall require: 


(uu = NV 
7 =m = vw = 0 
and extend by the distributive law to all members of T,. Since all triple products 


are zero, associativity is trivially satisfied, and hence the above products define 
a commutative ring. 


A. If T, and T are tsomorphic, then n=m. 
Proof. Suppose we have an isomorphism a: 7,527 so that 
a(u) = au + bo, a(v) = cu + dy, 


for some integers a, b, c, d, where the images of a are in 7. By the homomor- 
phism property, we must have: 


a(uu) = a(nv) = amv = neu + ndv 
a(vv) = a(0) = cmv = 0, 
from which we obtain c=0 and nd=a’m. Since @ is onto: 
a(eu + fr) = u a(gu + hv) = v 


for some integers e, f, g, k, and we obtain ea=1, g=0, and hd=1. This implies 
that a?=d?=1 and hence n=™m, since both are positive. 
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B. For any n, m, Tm has an infinite number of subrings which are isomorphic 
to Tn. 


Proof. Choose any integer r~0 and any integer s, and let: B(u) =nru+sv, 
B(v) =r?nmv define an additive mapping on T, into 7,,, extended by linearity 
to all of T,. It is easy to verify that multiplication is also preserved, and hence 
6 is a ring homomorphism. If au-+bv is in the kernel of 8B, we must have anr=0 
and as+br?um=0, and since rnm¥0, we have a=b=0, so that @ is an iso- 
morphism. If 7 is given the values 1, 2, 3, - - - the images are distinct, so that 
Tm has an infinite number of subrings isomorphic to T,. 


THE NATURAL LOGARITHM IS TRANSCENDENTAL 
H. R. Rouse, Tufts University 


If a function f is algebraic, then for some positive integer 1, there exists a 
sequence Po, ---, P, of polynomial functions such that for every number » in 
the domain of f 


(1) 2 PA(a)[f)t = 0 


For such a function there is a Jeast positive integer ” for which such a sequence 
exists, and for this 7 there is a least positive integer m for which such a sequence 
exists consisting of polynomials of degree Sm. Call a sequence with this pair 
nm and m a minimal sequence for the function. 

We shall prove that there is no algebraic function whose derivative exists 
and is 1/x for every number x in its domain. 

Suppose there were such a function f. Clearly 0 is not in the domain of f. 
Let Po, - ++, P, be a minimal sequence of polynomials for f, and differentiate 
(1) to obtain 


(2) > PE (x) [f(a] + > EP, («)[f(a) 9" (a) = 0. 


In the second summation in (2) replace f’(x) by 1/x and change the index 
k to k+1, getting 


n n—1 1 | 
(3) 2 Py («)[f(~) | + 2 (k + 1) Pesa() [f(@) = 0. 
Multiply (3) by x and regroup, obtaining 
(4) > [ePy (x) + (e+ 1) Perla) [f@)]* + &PY [fey] = 0. 


From (4) it follows that there is a sequence of polynomial functions having 
the same 2 and m such that the last polynomial has a factor of x. If we assume, 
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without loss of generality, that P,(x) has a factor of x, it follows further from 
(4) that there is such a sequence of polynomial functions whose last two poly- 
nomials both have a factor of x. Repeating this argument 7 times, we see that 
we may assume that each of the polynomials Py,---, P, has a factor of x. 
Now since 0 is not in the domain of f, (1) can be divided by x, reducing the degree 
of each polynomial. But this contradicts the stipulation that m be the least such 
integer, and the proof is complete. 

An algebraic function for which 1=1 is a rational function. A good exercise 
for the student is to follow the pattern of the above proof and show that there 
is no rational function whose derivative is 1/x. The better student might be 
challenged to prove in a similar manner that there is no algebraic function whose 
derivative exists and equals the function itself throughout its domain. (Actually 
there is one such algebraic function, but he should discover this for himself.) 
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THE RELATIONSHIP BETWEEN THE PERFORMANCE OF THE TEXAS 
SOUTHERN UNIVERSITY FRESHMEN ON THE MATHEMATICS 
PLACEMENT TEST AND THEIR HIGH SCHOOL 
MATHEMATICS BACKGROUND 


L. K. BRADLEY, C. R. NEWELL, AND V. M. WILLIAMs, Texas Southern University 


Summary. The general purpose of this study was to determine the relation- 
ship between the performance of the Texas Southern University freshmen on the 
mathematics placement test and their high school mathematics background. 

At Texas Southern University, the test required for entrance is not used to 
restrict enrollment. Hence, no minimum mathematical achievement can be as- 
sumed. A hasty examination of the records will indicate that an overwhelming 
majority of the students admitted to Texas Southern University appear to have 
an adequate mathematical background; yet more than 93% fail to pass the 
mathematics entrance test. 

In developing this problem the following questions were formulated: 

A. What is the mathematical background of the students who took the test? 

B. To what extent is the mathematical information obtained in high school 

by these students reflected on the test? 

C. What inferences can be drawn from the data? 
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D. What suggestions may be offered for improvement of the entering stu- 

dents on the mathematics placement test? 

The data were obtained by (1) referring to the students’ high school tran- 
scripts on file in the Registrar’s office; (2) analyzing the results of the mathematics 
placement test; and (3) interviewing a sample of the students involved in the 
study. The students used in this study were those 806 students (1) who took the 
mathematics placement test during September, 1962; and (2) whose high school 
transcripts were on file in the Registrar’s office. 

Background information, as recorded in the files of the Registrar’s office 
showed that the 806 students had graduated from 204 high schools located in 
21 states of the United States and one foreign state. A majority of the high 
schools (137) were located in Texas with approximately 90% of the students 
involved in this study being graduates of these high schools. The size of the high 
school graduating classes ranged from 4 to 716, with the size of the majority of 
the graduating classes being less than 200. Of the 665 students whose transcripts 
showed quartile information, 162 or 20.09% of the entire group, ranked in the 
first quartile of their high school graduating classes. 

It was found that 660, or approximately 82% of the total group of students, 
presented more than two units of high school mathematics. One hundred twenty- 
one students presented four units of high school mathematics; two students five 
units; and one student presented zero units of high school mathematics. Mathe- 
matics courses taken in high school include, in the order of frequency: algebra I, 
plane geometry, algebra IJ, general mathematics, commercial mathematics, 
trigonometry, solid geometry, business mathematics, advanced mathematics, 
and basic mathematics. The most frequent combination of high school mathe- 
matics courses presented was algebra I, algebra II, and plane geometry. 

Two hundred four students, or approximately 25% of the total group of stu- 
dents, achieved an average of “B” or better in their high school mathematics 
courses; 459, or approximately 57%, obtained an average of “C” and above but 
less than “B”; and 143, or approximately 18%, achieved an average less than 
st Oakes 

Information recorded in the Registrar’s office indicated that the students 
were interested in majoring in education, the fine arts, home economics, the 
humanities, natural and physical sciences, physical and health education, social 
sciences, business, and vocational and industrial education, with the largest 
percentage, 20.8%, interested in majoring in the natural and physical sciences. 

It was found that on the mathematics placement test, 72% of the students 
(581) answered correctly one-half or less of the 74 items on the test. Further, 
the students performed best on the items classified under “Number and Opera- 
tion” and poorest on the group “Proof-deductive and Inferential Reasoning.” 

Of the 81 students, chosen at random for interviews, two had passed the 
test; three did not take the test; and 76 had failed the test. “Inadequate back- 
ground” was the most frequent response given to the question asked concerning 
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reasons for failure. Other responses given by the students to the question, in 
order of frequency, were: (1) thought they had passed, (2) fatigue and nervous 
tension, (3) had forgotten, (4) insufficient time, and (5) insufficient understand- 
ing of marking the answer sheet. 

A formula for computing a Pearson product-moment coefficient of correla- 
tion was used to determine the relationship between the high school mathe- 
matics grades and the scores on the mathematics placement test. The coefficient 
of correlation was calculated to be .39. 


Recommendations. On the basis of the information compiled in this study, 
the following recommendations are made: 

A. Recommendations Concerning the Students. From the evidence available, 
it appears that an overwhelming majority of the students tested have taken 
enough high school mathematics courses to be well prepared in mathematics, 
yet the test results indicate that these students have not fully grasped the 
mathematical material to which they have been exposed. Therefore, it is recom- 
mended that: 

1. Students be advised that low level work (as evidenced by grades of C 
and below) does not provide an adequate background for success in college work. 

2. Many opportunities be provided for increasing and broadening the mathe- 
matical scope of the students. 

3. Some formal mathematical training be a part of each student’s work dur- 
ing his senior year in high school. 

4, All high school students have some experience with algebraic processes 
before graduation. 

5. Classroom situations be so structured as to provide extensive involvement 
in critical thinking, inasmuch as the students performed poorest on the group 
of test items classified under “Proof-deductive and Inferential Reasoning.” 

6. The mathematics staff at Texas Southern University be more diligent 
in making high school faculties more cognizant of the mathematical difficulties 
encountered by students entering college. 

B. Recommendations for Further Study. This study has called attention to 
certain problems that would bear further investigation. They are: 

1. A study to determine the relationship between the grades earned in first 
year college mathematics and grades earned in the high school mathematics 
courses. 

2. A study designed to determine the relationship between the student’s 
performance on the mathematics placement test and their choices of fields of 
collegiate major concentration. 


This research was supported by a grant from the Faculty Research Committee of Texas 
Southern University. 
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COLLEGE INSTRUCTORS OF MATHEMATICS FOR 
ELEMENTARY-SCHOOL TEACHERS 


ALICE I. RoBOLD, Ball State University, Muncie, Indiana 


A study was conducted, during the school year 1962-1963, of the academic 
backgrounds of 889 college instructors of mathematics content courses for pro- 
spective elementary-school teachers. The instructors taught in the fifty states, 
the District of Columbia, and Puerto Rico. 

Some significant findings are as follows: 

1. When the instructors were classified according to the interest they indi- 
cated in elementary-school teacher education (least, some, or greatest) it was 
found that instructors who indicated greatest interest were less well prepared 
mathematically, but had better backgrounds in elementary-school teaching, 
than the instructors who indicated some or least interest. 

2. The percentage of instructors who had been certified to teach or who had 
taught in elementary school was greater for the group having Jeast interest than 
for the group having some interest in elementary-school teacher preparation. 

3. Instructors were classified among the seven types of institutions (so 
classified by the U. S. Office of Education) in which they taught: Liberal Arts 
and General; Primarily Teacher Preparatory; Liberal Arts and General, and 
Teacher Preparatory; Liberal Arts and General, Teacher Preparatory, and 
Terminal Occupational; Professional or Technical and Teacher Preparatory; 
Liberal Arts and General with One or Two Professional Schools; and Liberal 
Arts and General with Three or More Professional Schools. The Primarily 
Teacher Preparatory institutions had a higher percentage of instructors in the 
group with least interest in elementary-school teacher education than any other 
type of institution. 

4. Among the seven types of institutions in which the instructors were em- 
ployed, Primarily Teacher Preparatory institutions had the lowest percentage 
of instructors with elementary-school teaching experience; while Liberal Arts 
and General, and Teacher Preparatory institutions had the highest percentage 
of instructors with elementary-school teaching experience. 

5. Instructors who had been certified to teach in elementary school and 
instructors who had taught in elementary school had significantly lower means 
than ‘the other instructors for the number of college mathematics semester 
credit hours earned (both undergraduate and graduate) and for the number of 
college mathematics courses (both undergraduate and graduate) they felt com- 
petent to teach. 

6. Among institutional size groups, instructors in institutions with enroll- 
ments from 15,000 to 19,999 had highest means for college mathematics se- 
mester credit hours earned and the number of college mathematics courses they 
felt competent to teach. 
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7. Fifteen per cent of the instructors had earned less than 40 college mathe- 
matics semester credit hours. 

8. The Masters degree in mathematics or its equivalent (30 graduate mathe- 
matics semester credit hours) had been earned by 522, or 58.7 per cent of the 
instructors. In this study, 438, or 49.3 per cent of the instructors had earned a 
Masters degree (or its equivalent) in mathematics and indicated some or greatest 
interest in the preparation of elementary-school teachers. Sixty-four, or 7.2 per 
cent of the instructors had earned a Masters degree (or its equivalent) in mathe- 
matics and indicated greatest interest in elementary-school teacher education. 

9. Instructors who had earned at least 40 college mathematics semester 
credit hours and indicated some or greatest interest in elementary-school teacher 
education comprised 593, or 66.7 per cent of the instructors in the study. 

10. Thirty-eight, or 4.3 per cent of the instructors had all of the following 
characteristics: 

Some or greatest interest in elementary-school teacher education. 

Thirty or more graduate mathematics semester credit hours. 

Certification for elementary-school teaching. 

Elementary-school teaching experience. 

Of this group, only nine (1.0 per cent of the instructors in the study) had 
greatest interest in the preparation of elementary-school teachers. 

These findings seem to imply a lack of appropriate preparation of college 
instructors of mathematics for prospective elementary-school teachers. 

There is apparently a need to develop academic programs to prepare in- 
structors who have not only an adequate background in mathematics, but also 
an understanding of the elementary school and an interest in preparing its 
teachers. 


IMPROVING INSTRUCTION IN GRADUATE AND UPPER- 
LEVEL UNDERGRADUATE MATHEMATICS 


RICHARD KUECHLE, Foothill College, Los Altos Hills, California 


In recent years the teaching of mathematics in the elementary and secondary 
schools has been examined very closely, as has the training of the teachers at 
those levels. Many changes have been suggested, some of which have, been 
implemented, with more changes to come in the future. While attention has 
been focused on these areas, less has been given to improving the quality of in- 
struction in mathematics at the university level. From September 1962 until 
August 1964 I was a graduate student of mathematics at two large state uni- 
versities, and thus in a favorable position to report on the teaching ability of 
mathematics professors. My two years of study were in National Science Foun- 
dation Academic Year Institutes, culminating in a master’s degree in mathe- 
matics at the second of the two universities. 

First I attended University X for two semesters and the summer session, 
and at the end of my year there I was disturbed about the quality of teaching, 
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but thought that perhaps it was a condition peculiar to this university. The 
federal grant designated University Y for my second year of study, thus giving 
me the chance to compare the quality of instruction at the two schools. After 
studying at University Y for one year I reached the same conclusion I had at 
University X, only this time | was more deeply disturbed, because now I began 
to wonder about the quality of teaching in the mathematics departments of all 
universities. 

Before discussing any of my observations at the two univerisities, I will set 
forth, as a basis for comparison, my concept of the pedagogical role of a mathe- 
matics professor who teaches graduate and upper-level undergraduate courses. 
He assumes the following responsibilities: 

(1) To prepare a well-organized body of mathematical information that will 
be presented to the class over the semester. 

(2) To present this body of information in an efficient manner designed to 
assist the students in learning the material. 

(3) To prepare a list of homework exercises which thoroughly cover all of 
the emphasized points in the course, and to assign these at frequent, regular 
intervals. The exercises which are the most difficult for the students and those 
which are the most important to the development of the course should be dis- 
cussed in class. 

(4) To plan an evaluation program and to prepare tests which are valid 
and reliable in measuring a student’s achievement in the course. 

(5) To create a class climate in which students are stimulated to follow the 
presentation closely and are encouraged to ask questions. 

Point 5 above is more important than one might think. Findings from the 
psychological theories of learning (conditioning, connectionism, and field psy- 
chology) all indicate that the learner must be mentally active and that his 
thoughts must lead to a successful solution if learning is to take place [1]. This 
raises the question of how much learning takes place in a class where the stu- 
dents take notes as fast as they can while the professor writes continuously at 
the board with his back to the audience. This method of teaching might have 
been defensible before the invention of duplicating machines, but not now. 

With the above five points as a basis for comparison my observations of the 
14 professors at Universities X and Y can now be presented. All of the 14 held 
the Ph.D. degree in mathematics, and in rank they ranged from assistant pro- 
fessor to full professor, with one of them being the head of the department. They 
include names familiar to any serious student of mathematics and mathematics 
education. 

It is interesting to note the frequency with which certain faults occurred. 
See the following chart in which the poor teaching practices are tabulated. 

In judging teaching effectiveness one should not assign equal weight to each 
of the points listed in this chart, but it is interesting to note that if I were to 
name the three best teachers in terms of overall performance (and this includes 
some factors not included in this chart), they would be Professors A, B, and H, 
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TEACHING I, INEFFICIENT & INEFFECTIVE II, FAILuRE TO EFFECTIVELY IIT. Usr of Poor 
FAULTS Use or Chass TIME UsE HOMEWORK AS A TECHNIQUES OF 


LEARNING DEVICE EVALUATION 
A B Poor Presentation of Cc A B Cc D A B C 
the Day’s Lesson nlo- 
n E 8 
1, 2. 3 4, Go os qa 
= > eQ eo 
a qi Eee ae 28 +» wl 6 5 & 8le eas! 3 
4 ° U) O 4 

3 ne | See ‘A | o suBeolS glo giulSuc Sl/Sa8/ age B 8 

g Ge [eSSelas |, |ebSSleglseeslesselesslsue] & 
we | 8 |£S2/ee85| 83 8lee .|8588 EeERES S SESS|SE5/ASS| wz | 
Sth | Sho lo Alaa guoi(ovaiaval ogee (See ohS as (Se ar( Bahl oF of | a 

fe) ont o 8 ae) OUlo wn am wt oa > 
Proressor \| ©O | AS [AESlens ald sal aslasss(Zezicsesie esses edsasl Sa] 
A v v v 3 
B Vv 1 
Cc v Vv Vv v 4 
D v Vv Vv Vv v v v 8 
E v Vv Vv v Vv Vv v v 8 
F v Vv Vv v v 5 
G v Vv Vv Vv Vv v v v 8 
H Vv v v 3 
I v Vv Vv Vv v v 7 
J v v v v v | 6 
K vee Vv v Vv Vv 4 
L v Vv v v 4 
M v v Vv Vv Vv v v 8 
N v v Vv Vv v Vv v Vv v v 10 


in that order. Each of these men has three or fewer marks against him. The two 
worst teachers, Professors M and D, have eight marks each, while Professor N, 
having 10 marks, was only a slightly better teacher. There are seven professors 
whom I would classify as poor teachers, and they are C, D, E, F, G, M, and N. 
Of the teaching faults listed on the chart there is one which shows a high degree 
of correlation with these seven teachers, and that is I-A, “Poor Organization of 
the Course and Poor Organization of the Daily Presentation.” Of these seven, 
only Professor E does not have this mark against him, and none of the other 
professors (who could be divided into groups of good and fair teachers) have this 
mark against them. I do not believe that a subject which has such a high degree 
of organization within itself can be effectively taught in a disorganized manner. 
Other suggestions for improving instruction are implied by the list of faults in 
the chart, but beyond that I have some additional comments. 

The first of these has its basis in the premise that a teacher must make the 
best use of the class time at his disposal. Having accepted this, then I believe 
that the professor must do more in his class than merely present information. 
If information-giving were the only reason for holding classes, then for the most 
part classes could be eliminated, for the students could get the information from 
the text, or if there were no text for the course, the professor could have sets of 
notes duplicated for distribution to the class, and the students could study them 
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and report for examinations at specified times. To use class time effectively, 
the professor must give the students guidance in learning the new material. 
More than the bare skeleton of information must be presented to the class, and 
it is at this point where many professors fail as teachers. They see their role 
in the classroom to be that of lecturers (information-giving) only. 

A good teacher should, in addition to giving information, emphasize the 
most important points in a presentation, uncover relationships that the student 
might overlook otherwise, and check to see that the class is comprehending the 
material. If classes are worth holding at all, then learning must take place in 
them, and this implies that information-giving and guidance must both take 
place in the classroom. 

Any student who has the ability to earn a master’s degree or higher in mathe- 
matics certainly has the ability to sit down and study the text until eventually 
he understands it. Why, then, am I making this fuss about guiding the student 
in class? There are two reasons. The first is that if the professor furnishes guid- 
ance in class, the student will be able to master the topic in less time than if he 
were left to his own devices. The graduate student has a heavy enough load 
without being delegated the added responsibility of teaching himself topics that 
the professor failed to present effectively in class. The second reason is one of 
motivation. A student who receives no guidance from his professor will probably 
do more floundering about before mastering the lesson than will a student who 
is effectively guided. I think that the former student will eventually become 
negatively motivated after enough repetitions of this experience and will be less 
likely to succeed. 

The problem of improving instruction in university mathematics is a com- 
plex one and hence, there can be no one simple solution. I think that the first 
step in any solution will be to convince the professors and administrators that 
there is a need to improve the quality of instruction in mathematics, because if 
they do not see this, then they will not approve any plan to remedy the situa- 
tion. Hence, the fact that the problem exists and needs a solution must be 
brought to the attention of those who have the power to implement the neces- 
sary changes. University administrators exert pressure on faculty members to 
engage in research, and one of the motives behind this, besides the obvious one 
of helping to push forward the frontier of knowledge, is to bring recognition to 
the university. Is it not equally important that the university be recognized as 
an institution where a student can get a fine education by excellent teachers? A 
research-oriented university must guard against losing touch with the individual 
student. There is a growing awareness of this problem, and one graduate school 
dean who has recognized it is Dean Richard Armitage of Ohio State University 
[2]: 

“Please notice that I have not, in my characterization of the graduate professor, said that his 
strong research motivation is improper. I am merely saying that he is at least partly at fault... for 
the strong distrust on the departmental level of anyone who devotes a great deal of time to under- 


graduate teaching, to counseling students, to writing of textbooks, to participation in honors 
programs and to the design of exciting new courses in general education.” 
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Some suggestions which have been offered by others for improving the con- 
ditions noted in this paper include the following: rewarding good teachers with 
increases in pay and promotions in rank; and asking that those Ph.D. candidates 
who plan to become professors take courses in the teaching of mathematics and 
do some student teaching at the university level. 

Another possibility is to set up in-service courses or seminars in which teach- 
ing methods would be discussed. These could be intra-departmental, or they 
could include special consultants from the psychology or education departments. 
The promise of salary increases afterwards might increase the number of par- 
ticipants in such a program. 

Research is needed into the problems which are peculiar to the teaching of 
university mathematics. Some universities have established centers whose pur- 
pose is to study ways of improving the teaching of all disciplines. The advent 
of closed circuit television, programmed texts, and other new teaching devices 
may hold some of the answers to the problems facing university mathematics 
professors. 
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A BRIEF DICTIONARY OF PHRASES USED IN MATHEMATICAL WRITING 
H. Pérarp, Society for Useless Research 


Since authors seldom, if ever, say what they mean; the following glossary is 
offered to neophytes in mathematical research to help them understand the 
language that surrounds the formulas. Since mathematical writing, like mathe- 
matics, involves many undefined concepts, it seems best to illustrate the usage 
by interpretation of examples rather than to attempt definition. 

ANALOGUE. This is an a. of: I have to have some excuse for publishing it. 

APPLICATIONS. This is of interest in a.: I have to have some excuse for pub- 
lishing it. 

CoMPLETE. The proof is now c.: I can’t finish it. 

DetTAILs. I cannot follow the d. of X’s proof: It’s wrong. We omit the d.: I 
can't do it. 

DIFFICULT. This problem is d.: I don’t know the answer. (Cf. Trivial.) 

.GENERALITY. Without loss of g.: I have done an easy special case. 

IpEAs. To fix the i.: To consider the only case I can do. 

INGENIOUS. X’s proof is i.: I understand it. 

INTEREST. It may be of i.: I have to have some excuse for publishing it. 

INTERESTING. X’s paper is 1.: I don’t understand it. 
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KNown. This is a k. result but I reproduce the proof for the convenience 
of the reader: My paper isn’t long enough. 

Langage. Par abus de l.: In the terminology used by other authors. (Cf. 
Notation.) 

NATURAL. It is n. to begin with the following considerations: We have to 
start somewhere. 

New. This was proved by X but the following n. proof may present points 
of interest: I can’t understand X. 

NOTATION. To simplify the n.: It is too much trouble to change now. 

OBSERVED. It will be o. that: I hope you have not noticed that. 

Osvious. It is 0.: I can’t prove it. 

READER. The details may be left to the r.: I can’t do it. 

REFEREE. | wish to thank the r. for his suggestions: I loused it up. 

STRAIGHTFORWARD. By a s. computation: I lost my notes. 

TRIVIAL. This problem is t.: I know the answer. (Cf. Difficult.) 

WELL-KNOWN. This result is w.: I can’t find the reference. 

Exercises for the student: Interpret the following. 

1. I am indebted to Professor X for stimulating discussions. 

2. However, as we have seen. 

3. In general. 

A, It is easily shown. 

5. To be continued. 


This article was prepared with the opposition of the National Silence Foundation. 


ADMINISTRATIVE GUIDE FOR SCHOOL PROGRAMS 


The National Council of Teachers of Mathematics, in cooperation with other 
national professional organizations, has recently published a brochure entitled, 
Administrative Responsibilities for Improving Mathematics Programs. Represen- 
tatives of the American Association of School Administrators, Association of 
Curriculum Development, and the National Association of Secondary School 
Principals cooperated in preparation of the publication. The purposes of the 
publication were to identify the kinds of organization that make possible sound 
administration of good mathematics programs, to outline the principles of cur- 
riculum planning and revision, and to define responsibilities of various school 
personnel in the revision process. A wide distribution is guaranteed through the 
American Association of School Administrators and the National Council of 
Teachers of Mathematics. Both groups are distributing the bulletin without 
cost. Members representing the National Council of Teachers of Mathematics 
included: Mildred Keiffer, mathematics supervisor, Cincinnati; Frank B. Allen, 
Lyons Township High School and Junior College; and Charles R. Hucka, Eu- 
gene, Oregon Public Schools. 


PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STAaRKE, Bloomfield College 


COLLABORATING Epitors: J. BARLAZ, Rutgers—The State University; L. Cariitz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Eves, University of Maine; 
A. E. LivincsTon, University of Alberta; and A. WILANSkY, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to Pro- 
fessor Starke. 


ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A, E. Livingston, University of 
Alberta, Edmonton, Canada. To facilitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitied on separate, signed sheets and should be mailed before 
June 30, 1966. 


E 1855. Proposed by L. M. Young, San Fernando Valley State College 


Let \ be a given (real or complex) number. Solve the system: 


tn1i=%—-r (n= 1,2, 3,4), 


where %5=%1, subject to the condition x31. 


E 1856. Proposed by S. W. Williams, Lehigh University 


Given n any positive integer, prove the identity 


> [ex] = nlx] + oat —|, 


=I j=l k=l t+i1 


where, as usual, [x] is the greatest integer in x. 


E 1857. Proposed by Steven Rosencrans and James Potter, Massachusetts In- 
stitute of Technology 


Show that the solutions \ of tan \=ad/(A?2+c), where a is real and c is post- 
tive, are either real or (pure) imaginary. 


E 1858. Proposed by S. E. Dickson, University of Nebraska 


Assume the usual properties of the real numbers except for commutativity 


of addition. Given that the equation x-+-y=y-+x holds for real numbers x and 


y less than 10-°° apart, show that this latter restriction can be removed. 


E 1859. Proposed by Judith H. Hallman, University of North Carolina and 
Western Electric Co. 


Let ki, ko, - + +, Rx be any real numbers different from zero, and let A = (a;;) 
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be the matrix a,;=k;/k;. Find the ~ characteristic roots of A. 


E 1860. Proposed by Edward Thorp and Fred Richman, New Mexico State 
University 


Consider the sequences 2", n”), etc., and n!, w!!, n!!!, etc., for a fixed 
integer 723. Do the terms of one sequence eventually become larger, and stay 
larger, than the corresponding terms of the other? Suppose, instead, that we 
compare the corresponding terms of 2”, 2”), etc., and m!!, m!!!, etc., and ask the 
same question. 


E 1861. Proposed by T. R. Curry, Bay Shore, N. Y. 


Given a triangle ABC with the usual notation for sides, angles, area, cir- 
cumradius and inradius, prove the following inequalities, with equality holding 
if and only if the triangle is equilateral: 


9abe 
(1) 4A./3 < sade 
(2) 2AV/3 S OR, 
(3) cot A+ cot Bt cot Ce IVER EMT OTS 
9abc 
(4) csc A + csc B+ cscC 2 273. 


E 1862. Proposed by Michael Fried, University of Michigan 


Let A= faite be an ordered set of distinct positive integers. Let 


P(x) = [I (+ 4%) = D7 Na(iet. 
t=1 1=0 

It is well known that N4(z) is the number of ways 2 may be expressed as a sum 
of distinct elements from A. 

Na(n) is said to be unbounded if lim, sup Na(m) = ©. 

Na(n) is said to be uniformly unbounded if lim, Na(m) = ©. 

(a) Find necessary and sufficient conditions on the set A so that Na(m)>0 
for all x. 

(b) Find necessary and sufficient conditions on the set A so that Na(m) is 
unbounded. 

(c) Does there exist a set A for which Na(m) is unbounded but not uni- 
formly unbounded? 


E 1863. Proposed by R. G. Albert, West Newton, Mass. 


The size and shape of a conic with positive eccentricity are determined by 
two parameters, the distance d from a focus to the nearest directrix and the 
eccentricity e. Evaluate the radius of the osculating circle at a vertex as a func- 
tion of d and e. 
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FE 1864. Proposed by R. E. Mikhel, Tri-State College, Angola, Ind. 


If G;is an abelian group of involutoric matrices (A?=J), prove that the 
order of G; is of the form 2”. 


SOLUTIONS OF ELEMENTARY PROBLEMS 


Expected Distance between the Vertices of a Dodecahedron 


E 1752 [1965, 75]. Proposed by Arthur Engel, Stuttgart, Germany 
A bug is crawling on the edges of a dodecahedron. Each time it comes to a 
vertex it chooses with equal probability one of the three edges which end in that 


vertex. What is the expected distance it covers in order to get from a vertex A 
to any other vertex B? (A =B is not excluded.) 


Solution by T. Teichmann, General Dynamics Corporation, San Diego. Starting 
from any vertex “O” on a dodecahedron, the remaining 19 vertices can be 
divided into 5 classes, characterized by the minimum number of steps required 
to reach them from “O.” (This fact and the following combinations, are easily 
seen by examining the associated isomorphic planar graph. See, for example, 
Graphs and Their Uses by O. Ore, Random House, p. 29, Fig. 2.5.2.). Class “1” 
consists of 3 points, Class “2” of 6, Class “3” of 6, Class “4” of 3 and Class “5” 
of 1. Let n; be expected number of steps to reach a point in class “7.” One then 
has the following relations (easily obtained from inspection of the graph.) 


Mm = 3+ 3(n2 + 1) 

ne = 3(t1 + ne + ns + 3) 
Ns = 3(ne + n3 + 14 + 3) 
Ns = 4(2n3 + 15 + 3) 

Ns = mgt i. 


Solving these equations successively, starting with the last, one finds 
nm, = 19 Ne = 27 nz = 32 ny = 34 Ns = 35. 
If 2 is the expected number of steps to return to the origin, then mp =21+1 =20. 


Also solved by M. A. Bershad, T. A. Brown, F. P. Callahan, R. E. Glacken, Michael Green, 
H. S. Hahn, E. L. Magnuson, D. C. B. Marsh, Donald Quiring, Robin Sibson (England), and the 
proposer. 


A Countable Family of Subsets of the Positive Integers 


E 1753 [1965, 75]. Proposed by J. O. Herzog and L. J. Simonoff, Idaho 
State University 

Let 6 be a family of subsets of positive integers such that if 4, BEB, then 
Af \B has at most n elements. Prove that 6 is countable. 
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Solution by P. L. Manley and M. G. Murdeshwar, University of Alberta, 
Edmonton, Alberta, Canada. The proposers no doubt meant to require that 
distinct sets A, BEB have at most n elements in common since otherwise each 
set in @ has at most 2 elements, in which case the conclusion is well known. 

With the modified hypothesis, let E be the set of all positive integral (7+1)- 
tuples, and define f: BE as follows: If A €6 consists of a1<a2<a3;3< +--+, then 


f(A) — (ai, Qs, a) On+1) 


with a,=<a, ifa,€ A and a,=0if A has less than k members. Clearly f is one-to- 
one, and £ is countable. 

If “n” is replaced by “finite,” B is not necessarily countable. For instance, 
for each real number x€(0, 1) define a set F, consisting of 2"(2[nx|+1), 
n=1, 2, 3,---.The square brackets denote the usual largest-integer function. 
Then the family B= | F,| xe (0, 1) } is uncountable. 


Also solved by Robert Bernstein, W. H. Bonney, J. L. Brown, Jr., E. O. Buchman, Jim 
Campbell, J. E. Connett, Oliver Costlich, R. W. Demming, R. B. Eggleton (Australia), J. D. 
Featherstone, N. J. Fine, R. W. Gilmer, Jr.. H. S. Hahn, D. M. Hancasky, Denis Hanson and 
David Klarner (jointly), A. G. Heinicke, G. A. Heuer, E. S. Langford, C. C. Lindner, D. C. B. 
Marsh, Maurice Navel and J. J. Zeltmacher (jointly), James Nussbaum, Martin Peres, Donald 
Quiring, J. G. Rau, Stewart Robinson, L. E. Rudinski, P. J. Saavedra, M.S. R. K. Sastry, Barry 
Simon, Richard Sinkhorn, G. P. Speck, R. L. Syverson, J. P. Thomas, Guy Torchinelli, B. R. 
Toskey, R. C. Vile, Jr., Mrs. M. R. Wiscamb, and the proposers. 

The proposers also observe that the conclusion does not obtain when “nx” is replaced by 
“finite” (W. Sierpinski, Cardinal and Ordinal Numbers, Pansat wowe Wydawnictevo Nankowe, 
Warsaw (1958) p. 77).. 

Several of the solvers solved only the original version of the problem. 


A Well-known Continuant 


E 1754[1965, 75]. Proposed by V. R. Rao Uppuluri, Oak Ridge National 
Laboratory 


Let p, g>0 and +q=1, and let a,, denote the value of the mth order 
determinant 


1 —g 0 0 O--- 
—p 1 —g 0 


0 —p 1 —-gq 0 
0 0 0 0 Q---—p 1 -g¢ 
©) 0 0 0 O--» O —p 


with do9=1 (=a). Show that a, = (p™t!— q+) /(p—q). 


Solution by Douglas Lind, University of Virginia. The conclusion of the prob- 
lem should of course be dn= > 75 p™-#g* to take care of the case where p=q, 
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and our argument shows that the requirement of positivity of p and g is not 
needed. 


It is known that the mth-order continuant A, =det (a;;) with ai;=C, @:,441=4, 
@;-1,:=6, and a;;=0 otherwise, has the value (n+1)c*/2"+! when c?=4ab and 


(c + Vc? — 4ab)"*! — (6 — Vc? — 4ab)™*) 
Qnt1./¢2 — 4ab 


if c?44ab. (See the solution to Problem B-13, Fibonacci Quarterly, 1 (1963) 


p. 79, or expand A, by minors according to the elements of the last row or 
column to get 


An = CAn—1 — abAn—» 


for n=2, 3,4, +++ and then apply the usual techniques for solving second-order 
linear difference equations.). The required result follows upon taking c=1, 
b=—p, and a=p—1=-—4g. 

Also solved by J. C. Abad, A. N. Aheart, J. C. Ahuja, D. P. Ambrose (Basutoland), J. T. 
Anderson, J. H. Avila, W. H. Bailey, W. T. Bailey, Raymond Balbes, C. W. Barnes, Robert Bart, 
Homer Bechtell, John Beidler, P. M. Berry, M. A. Bershad, Marjorie Bicknell, D. A. Blaeuer, 
W. R. Boland, W. G. Brady, J. L. Brenner, C. A. Bridger, J. L. Brown, Jr., Bruce Bursack, J. A. 
Burslem, F. A. Butter, Jr., Jim Campbell, R. E. Chandler, M. R. Chowdhury (Germany), Allan 
Chuck and Peter Goldstein (jointly), Glenn Clark, C. G. Clarridge, Edward Collett, D. I. A. 
Cohen, R. J. Cormier, Jim Dillinger, R. L. Disney, Ragnar Dybvik (Norway), E. S. Eby, R. B.- 
Eggleton (Australia), J. W. Ellis, W. O. Egerland, N. Ersec, N. J. Fine, Gary Ford, Tom Foregger, 
E. Frank, Philip Fung, P. K. Garlick, Robert Gouw, Frederick Gray and R. L. Price (jointly), 
S. H. Greene, Louise S. Grinstein, Cornelius Groenewoud, Harry Guess, H. S. Hahn, D. M. 
Hancasky, Eldon Hansen, R. J. Harshbarger, J. Z. Hearon, A. G. Heinicke, J. C. Hickman, 
Francis Higman, Stephen Hoffman, R. G. Hoffmann, K. L. Jensen, Rick Jones, Terry Kempf, 
M.S. Klamkin, W. J. Klimczak, Dale Klungness, Kenneth Kramer, C. D. La Budde, E. S. Lang- 
ford, Rene Laumen (Belgium), T. J. Lee, Horst-Eckert Lehmann (Germany), Steve Ligh, C F. 
McLaren, Robert Maas, E. L. Magnuson, Andrzej Makowski (Poland), D. C. B. Marsh, Helen 
Merkel, Michael Minkoff, Cleve Moler, J. E. Mueller, M. G. Murdeshwar, G. L. Musser, W. M. 
Nair, James Newton, Dave Nixon, James Nussbaum, David Palmer, F. D. Parker, Robert Pate- 
naude, C. B. A. Peck, Walter Penney, J. M. Perry, J. R. Porter, Kenneth Quandt, D. B. Ramsay, 
J. M. Recht, Simeon Reich, Judith Richman, V. K. Rohatgi, Bernard Rosner, W. M. Sanders, 
M.S. R. K. Sastry, S. W. Saunders, P. A. Scheinok, E. M. Scheuer, Gerald Schrag, A. Sharma, 
Robin Sibson (England), R. Sivaramakrishnan (India), Barry Simon, Beverly Smith, Mitchell 
Snyder, Sidney Spital, G. S. Sprouse, M. N.S. Swamy, R. L. Syverson, R. P. Tapscott, J. J. Tat- 
tersall, B. R. Toskey, Elias Toubassi, A. M. Vaidya, C. Van de Vyle (Belgium), Simon Vatriquant 
(Belgium), Emanuel Vegh, Julius Vogel, Gerald Werner, C. R. Williams, P. C. Yang, K. L. 
Yocom, Charles Ziegenfus, Alexander Zujus, and the proposer. 

Most of these solutions were based upon the recurrence relation 


An = On—1— Pgan—2 (n=2, 3, 4, 7s ) 


obtained as in Lind’s solution above followed by an application of the Second Principle of Mathe- 
matical Induction. A goodly number of the solvers pointed out that the positivity of p and g could 
be relaxed as in the solution given here, or to p+. 

Bridger calls attention to the classical gambler’s ruin problem: W. Feller, Probability Theory 
and Its Applications, vol. 1, Wiley (1952) p. 282. 
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Several references to the evaluation of determinants of the form in this problem and to similar 
problems were given: D. K. Faddeev and I. S. Sominskii, Problems in Higher Algebra (translated 
by J. L. Brenner), Freeman (1965), problem 217; Fibonacci Quarterly, 1 (1963), problem B-46; 
F. B. Hildebrand, Methods of Applied Mathematics, Prentice-Hall (1952) p. 365, problem 54; 
Thomas Muir, A Treatise on the Theory of Determinants (revised by W. H. Metzler), Dover (1960), 
Chapter XIII, and History of Determinants, Vol. 2, Dover, p. 429; O. Perron, Die Lehre von den 
Kettenbruchen, Teubner (1954), pp. 7-9; I. V. Proskuriakov, Collection of Problems of Linear 
Algebra (Russian), Moscow (1957), problem 366. 


Squarefree Perfect Numbers 


E 1755 [1965, 75]. Proposed by A. M. Vaidya, Pennsylvania State University 


Prove that 6 is the only squarefree perfect number. 


I. Solution by F. A. Butter, Jr., Los Angeles, California. If N is squarefree 
and perfect, then N=fip2- + - p, where each p; is a prime, ~>1 (no prime is 
perfect), 1<pi<po< +++ <hr, 


n bi — {| 

o(N) = JI — 
t=1 1 1 

and o(NV) =2N. For odd squarefree N, 4|a(N) but 4/N, so N (and, hence, ;) 

must be even. But then 2*/o(N) and 4||2N, so that n=2 and 4p2=3(p2+1); 

1.e., P2=3 and N=6 (which is of course a perfect number). 


= (pi + 1)(p2 + 1) +++ (ba + 1), 


II. Solution by Robert W. Priehpp, University of Wisconsin. Suppose that N 
is a perfect number. If WV is even, then D=2"—!(2"—1) for some positive integer 
n with 2”—1 a prime (L. E. Dickson, History of the Theory of Numbers, vol. 1, 
Chelsea, (1952) p. 19). But then ~22. For N to be squarefree, n=2 and N=6. 
Now, an odd perfect number (if there is one) is of the form p#k? with p=4n+1 
a prime (loc. cit.), and this is never squarefree, so there is no odd squarefree 
perfect number. 


Also solved by J. C. Abad, Norma E. Abel, A. N. Aheart, R. G. Albert, J. T. Anderson 
Joseph Arkin, C. W. Barnes, Jack Barone, Homer Bechtell, Sister Marion Beiter, Robert Bern- 
stein, M. A. Bershad, W. E. Bodden, W. R. Boland, W. H. Bonney, Dale Burnett, J. A. Burslem, 
Mannis Charosh, John Christopher, Allan Chuck and Peter Goldstein (jointly), D. I. A. Cohen, 
F. B. Crippen, D. M. Crystal, W. G. Dotson, Jr., R. B. Eggleton (Australia), J. W. Ellis, N. J. 
Fine, David Finkel, R. L. Forbes and A. S. B. Holland (jointly), P. K. Garlick, R. W. Gilmer, Jr., 
A. A. Gioia, Michael Goldberg, Jerry Goodman, H. S. Hahn, D. M. Hancasky, M. H. Hayamizu, 
J. A. H. Hunter, M.S. Klamkin, C. D. La Budde, E. S. Langford, W. G. Leavitt, Douglas Lind, 
C. C. Lindner, Charles McCracken, Robert Maas, Andrzej Makowski (Poland), D. C. B. Marsh, 
Mr. and Mrs, D. L. Muench (jointly), J. B. Muskat, Robert Patenaude, C. B. A. Peck, Harsh 
Pittie, Edith Rasmussen, Simeon Reich (Israel), D. P. Roselle, Fred Rosenblum, M. S. R. K. 
Sastry, P. A. Scheinok, J. J. Tattersall, G. C. Thompson, Guy Torchinelli, C. Van de Vyle (Bel- 
gium), Simon Vatriquant (Belgium), Emanuel Vegh, Julius Vogel, John Waddington, L. J. 
Warren, Barbara A. Welsh, J. E. Wilkins, Jr., K. L. Yocom, Charles Ziegenfus, Alexander Zujus, 
and the proposer. Partial solutions by J. W. Baldwin, Marjorie Bicknell, R. J. Cormier, R. E. 
Harper, R. I. Matthews, and Sam Newman. 
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Colored Maps on Spheres 
E 1756 [1965, 76]. Proposed by J. P. Ballantine, University of Washington 


Maps consist of lines, vertices, and regions on a sphere. Let there be pre- 
cisely 3 lines at each vertex. A region is called odd (even) if the number of lines 
in its boundary is odd (even). If the regions of a map are each assigned one of 
the colors 1, 2, 3, 4 with no two adjacent regions of the same color, then the map 
is said to be colored. Prove: If a map is colored, the number of odd regions col- 
ored any two colors, say 3 and 4, is even. (Cf. solution E1667 [1965, 81].) 


I. Solution by D. I. A. Cohen, Student, Princeton University. Let the number 
of odd regions colored 3 or 4 be N. Recolor each region of color 4 with color 3, 
and remove the boundary lines between any two regions of the same color. By 
considering in turn non-adjacent and adjacent odd regions and adjacent odd and 
even regions (originally colored 3 or 4), it is clear that the number WN’ of odd 
regions now colored 3 has the same parity as NV. But now each region colored 3 
is bounded by countries colored alternately 1 and 2 since we have 3 edges at 
each vertex of such a region except at the two vertices left upon deletion of a 
side originally between an odd and an even country colored 3 and 4. But this is 
impossible for an odd region, so NV’ =0 and NV is even. 


II. Solution by Agmis Kaugars, Kalamazoo College. A necessary condition 
for the theorem to hold is that every line end in two (distinct) vertices. 

Given a colored map, construct at each vertex a “small” triangle, whose 
color is uniquely determined. Each triangle constructed changes the parity of 
the number of odd regions of each color, so the conclusion holds for the resulting 
map if and only if it held for the original map. The process doubles the number 
of boundary lines of every region in the original map, so the only odd regions re- 
maining are the triangles. Thus the theorem can be equivalently stated: If in a 
colored map we associate with each vertex the one color which does not appear in the 
three regions meeting there, then the number of vertices associated with any two 
colors 1s even. 

Let A and B be any two colors. Call lines which are between regions colored 
A and B dividers. At the ends of each divider are two vertices, neither of which 
can be colored A or B. By the properties of a colored map, no vertex can be on 
two dividers. If a vertex is on no divider, then A or B does not appear in the 
three regions meeting there, and that vertex must be associated with either A 
or B. Hence there are an even number of vertices associated with neither A nor 
B, which must thus be associated with one of the other two colors. Since A and 
B were arbitrarily chosen, the number of vertices associated with any two colors 
is even, proving the theorem. 


Also solved by the proposer. 
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ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be sub- 
mitted on separate, signed sheets and should be mailed before August 31, 1966. 


5360. Proposed by R. B. Eggleton, Avondale College, Australia 


If wis the Mébius function, evaluate: 


S(a) = Dy u(@)u(a/d) and S*(a) = 2) Dd) u(m)u(d/m). 


d\a d\ja mld 
5361. Proposed by W. E. Sewell, Duke University 


Let P,(z) be a polynomial of degree n in g=re** with only even powers of gz, 
and let | P,.(z)| SM for z on the curve C whose polar equation is 7=|cos 36]. 
Show that, for z on C, | P, (z) | <3Mn. 


5362. Proposed by John de Pillis, San Francisco State College 


Let X be the n-dimensional vector space of m-tuples with complex entries. 
Suppose =p-g for some integers p and g. The elements X of X can then be 
represented by the n-tuple 


x = (x41, N12) X18, ° °° 9 Vigy V21, ¥22) °° * » H2q,7 °° * yy Mpl,* * * 4 Xpq)- 


The ordering is lexicographic by subscripts. If every X €X is identified with its 
bXq matrix (the zth entry =.,;) then for any orthonormal basis 
{X1, X2,--+, X"} of X¥, show that 502, X‘X*=q-I,, where J, is the pXp 
identity matrix and X* is the adjoint (conjugate transpose) of X*. 


5363. Proposed by Joseph Kitchen, Duke University 


Let S be an isometry of a Hilbert space H into itself. Prove that there exists 
a closed subspace M and a unitary operator U on HA such that (a) M° (the 
orthogonal complement of M) lies in the range of S, (b) U acts like S on M, 
and (c) U acts like S-! on M?. 


5364. Proposed by Erwin Just and Norman Schaumberger, Bronx Community 
College 


Let f(x) be an integral valued function defined for all positive integers with 
O<f(x) Sx", 0<a<i1. (a) Prove that the graph of f(x) contains at least k col- 
linear points for any positive integer k. (b) Is the same conclusion true when 
OSf(~) Sx? 


5365. Proposed by A. Himmelfarb, Fordham University 


Let R be a ring with identity and 2a natural number greater than 1. Show 
that there exist two nonsingular matrices whose sum is the identity matrix. 
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5366. Proposed by H. D. Keesing, University of Wisconsin 


Find an explicit function f on [0, 1] to the real numbers, such that f’ is 
defined on [0, 1] and discontinuous on the rationals in [0, 1]. 


5367. Proposed by D. J. Newman, Yeshiva University 


Let du(x) be any finite positive measure and set o(f) = f° cos xt du(x). Prove 
that (4) must have a zero in [0, 7]. Prove also that 7 cannot be replaced by any 
smaller number. 


5368. Proposed by Joseph Hammer, University of Sydney, Australia 
A curve of constant width greater than w/(7—+/3) contains a lattice point. 
5369. Proposed by Albert Wilansky, Lehigh University 


Let JM be the set of infinite matrices of real numbers each of which is row 
finite and column finite (i.e. each row and column has finitely many nonzero 
entries). 


Let f: M—Reals satisfy f(1) =1, f(AB) =f(BA). 
Show that {A:f(A) =1} CG, where G is the set of invertible members of M. 
(The result is false for finite matrices of fixed order.) 


SOLUTIONS OF ADVANCED PROBLEMS 


Diagonals of a Polygon 


A4AA [1951, 422; 1962, 173]. Proposed by J. H. Braun, Illinois Institute of 
Technology 


Prove that no three diagonals of a regular polygon of odd order are concur- 
rent at any point other than the vertices. 


Comment by Andrzej Makowski, University of Warsaw, Poland. The complete 
proof has been given by Hermann Heineken, Regelmdssige Vielecke und thre 
Diagonalen, Enseignement Math. (2), 8 (1962) 275-278. 


Maximal Nonsingular Subspaces 


5027 [1962, 438; 1963, 580; 1963, 1016; 1964, 441]. Proposed by A. J. Gold- 
man, National Bureau of Standards 


Let M,(F) be the set of nn matrices over the field F, considered as an n?- 
dimensional vector space over F. Call a vector subspace of M,,(/) nonsingular 


if all its nonzero members are nonsingular matrices. Find maximal nonsingular 
subspaces of M,,(F). 


Partial Solution by D. M. Topping and P. A. Fillmore, University of Chicago. 
The maximum dimension of nonsingular subspaces of the Xn matrices over a 
field F is n. In fact, the linear space spanned by any »+1 matrices contains a 
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singular matrix, for the first rows of these 7-++1 matrices are linearly dependent 
vectors. 

This maximum is sometimes attained. If D is an n-dimensional (not neces- 
sarily associative) division algebra over F then the regular representation of D 
yields an n-dimensional nonsingular subspace of the Xn matrices over F. 

A classification of the nonsingular subspaces of the x Xm matrices over F does 
(as the editor observes) indeed depend on F. John Thompson has pointed out 
that if there is a nonsingular subspace of dimension z, then there is also a divi- 
sion algebra over F of degree m (this seems to be well-known folklore). 

The nontrivial nature of this question becomes apparent when one asks: 
For what z is there a nonsingular subspace of dimension z in the real nXn 
matrices? A celebrated result on real division algebras tells us that must be 
1,2, 4, or 8. (See J. Milnor, Some consequences of a theorem of Bott, Ann. Math., 
68 (1958) 444-449 (especially Cor. 1, p. 445).) The problem, however, lacks a 
complete solution even for the real field. For odd » the maximum dimension 
is 1, and itis =2, 4, or 8 according as 2, 4, or 8 divides m, (the value 7 being at- 
tained only for n=1, 2, 4, 8). 

Additional comment by D. M Topping. The maximum dimension of nonsingular subspaces of 
the 2 Xn real matrices is one more than the number of independent, singularity-free vector fields 
on the 7 —1 sphere S"~ (this is well known to algebraic topologists). If m= (2a¢+-1)2° and b=c+4d, 
where a, b, c and d are integers and 0ScS3, then the maximum dimension of nonsingular sub- 


spaces of the 7 Xn real matrices is 2°+8d. (See J. F. Adams, Vector fields on spheres, Ann. Math., 75 
(1962) 603-632.) 


Generalized Circulants 


5220 [1964, 801]. Proposed by Johann Cigler, the University of Vienna, Aus- 
tria 


Let G be a finite Abelian group of order m. Let A =(a,,,) be an nXn matrix, 
indexed with the elements g, # of G in acertain fixed order. The matrix A is called 
a G-circulant A, if there exists a set of complex numbers p= | u(g) I g€G, such 
that a,,.,=u(g— hk). It is easy to see that the set C(G) of all G-circulants forms 
an algebra over the complex numbers. 

(1) Consider up as a measure on G. Show that the mapping y—A, defines an 
isomorphism between the convolution algebra M(G) of all complex valued mea- 
sures uw on G and C(G). (2) Determine the eigenvalues and eigenvectors of Ay. 
(3) Let A,EC(G), det A,#0 and let T be an automorphism of G. Define 
AT=(u((Tg)~'h)). Determine the eigenvalues and eigenvectors of Af. 


Solution by the proposer. (1) The mapping y—A, is one-one and satisfies 
utv—-A,+A, and cu—cA,, where c denotes a complex number. Let pu * v be the 
convolution of p and », ie. uw *v(g)= deg M()v(I-'g). Then Ayx,»=A,A, is a 
direct consequence of the definition of matrix multiplication. 

(2) The eigenvectors of A, are the characters x(g) of G and the correspond- 
ing eigenvalues are the numbers f(x) = > veo x(g)u(g). This follows from the 
relation 
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Aux: (g) = Di wl(g)x() = 2, u(l)x(gl) = Alx)x(g), 


le 
and the fact that there are exactly m distinct characters. The determinant of 


A, is therefore given by det A, =II, Aly). 
(3) For every character x of G we have 


(i) Anx:(g) = w(Ty-DxO = XS wOxOx(Ts) = alx)x(Ts). 


leG i 


Define Ux-(g)=x(Tg). It is clear that U induces a permutation of the set of 
all characters. Let k=k(x) be the order of the cycle to which x belongs, i.e. 
the least positive integer k for which U*y = yx. From (i) we conclude 


(ii) (An) x-(g) = ACA(UX) - + + a(U x) x(g). 
Let A(x) be any one of the k values of 
{a(x)a(Ux) ++ + a(x) } 


By assumption f(y) #0 and therefore also A(x) #0. Let 
bot k-t-g, 0 TG 
n(g) = DLA *(Ay) x: (Q). 
j=0 


Then (i) and (ii) immediately imply 47-(g) =r(g), ie. X is an eigenvalue of 
AT, and »(g) is the corresponding eigenvector. The nature of the permutation 
induced by U implies that all of the eigenvalues and eigenvectors may be ob- 
tained by this procedure. 


Also solved, partially, by D. Z. Djokovié. 


Generators for the Addition Group RXR 
5261 [1965, 192]. Proposed by M. Rajagopalan, University of Illinois 


Let R2 be the complex plane with the usual addition operation. Let S be the 
set {x-+¢ sin x|O0<x<r}. What is the additive group generated by S? 


I. Solution by S. J. Sidney, Harvard University. More generally, let S$ 
= \a-+a sin x|0<x <a} for some a>0. Define f: [0, a/2|—@, the reals, by 
f(x) =2 sin x—sin 2x. Then the image of f contains the interval [0, 6] for some 
b>0. Given cE [0, b], choose x€[0, a/2] such that f(x) =c. Then «+7 sin x 
and 2x-+7 sin 2x are in S and 2(x-+7 sin x) —(2x-+7 sin 2x) =1c. It follows that 
S generates the entire imaginary axis, and consequently the whole plane. 


II. Solution by Necdet Ucoluk, Purdue University. Let R(x, y) denote the 
complex plane, so that S= 1 (x, y)|x=u, y=sin u,0Su Sr}. A subset of the 
additive group generated by S is the set T= | (x, 4) | x=u+v, y=sin u+sin v, 
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Osu, vs}. So T is the image of f: R(u, v) >R(x, y). This function f is continu- 
ously differentiable, with Jacobian equal to cos v—cos u. If (uo, 2) ER(u, 2), 
Uy~vo, then there is an open neighborhood A of (uo, v9) such that f | A is one to 
one; thus f(A) is a nonempty open set contained in 7. The subgroup generated 
by a nonempty open set of the additive group R(x, y) is the entire plane; which 
solves the problem. 

We note (1) in the problem above, Sis an arc of the curve y =sin x. The same 
proof allows us to use instead of S any continuously differentiable path except 
one which is part of a ray through the origin. (2) It seems reasonable to assert 
that S may be taken as any continuous path with the exception as in (1). (3) 
Moreover, if S generates R(x, y) we expect that S contains a continuous path. 


Also solved by Robert Bowen, G. W. Day, D. Z. Djokovié (Yugoslavia), G. A. Heuer, R. E. 
Maas, M. D. Mavinkurve (India), Robin Sibson (England), F. E. Spencer, Jr., W. C. Waterhouse, 
and the proposer. 

The proposer notes that remark (2) in the second solution implies that an arcwise connected 
additive subgroup of the plane must be {0 I ora ray, or the entire plane. 


Units in Ring Extensions 
5262 [1965, 192]. Proposed by George Bergman, Harvard University 


The Dirichlet Unit Theorem says that, if R is an integrally closed integral 
domain with finite additive basis, over the integers, then the multiplicative 
group of units in K is finitely generated, with rank m—1 (and torsion subgroup, 
of course, equal to the group of roots of unity in R); where m is the number of 
embeddings of R in the complexes, modulo complex conjugacy. (E.g., m=2 for 
Z[V/2|, m=1 for Z[VW—2].) 

Prove that the condition that R be integrally closed can be omitted without 
affecting the conclusion. 


Solution by the proposer. Suppose that R is of rank m as an additive group. 
Then R-Q (Q=the field of rationals) is an integral domain containing the 
rationals and is of dimension 7 over Q; hence it is a field. Let R be the ring of 
algebraic integers in this field. Then the groups of units of R and R are of the 
same rank; specifically we shall show that some power of any unit wER is in 
the group of units of R. 

Since R and R are both of rank as additive groups, it follows that for 
some integer k>0, RRCR. Since R/RR is finite, the powers of u cannot all be 
distinct (mod kR). Suppose w?=u?+", Multiplying by u-? and u-?-" (which are 
in R), we get ut"=1 (mod #R), hence ut"—1CkRCR, hence ut™CR, and u" 
is a unit of R. The result now follows. 


Coprime Coordinates in the Regular Tessellation {6, 3} 


5263 [1965, 192]. Proposed by Art Winfree, Cornell University 


Consider an angular region, of angle 60°, filled with a honeycomb of regular 
hexagons (that is, one sixth of the complete regular tessellation 16, 3 i), Number 
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the rows of hexagons 1, 2, 3, - - - from one side of the angle and again 1, 2, 3, 
from the other side, thus assigning a pair of coordinate integers to each hexagon. 
Prove or disprove that the hexagons with relatively prime coordinates (con- 
stituting 6/7?) of the whole) form a connected set, whereas those whose co- 
ordinates have a common factor greater than 1 occur in isolated clusters. (See 
the figure where the construction is carried out to about 50 by 50.) 


factor 2: (4, 8) 


Rel. prime: (5, 9) 3 PACA. 2. } 
PAS ees . 


geo 0 coe e ose 


AS nd ee 


Niky: aya WA 


Solution by J. P. Aligeld, University of Illinois. The hexagon (34, 21) is an 
isolated one with relatively prime coordinates. Using the Chinese remainder 
theorem it is easy to find infinitely many such. Hexagons (x, y) with x+y a 
prime have relatively prime coordinates and form connected strips that divide 
the whole into finite pieces. 

Thus the hexagons with relatively prime coordinates have one infinite com- 
ponent and infinitely many finite components. The hexagons having a common 
factor greater than one have infinitely many finite components. 
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Also solved by T. J. Bruggeman, M. Lieber and W. Weissblum, F. Gébel (Netherlands), and 
B. M. Stewart. . 

Lieber and Weissblum report the following hexagons with relatively prime coordinates but all 
of whose neighbors have coordinates with common factors: (21, 55), (76, 99), (99, 175), (206, 369), 
(375, 424). Bruggeman asks for necessary and sufficient conditions that for a given hexagon (m, 2) 
we have (m, n)=d>1, but for each of the neighbors (m—1, 2), (m, n—1), (m—1, n+1), (m-+1, 
n—1), (m, n-+1), (m+1, n) we have relatively prime coordinates. The requirement is satisfied if 
m,n are equal even numbers. 


The Triangle Inequality and the Parallelogram Law 


5264 [1965, 193]. Proposed by D. E. Knuth, California Institute of Tech- 
nology 


Let V be a vector space over the real numbers, and let the operator ||x!| 
be defined for all x V, satisfying the following conditions: 

(1) ||x|| is a nonnegative real number. 

(2) |[x+-y||?-+|]«—-yl]? =2||«||?+-2|[y||2 (parallelogram law). 
Prove that the triangle inequality holds: 


lle + oll < [lall + [yl 


I. Solution by LE. O. Buchman, University of California, Los Angeles. Suppose 
to the contrary that we have a, b such that ||a+0]| >|[a||+|[d||. Then there is an 
e>0 such that we also have 


(1) lla + 4 > |lall + [lal] + « 


Write c=a+d, and suppose, without loss of generality, that ||a|| =|/d||. We shall 
obtain the absurdity that for every positive integer m, c|| > me. To achieve this, 
we proceed to prove, with the parallelogram law and the assumptions of this 
paragraph, that 


(2) lal] > [lal| + fo — al] + 


Proof of (2). (a) Since e>0, ||d|| 20, 2|[a||?-+2[|d|/?=|/a-+0|[?-+||a—d||2, and 
[lal] + [||| +e]?<||a+8]|2, it follows that 


(Ilal| — [a — 6)? > [fo — al. 


(b) From the additional assumption ||a|| 2||0|| it follows that |la|| —|[d|| >e. 
To prove this last assertion, assume to the contrary, that | a|| —||b|| Se and write 
n=|[a|| —|[o||, O0<n Se. It follows, therefore, that ||a||+1|d|| +n <|[a+0]| and by 
part (a) just above, we must also have (|[a|| —|[|| —7)?>||a—d]|? or 0>||a—0]|2, 
which is impossible. (2) now follows. 

Combining (1) and (2), we see that I|el| (=||a-+]]) >2e. Moreover, any 
statement of this form which is proved for ||c|| is similarly true for all ||a||, since 
||a|| satisfies an inequality equivalent to the inequality for ||c||. Hence ||al| >2e 
which implies ||c|| > 3e which implies ||a|| >3e and so forth. Thus, for all positive 
m, ||c|| (and ||a| too) >me. From this impossible implication, we conclude that 
the parallelogram law does indeed imply the triangle inequality. 
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Il. Solution by W. G. Dotson, Jr., G. C. Marshall Space Flight Center, Hunts- 
ville, Alabama. We observe first that ||0||=0 and || —x|| =|[x||. Define an inner 
product (x, y) by 


(x,y) = £(\|a + |? — |le — 9]. 


We have immediately (x, x) =||x||?, and (x, y)=(y, x). Computing from the 
parallelogram law (several times) we obtain (x-+z, y) =(x, y)+(z, y). It then 
follows that (rx, y) =r(x, y) for all rational numbers r. Hence, for all rational 
numbers 7 we have 


0S (ra + y, re + y) = r(x, x) + 2r(a, vy) + (y, 9), 


and so this implies the Cauchy-Schwartz inequality | (x, y)| S||-xl| -||y||. This 
in turn leads directly to the triangle inequality. 


Also solved by R. A. Avelsgaard, G. Baron & W. Imrich (Austria), Robert Bowen, Robert 
Cohen, J. A. Dyer, E. J. Eckert, M. G. Greening (Australia), Harry Guess, D. C. Kay, E. S. Lang- 
ford, Michael Lempel, A. E. Livingston, Donald Pilling, N. R. Riesenberg, D. A. Robinson, 
V. L. N. Sarma (India), Robin Sibson (England), S. J. Sidney, Richard Sinkhorn, John Stout, 
W. C. Waterhouse, R. J. Weinacht, J.S. W. Wong, D. A. Zave, and the proposer. 

A number of erroneous solutions were received for this problem, all of which pursued, in one 
form or another, the same circular argument proceeding by contra position to assume (i) 
I|2-++y]] >[|-|| +||s|], replacing y by ~y and using also (ii) ||x—¥l] >||-||+-||y|| in order to obtain a 
final contradiction. As a matter of fact, the parallelogram law and (i) yield directly the triangle 
inequality for x and —y, but clearly (i) is not thereby contradicted. 


Sum of Ratios of Sines 


5265 [1965, 194]. Proposed by E. Ehrhart, Strasbourg, France 
For which integral values of a, b, c is the following sum defined and equal to 
an integer: 
o—1 sin(bu/a) 
nai sin(cnm/a) 


Note by Al Somayajulu, University of Rochester. The solution to this problem 
is given in full by N. J. Fine in connection with problem E 1683 [1965, 319]. 
In particular, see the Editor’s résumé for E 1683 on p. 321. 


Also solved by Sahib Ram Mandan (India), and by the proposer. 
Iterates of an Increasing Convex Function 


5266 [1965, 194]. Proposed by J. D. Pryce, University of Newcastle, England 


Let F be a positive nondecreasing, convex function on [0, ©) with F(0) =0 
and with y=x—a as an asymptote, (a>0). It is easily seen that the function 
H(x) =4F(F(2x)) again has y=x—a as asymptote. Prove H(x) S F(x) for all x. 
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Hence prove that if we define a sequence { F,} by 
Py = F, F,,(2) = 5 Pn_1(Pn—1(24)), 
then every F, is a positive nondecreasing convex function and F,(x) 
—max(0, xa) uniformly on [0, ©). 


Solution—Composition of solutions submitted by D. Z. Djokovié, University 
of Belgrade, Yugoslavia, A. E. Livingston, University of Alberta, and S. J. Sidney, 
Harvard University. The conditions of the problem clearly imply that F(«+h) 
< F(x)+A for all x20, =O. Thus it follows that F(2x) S F(x)-+ and 


(1) A(x) = 7F(F(2x)) S oF(u + F(x)) S F(2). 
That y=x—a is an asymptote of H(x) follows now from H(x) S$ F(x) and 
H(x) = $F(F(22)) 2 $F(Q% — a) 2 3#(2% —a—a)=x- a. 
The convexity of H(x) follows from the convexity of F(x); we have 
H(ax + (1 — a)y) = 4F(F(2ax% + 211 — a)y)) S RF (eF (2x) + (1 — a) F(2y)) 
S pak (F(2«)) + 31 — a) F(R (Qy)) = aH(*) + (1 — a) Hy). 

Thus H(x«) and each F,(x) is a convex nondecreasing function, positive for «>0, 
and max(0, x—a) =F, (x) S Fr_1(x) for all x20. 

It follows that F,,(x*) converges to a nondecreasing, convex continuous func- 


tion G(x) with asymptote y=x—a, x20. Moreover the convergence is uniform 
on every finite interval [0, xo]. We have therefore 


max(0, « — a) S G(x) = lim Frii(x) = lim 4F,(F,(2”)) = $G(G(2z)). 


But with the same reasoning leading to (1) above, 
7G(G(2«)) S 3G(a + G(x)) S 3(G(e) + G(x)) = Ga) 


and it follows that G(2x) =G(x)-+x when G(x) is strictly increasing. This im- 
plies that either G(x) =0 or G(f) is linear for ¢2x, i.e. G(f) =t—a, t=x. It follows 
now that G(x) =max(0, «—a) and the uniformity on [0, ©) is a consequence of 
the fact that F,(@) =sups20| F,(x) —max(0, x—a) | and F,(a) | 0. 


Editorial Note. In his solution, Livingston also proved that y=x—a is an asymptote of H(x) 
whenever it is an asymptote of F(x) regardless of the monotone or convex nature of F(x). 


Primitive Permutation Groups 


5268 [1965, 194]. Proposed by V. H. Keiser, University of Colorado 


(a) A transitive nilpotent permutation group which is not of prime degree is 
imprimitive. 

(b) A primitive permutation group which is not of prime degree has no 
center. 
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Solution by Gomer Thomas, University of Illinois. (a) If a transitive nilpotent 
permutation group is primitive, then the stabilizer of every symbol must be 
maximal, and hence normal of prime index. Hence the degree of the group must 
be prime, since it is equal to the index of any stabilizer. This is equivalent to the 
desired result. 

(b) Let G be primitive and not of prime degree, and let Z be the center of G. 
Since Z is normal in G, either Z= {1} or Z is transitive. If Z were not {1}, then 
by part (a) Z would have to be imprimitive. But any block for Z is also a block 
for G, so the imprimitive nature of Z would imply the imprimitive nature of G, 
contrary to hypothesis. It follows that Z= {1}. 


Also solved by M. G. Greening (Australia), C. C. Lindner, C. R. MacCluer, W. C. Water- 
house, and the proposer. 


Separation in First Countable Spaces 


5269 [1965, 194]. Proposed by Michael Gemignani, University of Notre Dame 


Prove that any first countable topological space in which every compact 
subset is closed is 7». 


Solution by S. P. Franklin, University of Florida. In a first countable but 
non-Hausdorff space one easily constructs a sequence converging to two distinct 
points. The range of this sequence together with one of its limit points forms a 
nonclosed compact subset. 


Also solved by J. S. Alin, D. R. Anderson, D. R. Andrew, R. O. Atkinson, S. Baron, Ralph 
Bennett, Robert Bowen, George Cain, Jr., A. G. Dotson, Jr., James Joseph, B. G. Klein, Anne B. 
Koehler, Shu-Chung Koo, A. E. Livingston, Peter Loeb, M. D. Mavinkurve (India), M. R. Meck, 
J. C. Morgan II, S. A. Naimpally, F. J. Papp, Jr., L. K. Paul, Jr., W. J. Perwin, R. L. Plunkett, 
S. M. Robinson, V. L. N. Sarma (India), P. S. Schnare, G. F. Schumm, S. J. Sidney, David A. 
Smith, W. R. Smythe, Jr., Al Somayajulu, J. C. Wenger, Margaret R. Wiscomb, D. A. Zave, and 
the proposer. 

Several contributors pointed out that the result is known and may be found in the following 
papers in this MONTHLY: 

(1) A. J. Insel, A note on the Hausdorff separation property in first countable spaces, 72(1965) 
289, 

(2) Norman Levine, When are closed and compact equivalent?, 72(1965) 41. 

(3) Edwin Halfar, A note on Hausdorff separation, 68(1961) 164. 


Any historian knows that George Washington was born in [1000+/3]. 


Jack C. Asap, City College of San Francisco 


RECENT PUBLICATIONS AND PRESENTATIONS 


EpDITED By R. A. ROSENBAUM, Wesleyan University 
COLLABORATING Epitors: K. O. May, University of California, Berkeley, and 
E. P. VANCE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosenbaum, 
Wesleyan University, Middletown, Conn. 06457. Programmed Materials: K. O. May, Uni- 


versity of California, Berkeley, Calif. 94704. Films: E. P. Vance, Oberlin College, Oberlin, 
Ohio 44074. 


Introduction to Mathematical Logic. By Elliott Mendelson. Van Nostrand, 
Princeton, N. J., 1964. 300 pp. $7.25. 


This is a short but substantial introduction to some of the important ideas of 
mathematical logic. The author says that the text will be used in departments of 
mathematics and philosophy at the junior, senior and graduate level but, like 
most authors, he is optimistic. A graduate student in mathematics will probably 
get a great deal from the book—a junior in philosophy, very little. Sometimes 
the pace at which the author plunges into difficult ideas is likely to leave the 
reader wondering what has happened. A rather more lengthy introduction and 
discussion of the elementary aspects whenever a new topic is introduced would 
help the reader considerably. 

The first chapter begins with the elementary ideas of the propositional 
calculus. The main result proved is the Deduction Theorem. The second chapter 
deals with the first order predicate calculus. Henkin’s proof of Gédel’s Com- 
pleteness Theorem is given as well as an introduction to model theory. Chapter 
3 is devoted mainly to a proof of Gédel’s Incompleteness Theorem for a par- 
ticular formal theory. 

These first three chapters form a good short course in mathematical logic 
for mathematically mature students. 

The remaining two chapters take up axiomatic set theory and the theory of 
algorithms. In Chapter 4, a version of von Neumann’s axioms for set theory is 
used and the development carried through up to transfinite induction and the 
axiom of choice. Chapter 5 is, for a book of this level, a very good and quite 
detailed study of the notion of effective computability. The author develops the 
theory of Markov algorithms to the point of proving the equivalence of Markov- 
computability and recursiveness. Turing machines and Herbrand-Gédel com- 
putability are also shown to lead to the same class of “effectively computable” 
functions. This chapter concludes with a brief discussion of some undecidable 
problems. 

There are a large number of minor misprints and errors, most of which the 
reviewer would not have noticed if his attention had not been drawn to them by 
a communication from the author. All in all, however, this book is a useful addi- 
tion to the books bringing very recent work in mathematical logic down to the 
undergraduate or first-year graduate level. The only major comment the re- 


215 


216 RECENT PUBLICATIONS AND PRESENTATIONS [February 


viewer has to make has already been made above—if the book is to be used by 
students without any prior knowledge of mathematical logic, a considerable 
knowledge of other abstract mathematics is very desirable. 

TREVOR Evans, Emory University 


Maihemattsches Worterbuch. Edited by Joseph Naas and H. L. Schmid. Teubner, 
Stuttgart, 1961, and Pergamon, New York, 1962. Two volumes, viii+1043 
and iv-+952 pp. $110. 


This encyclopedic dictionary is the work of over a hundred collaborators 
associated with the Institute of Pure Mathematics of the German Academy of 
Science of Berlin. It includes brief definitions, surveys of broad topics, concepts, 
applications, methods, and tendencies of current research, over 400 biographies, 
bibliographies, and a sixteen page list of symbols classified under 82 subject 
headings. Extensive cross references facilitate tracing related ideas. The cover- 
age is extensive, intensive, and up to date. The level is from college under- 
graduate to post-doctoral. It is a mathematician’s dictionary. The printing and 
binding are excellent. There is no seriously competitive collection of mathe- 
matical information in any language. Even for someone whose knowledge of Ger- 
man is meager the quickest way to information on a mathematical topic might 
be to look up the German word in an English-German dictionary and then turn 
to Naas and Schmid. The price is staggering, even after the 20% professional 
discount offered by Pergamon. Nevertheless, no mathematical library should 
be without it, and every research worker ought to have quick access to a copy. 
Obviously there should be such a work in English, but the need for adequate 
mathematical reference books seems not yet to be recognized. 

KENNETH O. May, University of California, Berkeley 


A Geometric Introduction to Linear Algebra. By Daniel Pedoe. Wiley, New York, 
1963. xi+224 pp., $5.95. 


The title of this book should be taken literally. It is an introduction to linear 
algebra and not a textbook on that subject. Moreover, the introduction is 
geometric in that it is firmly based on geometric concepts which are developed in 
the first four chapters. The topics covered are analytic geometry in the plane 
(points, lines and direction ratios only); vectors in the plane; planes and lines in 
3-space, vectors in 3-space; regular systems of linear equations with emphasis on 
elementary row transformations of the matrix of the system; vector spaces, 
linear dependence, bases, subspaces and inner products, (the emphasis here is 
on subspaces of the space of z-tuples of real numbers); matrix algebra, rank, 
general systems of linear equations, and determinants; a final short chapter deals 
with linear mappings and their associated matrices. 

In the reviewer’s opinion the choice of subject matter makes good sense 
pedagogically and the book should be useful to at least two groups of students. 
For the mathematics major it provides a good background in the more concrete 
and computational aspects of matrix algebra as well as some insight into the 
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generalizations of familiar geometric concepts that are possible in space of n 
dimensions. On completion of this book a student would be well equipped for a 
sophisticated course in linear algebra. On the other hand, for the increasing 
number of students whose major field is not mathematics, but who require some 
knowledge of matrix algebra and linear systems, an excellent terminal course 
could be based on this book, although some supplementation would be desirable. 
The most obvious lack is a systematic discussion of transformation of co- 
ordinates from one Cartesian system to another. In particular rotation of axes 
is not treated either in the plane, in 3-space or in R,. This seems a rather serious 
omission in a book of this title. Reduction of quadratic forms could also well be 
included in a course at this level. A course should be generated by a text book, 
however, not coincide with it, and with this viewpoint the book should have a 
wide appeal. 
D. C. Murpocu, University of British Columbia 


Point Set Topology. By S. A. Gaal. Pure and Applied Mathematics, Vol. XVI. 
Academic Press, New York and London, 1964. xi+317 pp. $9.75. 


Chapter titles and numbers of pages in each are: Introduction to Set Theory 
(20), Topological Spaces (56), Separation Properties (50), Compactness and 
Uniformization (48), Continuity (79), and Theory of Convergence (55). Sec- 
tions are frequently short, include examples, and are followed by exercises, 
some of which are routine and some introduce new concepts. Hints for their 
solutions are very often provided; this means that the student has less chance 
to develop facility and inventiveness in discovering proofs. There are several 
paragraphs of'notes at the end of each chapter which mention un-investigated 
areas and unsolved problems. These are followed by an extensive list of refer- 
ences. There is a list of symbols and a comprehensive index. 

In his preface, the author states that this book is for beginning graduate 
students and advanced undergraduates, and that it presents point set topology 
not only as an end in itself, but also as a related discipline to the proper under- 
standing of various branches of analysis and geometry. He also says that the 
book contains enough material for a two semester course; this is unquestionably 
true. He treats the material with great care and unusual depth. Compactness, 
for example, appears with these prefixes: bi, countable, countably para, hypo, 
local, local (m, 2), meta, one-point, para, pre, quasi, rim, sigma, sequential, and 
strongly para. There is a really exhaustive study of separation properties and 
their interrelationships. 

A one or two semester undergraduate course could probably be constructed 
by careful choice of topics; the reviewer feels that better texts for this audience 
already exist. The book would be excellent as a reference work, and probably 
quite satisfactory as a graduate text, depending on the instructor’s prejudices. 

No serious misprints were found; the ones on page 12, for example, are 
quickly corrected. 

D.S. Ray, Bucknell University 
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A Course of Higher Mathematics, Volume III-2. By V. I. Smirnov. Complex 
Variables—Special Functions. Translated by D. E. Brown, edited by I. N. 
Sneddon. Addison-Wesley, Reading, Mass.; Palo Alto; London, 1964. 700 pp. 
$15.00. 


The volume is part of an extensive and comprehensive course in mathe- 
matical analysis, intended for applied mathematicians, physicists and theo- 
retical engineers. The entire five volume work culminates in the differential, 
integral and functional equations of mathematical physics, and all its parts are 
coordinated and edited with this ultimate end in mind. The volume reviewed 
here deals with the theory of analytic functions, linear differential equations in 
the complex domain and the special functions which occur in the series develop- 
ments of mathematical physics. The formal and computational part of the 
theory of complex variables is clearly and carefully treated and illustrated by 
numerous examples taken from fluid dynamics, elasticity, electromagnetic 
theory, and quantum theory. Frequently, questions of purely mathematical 
interest are only very briefly mentioned. Thus, large discussions are devoted to 
the theory of special conformal mappings, but the basic Riemann mapping 
theorem is only quoted but not proved. This limitation is clearly needed to leave 
space for the very detailed study of the constructive part of complex analysis. 
The book could be used to advantage in courses on complex variable theory for 
engineers, or on the theory of special functions, etc., but could not serve as the 
basis of an advanced course in complex variables for mathematicians. It is par- 
ticularly useful as a reference work, preferably within the framework of the 
whole set, which is a valuable repository of information in modern applied 
analysis. 

A word should be said about the English translation. One feels that the 
translator is no mathematician and that the editor has been somewhat careless. 
For example, many additional topics are mentioned briefly at the end of the 
sections, and the reader is referred to books and papers for more penetrating 
study. In the original, these literary quotations refer naturally to Russian 
publications. In the translation, the editor would have performed a service by 
replacing such references by more available papers and books in English. A 
student who has learned the theory of complex variables from the translation 
would know the beautiful and important theorem of Sokhotski. He could never 
communicate, however, with a fellow student who used a western textbook 
where the theorem is ascribed to Casorati and Weierstrass. I do not enter upon 
the delicate question of priority but point out only the difficulty in looking up or 
quoting such theorems. Next, we consider the retransliteration of western names 
from the Russian. If I had not known an important formula of Goursat, I would 
have believed that an ingenious man by the name of Hurse discovered a new 
representation for biharmonic functions. I suspect that there is no man by the 
name of Leber and that his integral belongs to Lebesgue. Who are Eiry, Mizes 
and Gilbert? (Airy, Mises, Hilbert?) Could a student ask in the library for the 
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“News of the Bavarian Academy”? A little more care in editing would have 
increased considerably the value of the translation. Let the reader be warned to 
be skeptical in the use of all references and quotations. 

M. M. Scuirrer, Stanford University 


Tutor1al Texts and Problem Collections in Mathematics, Volume I. Elementary 
Inequalities. By D. S. Mitrinovié (in collaboration with E. S. Barnes, 
D. C. B. Marsh, and J. R. M. Radok). Noordhoff, Gréningen, 1964. ix+150 
pp. $5.75. 


This monograph contains an extensive specialized selection of problems. 
The inequalities range from quite easy to very difficult; every problem solver 
ought find some to his interest. Many of the better known inequalities are 
accompanied by proofs, but a few of the basic ones are assumed known to the 
reader. There is some attempt to bring order by the separation of the book into 
sections; this may well mean that it can be used occasionally as a reference. 
Section 10, Inequalities in the Complex Domain, is regrettably brief for my 
tastes. 

As far as independent study is concerned, let the beginner beware; the 
student may well need help and guidance. One of the problems left for the 
student is either to develop some general theory or to go elsewhere for it. The 
proofs are often more ingenious than instructive, suggestive geometrical sketches 
are scarce, references are few in number, and discussions relating the problems 
to other material (such as their sources) are virtually non-existent. It seems to 
me that there are several other books now available which are superior for 
providing insight into methods, although less extensive. I worry especially 
about the isolation of the study of inequalities from their occurrence. 

R. G. BuscoMan, SUNY at Buffalo 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo (Univer- 
sity of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months before 
publication can take place. 


PERSONAL ITEMS 


Professor C. J. Pipes, Southern Methodist University, represented the Association 
at the inauguration of James M. Moudy as Chancellor of Texas Christian University 
on November 19, 1965. 

Professor Malcolm Pownall, Colgate University, represented the Association at the 
inauguration of G. B. Dearing as President of the State University of New York at 
Binghamton on September 25, 1965. 
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Professor G. G. Roberts, Berea College, has been awarded the Seabury Award for 
Excellence in Teaching. 


University of Alabama: Dr. J. M. Horner, General Motors Research Laboratories, 
Warren, Michigan, and Dr. W. J. Gray, University of Alabama, have been appointed 
Assistant Professors; Associate Professor J. L. Howell has been promoted to Professor; 
Professor F. A. Lewis retired in September 1965 with the title of Professor Emeritus. 

University of Alaska: Assistant Professor Thomas Head, Iowa State University, has 
been appointed Professor; Assistant Professor P. A. Van Veldhuizen has been promoted 
to Associate Professor. 

University of Alberta, Calgary: Professor W. A. Al-Salam, Texas Technological 
College, has been appointed Associate Professor; Mrs. N. A. Al-Salam, Texas Tech- 
nological College, has been appointed Assistant Professor. 

Auburn University: Professor L. P. Burton has been promoted to Head Professor; 
Associate Professor Emilie V. Haynsworth has been promoted to Professor; Assistant 
Professors C. E. Robinson and Margaret Baskervill have been promoted to Associate 
Professors. 

Brooklyn College: Assistant Professors Margaret Y. Woodbridge and L. S. Kennison 
have been promoted to Associate Professors. 

California State Polytechnic College: Mr. D. R. Stevens, Upland High School, Upland, 
California, and Mr. N. R. Townsend, Wisconsin State College, Stevens Point, have been 
appointed Assistant Professors; Associate Professor W. O. Buschman has been promoted 
to Professor. 

University of California, Irvine: Professor G. K. Kalisch, University of Minnesota, 
has been appointed Professor; Professor Emeritus Einar Hille, Yale University, has been 
appointed Senior Lecturer; Dr. Robert Maltz, University of Paris, France, and Dr. 
Bernard Russo, University of California at Los Angeles, have been appointed Assistant 
Professors. 

University of California, Riverside: Dr. J. L. Denny, Jr., Indiana University, Dr. J. E. 
de Pillis, San Francisco State College, and Dr. Le Baron O. Ferguson, University of 
Washington, have been appointed Assistant Professors. 

University of California, Santa Barbara: Professor Ky Fan, Northwestern University, 
has been appointed Professor; Dr. S. C. Bachmuth, Fairleigh Dickinson University, 
has been appointed Assistant Professor; Assistant Professor R. C. Thompson has been 
promoted to Associate Professor; Drs. David Outcalt and Melvin Rosenfeld have been 
promoted to Assistant Professors. 

Chatham College: Assistant Professor D. H. Trahan, University of Pittsburgh, has 
been appointed Assistant Professor and Acting Chairman of the Department of Mathe- 
matics; Associate Professor W. A. Beck is on leave as Fulbright Lecturer at Al-Hikma 
University in Baghdad, Iraq. 

City College of New York: Dr. William Wernick, Evander Childs High School, Bronx, 
New York, has been appointed Associate Professor; Assistant Professor Sidney Penner, 
State University of New York at Buffalo, and Dr. N. R. Wagner, Massachusetts Insti- 
tute of Technology, have been appointed Assistant Professors. 

Colorado State University: Dr. H. H. Frisinger has been promoted to Assistant 
Professor; Assistant Professor K. J. Whitcomb has been promoted to Associate Pro- 
fessor; Professor A. G. Clark retired in June 1965 with the title of Professor Emeritus. 

Cornell University: Dr. S. A. Levin, University of California at Berkeley, has been 
appointed Assistant Professor; Associate Professor Anil Nerode has been promoted to 
Professor. 

University of Delaware: Dr. R. H. Wenger, Michigan State University, has been 
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appointed Assistant Professor; Professor Russell Remage, Jr. has been appointed Chair- 
man of the Department of Mathematics. 

Denison University: Professor Chosaburo Kato retired with the title of Professor 
Emeritus; Professor Marion Wetzel has been named to the Benjamin Barney Chair 
of Mathematics; Professor Andrew Sterrett has been named Chairman of the Depart- 
ment of Mathematics; and Associate Professor W. N. Prentice has been named Director 
of the Computer Center. 

East Carolina College: Drs. D. F. Bailey, Vanderbilt University, and Katye O. Sowell, 
Florida State University, have been appointed Assistant Professors; Mrs. Stella M. 
Daugherty has been promoted to Assistant Professor; Assistant Professor C. A. Webber, 
Jr. has been promoted to Associate Professor; Associate Professor Louise L. Williams 
has been promoted to Professor. 

Emory University: Mr. J. P. Downes, Columbia University, Dr. D. A. Ford, Marshall 
Space Flight Center, and Dr. O. T. Nelson, Vanderbilt University, have been appointed 
Assistant Professors; Assistant Professor B. K. Youse has been promoted to Associate 
Professor. 

Georgia Institute of Technology: Assistant Professor S. H. Coleman, University of 
Wisconsin, has been appointed Associate Professor; Assistant Professor M. Z. Nashed 
has been promoted to Associate Professor; Associate Professor G. C. Caldwell has been 
promoted to Professor. 

University of Hawaii: Dr. W. J. Leahey, University of Illinois, has been appointed 
Assistant Professor; Assistant Professor Frances E. Davis has been promoted to Asso- 
ciate Professor; Mrs. Ruth E. M. Wong has been promoted to Assistant Professor. 

Hofstra University: Assistant Professor L. E. Sigler, Hunter College, has been 
appointed Assistant Professor; Associate Professor G. B. Charlesworth has been 
appointed Acting Chairman. 

University of Houston: Professor P. D. Hill, Emory University, has been appointed 
Professor; Associate Professor J. N. Younglove, University of Missouri, has been 
appointed Associate Professor; Assistant Professor R. D. Sinkhorn has been promoted 
to Associate Professor; Assistant Professor D. R. Traylor has been appointed Chairman 
of the Mathematics Department. 

University of Illinois: Professor Paul Erdés, Israel Institute, has been appointed 
G. A. Miller Visiting Professor; Professor J. L. Selfridge, Pennsylvania State University, 
has been appointed Professor; Associate Professor H. A. Osborn has been promoted to 
Professor; Assistant Professors R. L. Bishop and P. G. Braunfeld have been promoted 
to Associate Professors; Mrs. Lucretia S. Levy, Dr. T. G. McLaughlin, Mr. D. R. 
Sherbert, and Mr. Frederick Hoffman have been promoted to Assistant Professors; 
Associate Professor Echo D. Pepper retired on September 1, 1965, with the title of 
Associate Professor Emerita. 

Indiana State College: Mr. J. A. Peters, Ohio State University, has been appointed 
Associate Professor; Mrs. Emma Lou Somers, Shippensburg State College, has been 
appointed Assistant Professor. 

University of Maryland: Dr. H. K. Martens, Institutt for Matematiske Fag, Norway, 
has been appointed Visiting Associate Professor; Assistant Professor C. H. Cook, 
University of Oklahoma, and Dr. S. L. Gulick, III, University of Pennsylvania, have 
been appointed Assistant Professors; Associate Professor B. L. Reinhart has been 
promoted to Professor; Assistant Professor R. S. Freeman has been promoted to Associ- 
ate Professor. 

University of Massachusetts: Professors Y. W. Chen, Wayne State University, Haskell 
Cohen, Louisiana State University, Wladimir Seidel, Wayne State University, and 
Associate Professor D. J. Foulis, University of Florida, have been appointed Professors; 
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Associate Professor Berthold Schweizer, University of Arizona, and Assistant Professor 
W. W. Comfort, University of Rochester, have been appointed Associate Professors; 
Dr. D. E. Catlin, University of Florida, and Dr. Murray Eisenberg, Wesleyan Uni- 
versity, have been appointed Assistant Professors; Professor A. E. Andersen retired 
on September 30, 1965 with the title of Professor Emeritus. 

University of Miami: Professor P. R. Halmos, University of Michigan, has been 
appointed Visiting Professor; Assistant Professor E. A. Nordgren, University of New 
Hampshire, has been appointed Visiting Assistant Professor; Associate Professor R. W. 
Bagley has been promoted to Professor; Assistant Professor Edwin Duda has been 
promoted to Associate Professor. 

University of New Hampshire: Dr. Samuel Shore, Pennsylvania State University, 
has been appointed Assistant Professor; Professor M. E. Munroe, Chairman of the 
Mathematics Department, is on leave under a Fulbright Grant at the University of 
Cairo; Associate Professor E. H. Batho has been appointed Acting Chairman of the 
Department of Mathematics. 

Nicholls State College: Mr. Larry Haw, Morrow High School, Morrow, Louisiana, 
has been appointed Assistant Professor; Assistant Professor Loraine M. Cook has been 
promoted to Associate Professor, 

University of Notre Dame: Associate Professor R. R. Otter has been promoted to 
Professor; Assistant Professor C. R. Riehm has been promoted to Associate Professor; 
Associate Professor T. E. Stewart has been promoted to Professor and appointed 
Associate Vice President of Academic Affairs. 

Oakland University: Associate Professor G. P. Johnson, University of the South, 
has been appointed Professor and Chairman of the Mathematics Department; Assistant 
Professor D, G. Malm has been promoted to Associate Professor. 

Sacramento State College: Mr. C. H. Tjoelker, Oregon State University, has been 
appointed Assistant Professor; Associate Professor G. R. Glabe has been promoted to 
Professor. 

Shippensburg State College: Mr. J. S. Mowbray, Lehigh University, has been ap- 
pointed Assistant Professor; Dr. P. F. Cauffman has been promoted to Dean of Teacher 
Education. 

South Dakota School of Mines and Technology: Professor Harold Heckart, Illinois 
College, has been appointed Associate Professor; Mr. Wayne Walther, Univac, St. Paul, 
Minnesota, has been appointed Assistant Professor; Professor D. C. Benson has been 
appointed Chairman of the Mathematics Department; Associate Professor C. A. Grimm 
has been promoted to Professor. 

Southern Illinois University: Associate Professor Neal Foland, Kansas State Uni- 
versity, and Assistant Professor R. A. Moore, Pennsylvania State University, have been 
appointed Associate Professors; Mr, Zamir Bavel has been promoted to Assistant Pro- 
fessor; Dr. Carl Townsend, Washington State University, has been appointed Assistant 
Professor. 

Syracuse University: Associate Professors P. T. Church and S. C. Moy have been 
promoted to Professors; Assistant Professors John Lindberg and J. D. Reid have been 
promoted to Associate Professors. 

Texas Christian University: Professor O. H. Hamilton, Oklahoma State University, 
has been appointed Professor; Assistant Professor C. R. Deeter has been promoted to 
Associate Professor; Professor C. R. Sherer retired on September 1, 1965 with the title of 
Professor Emeritus. 

Texas Technological College: Professors A. R. Amir-Moéz, Clarkson College of 
Technology, and J. W. Ault, U. S. Air Force Academy, have been appointed Professors; 
Assistant Professors E. F. Steiner, University of New Mexico, and J. T. White, Univer- 
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sity of Kansas, have been appointed Associate Professors; Assistant Professors T. A. 
Atchison, A. A. Gioia, and S. K. Hildebrand have been promoted to Associate Profes- 
sors; Mr. H. L. Gray, University of Texas, has been appointed Assistant Professor. 

Texas Western College: Associate Professor D. L. Boyer, University of Idaho, has 
been appointed Professor; Assistant Professor E. L. Allgower, Sacramento State College, 
has been appointed Associate Professor. 

Trinity University: Associate Professor D. L. George, Charlotte College, has been 
appointed Associate Professor; Mr. Gerald Smetzer has been promoted to Assistant 
Professor. 

University of Virginia: Assistant Professor K. O. Leland, Ohio State University, has 
been appointed Acting Assistant Professor; Associate Professor Marvin Rosenblum has 
been promoted to Professor; Dr. J. W. England has been promoted to Assistant Pro- 
fessor. 

Washington State University: Associate Professors W. E. Barnes and C. T. Long have 
been promoted to Professors. 

West Virginia University: Assistant Professors C. N. Cochran and H. W. Gould have 
been promoted to Associate Professors; Professor I. D. Peters has been appointed Acting 
Chairman of the Mathematics Department; Professors H. A. Davis and C. H. Vehse 
retired with the title of Professor Emeritus. 

Western Washington State College: Associate Professor Byron McCandless, Rutgers, 
The State University, has been appointed Professor; Assistant Professor Andre Yandl, 
Seattle University, has been appointed Associate Professor; Assistant Professor J. R. 
Reay has been promoted to Associate Professor. 

Wisconsin State University, Whitewater: Professor G. H. Miller, Parsons College, has 
been appointed Associate Professor; Mr. R. L. Boehning, University of Wisconsin, Green 
Bay Center, and Mr. Ronald Dettmers, University of Notre Dame, have been appointed 
Assistant Professors; Associate Professor L. R. Tappan, Beadle State College, has been 
appointed Associate Professor. 

University of Wyoming: Professor Emeritus B. G. Clark, Vanderbilt University, has 
been appointed Visiting Professor; Dr. J. A. Jensen, Iowa State University, Dr. J. S. 
Rue, Iowa State University, and Dr. R. A. Stoltenberg, New Mexico State University, 
have been appointed Assistant Professors. 


Professor L. C. Bagby, Detroit Institute of Technology, has retired to become Vice 
President of International Casting Corporation, Detroit, Michigan. 

Associate Professor Truman Botts, University of Virginia, is on a year’s leave of ab- 
sence to serve as Executive Director of the National Academy of Science Committee on 
Support of Research in the Mathematical Sciences with headquarters at Columbia 
University. 

Mr. Phillip Briggs, East Texas State College, has been appointed Assistant Professor 
at East Central State College. 

Dr. D. L. Bruyr, Kansas State Teachers College, has returned from a leave of 
absence spent at Oklahoma State University and has been appointed Associate Professor. 

Professor G. R. Bushyager, Morningside College, retired in June 1965. 

Professor E. A. Cameron, University of North Carolina, has been awarded a Na- 
tional Science Foundation Science Faculty Fellowship for 1965-66 and is spending the 
year at Harvard University. 

Professor K. H. Carlson, Valparaiso University, has been appointed Visiting Pro- 
fessor at Brown University. 

Professor D. E. Christie, Bowdoin College, has been promoted to Wing Professor of 
Mathematics. 
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Dr. L. H. Coon, Ohio State University, has been appointed Associate Professor at 
Eastern [Ilinois University. 

Mr. K. H. Crawford, Berea College, has returned from a year’s study at Florida State 
University and has been appointed Assistant Professor. 

Assistant Professor H. K. Crowder, Case Institute of Technology, has been appointed 
Associate Professor at Cleveland State University. 

Associate Professor Joyce C. Cundiff, State University of New York at Fredonia, has 
been appointed Associate Professor at Midwestern University. 

Assistant Professor David Dautenhahn, University of Missouri at Rolla, has been 
appointed Associate Professor at Missouri Valley College. 

Dr. J. E. Diem, Purdue University, has been appointed Assistant Professor at Tulane 
University. 

Associate Professor E. D. Dixon, West Georgia College, has been appointed Associ- 
ate Professor at Tennessee Technological University. 

Assistant Professor Forrest Dristy, Florida Presbyterian College, has been promoted 
to Associate Professor. 

Assistant Professor D. J. Ewy, Fresno State College, has been promoted to Associate 
Professor. 

Dr. J. R. Hanson, Virginia Polytechnic Institute, has been appointed Assistant Pro- 
fessor at Madison College. 

Professor R. C. Huffer, Head of the Mathematics Department, Tougaloo College, 
has also been appointed Acting Academic Dean. 

Rev. Ronald King, St. Louis University, has been appointed Assistant Professor at 
Siena College. 

Dr. C. F. Kossack, Laboratory for Computer Sciences, Dallas, Texas, has been ap- 
pointed Professor of Statistics and Head of the Department of Statistics at the Univer- 
sity of Georgia. 

Mr. G. E. Lindamood, University of Maryland, has been appointed Instructor in the 
Computer Science Center. 

Mr. D. H. McInnis, Southwest Missouri State College, has been promoted to 
Assistant Professor. 

Assistant Professor Maurice Machover, Fairleigh Dickinson University, has been 
promoted to Associate Professor. 

Mr. Bernard Martin-Williams, Christ Church School, Greenville, South Carolina, 
has been appointed Associate Professor at West Georgia College. 

Mr. H. L. Minton, University of Texas, has been appointed Assistant Professor at 
Memphis State University. 

Associate Professor D. H. Moore, California State Polytechnic College, has been 
promoted to Professor. 

Associate Professor W. O. Portmann, Arizona State University, has been appointed 
Professor and Chairman of the Mathematics Department at Wilson College. 

Assistant Professor A. A. Ramsay, Brandeis University, has been appointed Assis- 
tant Professor at the University of Rochester. 

Associate Professor Herbert Rebassoo, Luther College, has been promoted to Pro- 
fessor. 

Associate Professor K. W. Reed, Texas Southern University, has been appointed 
Visiting Assistant Professor at Rice University. 

Dr. Jimmy Rice, Fort Hays Kansas State College, has been promoted to Professor. 

Assistant Professor E. J. Schweppe, University of Maryland, has been promoted to 
Associate Professor in the Computer Science Center. 

Professor S. M. Selby, University of Akron, has been awarded a Distinguished 
Professorship. 
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Assistant Professor Richard Shermoen, North Dakota State University, has been 
promoted to Associate Professor. 

Dr, R. L. Shively, Oak Ridge National Laboratory, Oak Ridge, Tennessee, has been 
appointed Professor and Chairman of the Mathematics Department at Lake Forest 
College. 

Mr. J. T. Smith, Martin Company, Denver, Colorado, has been appointed Assistant 
Professor at Northern Montana College. 

Dr. L. C. Sulski, University of Sussex, England, has been appointed Assistant Pro- 
fessor at Holy Cross College. 

Dr. J. F. Traub, Bell Telephone Laboratories, Murray Hill, New Jersey, has been 
appointed Visiting Associate Professor in the Computer Science Department at Stan- 
ford University for the spring of 1966. 

Assistant Professor R. W. Tucker, Humboldt State College, has been promoted to 
Associate Professor. 

Perkins Professor J. L. Walsh, Harvard University, retired February 1966 with the 
title of Perkins Professor of Mathematics Emeritus and has been appointed Professor at 
the University of Maryland. 

Mr. Henry Wellenzohn, Niagara University, has been promoted to Assistant Pro- 
fessor. 

Professor R. E. Wheeler, Howard College, has been promoted to Chairman of the 
Division of Natural Sciences and Head of the Mathematics Department. 

Dr. E. T. Wooldridge, Florence State College, has been promoted to Professor. 

Mr. J. E. Wynn, Utah State University, has been appointed Lecturer at California 
State Polytechnic College. 


Mr. William Betz, Rochester Public Schools, Rochester, New York, died on Septem- 
ber 7, 1965. He was a charter member of the Association. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 


NOVEMBER MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 


The annual Fall meeting of the Maryland-District of Columbia-Virginia Section of 
the MAA was held at Goucher College, Towson, Maryland, on November 21, 1964. 
Dr. Daniel Shanks, Chairman of the section, presided. There were 98 persons in atten- 
dance, including 92 members of the Association. 

The following program was presented: 


1. On the number of non-equivalent types of triple-systems of order N215, by V. Bohun-Chud- 
yniv, Morgan State College, Baltimore, Maryland. 

In 1893 E. Moore proved the existence of at least two nonequivalent types of triple-systems 
of order greater than 13. Zulauf in 1897 established the existence of two non-equivalent types of 
triple-systems of order 13. All examples constructed by Kirkman in 1847, Reiss in 1889, De Vries 
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in 1889 and 1894, belong to the first type, while those constructed by Netto’s method are of the 
second type. In 1850 A. Cayley constructed for the solution of Kirkman’s problem two examples 
of triple-systems of the 15-th order. Many other papers have been published concerning triple- 
systems of orders higher than 15. In the present paper the author, by using modular triple-systems 
and block-operators, establishes the existence of at least 8 nonequivalent types of triple-systems of 
N= 15 order, and enumerates the triple-systems of the first type. 


2. Remarks on relaxation methods and computers, by M. N. McAllister, Towson, Maryland. 

The author presents a brief description of the fundamental ideas involved in the use of the 
relaxation methods in solving the problem Px=y, where y is given and P is any operator. Reasons 
are given why the relaxation methods have never been used in relation to computers. To overcome 
this inherent difficulty is a new field of research. Very good results have been obtained by combin- 
ing iteration with relaxation methods. This is illustrated by presenting the Conte-Dames method 
for solving the biharmonic equation V‘w=0. Some problems, not yet resolved, are pointed out. 


3. Sifting properties of singularity functions in the solution of linear differential equations, by F. 
Marion Clarke-Carroll, Westinghouse Electric Corporation, Baltimore, Maryland. 

Taking note of the computational clumsiness engendered by nonzero initial conditions of a 
linear differential system, the speaker investigates a method by which a homogeneous linear equa- 
tion with arbitrary initial conditions can be replaced by a corresponding linear differential equa- 
tion with zero initial conditions and the same solution. To this end certain singularity functions and 
their Laplace transforms are employed and certain sifting properties which make them useful in 
this context are demonstrated. 


4, Mathematical Theory in Optimization Techniques, by Walker H. Land, Jr., I.B.M., Bethesda, 
Maryland. 

This paper discusses the necessary theoretical background in the mathematical techniques 
which are utilized in trajectory optimization. Included are derivations, from fundamental prin- 
ciples, of the following topics: (a) The Calculus of Variations—necessary and sufficiency condi- 
tions; (b) relationship between the Maximum Principle of Pontryagin and the Weierstrass Excess 
Function; (c) variational concepts in terms of the Hamiltonian; (d) dynamic programming and the 
Calculus of Variations; (e) method of Steepest Ascent or Method of Gradients. 


5. Another look at the so-called Andoyer-Lambert Distance Formulas, by Paul D. Thomas, Coast 
and Geodetic Survey, Washington, D. C. 

These approximation formulae, of first order in the ellipsoid flattening, are used extensively 
in the computations associated with the Loran navigation systems. Lambert never published his 
derivation and Andoyer’s, published in Bulletin Géodésique 1932, does not indicate the extension 
to higher order terms in the flattening. Several new derivations are given with extension to higher 
order terms in the flattening, including identification of the forms in an 1895 paper of A. R. Forsyth. 


6. The application of functional analysis to the solution of differential and integral equations, by 
Seymour Goldberg, University of Maryland, College Park, Maryland, (invited address). 

A survey is given concerning the progress of the theory of unbounded linear operators in 
Banach spaces. The perturbation theorems of Kato and Gokhberg-Krein are presented with ap- 
plications to differential and integral equations. 


7. The converse of Banach’s contraction theorem, by Philip R. Meyers, National Bureau of 
Standards, Washington, D. C. 

After adding one simple conclusion of Banach’s contraction theorem to the usual ones, the 
speaker shows that “f is a contraction for some complete metric on the topological space X” is a 
necessary condition for these conclusions. This constitutes a converse of the contraction theorem. 


8. Some observations on mathematics in the Middle East, by Daniel B. Lloyd, District of Colum- 
bia Teachers College, Washington, D. C. 
Recent archaeological discoveries in Iraq reveal a depth of understanding by the Babylonians 
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of (circa) 1700 B.C. concerning principles of Euclidean geometry formerly attributed solely to 
the Greeks of a later era. Two of the latest mathematical tablets unearthed contain unique and 
unusual solutions of triangle areas and their relationships. 


9. A variant of the two-dimensional Riemann integral, by A. J. Goldman, National Bureau of 
Standards, Washington, D. C. 

S. Marcus (this MonTHLY, 71 (1964) 544-545) proposed a variant of the two-dimensional 
Riemann integral and observed that f(x, y) =x failed to be integrable. Here a necessary and suffi- 
cient condition is given for integrability, the gist of which is that the function must be very nearly 
constant. In particular, the constants are the only continuous integrable functions. 


10. Commutative semi-groups and pseudo-inverses, by Kenneth D. Taylor, Army Map Service, 
Washington, D. C. 

If ¢ is such that acb=abd for all a, d in the semi-group, then c is called a pseudo-inverse. The 
theorems and corollaries center about the principal theorem: If G is a semi-group with an element 
d in G such that for all a, b in G adb=ba, then the semi-group is commutative. The maximal sub- 
semi-group of G which is a group, is found. Finally, the question of whether an extension will pro- 
duce a pseudo-inverse is discussed. 

S. S. SasLaw, Secretary 


MAY MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 


The annual Spring meeting of the Maryland- District of Columbia-Virginia Section of 
the MAA was held at the University of Maryland, College Park, Maryland, on May 1, 
1965. Dr. Daniel Shanks, Chairman of the section presided. There were 110 persons in 
attendance, including 96 members of the Association. Very lively discussions followed 
both the morning and afternoon sessions. 

At the business meeting the following officers were elected: 

Chairman, Professor Samuel S. Saslaw, United States Naval Academy, Annapolis, 
Maryland; Vice Chairmen, Professor Hyman Kamel, Howard University, Washington, 
D. C.; and Professor Thomas L. Reynolds, College of William and Mary, Williamsburg, 
Virginia; Secretary, Professor George N. Trytten, University of Maryland, College 
Park, Maryland; Treasurer, Professor Stanley B. Jackson, University of Maryland, 
College Park, Maryland. 

The following program was presented: 


1. The aims and purposes of the Committee on the Undergraduate Program in Mathematics of 
the Mathematical Association of America, by Samuel Ejilenberg, Columbia University (invited 
address). 


2. Question and discussion period. 


3. What Graduate Schools in the Area Expect of New Students, Panel discussion. Participants: 
Gustav B. Hensel, Catholic University of America; John D. Miller, University of Virginia; Bruce 
Reinhart, University of Maryland. 


4. Question and Discussion pertod. 
S. S. SasLtaw, Secretary 


NOVEMBER MEETING OF THE INDIANA SECTION 


The Indiana Section of the MAA met on Saturday, November 6, 1965, at Franklin 
College, Franklin. Approximately 100 persons attended, of whom 67 were members of 
the Association. Chairman George Springer of Indiana University presided. The morning 
was devoted to short papers and the afternoon to a business meeting and an invited hour 
address entitled ‘‘Categories’’ by Professor Samuel Eilenberg of Columbia University. 
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Papers presented at the morning session were: 


1. Fiducial theory and invariant estimation, by R. B. Hora, Indianapolis Branch, Purdue Uni- 
versity, and R. J. Buehler, University of Minnesota. (Report by R. B. Hora.) 

Let P® be a family of distributions which satisfy assumptions that are essentially equivalent 
to those of Fraser (Biometrika, 48 (1962) 261) but are closer to those of Stone (Ann. Math. Stat., 
36 (1965) 440). Let Hy denote fiducial expectation and Ez the conditional expectation given the an- 
cillary. It is shown that for invariant functions H(x, w), the identity EyH = EpH holds. The identity 
has been applied to obtain best invariant estimators for “invariantly estimable functions.” Finally, 
the relations between estimation of “invariantly estimable functions” and coset estimation and 
fiducial and confidence limits have been considered. 


2. Programmed instruction in college level mathematics, by Thomas A. Davis, DePauw Uni- 
versity. 

This was a discussion of the use of programmed instruction in pre-calculus mathematics at 
DePauw University during 1964-65. The program included such topics as inequalities, absolute 
values, symmetry, asymptotes, and equations of straight lines. The performance of students who 
used the programmed material was slightly better than that of students who learned the same ma- 
terial by the traditional classroom lecture and discussion method. The time spent on the program 
was about one-half the time spent by the students who learned the material in the classroom. 


3. Binary relations as the basis for a fact retrieval system, by Roger Elliott, Indiana State Uni- 
versity. 

A model for a computer fact retrieval system is developed. The model accepts facts and quer- 
ies couched in a relational language, and it constructs data structures which are efficient for storing 
the input data and which permit efficient inference-making. Data are presented verifying an 
hypothesized independence of retrieval time of the size of the data base. 


4. Extremal properties of spline interpolants, by Michael Golomb, Purdue University. 

An extremal property possessed by interpolating spline functions was derived which includes 
all the minimizing properties of these approximants found previously (Schoenberg, Sard, Golomb- 
Weinberger, Holladay, et al.). 


5. On regular rings, by Jiang Luh, Indiana State University. Following O. Steinfeld, a subring 
Q of a ring A is said to be a quasi-ideal of A if AQ/ \OACQ. In this paper characterizations for 
regular rings and for strongly regular rings are given in terms of quasi-ideals. 


6. Behavior of derivatives, by A. Bruckner, University of California at Santa Barbara, visiting 
Professor at Purdue University. 

The speaker gave an exposition of classical examples of functions possessing various properties 
with respect to differentiability. 


7. On the Hodgkin-Huxley partial differential equation, by H. Melvin Lieberstein, Indiana 
University. 

The equations for propagation of impulses on an unmyelinated squid axon are modified to 
include effects of core capacitance and inductance without introducing any new parameters. One 
equation is the one dimensional wave operator acting on a function whose values represent voltage 
across a surrounding membrane, set equal to a non-linear function of membrane voltage and its 
first time derivative. This is taken together with the first order differential equations for the Hodg- 
kin-Huxley empirical parameters n, m and h. Voltage is specified as a —15mv sawtooth or square 
impulse at a cut end and is required to be initially zero together with its first time derivative along 
the axon. This generates numerically a —100 or a —103mv action potential. Initial waves of 
—10mv die out. A wave which propagates with velocity and form constant to five digits develops 
as x and ¢ increase; it satisfies a first order ordinary differential equation which replaces the former 
second order equation. Agreement with former calculations is excellent and the extreme sensitivity 
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to propagation rate is removed. The boundary value problem can be regarded as a model for trans- 
ient development and propagation on a human muscle fiber. (The above work has been supported 
by NIH grant HE 10034). 


Local arrangements for the meeting were in charge of Rodney Hood of Franklin 
College. President Wesley N. Haines of Franklin College welcomed participants on 
behalf of the college. 


Six charter members of the Association now residing in Indiana were accorded special 
recognition at the meeting. These men are Will E. Edington, Gordon H. Graves, Paul R. 
Rider, Charles K. Robbins, Clarence P. Sousley and Harold E. Wolfe. Of these only 
Messrs. Graves and Rider were able to attend the meeting. 

P. T. MIELKE, Secretary 


NOVEMBER MEETING OF THE NEW JERSEY SECTION 


The tenth annual meeting of the New Jersey Section of the MAA was held at Mont- 
clair State College, Upper Montclair, on November 6, 1965. Professor Max A. Sobel, 
Chairman of the Section, presided at the morning session. Professor Joshua Barlaz 
presided at the afternoon session. One hundred and forty-three persons attended the 
meeting, including one hundred and twelve members of the Association. 

At the business meeting the following members were elected: Professor Joshua 
Barlaz of Rutgers University, Chairman of the Section (Nov. '66); Professor Bernard 
Greenspan of Drew University, Member-at-Large of the Executive Committee (Nov. 
68); Professor Hale Trotter of Princeton University, Member-at-Large of the Executive 
Committee (Nov. '66); Professor John K. Reckzeh of Jersey City State College, Associ- 
ate Secretary-Treasurer (Nov. ’68); Professor Francis A. Varrichio of Saint Peter's 
College, Secretary-Treasurer. Reports were given by L. F. McAuley, Governor of the 
Section; J. Barlaz, Section Representative to the Summer meeting; W. A. Krzeminski, 
member of the High School Contest Committee; F. A. Varrichio, Secretary-Treasurer. 


At the morning session the following papers were presented: 


1. Logic: Fad or Tool? by Prof. Hassler Whitney, Institute of Advanced Study, Princeton, 
N. J. (By invitation.) 

Many texts in general mathematics contain a chapter on logic; it commonly seems uncon- 
nected with actual mathematics, and is likely not to be made use of later. Yet all mathematics uses 
logical reasoning throughout. What is really needed is to understand the elementary principles used 
in actually carrying on mathematics. This involves not only propositions and quantifiers, but also 
an understanding of the use of symbols, the meaning of statements relative to the underlying hy- 
potheses, etc. Various simple examples are given to illustrate these ideas. 


2. Countable Topological Spaces, by Albert Wilansky of Lehigh University, Bethlehem, Pa. 
(By invitation.) 

Let X bea countable 7; space. If regular, it is normal, zero-dimensional, totally disconnected. 
If regular and first countable or locally compact, it is metrizable, indeed a subset of the rationals. 
Let B= NU {th, te8N/N. Then 6 is normal, not first countable, pseudofinite, hemicompact. Any 
hemicompact first countable space is locally compact. Let X = {t} UN with NV discrete, te; de- 
leted neighborhoods of 0 being { S: limax(S) = 1 i, A a fixed positive regular matrix. A. K. Snyder 
has associated topological properties of X with summability properties of A. 


The afternoon session consisted of a panel discussion of The Twelfth Year Program in 
High School Mathematics. The panelists were: Mr. Martin Moskowitz of Vailsburg High 
School, Newark, N. J., Mr. Henry Peterson, Wayne Senior High School, Wayne, N. J., 
and Dr. Anthony Pettofrezzo, Montclair State College. 

F, A. VARRICHIO, Secretary 
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CALENDAR OF FUTURE MEETINGS 


Forty-seventh Summer Meeting, Rutgers, The State University, New Brunswick, 


New Jersey, August 29-31, 1966. 


Fiftieth Annual Meeting, Houston, Texas, January 26-28, 1967. 
The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Waynesburg College, 
Waynesburg, Pennsylvania, April 30, 1966. 

ILLINOIS, Saint Dominic College, St. Charles, 
May 13-14, 1966. 

INDIANA, Indiana State University, 
Haute, May 14, 1966. 

Iowa, Central College, Pella, April 15, 1966. 

Kansas, University of Kansas, Lawrence, 
March 26, 1966. 

KENTucKy, University of Kentucky, Lexing- 
ton, April 29-30, 1966. 

LouISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
College of William and Mary, Williams- 
burg, Va., April 30, 1966. 

METROPOLITAN NEw YorK, St. John’s Univer- 
sity, Jamaica, N. Y., May 7, 1966. 

MIcHIGAN, Wayne State University, Detroit, 
Michigan, April 2, 1966. 

MInnNEsoTa, Macalester College, St. Paul, May 
1966. 

MissourI, University: of Missouri at Rolla, 
April 30, 1966. 

NEBRASKA, Nebraska Center for Continuing 
Education, Lincoln, April 29-30, 1966. 

NEw JERSEY, Rutgers, The State University, 


Terre 


FUTURE MEETINGS OF 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Washington, D. C., 
December 26-31, 1966. 

AMERICAN MATHEMATICAL Society, New 
Brunswick, N. J., August 30-September 2, 
1966. 

AMERICAN SOCIETY FOR ENGINEERING Epu- 
CATION, Washington State University, 
Pullman, June 20-24, 1966. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Ambassador Hotel, Los Angeles, August 
30-September 1, 1966. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Indianapolis, November 
24-26, 1966. 


New Brunswick, November 12, 1966. 

NORTHEASTERN 

NORTHERN CALIFORNIA 

OxI0, Ohio Wesleyan University, Delaware, 
April 23, 1966. 

OKLAHOMA-ARKANSAS, Oklahoma Baptist Uni- 
versity, Shawnee, April 1-2, 1966. 

Pactric NorTHWEST, University of Victoria, 
Victoria, British Columbia, June 17, 1966. 

PHILADELPHIA, Villanova University, Vil- 
lanova, November, 1966. 

Rocky Mountain, Colorado State University, 
Fort Collins, May 13-14, 1966. 

SOUTHEASTERN, Emory University, Atlanta, 
Georgia, March 25-26, 1966. 

SOUTHERN CALIFORNIA, Occidental College, 
Los Angeles, March 12, 1966. 

SOUTHWESTERN, University of New Mexico, 
Albuquerque, April 1-2, 1966. 

TEXAS, Southern Methodist University, Dallas, 
April 15-16, 1966. 

Uprer NEw York State, St. Bonaventure 
University, Olean, May 14, 1966. 

WISCONSIN, Wisconsin State University, Eau 
Claire, May 7, 1966. 


OTHER ORGANIZATIONS 


INSTITUTE OF MATHEMATICAL STATISTICS, 
Rutgers, The State University, New 
Brunswick, N. J., August 30-September 2, 
1966. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MaTics, Americana Hotel, New York City, 
April 13-16, 1966. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Miramar Hotel, Santa Monica, California, 
May 18-20, 1966. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, University of Iowa, Iowa City, 
May 11-14, 1966. (Symposium on Numeri- 
cal Analysis.) 


THE SLAUGHT 
MEMORIAL PAPERS 


The Herbert Ellsworth Slaught Memorial Papers are a series 
of brief expository pamphlets (paperbound) published as sup- 
plements to the American Mathematical Monthly. The following 
numbers have been published recently: 


9, A Contemporary Approach to Classical Geometry, by Wal- 
ter Prenowitz. vi + 67 pages 


10. Computers and Computing. Twenty-one articles by R. W. 
Hamming, D. H. Lehmer, et al. ii + 156 pages 


Copies at $1.50 each postpaid may be ordered from: 


Mathematical Association of America 
SUNY at Buffalo (University of Buffalo) 
Buffalo, New York 14214 


AN INTRODUCTION TO MODERN MATHEMATICS 


NATHAN J. FINE « Pennsylvania State University 


This basic, introductory text presents ‘“new math” concepts to undergraduates through 
a balanced selection of topics and exercises. Fundamental concepts rather than tech- 
niques and manipulation are emphasized; logic, set theory, and mathematical models 
are discussed as basic ideas to be applied throughout the text. 

To suit individual teaching methods, chapters may be rearranged, proofs and 
whole chapters may be conveniently omitted, Yet units are well-integrated by the use 
of continuing themes. Numerous exercises provide theory applications; the Teacher’s 
Manual contains complete solutions to all problems of any difficulty. 


CONTENTS 

Chapter 1 Logic Chapter 6 Analytic Geometry © 

Chapter 2 Set Theory Chapter 7 Measure, Area and Integration 
Chapter 3 Axiom Systems Chapter 8 Limits, Continuity, and 
Chapter 4 The Real Numbers Differentiation 

Chapter 5 Linear Algebra Chapter 9 Probability 


1965 + 512 pages + No.6921 - $8.50 


RAND MSNALLY & COMPANY 
College Department +» Box 7600 « Chicago, Illinois 60680 


New and Recent Mathematics 
Texts from Macmillan 


Introduction to 
Linear Algebra 


by Marvin Marcus and Henryk Minc, both of 
the University of California, Santa Barbara 


This is a uniquely self-contained introduction to 
the fundamental concepts of linear algebra and 
matrix theory. It is designed for one-semester 
courses at the sophomore or junior level, and re- 
quires competence in college algebra as a pre- 
requisite, 


1965, 225 pages, $7.95 


Topics from the 
Theory of Numbers 


by Emil Grosswald, University of Pennsylvania 


A self-contained treatment of number theory for 
the advanced undergraduate and graduate stu- 
dent, this book discusses the historical develop- 
ment of number theory, elementary number theory, 
and such advanced topics as the Prime Number 
Theorem, Diophantine Equations, Fermat's Conjec- 
tive, Ideal Theory and the Theory of Partitions. 


1966, approx. 368 pages, $7.00 


Applied Boolean 
Algebra: An 
Elementary 
Introduction, Second 
Edition 

by Franz E. Hohn, University of Illinois 


Revised and enlarged, this text provides an in- 
troduction to the basic facts of Boolean Algebra 
and some of its applications—particularly those 
relating to computer and switching circuit design. 


1966, 272 pages, $7.95 


A Survey of 
Modern Algebra, 
Third Edition 


by Garrett Birkhoff, Harvard University, 
and Saunders MaclLane, University of Chicago 


Extensive revision and the introduction of much 
new material in this Third Edition assure its place 
as the leading text in the course it virtually cre- 
ated. Terminology and notation outdated since 
publication of the Revised Edition have been 
brought up to date; the introduction to Boolean 
algebra and lattice theory has been entirely re- 
written; and numerous problems have been added. 


1965, 512 pages, $8.50 


The Theory 

of Numbers 

by Neal H. McCoy, Smith College 

This text is intended specifically for a one-term 
undergraduate course. It is written in a remark- 
ably clear manner for the student who has some 


understanding of the simple properties of the sys- 
tem of integers. 


1965, 160 pages, $4.95 


Applied Complex 
Variables 
by John W. Dettman, Oakland University 


This is a comprehensive treatment of complex 
variables and their applications. The material is 
modern, rigorous, and intended for study at the 
advanced undergraduate level. Only a knowledge 
of elementary differential equations and calculus 
is assumed. 


1965, 480 pages, $9.95 


Write to the Faculty Service Desk for Examination Coples 


THE MACMILLAN COMPANY 


60 FIFTH AVENUE, NEW YORK 10011 


sou 


Now in Use in 
Schools Across the Country” 


University of California, San Diego University of Chicago 


Rutgers, The State University Louisiana Polytechnic Institute 
University of Alabama Montana State University 
East Los Angeles College State University of New York, 
California State Polytechnical Fredonia 

College University of Wyoming 
University of Alaska George Washington University 
University of Denver Northwestern Michigan College 
Howard University Notre Dame College 
University of Florida Fisk University 


* a partial listing 


and the Caleulus 


by A. W. Goodman, University of South Florida 


Written by an experienced teacher, author, and research mathe- 
matician, this widely adopted text covers all of the material for 
the standard college course at the freshman or sophomore level. 
The presentation is modern in approach, introducing vectors 
early in the course and using them wherever possible. It is written 
in a clear, easy-to-follow style which helps students of average 
background understand and master the material; problems are 
carefully graded, and answers are provided fo all the problems 
in the book. 


1963, 806 pages, $10.50 


Write to the Faculty Service Desk for an Examination Copy 


THE MACMILLAN COMPANY 


eeyEy 2 Nor aves 4D OSD oun 
gif tee? AES OY. ‘ gat ¢ oA ee iRS ei 


60 FIFTH AVENUE, ‘NEW YORK 10011 


Selected mathematics books .. . 


MATHEMATICAL METHODS 
IN ENGINEERING AND PHYSICS 


SPECIAL FUNCTIONS AND BOUNDARY-VALUE PROBLEMS 
DAVID E. JOHNSON and JOHNNY R. JOHNSON—both Louisiana State University 


This versatile textbook is designed to acquaint the student with the character- 
istics of the more important special functions used to solve partial differential 
equations in engineering and physics. Topics generally considered to be on an 
advanced level are presented here in a form suitable for students of less extensive 
backgrounds. Applications, most of which involve boundary-value problems, are 
discussed as they arise in the examinations of the functions themselves. While 
there is a brief discussion of transform methods, primary emphasis is on the 
separation-of-variables method. A comprehensive bibliography provides ample 
source material for further study. Instructor’s Supplement available. 1965. 
273 pp. $9.50 


INTRODUCTORY TOPOLOGY 


STEWART SCOTT CAIRNS, University of Illinois 


A modern treatment of topology, with emphasis on the fundamental concepts and 
the principal results of homology theory, both in their combinatorial develop- 
ment and in their application to topological spaces. Cohomology groups are 
defined, and are used in connection with the duality theorems of Poincare and 
Lefschetz. Certain aspects of homotopy theory are treated, and there is a chapter 
on the fundamental group and covering complexes. The essential facts from 
group theory are collected in an appendix. 1961. 244 pp., illus. $8.75 


FUNDAMENTALS OF NUMERICAL ANALYSIS 


AUGUSTUS H. FOX, Union College 


A lucid introduction to the basic methods involved in the numerical solutions of 
systems of algebraic equations, and ordinary and partial differential equations. 
The book fills the gap between the usual study of calculus and differential equa- 
tions and the special techniques of modern technology by numerical analysis 
using large computer systems. Problems avoid the use of anything more extensive 
than a desk calculator. 1968. 147 pp. $6.00 


STATISTICAL ANALYSIS 


SAMUEL B. RICHMOND, Columbia University 


This modern treatment of the subject considers statistics and statistical analyses 
as increasingly important tools in the decision-making process. Although the 
book requires no mathematical preparation beyond secondary school algebra, 
theoretical correctness has not been compromised. Recently developed ideas in- 
volving Bayes’ theorem and subjective probabilities are discussed as is a new 
approach to the evaluation of information and the relationship between classical 
statistical inference, modern decision theory, and Bayesian statistics. Instructor’s 
Supplement available. 2nd Ed., 1964. 633 pp., illus. $8.50 


The Ronald Press Company 


cee ee sec cecceceses ,7...-.e15 East 26th Street / New York, N.Y. 


FORTHCOMING—Excellent Math Works for Your Courses 
A FIRST COURSE IN ABSTRACT ALGEBRA 


Hiram Paley and Paul M. Weichsel, both of the University of Illinois 
This book is designed for the undergraduate course in abstract algebra. 
It includes naive set theory, elementary number theory with modular 
arithmetic, the elementary theory of groups and rings, and a carefully 
selected list of special topics in groups and rings for special assignment 
and advanced reading. 


March 1966 350 pp. $8.00 tent. 


A FIRST COURSE IN INTEGRATION 

Edgar Asplund, University of Stockholm 

Lutz Bungart, University of California, Berkeley 

A basic text for a one-semester undergraduate course in the theory of 
Lebesgue integration. Since most students at this stage have more back- 
ground in functions than in set theory, this book develops the technique 
of integrating functions as a means of approaching the Lebesgue theory 
earlier. 


March 1966 512 pp. $10.50 tent. 


APPROXIMATION OF FUNCTIONS (The Athena Series) 


G. G. Lorentz, Syracuse University 


An introduction to the approximation of real functions at full depth up 
to very recent (1963-1964) results. Great care has been taken in select- 
ing important theorems of the theory, eliminating the unimportant de- 
tails. 


June 1966 192 pp. $4.00 tent. 


THE ELEMENTARY THEORY OF ABSTRACT 
ALGEBRAS (The Athena Series) 


Richard S. Pierce, University of Washington 
August 1966 160 pp. $5.50 tent. 


FUNCTIONAL ANALYSIS: Theory and Applications 


R. E. Edwards, Australian National University 
1965 800 pp. $25.00 


ELEMENTARY ALGEBRA 


Eugene D. Nichols, Florida State University 
February 1966 512 pp. $7.00 tent. 


tv4 
> HOLT, RINEHART 


and WINSTON, 3 


383 Madison Avenue, New York, N.Y. 8, 


ALGEBRA 


By SERGE LANG, Columbia University 


The present book is intended to be used as a basic text for a one-year course in algebra at the graduate 
level. As prerequisites, the author assumes the reader is acquainted with the basic language of mathe- 
matics (i.e., essentially sets and mappings), and the integers and rational numbers. 508 pp, $12.75 


INTRODUCTION TO LINEAR ANALYSIS 


by DONALD L. KREIDER, Dartmouth College; ROBERT G. KULLER, Wayne State University; 
DONALD R. OSTBERG, Indiana University; FRED W. PERKINS, Dartmouth College 


This book, which assumes a background in calculus, is designed to serve as an introductory text in applied 
analysis for students of science and engineering. It treats much of the traditional material, however, if also 
treats topics which are of importance in present day mathematics. The concept of linearity is emphasized 
and used as the unifying thread which ties together the treatment of topics often presented in an isolated 
manner. In Press 


LINEAR GEOMETRY 
By RAFAEL ARTZY, Rutgers, The State University 
Written at the advanced undergraduate level, this book is intended for courses in higher geometry. The 


emphasis is generally theoretical and will be of prime interest to students majoring in mathematics. How- 
ever, prospective teachers and students of the physical sciences will also find the book valuable. 


273 pp, 147 illus, $9.75 


NUMBER SYSTEMS OF ANALYSIS 

By G. CUTHBERT WEBBER, University of Delaware 

The system of complex numbers and its subsystems form the subject of discussion of this book. The primary 
purpose of the text is to develop a sense of proof and mathematical development early in the student's 


program, and fo introduce him to basic ideas of modern mathematics. In terms of well-defined content 
areas, the book develops the natural numbers, integers, rational numbers, and complex numbers. In Press 


NONLINEAR DIFFERENTIAL EQUATIONS 
By T. V. DAVIES and E. M. JAMES, University College of Wales, Aberystwyth 
The principal aim of this text is to collect the important techniques of handling ordinary nonlinear differ- 


ential equations and fo present the material in as simple a fashion as possible. The starting point at each 
stage is the differential equation and no account of the theory of formulation of the equations is given. 


In Press 


TOPOLOGICAL VECTOR SPACES AND DISTRIBUTIONS, Volume | 
By JOHN HORVATH, University of Maryland 


The present text is an elementary introduction to topological vector spaces and their most important appli- 
cation: the theory of distributions of Laurent Schwartz. All the necessary definitions and results from 
algebra and topology, giving complete proof for all results which are not immediate consequences of the 
relevant definitions, are included. In Press 


FUNDAMENTALS OF ABSTRACT ANALYSIS 
By ANDREW M. GLEASON, Harvard University 


This new text is designed for use in the first course in real variable theory at the advanced undergraduate 
or graduate level. The detailed explanation of how abstract mathematics works, and the explicit carrying 
out of the construction of the real numbers, will be of special interest to the reader. Other outstanding 
features of the text include the explanation of the axiom of choice and abstract set theory. In Press 


THE NUMBER SYSTEMS OF ELEMENTARY MATHEMATICS: 
COUNTING, MEASUREMENT, AND COORDINATES 
By EDWIN E. MOISE, Harvard University 


Written to suit the needs of prospective teachers, this new text presents the material for the Level 1 course 
entitled, Structure of the Number System as outlined in a report of the Teacher Training Panel of the Com- 
mittee on the Undergraduate Program. Although addressed to students who have had one year of high 
school algebra and geometry, the text is very flexible in that all algebraic and geometric ideas are fully 
explained. 240 pp, 100 illus, $7.50 


LINEAR EQUATIONS AND MATRICES 
By JOHN B. JOHNSTON, G. BALEY PRICE, and FRED S. VAN VLECK, University of Kansas 


This introductory text is intended to provide one part of the necessary foundations in mathematies for stu- 
dents in the management, social, and biological sciences—and especially for students who expect fo 
undertake graduate work in these fields. Coverage includes the solution of systems of m linear equations, 
in n unknowns, flow charts for describing the algorithm for solving systems of linear equations, matrix 
algebra, inverses of matrices, the solution of matrix equations, and applications of these subjects in the 
management and social sciences. 308 pp, 78 illus, $8.50 


PROBABILITY 
By GRACE E. BATES, Mount Holyoke College 


The purpose of this short booklet is to present a unit in probability theory as a model for experiments 
resulting in one of a finite number of outcomes. This theory, called a probability theory for finite spaces, is 
remarkably simple in its formulation and in its demand on mathematical background. On the basis of this 
elementary excursion into probability theory, it is hoped that interested students may decide at a later time 
to pursue the subject in more generality. 64 pp, illus, $1.00 


INTRODUCTORY PROBABILITY AND STATISTICAL APPLICATIONS 
By PAUL L. MEYER, Washington State University 


Assuming a calculus prerequisite, this one-semester text presents the basic ideas of probability and statistics 
emphasizing random variables. Employing an axiomatic approach, the emphasis is on practical applica- 
tions, thus making the book of prime interest to engineers, physicists, those interested in the quantitative 
social sciences, and, in fact, anyone needing the subject as a tool. 339 pp, 130 illus, $8.75 


A FORTRAN IV PRIMER 
By ELLIOTT 1. ORGANICK, University of Houston 


This text is designed for courses in computer programming utilizing the Fortran IV language. The book 
treats introductory concepts concerning computers, algorithms, Fortran IV programming language and pro- 
cessors, flow charts, input-output, real and integer arithmetic, and contains a thorough description of For- 
train IV for many different processors including all IBM processors; Univac II] 1107, Phileo 2000, CDC 1604, 
3600, Honeywell 1800, GE 635, and SDS 9300. There are many exercises and nine interesting example 
problems and their actual computer solutions all designed to illustrate principles and practice. In Press 


VECTOR GEOMETRY 
By JAMES A. HUMMEL, University of Maryland 


The main purpose of this text is to develop the student’s mathematical sophistication so that he will be 
prepared for future courses—particularly calculus. Primary attention is given to the mathematical study 
of vectors. This subject is approached in a way that generalizes easily to linear algebra, and eventually 
functional analysis. A familiarity with trigonometry and beginning analytic geometry is assumed. 


263 pp, 98 illus. $6.75 
VECTORS 
By JAMES A. HUMMEL, University of Maryland 


This short text approaches the study of vectors in a way that generalizes easily to linear algebra—and 
eventually functional analysis. Considerable stress is placed on both geometric intuition and mathematical 
rigor. For example, there is a rigorous treatment of three dimensional vectors. The text requires a back- 
ground of high school mathematics and can be used to supplement a variety of courses, ranging from 
college algebra to elementary analysis. 


108 pp, softbound, $1.95 


A ADDISON-WESLEY PUBLISHING COMPANY, INC. 


Ad READING,. MASSACHUSETTS + PALO ALTO + LONDON 


_ ALLYN AND BACON, INC. 
announcing 1966 publications 


CONTEMPORARY MATHEMATICS by Julian D. Mancill 
and Mario Gonzalez, both of the University of Alabama. 
590 pp. $9.50 


SETS WITH APPLICATIONS by Peter W. Zehna, United 
States Naval Postgraduate School. Paperbound 153 pp. 
$3.50 


ELEMENTARY SCHOOL MATHEMATICS: A MODERN 
APPROACH FOR TEACHERS by J. Houston Banks, 
George Peabody College. 398 pp. $7.75 


spring, 1966 


CONCEPTS AND METHODS OF EXPERIMENTAL STA- 
TISTICS by Holly C. Fryer, Kansas State University. Est. 
592 pp. Tentative $12.50 


ALGEBRA THROUGH PROBLEM SOLVING by A. P. 
Hillman, University of New Mexico; and G. L. Alexander- 
son, University of Santa Clara. Paperbound Est. 216 
pp. Tentative $3.50 


FUNCTIONAL TRIGONOMETRY, SECOND EDITION by 
A. P. Hillman, University of New Mexico; and G. L. Alex- 
anderson, University of Santa Clara. Est. 400 pp. Ten- 
tative $7.50 


ELEMENTARY MATRIX THEORY by Howard Eves, Uni- 
versity of Maine. Est. 445 pp. Tentative $8.95 


SOLLVINGHLVIN._NISLX31 ONIGV37 


recently published 


ADVANCED CALCULUS: AN INTRODUCTION TO AP- 
PLIED MATHEMATICS, Volumes One and Two by Ar- 
thur E. Danese, State University of New York at Buf- 
falo. 1965 Vol. I: 558 pp. $10.75; Volume Il: 380 pp. 
$8.25 


Contents: VOLUME ONE: Summary of Elementary 
Mathematics. |. Vector Analysis. Il. Complex Analysis. 
lil. Fourier Analysis. IV. Special Functions. VOLUME 
TWO: V. The Calculus of Variations. VI. Operational 
Analysis. Vil. Partial Differential Equations and Bound- 
ary Value Problems. 


Dept. E, Allyn and Bacon, Inc., 150 Tremont St., Boston, Mass. 02111 § 


ELEMENTARY METHODS 
IN ANALYTIC NUMBER THEORY 


A. E. Gelfond and U. V. Linnik 
Translated by Amiel Feinstein, Revised and Edited by L. J. Mordell 


A systematized, simplified collection of results representing many different and impor- 
tant aspects of number theory. The authors focus attention on theorems which can be 
proved without complex function theory. They illustrate the use of elementary methods 
in additive problems, problems of counting the number of integer points inside contours, 
and the distribution of primes. The chapters contain a large cross-section of results and 
present a wide diversity of methods and proofs. Each chapter is self-contained and may 
be read independently. 


1. Additive Propertiers of Numbers, the Method of 5. The Sieve of Eratosthenes 
Shnirelman, and the theorems of Mann and 6. The Method of Atle Selberg 


Erdos. "7, The Distribution of the Fractional Parts of 
2. Elementary Solutions of Waring’s Problem and Numerical Sequences 

the Problem of Hilbert-Kamke 8. Calculation of the Number of Integer Points 
2. The Problem of the Distribution of Prime within Contours 

Numbers 9. On the Distribution of Power Residues 


4, Elementary Derivation of the Distribution Law 10. Elementary Proof of Hasse’s Theorem 
of Prime Gaussian Numbers. A Theorem on 11. Elementary Proof of Siegel’s Theorem 
Almost-Prime Gaussian Numbers 12. The Transcendence of Certain Number Classes 


1965 « 256 pages + $8.75 


RAND M¢ENALLY & COMPANY 
College Department »* Box 7600 «+ Chicago Illinois 60680 


GUIDEBOOK 


TO 
DEPARTMENTS IN THE MATHEMATICAL SCIENCES 
IN THE 
UNITED STATES AND CANADA 
Published by 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
1965 


Price: Fifty Cents 


Copies may be purchased from: 
Mathematical Association of America 
SUNY at Buffalo (University of Buffalo) 
Buffalo, New York 14214 


INTRODUCTION TO MATHEMATICS WITH APPLICATIONS 


Herbert Barkan and Carl Konove, Newark College of Engineering 


Designed for the first college course, either precalculus or terminal, the book pro- 
vides a thorough course in analytic geometry featuring, in addition to the usual topics, 
linear programming, graphic solution of equations, graphic calculus, curve fitting, and 
vector and matrix methods. Differentiation and integration of simple polynomial 
functions, the formal algebra of sets, probability concepts, and statistical concepts 
round off the presentation. Many of the mathematical concepts are provided. 1965, 
324 pages, $6.95. 


ANALYTIC GEOMETRY AND CALCULUS 


Gordon Fuller and Robert M. Parker, Texas Technological College 


This honest text for beginners in analytic geometry and differential and integral cal- 
culus takes an intuitive approach. Lucid, with an adaptable organization, well-chosen 
illustrative examples, and problems of theoretical implication as well as of a manipu- 
lative nature, this text provides a good foundation for scientific and engineering 
courses. 1964, 631 pages, $9.50. 


THE UNIVERSITY SERIES IN UNDERGRADUATE MATHEMATICS 
John L. Kelley and Paul R. Halmos, Editors 


ALGEBRA: A MODERN INTRODUCTION 


John L. Kelley, University of California at Berkeley 


Designed for a one-semester introductory college algebra or linear algebra course, 
this new text moves toward the recommendations of the Committee on the Under- 
graduate Program in Mathematics of the Mathematical Association of America for the 
first year of college course work. Many fascinating problems are included, and solu- 
tions to the odd numbered ones are provided in the text. (A solutions manual to the 
remaining problems is available.) 1965, 335 pages, $6.75. 


PREGALCULUS MATHEMATICS 


Herman Meyer, University of Miami 


This text, for the first year of college mathematics, prepares the student for the proper 
study of calculus. Material is presented axiomatically, but only after each topic 
has been heuristically introduced. Proofs are printed in detail to permit the instructor 
to present parallel, abbreviated, heuristic, and informed argument. 1964, 372 pages, 
$7.50. 


VAN NOSTRAND Princeton, New Jersey 08540 


COMPLEX ANALYSIS, Second Edition 


By LARS V. AHLFORS, Harvard University. In- 
ternational Series in Pure and Applied Mathe- 
matics. 304 pages, $8.95. 


A thorough revision of the standard text used 
in most of the major universities for courses 
in complex variables, function theory, or com- 
plex analysis. 


ELEMENTARY NUMERICAL ANALYSIS: 
An Algorithmic Approach 


By S. D. CONTE, Purdue University. McGraw- 
Hill Series in Information Processing and Com- 
puters. 278 pages, $7.95. 


A computer-oriented text for undergraduate 
students in engineering and science. Derives 
and analyzes algorithms of numerical analysis 
proved most valuable for the solution of in- 
dustrial problems on modern high speed com- 
puters. 


CONCEPTS OF STATISTICAL INFERENCE 


By WILLIAM C. GUENTHER, University of Wy- 
oming. 384 pages, $7.95. 


Introduces the student to the language and 
ideas of statistical inference, the kind of prob- 
lems that lend themselves to statistical solu- 
tion, and the basic techniques for solving them. 


ELEMENTARY DIFFERENTIAL EQUATIONS, 
Sixth Edition 


By LYMAN M. KELLS, United States Naval Acad- 
emy. 430 pages, $7.95. 


A thorough revision of this outstanding text, 
using color to make it more teachable as well 
as more attractive. Presents simply the basic 
types and processes of differential equations 
by easy, logical stages. 


MODERN ALGEBRA AND TRIGONOMETRY 


By J. VINCENT ROBISON, Oklahoma State 
University. 400 pages, $7.50. 


A modern integrated text, developing college 
algebra and trigonometry through the use of 
set theory. The concept of function as a spe- 
cial kind of relation provides a unifying thread 
that connects various types of functions. 


THEORY OF RECURSIVE FUNCTIONS 
AND EFFECTIVE COMPUTABILITY 


By HARTLEY ROGERS, Jr., Massachusetts Insti- 
tute of Technology. International Series in Pure 
and Applied Mathematics. Available in March. 


An outstanding mathematical logician offers 
this semi-formal, intuitive approach to recur- 
sive functions. More than three-quarters of the 
material appears here for the first time in book 
form. 


MATHEMATICS OF PHYSICS AND 
MODERN ENGINEERING, Second Edition 


By I. S. SOKOLNIKOFF and R. M. REDHEFFER, 
both of University of California, Los Angeles. 
Available in April. 


Like its predecessor, this edition provides a 
sound, comprehensive, and stimulating pre- 
sentation of fundamental mathematics for engi- 
neers and applied scientists. 


ADVANCED ENGINEERING MATHEMATICS, 
Third Edition 


By C. R. WYLIE, Jr., University of Utah. Avail- 
able in March. 


This highly successful text has been extensively 
rewritten to achieve greater clarity. This edi- 
tion includes 40% more exercises than before, 
for a total of 1380 carefully graded problems. 


SEND FOR YOUR EXAMINATION COPIES TODAY 


MeGraw-Mill Book Company 


330 WEST 42ND STREET / NEW YORK, N.Y. 10036 


A practical reference and text, invaluable to anyone using computers: 


GAUSSIAN QUADRATURE FORMULAS, by A. H. Stroud, University of Kansas, and Don 
Secrest, University of Mlinois. Here is thorough coverage of the use of Gaussian Quadrature 
Formulas for different applications, including a discussion of errors. It features highly accurate 
approximate integration formulas in table form, and may be used as a standard reference for 
practical computations involving approximate integration on a digital computer. Contains much 
information heretofore unavailable in print. February 1966, 384 pp., $14.95 


The first complete treatment of FORTRAN IV based on tts 
implementation for the IBM 7040, 7090, and 360 computers: 


FORTRAN IV: PROGRAMMING AND COMPUTING, by James T. Golden, IBM Corpora- 
tion. “This book is written as a college-level introduction to computing and programming in 
FORTRAN IV. Its two major objectives are to develop the reader’s ability to generate algorithms 
and to guide him in creating strategies for problem solving on a digital computer. The book 
may be used as either a self-study text or as a text on programming to supplement a numerical 
methods course. The primary emphasis in this book is on programming, rather than on specific 
applications.”—-from the author’s preface. 1965, 228 pp., paperbound, $4.50 


“A treasured work of exact reference, compact and yet substantially complete 
in the unusually extensive coverage.”—from a pre-publication review of: 


GROUP THEORY, by W. R. Scott, the University of Kansas. The two aims of this successful 
text are: 1. to provide correct proofs of the basic theorems in the subject of group theory and, 
2. to develop as much of the superstructure as possible within a single volume. The theorems 
are frequently delimited by the counterexamples in the exercises, and the author treats both 
finite and infinite groups, but emphasizes the latter. 1964, 464 pp., $10.50 


For those students who may not pursue further mathematics 
but who should obtain an insight into the ideas and methods 
of modern mathematics-— 


TOPICS IN MODERN MATHEMATICS, Edited by Ralph G. Stanton and Kenneth D. 
Fryer, both of the University of Waterloo. This text satisfies the modern demand for a 
terminal college course, with more stress on concepts than on manipulation. Six contrib- 
uting authors explore a variety of topics ranging from set theory to the fundamental con- 
cepts of calculus. The text also includes usual modern topics in set theory, abstract alge- 
bra, as well as the more common modern topics such as statistics and numerical analysis. 

1964, 187 pp., $5.95 


A bridge between modern and traditional approaches-— 


INTRODUCTORY COLLEGE MATHEMATICS, by Patrick Shanahan, College of the 
Holy Cross. The topics considered in this volume include sets, functions, various number 
systems, groups, and fields. It presents the traditional topics in a unified form and intro- 
duces the student to many of the fundamental ideas of present day mathematics. Although 
precise mathematical thought is emphasized throughout, the author writes in such a way 
that details never obscure the essential ideas of the subjects discussed. 
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THE THEORY OF ROUND ROBIN TOURNAMENTS 


FRANK HARARY, University of Michigan, and 
LEO MOSER, University of Alberta 


In this review paper, we make a detailed study of a class of directed graphs, 
known as tournaments. The reason they are called tournaments is that they 
represent the structure of round robin tournaments, in which players or teams 
engage in a game that cannot end in a tie and in which every player plays each 
other exactly once. 

Although tournaments are quite restricted structurally, they are realized by 
a great many empirical phenomena in addition to round robin competitions. 
For example, it is known that many species of birds and mammals develop 
dominance relations so that for every pair of individuals, one dominates the 
other. Thus, the digraph of the “pecking structure” of a flock of hens is asym- 
metric and complete, and hence a tournament. 

Still another realization of tournaments arises in the method of scaling, 
known as “paired comparisons.” Suppose, for example, that one wants to know 
the structure of a person’s preferences among a collection of competing brands 
of a product. He can be asked to indicate for each pair of brands which one he 
prefers. If he is not allowed to indicate indifference, the structure of his stated 
preferences can be represented by a tournament. 

Tournaments appear similarly in the theory of committees and elections. 
Suppose that a committee is considering four alternative policies. It has been 
argued that the best decision will be reached by a series of votes in which each 
policy is paired against each other. The outcome of these votes can be repre- 
sented by a digraph whose points are policies and whose lines indicate that one 
policy defeated the other. Such a digraph is clearly a tournament. 

After giving some essential definitions, we develop properties that all tourna- 
ments display. We then turn our attention to transitive tournaments, namely 
those that are complete orders. It is well known that not all preference struc- 
tures are transitive. There is considerable interest, therefore, in knowing how 
transitive any given tournament is. Such an index is presented toward the end 
of the second section. In the final section, we consider some properties of 
strongly connected tournaments. 


1. Definitions and preliminary concepts. It is necessary, alas, to include 
quite a few definitions, to make the treatment precise and self-contained. 

A directed graph, or digraph D for short, consists of a finite set V= 
{ V1, Va °° *, Vp} of points together with a subset of VX V, whose elements are 
called lines. Each line (v;, v;) =v,v; is directed and goes from its first point v; to a 
different second point v;, so that a digraph is irreflexive. A digraph is asym- 
metric if whenever line v,v; is in it, then v,v; is not. It is transitive if for every three 
distinct points v;, v;, v;, the existence of lines v,v; and v,v, implies the existence 
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of line vv,. In a complete digraph, for any two distinct points v; and »,, line 
vv; or line v,v; exists. 

A subgraph of a digraph D is a subset of the points and lines of D which 
themselves form a digraph. The removal of a point v from D results in the max- 
imal subgraph, D-v, not containing v. That is, D-v has all points of D except v 
and all lines except those to and from v. If U is a proper subset of the set V 
of points of D, then D-U is the digraph obtained by removing the points of U 
in succession. The subgraph (U) generated by a set U of points of D contains the 
points of U and those lines of D from one point of U to another. 

If uv is a line of a digraph, then wu is said to be adjacent to v and v is adjacent 
from u. The outdegree, denoted od 9, of a point v is the number of points adjacent 
from v; its indegree, id v, is the number of points adjacent to v. A transmitter is 
a point with positive outdegree and zero indegree; a receiver has positive inde- 
gree and zero outdegree. 

A walk from u to v is an alternating sequence of points and lines of the form 
U1, UjU2, U2, Ugl3, > * +» Un—tUn, Un, in which w= and v=u,. For brevity this is 
written uy. - - + u, since then the lines are clear from context. A walk in which 
all points (and hence all lines) are distinct is called a path. A walk of positive 
length in which only the first and last points are the same is called a cycle. The 
length of a path or a cycle is the number of lines in it. A complete path or cycle 
contains all the points of the given digraph. If there is a path from u to v, then 
v is reachable from u. The distance from u to v, denoted d(u, v), is the length of a 
shortest such path. 

A digraph is called strongly connected, or strong, if every pair of points are 
mutually reachable. A strong component of a digraph is a maximal strongly con- 
nected subgraph. The condensation D* of digraph D has as its points the strong 
components of D; there is a line in D* from one strong component S; to another 
S; if there is a line in D from some point of S; to a point of Sj. 

The converse D’ of a digraph D has the same points as D and contains line 
v,v; if and only if v,v, is a line of D. In other words, D’ is obtained from D by 
reversing the direction of every line. Every concept in directed graph theory 
has a converse concept. For example, the outdegree and indegree of a point are 
converse concepts of each other, as are “adjacent to” and “adjacent from,” etc. 
A point and a line are their own converses. A valuable principle in the theory of 
directed graphs is the following, borrowed from the theory of relations. 

Directional Duality Principle. For each theorem about digraphs, there is a 
corresponding theorem which is obtained by replacing every concept by its 
converse. 


Zz. Some properties of tournaments. A tournament is a complete asymmetric 
digraph. A brief discussion of tournaments is given by Ore in [16]. The smallest 
tournaments are shown in Figure 1. Clearly, if U is a proper subset of the points 
in a tournament T, then 7-U is also a tournament. 

It follows directly from the definitions that if v is any point in a tournament 
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T with points, then od v+id v=p—1. Also, the total number of lines in T is 
+p(p—1). In the tournament of a round robin competition, the outdegree of a 
point is the number of victories won by that player. For this reason, we shall 
call the outdegree of a point v; of a tournament its score, denoted s;. 

The score sequence of a tournament J is the ordered sequence of integers 
(Si, Sa) °° + Sp). We assume without loss of generality that the points v; have 
been ordered in such a way that s: S595 +--+ Ssy. The following theorem by 
Landau [13] gives a necessary and sufficient condition for a sequence of non- 
negative integers to be the scores of some tournament. 


THEOREM 1. A sequence of nonnegative integers s:S525 +++ SSy 1S @ Score 
sequence tf and only «af their sum satisfies the equation: 


Dp 
(I) Lo ss = 40(p — 1d. 
| 
and the following inequalities hold for every positive integer R<p: 
I 
(II) >) sy = Fk(R — 1). 
t=1 


We prove the necessity of conditions (I) and (II) by taking ym - - 
<s, as the score sequence of a tournament 7. Since the sum of the scores of T 
is the number g of lines, and since g=43p(p —1), equation (I) is verified. To estab- 
lish the inequalities (II), we note that, for any integer k <p, the subtournament 
of 7 whose points are 1, ve, - +--+, ¥, contains exactly 4k(k—1) lines. Hence in 
the entire tournament T, ra S;24k(k—1), since there may occur in J a line 
to one of the other p—k points. The proof of the converse is considerably more 
involved, and is omitted. 

Moon has proved in [15] that Theorem 1 can be generalized to tournaments 
with non-integral scores, with conditions (I) and (IJ) still serving as a criterion 
for a score sequence. 
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Theorem 1 may be illustrated by the tournament with five points shown in 
Figure 2. Clearly, the score sequence of this tournament is (1, 1, 2, 3, 3,). It is 
immediately apparent that equation (J) and the inequalities of (II) are satisfied. 

Consider a basketball league consisting of ten teams in which each team plays 
every other team once. Since no game can end in a tie, the digraph of the out- 
comes of all games at the end of the season is a tournament. What are the pos- 
sible distributions of the number of victories among the teams? Clearly, each 
distribution must satisfy conditions (J) and (II) of Theorem 1. This fact pro- 
vides information concerning certain questions that may be asked about the 
final standings of the team. For example, what is the largest number of teams 
that can have a winning season? The answer is nine, since the sequence of 
integers (0, 5, 5, 5, 5, 5, 5, 5, 5, 5) satisfies the conditions of Theorem 1 and no 
sequence containing ten integers, all greater than 4, does. Can the season end 
in a complete tie? Clearly not, since the average of the scores is not an integer. 


Fic. 2 


If a tournament 7 has a transmitter v, then v is adjacent to every point of 
T. Thus, its distance to every point is 1, and its score is p—1. Clearly a tourna- 
ment has at most one transmitter. If 7 does not have a transmitter, there will, 
of course, be at least one point with maximum score, which is less than p—1. 
The next theorem provides information concerning the location of such points 
in T; it is a “folk-theorem” cited in [10]. 


THEOREM 2. In any tournament, the distance from a point with maximum score 
to any other point 1s 1 or 2. 


To prove this theorem, let v be any point whose score s is maximum. Without 
loss of generality, we denote the points to which v is adjacent by 21, v2, - + +, Us. 
Since T is a tournament, v is adjacent from the remaining p—1—s points 
U1, Ua, * * * » Upars, aS in Figure 3. The proof will be complete if we show that 
each point u, is adjacent from at least one point v;, for then each distance 
d(v, v;)=1 and d(v, ux) =2. Assume that this is not the case for the point 1. 
Then uw; is adjacent to every point 2, v2, - - + , ¥; as well as to v itself. Hence, its 
score is od(u1) 2s+1. This contradicts the hypothesis that s is the largest score 
of any point. 

An interesting consequence of Theorem 2 follows when it is applied to a 
round robin competition. Let v be a player with maximum score in such a com- 
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petition consisting of at least three players. Then any player who defeats » is 
himself defeated by another player defeated by v. The directional dual of this 
conclusion says that if v is a player with minimum score, then any player de- 
feated by v defeats another player who defeats v. 
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The directional dual of the next theorem was stated by Silverman [18] in 
the following picturesque terminology: Consider a club in which among any 
two members, one is a creditor of the other. A “bum” is defined as a member 
who is in debt to everyone else. A “deadbeat” is not a “bum,” but for each 
member he does not owe, he owes someone who owes this member. Then if the 
club has no bums, it has at least three deadbeats. In the future, the directional 
duals of theorems will not be given, but the reader is urged to develop them for 
himself. 


THEOREM 3. Jf a tournament has no transmitter, then it contains at least three 
points each of which can reach every point in at most two steps. 


Let u be a point of T with maximum score. By Theorem 2, u can reach every 
point in at most 2 steps. Since T has no transmitter, there is at least one point 
adjacent to wu. Among all such points, let vy have maximum score. Suppose there 
is a point vp not reachable from v within 2 steps. It follows that vo is necessarily 
adjacent to v and to every point which is adjacent from v, in particular, the 
point uw. But then s(vo) 2s(v) +1, contradicting the choice of v. Therefore every 
point is reachable from v in at most 2 steps. By the same argument, if w has 
greatest score among the points adjacent to v, then w can reach every point 
with 2 steps. Since T is asymmetric and lines wv and vu are in T, necessarily 
u, v, and w are distinct points. Since every point is within distance 2 from each 
of these, the theorem is proved. 

The next theorem due to Rédei [17] is certainly the best known result con- 
cerning tournaments. It also holds for any complete digraph, as stated by 
Kénig in [12]. Actually, Rédei showed that every tournament has an odd num- 
ber of complete paths. 


THEOREM 4. Every tournament has a complete path. 


The proof is given by induction on the number p of points. Referring to 
Figure 2, we see that every tournament with 2, 3, or 4 points has a complete 
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path. As the inductive hypothesis, let the theorem hold for all tournaments with 
n points. Let T be any tournament with 2+1 points. To complete the proof of 
the theorem, it is necessary to show that JT has a complete path. 

Let v) be any point of 7. Then T—» is a tournament with 7 points. Since 
the inductive hypothesis applies to T—v9, it has a complete path which may be 
denoted by P =v1v3 + - - Yn. Let us return to T and see how the point v can be 
added to P in order to obtain a complete path of 7. Consider the two points 
Vy and v, of T. There are two possibilities: either line vov1 or v1 is in T. If vor 
is a line of JT, then vovyv3 - - - Vn is a complete path of 7. On the other hand, 
if v7) is in T, then let v; be the first point of P, if any, for which the line vv; is 
in T. Then necessarily line v;1¥) is in J. Therefore vyv2 - + + Vi-100V; + + + Un 1S A 
complete path of T (as shown in Figure 4). But there may not be any such first 
point v;, since v7) might be a receiver of J. In that case, v19v3 + + + UnVo 18 a COM- 
plete path of T, completing the proof. 
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Since every tournament has a complete path, it is possible to order all the 
players in a round robin competition so that each defeats the succeeding one. 
Thus the integers 1, 2, ---, # can be assigned to the players to indicate their 
rank in this order. There are, however, two serious difficulties in such a pro- 
cedure. First, there is no necessary relation, in general, between such a ranking 
of players and their scores. Second, a tournament may have more than one 
complete path, so that several different rankings may be possible. Figure 2 il- 
lustrates these observations. For example, there is a complete path from one of 
the two points with lowest score to the other one. In fact, each point has every 
possible rank in some complete path of this tournament. 

Another way of stating these difficulties is to say that a tournament need 
not be a complete order. For if there is a complete order on a set of # points, 
then there exists a one-to-one correspondence between these points and the 
integers 1,2, ---,#, in their natural order. Thus, whenever there is a complete 
order on a set of points, each point can be assigned a distinct rank. A complete 
order is a relation: irreflexive, asymmetric, complete, and transitive. Since every 
tournament has the first three of these properties, a transitive tournament is a 
complete order. There is considerable interest, therefore, in knowing the prop- 
erties of transitive tournaments and, for any particular tournament, how much 
transitivity it displays. 
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How Transitive is a Tournament? 


In analyzing the degree of transitivity of a tournament, it is useful to refer 
to the subtournament generated by any three of its points. A triple (uvw) of a 
tournament is the subtournament generated by the points u, v, and w. We saw 
in Figure 1 that there are only two tournaments with three points; one of these 
is transitive and the other is cyclic. Obviously every triple in a transitive tourna- 
ment is transitive. Also, if a tournament is not transitive, it must contain at 
least one cyclic triple. It is possible therefore to quantify its degree of transitiv- 
ity by using the number of triples of each kind. 

Before dealing directly with the question of the degree of transitivity of a 
tournament, we first state the well-known structural characterization of a com- 
plete order. Tf 7 is any point of a complete order with at least three points, then 
T’—v is also a complete order. Also, every complete order has a unique trans- 
mitter and a unique receiver. 


THEOREM 5. If T is a complete order with p points, then T is isomorphic with 
the tournament T', whose points are v4, v2, +--+, Vp in which v; is adjacent to 0; if 
and only uf 1<j. 


The first corollary of this theorem lists without proof the major equivalent 
characterizations of a complete order. 


COROLLARY Sa. The following statements are equivalent for any tournament T 
with b points. 

(1) T ts transitive. 

(2) T ts acyclic. 

(3) T has a unique complete path. 

(4) The score sequence of T is (0, 1, 2,---, p—1). 

(S) T has p(p—1)(p—2)/6 transitive triples. 


COROLLARY 5b. The condensation of a tournament is a complete order. 


(q03V4) 
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If T is strong, then 7* is a single point. Therefore, take T as not strong. 
Obviously the condensation of a tournament is itself a tournament. And since 
T* is acyclic, it is transitive. 

Figure 5 shows a tournament TJ and its condensation T*. Clearly, JT is not 
transitive but 7% is. 

If a tournament is not transitive, then it is often useful to know how many 
transitive triples it has. The next theorem shows that the number of transitive 
triples in any tournament may be easily calculated from the score sequence of 
the tournament. Theorem 6 and its first two corollaries are implicitly contained 
in Kendall and Babington Smith [11]; Corollary 6c appears there explicitly. 


THEOREM 6. The number b of transitive triples in a tournament T with score 
sequence (S1, Sz, °* * 4, Sp) US 


D 
b= D7 3si(sz — 1). 
t=1 
To prove this formula, let b;=4s,(s;—1). Then 5; is the number of combina- 
tions of s; objects taken two at a time. But s; is the number of points adjacent 
from v;. Therefore b; is the number of pairs of points adjacent from v,;. But any 
transitive triple in the tournament J has a unique transmitter within it. Hence 
b; is the number of transitive triples whose transmitter is v;. Clearly, the number 
b of transitive triples in T is obtained by adding these number 2; for all points, 
proving the theorem. 
A little algebraic manipulation transforms the equation of Theorem 6 into 
the following equivalent form. 


COROLLARY 6a. The number b of transitive triples in T 1s 


Dp 


b=4% YD si—tp(p—1). 


= 


Since the total number of triples in any tournament with pf points is @), 
and since each triple is either transitive or cyclic, we obtain the following for- 
mula for the number of cyclic triples. 


COROLLARY 6b. The number c of cyclic triples in a tournament satisfies the 
equation 


Dp 


c=} p(p — 1)(p — 2) — § DY si(s; — 1). 


i=1 


The next corollary gives the maximum number of cyclic triples that can 
occur in any tournament with a given number of points. Its proof is omitted. 


COROLLARY 6c. Among all the tournaments with p points, the maximum num- 
ber of cyclic triples 7s 
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if pis odd, and 


Cmax(P) = p _ Ap 


af p is even. 
OA if p 


Very recently, we (Beineke and Harary [2]) have generalized the result of 
the preceding corollary by obtaining a formula for the maximum number of 
subsets of ~ points which generate a strongly connected subtournament that 
can occur in any tournament with a given number # of points. Using the meth- 
ods of flows in networks as developed in Ford and Fulkerson [6], a recent result 
of Fulkerson [8] determines the maximum possible number of upsets (defeat 
of a player by another player of lower score) that can occur in a round robin 
tournament with a given score sequence. 


Coefficient of Consistency. In research employing paired comparisons, it is 
usually assumed that if a judge is entirely “consistent” in his decisions, the 
result will be a complete order, which therefore has no cyclic triples. Since in 
actual practice judges are seldom completely consistent, it is useful to have a 
coefficient indicative of the degree of consistency among the comparisons. Such 
a coefficient has been proposed by Kendall and Babington Smith [11]. They 
wanted their coefficient of consistency to be normalized in such a way that its 
value is 1 when the tournament of comparisons is transitive and 0 when the 
tournament contains as many cyclic triples as possible, i.e., when it is as incon- 
sistent as possible. Making use of the results in Corollary 6c, they define a 
coefficient of consistency & by the following equation in which c is the number of 
cyclic triples of a given tournament T with p points resulting from paired com- 
parisons, 


C 
Cmax (p ) 


Thus we see that 0S£S1 for any tournament T. On substituting the result of 
Corollary 6c, this equation becomes: 


f=1- 


24c 
1 — TT when # is odd, and 
:-| eo 
24c ; 
1 — ————__ when is even. 
p —4 


Another coefficient of consistency has been proposed by Berge [3]. His ratio 
for measuring consistency is b/(8), where 6 is the number of transitive triples 
of a tournament 7, and the denominator (8) is the total number of triples. This 
ratio will take on the value 1 if and only if T is transitive. But it will never have 
the value 0 when p>3 since every tournament with more than 3 points must 
contain at least one transitive triple. 
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Unsolved Problem. To each tournament T, one can assign a positive integer 
trans (T) which gives the order of a largest transitive subtournament contained 
in 7. What is the minimum value f(p) of trans (T) as T varies over all tourna- 
ments with # points, expressed as an explicit function of ? In an unpublished 
work, P. Erdés and L. Moser have shown that this value has the order of mag- 
nitude c log, p for large », but the constant c is undetermined. From Figure 1, 
we see that f(2) =f(3) =2 and f(4) =3. 


The Voting Paradox. Consider an electorate which, by majority vote, is to 
choose among a set of motions or candidates. Assume that the chairman casts 
a deciding vote in case of a tie. The possible outcomes resulting from the pairing 
of each motion against each other can be represented by a tournament in which 
each motion corresponds to a point and the fact that motion v; can defeat motion 
v; corresponds to a line v,v;. It has long been known that such a tournament may 
contain a cycle. In fact, the term “cyclical majorities” was employed by the 
Rev. C. L. Dodgson (Lewis Carroll), cf. Black [4], to describe this kind of 
situation. 

This voting paradox has stimulated a considerable literature concerning 
which procedure is “best,” but no completely satisfactory method has been de- 
vised. Arrow [1] has considered the more general problem of finding a “social 
welfare function,” whereby the preferences of individuals are equitably com- 
bined into a preference ordering by society. He has shown that it is impossible 
to satisfy one set of five plausible conditions for an equitable welfare function. 
A discussion of Arrow’s Impossibility Theorem may be found in Luce and 
Raiffa [14]. 


Strong Tournaments 


In Corollary 5b, we saw that the condensation of any tournament is a com- 
plete order. Thus if a tournament is not transitive, one may wish to study its 
strong components. For this reason, there is considerable interest in investigat- 
ing the properties of strong tournaments. In this section we present two criteria 
for a tournament to be strong as well as several conditions which are sufficient 
but not necessary. 


THEOREM 7. Jf a tournament T 1s strong, then tt contains a cycle of each length 
k=3,4,-°-, p. 


This theorem is proved by induction. First we observe that since T is not 
transitive, it has a cyclic triple. We now take as our inductive hypothesis the 
statement that T has a cycle Z of length k<. We will show that T must havea 
cycle of length k+-1. Let us label the cycle Z as vv2v3 - - - v,v,. There are just 
two possibilities. Either there is a point u not in Z such that uw is adjacent to 
some point of Z and adjacent from another point of Z, or there is no such 
point u. 

Case 1. There is a point uw not in Z such that for some points v and w in Z, 
lines uv and wu occur in T. The proof for this case is illustrated in Figure 6. Let 
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us assume that the line v,u is in TJ. Let v; be the first point, going around the 
cycle from 1, such that the line wv; is in 7. Then line v;.14 must be in JT. Thus 
we see that J contains a cycle of length k-+1, namely vv203 - - + vz uv; - > * VzV. 

Case 2. There is no point u as in Case 1. In this case, all points of T which 
are not in Z can be partitioned into two subsets U; and U2, where U, is the set of 
all points not in Z adjacent to (every point of) Z, and U; is the set of all points 
not in Z adjacent from (every point of) Z. The sets Ui and U2 are not empty 
since J is strong by hypothesis, and they are disjoint by the hypothesis of 
Case 2. Since J is strong, there exist points u, in U; and uw, in U2 such that line 
Ut isin J. Then we may again construct a cycle of length kR-+1 in 7, namely: 
UzUVe °° * UR-1U9M4. 


U3 


D Yi-l 
V1 vy 


Uk 


Fic. 6 


By proving for each of these two cases that if J has a cycle of length &, it 
has a cycle of length k-+1, we have completed the proof of the theorem. 

By Corollary 5a, one criterion for a tournament to be transitive is that it 
have a unique complete path. The first corollary of Theorem 7 provides an 
analogous criterion for a tournament to be strong, cf. Camion [5] and Foulkes 


[7]. 
CoROLLARY 7a. A tournament 1s strong 1f and only tf 1t has a complete cycle. 


By Theorem 7, every strong tournament with # points has a cycle of length 
p, which is a complete cycle. If a digraph has a complete cycle, it is obviously 
strong. 


CoroLuary 7b. If T ts a strong tournament, tt has at least p—2 cyclic triples. 


We prove the result by induction. If a strong tournament has exactly 3 
points, it clearly has p—2 cyclic triples. As the inductive hypothesis, we take 
the result as true when p=x. Let JT be strong with +1 points. By Theorem 7, 
T has a cycle of length p—1. Hence, there is a point v such that T7—wv has a 
complete cycle Z=vv2 - - - ¥nv1. Because T is strong, v, has positive score. 
Without loss of generality we take the line voz, in JT. Since vp also has positive 
indegree, we let v; be the first point, going around the cycle Z from 1, such that 
the line v,v) is in 7. Then ov, v;_1v; is a cycle so that T has at least one more 
cyclic triple than does 7’—v,. But by the inductive hypothesis, 7—v,, having 2 
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points and being strong, has at least »~2 cyclic triples. Hence T has at least 
n—1 cyclic triples, completing the proof. 


CoROLLARY 7c. There exists a strong tournament of p points with p—2 cyclic 
triples. 


That no strong tournament can have fewer cyclic triples is shown in the 
preceding corollary. We now show that a tournament with this few cyclic triples 
can be constructed. Starting with a transitive tournament with p points, we re- 
place the line from its transmitter u to its receiver v by vu forming a strong 
tournament 7. Since 7—u and T—v are transitive and therefore contain no 
cyclic triples, every cyclic triple of 7 contains both wu and v and hence also vu. 
Every point of T other than u and v forms a cycle with vu. There are p—2 such 
points and hence p—2 cyclic triples in T. 

The preceding corollaries give the number of cyclic triples necessary for a 
tournament to be strong. The next theorem, due to L. W. Beineke, gives a suffi- 
cient condition, in terms of the maximum number of cyclic triples in tourna- 
ments with p points, as in Corollary 6c. 


THEOREM 8. If T 1s a tournament with p points 1n which there are more cyclic 
triples than can occur tn any tournament with p—1 points, then T 1s strong. 


Let T be a tournament with p points having more than Cmax(P—1) cyclic 
triples. Suppose T is not strong, thus having at least two strong components. 
Clearly, all points of a cyclic triple lie in the same strong component. Hence if 
one strong component of 7 has k points, the number c of cyclic triples in T is 
no greater than the sum of the maximum numbers in tournaments with k and 
p—k points: ¢ S¢max(k) +Cmax(P —k). However, it can be verified that if0<k<p, 
then Cmax(P — 1) 2 Cmax(R) +Cmex(pP—k). But this contradicts the assumption that 
C>Cmax(p—1), thereby proving the theorem. 


CoROLLARY 8a. If a tournament has p points and Cmax(p) cyclic triples, then 
at ts strong. 


It will be recalled that formulas (I) and (II) of Theorem 1 provide a neces- 
sary and sufficient condition for a sequence of nonnegative integers to be the 
scores of some tournament with points. Formulas (I) and (II’) of the next 
theorem give the corresponding criterion for a strong tournament. 


THEOREM 9. Let T be a tournament with score sequence s:Ss.S +++ SS». 
Then T ts strong tf and only tf their sum satisfies the equation: 


(1) Ss: = $o(6 — 0), 


i=1 


and the following tnequaltites hold for every positive integer k<p: 


(IT’) > Ss; > $k(R — 1). 


t=] 
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We first show that if T is a strong tournament, then conditions (I) and (II’) 
hold. We already know that condition (I) holds, since Theorem 1 has estab- 
lished it for any tournament. To verify the inequalities (II’), we note that for 
any integer k<p, the subtournament generated by { V1, Va * ++, vy} contains 
exactly 4k(k—1) lines. But since 7 is strong, there must be a line from one of 
these points to one of the p—k points. Hence, in the entire tournament 7, 

Z 1 

1 53> 9R(R—1). 


To prove the converse, consider conditions (I) and (II’) as given. We know 
by Theorem 1 that there exists a tournament T with these scores. Assume that 
such a tournament J is not strong. Then it has exactly one strong component S 
which is a receiver of the condensation T*. Obviously the points in S have the 
smallest scores among all the points of 7. If mis the number of points in S, then 
m<pand >.” s;=4m(m—1), since there are no lines in J from a point in S 
to a point not in S. But one of the inequalities of the given condition (II’) is 
>.” s;>4m(m—1). This contradiction establishes the converse. 

We next give some bounds for the scores of a tournament. 


THEOREM 10. Let T be a tournament with score sequence 5,352.25 +++ SSp. 


Then every score satisfies the inequalities: $(kR—1) Ss,S4(H+R—2). 


First, we suppose that s,<4(k—1). Then, for every 1<k, s;S5,<4(R—1), so 
that 50? s;<ik(k—1). But by Theorem 1, >.? s;=4k(k—1), which is a contra- 
diction. Hence, 4(k—1) Ssx. 

The second inequality is dual to the first. In the converse tournament 7” 
with score sequence 4;S#2S -- + St, in which 


ts = (p — 1) — Spent, tp eer 2 3[1(6 — 2 +1) —1] = 3 — 8), 
by the first inequality of the theorem. But s,=(p—1) —#,_x41, so 


% 3S (6—-1)- 320 — k) = 3(p +k — 2), 


proving the result. 
The next theorems and their corollaries provide information regarding the 
scores of points and strong components of tournaments. 


THEOREM 11. Let v; and 0; be points in different strong components of a tourna- 
ment T. Then the line vv; 1s 1n T tf and only tf s;>5;. 


Let v; and v; be points in different strong components of 7. Let the line 
v,v; be in T. There is no cycle containing them. Every point adjacent from 2, 
is also adjacent from v,, for otherwise we have a cycle containing v; and v;. In 
addition, v; is adjacent from v,;. Therefore, s;>s,;. Conversely, if s;>s,, the line 
vj, cannot occur in T by this same argument. Hence, since J is complete, the 
line vv; 1s in T. 


COROLLARY 11a. In a tournament, any two points with the same score are in 
the same strong component. 
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The next theorem gives a sufficient condition for points with unequal scores 
to be in the same strong component. Although it is not a necessary condition, 
it may often be used in determining the strong components of a tournament. 


THEOREM 12. Let T be a tournament with score sequence 13525 +++ SS. If 
0O<s,—Sm<i(n—m-+1), then vm and v, are in the same strong component. 


Suppose that there are points v,, and v, with OSs,—Sn<3(n—m-+1), but 
they are not in the same strong component. Let j be the greatest integer less 
than n such that v,; is not in S(v,), the strong component containing v,. By 
Theorem 10 we know that the score of v, in the subtournament S(v,)is not less 
than 3(n—j—1). Also by Theorem 11, there is a line from v, to each of the 7 

e # e 
points v; with s;Ss,;. Therefore, 


nSjtam—j-l=ant+s— t). 


Using Theorem 11 again, we know that every point adjacent from 2,, is in the 
set 141, Va °°, vj}. Applying Theorem 10 to the subtournament whose 
points are v1, v2, ° ++, vj, we see that SnS3(j-+m—2). Combining these results 
with the assumption, we have 4(n—m-+1) >5,—Sn23(n+j—1) -$G+m-—2) 
=i(n—m-+1), which is a contradiction. 


Fic. 7 


We may illustrate Theorem 12 by referring again to Figure 7. From Corol- 
lary 11a we were able to conclude that 1, v2, v3 all lie in the same strong com- 
ponent since the scores of these points are all 1. We see that s7=5 and s=4. 
Substituting into the inequality of Theorem 12 we obtain 055-4 
=1<1(7—4+1)=2. Therefore, we conclude that v, and v7 are in the strong 
component S(vs) and, a@ forttorz, so are vg and v¢. 

The next two corollaries give sufficient conditions for a tournament to be 
strong. 


CoROLLARY 12a. If the difference between every two scores in a tournament I 
1s less than 3p, then T +s strong. 


Since the scores are 553595 --+ SS,, the greatest difference between any 


two scores is s,—s. By hypothesis, s,—s1<3 so that s, and s; are in the same 
strong component by Theorem 12. Similarly for any other point s,, it follows 
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from the theorem that s; and s; are in the same strong component. Thus the en- 
tire tournament is strong. 


CoROLLARY 12b. If both the outdegree and indegree of each point of a tourna- 
ment T ts at least +(p—1), then T 1s strong. 


If idv27(p—1), then 
odu=p—1—idvSp—1—46-—1) = 4 — 1). 
Thus s,:24(p—1) and s,S#(p—1). Hence 
Sp — $1 S 3p — 1) — 2 — 1) = 226 — 2) < oD. 


Therefore, by the preceding corollary, 7 is strong. 

The strong tournament J displayed in Figure 7 shows that the conditions of 
these corollaries are not necessary for a tournament to be strong. In 7, the 
greatest and least scores are 4 and 1, so that s,—s1=3= 3p. Also, the least 
score is less than 1(p—1). Nevertheless, the criteria are so simple that they 
sometimes are of considerable value in determining strong tournaments. 

Let 7, be the number of distinct (non-isomorphic) tournaments with p 
points and let S, be the number of strong tournaments among these. An explicit 
formula has been found for T, by R. L. Davis [19]. The same formula is ob- 
tained in [20] from the number of oriented graphs by taking those oriented 
graphs with p points having $p(p—1) lines. Thus the generating function 


T(x) = >) Ty x? 
p=1 


may be regarded as known. J. W. Moon has pointed out that it is very easy to 
determine the corresponding generating function S(x) in terms of T(«) by using 
Corollary 5b. First write T(x) = 07.1 Tn(x), where T,(x) counts those tourna- 
ments having exactly m strong components. Then substitute T,,(x) = [S(x) ]* to 
obtain 


This article was written while the first named author was on sabbatical leave during 1962-63 
at University College, London, with support from the National Science Foundation under grant 
NSF-GP 207. It is the basis for the chapter on tournaments in the book by Harary, Norman, 
and Cartwright [9]. We thank L. W. Beineke for his assistance in preparing this manuscript. 
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TRANSLATIONS ON AN ABSTRACT SPACE 
HYMAN GABAI, University of Illinois and UICSM 


Introduction. Let & be a nonempty set, and let 3 be such a partition of 
&X& that each member of 3 is a function of & into & For any (A, B)C&xX6, 
(A, B) is contained in only one member of the partition of §X6&, and so each 
member of 3 is determined by a point of € and its image. The function in 3 which 
contains (A, B) will be denoted by B—A. The image of X€& under the map- 
ping B—A will be denoted by (B—A)+X. We shall also use ‘+’ for function 
composition, and we define: 


(A—B)+(C-—D)=(A- B)o(CC — D). 
We also assume that the members of 3 satisfy: 
(1) A-—-A=B-C#B=C, 
(2) (A—B)+(B-C)O=A-C. 
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We first notice that (B—A)+A=B and [(B—A)+C]—C=B-A. 

In this paper we shall investigate some of the properties of 3 and some of the 
relationships between the set & and the set 3. 

Example 1. If &= {a}, then 3 is just the identity mapping on &. 

Example 2. Tf &=R", let T= \ fa! aER*}, where f,(x) =x-+a. 

Example 3. If (& +, 0, —) is a group, let 3= fa: Aes}, where f4(X) 
=X-+A. The set 3 forms a group isomorphic with 8. [3 is a subgroup of the 
group of all one-to-one transformations of & onto itself. | 

Example 4. If €&=R, let 3= { ga! aER}, where we define: 

«x — a [x is rational] 


if a is rational a(x) = 
| gel) ‘. + a [x is irrational] 


lif @ is irrational] ga(x) = x + a. 
Example 5. Let 3 be a partition of &X6& as described in the introduction and 


let # be any one-to-one transformation of & onto itself. Then the set 3’ 
= {h-} ofoh:fE5} also satisfies the conditions set forth in the introduction. 


THEOREM 1. The quadruple (3, +, A—A, —) 4s a group of one-to-one trans- 
formations of & onto itself, where we define —(B—A)=A-—B. 


Proof. 3 is closed under addition, because for any transformations (A —B) 

and (C—D) we may write: A—B=[(A—B)+C]—C and we know that 
{(4-B) +c] —c} + (C-D)E3. 
The identity element in 3 is A—A, because for any transformation B—C: 
(B—C)+(A— 4) = {[(B-—C)+ 4] — 4} + (4-4) 
=|(B-—C)+A]-—A=B-C. 

The inverse of B—A is A—B since (B—A)+(A—B)=B-—B. The addition 

operation in 3 is associative since it is function composition. Therefore 3 is a 


group. 
For future use we also note that (A —A) is the identity mapping on &. Be- 


cause for any X C&: 
[((A-—A) +X] -X=A-A 
and this implies that (A —A)+X =X. 
Each member of 3 is a one-to-one mapping since if (B—A)+X =(B—A)+Y 


then: 
X=(A-—A)4+X=(A-B)+ [(B- 4) 4+ X] 


=(A—B)+|[(B- A)+ VY] =¥. 
Each member of 3 is an onto mapping since for any (B—A)€3S and any 
X G& we have: 
X = (B-— B)+X=(B-— A)+[(A-B)4+ XI. 
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THEOREM 2. 3 1s a commutative group if and only if for any (B—A)ES5 and 
any points X, Y of &: |((B—A)+X]—|[(B—-A)+YV]=X-Y. 


Proof. If 3 is commutative then 
[((B — A) + X] — [(B- 4)+ ¥] 
= [(B- 4)+{((X-Y¥)+¥}]-[B-4)+¥] 
= [(X-Y)+{(B-4)+V}]-[(B-4)+ VY] =xX-Y. 
To prove the converse, let B—A and C—D be members of 3. Then: 
(B— A) + (C — D) 
= {[(C— dD) +B] -[(C— Dd) + A]} + {[(C— D) + 4] - 4} 
= [C— D) +B] — 4 = {[(C— D) +B] — B} + (B— A) 
= (C — D) + (B- A). 
REMARK 1. If 3 is postulated to be commutative then we may omit the con- 
dition (1) given in the introduction: 
A-—-A=B-C#eB=C. 
For if B=C and 3 is commutative then: 
B-C=B—B=(B-—A)+(A-B)=(A-B)+(B—-A=A4-A. 
Conversely, if dA—A=B—C and 3 is commutative then: 
B= (B-0C)+C=(4-—4)4+C=[(A-O4+(C- A] +0 
=[C-—A)+(A-O]+C=(C-A)+4=C. 
DEFINITION 1. Jf 31s commutative then 3 will be called a set of translations on &. 


REMARK 2. The existence of a set of translations on the set of “points of 
space” is essentially equivalent to the first few postulates of a course in geom- 
etry currently being developed by UICSM. [See Remark 5 at the end of this 
paper. | 

REMARK 3. All of the examples except Example 3 are examples of sets of 
translations. In Example 3, if § is a commutative group then 3 is a set of 
translations on &. 


THEOREM 3. Let 3 and 3’ be sets of translations on &. For each X C6, let 
(X —A)’ 0 (A—B)=(A—B) 0 (X—A)’, where (A—B) and (A—B)’ are transla- 
tions in 3 and 3’ respectively. Then B—A=(B—A)’. 


Proof. We denote the addition operation in 3 and 3’ by ‘+’ and ‘@’ respec- 
tively. Also, f * B will be the image of B under the function f. For any XC&: 


(A — B) + [(B— A)’ @ X] = (A — B) + {(B— A)’ © [(X — BY @ B}} 
= (A — B)+ {(X — A) @ B} = [(A — B) 0 (X — A)'] *B 
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= [(X — A)'o(A — B)] *#B = (X — A)’ @ [(A ~ B) + Bl 
=(X — A)’ @A=X. 
Therefore, 
[(B — 4) + (A — B)] + [(B - 4)’ @ X] = (B- A) +X, 
and we conclude that (B—A)’=(B—A). 
THEOREM 4. Let & be a metric space and 3.4 set of translations on &, satisfying: 
(A, B) EC -— D=d(A, B) = d(C, D). 
Then each translation in 3 1s a distance preserving homeomorphism of & onto &. 
Proof. We first notice that by our hypothesis we may define: 
|| 4 — Bll = d(A, B). 
Since 3 is commutative we have for any B—A€3 and any points X, Y of &: 
d(X, Y) = ||X — Y|| = ||[(B-— 4) + xX] - [(B- 4) + YI 
= d([(B — A) + X], [((B — A) + Y)). 


Therefore (B—A) is distance preserving and continuous. Since —(B—A) 
=(A—B), the inverse is also continuous. We have already seen that B—A is 
one-to-one and onto, so (B—A) is a homeomorphism. 


THEOREM 5. Let & be a topological space and 3 a set of translations on &, satisfy- 
ang the condition that 1f Na 1s a neighborhood of A then (B—A)+N, ts a neighbor- 
hood of B. Then each translation in 31s a homeomorphism of & onto &. 


Proof. We have already seen that each translation is one-to-one and onto, 
so we need only show that it is continuous. Let XY €& and N.a_azy+x a neighbor- 
hood of (4 —B)+X. Now the inverse of (4 —B) is (B—A) and: 


B-—A={(B— A)+[(A — B) + XJ} — [(4 — B) + X] 

= X — [(A — B) + X]. 

Therefore the inverse image of N,4_2)4x is 
(B— A) + Na_ayx = {X — [(A — B) + X]} + Nu-ayix 


which is a neighborhood of X. Therefore (4 — 8B) is continuous. Since (B—A) is 
also continuous, (A —B) is a homeomorphism. 

In the next theorem we investigate the natural topology induced on 3 by 
the topology on & We recall that 3 is the set of equivalence classes of a partition 
on &X6. 


THEOREM 6. Let & be a topological space, and 3 be endowed with the quotient 
topology with respect to the product topology on &X&. Then 3 1s homeomorphic to 
&, and for each OC& a homeomorphism h, can be defined. 
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Proof. Let OE&. Then 3= {(A—O):AE8}. Now {0} X8CEX6&, and the 
mappings 


&— {o} xE> 39 
xX — (0, X) > (X — O) 


are both homeomorphisms [by the definition of the topologies on & X&, {o} xé, 
and 3]. These mappings define the homeomorphism fp. 


DEFINITION 2. Jf & ts a topological space, the topology on 3 described in Theorem 
6 will be called the natural topology on 3. If, further, the condition of Theorem 5 
is satisfied so that each translation in 3 1s a homeomorphism of & onto &, then the 
patr (&, 3) will be called a translation space. 


THEOREM 7. Let (&, 3) be a translation space such that for each A €CE& and each 
neighborhood Us, of A, there exists a neighborhood Va of A such that: 


PEVa and QE Va S>(O-—ADH+ PE Ua. 
Then 3 1s a topological group. 


Proof. 3 is a topological space and a commutative group. We first show that 
+ is continuous. If O€& then 3= {(A —O):A Es}, and the mapping 


E> 3 
A—(A —0O) 
is a homeomorphism. So instead of considering the mapping: 
IX 3-9 
((A — 0), (B — 0)) > (A — 0) + (B — 0) 
we notice that: 
(A —0)+(B—0) = {[(A — 0) + (B— 0)| + 0}-—O0= {(B-0)+ 4$-O 
and consider the mapping: 
EXE & 
(A, B) > (B—O)+ A. 


Now let U be any neighborhood of (B—O)+A. Then by the hypothesis, 
there exists a neighborhood V of (B—O)-+A such that 


PEVand OECV>{o-[(B-0)+ 4} +PEU. 
If W4 is any neighborhood of A then 
(B-O)+AEC(B-O)+Wa 


and since (B—O) is a homeomorphism, we may choose W, so that (B—O) 
+WaaCV. In the same way we may choose Wg, a neighborhood of B so that 
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(B-—O)+4A=(A-O)+ BE (A-—O)+ WeCYV. 
Then for any (P, ()\€©WsaxXWe, (B—O)+PEV and (A—O)+0€CYV, and 
therefore: 
(Q-0)+P={[4-0) +e] -[6-9)+ 4]} +[(B-0)+ Pl Ev. 
So, + is continuous. 
To see that the function 
I> 9d 
(A — 0) > — (A — O) 
is continuous, we notice that 
—(4 — 0) = {[(0- 4)+ @- 4)] + 4} -O 

and that the function 

&—6& 

A>|[(O— A4)+(O-—A)] +4 
is continuous. 


THEOREM 8. Let the hypothesis of Theorem 4 be satisfied, and let 3 be endowed 
with its natural topology. [Therefore (&, 3) is a translation space.| Let multiplica- 
tion of translations by scalars be defined so that 3 1s a vector space. If OEE, then 
S= {(A —O):A Es} and we use the notation: 


(A — O)a = (A, — 0). 
We further assume that the multiplication satisfies: d(Aa, Ba) = | a| d(A, B)- 
Then 3 1s a normed topological vector space. 
Proof. As in Theorem 4, define d(A, B) =|| 4 —B|]. Then the norm of (A —B) 
in || 4 —B]] since: 
(4 - B) + (C - D)| 
= ||4 —[(D-¢) + B]l 
= d(A, (D-—C)+ B) S d(A, B) + d(B, (D — C) + B) 
= ||4 — Bl +B - [(D-¢) + B]l = [14 - Bl] + [1c -D| 
and: 
(4 — B)al] = ||(4 — 0)a — (B — O)al| = || 4. — 3B 
= d(Aa, Bs) = [a] d(A, B) = | a| ||4 — BI. 
Since the hypothesis of this theorem satisfies Theorem 7, in order to show 


that 3 is a topological vector space we need only prove that the multiplication 
of translations by scalars is continuous. Let OC&, and 3= {(A—O): Aes}. 
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Consider the mappings: 
EXRRIXKR-I-HE 
(A, a) > (A — O, a) > (A — O)a— Ag. 
The first and last mappings are homeomorphisms, so to show that the second 
mapping is continuous, we may consider the mapping: 
EX R-6& 
(A, a) > Ag. 
Let A,€& and e>0 be given. Let BE& such that d(A, B) <6 and let DER 


such that |a—)b| <n, for some 6>0 and 7>0. Let b=a+1’, where |n’| <n. Then, 
using the vector space properties of 3, we may write: 


d( Aa, Bs) = || 4a — Bel = ||(4 — 0)a — B — OA 
= ||(A — O)a — [(B — O)a + (B — O)n']| 
= ||[(4 — 0) — (B — O)Ja — (B — O)'| 
< ||4 — Bll |e] + {|B - ol |n’| 
< sla] + {|B - 4l] +]]4 — olf} |a’| 
<éja| +8|n'| +]]4 —Oll|a’]. 
For suitable choice of 6 and y, this last sum can be made less than e. Therefore 
the mapping is continuous, and 3 is a topological vector space. 
RemarRK 4. If the hypothesis of Theorem 8 is satisfied, we know that Jisa 


normed topological vector space. In a natural way we may define addition of 
elements of &, and multiplication of elements of & by scalars: 


A+B=Ce(A—0)+(B-0)=C-O 
Aa = 4, (A — O)a = (A, — O). 


Then & is also a normed topological vector space with ||A|]=||4—Ol]. The 
homeomorphism h,: 


E> 3 
A—-A-—O 
satisfies: 
h(A + B) = h,((A — O) + B) = (A — O) + (B — O) = F(A) + 1B) 
h(Aa) = h( Aa) = (A — O)a = [h(A)]a. 
Therefore /, is a linear operator of € onto 3, and so & and 3 are topologically iso- 
morphic. 


REMARK 5. The University of Illinois Committee on School Mathematics 
[under a grant from the National Science Foundation ] has prepared a course in 
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3-dimensional geometry using a vectorial approach. This course was written 
by Professor Herbert E. Vaughan, and it is currently being taught to tenth 
grade students at the University High School. In this vector development, we 
deal with three sets: 


the set & of points of 3-dimensional euclidean space 
the set 3 of translations on & 
the set R of real numbers. 


The postulates are introduced gradually, only after the students have been 
properly motivated by exercises and discussions. The first few postulates which 
are introduced are essentially equivalent to the statement that there exists a 
set of translations on the set of “points of space.” Eventually 3 is postulated 
to be a vector space, a three-dimensional vector space, and, finally, a three- 
dimensional inner product space. 

In this paper we used Vaughan’s notation to deal with the set 3 since it 
permitted a convenient way to operate with these functions algebraically in a 
natural manner. 


The author wishes to take this opportunity to thank Professors Vaughan and Beberman for 
their many informative discussions, both mathematical and pedagogical. 
This work was supported by National Science Foundation Grant G23554. 


References 


1. D. Bushaw, Elements of General Topology, Wiley, New York, 1963. 

2. Angus E. Taylor, Introduction to Functional Analysis, Wiley, New York, 1958. 

3. University of Illinois Committee on School Mathematics (UICSM), A Vector Approach to 
Euclidean Geometry (in preparation). 


UNIQUE MINIMAL REPRESENTATIONS WITH POSITIVE BASES 
J. R. REAY, Western Washington State College 


The set B positively spans the linear space ZL if each point of LZ may be 
represented as a linear combination of the points of B using only positive coeff- 
cients. If no proper subset of B has this property, then we say B is a positive 
basis for L. The theory of positive bases has been motivated by certain develop- 
ments in linear programming and game theory, and by a rather natural useful- 
ness when considering Helley-type convexity theorems in finite dimensional 
linear spaces, (see [4]). The theory is somewhat parallel to the ideas concerning 
linear bases for linear spaces, the notable exception being that various equivalent 
notions of linear independence have nonequivalent analogs when considering 
positive bases. In particular, it is not even true that a minimal representation of 
a point of L (i.e. linear representations with positive coefficients involving a 
minimal number of elements of B) in terms of B is unique. 
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The purpose of this note is to establish conditions equivalent to the unique- 
ness of a minimal representation (sec. 2), and point out (sec. 3) how certain 
machinery from the theory gives well-defined continuous representations in 
terms of an arbitrary positive basis B. 


1. Introduction. We first establish necessary notation and give the standard 
definitions in a way that shows the similarity between the linear and positive 
structures. 

For any subset B of the real linear space L, let £B denote the set of all real 
valued functions on B which have value zero at all but a finite number of points 
of B. Let @B be the set of all functions in £B which are everywhere nonnegative. 
A point do,ez bEL is called a linear [respectively, positive] combination from 
B if cE &B [respectively, a€@B], and the collection of all such points is called 
the linear [positive] hull of B which we denote by lin B [pos B]. A set B linearly 
[positively] spans L if L=lin B [L=pos B]. The set B is linearly [positively | 
independent if for each b,€B it is true that, respectively, 


bo E lin (B ~ {bo}), [bo E pos (B~ {do} )]. 


The set B is a linear [positive] basis for L if it linearly [positively] spans L 
and is linearly [positively | independent. 

An element a of £B[@B], where B is any subset of L, is a linear [positive] 
representation of xC LZ in terms of B if x= Des a,b, and any representation a 
of 0 is called a relation. While the linear independence of the set B is equivalent 
to the property that there are no nontrivial linear relations, it is obvious that 
every positive basis has nontrivial positive relations. (Consider the sum of any 
positive representations of x0 and —x.) The length of a positive representation 
a of the point xC€L in terms of B is the cardinality of the set {6G B|a,+0}, 
and @ is called a minimal representation of x if no other representation of x (in 
terms of the set B) has shorter length. There are many positive bases for which 
a minimal representation of a point in Z is unique. For example, if B is a linear 
basis for L, then B\/(—B) is clearly such a positive basis, and if LZ is also finite 
dimensional, then BU { }°s¢s—b} is such a positive basis. ([3], Theorem 4.4.) 
The set B= {(1, 0, 0), (—1, 1, 0), (—1, —1, 0), (—1, 0, 1), (—1, 0, —1)} isa 
positive basis for FE’, but (—1, 0, 0) does not have a unique minimal representa- 
tion. 

Let B bea positive basis for L. It is clear that not all subsets of B form posi- 
tive bases for linear subspaces of L. We say that a linear subspace L’ of Lisa 
spanned subspace with respect to B if (L’(\B) is a positive basis for ZL’. If, more- 
over, pos (L’f\B) has finite dimension z, and card (L’(1\B) =n-+1, then we say 
L’ is a minimal subspace (with respect to B) and (L’(B) is a minimal positive 
basis for L’. As the above example shows, not all spanned subspaces are minimal 
subspaces (E? is spanned, but not minimal). But, if bb5€B and B’ is a subset of 
B which appears in a minimal representation a of —Do (i.e., a >O0 iff bE B’), 
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then it follows that {bo}UB’ is a minimal positive basis for the linear space that 
it spans. (See Theorem 3.2 of [1].) Thus each DEB lies in some minimal sub- 
space, and ZL is the linear sum of its minimal subspaces. Note that B is a mini- 
mal positive basis for Z if and only if for each DEB, B~{b} is a linear basis 
for L. 

McKinney [3] calls the positive basis B a strong positive basis if pos By/\pos Be 
{0} whenever Bi, By are disjoint subsets of B. In view of the fact that 
minimal representations in terms of a minimal positive bases are unique ([3], 
Theorem 4.4), it follows that if Z is the direct linear sum of its minimal sub- 
spaces with respect to B then B is a strong positive basis. 


2. Equivalences of unique minimal representations. Let B be a positive 
basis for the linear space LZ. We will consider the following conditions on B. 


(a) The minimal representation of each xEL (in terms of B) is unique. 

(b) B is a strong positive basis. 

(c) Distinct minimal subspaces have only {0} in common. 

(d) Distinct minimal positive bases for minimal subspaces are pair-wise 
disjoint. 

(e) ZL is the direct linear sum of its minimal subspaces. 

(f) B admits a unique partitioning into pair-wise disjoint subsets, each of 
which is a minimal positive basis for a minimal subspace of L. 

(g) B admits a partitioning into pair-wise disjoint subsets, each of which is 
a minimal positive basis for a minimal subspace of ZL. 


THEOREM 1. Let n denote the dimension of L. The following implications hold 
between the above conditions on B: 


awbecedee-f—g foralln 
amb ints finite 

emf ifns5 

fog ifn s 4. 


Proof. Essentially, only the equivalences involving conditions d and f are 
new. The implications b+-e—c—»>d—-f—g in spaces of arbitrary dimension are 
either obvious or straight forward. McKinney [3] establishes the implications 
b—c—>(a and e) for spaces of arbitrary dimension, (pages 144-5), and Bonnice- 
Klee [1] establish the implication a—c for the case where B is finite. In view of 
the fact that n+1Scard BS2n in an n-dimensional space L for all positive 
bases B (Theorems 3.8 and 6.7 of Davis [2]), the implication a—c holds if L 
is finite dimensional. (Bonnice-Klee also give an example to show a—c fails if 
L is Si-dimensional, but the problem in an N>-dimensional space is unfortu- 
nately still open.) 

We will complete the proof by showing that gd if n<4, fd if nS5 and 
finally d—c if dim £L=n is arbitrary. This is done in the following lemmas. 
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LEMMA 2. Suppose the following conditions hold in a linear space L of arbitrary 
dimension. 

(1) Bits a positive basis for L. 

(2) BiCB is a minimal positive basts for a minimal subspace of dimension dy. 

(3) BeCB, By\VB.=¢, and pos Be ts a linear subspace of L. 


Then the dimension d of the linear subspace M=(pos Bi(/\pos Be) ts at most 
Max (0, d,—2). 


Proof. Note that 1/#pos B, or else B is not positively independent. Thus 
d<d, and the denial of the lemma asserts that 1Sd=d,—1. This asserts that 
M is a hyperplane through the origin in pos By. Now some element x of MM must 
have length d; (in terms of B,), for otherwise the points of By would form the 
vertices of a simplex and M would be a hyperplane which met the interior of 
the simplex but failed to meet the relative interior of any (d,—1)-dimensional 
face of the simplex. Thus suppose x is a point of M whose minimal representa- 
tion 

y= > ayb 
bE (By~{bg}) 


has length d,, i.e., each a is strictly positive. Then { —x}U(Bi~ {do}) forms 
a positive basis for pos By. Thus 


bo & pos ({—x} U (Bi ~ {bo})) C pos (Bz U (Bi ~ {bo})) = pos (B ~ {bo}). 


Hence B is not positively independent, a contradiction. 


Lemna 3. If the dimension n of L 1s at most 4, then condition g is equivalent to 
condition d. 


Proof. The implication g—d when 2 $4 follows easily from several results of 
Davis [2]. Suppose dim L=nS4 and condition g holds, i.e., B=B,U - - - UB, 
is a partitioning of B such that each B; is a minimal positive basis for the linear 
space pos B;. We may assume 2=4, whence 5Scard BS8. The cases card B=5 
or 8 are easily handled ([4], Theorem 1.3). Letting m denote the number of 
distinct minimal positive bases contained in B, it may be shown that card B 
=n-+m whenever n <4 ((2], Theorems 6.6 and 6.8). If card B=6 then m=2. 
Since the partition must involve at least 2 minimal positive bases, it follows that 
k=2, i.e., B=B,B, and distinct minimal bases must be pair-wise disjoint. 
The only remaining case is when card B=7, n=4, m=3, and 2SkS3. If k=3, 
i.e., B= B,B,\ Bs, then all minimal positive bases occur in the partition since 
m= 3, and condition d follows. Thus assume k=2, i.e., B=B,UB,. The same 
result of Davis shows that (pos Bi) (pos Be) = {0}. Thus the dimensions of 
these linear subspaces must be 3 and 1 or else 2 and 2, and in either case card 
(B,UB.) =6. But card(BiUB,) =card B=7. Thus this case cannot occur. This 
shows g—d when n S4. 
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LEMMA 4. If the dimension n of L is at most 5, then condition f{ ts equivalent 
to condition d. 


Proof. To show fd if nS5, it suffices to consider only the case where n=5. 
Let B be a positive basis for the 5-dimensional linear space Z, and let B= 
Bi .--+- UB, be a unique partition of B into minimal positive bases for mini- 
mal subspaces. Then 6Scard B $10 and therefore 1SkS5. If R=1 or R=5, then 
B is respectively a minimal or a maximal basis for L and each minimal positive 
basis appears in the partition of B. Thus, distinct minimal positive bases are 
pair-wise disjoint and condition d holds. Hence we consider only the cases 
where 2<kS4. This implies 7 Scard BS9 ([4], Theorem 1.3). 

Case 1. k=2, B= By, Bz». Let di, d. and d denote respectively the dimensions 
of the linear spaces pos 21, pos Bz, and (pos Bi)(/\(pos B.). We may assume that 
0OSd<d; Sd. Suppose B3 CB is any minimal positive basis distinct from B, and 
B,. The set Bz must have elements in common with both B; and B2, but Bs; does 
not contain B, or Be. 

Case 1.1. Assume that d=0. Then ZL = (pos B,) @ (pos B,) and d,+d,=5. Ifa 
distinct minimal basis B3 exists, then (pos B,)/\(pos B3) is of dimension at 
least one and therefore dj 22. Hence we may assume d,=2, d, = 3, and the linear 
space (pos B,)(/\(pos B3) must be one-dimensional. Let by be the element of 
BY\B3. Note that —by)€pos B; but —b) Epos (By) Bs) = pos 1 bo i. The element 
—b,) has a minimal positive representation 


— ho = » apd = » and + > apd. 


bEB 3 bE (B3!M By) bE (B3MN Bo) 


But since —b,)€pos B,; and L is the direct linear sum of pos B; and pos Baz, it 
follows that a,=0 for all b€(B3;(\B.). Thus 


— bo = » apd 
be (B31 By) 


and —by)€pos (B,/\B3), a contradiction. Thus no such set B; exists and again 
condition d of the theorem is valid. 

Case 1.2. Assume d=1. Then Lemma 2 asserts that d;23. Since n=5, it 
follows that d1:=d,=3. That is, Z is the sum of the two 3-dimensional spaces 
pos B; and pos By, whose intersection M=pos B,(\pos By, is 1-dimensional. If 
x€M and x0, it is clear that the length of a minimal representation of x (in 
terms of either B; or Bz) is at least 2. Suppose 


x= > aD 
bE (By~{bo}) 


is a Minimal representation of x of length 3. Then the same argument used in 
Lemma 2 shows that d»)€pos (B~ {bo}) and B is not positively independent. 
We may thus assume that the length of a@ is exactly 2. Now let a; be a minimal 
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representation of x in terms of B,, and let 8; be a minimal representation of —x 
in terms of B;,7=1, 2. Let C;= {bEB,| b appears in at, and let D;= {bEB,| b 
appears in B:}, 7=1, 2. (These sets are uniquely determined because B; is a 
minimal positive basis.) Then B;=C,;\D; must be a partitioning of B; into two 
disjoint subsets, each of cardinality 2. It is also clear that B;=C,\/D, and 
By=C,.D; are minimal positive bases for 3-dimensional minimal subspaces of 
L. Further B= B;UB, is a partitioning of B. Thus condition f fails because the 
partitioning is not unique. 

Case 1.3. Assume d=2. Lemma 2 asserts that d,24. Thus card Bo=card B, 
=5 and card B210, a contradiction. 

Case 2.k=3. B= Bi\UB,UB; is a unique partitioning of B into minimal posi- 
tive bases for minimal subspaces. Assume without loss of generality that card B, 
Scard B.Scard B;. Since card B S9, it follows that card By S3 and pos B, is at 
most 2-dimensional. Thus the dimension d of the linear space M=pos B, 
(\pos (B,.B3) is zero by Lemma 2. This implies that Z is the direct sum of 
pos B, and pos (B,\/B;). Now assume B,CB is any minimal positive basis dis- 
tinct from B,;,1=1, 2, 3. Then B,(\B, has at most one element, say Do. As before, 
it follows that —bo€pos (Bs~{bo}) Cpos (BsUBs) denying L=pos B,@pos 
(B,.B;3). Thus B,C B,B3. But dim (B,./B;) $4 and the existence of B, denies 
Lemma 3. Thus no such set By, can exist and the distinct minimal positive bases 
of B are pair-wise disjoint. 

Case 3. R=4, B=B,UB,B3U By. As in the last case, we may assume 
card B,<3, and the proof proceeds as above. This completes the proof of the 
lemma. 


Lemma 5. Jf the dimension n of L 1s arbitrary, then condition d is equivalent 
to condition c. 


Proof. Let Cand D be distinct subsets of B which are minimal positive bases 
for the minimal subspaces pos C and pos D, and suppose that there exists a non- 
zero point x€ (pos C)/\(pos D). We will choose points from both C and D to 
form a minimal positive basis for a minimal subspace, thereby denying d and 
completing the proof. Let Ct denote the subset of C which appears in the unique 
minimal representation of x©@pos C. Let D- denote the subset of D which ap- 
pears in the unique minimal representation of —x€pos D. Let B, denote 
CtUD-—. By is positively independent because it is a subset of B. It is easily 
seen that CtU{—x} and D-U{x} are minimal positive bases for the linear 
subspaces pos (C+U{ —x}) and pos (D-U{x}), respectively, of pos By. Since 
By, is contained in and positively spans the linear sum of these two subspaces, 
it follows that pos B; is a linear space, with B, as a positive basis. To show that 
B; is a minimal positive basis, it suffices to show that card B,=(dim pos B;) +1. 
The denial would assert that card By>dim pos B,+1. But then if we choose a 
point c&CtCABy,, there exists a subset ICA, such that cE M and M is a 
minimal positive basis for the minimal space pos M. Now since M is a positive 


1966] UNIQUE MINIMAL REPRESENTATIONS WITH POSITIVE BASES 259 


basis, and therefore admits positive relations, it follows that M7 can not be a 
subset of Ct. Thus Mf has elements from both Ct and D-. This completes the 
proof of the lemma. 

The following example shows that if dim L=n25, then condition g does 
not imply the uniqueness of minimal representations, and therefore Lemma 3 
cannot be extended to higher dimensional spaces. The positive basis 
B= {b,|1<i<8} has 4 subsets which are minimal positive bases for minimal 
subspaces, namely 


By = {b1, ba, bs, bef, Bo = {bs, ba, bz, bst, Bs = {b1, bo, bz, bg} and 
By, = | bs, ba, bs, bet. 
Also, B= B,UB, and B= B;\.UB, are two partitionings of B into minimal posi- 


tive bases. But the point (1, 0, 0, 0, 0) does not have a unique minimal repre- 
sentation. 


b, = (1, 1, 0, 0, 0) bs = (—1, 0, 0, 1, 0) 
be = (1, —1, 0, 0, 0) bs = (—1, 0, 0, —1, 0) 
b; = (1, 0, 1, 0, 0) b, = (—1, 0, 0, 0, 1) 
b, = (1, 0, —1, 0, 0) bs = (—1, 0, 0, 0, —1), 


The following example shows that if dim L=n 26, then condition f does not 
imply the uniqueness of minimal positive representations, and therefore Lemma 
4 cannot be extended to higher dimensional spaces. The positive basis 
B={b,|1<i<9} has 3 subsets which are minimal positive bases for minimal 
subspaces, namely 

B, = {b1, ba, bs, ba}, Ba = {bs, be, b7, bs, bo} and Bs = {b4, be, bs, be, ds}. 


Also, B= B,UB, is a unique partition of B into minimal subspaces. But each 
minimal representation of the point (0, 0, 0, —4, —4, 0) has length 3, and there 
are 2 distinct such representations. 


b, = (1, 0, 0, 0, 0, 0) bs = (0, 0, 0, 0, 1, 0) 

bs = (0, 1, 0, 0, 0, 0) b; = (0, 0, 0, 0, 0, 1) 

b; = (0, 0, 1, 0, 0, 0) b, = (—1, —1, 0, —4, —4, 0) 
b, = (—1, —1, —1,0,0,0) by = (1, 1, 0, 2, 2, —2). 

bs = (0, 0, 0, 1, 0, 0) 


3. Continuous representations. If a minimal representation a?€@B of each 
xCL is unique, and L is of finite dimension , then standard arguments show 
that the map x—a? (from 7 to (card B)-dimensional euclidean space) is bicon- 
tinuous. This is analogous, of course, to the situation concerning the unique 
representations of points in terms of an arbitrary linear basis. On the other 
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hand, if minimal representations are not unique, then it is easy to show that it 
is never possible to assign a minimal representation to each point of the space 
in such a way that the representation varies continuously with the point. For 
example, if {5;} is a sequence of positive numbers approaching zero, then the 
sequences {(4, 6;, 0, 0, 0) } and (4, 0, 6,, 0, 0) } from the first example of the 
previous section both converge to the point (1, 0, 0, 0, 0). And yet, each point 
in each sequence has a unique minimal representation involving only b; and by 
for the first sequence, and involving only b; and b, for the second sequence. 

Even if minimal representations are not unique, there is a rather natural 
technique that assigns a well-defined representation (in terms of any given posi- 
tive basis) to each point of the space in such a way that the representation 
varies continuously with the point. If minimal representations are unique, the 
assigned representation will always be the unique minimal representation. The 
following lemma, which provides the necessary machinery, has also been used 
to prove certain Helly-type convexity theorems, (see [4]). Note that if Z is the 
direct linear sum of its minimal subspaces, then the partitioning of B produced 
by the lemma is unique, and is precisely the partition guaranteed by condition 
f of the last section. 


Lemna 6. Let B be any positive basts for (finite-dimensional) L. Then B admits 
a partition into pair-wise disjoint subsets B= By, --- UB, such that card B; 
= card Byy;22 and pos (BiU - - - \UB;) is a linear subspace of L of dimension 
(>-1_, card B;)—j for each j=1, 2,---, &. 


Sketch of Proof. Let By be a subset of B of maximal cardinality such that By 
is a minimal positive basis for the minimal subspace pos By. If pos BiX¥ZL, let 
I, be a supplementary linear subspace, so that L=L,@pos Bi, and let 71 denote 
the natural projection of Z onto Ly. It follows that 7(B~B)) is a positive basis 
for Ly. Also, if B, is a subset of B of maximal cardinality such that mB, is a 
minimal positive basis for the minimal subspace pos 7B, of Li, then it follows 
that card B,2 card B; and pos (BiU71B2) = pos (Bi Be). (See [4] for detailed 
arguments.) It is clear that the conditions of the lemma are satisfied. If 
B#B,JB, we continue with the same argument: choose ZL, such that L;=L, 
®pos 71Be, let a2: LiL, be the natural projection, and let Bs; be the largest 
subset of B~(BiUB,) such that m71B3 is a minimal positive basis for the 
minimal subspace pos 7271B; of Ly. This process is continued until the Lemma 
is established. 

In the above notation it is clear that 


P = By, U (71B2) U (7271B3) U ‘ee U (Tr-1 . se 71Dy) 


is a positive basis for Z and each minimal subspace is determined by one of the 
sets (7;-1 - - : 71B;). Since by construction these minimal subspaces have only 
{0} in common, it follows by Theorem 1 that a minimal representation a of a 
point xEL in terms of P is unique. It is this uniquely defined minimal represen- 
tation a of the point xCL (in terms of P) that we use to obtain a well-defined 
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representation for x in terms of B. Let P(z) denote the set (a;1 - - - 718;,) for 
a=1,---,k. Then 
k 
x= > ( > cab and >» and = ey + » an(tr1) 10, 
t=1 \ bE P(t) bE P(k) bE P(k) 


where e,€ pos P(k—1). We combine e, with (> sepqu—t1) avd) Epos P(k—1) to 
obtain a point e,.1€ pos P(k—1). Since by definition, 


Ly. = pos P(k — 1) @ pos P(k) = pos (P(k — 1) U P(k)) 
= pos (P(k — 1) U (a-1)7'P(R)), 


we note that (mz-1)~1P(k) UP(R—-1) is exactly (az. - + + m(B~Ujz? B;)), the 
original positive basis of Z,_2. Since pos P(k—1) is a minimal subspace of Lz_2, 
it follows that e,.1©@pos P(k—1) has a unique minimal representation e,_1 


= se Pu—i Bob, and 


( > cab) + ( >» cab) = ea +( > cu(m)*) 


be P (k—1) bE P(k) be P (k—1) 


= ( » pb) + ( » cab). (*) 

bE P (k—1) bE (wp! P(k)) 
Since a varies continuously with x, it follows that e;, e,_1 and therefore also the 
coefficients of the last equation vary continuously with x. The representation 
(*) is an element of L,_2, and is clearly a well-defined positive representation in 
terms of the positive basis P(R—1)U (ae_1)~'!P(k) of Ly_2. This argument may 
now be repeated for the space Lz_2®pos P(k—2) and so on, until the desired 
continuous representation of x is obtained. 

If B=B,U --- UB; is a partition of B as in Lemma 6, and if for some j, 
1<jsk, pos (BiU --- UB;) the direct linear sum of the minimal subspaces 
pos B,, 1 S787, then the space L; may be chosen to include the sets B,,1 <7 Sj. 
It then follows that the continuous representation a chosen above for a point 
x€pos (BU --- UB;) is precisely the (unique) minimal representation of x 
in terms of B. 


This research was supported in part by the N.S.F. Program for the College-University Asso- 
ciation for Improvement in the Teaching of Science in the Pacific Northwest. The author is much 
indebted to Professors Micha Perles and R. L. McKinney for their valuable correspondences on 
the topics of this paper. The second example of section 2 is due to McKinney. 
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MATHEMATICAL NOTES 


EDITED BY J. H. Curtiss, University of Miami 


THE HAT-CHECK PROBLEM 
RICHARD SCOVILLE, Duke University 


The hat-check problem is a familiar one in elementary probability theory: a 
hat-check girl in a restaurant, having checked n hats, gets them hopelessly 
scrambled and returns them at random to the z owners as they leave. What is 
the probability », that nobody gets his own hat back? The question can be posed 
as a card problem and as such was treated by many of the early writers in 
probability under the name Treize or Rencontre |1]: a deck of cards numbered 
from 1 to 2 is shuffled and dealt. What is the probability p, that no card is in its 
correct place, that is, that card 7 is not ith from the top for any 7? The answer 
is P,x=1/2!—1/3!+1/4!— +--+ +1/n! so that in particular lim p,=1/e. 

Let us turn to the more practical problem of considering a deck of kn cards 
consisting of & suits of m denominations (1 to 2) each. We shuffle this deck, deal 
the cards and at the same time count from 1 to 2, k times. What is the proba- 
bility ~,,, that no card matches the denomination called? In this case the shuffle 
(or permutation) of the deck will be called complete. The number p,,, is rather 
complicated but we are at least able to prove the following 


THEOREM 1. For fixed k, lim, Pn,,=1/e". 


Hence the answer is essentially the same for large m as the answer we would 
obtain if the deck were first divided into suits and each suit were dealt sepa- 
rately. It is also interesting that if we replace each card in the deck after dealing 
it the probability is (1—1/n)*" so in this case, the independent case, we also get 
1/e* as the limiting value. 

Let & and x be fixed for a while. Consider the kX matrix S=(s;;) with non- 
negative integral entries. Let BS) be the number of ways of splitting the deck 
into & disjoint sets Ai, A2, -- - , A, each containing cards, such that there are 
$;; 1-of-a-kinds in part Aj, that is, such that there are s;; denominations repre- 
sented in A; by precisely 7 suits. It is clear that 


(1) (kn)! = ye B(S) (n!)4, 


since every possible permutation of the deck is determined by the sets A, (the 
first n cards), Az (the second x cards), etc.; and a permutation of each of these 
sets. If R=2 this is the well-known formula 


[n/2] _ 
emi= X ("\(" 2) aeseny 
j=0 \J J 
because in this case if BCS) +0 then SS is of the form 
262 
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n-2 n—2 
s=| 3 7] 
j j 


for some 7 between 0 and [n/2], and 


B(S) = (") (" a ’) Qn-25, 


the number of possible choices of suits and denominations. Now of the (n!)* 
permutations of the deck in which the first 2 cards are the cards of the set Aj, 
the next cards are the cards of the set Ag, etc., only M(A1)-M(A2) - + - M(A;z) 
are complete permutations, where M/(A;) is the number of permutations of the 
set A; which are complete, i.e., in which the zth card is not an7z for any 7. M(A);), 
however, depends only on the numbers sy;, se;, - + + , Sz; and not on the particular 
suits and denominations appearing in A;. Because of this we can define 


M(s1j, S23, ++ + y Seg) = M(A)). 
The number of complete permutations of the deck is therefore given by 
k 
Dd. BS) TT (sus, 525, + + 5 Sus) 
8 j=1 
and 


{ k k 
a B(S) TT (su, + + + 5 saa) /7!) 


(kn)! St cs 


Pn k 
which is seen from (1) to be a convex combination of the numbers 
k 
IT (Guy, 525, + + +, Su) /1!). 
j=l 


Hence our theorem will follow immediately from the following 


THEOREM 2. For every k21, we have lim, M(s,---, s,)/n!=1/e uniformly 
for all sequences { s;} of nonnegative integers satisfying 


k 
» 1S; = nN. 
1=1 


Proof. Notice first that the number M(s,, s2,- +--+, sx) is the same as the 
number M(s,, se, +--+, Sz-1) provided s,=0. 

The proof of the theorem will proceed by induction on k. For k=1 only the 
value s;=1x is possible for each 2 and the conclusion of the theorem is simply the 
result stated earlier. Suppose that the theorem is true for all numbers less than 
k. We will prove that if s,+0 and k>2 then 


(2) OS M(si + 1, so, +++, Sp-1 + 1,5, — 1) — M(s1,--+-,5%) S (k — 1)(n — 2)! 
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while if E=2 then 
(2’) OS M(si + 2, s2 — 1) — M(s1, 52) S (un — 2)), 


both formulas holding for all n>2. Let C(i, 7) be the card from suit 7 having 
denomination 7. Consider the collection A of 2 cards defined by 


A={C@A)|1SjSut--+ tsa, 1 sis st. 


We clearly have M(A) = M(s1, 52, - + + , Sz) where, as before, M(A) is the num- 
ber of complete permutations of A. Consider also the collection B of n cards 
consisting of all the cards of A except that C(1, 1) is removed and replaced by 
C(k, set +++ +5s1-+1). For convenience let u=s,+ ---—+s,;+1. Note that 
M(B) = M(si.+1, sty Sp,a+1, sz —1) if k>2 and M(B) = M(s,+2, S2—1) if 
k=2. 

The point of this consideration is that each complete permutation of A may 
be turned into a different complete permutation of B and the complete permuta- 
tions of B not obtained in this way are fewer than (k—1)(m—2)! in number: Let 
T= (m1, 72, ++ + , 7) be a complete permutation of A. Suppose first that C(1, 1) 
is not in the wth place in 7. Then it is only necessary to replace C(1, 1) by C(k, u) 
to get a complete permutation of B. The other possibility is that C(1, 1) is in 
the uth place in w. In this case put C(f, u) in the first place and put m in the 
uth place. Hence we obtain again a complete permutation of B. This shows that 
M(A) S$ M(B). What are the complete permutations of B that are not obtained 
in this way? They are those with C(k, u) in the first place and in the uth place 
one of the k—1 cards C(2, 1), C(3, 1), - +--+, C(k, 1) of denomination 1 in B. 
Obviously there are fewer than (k—1)(w—2)! of these. This proves (2) and (2’). 

Now, given e>0, use the inductive hypothesis to choose m)>2/e+1 such 
that 


| M(t, +++, te1)/n! — 1/e| < 6/2 


for any m>m) and any sequence {ts} satisfying > fz} it;=n. For any sequence 
{se} satisfying > 1, is;=n we have, for k>2, 


M (51 + Sky Say °° + y Se-1 + Sz, 0) — 54,(R — 1)(n — 2)! 
S M(s1,- ++, Sx) S M(s1+ Sn, 50, - + +, Sea + 5, 0) 
by applying (2) repeatedly, so that 
M(sitsz, + + +, Sp—1+5,, 0) _ 1) e M(s1,°° +, Sx) . M(sitsy, > + +, Se—itsy, 0) 


< —___. 
n! n—1 n! n! 


since s,in/k. Hence, 
| M(si,- ++, S%)/n! — 1/e| <e. 
This proves the theorem. 


This work was supported by a contract from the National Science Foundation. 
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A STABILITY PROBLEM IN NUMBER THEORY 


J. D. Dixon, California Institute of Technology, Pasadena 
(Presently at the University of New South Wales, Australia) 


In his book [2, Chapter VI], S. M. Ulam discusses problems which arise as 
natural analogues of questions of stability of solutions in analytic problems. The 
two theorems presented here deal with such a problem arising in number theory. 

As motivation, consider first the following simple example. Let g; and ge be 
two functions which, like all functions considered in this paper, are defined from 
the natural numbers into the complex numbers. Suppose f; and fe are the re- 
spective solutions of the infinite sets of equations 


gm) = 2 fd) (w= 1,2-+++) fori = 1,2. 
d\n 
Then the Mébius inversion formula |1, Section 16.4] shows that 
n 
d\n 


Now suppose that ge(z) = g1(m) +0(1) as n— ©. Then (cf. the proof of Theorem 
2), we find that fo(z) =fi(n) +o(7r(n)) as r(2)— 0%, where 7() is the number of 
divisors of 2. In general, the error term cannot be improved very much. Specifi- 
cally, Theorem 2 will show that we can have f2(m) =fi(z) +o(1) only if fi=fe and 
£1= go. Alternatively, if g1%g2 then 


lim sup | f(n) — fi(n) | > 0. 


As a second example of Theorem 2 we have the following result: For real, 
a>0, we write o.(2) = > aj, d*. Then the only function f such that 


n 
() D oats (=) ~ ms Gi) f(a)/ne 0, 
as n—o, is the Mébius function p. 

Notation. A sequence (d,)nz1 is called multiplicative if not all its terms are 
zero, and Gmn=Gmd, whenever the greatest common divisor (m, m) =1. In par- 
ticular, a; =1. 

We shall use 7(z) and v(m) to denote, respectively, the number of divisors of 
n, and the number of prime factors (counting multiplicities) of z. As usual, pu 
is the Mébius function and 7 is called squarefree if u(n) #0. 

We shall prove the following theorems: 
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THEOREM 1. Let (dn)nzi be a multiplicative sequence of complex numbers such 
that for some infinite sequence P of distinct prime numbers, ap—1 as p runs through 
P. Let B be any function such that B(m)-0 as m—> ©. If a function f satisfies the 
conditions 


(1) > af (= “)—0 asn— ©; 


d\n 


3 nay (~)| < B(r(n)) for all n; 


t(m) ain 


(2) 


then f 1s identically zero. 


THEOREM 2. Let (bn)nzi De a multiplicative sequence of complex numbers such 
that for some infinite sequence P of distinct prime numbers, and some real a, 
b,p/p*—1 as p runs through P. 

If f, fr and g are functions which satisfy the conditions 


3 ba = + o(ne — 0; 
(3) 2a s(* “) g(n) (n%) as n 

(4) 2. bats(“ “) = g(n) for all n; 

(5) f(n) = film) + om") asn— @,; 

then f=fh. 


Proof of Theorem 1. We have to show that f(m) =0 for each n. 

For each pair of positive integers 2 and y, we let S,(v) denote any sequence 
(mz)rz1 With the properties: 

(i) each m; is a positive integer relatively prime to 7; 

(ii) each m, is squarefree and has exactly v prime factors, each of which 
appears in the sequence P; 

(iii) as ko, all the prime factors of m, tend to infinity. 

The proof of the theorem now proceeds in several steps. 


(A) As m runs through S,(v) and n>, > Jaim daf(mn/d)—0. 


We proceed by induction on v(z). For v(m) =0, the result follows from (1). 
In general, for v(m) >0, 


E(T)- EG) Zeke) 


because (a,), is a multiplicative sequence and (c, d)=1 for c|n and d| m. By 
applying the induction hypothesis to n/c (for c|n, c7£1) we see that the last 
sum tends to zero, while the first sum on the right hand side tends to zero by (1). 


(B) Asm runs through S,(v) and n> ©, f(mn)—p(m)f(n). 
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(Note: u(m) =(—1)” because m is squarefree.) 
We proceed by induction on pv. f(m) =u(1)f() provides the first step and in 
general, for y>0, 


flon) — womyln) = Dag) — aad s(™) «(™\re} 


d|m d|m,dx1 
- EH(5) ao 


(Note that, because (a,), is multiplicative, a1=1.) On the right side, the first 
sum goes to zero by (A), and the second sum goes to zero by the induction 
hypothesis applied to m/d (for d|m, d1). Because the sequence (a,), is multi- 
plicative and m is squarefree, the last term on the right hand side equals 
u(m)f(2)pim(1—ay) (where runs through the prime divisors of m). By the 
initial hypothesis on the sequence (a,), and the definition of S,(), it follows 
that a,—1 for each p dividing m as m runs through S,(v). Thus the last term of 
the right hand side also tends to zero and the assertion follows. 


(C) For each positive integer n, there exists a function B, such that B,(v)—0 as 
po, and 


1 
6) >> Klas 


T(m) alm 


mn 
m) < B,(v) for all m in Sn(). 

We proceed by induction on »(z). For v(m) =0, it follows from (2) that we 
may take By,(v) =B(r(m)). (r(m) =2” because m is square-free.) In general, for 
y(n) >0, 


x ag (™) = x wy (“= - = «0D eas (™), 


because yp is a multiplicative function and (c, d) =1 for all c| n and d| m. Using 
(2) and the induction hypothesis applied to a/c (for c| n, C¥1), we obtain (6) 
with 


B,(v) = B(2’r(n))r(n) + >) Bo(vy) 20 3 asv—o. 


c|n,cxén 
(D) Finally, we show that f(z) =0. 
For squarefree m, 
m 
S wldyu (7) = wlondr(on) 
d\|m 


Thus, as m runs through S,(v), we have 


uomrlmf(n) = X w@s(™) - Dale 7(=) — u(=) so. 


d|m 
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From (B), it follows that the second sum on the right hand side tends to zero. 
Therefore, by (C), | f(2) | <= B,(y). But B,(v)-0 as vp & , so f(n) =0. Thus Theo- 
rem 1 is proved. 


Proof of Theorem 2. For all n we define 
a, =n-*b, and h(n) = n-{f(n) — fi(n)}. 
Then the sequence (d,), satisfies the hypotheses of Theorem 1, and 


Eea(S)- mE af)-a(f)po0 wee 


Also, for each e>0, there exists an integer N>O such that | h(n) | =n-*| f(n) 
—fi(n)| <e/2 for n>N. Hence 


Duon(~) SX [Ma] <rine/2+ Y [HO] < ac, 


d\n 


when 7() is sufficiently large. Thus we can find a suitable function B in order 
to be able to apply Theorem 1 to show that h is identically zero. Then f=fj, 
and Theorem 2 is proved. 

Note. In case a, =1 for all 2, the following examples serve to show that con- 
ditions (1) and (2) of Theorem 1 cannot be relaxed. 

(a) If it is only supposed that B is bounded (rather than o0(1)), then the 
function f=y satisfies the two conditions, with B(m) =1. 

(b) If it is only supposed that the sums in (1) are bounded (rather than 
o(1)), then the function f, where f(z) =~? for all x, satisfies this condition and 
condition (2). 
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ON CERTAIN INEQUALITIES FOR THE CHARACTERISTIC 
ROOTS OF HERMITIAN MATRICES 


K. N. Majinpar, Loyola College, Montreal 


All the matrices here have their elements in the field of complex numbers. 
For any matrix P, P* denotes its conjugate transpose, and likewise for vectors. 
If Hi and Hy. are two nth order hermitian matrices then we write Hi < Hp if 
and only if «* Aix sx* Hx for all column vectors x with x components. Re- 
cently Everitt [1] has given new proofs for the following theorems. 


THEOREM 1. Let Hi and Hy be two n-th order matrices with characteristic roots 
ArSdoSdsS +--+ Sdn and AiSA.S--+: SA, respectively. If HiSH. then 
Ae sA,, r=1,2,°°+,%. 
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THEOREM 2. Let H be a hermitian matrix of order m, and characteristic roots 


O1S025 +++ Sm. If Hi is any principal (m—1)X(m—1) submatrix of H, with 
characteristic roots af Soi S +++ Sah_ 1, then a,Sa; Sopa, r=1, 2,---, 
(m—1). 


Everitt has shown that either of these theorems can be deduced from the 
other. We will give here a theorem from which both these theorems can be de- 
duced as easy corollaries. Our theorem can be stated as follows. 


THEOREM. Let A and B be hermitian matrices of orders n and N respectively 
and with respective characteristic roots \y¥ShoS +++ Sh, and AySAcS --: SAvy, 
nN. If ASC* BC then dX, SAn-nir, and 4f A2C* BC then Xd, Z2A,, r=1, 2, 

-,nwhere C 1s an NXn matrix such that C* C=In, (In denoting the identity 
matrix of order n). 


Proof. Let U and V be unitary matrices of order » and WN respectively 
which transform A and B to the diagonal matrices with diagonal elements 
M1, Ag, °° *° An and Ay, As, - + - , Any coming in this order. Thus U* AU=D, and 
V* BV =Da. 

Suppose first that 4 $C* BC. Now ASC* BC if and only if DiS E* DLE 
where E=VCU. Clearly E* E=T,. Let E=(e,;),4=1,2,---,N,7=1,2,---, 
n. If «is any column vector with elements x1, %2,---,%, then we have x* Dix 
<2* Doz where g= Ex. Hf the elements of g are 21, 22, -- +, nv, then 


Ze = C41%1 Cink f+ + Hb Cindn, a=1,2,---,WN. 


Further we have > 2,.2,;=2% g=x* B® Ex =x* x= > X Xe 

From the relation x* Dix <z* Doz we get >.” \wids S DLN 2:2;:A;. Choose 
NOW X%1=X%_= - ++ =xX,.1=0. Determine the rest of the x,’s nontrivially in such 
a way that 


Cirky bh Cit iXrry te bent, = 0,2= N—ntrti,N—ntrt+2,---,N. 


Such a determination is possible as we have n—r linear homogeneous equations 


in ~—r+1 unknowns. Let these values of the x,’s be x1, xJ,---,x, and the 
corresponding values of the 2,’s be 2/, 27, ---,2y. Then 

/ tf / 

2N—ntrt1 = Sv—-ntrp2 = + °° = By = 0. 


Thus we obtain 


n N-—nt+r nt N 
> N,0¢ i S >» Ayia{, ie., Ay > ei #i SS An ens > Bi Zi , 
r 1 1 1 

or Ay SAynensr, P=1,2,°°°, 7. 

Suppose next that A2C* BC. Proceeding as above and choosing *,41 
= +++ =x%,=0 and the rest of the x,’s in such a way that the corresponding 
2:,t=1, 2,---,r—1 become 0 we get similarly }\, 2A,, r=1, 2,---,n. This 
completes the proof. 
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To deduce Theorem 1, take n=N, A=, B=HA2, C=I, in our theorem. 
For Theorem 2, let us assume without loss of generality that H; is the principal 
submatrix obtained by suppressing the first row and column of H. Let C be the 
mX(m—1) matrix got by augmenting the matrix I,-1 by a top row of m—1 
zeros. Then H,=C* BC. So by taking N=m, n=m-—1 in our theorem, we get 
a; Sopa, and af Za,,r=1,2,--+, (m—1). 
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AN IDENTITY FOR THIRD ORDER DETERMINANTS 
HARLEY FLANDERS, Purdue University 


Suppose that A=lla;;]| is a three by three non-singular matrix and that 
C=A-1=||c,,;|]. Assume that each a,; and each ¢,; is not zero. We assert 


and |\cj;'|| are singular or non- 


THEOREM 1. The matrices of reciprocals | Qj;" 
singular together. 


This has a geometric interpretation as follows. 


Let A1, Ao, As be three points of the projective plane and Ky, Ke, Kz three (non- 
degenerate) conics, each containing the three given points. The conics K, and Ks 1n- 
tersect in a fourth point Q,. Determine Qe, Qs similarly and suppose Qu, Qe, Qs to be 
distinct (t.e., the conics are supposed linearly independent). Let Pi, Pe, Ps be the 
poles of K, Ke, K3 respectively with respect to the line AyA2. Conclusion: The points 
O1, Oz, QO; are collinear if and only if the six points A, Az, As, Pi, Po, Ps le on a 
conte. 


This follows from Theorem 1 by choosing homogeneous coordinates con- 
veniently. Take A,=(1, 0, 0) 42=(0, 1, 0), A3(0, 0, 1). Then the equation of K; is 


AirXeX3 + AeX3X1 + Ay3xyX_ = O, 


and we have our matrix A = || <3]. It is nonsingular because the conics are inde- 
pendent; no a;; vanishes or else K; is degenerate. The other intersection Q; of Ke 
and K3 is found, after a short computation, to be 
—~l1 -1 —J 

O1= (cu, C214 C31). 
[Actually one obtains Q1= (Ce1Cs1, Cs1€11, C1121). No coordinate can vanish since a 
line like «,=0 cannot have three points in common with a K.] It follows that 
the condition for collinearity of Q1, Q2, Q3 is det | 1/ Cé|| =(). 

On the other hand, the pole P; of x3=0 with respect to K; is 


P;=(@a, Qin, — Ais). 


The most general conic containing Ai, Ae, A3 is 
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byX2%3 + boxgt1 + O3hX1t—2 = 0, 


where (01, be, 03) #(0, 0, 0). We want such a conic to contain P;, Pe, and P3. 
Substitution of the coordinates of the P; leads to a system of three homogeneous 
linear equations for the b;. Necessary and sufficient for a nontrivial solution is 
precisely the condition 


det |]1/asl] = 0. 
[N.B. The problem on circles of F. J. Servedio, (this MontuLy, May 1964, 
p. 554) is obtained when one specializes the result above to the case in which 
Ay, Az are the circular points at infinity. | 
We shall reformulate Theorem 1 as a polynomial identity not involving 


reciprocals. We recall that if A is an » by m matrix, we can define the cofactor 
matrix (sometimes called adjoint) cof A. It has these properties: 


A cof A = (det ADI. 
det (cof A) = (det A)*7} 
cof (cof A) = (det A)*-?A. 
(cof A)/(det A) = A@! if A is nonsingular. 


Let A=|la;,|| be 3X3 and B=cof A =||b,,||. Set 
432413 41301, 11412 
A, = Q22493 23491 21029 
232433 433031 31432 
and define B, similarly. 


THEOREM 2. det B,= — (det A)?(det A,). 


Note that det A,= (Ila,;) (det ||1/a,,||) so that Theorem 1 is a consequence 
of Theorem 2 and the relation (cof A)/(det A) =A7}. 


LEMMA. det A,» = (det A) 11029033 — 110.0033. 


Proof of Lemma. In the determinant of A,, multiply the jth column by ay,. 
Then subtract the first column from the others. This leads to 


019023091 — 1104920903 13821092 — 110822003 


det A, = 
012033031 — 11032033 13031032 — 411032033 
— A3b33 A22be3 
= = 093032029033 — G22033028030. 
a33b32 + — A3ebe0 


Now substitute d23032 = d22033 — 011 and bo3b30 = b22b33 — (det A)ai (from the relation 
above for the double cofactor) to obtain the Lemma. 
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The proof of Theorem 2 now follows by applying the Lemma both to A and 
to B and again using the double cofactor relation: 


det B, = (det B)b11b20b33 — (det A )?@11022033. 
Since det B=(det A)? we have 


det B, (det A)?[bi1b22b33 — (det A) a11022038| 
— (det A)*(det A,). 


Problem: Can anything be done for n> 3? 


ON POLYNOMIAL EQUATIONS WITH COEFFICIENTS 
EQUAL TO THEIR ROOTS 


Pau R. STEIN, Los Alamos Scientific Laboratory 


1. Introduction. The identity (g—x1)(zg—x2) «+ + (g—%,) =2"-+ Do” yz"? de- 
fines a transformation y=7,,(«) of complex u-space onto itself with fixed points 
x= T,(x) determined by 
(T) t= (—l)to(41, > ++ on); t= 1rren. 

Here o; are the elementary symmetric functions of the quantities #1, - ++, x, [1]. 

It is clear that (a) zero is a fixed point of T,; (b) a fixed point of 7, with 
exactly m21 nonzero components must be of the form (1, +++ ,%m,0,-°--,0), 
where (x1, °°°*, Xm) is a fixed point of 7,, with al] components nonzero, and 
(c) for every such fixed point of T1,, (41, °° +, %m,0,°- +, 0) isa fixed point of 
Tn, nam. 

The determination of fixed points thus reduces to the case with all «;+0. 
The latter type are shown to exist in the veal subspace if and only if »S4; in 
other words, there are no polynomial equations of degree n 25 with real coeffi- 
cients all different from 0 such that their coefficients are equal to their roots. 

The nonexistence of these fixed points is demonstrated in Section 2; the 
special cases $4 are discussed in Section 3. 


2. Suppose that (T) holds for some 225, with all x; real and different from 
zero. The first two equations of (T) yield 


nr 

2 2 
> &; = %, — Zw. 
1 


Hence 


0<t= Dix, = — 2x, 
2 


0<s= >a, = — mlm +2) =1-—(m+1), 
3 
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and so —2<*%,.<0, 0<#<4, O<sS1, and | «| <1 for 723. Hence 


5 


(1) Jes| - ++ [aa <(— 


(n—3) /2 
) < 1/(n — 3)@-9/2, 
3 = 


From the first equation of (T), 


1/2 


2lai| Ss [a.| +---+ | | < (n~1)(—) < 2(m — 1)1/2, 


while from the last equation of the set we have |«1 ++ + X,1| =1. Combining 
these inequalities we get 
1<2[a]-|as| -- + | ul < 2[(2 — 1)/(n — 3)>-3]1/2, 


This is false for n26. 
Now suppose that n=5. From (1) we have | xs| |x| <s/2 <3; therefore 


(2) | 21] | a2] > 2/s = 2. 


From the first equation of (T), 
5 
| —%2-2m| < Dd) | «| S 3(s/3)1" s V3. 
3 


This shows that x,>0. Otherwise, we would have |«2| -+2|s| <3, implying 
2 
Vea | | 20 g (lt lal) < 3/4, 


which contradicts (2). Thus #1 >0. But then, by Newton’s relations for power 
sums in terms of the elementary symmetric functions, 


5 


3 3 
> Xe = — 41+ 3xyx_ — 3x3, 


1 
or 2x} — | x2] %+3a1| 22] = —3x%3;— 03x32. This shows that x <|x2|. Otherwise, 
in view of (2), we would have the contradiction: 


5 
6 < 2x, — | v2 |° + 3x1] a2 < 3| x,| +> | w:|° <3] xs +5 <4. 
3 


Hence, by (2), 2/s<x1|%2| <|x2[2, where s=—-x(x%,+2). Letting «=| xl, 
where, as shown above, 0<x<2, we then have 


(3) 2 < f(x) = *3(2 — x). 


It is easily shown that f(x) has the maximum f(3/2) = 27/16 on the range in ques- 
tion. Thus (3) leads to a contradiction and the result is established. 
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3. The case n= 1 is trivial. For 7=2, we can solve the system (T) explicitly, 
obtaining the solution 


(4) x, = 1, Xo = — 2. 
For n=3 the defining equation is \?-+x,\?+%*,A+x3;=0. Substituting «=A, 
and using x3= —2x,;—%2, we see that the equation factors; 
(5) (x, — 1)(2ery -+ 2a + x2) = 0. 
It is easily verified that x;=1 leads to the solution 
(6) xy = 1, Xo = X33 = — 1. 


If there is another solution with x,;1, then the second factor in (5) must van- 
ish. Making use of the fact that x.=—(1/%1), we find 2x?-+2x?—1=0, which 
leads to the second solution 


(7) #1 = .56519772, v2, = — 1.76929234, x3 = .63889690. 


The case n=4 is treated similarly. Now x1=1 again satisfies the defining 
equation identically; the latter reduces to 


(8) (x, — 1)[201(1 + 41 + 21) — | 29 | (1 + x1) + x3] = 0. 


Assuming that x,=1, we derive for x, the equation 


vo + 3aq + 3x2 + 2m +1 = 0. 
This has only one real root in the range —2<x,.<0, and we find the solution: 
(9) 4, = 1, xe = — 1.7548782, x3 = — 5698401, «, = .3247183. 


To show that there are no further solutions, we must show that the second factor 
in (8) cannot vanish. In fact, the vanishing of this factor is equivalent to the 
equation x1(2x%1—|x2|)+2x?=x.4. Clearly 2x1> || leads to a contradiction, 
since it implies both x1>1/./2 and 2x?<x,.; hence x.< | 25 | , which yields 
x2 +-x3 > 1. Thus we would have 2x1 < | 25 | . This, on the other hand, implies that 
1 <1/V2, | x3| <x4< 2x? <1/+/2. It would then follow that 21 | 5 | <}, requiring 
| x2| >2, which is a contradiction. Thus there are no solutions with «+1. 


This paper was done under the auspices of the United States Atomic Energy Commission at 
the Los Alamos Scientific Laboratory of the University of California, Los Alamos, New Mexico 
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A NOTE ON PROJECTIONS AND COMPACTNESS 
S. B. NADLER, JR., University of Georgia 


The purpose of this note is to give necessary and sufficient conditions for the 
projection functions on the cartesian product of certain types of spaces to be 
closed. Two theorems are proved showing, in special spaces, that a particular 
form of compactness is equivalent to closedness of the projection functions. The 
note is concluded with several examples illustrating that the apparently strin- 
gent hypotheses in Theorem 1 and Theorem 2 are necessary. It has been called 
to my attention that the first part of Theorem 1 is proved in [2]. 

If X; and X, are topological spaces, then X11 X2= 1 (x1, Xe): %ECX,, 7=1 or 
2} is called the cartesian product of X; and X>. The projection functions 71 and 
W2, from X;X X_ onto X; and X_, respectively, are given by 7;(%1, X2) =x; for1=1 
or 2. 

A space X is said to be compact if and only if every cover by open sets has a 
finite subcover, sequentially compact if and only if every sequence has a con- 
vergent subsequence, countably compact if and only if every infinite subset has 
a limit point, and locally compact if and only if each point has a open neighbor- 
hood whose closure is compact. Finally, X satisfies the first axiom of countability 
if and only if, for each point p of X, there is a sequence V9, V%, +--+ of open 
neighborhoods of # such that if U is any open set containing , then there exists 
a set V® such that V® CU. The reader is referred to [1] for definitions of 
terms not included here. 


THEOREM 1. Let X1 and X_ be nondiscrete T,-spaces satisfying the first axtom 
of countability. Then X1 ts sequentially compact tf and only tf the projection function 
2, from X1 XX onto Xo, 1s closed. 


Proof. The necessity follows from Lemma 1.1 in [2]. The condition is also 
sufficient. For suppose that zr is closed and let fash ea be a sequence of points 
of X;. Let » be a limit point of X2, and choose a sequence { vide of distinct points 
of X2— {p} such that lim;.,.v;=p (such a choice is possible since X2 is a T1- 
space satisfying the first axiom of countability). Let S= { (3, ¥,):t=1,2,--- i 
If Shad no limit point, then S would be closed. But this would imply that 7r2(S) 
is closed and, therefore, that { yiit=1,2,--- } is closed. This is a contradic- 
tion, showing that S has a limit point (x, y). Since X1 and X_2 are 71-spaces 
satisfying the first axiom of countability, so is X;X»2. Hence, there exists a 
subsequence 1x, } j-1 Of facet ey such that { (Xi5. Ve;) \ , is a sequence of points 
of S which converges to (x, y). Therefore, lim;...x,;=x and the sequence 
{ teh ey has a convergent subsequence, showing that X1 is sequentially compact. 

Since countable compactness is equivalent to sequential compactness in 71- 
spaces satisfying the first axiom to countability, countable compactness may be 
inserted in place of sequential compactness in Theorem 1. One notices that 7; is 
necessary to the hypothesis for, if NW denotes the natural numbers with a base 
for a topology consisting of 1, 2} and all sets of the form {a} for7=3,4,---, 
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then N is a first axiom space which is not countably compact thus not sequen- 
tially compact. But the projection functions on NX N—WN are closed. 


THEOREM 2. Let Xi and X2 be Ti-spaces, each having a countable base, such 
that neither X nor Xz 1s discrete. Then X1 is compact if and only if the projection 
function m2 1s closed. 


Proof. The theorem is an immediate consequence of Theorem 1 since a 7}- 
space with a countable base is compact if and only if it is sequentially compact. 

Since T;, first axiom, countable base, and sequential compactness are each 
preserved by taking countable cartesian products, modifications of previous 
proofs yield generalizations of Theorem 1 and Theorem 2 to a countable number 
of spaces. 

The requirement, in Theorem 1, that X; and X; both satisfy the first axiom 
of countability is necessary. To see this, let X1 be the cartesian product of the 
unit interval [0, 1] with itself an uncountable number of times and let X. be 
the unit interval. Since X1 and X, are compact, m;: X1* X2—X; (for i=1 or 2) 
is a mapping of a compact space onto a Hausdorff space and therefore is closed. 
However, X; is not sequentially compact, showing that closedness of the projec- 
tion functions does not, in general, imply sequential compactness of the co- 
ordinate spaces. 

The requirement of countable base in the hypothesis of Theorem 2 is neces- 
sary. Theorem 1 testifies to this, for there exist sequentially compact first axiom 
Hausdorff spaces which are not compact. For example, let X be the set of all 
ordinal numbers less than the first uncountable ordinal and let the topology on 
X be the order topology. It is well-known that X is a sequentially compact first 
axiom Hausdorff space which is locally compact but not compact. By Theorem 
1, however, the projection functions on X XX are closed. Therefore, even for 
first axiom locally compact spaces, closedness of the projection functions does 
not imply compactness of the coordinate spaces. 
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IDEMPOTENT MATRICES (mod #7) 


J. H. Hopces, University of Colorado 


1. Introduction. In a mathematical note several years ago, Irma Reiner 
[3, Section 4] gave a formula for the number of, as well as an explicit construc- 
tion for, all matrix solutions of order m of X2=J (mod 2), where p is an odd 
prime and a is an arbitrary positive integer. The case a=1 is a special case of 
an earlier result [2] for matrices over an arbitrary finite field. Recently, Donna 
F, Rochon [4; Ch. 2] has shown that the recursive method used by Mrs. Reiner 
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in her note leads to some special difficulties, as yet unresolved, when applied 
to the matrix congruence X?=J (mod 2%) with a>1. 

In the present note, it is shown that this same recursive method can be ap- 
plied to give the number of matrix solutions of order m of X?=X (mod ?%) for 
arbitrary prime / and positive integer a. Again, for a=1, the result obtained 
here is a special case of a previous result [1] concerning matrix solutions of 
scalar polynomial equations over a finite field. 


2. Idempotent matrices (mod p*). Let a and m be arbitrary positive integers 
and p be an arbitrary prime. It can be shown easily [1; p. 291] that a matrix 
O (mod ?) of order m satishes 0?=Q (mod )) if and only if QO is similar (mod p) 
to some C;=diag (J;, 0) for OStsm, where J, is the identity matrix of order ¢. 

Now, any solution X of order m of 


(1) X? = X (mod p2*!) 

is congruent mod 2 to some solution R of order m of 

(2) X? = X (mod 7), 

where R in turn is congruent (mod #) to some solution Q of order m of 
(3) xX? = X (mod ). 


Let R be a solution of order m of (2) such that R=C; (mod /) for some 
fixed ¢, OStsm. In order to find all solutions of (1) which are congruent to 
R (mod p*), we let X=R+°T and find all matrices T (mod /) such that 
(R+p°T)?=(R+p°T) (mod pt). Equivalently, we find all T such that 


(4) CT + TC; —- T= (R — R*)/ p+ (mod p). 


If T of order m is partitioned as T=[T;;] for 1S7, 7$2, where Ty is ¢ Xt, Ti 
ist*(m—t), Tm is (m—#) Xt and JT. is (m—t) X(m—t), then (4) may be written 
as 


5) | Tu —Ti 


|= Ra RNIB (inod 9). 


Now (5) and so (4) is uniquely solvable for all the submatrices T;; so that there 
is a unique solution of (1) which is congruent to this solution R of (2). Thus, by 
induction, there exists a unique solution X of order m of (1) such that X=C; 
(mod p). 

Let ¢ be a fixed integer, 0<t<m and P be an integral matrix with deter- 
minant prime to ~. Then P has an inverse P—! (mod 2%) for each a. If now X is 
the solution of (1) which is congruent to C; (mod ), then P-!XP (mod 2+!) is 
a solution of (1) which is congruent to O=P-!C;,P (mod ). 

Furthermore, if Q,; and Q, are incongruent solutions (mod ) of (3) then 
their associated solutions X, and X. of (1) are unique and incongruent 
(mod p2t!), Therefore, there are exactly as many solutions X of order m of (1) 
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which are incongruent (mod 2+!) (and also solutions R of order m of (2) which 
are incongruent (mod %)) as there are solutions Q of order m of (3) which are 
incongruent (mod p). This latter number, which we obtain by taking g=p and 
E(x) =x?—x=x(x—1) in Theorem 2 of [1], is equal to 


6) fn > (e18m_e)7, 


where go=1 and, for ¢>0, g: is the number of nonsingular matrices of order 
t (mod ~), which is given by 


(7) “= I (p' — 7°). 


The work on this paper has been supported by National Science Foundation Research Grant 
19894. 
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ON EXISTENCE THEOREMS FOR DIFFERENCE AND g-DIFFERENCE EQUATIONS 


SELMO TAUBER, Portland State College 


1. Introduction. The operators E(k) and A(q) are defined, respectively, by 
the relations 


EASO) =ft+th, LAO =ftt+ 2A),---, WSO =fet+ nh), 
AMO =fq@), Ar QO =f@),---, AMO = f(g’). 


In particular, for h=1, E(1) =E£, thus, E*f(é) =f(¢-+n). 
In [1], for example, the uniqueness of the solutions of the difference equation 


Enx(t) = ¢[t, «(£), Ex(t), E’x(t), ---, Ev x()] 


is proved assuming that a solution exists for tf) S¢Sf)+1. In [2] this is proved 
more generally for a system of simultaneous difference equations in normal form 


Erix;(t) — elt, a(t), Ex,(4), my E™1x(t), xa(t), Ex2(t), my Entxo(t), re) 
Xm(t), Exm(t), a) Enmly,,(t) |, Gj — 1, 2, a) m) 
by writing it in the form of a vector difference equation 


(1) EY = F(Y, 4), 
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where it is assumed that for #) StSt)+1, Y=Yo, and Yo is known for f)St 
Si+1. 

In [3] the same is proved for a system of simultaneous q-difference equa- 
tions, assuming that g>1 the system of simultaneous g-difference equations can 
be written 


A”i(q)x;(t) = dy, x(t), A(q) (4), ney A™—1(q)xy(2), x(t), A(q)x2(2), se Sy 
An-1(q)xo(t), sey Xm(t), A(q)*m(t), sey A™1(9) am(t)], 
g=il,2,---+,m. 


This system of simultaneous q-difference equations can be written in the form 
of a vector q-difference equation 


(2) A(q)Y¥ — F(Y, t), 


under the same assumptions as for the vector difference equation (1). More 
about q-difference equations, especially about linear g-difference equations, can 
be found in [4], where extensive reference to the literature is given. 

In this note we shall prove that 

(i) equation (1) has a unique solution if for ¢=f), Y=Yo(¢o), and if (1) satis- 
fies condition (@;), defined below; 

(ii) equation (2) has a unique solution if for ¢=f), Y= Yo(¢o), and if (2) satis- 
fies condition (@.), defined below. 


2. Case of difference equations. We consider the difference equation 
(3) E(h) Y = f(Y, ¢, h), 
which is defined for 0<h1. If (3) is defined for :=0, then 
Y = f(Y, #, 0) = GCY, 2). 


For h=1, (3) becomes EY=f(Y, ¢, 1) =F(Y, #), i.e. (3) becomes (1). Conversely, 
given (1), it is possible to write an equation of form (3) reducing to (1) for h=1. 
One such equation would be, E(k) Y=F(Y, s/h), obtained from (1) by changing 
t into s/h, but this is not the only one. We shall call (3) the h-associate of (1). 
We define condition (@;) as follows: 

Equation (1) is said to satisfy condition (@:) if there exists an h-associate of 
(1) defined for all # such that 0</S1. 

We assume in addition that for t=f, Y=Yo(to)=[Ci, Co, ---, Cr], where 
Cr =yelbo), R=1, 2,°°-,n. Thus 


E(k) Y = [yi(to + 2), yolto + 2), +++, no + h)] = Y(h) = £(Yo, to, h) = F(A). 


This defines Y for #)StS¢)+1, thus Yo(¢). We are therefore in the conditions 
of the existence and uniqueness theorems of [1] and [2] and can state: 
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THEOREM I. If for t=to, Y=Yo(to) =[CGi, Cr, - +: , C,,|, and if it satisfies con- 
dition (@1), then the vector difference equation EY =F(Y, t) has a unique solution 
for (2 Lo. 


3. Case of g-difference equations. We consider (2) which we can write 
A(q)¥ = Y(q) = F[Y(), t] = £[Y@), 4 gl. 
Let us consider g as a given number g>1, and let 1<pXq. The equation 
(4) A(p)¥ = Y(p#) = £[Y), 4, 2] 


is said to be the p-associate of (2). We define condition (@.) as follows: 

Equation (2) is said to satisfy condition (@2) if there exists a p-associate of 
(2) defined for any » such that 1<psgqg. In addition we assume the boundary 
conditions 


Y(to) = Yo(to) = [v1(to), veto), -- +» Yn(to)] = [C1, Ca, -- >, Cal. 


It follows that Y(t) =f[Y¥(éo), to, p], or Y(p)=f(p), which defines Y)»=Y 
=[yi(t), volt), >>, Yn(é)| for to StSqto. We are therefore in the situation of 
[3] and can apply the results obtained there. We state: 


THEorEM II. If for t=to, Y=Yo(to) =[Ci, Co, +++, Cn], and if tt satisfies con- 
dition (C2), then the vector q-difference equation A(q)Y=F[Y(t), t] has a unique 
solution for tbo. 
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ON THE TARRY-ESCOTT PROBLEM 
T. N. StnuA, Bhagalpur University, Bihar (India) 


The Tarry-Escott problem is that of finding two sets of integers, which may 
be assumed (since zero is allowed) to be equal in number, such that the integers 
in each set have the same sum, the same sum of squares, etc., up to and includ- 
ing the same sum of the kth powers, i.e., we are to find solutions in integers of the 
system of equations 


(1) ya: = Db; (x = 1, 2,3,---, R). 


t=] i=] 
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This system will be denoted here by the notation 


x 
G1, d2, °° +, ds = bi, bo, ++, Os (c= 1,2,---, &). 


The problem has attracted the attention of number theorists since the time 
of Goldbach and Euler, and has several interesting applications. A number of 
authors, expecially recently, have been interested in finding the least value of s 
for which there exists a solution of (1). The following easy theorem was first 
established by L. Bastein [1]. 


THEOREM 1. If the equations (1) have a nontrivial solution, (1.e., {b;} 1s not a 
permutation of {a;}) then s=k+1. 


Solutions of (1) with s=k-+1 have been called ideal solutions by J. Chernick 
[2]. Ideal solutions of (1) have so far been obtained only for kS9. For k=8 and 
k=9, ideal solutions of (1) in parametric forms are still wanted. 

In this note I indicated a parametric solution of the system of equations 


(2) Ax, Ax, As, As As = Bi, Bo, Bs, Bs, Bs — (« = 1, 3, 5, 7). 


This implies the system (1) for k=8 and s=10 in view of the following well- 
known 


THEOREM 2. Jf a1, de, ° °°, dp =b1, bo, - ++, b,(x=1, 3, 5,-°+-+,2n—1) then 
t+ a1,¢+ a,--+,f+ a), t — b1,¢ — b+ ++, t — by 

Zit byttby,-++,t+bnt— ayt—a,+++,t—a, («= 1,2,3,+-+, 2n) 
where t 1s arbitrary. 

To solve (2) we shall use the following 

THEOREM 3. If a1, 2, a3 br, bo, bs (x =2, 4) and 

a1 + de — a3 = 2(b1 + be — bz), a3 ~% a1 + ae, bs ¥ bi + de 
then 
2a; — 3h, 2a, — hy 2a — 3h, Zag — h, 2bs +h 
= 243 + h, 203 + 3h, 2b1 — h, 2b, — h, 3h (x = 1, 3, 5, 7), 

where 2h=b1+b2—bz. 


Proof of Theorem 3. Set s,=a?+az+a?, =0?+03+03, se=aj+az+az;, 
ts =b7-+05-+03 and let 


Fn(Se, S4) = (@1 + G2 + a3)" + (— a1 + de + as)" + (@1 — G2 + a3)” 
+ (a1 + ade — a3)” — (2a1)" — (2ae)” — (2a3)”. 
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We find 
filse, 54) = 0, false, 54) = 0, false, 54) = 12(s2 _ 254) 
fe(se, S4) = 1559(s9 — 254), fa(se, S4) = 28 (753 + 254) (55 — 254). 


Since, by hypothesis, s2= 2, s4=f, we have fn(so, 54) =fn(te, ts) for n= 1, 2, 4, 6, 8, 
1.e. 


21, 202, by + be + bz, 203, b1 — be + bs, —b1 + b2 + bs, b1 + be — bz 


Za — at Qs, —@1 + a2 + 3, 263, a1 + de + G3, 2b1, 2b2, a1 + a2 — as 


(« = 1, 2, 4, 6, 8). 
Now since 


(Ao) d1 + G2 — a3 = 2(b1 + be — b3) = 4h 
by hypothesis, we can write (A) as 
(2a1—h) +h, (2a2—h) +h, (263 +h) +h, (2as+h) —h, (2b1—h) —h, (2b2—h) —h,3h—h 


B 
(8) = (2a,—3h) —h, (2a2—3h) —h, (2b3+h) —h, (2a3+3h)+h, (2b1—h) +h, 


(2b2—h) +h, 3h+h (x = 1, 2, 4, 6, 8). 


Let A1=2a,— 3h, Ap=2a,—h, A3=2a.—3h, Ag=2a,.—h, Ag =2b3-+h, By, =2a3+h, 
Bo=2a3+3h, B3=2h,—h, Bsa=2b.—h, Bs = 3h. Then A,th=A,.—h, Azth 
=A,—h, B,+h=B,—h, while A,+AotA3;+AstAs=Bi+B.4+B3+ Bit B; by 
(Ao). Hence (B) implies 


h+ Ay, h+A2,h+As3,h+As, h+As, h—Bi, h— Bo, h—B3, h—Bs, h—Bs 
() = U+Br, b+ Ba, h+ Bs, h+ Bs, h+Bs, h— As, h— As, h—As, h— Aas, h—As 
(« = 1, 2, 4, 6, 8). 
Expanding the terms of the above identity by the binomial theorem for each 
power x in succession, it is readily seen that (C) implies 
A1, Az, As, As, As = Bi, Bo, Bs, Bsa Bs — (w = 1, 3, 5, 7) 
which proves the theorem. We therefore seek to solve the system 
ai + a, + a3 = bi + by + bs 
(3) a1 + a; + a3 = bi + bo + bs 
dy + G2 — a3 = 2(b1 + be — dz). 
We shall first prove the 
Lemna. If the equations (31) and (32) hold, then 


(4) (bs — a1) (bs — a2) = (as — Bi) (as — 83). 
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Proof of the Lemma. Squaring (31) and subtracting (32) we get 
(4’) 0402 + 203 + a0, = byb2 + bobs + adi. 
Now 
(Bs — a4)(Bs — a2) = (a2 + a3 — bi — B2)(a1 + a3 — bi — Ba) 
= (a2 + a3)(a; + a3) — (61 + b3)(ai + a2 + 2az — bi — ba) 


= (ay + a3)(ai + as) — (b1 + b2)(b3 + as), by (31) 
= a3 — 03(by + bg) + ayaq + agd3 + aga; — bibg — Dabs 
= a3 — a3(by + by) + dibs, by(4’) 


(a3 — b;)(as — bn), 


which proves the lemma. 


Conversely, one would easily see that the equations (31) and (4) imply the 
equation (32). Hence, we need consider only the equations (31), (33) and (4). 
To satisfy (33), set 


(5) a3 = ai + bi — be, 2b3 = 36, + bo — dao. 


Then, substituting in (31), we have 


Aa; + 4a, + 4(a, + b1 — bz) = 4b; + 463 + (301 + bo — a2) , 


which can be written as 


Aa; + 4ay + 4(a1 + bs)” — 8b2(a1 + 51) + 4b 


2 2 2 2 
= 4b1 + 402 + (3b1 + b2 + G2) — 4@2(3b1 + b2 + a2) + 4a2 
or 


A(d1 + 01) (a1 — 01) + 4(a1 + 81)? — 8b2(a1 + b1) = (361 + 62+ ae) (301 + be — 3az), 
1.€., 
(6) 8(a1 + b1)(a1 — be) = (361 + be + a2) (301 + be — 3az). 
Again from (4), substituting for a3 and b3, we get 
16(a1 — be) (a1 + 201 — be) (a1 + B14 — 2b2)(a1 + 61) 
= (301 + be — a2 — 2a1)(3b1 + be — de + 201) (3b, + be — 3a2)(3b1 + b2 +42) 
or by (6) 
(7) 2(a1 + 261 — be) (a1 + b1 — 22) = (361 + be — ae — 21) (301 + be — ae + 243). 


Thus, if the equations (31), (33) and (4) hold, then equations (5), (6) and (7) 
hold. Conversely, it can be seen readily that the system of equations (5), (6) 
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and (7) imply the system (31), (33) and (4), and hence the system (3). To obtain 
a parametric solution of the system (5), (6) and (7) we proceed as follows: 
Eliminating a, between (6) and (7) we get 


16(b; — bibs + bs) = (3b + bp — ae) + 12a5 


Or, (13a2-+ 761 _— 152) (dy —b,+b,) =(), If Qo —b,;+b, = 0, then a3 =A, +d, bs = by +bo, 
which case is excluded in Theorem 3. Hence, 


(8) 13a, + 761 — 15de = 0. 


Again, eliminating a, between (7) and (8) we get 


1690; + 1690;(b; — bo) — 240B; — 251bybo + 1125, = 0, 


whence 

(9) a, = [—169(d1 — b2) + 13a]/2-169, 
where 

(10) ce = 1129b; + 666bib2 — 279b>. 


A simple parametric solution of (10) can be found as follows: A simple numerical 
solution of (10) is bk = —7, b2=8, a=13. The equation (10) can be written as 
2 2 2 
1129a@ = (11290; + 3332) — Dba, 


where D = 333?-+1129-279 so that, 1129-13?= [1129(—7)+333-8 ]?—D-8?. 
Eliminating D between the last two equations, we get 


(8a + 13b2)(8a — 13b2) = (90320; — 2575b2)(8b1 + 7b2). 


Set p/¢ = (8a—13b2) /(8b1+7b2), where p and g are integers. We thus get the 
equations 


8pb1 + (7p + 13q)b2 — 8qa = 0, 

and 9032qb; — (2575¢+13p)b.—8pa=0, which give (discarding proportions) 
by = — 7p? — 26pq — 2575q?, be = 8(p? — 11299?),a = — 13(p2? + 806p¢q + 112997). 
To obtain simpler forms for 01, 62, a, we use the transformation 

pb = 16m — 13n, gq=—n, 
where m and z are integers. We thus obtain, discarding the common factor 256, 

by = — 7m? + 13mn — 16n?, be = 8m? — 13mn — 30n?, 
a = 13(—m? + 52mn — 46n*) 
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as a parametric solution of (10). Hence from (9), taking the plus sign before a, 
= 7m? + 13mn — 30n?. 
Then from (8), @2=13m?—22mn—26n*. Finally from (5), 
ag = — 8m* + 39mn — 16n?, bs = — 13m? + 24mn — 26n?. 


The negative sign before a only interchanges a; and a3 with sign changed. If 
we denote the quadratic form am?+-bmn-+cn? by the notation [a, b, c], we write 
the solution of the system (3) as 


a, = [7, 13, —30], a, = [13, —22, —26], a3 = [—8, 39, —16] 

b; = [—7, 13, —16], 5, = [8, —13, —30], bs = [—13, 24, —26]. 
By Theorem 3, the system (2) has then the following parametric solution: 

A, = [—7, 62, —30], “ = [7, 38, —50], A; = [5, —8, —22], 

A, = [19, —32, —42], = [—19, 36, —62], B, = [—9, 66, —42], 

B, = [5, 42, —62], = [—21, 38, —22], B, = [9, —14, — 50], 

= [21, 36, — 30]. 
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PROJECTING m ONTO o 
ROBERT WHITLEY, New Mexico State University 


It is a well-known result, due to Phillips, that the Banach space m, of bounded 
sequences with the sup norm, cannot be projected continuously onto the sub- 
space ¢) of sequences converging to zero [1, page 33, Corollary 4]. A typical 
use of this fact is found in [2]. We give a simple proof using an idea inherent 
in [4] and, as was pointed out by the referee, in [3]. Our method may also be 
used to simplify the proof of the result in [4]. 


Lemma [5, page 77]. Let Ibe a countable set. Then there is a family { U,:ainA } 
of subsets of I such that (1) U, is infinite, (2) UsC\U;, ts finite for aXb and (3) the 
index set A 1s uncountable. 


Proof. Arthur Kruse has given the following elegant proof: Take J to be the 
rationals in (0, 1), A the irrationals in (0, 1) and, for a in A, let U, be a sequence 
of rationals in (0, 1) converging to a. 

Recall that a subset of the conjugate space X* of a Banach space X is total 
if the only vector annihilated by all members of the subset is the zero vector. 
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For brevity we say that a Banach space X has (property) B if X* contains a 
countable total subset. It is easy to see that B is preserved under isomorphism, 
that a subspace of a space with B has B and that the space m has B. 


THEOREM. There is no continuous projection of m onto Co. 


Proof. Suppose that there is a continuous projection of m onto co. Then 
m=C)@®R, where R is a closed subspace of m. Since m/c) is isomorphic to R 
we see that m/c) has B. The proof consists of showing that m/cp does not have B. 

We think of m as B(Z), the bounded functions on a countable set J. Let 
{U.:ain A} bea family of subsets of J as in the lemma and let f, be the coset 
in m/c) which contains the characteristic function of the set U.. 

Let g be in (m/co)*. We will show that the set { fa: gUfa) 0} is countable; 
it suffices to show that the set C(m) = {fa: | g(fa)| 21/2} is countable for each 
natural number n. Choose fi, : « *,fmin C(m) and let b;=sgn(g(f,)) =g(f)/ le(fa) | , 
The vector x= > b,f; is of norm one (note that as a coset x contains vectors 
whose norm may be greater than one), and so 1 g|| = | g(x) | =m/n; thus C(n) is 
finite for each n. 

We conclude by noting that if {hes} is a countable subset of (m/c))* then 
our argument shows that there are only countably many f, with h,(f.) nonzero 
for some 7. Hence we can find a vector f, which is mapped into zero by all the h,, 
and so the set {h;} is not total. 
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INTERIORITY AND THE TONELLI CONDITIONS 
W. V. CALDWELL, Flint College, Univ. of Michigan 


In 1937, S. Stoilow proved that if f is a complex-valued function of a complex 
variable which has the properties: (i) point inverses are totally disconnected, 
and (ii) f maps interior points of its domain of definition into interior points of 
the image, then f is topologically equivalent to an analytic function. This result 
stimulated interest in light interior functions (i.e. functions satisfying (i) and 
(ii)) and in establishing conditions which insure that a function satisfying these 
conditions will be light and interior. Titus and Young proved that if fEC’ and 
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the Jacobian determinant of f is nonnegative and vanishes on at most a totally 
disconnected set, then f is light, interior, and orientation-preserving. 

These conditions are rather strong and in weakening them one naturally con- 
siders the Tonelli conditions. Evans has shown that if u is absolutely continuous 
in the sense of Tonelli (ACT), then uw is a continuous “potential function of its 
generalized derivatives” and conversely. If, however, u is only of bounded varia- 
tion in the sense of Tonelli (BVT), then wu will have actual partial derivatives 
a.e. but these derivatives will not in general equal the generalized (distribution) 
derivatives of wu. 

Consider an elliptic system £ given by the equations 


U, = aVz,+ bV, 
1 4bc ~ (a+ d)? = e>0, b>0, 
©) —Uy = Vet dV, et mee 


where a, b, c, and d are uniformly bounded real-valued measurable functions 
defined in a domain 9 in the complex plane. Morrey and Bers and Nirenberg 
have investigated the properties and the representation of functions f=u-+1v 
which are ACT and which satisfy (1) wherever u and v have partial derivatives. 
In particular, it was shown that under these assumptions, f is light, interior, 
and orientation-preserving. The purpose of this note is to give an example 
which shows that the condition that f be ACT is essential. 

Let D= { (x, y) | 0<x51,0SyS1 } , let p be a continuous real-valued strictly 
increasing function defined on [0, 1] such that (i) p has a derivative a.e., (ii) p’ 
= (0 wherever the derivative exists, and let g be defined similarly. Then g(x, y) 
= p(x) +iq(y) isa homeomorphism. Now let y be the harmonic function defined 
in ® and such that ¥-++g vanishes on the boundary of D and let ¢ be the harmonic 
conjugate of y. Then if u=¢@+) and v=y-+4q, u and v have partial derivatives 
a.e. in © and f=u-+wW satisfies the Cauchy-Riemann equations wherever these 
partials exist. Clearly, f is not interior. 
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A NON-ENUMERABLE EXCEPTIONAL SET 


D. BorwEIn, University of Western Ontario 


Let {xn} be a sequence of real positive numbers not converging to 0 and let 
A be the set of all real numbers a for which {xn} converges to 0 (mod a). The 
problem posed in this Journal of showing that the exceptional set A must be of 
measure 0 was solved by I. J. Schoenberg [1964, 332] who asked whether or not 
A is necessarily enumerable. In this note I show that A need not be enumerable. 

Let x, =2"-!(n—1)! and, forn=1,2,---;k=0, +1,---, let I(k, x) be the 
closed interval 


k : bt 
An 


Xn Xn 


Then J(k, 2) contains the three intervals J(j, n+1), j7=2nk—1, 2nk, 2nk-+1, all 
other intervals [(j, +1) being disjoint from J(k, ~). Also I(k, m) and J(2nk, 
n+1) have a common centre k/%_,=2nk/%n41. 
Let 
LL, = U I(k, n); Y, = E.lC\ Fol\+++0\ En. 


~In<k<tn 
There is clearly a set NV, of 3*~! integers such that 


Y,= U I(k, n). 
keg 

The set Y=f,_, Y, is closed and contains the set H of all centres of I(R, 2) 
with RE N,. Further, each point y€ Y lies in infinitely many of the intervals 
I(k, n) (REN,) and consequently every neighborhood of y contains points of H. 
Hence Y is nonempty and perfect and so cannot be enumerable. 

If ye Y, y0, then for every integer 21 there is an integer k,CN, such 
that yEl(kn, 1); 1.€. | yin — Ra| <1/4n and so 


%,n — 0 (mod 1/4). 
It follows that in this case the exceptional set A is not enumerable. 


In a note which appeared in this MonTHLYy, (1964, p. 804), after the present article was ac- 
cepted for publication, Dr. Paul Erdés demonstrated inter alia the non-enumerability of the above 
set A. The proof here given is somewhat simpler than his. 


Editorial note. Prof. I. J. Schoenberg has pointed out that in his solution to 
problem 5090, this MonTHLY, 71 (1964) p. 333, there is an unfortunate misprint. 
In line 6 from the bottom of page 333 the limits of summation should read 1, n, 
not 1, ». 


CLASSROOM NOTES 


EDITED BY GERTRUDE EHRLICH, University of Maryland 


THE IMPOSSIBILITY OF A DIVISION ALGEBRA OF VECTORS 
IN THREE DIMENSIONAL SPACE 


KENNETH O. May, Carleton College 


When the student discovers that plane vectors, under the identification 
(a, b) =a+0i, satisfy all the field axioms (i.e. are a commutative division alge- 
bra over the reals), he ought to wonder whether something similar might be 
done with vectors in space. When he meets the dot and cross products, he ought 
to ask why the latter (in spite of its plausible interpretation) does not specialize 
to the plane and whether something more like the algebra of numbers could be 
constructed. 

The historical record attests to the naturalness and importance of such ques- 
tions. Indeed they seem to have troubled mathematicians as soon as the nature 
of complex numbers began to become clear. After many years of pondering 
imaginaries and of experimenting with operations in space, Gauss in 1831 wrote 
(in [1]): “The writer has reserved for himself . . . the question why the relations 
between things that make up a manifold of more than two dimensions cannot 
provide quantities admissible in universal arithmetic.” In 1833 Hamilton (see 
[2]) arrived at the first really modern treatment of complex numbers as ordered 
pairs of reals and immediately attempted a generalization to triples. After ten 
years of intensive and futile experimentation, he took the leap to quaternions 
without proving the impossibility in 3-space. Grassmann [3] began with efforts 
to develop an algebra of space vectors and went on to his very general algebras 
without being able to generalize complex numbers to three dimensions or to 
prove the impossibility of doing so. De Morgan and others experimented with 
multiple algebras. Weierstrass in his lectures from 1861 on discussed the Gaus- 
sian question ([4] p. 361; [5] p. 312; [6] pp. 24-27), but Hankel in 1867 first 
printed a proof that no hypercomplex number system could satisfy all the laws 
of algebra. He wrote ([7] pp. 106-108) “.. . thus is answered the question whose 
solution was promised but not given by Gauss.” Another answer was given after 
ten years by Frobenius [8], C. S. Peirce [9], E. Cartan [10], and Grisseman 
[11], who proved that only one more division algebra, namely quaternions, is 
made possible by dropping the commutativity of multiplication. As recently as 
1958, Milnor, Bott, and others [12] proved that the only possible division alge- 
bras over the reals (without assuming either the commutative or associative 
laws of multiplication) are of dimension 1 (the reals), 2 (complex numbers), 
4 (quaternions), and 8 (Cayley numbers). The sagacity of Cartan’s remark of 
1908 ([4] p. 362) that “... a definitive answer, if one exists, can only be given 
by the whole ulterior development of algebra and analysis,” may be verified by 
observing the role played by the Gaussian question in general algebra. (See, 
for example, [13] Chs. 3-6, [14] Ch. V.) 
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Although the results cited above make abundantly clear the restrictions on 
algebra in three dimensions, the literature does not contain an accessible and 
understandable answer to the question most naturally asked by a student of 
elementary calculus today, namely, whether multiplication of vectors in 3-space 
can be so defined that there results a natural generalization of complex numbers 
just as these were the natural generalization of real numbers. More precisely, 
we consider the set of triples of reals (x, y, z) with the identifications (x, 0, 0) =x 
and (x, y, 0) =(x, y)=x+~2y, with the usual definitions of addition and multi- 
plication by a scalar, and (hopefully) with a multiplication of vectors somehow 
defined so that all the field properties hold. 

That these demands are very inconsistent the student can easily discover for 
himself if he experiments without getting bogged down (as did Hamilton!) in 
trying particular definitions of multiplication. For example, letting (x, y, 2) 
=x-+y1+27, closure under multiplication implies that for some real a, b, ¢ 


(1) g=a+ bit cj. 
If we multiply both members by 7 and substitute from (1) in the result, we find 
(2) (ac — b) + (a + bc)t + (c? + 1)7 = O. 


Hence, c?-+1=0 and ¢ is not real. (Compare [8], [9].) 

Since the above argument does not use commutativity, we have proved the 
impossibility in three dimensions even if that property is not required. Associ- 
ativity was used when we multiplied (1) by z, but the following example of a zero 
product neither of whose factors is zero shows that even with neither associ- 
ativity nor commutativity the other properties of a division algebra cannot hold 
in three dimensions. 


(3) (i — c)(ac — b + (be + a)i + (c? + 1)7) = 0. 


A slightly more complicated example in a more general context was given by 
Dickson in 1935 ({15] pp. 113-115). Others may be found by examining the 
equation (4+ 87+ Cj)(D+ £i+ Fj) =0. 

There are other questions suitable for student investigation. Would a new 
definition of multiplication of complex numbers make a difference? (See [4] 
pp. 351-353 or [16]). What about dimensions higher than three? Complex coeffi- 
cients? (Consider j7?=a+$i+y7j.) Peirce’s proof in [9] is readable without ex- 
tensive background and may lead the student toward deeper study. The Gaus- 
sian question, which inspired so much of the development of modern algebra, 
might be used to good effect as motivation in teaching today. 


Written at the University of California, Berkeley, during tenure as an NSF Science Faculty 
Fellow. 
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A NEW MODEL OF THE HYPERBOLIC PLANE 
Davin Gans, New York University 


On entering a course in hyperbolic geometry many a student expects to en- 
counter hyperbolas and to have much to do with them. If the course follows a 
metric rather than projective approach, he will find that its development does 
not involve hyperbolas directly at all, his closest contact with these curves being 
via the hyperbolic functions. Nor will he find that there are any hyperbolas in 
any of the familiar models of the hyperbolic plane. Under these circumstances 
it is of interest to note that in the model to be described presently hyperbolas 
play a fundamental role: the branches of a certain set of hyperbolas correspond 
to the straight lines in hyperbolic plane geometry. As this suggests, the model, 
unlike familiar models, utilizes the entire Euclidean plane rather than some 
special part of it. 

As a first step in describing the model let us consider the mapping in the 
Euclidean plane with equations 


% y 


1 a 
” VE FoF FO VG ED) 
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Its inverse is 


/ / 


x ¥y 
4 >= OOOO? = TTT et 
Vai—x?—y%) 7 VA ae — 9) 


The mapping, which we shall denote by 7, is topological. It sends the plane 
into the inside of the unit circle y with center at O. This occurs radially, points 
moving toward O along the lines through O so that circles with center O go into 
smaller such circles. We shall determine the curves which map into the chords 
of y. 

Taking the diameters of ¥ first, it is clear from what was said above that each 
is the image of the straight line through O on which it lies. Next we consider the 
chord x’ =a, where 0<a<1. It is the image of the curve 


(2) 


8) _*# 
V(x? + y® + 1) 


Squaring and simplifying this, we get 
(4) (1 — a?)x? — ay? = @?, 


an hyperbola with foci on the x-axis, with intercepts ta/+/(1—a?) on this axis, 
and with asymptotes 


+tV(1 — a’) 
y= ————_ &. 
a 


Therefore (3) is the right-hand branch of this hyperbola, and the given chord is 
its image. Clearly, the chord x’ = —a is the image of the left-hand branch. The 
position of each branch relative to the corresponding chord is particularly sim- 
ple: the lines joining the endpoints of the chord to O are the asymptotes of the 
branch. 

The remaining chords could be investigated in similar fashion, but an alter- 
native procedure is easier and gives one more insight. It has been shown [1] that 
T can be obtained as the resultant of two projections. In the first of these we use 
(0, 0, 1) as center of projection and project the plane onto the lower half of the 
unit sphere whose center is (0, 0, 1). Then we project this hemisphere, excluding 
its boundary, back onto the plane orthogonally. The symmetry of these projec- 
tions is such that the two curves which T maps into any two equal chords are 
congruent, and each is located in the same way relative to its image as is the 
other. This is apparent if one starts out with the two equal chords and applies 
the projections in the reverse order. Since each of the chords that remained to 
be investigated is equal to one of the chords x’ =a, where 0<a<1, we see that 
it, too, is the image of a branch of an hyperbola, and that its position relative 
to this branch is the same as that of the equal chord x’ =a relative to the branch 
of which it is the image. 
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We can now state the following two steps for determining the hyperbolic 
branch corresponding to any chord AB which is at a positive distance k from 
O: (1) On the ray with endpoint O which is perpendicular to AB take V so that 
the length of OV is k/»/(1—k?). V is then the vertex of the hyperbolic branch 
and the latter is symmetrical to line OV. (2) Draw the rays OA, OB. They are 
the asymptotes of the branch. (Fig. 1 illustrates this. Since we are concerned 
with only one branch, and not the complete hyperbola, we have taken the 
asymptotes to be rays rather than complete lines. We shall adhere to this in 
what follows.) 


Fic. 1 


Thus T maps the entire plane topologically onto the interior of y so that the 
chords of y which are diameters are the images of the straight lines through O, 
and all other chords are the images of the hyperbolic branches just described. 
As a variable chord parallel to a diameter approaches the latter, the eccentricity 
of the corresponding hyperbolic branch becomes infinite and the branch ap- 
proaches the straight line containing the diameter. In view of this we shall 
broaden the meaning of the term “hyperbolic branch” so as to have it include 
each straight line through O. Then we can say simply that the chords of y are 
the images of the hyperbolic branches. 

It is known that the hyperbolic plane, too, can be mapped topologically onto 
the interior of y, this time so that the hyperbolic straight lines correspond to the 
chords of y (see [2], Chap. IV, for example). In particular, two chords meeting 
within y correspond to two intersecting hyperbolic lines, two chords meeting in 
a point of y correspond to two asymptotic parallels, and two chords which do 
not meet correspond to two nonasymptotic parallels. The resultant of this map- 
ping and 7~!, in this order, is therefore a topological mapping of the entire 
hyperbolic plane onto the entire Euclidean plane in which the hyperbolic 
branches are the images of the hyperbolic straight lines. In studying this model 
of the hyperbolic plane one naturally uses the chords of y as links between the 
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hyperbolic branches and the hyperbolic straight lines. Thus, two hyperbolic 
branches will correspond to two intersecting hyperbolic straight lines, two asymp- 
totic parallels, or two nonasymptotic parallels according as, in the mapping 7, 
those branches correspond to chords meeting within y, meeting on y, or not 
meeting at all. 

Our mapping of the hyperbolic plane on the Euclidean plane does not go so 
far as to preserve distance. Nevertheless, certain metric properties of the hyper- 
bolic branches, in terms of Euclidean distance, do correspond to metric proper- 
ties of hyperbolic straight lines, in terms of hyperbolic distance. We shall men- 
tion five such properties. 

(1) Each hyperbolic branch resembles a hyperbolic straight line in being 
infinitely long. 

(2) Two hyperbolic branches which meet in a point diverge more and more 
as they recede from the point in either direction, just as do the two intersecting 
hyperbolic straight lines to which they correspond. This can be verified by means 
of Fig. 2, which shows two hyperbolic branches meeting in P, the point P’=T(P), 
the chords AB, CD to which these branches correspond, and the four distinct 
asymptotes OA, OB, OC, OD. 


Fic. 2 Fic. 3 


(3) Two hyperbolic branches which correspond to two asymptotic parallels 
are themselves asymptotic, converging in one direction and diverging in the 
other. Figures readily show why this must be so. Fig. 3, for example, shows two 
such branches and the chords AB, AC to which they are related by 7. Since the 
chords meet on y, the branches have a common asymptote, which gives the 
direction in which they converge. The other asymptotes being distinct, the 
branches diverge in approaching them. 


1966] CLASSROOM NOTES 295 
(4) Through a point outside of a hyperbolic branch there pass exactly two 
hyperbolic branches which are asymptotic to it, and they are asymptotic to it 


in opposite directions. For T maps the given point and branch into a point P’ 
and chord AB within y (P’ not on AB), and there are just two chords through 


P’ which meet AB on y (Fig. 4). 


2 


Fic. 4 Fic. 5 


(5S) Two hyperbolic branches which correspond to two nonasymptotic 
parallels diverge from one another in all directions, as do the two parallels. 
This follows from the fact that the chords 4B, CD which correspond to the two 
branches do not meet, and hence that the asymptotes OA, OB of one branch 
are distinct from the asymptotes OC, OD of the other (Fig. 5). 
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INTERVAL INDUCTION 
GERALD JUNGCK, Bradley University 


Both Ford [1] and Duren [2] have presented methods for proving state- 
ments concerning closed intervals of real numbers. The purpose of this paper is 
to offer another such method. The method is similar in form to that of finite 
induction—hence the title, “Interval Induction.” We shall first state and prove 
the induction principle, Theorem A. We then illustrate the application of this 
theorem by proving three well-known theorems. 


THEOREM A. Let P(C) denote a proposition pertaining to a nonempty subset C 
of {a, b]. Then P([a, b]) is true provided the following conditions are satisfied. 

(1) P({a}) és true. 

(2) If cE[a, b], and if for any e>O0 there is a point x in (c—e, c] such that 
P([a, «]) ts true, then there is a 6>0 such that P([a, c+6]A[a, b]) és true. 
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Proof. Let S= {x€ [a, b]| P([a, x]) is true}. By (1), P([a, a]) is true, so that 
Sx @. Moreover, S is bounded above by 6 and hence has a I.u.b., c, in [a, bd]. 
But then, for any e>0, S\(c—e, c]#@ and hence there is a point x in (c—e, c| 
such that P([a, «]) is true. By (2), there isa 6>0 such that P([a, c+6]Q [a, b]) 
is true. If c<b and d=min(c+6, 6), then P([a, d]) is true. This is impossible 
since d>cand ¢ is the l.u.b. of S. It follows that c=}, and that P([a, b]) is true. 

The first example is a proof of the Bolzano Weierstrass theorem for the real 
numbers. In this proof we employ the fact that, given the ordinary topology for 
R (the real numbers), a point » in R is not a limit point of a set # in R if and 
only if there exists an e>0 such that [p—e, p+e|ME is finite. 


THEOREM. Every bounded infinite subset E of R has a limit point in R. 


Proof. Suppose that # has no limit point in R. Since £ is bounded, there is 
an interval [a, b] such that EC |a, b]. Let P(C) denote the proposition, “EC 
is finite.” Now P( {a}) is trivially true, and (1) of Theorem A is satisfied. Let c 
be any point of |[a, b]. By assumption, c is not a limit point of E so that there 
is an e>0 such that [c—e, cte|ME is finite. But, if c satisfies the hypothesis of 
(2) in Theorem A, there is a point x in (c—e, c] such that P([a, x]) is true; ie., 
[a, x|OE is finite. Since [c—e, ct+e]ME is finite, [a, cte]ME is finite, and 
P([a, ct+e]M[a, b]) is true. Thus (2) of Theorem A is satisfied so that P({a, 6]) 
is true, i.e., E-\[a, b] is finite. But this is impossible since EX [a, b]=Z, and 
E is infinite. It follows that £ has a limit point in R. 

We next prove, without appeal to the boundedness of f(x), that a real-valued 
function f continuous on a closed interval attains a maximum value. 


THEOREM. If f is continuous on [a, b], f(x) attains a maximum value on [a, b]. 


Proof. Suppose that f(x) does not attain a maximum value on fa, 6]. Let 
P(C) denote the proposition, “There is a point y in [a, b] such that f(y) >f(x) 
for each xEC.” Since f(a) is not maximal, P( { a}) is true, and (1) of Theorem A 
is satisfied. 

Let c be any point in [a, b] such that for any e>0 there is an #E(c—e, c]| 
for which P({a, z]) is true. Since f(c) is not maximal, we can choose a point y 
in [a, b| such that f(y) >f(c), and the continuity of f permits an e>0 such that 
f(y) >f(«) for all 


«€ le—ecte] QO [a, d]. 


Hence there is a point # in (c—e, c] and a point y’ in [a, 6] such that f(y’) >f(x) 
for all x in [a, #]. Thus, if fd) =max(f(y), f(y’)), we have f(d) >f(x) for all 


x € [a,c +] XO [a, d]. 


This implies that P([a, c+e]M|[a, b]) is true, so that (2) of Theorem A is satis- 
fied. By Theorem A, P({a, b]) is true. But P([a, 6]) yields the embarrassment: 
f(y) >f(y) for some point y in |a, 0b]. 

In our third and last example we employ the fact that a function continuous 
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on a closed interval is bounded (this follows easily from Theorem A) to prove 
that the image of a closed interval under a continuous mapping is a closed 
interval. We note that this last result is obtained without the traditional two- 
phase approach of first proving extreme value attainment, and then proving the 
Intermediate Value Theorem. 


THEOREM. Let f be continuous on [a, b] and let M and m denote the l.u.b. and 
the g.l.b. respectively, of the range of f. If K 1s any number such thatmsSKSM, 
there exists an x in [a, b] such that f(x) =K. 


Proof. Suppose there is no x€ [a, 6] such that f(x) =K. Then f(a) #K, and 
we assume that f(a) <K. (The other possibility, f(a) >K, merely reverses the 
inequalities involving f(x) in the following argument.) Let P(C) denote the 
proposition, “There is an e>0 such that f(x) <K —e for all x in C.” It is immedi- 
ate that P({a}) is true. 

Let c€ [a, 6] and suppose that for any 6>0 there is an # in (c—6, c] such 
that P([{a, #]) is true. By assumption, f(c) #K. Also, f(c) }K, since, otherwise, 
continuity permits a 6>0 such that f(x) >K for all x in 


[c — 6,¢ + 8] AM [a, d]. 


Hence f(c) <K, and, by continuity, there is a positive 6 such that f(x) <K —e(c) 
for all x«E [c—6, c+6|N[a, 6], where e(c) =(K —f(c))/2. But then we can pick 
an £€(c—6, c] and an e>0 such that f(x)<K-—e for all xC[a, #]. Thus, if 
e’=min(e, e(c)), then f(x) <<K—ée’ for all x in [a, c+6]Q[a, 6], and P([a, c+6] 
(\{a, b]) is true. 

We now have the anticipated contradiction. For by Theorem A, P({[a, b]) is 
true. But P({a, b]) reads, “There is an e€>0 such that f(x) <<K—e<K<M for 
all xE [a, b].” This is impossible since M is the l.u.b. of the range of f. 
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A SIMPLIFIED PROOF OF A SUFFICIENT CONDITION 
FOR A POSITIVE DEFINITE QUADRATIC FORM 


S. M. SAMUELS, Purdue University 


We present an inductive proof of the statement that positivity of the leading 
principal minors of the matrix of a quadratic form implies positive definiteness 
of the form. The chief interest of the proof is its simplicity. It compares favor- 
ably with the proof given by C. J. Seelye [1], which, in turn was offered in part 
as a simplification of the proof given in most textbooks. 

The proof is an immediate consequence of the following simple 
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An-1 an 
A = 
Aan Ann 
be an n-th order symmetric matrix, with Ans the (symmetric) submatrix consisting 


of the first n—1 rows and columns of A. Then, tf An-1 is nonsingular, there is a 
nonsingular matrix P such that 


LEMMA. Let 


If, in addition, det A,-1 and det A are positive, then Dnn 1s positive. 


Proof. Since A,_1 is nonsingular, a, has a unique representation as a linear 
combination of the columns of A,_:. Let a1, - - - , @,-1 be the coefficients of the 
corresponding columns of A,_1 in this representation. Let P’ be the matrix ob- 
tained from the identity matrix by replacing its last row by 


[—a1, me ty  An—1, 1]. 


Then P is nonsingular and, by the symmetry of A, is the desired matrix. 
Since 


det P’AP = (det P)? det A 
= Dan det An_1, 


the second part of the lemma follows immediately. 
We now prove the desired theorem, assuming, without loss of generality, 
that the matrix of the quadratic form is symmetric. 


THEOREM. If the leading principal minors of the n-th order symmetric matrix A 
are all positive, then the quadratic form x'Ax is positive definite. 


Proof. The theorem is obviously true for m=1. Assume it is true for m—1 and 
let A be an mth order symmetric matrix with positive leading principal minors. 
Then A satisfies the hypotheses of the lemma. Now positive definiteness of 
x’Ax is equivalent to positive definiteness of 


2 
x’P’APx = Xn—1An—1Xn—1 + on 


where xX,-1 denotes the first n—1 variables. The form is positive definite since 
the first term is positive by the inductive hypothesis (every leading principal 
minor of A,-1 is a leading principal minor of A) and the second term is positive 
by the lemma. 


Reference 


1. C. J. Seelye, Conditions for a positive-definite quadratic form established by induction, 
this Monruty, 65 (1958) 355-356. 


1966] CLASSROOM NOTES 299 


A NOTE ON THE VOLUME OF A SIMPLEX 


P. Stern, London 


1. Let X,, r=1, 2,---, +1, be +1 points in an z-dimensional space. 
Suppose X,= (xn, Xn, °° * » Xm). The simplex V= V(X) spanned by these points 
is the set of points 

n+1 n+1 
X= > aX%, a 20,r=1,2,---,n+1, doa =1. 
r=1 r=] 


We shall give a simple proof of the known fact that the volume | V(X)| of this 
simplex is given by 


1 Xi-+-+,Xn 
[V(x)| = + —aee| 1 ; *), 
n!} 1,---,1 
where X, represents the column vector (%m1, - + * , Xen)’. 


2. Consider an affine transformation X =A Y+5, det A 0, where B is an 
n-dimensional column vector. 


Then [X.—X1, +--+, Xn —XiJ=ALM—-V, + ++, VYnui— Vi]. We have 
dee Y= Cot det a= 29 se = 
and 
ve f= Cnetaerdte= tio tan 
It follows that 
(1) det [OP 7] = det a dee | OP? 


We note two special cases of (1): 
(1a) A orthogonal: in this case, det A = +1, 
(1b) A scalar, say A =pI, pX0; in this case, det A =p”. 


3. We now suppose that the simplex V(X) is nondegenerate, i.e., the points 
X1,° °°, X41 Span the whole z-dimensional space and the determinant on the 
left of (1) does not vanish. In this case simple geometric considerations establish 
the existence of an orthogonal matrix A and a vector B such that for the trans- 
formation X =A Y+B, 


Yi = (yo, 0, ---, 9), Y, = (0, Yr2y * + + Yon) r> i. 


In virtue of (1a) it follows that | V(Y)| = + | V(X) |. Now the volume of V(Y) 
can be written as 
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\v(y)| = f dyidyodyz +++ dyn, 


where the z-tuple integral is evaluated over all Y such that 


nt+l1 
VY=ai¥it >> a,YV,, 


r=2 


where a,20, r=1, 2, ---,m+1 and yar a,=1—a,. It is clear that 


(2) rl =f an| fay --ay], 


4. We now use induction. The required formula is true for the 2-dimensional 
case. Assume it is true for the (7—1)-dimensional case. Then for the simplex 
spanned by 22, -- + , 241 we have 


1 Zo,° ++, Ln 
V(Z) = [ ae eo - dnt. = + —yaet| ° “), 
(n — 1)! lj. +51 


where the integral is evaluated over all 2, - - + , 2,41 for which 
n+1 n+1 
Z=)/62, 6 20, B= 1. 
r=2 r=2 


Now if we write 
Zr = (1 — 1) Y, 
B, = a,(1 — a)7! 


then it is clear that the inner integral in (2) is 


Y — 2, e e e 9 Nn 


1 — Yon°---,A- Y, 
n det ' ai) VY ( a1) "] 
(n — 1)! 1,---,1 
1 Vo,--+, Va 
= + (1 —a,)"" det | ° “]. 
(n — 1)! 1,---,1 
Hence 


Ivy) | <4 — aet |“ 7? ) (a yng 
=r — a1)" . 
(n — 1)! 1--+,1 een 


Since y1=a1yo, OSa,S1, we have 
Yo 1 
f (1 — a1)" "dy, = f (1 — a1)""!y0 dar = yo/n, 
0 0 


and so 


1966] MATHEMATICAL EDUCATION NOTES 301 


1 VYo,-+-:, Vn 
| V(y) | = + —yodet | ° *] 
n!} 1,---,1 
Y V, 
= +d t "|. 
n! 1,---,1 


This completes the proof. 
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MADISON PROJECT ACTIVITIES FOR 1965-1966: 
REPORT ON UNFINISHED BUSINESS 


R. B. Davis, Syracuse University and Webster College 


The “modern” mathematics curriculum efforts have been lately receiving 
notice in newspaper comic strips and in the songs of Tom Lehrer, and may con- 
sequently appear to be in an advanced stage of completion, if not obsolescence. 
In our view this appearance is deceptive: the “mathematics revolution” in pre- 
college school programs has not taken place. Advances have clearly been made in 
some areas and in some respects, but what has been accomplished is far less 
than what is needed or what is actually possible. The present note reports pri- 
marily unfinished business which may be of interest to mathematicians, and 
which will depend upon the participation of mathematicians if such work is to 
be carried forward. 

By way of background, the Madison Project of Syracuse University and 
Webster College is a curriculum evolution project, supported mainly by the 
National Science Foundation and by the Bureau of Research of the United 
States Office of Education, that has been active since 1957, and has been con- 
cerned primarily with programs of study in mathematics for nursery school 
through high school, plus undergraduate college education of prospective teach- 
ers, and in-service study by presently active teachers. Some Project materials 
combine science with mathematics. 


1. An “Inside-out” approach to teacher education. Most teacher education in 
mathematics (where any such thing exists at all) uses the format of teaching 
mathematics to the teachers, and then leaving the teachers with the task of de- 
vising appropriate classroom experiences for children. With in-service elementary 
teachers this approach is not usually successful; the mathematical ideas are in 
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dents, not by the faculty. The course is taught jointly by Professor William 
Walton of the Physics Department, and by Professor Robert B. Davis of the 
Mathematics Department. 
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STUDY OF SCIENCE AND MATHEMATICS PROGRAMS 
IN THE ELEMENTARY SCHOOL 


J. R. Mayor anp H. H. WALBEsSER, Jr., AAAS and the University of Maryland 


Background. The Commission on Science Education of the American Asso- 
ciation for the Advancement of Science, supported by the National Science 
Foundation since 1962, has developed an experimental program in elementary 
school science, known as Science—A Process Approach (S—APA). The materials 
consist of teacher texts for a sequential science program for kindergarten through 
grade 6. The program is different from others in that there are teacher texts 
but no pupil texts, the primary goal is to develop children’s competence in the 
processes of science, there is built into each exercise a design for evaluation, and 
the program includes some experiences on topics usually considered a part of the 
elementary school mathematics program. 

In the third experimental edition (published, fall 1965) of S—APA exercises 
on mathematical topics have been included at each grade level, K through 6. 
These exercises, in no sense or at no grade level constitute a complete or sequen- 
tial program in mathematics. They are intended to supplement the regular 
mathematics program of the school and are introduced as preparation for a par- 
ticular science exercise or exercises to follow. Usually the introduction of an 
exercise on a mathematical topic is made when the probability is high that the 
mathematical competence needed for an ensuing science exercise will not yet 
have been acquired in the school’s regular mathematics program, or when it 
is believed that special aspects of a mathematical skill, already introduced in 
the mathematics program, should be given a particular kind of emphasis in 
preparation for a subsequent science experience. 

In the preparation of the exercises of S—APA, the scientists and teachers 
were asked not to delay the teaching of a topic or process in science just because 
the students might not possess the mathematical competence needed for it. The 
writers were assured that the necessary mathematical experiences would be 
introduced as needed. In addition, those responsible for writing the mathe- 
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matical exercises were asked so far as possible to introduce the mathematical 
topic in a science setting. The best examples of the response of the writers to this 
request are in the exercises on graphing and an exercise with the title, Dividing 
to Find Rates and Means, for grade 2. 

The exercises on mathematical concepts are an integral part of the entire 
hierarchy of competencies upon which S—APA is based. One of the eight basic 
processes of the primary grade sequence is the process of Using Numbers. Some 
mathematical experiences appear in sequences for other processes such as Using 
Space/Time Relations, Measuring, Classifying, and Communicating. Com- 
petencies, usually classified as mathematical, play an important role in the inter- 
mediate grade materials particularly in the sequence for the integrated process, 
Interpreting Data. 


The Study. In the summers of 1963 and 1964, 8-week writing sessions for the 
development of S—APA were held at Stanford University in close proximity to 
the writing sessions of the School Mathematics Study Group. There was fre- 
quent opportunity for communication between members of the two writing 
teams. In the spring of 1965 representatives of SMSG and of the Commission 
on Science Education met to consider issues of mutual concern. From this meet- 
ing, plans were developed for identification of a number of school systems in 
which some teachers would teach both SMSG mathematics and S—APA during 
this school year. 

The staff of the Commission on Science Education has developed the Science- 
Mathematics Study described in this report. The staff of the School Mathe- 
matics Study Group is making a separate and independent investigation of the 
class activities in schools using both programs. 

In the remainder of this report the term “experimental mathematics” pro- 
gram is used to avoid the ambiguity of the terms “new mathematics” or “mod- 
ern mathematics.” There is no intent to imply that the elementary mathematics 
program of SMSG is or is not still in the experimental stage. 


Purpose of the Science-Mathematics Study. The study is planned to provide 
information which may be useful in resolving a number of important issues 
related to the teaching of science and mathematics in the elementary school. A 
number of these issues are suggested by the following questions: 

1. What are the effects on school atmosphere, teachers, and pupils of the 
teaching of two experimental programs (in this instance, science and mathe- 
matics) at the same time? 

2. In what ways does the study of an experimental mathematics program 
appear to strengthen or interfere with a program based on S—APA and, the 
other way around, in what ways does the study of the experimental science 
sequence appear to strengthen or interfere with an experimental mathematics 
program? 

3. Scientists often report that even the best students in mathematics are 
unable to apply their mathematical competencies in simple applications in 
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science. Does the concurrent study of two experimental programs (one in mathe- 
matics and one in science) make this generalization less tenable? 

4, Would changes in the ordering of topics in an experimental mathematics 
program be beneficial to the experimental science sequence, and particularly to 
the development of an ability to use mathematics in science experiences? 

This year an attempt will be made to obtain research data on growth in 
mathematical competence (the pre- and post-test) and one answer to question 
4. The study will depend upon observations of teachers, administrators, and the 
Commission staff for information which may suggest answers to the other ques- 
tions. 


Participating Schools. Participation in the science-mathematics study im- 
plies the teaching of S—APA and the School Mathematics Study Group ele- 
mentary school materials in at least one class in each grade, kindergarten 
through grade 6. An exception is made in the case of Lakewood, Ohio schools, 
in which a mathematics program, other than SMSG is being used. 

A number of the schools have several classes at each grade level. In all cases 
the same teacher is teaching both science and mathematics except in Delaware 
in grades 5 and 6 and the University of Chicago Laboratory Schools in grades 
4, 5, and 6. Special teachers of science and of mathematics are used in these 
systems. 

The participating school systems are: Several districts around Newark, Dela- 
ware; Overland Park, Kansas; Campbellsville, Kentucky; Wenatchee, Washing- 
ton; University of Chicago, Laboratory Schools; Lakewood, Ohio. 


TERM PROJECTS IN MATHEMATICS FOR LIBERAL ARTS STUDENTS 


H. F. RAHMLow, Kansas Wesleyan University 


Professor Alder has recently written in the MONTHLY describing a suitable 
course in mathematics for liberal arts students (H. L. Alder, Mathematics For 
Liberal Aris Students, this MoNTHLY, 72 (1965) 60-66). For the past year I 
have been teaching such a course to liberal arts students with wide ranges in 
ability. I have used a device not mentioned by Professor Alder which seems to 
have contributed substantially to the success of these courses. This device is the 
requirement of a term paper or project of each student. Each student is en- 
couraged to select a topic within his major field of interest. Initially most of the 
students need quite a bit of guidance in selecting a topic, but after a personal 
conference or two a worthwhile area is readily selected. Such a personal confer- 
ence also provides the instructor with an excellent opportunity for discussing 
mathematics with nonscience majors. These discussions in themselves can be of 
great benefit to the instructor as well as to the student. 

It is my opinion and the opinion of the great majority of the students who 
have taken these courses that there are three main reasons for the success of 
term papers in a liberal arts mathematics course. Most important, the liberal 
arts student is able to see, often for the first time, that mathematics permeates 
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his major field of interest. The student can study worthwhile mathematical ideas 
from the secure viewpoint of his prime area of competence. 

Second, the student is able to see for himself that mathematics is a dynamic 
field of study and not a dead collection of algorithms. As the student seeks 
appropriate material for his paper he is forced to confront recent journal and 
magazine articles as well as text books. Some students are led to discussions 
with practicing mathematicians, teachers, and others who routinely deal with 
emerging mathematics. Thus, students can begin to see mathematics as it really 
is. 

Finally, the above two points, finding mathematics in one’s own field of 
interest and seeing mathematics as a dynamic field of study, combine to stimu- 
late interest in the normal course and text material. 

A few examples of papers done by my students will serve to emphasize the 
points made above. An English major investigated the life of Lewis Carroll and 
the mathematical concepts embodied in his writings. A music major, stimulated 
by a problem from the text, went on to investigate some of the numerous ap- 
plications of mathematics to music. Several students who were interested in 
teaching investigated from a mathematical viewpoint the newer trends in school 
mathematics and the philosophy behind these trends. All of these students found 
and studied mathematics in areas where many did not previously know that 
mathematics existed. 

In conclusion, it is my opinion that carefully selected term projects can 
greatly enrich a course in mathematics for liberal arts students and at the same 
time substantially increase the students’ appreciation for mathematics. 


MODERN METHODS OF TEACHING MATHEMATICS TO CULTURALLY 
DEPRIVED COLLEGE STUDENTS 


R. G. Pettis, Winston-Salem State College 


“Modern Mathematics” for college students has not allowed for the formida- 
ble deficiencies of the so called “culturally deprived.” The barrage of ideas and 
concepts thrust upon these students as they enter college is too often totally 
incomprehensible. An impoverished mathematical vocabulary and lack of skills 
in interpretive reading and critical thinking cause frustration and repeated fail- 
ure in basic college mathematics courses. My initiation of a research project on 
methods of teaching modern mathematics to the culturally deprived extended 
from this premise. 

Students for the project were selected from the freshman class. Two classes 
were organized, both composed of students who had scored from 30-90 per- 
centiles on the California Mathematics Test. With the control group I used 
suggested procedures and materials outlined in the textbook adopted by the 
Department of Mathematics. 

The concepts which the author presented were too often superfluous and 
did not contribute to clarifying relationships and continuity of ideas. Subse- 
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quent tests revealed that a large number of students who had scored in the first 
quartile on the entrance examination fell to the second and third quartiles. 

No textbook was used for the experimental group. Subject matter was se- 
lected from a variety of sources. I presented mathematical concepts which 
emphasized structural development and continuity of ideas. Such selectivity 
permitted me to use simplified symbolism and to introduce those concepts which 
I felt were necessary and efficacious for continual development. For example, the 
set concept has extensive application in the development of the number system, 
concept of counting, and proof of the properties of respective number systems, 
and other closely related ideas; I saw no reason, however, to dwell on the tenuous 
concepts of sets, hence reducing the time spent on the paramount material. 

A special effort was made to establish and maintain a practical articulation 
between the mathematical concepts, interpretive reading ability, and critical 
and creative thinking. The students of the experimental group were ardently 
responsive and subsequent tests revealed improvement in reading ability, 
ability to do creative thinking, and over-all achievement. 

My experience with the groups indicated to me the following important 
conclusions regarding material and methods of teaching modern mathematics: 

1. The complicated symbolism and superfluous material should be modified 
and de-emphasized. 

2. More emphasis should be placed on structural development, and con- 
tinuity of ideas expressed in language which takes into account both limited 
vocabulary and limited experience. 

3. Too much rigor causes students, who are not strongly mathematically in- 
clined, to lose interest, which in turn hampers their achievement. 

I am convinced that the culturally deprived are able to profit from modern 
mathematics. The difficulty is one that can and must be transcended. 


REPORTS OF COLLEGE COMMISSIONS 


The December, 1965 issue of SCIENCE EDUCATION NEws contains brief re- 
ports of education activities in 1965 of groups of college and university scientists 
in the various scientific disciplines. Included are reports from the Committee 
on the Undergraduate Program in Mathematics, the Advisory Council on Col- 
lege Chemistry, the Commission on College Physics, the Committee on Under- 
graduate Education in the Biological Sciences, the Commission on Engineering 
Education, the Commission on College Geography, the Committee on Educa- 
tional Policy in Agriculture, and the Geological Orientation Study. These 
agencies are supported by the National Science Foundation. Copies of this issue 
of SCIENCE EDUCATION NEws are available upon request. 

SCIENCE EDUCATION NEws is published quarterly by the American Associa- 
tion for the Advancement of Science. It is prepared for scientists in colleges and 
universities, government, and industry and contains reviews of activities in 
science education. Readers of the MONTHLY may be added to the mailing list 
upon request. There is no charge. 


PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING EpiTors: J. BARLAZ, Rutgers—The State University; L. CarLitz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. EvEs, University of Maine; 
A. E. Livineston, University of Alberta; and A. WiLANSsky, Lehigh University 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of 
problems are urged to enclose any solutions or information that will assist the editors. Ordi- 
narily, problems in well-known textbooks and results in generally accessible sources are 
not appropriate for this Department. No solutions (except those accompanying proposals) 
should be sent to Professor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to A. E. Livingston, University of Alberta, 
Edmonton, Alberta, Canada. To factlitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitted on separate, signed sheets and should be mailed before 
July 31, 1966. 


E 1865. Proposed by E. O. Thorp, New Mexico State University 


(a) How many distinct hands (i.e. of different values) are there in 5-card 
draw poker? More precisely, the hands can be grouped into equivalence classes 
such that the hands in any equivalence class are equal (tie), and such that, 
given any pair of equivalence classes, all the hands in one equivalence class beat 
all the hands in the other. The problem is to find how many equivalence classes 
there are. . 

(b) Which equivalence class (or classes) determines the median hand? 


E 1866. Proposed by Michael Fried, University of Michigan 

Given 2 points in the Euclidean plane. Find a ruler and compass construc- 
tion for the smallest circle containing these z points. 

E 1867. Proposed by R. E. Shafer, Lawrence Radiation Laboratory, Univer- 
sity of California 


Show that for x>0 
3% 


1+ 2/(1 + 22) 
E 1868. Proposed by K. E. Eldridge, University of Colorado 


Let » be any prime. Let ¢ and s be integers such that t>0 and 0<s<p'. De- 
fine integer 7 as the exponent of the highest power of p dividing s, and integer a 
as the exponent of the highest power of » dividing the binomial coefficient (2), 
Prove that a=t—1. 


E 1869. Proposed by J. A. Burslem, St. Louis University 


(a) Let Z bea finite set of pairwise intersecting lines in the plane, and let P 
be the set of points determined by LZ. Define the multiplicity of a point pEP 
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as the number of lines of Z passing through p. For each integer k=2, given i, 
the number of points of multiplicity 2, determine the number J of regions into 
which L divides the plane. 
(b) Do the analogous problem resulting when “great circle” and “sphere” 
are substituted for “line” and “plane,” respectively. 
E 1870. Proposed by Arun Sanyal, Indian Institute of Technology, Kharagpur 
(1) Prove that the third order determinant (a;;) vanishes identically, where 
ay = (A+ B)DE — (D+ E)AB, a2 = AB — DE,a3 = A+B—-D-—E, 
a = (B+ C)EF — (E+ F)BC, ay = BC — EF, a3 = B+C—E-—F, 
a3, = (C+ D)FA — (F+ A)CD, a2 = CD — FA, a3 = C+ D—F-— A. 
(2) Thesame, where 
a= sin(A + B)cos(D— EF) —sin(D+ E)cos(A —B), 
12= cos(A + B)cos(D— FE) —cos(D+ E)cos(A —B), 
a3=cos(A+B+D-+E), a=cos(B+C+E+F), a33=cos(C+D+E+4A), 
d2,=sin(B+C)cos(£—F) —sin(E+F)cos(B—C), 
Q2,= cos(B-+-C)cos(Z— F) —cos(E+F)cos(B—C), 
@3;= sin(C+ D)cos(f— A) —sin(F+ A)cos(C —D), 
32= cos(C-+D)cos(f— A) —cos(F-+A)cos(C—D). 


E 1871. Proposed by R. A. Jacobson, South Dakota State University 


Let A = { x| *x@[0, 1], and the infinite decimal expansion of x consists of not 
more than 9 distinct integers}. Is A countable or uncountable? Find the mea- 
sure of A. 


E 1872. Proposed by R. A. Jacobson, South Dakota State University 


(a) Let U= { x| *«€[0, 1], and at least two consecutive digits in the decimal 
expansion of x are identical}. Find measure U. 

(b) Let V={ x| «€[0, 1], and at least three consecutive digits in the decimal 
expansion of x are identical}. Find measure V. 

(c) Generalize to an arbitrary base 6 and to k consecutive digits identical. 


E 1873. Proposed by G. A. Heuer and Bruce Erickson, Concordia College 


Let S be a semigroup with cancellation. Assume that for every element 
a€5, there is an integer m,>1 such that a~=a. Is S necessarily a group? 


E 1874. Proposed by W. A. McWorter, University of British Columbia 


Let G be a group of order nm? and let HW be a subgroup of order n. Prove that 
for any x©GG we have Af\x-!Hx #1. 
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SOLUTION OF ELEMENTARY PROBLEM 
Arithmetic Progression of Integers Prime to n 


E 1730 [1964, 912; 1965, 907|. Proposed by Robert Spira, Duke University 
Let (a, 6) =1. If 2 is any integer, there is an x such that (ax+d, 2) =1. 


Editorial Note. Solution I, as printed, is invalid—in fact, there seems to be 
no way in which it can be corrected without complete revision. D. M. Crystal 
provides the following counterexamples. 

If (a, 6) =1 and (0, 2) >1, it does not follow that (a, ) =1: take (a, b) =1 
and n=aby, where y is any integer and a>1, b>1; then b| (b, n), a| (a, n), im- 
plying that (6, 2) >1 and (a, n) >1. 

If (6, n) >1, (a, 6) =1, it does not follow that (a(n+1)+, m) =1: take a, b 
both odd and ~=20; then a(n+1)+6 and x are both even. 


The error was also reported by Harley Flanders. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08903. Solutions to Advanced Problems in this issue should be sub- 
nutted on separate, signed sheets and should be mailed before September 30, 1966. 


5324 [1965, 915]. Proposed by Alan Sutcliffe, Cheshire, England 
CoRRECTION: The integer in (a) should be 3367. 


5370. Proposed by F. S. Cater, University of Oregon 


Let X be an infinite set with aw=card X such that either a=, or a has an 
immediate predecessor. Prove that there exists a family V of subsets of X such 
that card >a and 

(1) card (Ai(\A2) <a for any two distinct members Ai, Az of MU, 

(2) for any subfamily NV of M with card N=a, there exists an AC M—N 

such that card [((Usem B)(\A | =a. 


(Can the hypothesis on a be deleted?) 


5371. Proposed by W. A. McWorter, University of British Columbia 


Let R be a ring finitely generated by x1, - + +, %». Suppose that every x; is 
nilpotent in R and RX satisfies the identity xyx+yxy=0 for every x and y which 
are products of the x; (x and y monomials in the x,). Prove that R is nilpotent. 
(RK nilpotent means that for some m every product of m elements vanishes.) 


5372. Proposed by L. Carlitz, Duke University 


Let » be a prime >2. Show that the polynomial x?+!—1x?2+-2c¢ has linear 
factors (mod /) if and only if ¢ is a quadratic residue (mod p). Moreover, when 
linear factors occur each has multiplicity two. 
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5373. Proposed by L. Carlitz, Duke University 


Let » bea prime >2. 

(a) Show that x?t!+-ax-+0, where a0 (mod p), has no irreducible quadratic 
factor (mod p). 

(b) Show that «?+!+-ax?++0, where ab #0 (mod p), has an irreducible quad- 
ratic factor (mod p) if and only if (1 —a@)d is a quadratic nonresidue (mod p). 


5374. Proposed by Benjamin Volk, Far Rockaway, N. Y. 

Under what conditions for {an}, {b,} may we find nontrivial A, B such that 
lim {Aa,+Bb,} exists? 

5375. Proposed by Benjamin Volk, Far Rockaway, N. Y. 

Given a sequence of real numbers { a,} satisfying 0<a,<1, d41=0,(1—a?). 
Clearly a, | 0. For which a is it true that a,=O(n-2)? How finely may we esti- 
mate the convergence of {a,}? 

5376. Proposed by Jiirgen Elstrodt, University of Minster, West Germany 


Denote by log, x the p-fold iterated natural logarithm of x (logix=log x, 
log p41 « =log(log, x)). Abel has shown that the infinite series 


% 1 
non Nlogn-:- + logy in(log, n)% 


(N sufficiently great, » a fixed natural number) converges if a>1 and diverges 
if a1. Now let p increase with n, define p(m) for n2=3 by 1<logpm@) mSe, and 
prove (a) the infinite series 


% 1 
maa n log m+ + - logy) 
diverges. Prove also (b) the infinite series 
% 1 
nag Nlog n- - + logg(ny—in(loggny m)* 
with g(n) = [3p(n) | converges if a>1 and diverges if a <1. (For real x we denote 


by [x] the unique integer satisfying [x] <x <[«]+1.) 


5377. Proposed by Erwin Just and Norman Schaumberger, Bronx Community 
College 


In a ring R, each element «x satisfies the equation x =x”+! for some integer n. 
Prove that «"“y = yx" for each x and y contained in R. 


5378. Proposed by S. W. Williams, Lehigh University 


Is every locally compact, totally disconnected space a 0-dimensional space? 
(cf. W. J. Pervin, Foundations of General Topology, Academic Press, p. 98, #6.) 
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5379. Proposed by S. W. Williams, Lehigh University 


A topological space is called KC if every compact set is closed. The no-point 
compactification of a topological space X at a point x is the one-point compacti- 
fication of X —(x) at x. Let X and Y be disjoint spaces such that Y is infinite. 
Define the following topology T on Z=XWUY: (i) GET if GCY, Gi) GET if 
Z—G is finite. How does the topology 7, of the no-point compactification of 
(Z, T) at x©X compare to the topology 7, of the no-point compactification of 
(Z, T) at yC Y? Show that (Z, T) is sequentially compact iff it is compact. Is 
there a minimal condition for X such that (Z, T) is KC but not Hausdorff? 
That (Z, 7) is KC but not compact? 


SOLUTIONS OF ADVANCED PROBLEMS 
Integer solutions of a pair of Diophantine equations 


5184 [1964, 326; 1965, 327]. Proposed by A. Oppenheim, University of 
Malaya, Kuala Lumpur 


Find the complete solution in rational integers of 
g8 fyi + g3 + {8 = 2 
x ty +2+t = 2. 


II. Solution by the proposer. The complete solution of the given equations 
may be derived from the known complete solution of the equation 


(1) X? + VY2+ 27+ 2XVZ = 1. 


Use the transformation 2X =x—y—sz+i, 2Y=—x+y—2+, 2Z2=—x—y+2+, 
2T=x+y+2+#, which yields integers X, Y, Z, T if the integers x, y, z, t have 
even sum. Its inverse is 


w= X-YVY-Z+T, w= —-X+VY—Z+4+T, 
@=-X-V+Z4+T, w4=X+V+Z47, 


(2) 


so that 
8(a3 + y3 + 23 + 22 — 2) = 4(73 + 3TX? + BTV? + 3TZ? + 6X YZ — 4). 


Hence, if x, y, 2, ¢ satisfy the given equations so that T=1, then X, Y, Z satisfy 
(1). 

The complete solution of (1) is given by the following rule (See A. Oppen- 
heim, On the Diophantine Equation x?+y?+2?+2xyz=1, this MoNnTHLY, 64 
(1957) 101.) 

Let ~, g, r be any integers with greatest common divisor unity such that 
one of them is equal to the sum of the other two; let u be any integer 20; then 
xX, Y, Z, given by 


(3) X = + cosh #0, Y = + cosh @@, Z = + cosh 70, 
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where cosh @= and the ambiguous signs are chosen so that their product is —1. 
Note that, e.g., 


[w+ V(u? — 1)]° + [ua — V(u? — 1)]” 


h £0 = 
cosh p , 


and similar expressions for cosh g@ and cosh 76. 
It follows that the complete solution of the given equations is given by (2) 
wherein T=1 and X, Y, Z have the values given by (3). 


System of Circles in a Plane 


5267 [1965, 194]. Proposed by Paul Erdés, Israel Institute of Technology 


Let there be given a system of circles of radius 1 in the plane such that every 
line meets at least one of them. Prove that, for every &, there is a line that meets 
k of them. 


Solution by D. R. Anderson, University of Wyoming. We assume that there 
is anumber & such that no line passes through circles, and deduce the following 
consequence: For any number m>0, the set of circles with centers (7, s) satisfy- 
ing —mSs/r Sm is infinite. Suppose this last assertion is false. Then there is a 
number NV such that all these circles lie below the line y=3N. For each integer 
j 21, there is at least one circle, say C;, which intersects the line y= 3(N +) —1. 
Let (7, s) be the center of C;. Let 6; be the angle formed by the two lines through 
the origin which are tangent to C;. Then 


0; = 2 sin (7? + 52)—1/2 > Q(r2 + 52)-1/2, 


Now | s/r| >m and sS3(N-+)) imply that 0;>2m/3(N+7)~W/(m?+1). Since no 
circle intersects more than one of the lines of the form y=3(N+/) —1, the sum 
of the angles which are formed by each pair of lines which are tangent to a cir- 
cle and pass through the origin must be at least 
2m > 1 
3V(m? + 1) SN +5" 
which diverges. 

This cannot be; for let us denote the angles formed between the tangent 
lines to C; and the x-axis by a; and 8;, with 0Sa;<@;<7. Then for some JN, 
Pe (G;—a;)>k. Let fyi}jem be a listing of the angles in { avs, B;} jen such 
that y1<Y¥2o<- +--+ <yu. Then De} (Yi41—Y;) Sm. Define the multiplicity m; 
of the pair (yj, 741) to be the number of the pairs (a;, @;) such that a; Sy; <Yj41 
<;. Since no line passes through more than & circles it is clear that m;<k. Also 
it is clear that ie (8;—a;)= } M(Y;41—-7;). Thus 

M-1 


N 
Dd (Bi — vi) S Do Rvins — ys) S ber, 


j=1 j=1 


which is a contradiction, 
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By rotating the axes we obtain the following extension: if m<m’, the set of 
circles with centers (7, s) satisfying mSs/r<m’ is infinite. 

We now prove: if 17k, then there are circles Ci, + - - , C;, and numbers 
m;<mf such that if m;<m<m} then the line y= mx passes through Cj, - - -, Cj. 
This is clearly possible when j7=1. Suppose the assertion has been proved for 
some value of 7. Only a finite number of circles intersect the lines y=m,x or 
y=m{x. Thus the result of the previous argument guarantees that there is a 


circle with center (7, s) satisfying m;<s/r Sm} which is distinct from Ci, - - +, C; 
and does not intersect y=m,x or y=m/x. Let Cj41 be this circle. Let mjy1 << mys 
be such that y=m,41.% and y=mji.~ are tangent to Cjy1. Then Ci,- +--+, Cy, 


m4, and mj, satisfy the assertion. When j is taken to be &, we obtain a contra- 
diction to the original assumption, thereby completing the proof. 


The proposer remarks that the result is true for any set of circles—the restriction on the 
radius is not necessary. 


Restricting Digits in a Decimal Expansion 


5270 [1965, 322]. Proposed by Michael Fried, Bell Aerosystems, Wheatfield, 
N. Y. 

Consider decimal expansions of the form x= .xox%i%2 +--+, where OSxS9, 
and suppose that there exists some ordered pair of positive integers (j, &) such 
that %j4.m=X;4(142, J=0, 1, 2,---. Call the set of such expressions J. Is 
S=[0, 1]—J countable? 


I. Solution by Robert Bowen, University of California at Berkeley. The set 
En(j, k, n) of real numbers in [0, 1] having an expansion .xo%1%2---, with 
*;4u=n for 6S]<m—1 consists of a finite number of intervals with total length 
10-”. Thus F(j, k, 2) =Np_1 Em(j, k, 2) has measure zero. As T=Uj 4,1 FU, R, 1), 
a countable union, J has measure zero and S cannot be countable. 


II. Solution by Robin Sibson, King’s College, Sutton, Surrey, England. With 
j, k positive integers and 0Su”S9, let J(j, k, n) be the set of all x= .xoxix, - - - 
such that n=x;=%Xj44=Xjpor= °° =Xj4m~e= ° ++. Then we shall show that 
I(j, k, n) is nowhere dense in [0, 1]. Suppose to the contrary that the interval 
(y, 8) is contained in the closure of I(j, k, ). Choose distinct elements p, g in 
I(j, k, n), y<p<q<z, and suppose p, g agree in their expansions up to and in- 
cluding the tth decimal place. They also agree in all j+/k decimal places, 
J=0, 1, 2, ---. Choose a number 7, )<r<g, whose decimal expansion agrees 
with those of » and gq in at least the first ¢ decimal places; for some positive 
number Jy), the (j-+Jk)-th place in the expansion for 7 will be arbitrary since 
p<q. Let the (j-+/)k)-th place in r be set at (n—2) or (n+2) and designate the 
remaining places arbitrarily. Then 7 is not in J(j, k, 2), nor can 7 be a limit point 
of I(j, k, ), i.e. I(j, k, 2) is not dense in (y, 2). Thus J(j, k, 2) is nowhere dense. 

IT=U;.4.n I(j, k, m) is a countable union of nowhere dense sets—and hence 
of the first category. Its complement S is of the second category and uncount- 
able. 
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Also solved by J. R. Blum, E. O. Buchman, Louis Comtet (France), Robert Connelly, Roy O. 
Davies (England), J. E. Doner, N. J. Fine, G. J. Foschini, A. S. Fraenkel (Israel), D. A. Hejhal, 
R. A. Jacobson, J. C. Mettauer, Norman Miller, J. E. Motzkin, George Piranian, G. F. Schumm, 
T. I. Seidman, Thomas Zaslavsky, and the proposer. 


Direct Product of Groupoids 
5271 [1965, 322]. Proposed by A. J. Goldman, National Bureau of Standards 


A groupoid is a nonempty set closed under a binary operation written multi- 
plicatively. The direct product G=G:XG, of two groupoids consists of the 
Cartesian product of their sets together with component-wise multiplication. 
Suppose that G admits such a factorization in which G; has the property that, if 
x, yEGi, then xy=y, while G, has a two-sided identity. Let Z(G) consist of the 
left identities of G. Prove that GiS=Z(G) and that G.&Ge for some eE L(G). 


Solution by Gomer Thomas, University of Illinois. Let 1 be the (unique) two- 
sided identity of G,. Clearly (Gi, 1) CG Z(G). On the other hand, if (1, x.) EG L(G), 
then *)=*2.:1=1, so L(G) =(G, 1) 2G. 

Let e= (x1, 1) be any element of Z(G). Then Ge = (Gix1, Go-1) = (1, Go) Ge. 


Also solved by R. A. Avelsgaard, Robert Bowen, Joel Brawley, Jr., F. S. Brenneman, C. C. 
Clever, G. D. Crown, R. O. Davies (England), G. G. Ford & E. W. Ewing, D. P. Geller, D. A. 
Hejhal, G. A. Heuer, James Joseph, H. E. Lahmann (Germany), E. S. Langford, C. C. Lindner, 
A. E. Livingston, R. E. Maas, I. J. Martinez, J. L. Matucha, R. B. Merkel, J. C. Mettauer, H.C. 
Mullikin, Gautam Pandya & Jagdish Prasad, Harsh Pittie, J. F. Porter, K. W. Reed, Jr., G. A. 
Robinson, Azriel Rosenfeld, R. N. Schneider, Robin Sibson (England), M. F. Smiley, W. R. 
Smythe, Jr., J. F. Standish, Raymond Stockton, Necdet Ucoluk, Albert Wehrly, Thomas Zaslav- 
sky, D. Z. Djokovié (Yugoslavia), and the proposer. 

Editorial Note. Merkel and the proposer call attention to the paper by Tamura, Merkel and 
Latimer, The direct product of right singular semigroups and certain groupoids, Proc. Amer. Math. 
Soc., 14 (1963), pp. 118-123, (especially Theorem 4) for further information about the situation of 
the problem. (It is noted that Theorem 6 of the paper is incorrect and has been replaced by: A 
groupoid S is an M-groupoid if and only if S is a right zero band of groupoids S, with identity e,, 
Su=UnerSy, SwScoG So such that eye, =e,.) 


Hausdorff Semi-door Spaces 
5272 [1965, 323]. Proposed by S. M. Robinson, Union College 


A topological space X is called a door space if for each subset A CX, either 
A or X —A is open. We shall call a space X a semi-door space if for each subset 
ACX, there is an open set O with the property that either OCA Ccl[O] or 
OGX—ACcl[O]. Find an example of a semi-door space which is not a door 
space. Also, prove or disprove the following statement: If X is both a Hausdorff 
space and a semi-door space, then X is a door space. 


Solution by James Joseph, Howard University. I. Let X = {0, 1, 2} and let 
the open sets be @, fo}, {0, 1}, X, providing the topology T on X. (X, 7) is 
not a door space, for { 1} is neither open nor closed, and it is easy to check that 
(X, T) is a semi-door space. 
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II. A Hausdorff semi-door space is a door space. Suppose x and y are distinct 
points of X which are not open and let U and V be disjoint open sets about x 
and y respectively. Consider A = {fxtU(V— {y}). If O is an open set such that 
ADO, then O(\U= @, since {x} is not open, and it follows that x does not be- 
long to cl{[O]; so A C&cl[O]. If O is an open set such that X —ADO, then ONV 
= @, since {y} is not open, and therefore y does not belong to cl[O|; so X—A 
€cl[O]. Therefore, since X is a semi-door space, there is at most one point 
which is not open. If there are nosuch points, X is discrete and door; if x is such 
a point, A CX is closed if x is in A, and open if x is in X —A, which completes 
the proof. 

Also solved by D. R. Anderson, S. Baron, Ralph Bennett, R. O. Davies (England), G. W. 
Day, S. W. Dharmadhikari (India), G. A. Faschini, Bill Johnson, M. D. Mavinkurve (India), 
P. S. Schnare, G. F. Schumm, Gomer Thomas, J. Pelham Thomas, Thomas Zaslavsky, and the 
proposer. 


Group Characterizations 
5274 [1965, 323]. Proposed by J. J. Malone, Jr., University of Houston 


Let (G, +) be a finite group of order g such that if (VV, +) is a proper nor- 
mal subgroup of (G, +) of order 2 there exists no subgroup (K, +) of (G, +) 
of order k such that KN N= { 0} and kn=g. An example of such a group is the 
cyclic group of order 4. What is the characterization of such groups? In particu- 
lar, if (G, +) is not cyclic, is (G, +) simple? 


Solution by Azriel Rosenfeld, University of Maryland. If G has the property 
of the problem, no proper normal subgroup of G can have a direct supplement, 
so that G is directly indecomposable. If the property fails to hold, by the Second 
Isomorphism Theorem, 


(K+ N)/N&K/(KON) = K/{0} & K, 


so that K+ has order kn=g and must be all of G; since KN = {0}, the de- 
composition G=K-+W is unique. If G is abelian, this decomposition is direct; 
hence for abelian groups the property is equivalent to direct indecomposability, 
so that by the Fundamental Theorem on Abelian Groups, G (abelian) has the 
property if and only if it is cyclic of prime power order. If G is nonabelian, how- 
ever, it may be directly indecomposable and still fail to have the property. For 
example, the symmetric group S, is indecomposable for all 2 since it always has 
a smallest proper normal subgroup (van der Waerden, Modern Algebra, vol. I, 
pp. 27 and 150); but NV =the alternating subgroup and K =any subgroup of the 
form fe, bp}, p odd (e.g., a transposition) contradict the property. The quater- 
nion group has the property, since it has a smallest proper subgroup, but it is 
not simple (in fact, it is Hamiltonian—it has proper subgroups and they are all 
normal). 


Also solved by Gomer Thomas. 
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Mapping an Ultrafilter 
5275 [1965, 323]. Proposed by Hewitt Kenyon, George Washington University 


Using the terminology of Problem 5148 [1964, 1054], suppose that f and g 
are functions mapping the set X onto the sets Y and Z, respectively; suppose 
that # is an ultrafilter eventually in X and let Ff and G be the ultrafilters con- 
sisting of maps of f and g, respectively, of subsets of X belonging to H. If F is 
equivalent to G, is it necessarily true that H is eventually in {t | f(é) = g(2) b> 


Solution by the proposer. No. Let Y=Z the set of integers. Let X=YX Y, 
and let f and g be respectively the first and second coordinate projections of X 
onto Y. Let K be any nontrivial ultrafilter on Y and denote by K, the filter on 
X generated by sets of the form A XA, where A CK. Use the nontrivial nature 
of K to select such an ultrafilter H on X that HK, and # is eventually in 
{ (m, n)|m#n}. Clearly the mapped ultrafilters F and G are both equal to K 
and ri each other, but H is not eventually in XM {(m, n)|m=n} = {t|f() 
= g(t) 5. 


Partitioning a Sum of Euler ¢-functions 
5276 [1965, 323]. Proposed by L. Carlitz, Duke University 


The following formula is a consequence of known results when a is a power 
of a prime and e¢ is not a divisor of a'—1 for 0<t<hk: 


Dd, w(cjat = DU’ oe) = (RA > 1). 


cd=k ela*—1 


(See L. E. Dickson, Linear Groups, p. 20.) Prove that the result holds for all 
a>1i, k>1. 


Solution by Ernest W. Trost, Technikum Winterthur, Switzerland. We prove 
first the following 

LemMA. Let N be a natural number and dy, do, ++ +, dma set of divisors of N. 
If D[N] denotes the set of all divisors of N and (u,v, - ++) is the greatest common 
divisor of u,v,- ++, then 


s[w] = DIN] — X Dia] + X Did, 4)] — SS D(a, d, dy) J+ --- 


: i<j i<j<h 
is the subset of D[N| whose members do not divide any d; (¢=1, 2,+++,7). 


Proof. Suppose that t€ D[N] divides just 7 of the d;. t occurs once in D[N], 
rtimes in >\D[d;], (G) times in >) D[(d,, d,;)], and so on. From 


> (-a9(") = a-= 


h=0 


it follows that ¢ is not a member of S[N] if r=1. 
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Next we recall the formulas 


(1) (a*—1,a%— 1) = a” — 1, 
(2) Dd. $(d) = n. 
a|n 
Let pip? ---p% be the prime decomposition of k. Putting N=a*—1 and 
d;=a*!?i—1, we get from (1) 
(d;, d;) = qgh/piri — 1, (d;, dj, dx) = akipipiph — J, --- G<j<h<-:- -). 


Applying the Lemma and (2) we have 


>’ o(e) = at — 1— DS (akl?i — 1) + DS (ael?i?7 — 1) — + - 


elak—1 Z t<Jj 
_ » u(d)akl4 _ (1 _ 1)* _ > u(d)a*!4 , 
d\k d\k 


completing the proof. 


Also solved by M. G. Greening (Australia), D. R. Hayes, Wolfgang Schwarz (Germany), and 
the proposer. 
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On Formally Undecidable Propositions of Principia Mathematica and Related 
Systems. By Kurt Gédel. Translated by B. Meltzer with Introduction by 
R. B. Braithwaite, Basic Books, New York, viii-+72 pp., $3.00. 


Because Gédel’s results are of such extreme importance, the following review consists of a 
summary and outline of the work. 


This is a nice translation of Gédel’s famous paper “ Uber formal unentscheid- 
bare Sitze der Principia Mathematica und verwandter Systeme I.” The Intro- 
duction by Braithwaite contains an exposition and some interesting commentary 
on the methods used in the paper. 

It is probably correct to say that the most comprehensive formalizations of 
mathematics are, on the one hand, the system of Principia Mathematica (PM), 
and on the other hand, the axiomatic set theory of Zermelo-Fraenkel (ZF). 
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These systems are both so extensive that it would appear extremely plausible 
that all mathematical questions expressible in the formalism of the system can 
be decided on the basis of the axioms of the system. Gédel’s great discovery is 
that this is false! Indeed, Gédel shows that for both these systems, as well as for 
a large and significant variety of related systems, there are relatively simple 
problems in the theory of ordinary whole numbers which are undecidable in the 
system—more precisely, there is a number-theoretic sentence X such that 
neither X nor its negation ~ X can be proved in the system. (Actually, for 
purely technical reasons, Gédel’s proof is carried out in a system P consisting of 
PM with the adjunction of the Peano postulates for arithmetic, but it is obvious 
how the proof can be modified for PM, or Zermelo-Fraenkel set theory.) The 
proof is based primarily on a highly ingenious modification of Cantor’s famous 
diagonal argument used to prove the existence of a non-denumerable set. The 
following is a synopsis of the main ideas involved. 

We shall let “T” stand for the set of theorems (provable sentences) of the 
system and “R” for the refutable sentences—i.e. those sentences X whose nega- 
tion ~X is provable. To say that the system P is simply consistent means that 
the sets T, R are disjoint—i.e. that no sentence is both provable and refutable. 
As part of the formalism of the system, we have symbols “x”, “y”, “z” as 
variables ranging over the natural numbers 0, 1, 2,---,,--:-+.Byaclass-sign 
is meant a formula F(x) with exactly one free variable x, and for every natural 
number n, by F(m) is meant the result of substituting the name of x for (all free 
occurrences of) x in F(x). We say that F(x) is provable for x if F(z) is provable, 
and refutable for n if the sentence F(z) is refutable. We also say that F(x) repre- 
sents the class of all x for which F(m) is provable. And a class (of natural num- 
bers) is called representable in P if there is at least one class-sign F(x) which 
represents it. If there should be a class-sign F(x) which is refutable for each of 
of the numbers 0, 1, 2,---,m, +++, but which is such that the sentence 
(Sx) F(x) (read “there exists a number x such that F(x)”) is provable, then the 
system is called w-inconsistent—otherwise the system is called w-consistent. This 
condition does not necessarily imply ordinary (simple) inconsistency, though 
simple inconsistency certainly implies w-inconsistency (for in a simply incon- 
sistent system, all sentences are provable). The precise content of Gédel’s First 
Incompleteness Theorem is that if P is w-consistent, then P contains a sentence X 
which is undecidable in the system—i.e. which is neither provable nor refutable 
in the system. (A subsequent refinement of Gédel’s construction, due to J. 
Barkeley Rosser, shows the existence of an undecidable sentence under the 
weaker hypothesis of simple consistency.) 

The proof (with some minor modifications) consists first of enumerating all 
class-signs in a certain sequence F,(x), Fa(x),--+, Fr(x),--++. We define D 
to be the class of all 2 such that F,(2) belongs to R. (This crucial set D might 
be called a diagonal set.) Now Gédel shows how to construct a class term F,(x) 
which, under the assumption of w-consistency, actually represents this set D. 
This means that for every n: 
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(1) n€& De F,(n) ET. 
By definition of D, (1) can be stated equivalently: 
(2) Fi(n) C Re F,(n) € T. 


Since (2) holds for every , we may substitute a for m and obtain 
(3) F(a) CERO F(a) ET. 


Thus the sentence F,(a) belongs either both to T, R or to neither. Assuming 
P w-consistent, it is also simply consistent (as remarked previously), so F(a) 
cannot belong both to T and R. Therefore this sentence belongs neither to T 
nor R—i.e. it is an undecidable sentence of the system. 

Actually, Gédel obtains an even more striking incompleteness property, 
which curiously enough is not as popularly known. Gédel’s undecidable sentence 
G is of the universal form (Wx) F(x) (read “for every natural number x, F(x)”). 
This sentence (Wx) F(x) is not provable, and yet every one of the infinitely many 
sentences F(0), F(1),--- F(m) ---is provable! That is to say, for each par- 
ticular n, there exists a proof for F(z), but there exists no single proof for the 
sentence (Wx) F(x). This situation is sometimes paraphrased by saying that the 
system is w-incomplete. 

In our synopsis of Gédel’s argument for the First Incompleteness Theorem, 
we have given no indication of the proof of the key fact that the set D is repre- 
sentable. This proof, though elementary in principle, is extremely involved in 
actual execution. It is here that the idea of arithmetization of syntax comes into 
play. Each formal expression of the system is assigned a certain natural num- 
ber—the so called Giédel number (as termed by subsequent authors). Then any 
so called metamathematical statement—i.e. any statement about the formal 
expressions of the system—has a counterpart in a sentence of the system about 
the natural numbers (viz., the Godel numbers of the expressions). 

This brings us now to Gédel’s Second Incompleteness Theorem. Consider 
the metamathematical statement that the system is (simply) consistent. This— 
like every other metamathematical statement—has an arithmetic sentence as its 
counterpart; this sentence is called “Consis.” Can this sentence Consis be 
proved in the system? The answer is given in Gédel’s Second Incompleteness 
Theorem, which asserts that if the system is consistent, then the sentence Consis 
is not provable in the system. The proof is based upon the following facts. The 
metamathematical statement that Gédel’s undecidable sentence G is not prov- 
able, also has its arithmetical counterpart. It turns out that this counterpart 1s 
the very sentence G itself! Thus the metamathematical statement that the con- 
sistency of the system implies the unprovability of G has as its arithmetic 
counterpart the sentence Consis)G. And the proof of this metamathematical 
fact can all be formalized (no easy task!) to yield a formal proof of the sentence 
Consis>G. Hence if Consis were provable, then G would be provable, which by 
Gédel’s First Incompleteness Theorem would imply that the system was incon- 
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sistent. (We should remark that for the unprovability of G only simple consis- 
tency was needed by Gédel; w-consistency was needed to show that G is not 
refutable.) Thus, if the system is consistent then the sentence Consis is not prov- 
able in the system. 

This theorem has been sometimes misleadingly paraphrased as saying that 
if P is consistent, then the consistency of P is not demonstrable in P. We say 
misleading for the following reasons: It is a precise and true fact that the par- 
ticular sentence Consis is not provable in P. And one might say that in a certain 
intuitive sense, Consis expresses the consistency of P, but this fact is zot precise. 
Indeed, could there not be another sentence Consis’ which also, in some intui- 
tive sense, expresses the consistency of P, yet which zs provable in P? The 
situation thus calls for a careful analysis of just what it means for an arithmetic 
sentence to express the metamathematical notion of consistency. Such questions 
have been studied by subsequent authors, notably Solomon Feferman. 

In conclusion, let us remark that there are some who regard Gédel’s Second 
Incompleteness Theorem as destroying all hopes of fulfilling Hilbert’s formalistic 
program of finding a so-called finitary consistency proof for mathematics. It 
may be of interest that Gédel himself expressly states his belief (towards the 
very end of the paper) that this is not necessarily the case. His point is that 
because a consistency proof is finitary, it does not necessarily follow that it has 
to be formalizable in PM or ZF. 

R. M. SMULLYAN, Yeshiva University 


Representations of the Rotation and Lorentz Groups and their Applications. By 
I. M. Gelfand, R. A. Minlos, and Z. Ya. Shapiro. Macmillan, New York, 
1963. vili+366 pp. $10.00. 


Lie group theory has two marvelous properties: detailed study of the simplest 
examples is an extremely good guide to the general theory, and there are very 
close relations to physics. The simplest interesting examples from the mathe- 
matical point of view are the rotation and Lorentz groups, illustrating the 
difference in behavior between compact and non-compact groups. Of course, 
these are also the most useful groups in the applications of Lie group theory to 
physics. 

This book gathers together in explicit form the facts about the representa- 
tions of these two groups. It should be useful and accessible to anyone interested 
in Lie group theory or its applications. Although there are valuable hints as to 
possible generalizations scattered throughout, the generalities of group theory 
are purposely avoided. Another special feature is a chapter on relativistically in- 
variant wave equations, which is considerably clearer than the treatment in 
most books on quantum mechanics. 

There seem to be numerous misprints. For example, the Klein-Gordon equa- 
tion is called the “Clebsch-Gordan” equation. 

R. HERMANN, Argonne National Laboratory 
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Non-Linear Mathematics. By Thomas L. Saaty and Joseph Brain. McGraw- 
Hill, New York, 1964. 381 pp. $12.50. 


This book, based on the teaching experience of the writers, treats a number 
of subjects currently of great importance in science. While they all share a com- 
mon disease, non-linearity, the cure is different in each case. In each the treat- 
ment is thorough, up-to-date references are provided, and the problems are 
excellent. It is difficult, however, to estimate the level at which the book can 
be used; judging from the reviewer’s teaching experience, probably not below 
the graduate school. 

The subjects treated are these: linear and non-linear transformations in 
infinite-dimensional space, solution of algebraic and transcendental equations, 
optimization, non-linear differential equations, control theory, non-linear predic- 
tion theory. 

HARRY POLLARD, Purdue University 


Mathematical Discovery, On understanding, learning, and teaching problem solving, 
Volume II. By George Polya. Wiley, New York, 1965. xxii-+-191 pp. $5.50. 


In Chapters 7 through 13 the author continues his detailed analysis of the 
art of problem solving. Chapter 14 is devoted to some very sensible views on 
teaching high school mathematics. Chapter 15 presents some research type prob- 
lems on the classroom level. 

Although it is written with high school mathematics in mind, the principles 
are universal and apply to all levels. A student or teacher at any level can find 
much that is interesting and valuable in the entire volume. 

H. S. ZUCKERMAN, University of Washington 


Linear Partial Differential Operators. (Grundlehren der mathematischen Wissen- 
schaften, Band 116.) By Lars Hérmander. Academic Press, New York, 1963. 
vii+284 pp. $10.50. 


This book is divided into three parts. Part 1 contains a chapter summarizing 
the theory of distributions and a chapter on the special spaces of distributions to 
be considered. Part 2, on differential operators with constant coefficients, has 
chapters on the existence of solutions, the interior regularity of solutions and 
the Cauchy problem. Part 3 considers differential operators with variable coeff- 
cients. A brief chapter on differential equations with no solutions is followed by 
chapters on operators of constant strength, operators with simple character- 
istics, the Cauchy problem, and a concluding chapter on elliptic boundary value 
problems. The treatment is thorough with relatively abbreviated proofs. In the 
preface the author states that his aim is to give a systematic study of questions 
of existence, uniqueness, and regularity of solutions of partial differential equa- 
tions and boundary problems. This claim is met. 

STEPHEN HOFFMAN, Trinity College 
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Engineering Systems Analysts. By A. G. J. MacFarlane. Addison-Wesley, 
Reading, Mass. 1965. 272 pp. $8.50. 


This is an undergraduate, or first-year graduate, text on the automatic con- 
trol of electrical and mechanical devices. It deals mainly with the mathe- 
matical techniques used in modelling these devices and the stability of those 
described by linear and non-linear differential equations. There is a short sec- 
tion on Pontryagin’s Maximum Principle. The section on computational 
methods in controller design is somewhat brief. 

J. J. FLORENTIN, Brown University 


Mathematical Methods in Reliability Engineering. By Norman H. Roberts, 
McGraw-Hill, New York, 1964. 300 pp. $12.50. 


This text describes the mathematical techniques of reliability analysis for 
those who want to apply the theory, but also want a deeper understanding of 
the principles involved. The presentation is by way of examples, and its special 
virtue is that the author can make the principles clear while conveying effec- 
tively the results of his extensive practical experience. 

The main sections are on the reliability of switching circuits and redundancy 
techniques, probabilistic models of systems with interacting components, and 
testing to find the values of parameters in these models. Testing is the applica- 
tion of estimation and experimental design techniques under the complicated 
constraints of real problems, and this lengthy section shows the author at his 
best. There is also a good introduction to sampling and estimation theory, and 
a brief account of maintenance theory. 

J. J. FLoRENTIN, Brown University 


Lectures on Differential Geometry. By S. Sternberg. Prentice-Hall, Englewood 
Cliffs, N. J., 1964. xi+390 pp. $12.00. 


This book is both fascinating and exasperating. On the one hand it is the first 
text to give a more or less unified treatment of differential geometry, Lie groups, 
the calculus of variations and topics in the theory of principal bundles. On the 
other hand it becomes, in spots, a morass of typographical errors, bad editing 
and doubtful exposition. There is an extraordinary amount of information 
packed into this relatively small tome but one must beware of references to 
lemmas which don’t exist (p. 127), redundant paragraphs (p. 249, 250) and 
exercises which might well be termed theorems. 

Chapter One is a good, but very concise, presentation of the main results of 
tensor and exterior algebra. 

Chapter Two introduces differentiable manifolds, their tangent spaces, prin- 
cipal bundles, vector fields and Lie derivatives. Some stiff analysis concerning 
the density of critical values of differentiable maps (Sard’s theorem) and mani- 
fold embedding theorems (via partitions of unity) immediately follows the 
definition of a manifold. The concept of a tangent vector occurs as an equiva- 


1966] RECENT PUBLICATIONS AND PRESENTATIONS 325 


lence class of curves and is later linked to the concept of a derivation. Tensor 
fields are treated in terms of principal bundles. The chapter ends with a section 
on Lie derivatives. 

In Chapter Three one finds manifold calculus,—the differential calculus of 
exterior forms and the integral calculus of chains and densities. The concepts of 
orientation, cohomology and mapping degree as well as the theorems of Stokes, 
Poincaré, Frobenius and Darboux are dealt with in a brief, but generally well- 
organized, fashion. Hamiltonian dynamics is treated in a coordinate-free manner 
in the final section. 

Chapter Four centers on the calculus of variations. The necessary and the 
sufficient conditions for extremals of Euler, Lagrange, Legendre and Jacobi 
appear in a greatly altered but intrinsic form. In the Riemannian case geodesic 
sprays, the exponential map, completeness theorems and isometries are dis- 
cussed. Much of the exposition of this chapter seems rather forced. 

Chapter Five, on Lie groups, covers invariant vector fields, related Lie 
algebras, one-parameter subgroups, closed subgroups, adjoint representations, 
invariant metrics and structure equations (in several forms). 

The group theory of Chapter Five is applied in Chapter Six to the group of 
euclidean motions. In particular the vector-valued forms of the preceding sec- 
tion lead to the equations of structure of euclidean space. These in turn give rise 
to embedding theorems and Riemannian manifolds. Curve theory including 
Frenet frames, homotopy, mapping degrees and convexity is then discussed. 
A treatment of the second fundamental form, Gauss’ theorema egregium and 
two results concerning the embedding of z-dimensional manifolds in E”*! follow. 
Finally surfaces in E? are considered. The Gauss-Bonnet ‘theorem, the Euler- 
Poincaré characteristic and Betti numbers are mentioned as well as bounds on 
the lengths of geodesics. 

The last chapter takes up the problem of general principal bundles, their 
reductions, connections on them and their relation to holonomy groups. By 
specialization this leads to the concept of a G-structure which is a special sub- 
manifold of the frame-bundle of a manifold. This concept includes almost every 
structure over a manifold of geometric interest,—complete parallelism, orienta- 
tion, conformal, almost complex, etc. Many of the basic theorems of the preced- 
ing work now appear as special solutions to the problem of deciding when two 
G-structures are locally equivalent. The rest of the chapter discusses this general 
problem using the techniques of reduction and prolongation and the device of 
the structure function (analogous to the structure-constants of a Lie group). 
The study of connections on G-structures yields torsion and curvature forms. 

In view of the tremendous scope of this book, the importance of its subjects 
and the dearth of comparable texts one must commend the effort highly, but I 
certainly hope that the prospective reader will take the self-analysis in the 
author’s preface seriously and that more care will be taken in editing future 
editions. 

J. R. VANSTONE, University of Toronto 
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Foundations of General Topology. By William J. Pervin. Academic Press, New 
York, 1964. xi+209 pp. $7.95. 


This is a suitable textbook for a senior or first year graduate level course in 
point-set topology in which the emphasis is analytic rather than geometric. We 
shall have some comments on the advisability of this at the end of the review. 
The book begins with two chapters (35 pages) on set theory and cardinal and 
ordinal numbers. In order to get started, it is assumed that the student is ac- 
quainted with various unstated “logical laws”. Once over this hurdle, the ex- 
position proceeds smoothly and most students will probably be able to ignore 
the closing admonition that, “. . . the intuitive set theory we have used is ac- 
tually not correct.” 

The next three chapters (3, 4, and 5) discuss Topological Spaces, Connected- 
ness, Compactness, Continuity, Separation and Countability. The treatment is 
standard and more or less in the spirit of Kelley. The relation of these concepts 
to familiar properties of the real line is not handled too well. A reference to 
Dieudonné is surely not the proper way to dispose of the fact that the connected 
subsets of the line are precisely the intervals. However, it is pointed out that 
this implies the intermediate value theorem. Also one must look very carefully 
to piece together the Bolzano-Weierstrass Theorem (p. 58, p. 71, and p. 81). 
Finally, the reader is left to his own devices with regard to the Heine-Borel 
Theorem. Although it is proved that a continuous function preserves compact 
sets, it is nowhere mentioned that this implies the maximum value theorem of 
calculus. 

The next two chapters (6 and 7) discuss metric and complete metric spaces. 
There is a rather nice but brief discussion of Hilbert spaces, Fréchet spaces, and 
the space of continuous functions on the unit interval with the sup metric. 
Surely, though, the statements of 6.3.3 and 6.5.1 miss the point—the point be- 
ing that in this context local compactness is equivalent to finite dimensionality. 
The completion of a metric space is constructed and the Baire category theorem 
is proved. 

The next two chapters (8 and 9) are on Product Spaces, Function Spaces and 
Quotient Spaces. Again the treatment is standard. Ultrafilters are introduced to 
prove the Tichonov Theorem. (Nets are never mentioned except in side re- 
marks.) In function spaces, the topology of pointwise convergence, the compact- 
open topology, and the topology of uniform convergence on compact sets are 
considered. It is shown that the second and third coincide on bounded continu- 
ous functions if the range space is metric, but one never finds out when the con- 
tinuous functions form a closed subset. Equicontinuity is not mentioned, so one 
does not get any form of Ascoli’s Theorem. 

Chapter 10 discusses paracompactness and metrization theorems (Urysohn 
and Nagata-Smirnov) while Chapter 11 is on uniform spaces. In both of these 
chapters the treatment seems well suited to the intended level of the book. For 
the existence of completions of uniform spaces, the reader is referred to Bour- 
baki. It is not mentioned that topological groups have natural uniform struc- 
tures which make continuous homomorphisms uniformly continuous. 
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Why, then, is this generally good and competent book so unsatisfactory? 
I think the answer lies in the treatment of topology as an abstraction and 
formalization of certain procedures that occur in analysis, and even this aspect 
of the subject is badly motivated as the above comments indicate. One could, for 
example, take the position that the point of topologies is to tell one when se- 
quences converge. Function spaces then appear interestingly as important ex- 
amples where sequences are not sufficient and one must go to nets to character- 
ize the topology. Since the characterization of topologies by sequences or nets 
is not considered, this cannot be done here. 

From another point of view, all of these comments are irrelevant, because 
what is lacking—and not only in this book—is the spirit of topology, either as 
a classical or a modern subject. Classically, topology is a branch of geometry, 
but there are no pictures in this book. The circle does not even appear, much 
less the fact that the torus is either the product of two circles, or the quotient 
of a square with sides identified properly, or a suitable subvariety of four-dimen- 
sional space. The word “homeomorphism” is barely mentioned and the word 
“homotopy” exactly once in a side remark with no definition. 

In the modern spirit, one would view topology as an example of category 
theory (i.e., the point of topologies is to enable one to recognize continuous 
maps), but there are no diagrams in this book. The universal mapping proper- 
ties of the product topology and the product uniformity are mentioned in exer- 
cises, but not those of quotient spaces, of the Stone-Cech compactification, or of 
completions; and, the adjointness relation between products and function 
spaces is never even hinted at. All of these things are, of course, the central facts 
of life in the category of topological spaces. 

All-in-all, I would say that if this book represents what analysts want in 
point-set topology courses, then we must see to it that such courses are taught 
only by topologists. 

Joun W. Gray, University of Illinois 


Differential and Riemannian Geometry. By Detlef Laugwitz. Translated by Fritz 
Steinhardt. Academic Press, New York, 1965. xii+238 pp. $8.50. 


This is a good introduction to the essential ideas and techniques of differen- 
tial geometry. Although it is relatively short, the book has a tremendous scope. 
The reader comes in contact with ideas of interest in contemporary research and 
with topics not ordinarily found in an introductory work. 

In Chapters I and II, taking up about one-third of the text, the author dis- 
cusses classical differential geometry of curves and surfaces in three-dimensional 
Euclidean space. Tensor notation is used throughout, with the notion of a tensor 
defined somewhat rigorously as a multilinear form in Chapter III. There is no 
discussion of the calculus of differential forms, because of “lack of space.” 

Chapter III is devoted to a development of tensor calculus, to the geometry 
of a space with affine connection and to the foundations of Riemannian geom- 
etry. Of special interest here is the discussion of the holonomy group of a con- 
nection, including the result that, with a suitable choice of coordinates, the 
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holonomy group at any point of a Riemannian space is an orthogonal group. 
The author also discusses the projective equivalence of two affine connections, 
and the notion of completeness of a manifold. He does not give a proof of the 
equivalence of conditions for completeness. 

Chapter IV begins with a discussion of spaces of constant curvature, includ- 
ing a proof of the existence of complete Riemannian manifolds of constant nega- 
tive curvature. Of special interest is the section on applications of Riemannian 
geometry to analytical dynamics. This is followed by the definition of a Finsler 
space, a discussion of the indicatrix of the Minkowski metric, and the char- 
acterizations of Riemannian spaces due to Helmholtz and Weyl. The chapter 
closes with some results on Finsler spaces and nonlinear connections. 

Chapter V is a brief one, containing selections from differential geometry in 
the large. Included here are a proof of Fenchel’s Theorem on the total curvature 
of closed space curves, characterizations of the sphere, the Gauss-Bonnet Theo- 
rem, and the proof due to Herglotz, using integral formulas, of the theorem of 
Cohn-Vossen on the congruence of isometric ovaloids. The book closes with 
three short appendices on the history of differential geometry, existence and 
integrability theorems for differential equations and a summary of formulas. 

The book is quite readable. There are adequate problem sections, with hints 
or references given for the more difficult exercises. There seem to be few errors 
or misprints. The reviewer has used the book with several senior physics stu- 
dents on an independent study basis and can affirm that the material presented 
is well within the grasp of such students. Because of its unusual features in 
Chapters III and IV, its brevity and its organization, the book represents a use- 
ful addition to the existing literature in elementary differential geometry. 

G. F. FEEMAN, Williams College 


Mathematics and Logic in History and Contemporary Thought. By Ettore Car- 
ruccio. Translated from the Italian by Isabel Quigly. Aldine, Chicago, 1965. 
398 pp. $8.75. 


This is not a history text nor even a concise history for the layman. Rather 
it is an historically ordered collection of chapters on subjects chosen “to show 
the development of the most important fundamental concepts of mathematics, 
and particularly the contribution made by mathematical thought to the evolu- 
tion of logic . . . in order to emphasize subjects which seem fundamental in the 
training of those who will do research in the history and philosophy of mathe- 
matics.” References (even for quotation of non-Italian authors) are almost en- 
tirely to Italian secondary sources, and the student who does not read Italian 
will find the book a useful survey of the work of Carruccio (twenty-six articles 
by him from 1927 to 1957 are listed) and of the Italian authors he prefers (F. 
Enriques is his favorite, and G. Loria is almost ignored). The bibliography has 
not been revised for English readers, so that for them the footnotes are not help- 
ful. Such obvious authors as Neugebauer, van der Waerden, Bell, Hofmann, 
and Struik are not cited. Chinese mathematics is discussed without taking ac- 
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count of Needham’s work. The translation is smooth, though a few mathemati- 
cal terms are mistranslated. The original work, published in 1958, is undoubt- 
edly useful to Italian students of philosophy, but English readers would have 
found more valuable a selection of the author’s original papers on history and 
foundations. 

KENNETH O. May, University of California Berkeley 


Elementary Differential Topology. By James R. Munkres. Lectures given at 
M.I.T. fall 1961. Annals of Mathematics Studies No. 54. Princeton Univ. 
Press, Princeton, 1963. xi+107 pp. $3.00. 


One of the prime techniques in differential topology is that of approximating 
a map by a smoother one with similar properties. The known facts concerning 
the possibility of such approximations, though often used, are rarely proved. The 
eminently readable book under review presents a clear, unhurried exposition of 
these facts, in a highly successful attempt to make them more accessible to the 
student of differential topology who will need them. 

The first chapter, entitled “Differentiable manifolds,” has as its goal the 
twin theorems that each C' differentiable structure on a manifold contains an 
infinitely differentiable structure, and that each once differentiable immersion, 
embedding, or diffeomorphism can be approximated by an infinitely differenti- 
able one. The second chapter, entitled “Triangulations of differentiable mani- 
folds,” deals with the existence of smooth triangulations, the existence of (piece- 
wise) linear approximations to smooth immersions or embeddings defined on tri- 
angulated manifolds, and the consequent possibility of using small alterations 
to fit together two embedded complexes so that their intersection is a subcom- 
plex. 

Exercises and problems, of varying difficulty, abound. The diligent student 
will find them a valuable aid to the understanding. It is to be hoped that more 
such informal tracts on advanced material will see fit to do the reader the same 
favor of allowing him to try his own hand at the game. 

F, E. J. Linton, Wesleyan University and the University of Chicago 


Elements of Complex Variables. By Louis L. Pennisi. Holt, Rinehart, and Win- 
ston, New York, 1963. x-+459 pp. $7.95. 


This undergraduate text is carefully written—in places too carefully written. 
It shoulders the burden of being everything from a student’s introduction to 
rigor to an engineer’s text. Even at that it succeeds remarkably well. Chapter 
headings are: 1. Complex Numbers; 2. Point Sets, Sequences, Mappings; 3. Ana- 
lytic Functions; 4. Elementary Functions; 5. Integration; 6. Power Series; 
‘7. Calculus of Residues; 8. Conformal Mapping; 9. Theory of Flows. 

Consideration of analytic functions begins at a snail’s pace by proving all 
the theorems about limits and continuity the student has presumably already 
seen in calculus, with the same proofs. Once the derivative is defined, the subject 
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begins to flow smoothly. The chapter on elementary functions includes the 
standard multiple-valued functions, done very patiently and very well indeed. 
In the integration chapter, the author spells out the geometric preliminaries with 
precision, but when an integral appears he temporarily retreats. His way of as- 
serting that various forms of the integral are the same number seems to call for 
a theorem that appears nowhere in the book. Rigor returns with the Cauchy 
integral theorem, the proof following Ahlfors. 

With the difficulties over, the chapters on power series and calculus of resi- 
dues are designed to help the reader develop his own powers of calculation. The 
author includes a wealth of examples. The last two chapters seem standard, 
except that the author includes enough about the Joukowski airfoil to make it 
intelligible. 

The great number of exercises is one of the virtues of the book. The author’s 
informal remarks are excellent—some observational, some cautionary. The 
virtue of patience in exposition is also the book’s only major fault. There is 
much space devoted to preliminary details that could be fitted into the exer- 
cises. This may account for the book’s uncomfortable size: too long for a sem- 
ester, not enough content for a year. 

STEPHEN PUCKETTE, University of the South 


Partial Differential Equations. By Giinter Hellwig. Blaisdell, New York, 1964. 
263 pp. $10.00. 


This book is an excellent translation; the mathematical English is very good, 
and the text as a whole reads smoothly. The original work appeared in German 
in 1960. The book covers a surprisingly wide variety of material, some classical 
and some modern. Although it omits some topics one might expect in such a 
work—for example, the method of separation of variables—the penetrating and 
rigorous treatment of the material selected gives the reader more than a passing 
acquaintance with it. Some recommending features: 1) Enough detail is pro- 
vided in somewhat involved arguments so that the reader who sees them for the 
first time will not be at a complete loss. 2) Choice of examples and counterexam- 
ples and their treatment to illustrate the theory is excellent. 3) The author cites 
original sources when practical and otherwise reports on surveys which review 
the literature in specific areas. 4) There are few typographical errors. Probably 
the worst of these are three at the top of p. 51, and they are not serious. 5) A few 
(but not enough) problems are scattered throughout the text with solutions of 
the more difficult ones appearing at the end of the book. One distracting feature: 
the author’s method of referencing results proved earlier in the book is cumber- 
some since the part, chapter and section numbers are not printed at the top of 
each page. Prerequisites include a good knowledge of advanced calculus, and 
the theory of ordinary differential equations, some function theory and a little 
functional analysis. This is a highly valuable reference work for the serious 
student in this branch of analysis. 

R. L. BoRRELLI, Harvey Mudd College 
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Abstract Harmonic Analysis. By Edwin Hewitt and Kenneth A. Ross. Volume I: 
Structure of topological groups; integration theory; group representations. 
Springer-Verlag, Berlin, 1963. vili+519 pp. $19.00. 


The book under review is the first half of a projected two volume monograph 
on abstract harmonic analysis. The second volume (we are told in the preface) 
“will treat harmonic analysis on compact groups and locally compact Abelian 
groups, in considerable detail.” The present volume “gives all of the structure 
of topological groups needed for harmonic analysis as it is known to us; it 
treats integration on locally compact groups in detail; it contains an introduc- 
tion to the theory of group representations.” Three appendices recall relevant 
facts about Abelian groups, topological linear spaces, and normed algebras. 

In a sense, this volume lays out the lubricants required for the smooth oper- 
ation of the machinery to be found in the second. One could equally well main- 
tain that this volume lays the foundation on which the edifice of the second is 
to rest. In either case, it seems indisputable that the absence of much serious 
representation theory in the present volume and the presence of so much mate- 
rial of prerequisite character will disappoint a fair number of readers. Equally 
indisputable, however, and much to the book’s credit, is the comprehensive 
treatment of the subjects that are covered. 

There are many exercises in sections entitled Miscellaneous theorems and 
examples, and copious historical notes following most paragraphs. The presence 
of an index of symbols is a thoughtful service. 

F. E. J. Linton, Wesleyan University and the University of Chicago 


NEWS AND NOTICES 
EDITED By RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo (Um- 
versity of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Professor Norman Haaser, University of Notre Dame, represented the Association at 
ground breaking ceremonies of a new science building, which will house the Department 
of Mathematics at Taylor University, on November 29, 1965. 

Professor Rufus Oldenburger, Purdue University, was elected a Fellow of the Amer- 
ican Society of Mechanical Engineers. 

Brigham Young University: Dr. R. V. Skarda, California Institute of Technology, 
and Mr. L. K. Tolman, University of New Mexico, have been appointed Assistant Pro- 
fessors. 

University of British Columbia: Mr. R. S. Booth and Mr. S. D. Promislow have been 
appointed Lecturers; Associate Professor C. A. Swanson has been promoted to Professor; 
Assistant Professors C. W. Clark and Roy Westwick have been promoted to Associate 
Professors. 
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San Fernando Valley State College: Dr. D. H. Potts, University of California at 
Berkeley, has been appointed Professor; Mr. G. R. Grainger, Planning Research Corpor- 
ation, Los Angeles, California, and Dr. Stoddart Smith, Jr., Douglas Aircraft Company, 
Santa Monica, California, have been appointed Assistant Professors; Associate Professor 
J. W. Blattner has been promoted to Professor. 

U. S. Atr Force Academy: Major L. G. Campbell, formerly Head of Mathematics 
Department at USAFA Prep School, and Major R. C. Rounding have been appointed 
Associate Professors; Associate Professor J. B. MacWherter has been promoted to Pro- 
fessor and appointed Head of the Mathematics Department; Assistant Professor R. R. 
Erbschloe has been promoted to Associate Professor; Major C. A. Wurster has been pro- 
moted to Assistant Professor. 

Winthrop College: Professor B. G. Hodges, Illinois State University, has been ap- 
pointed Associate Professor; Mr. H. H. Crockett, Duke University, has been appointed 
Assistant Professor. 

Yeshwa Unwersity: Dr. Joseph Lewittes, Harvard University, has been appointed 
Assistant Professor; Dr. C. R. Patt has been promoted to Assistant Professor. 

Dr. Richard Bellman, Rand Corporation, Santa Monica, California, has been ap- 
pointed Professor of Mathematics, Medicine, and Engineering at the University of 
Southern California. 

Dr. B. A. Chartres, Brown University, has been appointed Associate Professor of 
Computer Science and Associate Director of the Computer Science Center at the Uni- 
versity of Virginia. 

Professor Eugene Lukacs, Director of the Statistical Laboratory of the Catholic Uni- 
versity, is on leave during the academic year 1965-66. He is spending part of the time at 
the University of Vienna and part at the Sorbonne. 

Mr. Martin Peres, New York University, has been appointed Assistant Professor at 
Mercy College. 

Professor R. F. Rinehart, Case Institute of Technology, has been appointed Senior 
Professor at the U. S. Naval Postgraduate School. 

Sister Mary Colum O’Donnell, Rosary College, has been appointed Chairman of the 
Physics Department. 


Professor C. R. Adams, Brown University, died on October 15, 1965. He was a mem- 
ber of the Association for 46 years. 

Dr. Charles E. Clark, System Development Corporation, Santa Monica, California, 
died on June 16, 1965. He was a member of the Association for 16 years. 

Mrs. Marjorie L. French, Topeka Public Schools, Kansas, died on July 5, 1965. She 
was a member of the Association for 6 years. 

Miss Bertha I. Hart, Birmingham, Alabama, died on September 7, 1965. She was a 
member of the Association for 42 years. 

Professor Emeritus W. R. Longley, Yale University, died on February 23, 1965. He 
was a charter member of the Association. 

Mrs. Alice B. Rabon, Brookland-Cayce High School, Cayce, South Carolina, died on 
June 23, 1965. She was a member of the Association for 7 years. 

Sister Mary Job Ternes, Rosary College, died on February 1, 1965. She was a mem- 
ber of the Association for 5 years. 

Rev. G. W. Walker, Franklinville, New York, died on November 17, 1965. He was a 
member of the Association for 19 years. 

Associate Professor Emeritus S. D. Zeldin, Massachusetts Institute of Technology, 
died on November 2, 1965. He was a member of the Association for 48 years. 
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HOW ABOUT A CAREER WITH MATHEMATICS 


An eight-page leaflet entitled “How about a career with mathematics” is published 
annually by the Committee on High School Contests for distribution to all participants 
in the contest. The contest is supported by MAA, the Society of Actuaries, and Mu 
Alpha Theta. 

This year the Committee has had additional copies of this leaflet printed, to be 
supplied free of charge to any MAA members who might wish to have them for distribu- 
tion to students. Anyone wishing copies of the leaflet “How about a career with mathe- 
matics” should write to: MAA, SUNY at Buffalo (University of Buffalo), Buffalo, 
N. Y. 14214. 


REQUEST FOR INFORMATION FROM CEM 


We have received the following letter from Dr. A. N. Feldzamen, Executive Pro- 
ducer, Committee on Educational Media: 

On the morning of Monday, December 29, 1952, John von Neumann gave a lecture 
on Game Theory at a meeting in St. Louis of the American Association for the Advance- 
ment of Science. The Mathematical Association of America was also meeting there and 
his talk had auditors from both meetings. Someone in the audience—identity unknown— 
tape-recorded this talk. Can you help us locate this tape? 

The Committee on Educational Media of the Mathematical Association of America is 
preparing a film on the life and achievements of John von Neumann. We are trying to 
trace down this recording and other recordings, and gather pictures and other informa- 
tion about him. Photographs are especially wanted; all such will be carefully handled 
and returned to the sender. If you can help us, please write or call (collect) Miss Patricia 
Powell, 344 West 12th Street, New York, N. Y. 10014—(212)243-5318, or Dr. A. N. 
Feldzamen, Committee on Educational Media, P.O. Box 2310, San Francisco, Calif. 
94126—(415) 362-7582. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 
NOVEMBER MEETING OF THE MINNESOTA SECTION 


The annual fall meeting of the Minnesota Section of the MAA was held on Novem- 
ber 13, 1965 at Moorhead State College, Moorhead, Minnesota. Professor Marion V. 
Smith, Moorhead State College, presided at the morning session. Section Chairman, 
Professor Frank Wolf, Carleton College, conducted the afternoon session. There were 94 
persons registered for the meeting, of whom 76 were members of the Association. 

At the business meeting a report of the MAA meeting at Cornell University, Ithaca, 
New York, on August 31, 1965, was made by the Section Secretary, Professor W. C. 
Kalinowski. Professor Seymour Schuster spoke of the availability of certain materials 
produced by the College Geometry Project at the University of Minnesota. The Minne- 
sota Section congratulated its charter member, Professor Clifford Mills of Sioux Falls, 
South Dakota. A citation to Professor Paul Rosenbloom was read. 
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10. Jacobian matrices in a one dimensional subspace of L(E", E"), by A. Wayne Roberts, 
Macalester College, St. Paul, Minnesota. 

Let f map an open set U of E” into £*. Following Fréchet and the later work of the Nevan- 
linnas and Dieudonné, we view the derivative of f as a mapping of U into the linear transforma- 
tions L(E”, E*). If a basis in E* is fixed, a one dimensional subspace of L(Z", E*) takes the form 
a(p)A where a:U—Re and A is an m Xn matrix. We can show that if rank A 22, then f'(p)=a(p)A 
for every » in U implies that a(p)=a is constant, and hence f(p)=aA p. 

W. C. KALINowskKI, Secretary-Treasurer 


NOVEMBER MEETING OF THE NORTHEASTERN SECTION 


The 11-th annual meeting of the Northeastern Section of the MAA was held at Cleve- 
land Hall, Mount Holyoke College, South Hadley, Mass., on Saturday November 27, 
1965. In the morning session, Professor Grace Bates of Mount Holyoke College, Chair- 
man of the Section, presided. In the afternoon session, Professor Hartley Rogers of the 
Massachusetts Institute of Technology, Vice-chairman of the Section, presided. There 
were 163 persons present including 136 members of the Association. 

At the business meeting in the afternoon the following officers were elected for the 
coming year: Chairman: Hartley Rogers, Massachusetts Institute of Technology; Vice- 
chairman: Robin Robinson, Dartmouth College; Sec. Treas.: George Best, Phillips 
Academy. 

The following papers were presented: 


1. Current developments in set theory, by Anil Nerode, Cornell University. 


2. Topological semigroups, by Haskell Cohen, University of Massachusetts and Louisiana 
State University. 


3. Applications of probability to analysis, by Shizuo Kakutani, Yale University. 


4. The Dartmouth time-sharing computing system, Lecture and demonstration, by J. G. Kemeny, 
Dartmouth College. 
R. S. PIETERS, Secretary-Treasurer 


NOVEMBER MEETING OF THE PHILADELPHIA SECTION 


The fortieth annual meeting of the Philadelphia Section of the MAA was held at 
West Chester State College, West Chester, Pennsylvania, on November 20, 1965. The 
Chairman, Professor Russell Remage, Jr., University of Delaware, presided at the meet- 
ing. The meeting was attended by 145 persons including 115 members of the Association. 

At the business meeting, the following officers were elected: Chairman: Russell 
Remage, Jr., University of Delaware; Member of the Executive Committee, Martin F. 
Hubley, Abington School District. Professor R. L. Wilder, University of Michigan, read 
the names of six charter members of MAA now affiliated with the Philadelphia Section. 

The following papers were presented: 


1. The role of the intuition, by R. L. Wilder, University of Michigan. 


2. Relations which are equivalent with functional equations involving the Riemann zeta functions, 
by Fritz Oberhettinger, Oregon State (Visiting Professor, University of Delaware). 


3. Report of Joint Committee on Teacher Certification Standards, by A. E. Filano, West Chester 
State; M. F. Hubley, Abington School District; Bernard Jacobson, Franklin and Marshall. 


4. CUPM General Curriculum for Colleges, by H. O. Pollak, Bell Telephone Labs. 
V. V. LATSHAW, Secretary 
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CALENDAR OF FUTURE MEETINGS 


Forty-seventh Summer Meeting, Rutgers, The State University, New Brunswick, 


New Jersey, August 29-31, 1966. 


Fiftieth Annual Meeting, Houston, Texas, January 26-28, 1967. 
The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MountaIn, Waynesburg College, 
Waynesburg, Pennsylvania, April 30, 1966. 

ILLINOIS, Saint Dominic College, St. Charles, 
May 13-14, 1966. 

INDIANA, Indiana State University, 
Haute, May 14, 1966. 

Iowa, Central College, Pella, April 15, 1966. 

KANSAS 

KENTUCKY, University of Kentucky, Lexing- 
ton, April 29-30, 1966. 

LOUISIANA-MIsSISSIPPI 

MARYLAND-DIsSTRICT OF COLUMBIA-VIRGINIA, 
College of William and Mary, Williams- 
burg, Virginia, April 30, 1966. 

METROPOLITAN NEw York, Brooklyn Poly- 
technic Institute, New York, April 30, 
1966. 

MICHIGAN, Wayne State University, Detroit, 
Michigan, April 2, 1966. 

MINNESOTA, Macalester College, St. 
Minnesota, April 30, 1966. 

Missour!I, University of Missouri at Rolla, 
Rolla, April 30, 1966 

NEBRASKA, Nebraska Center for Continuing 
Education, Lincoln, April 29-30, 1966. 


Terre 


Paul, 


FUTURE MEETINGS OF 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Washington, D. C., 
December 26-31, 1966. 


AMERICAN MATHEMATICAL SoclEety, Rutgers, 
The State University, New Brunswick, 
New Jersey, August 30-September 2, 1966. 


AMERICAN SOCIETY FOR ENGINEERING EpUCA- 
TION, Washington State University, Pull- 
man, June 20-24, 1966. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Ambassador Hotel, Los Angeles, August 
30-September 1, 1966. 

ASSOCIATION FOR SYMBOLIC LoGiIc, Waldorf- 
Astoria Hotel, New York City, April 4, 
1966. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 


NeEw JERSEY, Ocean Township High School, 
Oakhurst, May 7, 1966. 

NORTHEASTERN 

NORTHERN CALIFORNIA, University of Cali- 
fornia, Davis, February 4, 1967. 

OxnI0, Ohio Wesleyan University, Delaware, 
April 23, 1966. 

OKLAHOMA-ARKANSAS, Oklahoma Baptist Uni- 
versity, Shawnee, April 1-2, 1966. 

Paciric NorTHWEST, University of Victoria, 
Victoria, British Columbia, June 17, 1966. 

PHILADELPHIA, Villanova University, Villa- 
nova, November 1966. 

Rocky MowntalIn, Colorado State University, 
Fort Collins, May 13-14, 1966. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN, University of New Mexico, 
Albuquerque, April 1-2, 1966. 

TExas, Southern Methodist University, Dallas, 
April 15-16, 1966. 

Upper NEw York StTatTe, St. Bonaventure 
University, Olean, May 14, 1966. 

WISCONSIN, Wisconsin State University, Eau 
Claire, May 7, 1966. 


OTHER ORGANIZATIONS 


MATICS TEACHERS, Indianapolis, Novem- 
ber 24-26, 1966. 

INSTITUTE OF MATHEMATICAL STATISTICS, Rut- 
gers, The State University, New Bruns- 
wick, New Jersey, August 30-September 2, 
1966. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Americana Hotel, New York City, 
April 13-16, 1966. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Miramar Hotel, Santa Monica, California, 
May 18-20, 1966. 

Pi Mu EpsiILon 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, University of Iowa, Iowa City, 
May 11-14, 1966. (Symposium on Numeri- 
cal Analysis). 


From Harcourt, Brace & World 


CALCULUS 
By Karel de Leeuw, Stanford University 


A concise, self-contained discussion of the calculus of one variable for a first college 
course of two semesters. This book concentrates on four objectives: to introduce 
the basic concepts and techniques of the differential and integral calculus, to 
emphasize the nature of the calculus as an exact discipline, to rationalize applica- 
tion of the calculus to geometrical and physical problems, and to develop the 
reader’s geometrical and analytical intuition. The nature of the calculus as an 
exact discipline is emphasized by the stress given to the logical structure of the 
calculus. The rationale behind application of the calculus is developed through 
careful analysis of the reasoning behind each application to geometrical and physi- 
cal problems, rather than through a variety of formal techniques. ‘The develop- 
ment of the student’s geometrical and analytical intuition is most clearly demon- 
strated in the problem sections where, in addition to routine problems, the author 
has included many exercises designed to lead the student to discover for himself 
the facts of the calculus. In particular, in many of the exercises the student is 
called upon to extend notions that have been introduced in the text or to investi- 
gate topics not treated in the text. Paperbound. 320 pages, $4.50 (probable). 
Just published 


Contents. 1. Background Material. 2. The Derivative. 3. ‘The Integral. 4. Appli- 
cations of the Derivative. 5. Trigonometric, Exponential and Logarithmic Func- 
tions. 6. Techniques of Integration. 7. Applications to Curves. 8. Elementary 
Differential Equations. 9. Foundations of the Calculus. Answers to Selected Exer- 
cises. 


FUNCTIONS OF SEVERAL VARIABLES 
By John W. Woll, Jr., University of Washington 


This new book treats the extension of the calculus to functions of several variables, 
with emphasis on the geometrical features that distinguish several variables from 
one variable. Designed for undergraduate mathematics students in the usual 
third- or fourth-year analysis program, it provides the background for graduate 
courses in differential geometry and complex variables and is suitable for either 
one- or two-semester courses, depending upon the depth with which the topics are 
studied. 192 pages, $6.95 (probable). Just published 

Contents. 1. ‘The Topology of R®. 2. Differentiation of R®. 3. Vectors and Con- 
vectors. 4. Elements of Multilinear Algebra. 5. Differential Forms. 6. Vector Fields 
and Differential Forms. 7. Applications to Complex Variables. 


LINEAR ALGEBRA 


By Ross A. Beaumont, University of Washington 


A succinct treatment of the essential topics of linear algebra that are prerequisites 
for many advanced courses in mathematics. The author has organized his text 
around the central theme of finite dimensional real vector spaces and their linear 
transformations. ‘The book includes numerous examples and 242 exercises. 216 
pages, $3.50 (paperbound); $5.95 (clothbound). 


The above books are volumes in the Harbrace College Mathematics Series, edited 
by Salomon Bochner, Princeton University, and W. G. Lister, State University of 
New York at Stony Brook. 


Books for mathematics courses 


INTRODUCTION TO MATHEMATICS 
By R. A. Good, University of Maryland 


This new book is specifically designed for the student who needs a 
working knowledge of linear mathematics, algebraic structures, and prob- 
ability for his studies in business, management, and the social and be- 
havioral sciences. Thoroughly class tested at the University of Maryland, 
Introduction to Mathematics successfully provides the students with a 
knowledge of mathematical concepts and a basic background in mathe- 
matical topics related to their special fields. 


In order to cover the mathematics most useful to future businessmen 
and social scientists, Professor Good has chosen three main topics—linear 
algebra, probability, and elementary functions—and has motivated their 
study with numerous applications and illustrative examples from ec¢o- 
nomics, biology, and business. 

In the section on linear algebra, the author emphasizes systems of 
linear equations and linear inequalities. The methods of solving these 
sets of equations are presented in systematic algorithms; the treatment 
of systems of inequalities provides an introduction to linear program- 
ing at an elementary level. The language of vectors and matrices is ex- 
ploited throughout for the benefit of students interested in their 
application to economics and other social sciences. 

The book includes a detailed, modern treatment of probability theory 
so that students with varied majors will have all the background neces- 
sary for their statistics courses. The approach is axiomatic, and the cov- 
erage is restricted to finite probability spaces. 

In the last major division on elementary functions, Professor Good 
stresses a few basic properties for functions and the relationships among 
functions. His purpose here is to provide the student with applications to 
the quantitative sciences and to open the way for those students who 
decide to continue their study of mathematics in the calculus sequence. 

Introduction to Mathematics is characterized by its attention to the 
needs of its student audience. Professor Good’s skillful presentation of 
difficult concepts through well-chosen examples and sequential develop- 
ment of diagrams and solutions and his carefully planned exercises— 
nearly 600 of them—help the student to understand mathematical con- 
cepts and to apply them to situations he will meet in his major field of 
study. 528 pages, $8.50 (probable). Just published 


Contents. Part I Linear Mathematics: 1. Linear Functions. 2. Systems of 
Linear Equations. 3. Linear Transformations. 4. Linear Inequalities. Part 
II Probability: 5. Sets and Logic. 6. Counting. 7. Powers and Sequences. 
8. Probability. Part III Elementary Functions: 9. Functions and Their 
Graphs. 10. Distance. 11. Inverses and Rational Functions. 12. Trans- 
cendental Functions. Appendix: Answers to Odd-Numbered Exercises. 


HARCOURT, BRACE & WORLD, INC. 


from Harcourt, Brace & World 


CALCULUS AND LINEAR ALGEBRA 
By Herbert S. Wilf, University of Pennsylvania 


Written explicitly for the two-semester freshman calculus course, this 
important new textbook provides beginning students with a solid 
foundation in calculus and linear algebra for their future mathematics, 
science, and engineering courses. In planning this book Professor Wilf 
has taken into account three recent trends that affect the mathematics 
curriculum: the greater number of prospective mathematics majors in 
the freshman calculus course; the upgrading of high-school mathematics 
to include analytic geometry; and the increasing emphasis on applica- 
tion of algebraic concepts to the physical sciences and engineering. 
“These considerations,’ he notes in the Preface, “all point in the same 
direction, toward the earliest possible introduction of abstract algebra, 
and particularly linear algebra, coupled with a pruning out of the cal- 
culus course of those topics which can readily be handled at the second- 
ary school level. This book was written in response to these needs.” 


The first two-thirds of the book constitutes a course in the calculus of 
functions of one variable, and stress is placed on the conceptual aspects 
of the subject. Integration and differentiation are introduced in the first 
chapter and are developed together so that their interrelations can be 
seen more Clearly. The discussion of linear algebra concentrates on the 
abstract theory of vector spaces and linear operators. Considerable effort 
is expended in developing the idea of an abstract structure and its ap- 
plication to the theory of equations. The final chapter is a brief discus- 
sion of the calculus of functions of several variables, which permits the 
student to see the intertwining of algebraic and analytical concepts and 
the applications of linear algebra to advanced calculus. 


Calculus and Linear Algebra offers a sound, modern treatment of the 
calculus of functions of one variable combined with enough linear 
algebra to provide a basis for the study of advanced calculus. Professor 
Wilf’s clear and completely up-to-date presentation, enlivened by a read- 
able and informal style, corresponds to the current trends in college 
mathematics and provides an instrument for their extension. An ap- 
pendix covering the essentials of analytic geometry is provided for stu- 
dents who are not prepared to begin immediately with the calculus. 416 
pages, $7.95 (probable). Just published 


Contents. 1. Foundations of the Calculus. 2. Theory of Differentia- 
tion and Integration. 3. The Machinery of Differentiation and Integra- 
tion. 4. Applications of the Calculus. 5. Sequences and Series. 6. Vector 
Spaces. 7. Matrices, Determinants, and Linear Equations. 8. An Intro- 
duction to the Differential Calculus of Several Variables. Appendixes: 
Analytic Geometry. Answers to Selected Problems. 


New York / Chicago / Burlingame 


A} yew aon manson vest 


ANALYTIC GEOMETRY 
By M. H. PROTTER and C. B. MORREY, JR., University of California, Berkeley 


This freshman level text is intended for a separate course in analytic geometry to precede the calculus. It 
can also serve as a supplement to integrated courses in calculus and analytic geometry, or as a supple- 
ment in a straight calculus course. The material is developed by means of coordinates with parallel develop- 
ment and applications in which vectors are employed. In Press 


CALCULUS, Volume | 
By EDWIN E. MOISE, Harvard University 


Written for a first-year course in elementary calculus, this book treats exponentials, logarithms, and trig- 
onometric functions with the assumption that the student has some, but not a great deal, of prior knowil- 
edge of these topics. Nearly all ideas are introduced intuitively, figures are used freely in the exposition 
and the problems, composed by the author, are designed to teach the subject. Calculus of several variables 


will be treated in a second volume. In Press 


LINEAR ALGEBRA 
By SERGE LANG, Columbia University 


The present book is meant as a text for a one-year course in algebra at the undergraduate level during 
the sophomore and junior years. It starts with the basic notion of vector in Euclidean space, setting the 
general pattern for much that follows. Examples and special cases are worked out in abundance, and ab- 
stractions are developed slowly. In Press 


ALGEBRA 
By SERGE LANG, Columbia University 


This text is to be used as a basic text for a one-year course in algebra at the graduate level. As prere- 
quisites, the author assumes the reader is acquainted with the basic language of mathematics (i.e. essentially 
sets and mappings), and the integers and rational numbers. Many shortcuts can be taken in the presenta- 
tion of topics, which admit many variations. The chapters have been so written as to allow maximum flexi- 
bility in this respect. 508 pp. $12.75 


INTRODUCTION TO ANALYTIC FUNCTIONS 
By WILFRED KAPLAN, University of Michigan 


Planned to provide an elementary introduction to functions of complex variables and their applications 
for students of science and engineering, this text treats the following topics: theory of analytic functions, 
Cauchy integral theorem, series expansions, residues, conformal mapping, Dirichlet problem, applications 
in physics, analytic continuation and Riemann surfaces, and analytic functions of several complex variables. 

In Press 


FUNDAMENTALS OF ABSTRACT ANALYSIS 
By ANDREW M. GLEASON, Harvard University 


This new book is designed for use in the first course in real variable theory at the advanced undergraduate 
or graduate level. The detailed explanation of how abstract mathematics works, and the explicit carrying 
out of the construction of the real numbers, will be of special interest to the reader. Other outstanding 
features of the text include the explanation of the axiom of choice and abstract set theory. In Press 


COLLEGE ALGEBRA, Second Edition 
By ROSS H. BARDELL and ABRAHAM SPITZBART, University of Wisconsin, Milwaukee 


Emphasizing the study of properties and applications of the elementary functions of mathematics, this book 
develops the function concept as a unifying theme, relating other topics to it. The present edition includes 
an axiomatic development of the real number system, and new material on matrices, permutations, com- 
binations, and probability. 285 pp, 29 illus. $6.95 


A FORTRAN IV PRIMER 
By ELLIOTT I. ORGANICK, University of Houston 


This new text is designed for courses in computer programming utilizing the Fortran IV language. The book 
treats introductory concepts concerning computers, algorithms, Fortran IV programming language and pro- 
cessors, flow charts, input-output, real and integer arithmetic, and contains a thorough description of For- 
tran IV for many different processors including all IBM processors; Univac III, 1107, Philco 2000, CDC 1604, 
3600, Honeywell 1800, GE 635, and SDS 9300. There are many exercises and nine interesting example 
problems and their actual computer solutions all designed to illustrate principles and practice. In Press 


TECHNICAL CALCULUS WITH ANALYTIC GEOMETRY 
By ALLYN J. WASHINGTON, Dutchess Community College 


Developed as a text for students taking technical programs at two-year colleges and institutes, the present 
book treats elementary topics in calculus together with certain advanced topics which are chosen with 
applications in mind. Basically intuitive and non-rigorous, the text allows the instructor a wide choice of 
topics. 440 pp, 226 iilus. $8.95 


INTRODUCTION TO LINEAR ANALYSIS 
By DONALD L. KREIDER, Dartmouth College; ROBERT G. KULLER, Wayne State University 
DONALD R. OSTBERG, Indiana University; FRED W. PERKINS, Dartmouth College 


This book, which assumes a background in calculus, is designed to serve as an introductory text in applied 
analysis for students of science and engineering. It treats much of the traditional material, however, it also 
treats topics which are of importance in present day mathematics. The concept of linearity is emphasized 
and used as the unifying thread which ties together the treatment of topics often presented in an isolated 
manner. In Press 


MATRICES AND LINEAR TRANSFORMATIONS 
By CHARLES G. CULLEN, University of Pittsburgh 


Aimed at the sophomore-junior level, this text assumes a first course in calculus and analytic geometry 
and approaches the subject from the matrix theory point of view. The first five chapters on linear algebra 
comprise a one-term text for science, engineering and mathematics students, and due to the flexibility of 
the book it can be used for a two-term course. In Press 


LINEAR EQUATIONS AND MATRICES 
By JOHN B. JOHNSTON, G. BALEY PRICE, and FRED S. VAN VLECK, University of Kansas 


This introductory text is intended to provide one part of the necessary foundations in mathematics for stu- 
dents in the management, social, and biological sciences—and especially for students who expect to 
undertake work in these fields. Coverage includes thel solution of systems of m linear equations, in n un- 
knowns, flow charts for describing the algorithm for solving systems of linear equations, matrix algebra, 
inverses of matrices, the solution of matrix equations, and applications of these subjects in the manage- 
ment and social sciences. Three years of high school mathematics will provide the necessary background. 

308 pp, 78 illus. $8.50 


A ADDISON-WESLEY PUBLISHING COMPANY, INC. 


. WY canine, MASSACHUSETTS + PALO ALTO’ + LONDON | 


Macmillan Mathematics Texts... 


Fundamentals of Mathematics. 
Third Edition 


by Moses Richardson, Brooklyn College 


Rewritten to conform to the changes currently being made in mathematics 
curricula, the Third Edition of this highly-praised text puts increased stress 
on the language of sets, and gives a more thorough presentation of ra- 
tional, real, and complex numbers. An entirely new chapter is devoted to 
vectors, matrices, and linear graphs or networks. This text emphasizes the 
fundamental concepts and applications of mathematics rather than its for- 
mal techniques. 

1966, 603 pages, $7.95 

Solutions Manual available, gratis, upon adoption 


Topics in Modern Mathematics 
by Howard M. Nahikian, North Carolina State University 


Here is an introduction to finite mathematics for students of biology, the 
behavioral sciences, and the social sciences. No topics are included that in- 
volve calculus, thus making it suitable for terminal courses for liberal arts 
students. 


1966, 208 pages, $6.50 


Modern University Algebra 


by Marvin Marcus and Henryk Minc, both of the 
University of California, Santa Barbara 


This text, designed for freshman-sophomore [evel courses, includes topics 
usually considered too elementary for junior-senior level and too advanced 
for the traditional freshman course: numbers and sets, combinatorial anal- 
ysis, convexity, and rings. The material is presented in a manner suitable 
for students with the standard high school background of algebra and trig- 
onometry. 


1966, 272 pages, $7.00 


Kneverse Functions 
by William K. Smith, New College 


This supplementary text is a complete and self-contained treatment of in- 
verse functions. The author defines a function as mapping, rather than as a 
set of ordered pairs permitting him to define an inverse function in terms of 
the operation of composition functions. Elementary problems, problems 
designed to further the theoretical development of the text, and problems 
which deal with the cartesian product of two sets and functions defined on a 
subset of the plane are included. 


1965, 112 pages, paper, $1.50 


Modern Algebra with Trigonometry 
by John T. Moore, University of Florida 

This brief, inclusive treatment of freshman algebra and trigonometry pro- 
vides a foundation for an intensive study of analytic geometry and calculus. 
Although most of the subject matter is traditional, all parts of the text are 
in line with recent curricula changes. Two of the main ingredients of the 
book are the system of real numbers and the notion of a set. 

1964, 342 pages, $5.95 

Answer Manual available, gratis, upon adoption 


Adopted in Over 130 Colleges 


and Universities 


Elementary Differential 
Equations, Third Edition 
by Earl D. Rainville, University of Michigan 


This successful standard in the field provides the student with a 
sound presentation of elementary differential equations as well as 
the techniques for solving them. Methods not dependent on infinite 
series are studied first followed by methods involving power series 
and Fourier series. In this way the student becomes thoroughly 
familiar with basic concepts and methods for obtaining solutions 
and satisfying boundary conditions before he is confronted with 
the more advanced ideas. There are more than 1,800 dependable 
and tested exercises which exhibit both the techniques for obtain- 
ing solutions and the basic theories behind these techniques. 


1964, 521 pages, $7.75 


Here are just a few of the colleges and universities 
throughout the nation now using ELEMENTARY 
DIFFERENTIAL EQUATIONS 


University of Alaska University of Michigan 

University of Arizona University of Missouri 

San Jose State College Rutgers, The State University 
University of Denver State University of New York, Albany 
American University Manhattan College 

Florida Atlantic University Brooklyn College 

University of Hawaii John Carrol University 

Wheaton College Ohio State University 

University of Illinois Bucknell University 

Valparaiso University University of Texas 

Colby College University of Virginia 

University of Massachusetts Milwaukee School of Engineering 


Write to the Faculty Service Desk for an Examination Copy 


THE MACMILLAN COMPANY 


60 FIFTH AVENUE, NEW YORK 10011 


harper s series 
in modern 
mathematics 


Edited by I. N. Herstein and Gian-Carlo Rota 


A. H. LIGHTSTONE 


Concepts of Calculus 


A unified treatment of calculus using one argument, and clarifying concepts by using 
elementary set ideas and set notation. Two themes dominate: the notion of a 
function and the notion of the limit of a sequence. 544 pp. $8.75 


Concepts of Calculus Hl 


Begins with a discussion of axiomatic method, modern algebra, and linear algebra, and 
presents the calculus of functions with several arguments. Numerical approximations 
are stressed, and many problems are solved using an automatic digital computer. 

500 pp. $8.75. Coming in May. 


Symbolic Logic and the Kal Vhumber System 


This is an introduction to the foundations of number systems, which are studied in the light 
of modern algebra and with the help of set theory. Basic operations of the real number 
system and the /zait concept of analysis are shown to be interrelated. 

225 pp. $7.50 


DONALD J. LEWIS 


I, troduction fo Ag chra 


Designed for a two-semester course, this text is organized around the central theme of 
mappings. Decomposition theorems are emphasized, and involved proofs are 
reduced to a sequence of lemmas. 318 pp. $8.50 


CASPER GOFFMAN 


Calculus of Several Variables 


This book treats differentials and the development of their main properties, covering 
Euclidean space, mappings and their differentials, mappings into the reals, main 
theorems on mappings, manifolds and differential forms, and vector analysis. 185 pp. $7.00 


troduction fo Real Analysis 


A companion volume to CALCULUS OF SEVERAL VARIABLES, for the upperclass student. 
The real number system is considered by means of modified Dedekind cuts; 

the real numbers are then identified as a complete ordered field. 

Coming in September 


O. F. G. SCHILLING, Editor 


Ayithmetical Algebraic Geometry 


Proceedings of a Conference Held at Purdue University, December 5-7, 1963 


Nine distinguished mathematicians present the results of their research in this field, in 
which analysis, algebra, and geometry (in the widest sense of the terms) become 
interrelated. 200 pp. $6.50 


ANTHONY R. LOVAGLIA / GERALD C. PRESTON 


Foundations of Algebra and Analysis 


An Elementary Approach 


This new text considers the mathematics fundamental to courses in algebra and analysis, 
particularly to the calculus sequence, covering elementary logic and sets, number systems, 
functions, polynomials, trigonometry, and matrices. Instructor’s manual. 516 pp. $8.95 
Coming in May. 


PETER FREYD 


Abeltan Categories: An Introduction to the Theory of Functors 


The foundation of this text is the Mitchell-Freyd full embedding theorem which reduces 
much of the theory of abelian categories to the theory of modules. 164 pf. $7.00 


P. M. COHN 


Universal Ag chra 


This is the first book devoted exclusively to the study of features common to different 
algebraic systems, such as groups, rings, and lattices. 333 pp. $9.75 


DONALD GREENSPAN 
Introductory Vumerical Analysis of 
Elliptic Boundary Valse P, -oblems 


In this book elliptic boundary value problems are treated with mathematically rigorous 
numerical techniques on the high-speed computer, stressing problems of interest to 
physicists, engineers, and other applied scientists. 168 ~p. $7.00 


HARPER & ROW, PUBLISHERS / 49 East 33 Street, New York 10016 


Valuable Ma. Grraw- Hill 


MODERN ELEMENTARY MATHEMATICS 


By J. RICHARD BYRNE, Portland State College. 
Available in April. 


This new introductory text presents a modern 
treatment of elementary mathematics for college 
students, with special attention to the needs of 
those students preparing to teach in elementary 
schools. Based on the CUPM Level 1 recommen- 
dations, 
motivated by discussions of their plausibility, 
detailed proofs of theorems, a second color used 


it features definitions and theorems 


to accent elements of figures and highlight im- 
portant statements, marginal notes, review prob- 
lems at the end of each section, numerous ex- 
amples, and full exercise sections. 


MATHEMATICS OF PHYSICS AND 
MODERN ENGINEERING, Second Edition 


By I. S. SOKOLNIKOFF and R. M. REDHEFFER, 
both of University of California, Los Angeles. 
Available in April. 


Like its predecessor, this edition provides a 
sound, comprehensive, and stimulating pre- 
sentation of fundamental mathematics for engi- 
neers and applied scientists. Its scope is con- 
siderably broader than that of other engineering 
math texts, and much of the material included 
cannot be found in comparable books. In this 
edition, the number of problems and illustrative 
exercises has been greatly increased. 


ADVANCED ENGINEERING MATHEMATICS, 
Third Edition 


By C. R. WYLIE, JR., University of Utah. 896 
pages, $10.95. 


This highly successful text has been extensively 
rewritten to achieve greater clarity. This edition 
includes 40% more exercises than before, for a 
total of 1380 carefully graded problems. The 
new physical design is used to make important 
items such as theorems and definitions stand out 
from the rest of the material. 


Aim 


COMPLEX ANALYSIS, Second Edition 


By LARS V. AHLFORS, Harvard University. Inter- 
national Series in Pure and Applied Mathema- 
tics. 304 pages, $8.95 


A thorough revision of the standard text used 
in most of the major universities for courses in 
complex variables, function theory, or complex 
analysis. A serious introduction to analytic func- 
tions of one complex variable, emphasizing the 
foundations of the theory. 


FUNDAMENTALS OF FRESHMAN 
MATHEMATICS, Second Edition 


By CARL B. ALLENDOERFER, University of Wash- 
ington; and CLETUS O. OAKLEY, Haverford Col- 
lege. 512 pages, $8.50. 


Here is a fine revision, retaining all the distinc- 
tive virtues of the first edition, plus many care- 
ful refinements which make an excellent text 
even better. As before, the text is intended for a 
year’s course in mathematics for college fresh- 
men who have completed intermediate algebra 
and are preparing for a course in calculus. 


PRINCIPLES OF MATHEMATICS, 
Second Edition 


By CARL B. ALLENDOERFER, University of Wash- 
ington; and CLETUS O. OAKLEY, Haverford Col- 
lege. 533 pages, $8.50. 


An admirable text for either a one- or two- 
semester pre-calculus course, which also offers a 
year’s work in modern mathematics for liberal 
arts students. Completely revised, this book 
covers various phases of concrete and abstract 
algebra, analytic geometry, limits, some intro- 
ductory material in calculus, and a modern treat- 
ment of probability. 


McGRAW-HILL BOOK COMPANY 


Mathematics Texts 


PLANE TRIGONOMETRY with Tables, 

Third Edition 

By GORDON FULLER, Texas Technological Col- 
lege. 350 pages, $6.50. 


A major revision of this modern introductory 
text. Analytic trigonometry is emphasized and 
brought into proper balance with numerical 
trigonometry. Major changes in this edition in- 
clude the expansion of introductory material, the 
addition of an appendix on polar coordinates, 
and the use of second color for emphasis and 


clarification. 


FINITE MATHEMATICS: 
With Applications in the Social and 
Management Sciences 


By LOUIS O. KATTSOFF and ALBERT J. SIMONE, 
Boston College. 407 pages, $8.95. 


A mathematics text designed for the modern 
student in schools of business, departments of 
mathematics, or liberal arts colleges. Presented 
in the rigorous and precise language of the 


mathematician. 


FUNDAMENTAL STRUCTURES OF ALGEBRA 


By GEORGE D. MOSTOW, Yale University; J. H. 
SAMPSON and JEAN-PIERRE MEYER, both of 
Johns Hopkins University. 588 pages, $8.95. 


Presents in one volume all of the modern al- 
gebra required for students entering undergrad- 


vate science and engineering studies. The early 
chapters are designed for those with no math 
training beyond high school. Basic concepts are 
developed systematically through an axiomatic 
approach, but with no more abstraction than is 


necessary for comprehension. 


| 


MODERN ALGEBRA AND TRIGONOMETRY 
By J. VINCENT ROBISON, Oklahoma State Uni- 
versity. 400 pages, $7.50. 


A modern integrated text, developing college 
algebra and trigonometry through the use of set 
theory. The concept of function as a special kind 
of relation provides a unifying thread that con- 
nects various types of functions. Special features 
include: treatment of inequalities at various 
points in the text; an unusually detailed discus- 
sion of matrix solution of systems of linear equa- 
tions; a number of problems at the end of each 


section. 


A SURVEY OF BASIC MATHEMATICS: 

A Text and Workbook for College 
Students, Second Edition 

By FRED W. SPARKS, Emeritus, Texas Technologi- 
cal College. 422 pages, $4.95. 


The major changes in this edition increase the 
rigor, as well as the precision in language, of 
this 


teaching text, it offers a clear, concise, logical 


outstanding text-workbook. Primarily a 
discussion of the principles involved in basic 


college mathematics. 


BASIC MATHEMATICAL CONCEPTS 
By F. LYNWOOD WREN, San Fernando Valley 
State College. 398 pages, $7.95. 


The author seeks to give students with a limited 
mathematical background an understanding and 
appreciation of the basic structure of ele- 
mentary mathematics. He presents some of the 
more basic concepts and principles in a way 
that shows the reader how they shape and weld 


the structure of a significant part of our culture. 


Send for your examination copies today 
$30 West 42nd Street / New York, N. Y. 10036 


INTRODUCTION TO COMPLEX 
ANALYSIS IN SEVERAL 
VARIABLES 


by Lars Hérmander, The Institute for 
Advanced Study, Spring 1966, 224 
pages, $6.95 


GROUP THEORY 


by Eugene Schenkman, Purdue Univer- 
sity, 1965, 304 pp., $9.50 


VAN NOSTRAND 
MATHEMATICAL STUDIES 


Paul R. Halmos and Frederick W. Geh- 
ring, Editors 


Forthcoming Paperbacks 


#7 LECTURES ON CHOQUET’S 
THEOREM 


by Robert R. Phelps, University of Wash- 
ington, app. $2.50 


#8 EXERCISES IN SET THEORY 


by L. E. Sigler, Hofstra University, app. 
$2.95 


#9 LECTURES ON THE THEORY 
OF FUNCTIONS OF A 
COMPLEX VARIABLE 


by George W. Mackey, Harvard Univer- 
sity, app. $2.95 


+10 LECTURES ON QUASI- 
CONFORMAL MAPPINGS 


by Lars Ahlfors, Harvard University, 
app. $2.95 


CALCULUS WITH 
ANALYTIC GEOMETRY 


Volume II: Modern Analysis 


by Albert G. Fadell, State University of 
New York at Buffalo 


This Volume II is designed for the second 
year of the traditional two-year course in 
integrated calculus and analytical geom- 
etry. Like Volume I, it is a modern ap- 
proach to calculus stressing careful atten- 
tion to mathematical correctness and in- 
corporating many of the more recent in- 
novations in the field. This text provides 
a solid foundation for later work in ad- 
vanced calculus and other mathematics 
courses. The University Series in Under- 
graduate Mathematics. Spring 1966. 


CALCULUS: 


An Introductory Approach 
Second Edition 
by Ivan Niven, University of Oregon 


This second edition, designed for use in a 
one-quarter or one-semester course in 
calculus, provides a fuller discussion of 
analytical geometry than the previous edi- 
tion. Other revisions include an expansion 
of logarithmic functions, an increase in 
the number of problems, and answers to 
odd-numbered problems. An immediate 
discussion of actual problems of calculus, 
with a minimum of preliminaries, and a 
simplicity of theory, are outstanding fea- 
tures of this text. University Series in Un- 
dergraduate Mathematics. Summer 1966, 
about 200 pages and $6.00. 


VAN NOSTRAND Princeton, New Jersey 08540 


NEW & RECENT 
MATHEMATICS TEXTS 


CALCULUS AND ANALYTICAL GEOMETRY, 2nd Edition 


by John F. Randolph, University of Rochester. A modern, rigorous, and 
readable introduction to set theory and notation and the definition of a 
function, treating as well traditional topics such as vector analysis. The 
second edition contains a concise review of trigonometry that clarifies 
radian measure, wrapping technique, and related topics. Revised and 
additional problems as well as new airbrush illustrations are included. 
The more difficult proofs are contained in the appendix. 1965. 640 pp. 
6 x 9. Clothbound. Answerbook. 


ORDINARY DIFFERENTIAL EQUATIONS, 2nd Edition 

by Walter Leighton, Western Reserve University. Improving on the highly 
successful first edition, this text continues to introduce the ideas funda- 
mental to an understanding of theory application of differencial equa- 
tions. Elementary solution methods are retained but the emphasis is on 
the nature and behavior of solutions of differential equations and sys- 
tems. Includes material on oscillation theory and Liapunov theory. Ap- 
prox. 1966. 250 pp. 6 x 9. Clothbound. 


forthcoming: 
ADVANCED CALCULUS 


by Robert C. James, Harvey Mudd College. A comprehensive text designed 
to follow the analytical geometry and calculus course. Clearly and vigor- 
ously written, ADVANCED CALCULUS contains the essentials of advanced 
calculus such as the foundational material, Riemann integration series, 
partial differenciation, inverse transformation, implicit function theorems, 
and vector theorems. Carefully presented theorems and exercises appear 
in each section. May 1966. 560 pp. 6 x 9. Clothbound. 


A PRIMER OF COMPLEX VARIABLES 
by Hugh J. Hamilton, Pomona College. An exceptionally well organized 
text designed to provide the mathematics student with a substantial 
course in complex variables without requiring a background in advanced 
calculus. The material is carefully chosen; the presentation concise and 
flexible. Problem sets and answers are found throughout the text. May 
1966. 250 pp. 6 x 9. Clothbound. 


for further information, write box dq: 


WADSWORTH PUBLISHING CO. 
BELMONT CALIFORNIA 


Ree 


Keady 
Wharch, 1966 


CALCULUS WITH 
ANALYTIC GEOMETRY 


John M. H. Olmsted, Southern Illinois Univer- 
sity. 

This modern basic text stresses clarity, precision, 
and thoroughness, developing rigorous mathe- 
matical thinking while encouraging intuitive mo- 
tivation. The book follows the historical devel- 
opment of integral calculus before differential 
calculus, and in the same spirit treats the global 
concept of uniform continuity before the local 
concepts of ordinary continuity and limits. Logi- 
cal ideas used in mathematical analysis are in- 
troduced early, and quantifiers and negations 
of statements involving them are found through- 
out. Other distinctive features include: extensive 
use of vector spaces and algebras of functions, 
honors sections distributed uniformly, axiomatic 
treatment of area and volume, the Riemann in- 
tegral defined by step-functions and developed 
as a positive linear functional, and generous 
space devoted to linear algebra with eigen- 
values and other attributes of matrices exploited 
to simplify transformations of equations of the 
second degree. 


March, 2 vols., illus., 1200 pp. $16.00 (tent.) 


appleton « century « crofts 


440 Park Ave. S., N. ¥. 10016 Div. of Meredith Publishing Co. 


DeBaggis & Mille-—FOUNDATIONS of the 


CALCULUS 
By HENRY F. DeBAGGIS, Fordham U., and KENNETH S. 
MILLER, Columbia U., Electronics Research Laberatories. 


NEW! Here is a calculus text ideal for use in a freshman-sophomore 
level terminal course, in a course for prospective high school teach- 
ers, or for an in-service course for high school teachers. Emphasis 
in the text is directed towards achievement of an early understand- 
ing of the concepts of calculus, not to development of mere manip- 
ulative skills. The book begins with field axioms and moves on to 
an introduction of the complete ordered field by means of the least 
upper bound axiom. Analytic geometry is developed via the com- 
plete ordered field axioms in conjunction with axioms of synthetic 
geometry. Emphasis throughout the rest of the book is on the func- 
tion concept. The authors give patient development to the difficult 
concept of limits. 

About 225 pages *_ Illustrated * About $5.25 * New! Ready May 


Husain—INTRODUCTION to TOPOLOGICAL 


GROUPS 
By TAQDIR HUSAIN, McMaster University, Canada 


NEW! This is a text well-suited for graduate courses devoted to de- 
veloping an understanding of the significant terms and theorems 
of topological groups. It is based on notes used by the author in a 
course he taught at the University of Ottawa. 


The book opens with a study of semitopological groups in their 
similitude to and differentiation from topological groups. The first 
five chapters deal wtih algebraico-topological aspects, while the 
remaining four chapters emphasize the analytical features. Chap- 
ter V—Open Homomorphisms and Closed Graphs—is unique. In 
it, the concept of B( ©) group has been introduced for the first time. 
An index of symbols is included in addition to the standard index. 
218 pages * About $7.00 * New! Ready April 


Zukhovitskiy & Avdeyeva—LINEAR & CONVEX 


PROGRAMMING 
By S. I. ZUKHOVITSKIY and L. I. AVDEYEVA, both at Kiev 
Institute 


NEW! A text and reference for mathematicians interested in ad- 
vanced programming, this volume is a translation from the original 
Russian. The authors’ approach in their book is geometric, in that 
they attempt to give a thorough understanding of the geometry in- 
volved in the problems and methods. The computational methods 
are based on Jordan eliminations. The basic simplex method, as 
applied to linear programming, is explained in the first four chap- 
ters. The fifth chapter is devoted to Chebyshev approximation, 
while the final chapter treats the subject of convex programming. 
An extensive international bibliography is included in the book. A 
substantial number of examples are given in each chapter. 

About 350 pages *_ Illustrated * About $10.00 * New! Ready May 


W.B. Saunders Company 


West Washington Square, Philadelphia, Pa. 19105 


oe) 
rate, 
ronents' 


Random House 
NEW MATHEMATICAL LIBRARY 


A paperback series of lucid expository works on important topics in mathematics, 
written by well-known mathematicians. 
Each monograph is $1.95. 
ANNELI LAX: Technical Editor 
ARLYS STRITZEL: Editorial Assistant 
both of the Courant Institute of Mathematical Sciences, New York University 
+1 NUMBERS: RATIONAL AND IRRATIONAL 
by IVAN NIVEN, University of Oregon 136 pages 
+2 WHAT IS CALCULUS ABOUT? 
by W. W. SAWYER, Wesleyan University 118 pages 
#3 AN INTRODUCTION TO INEQUALITIES 
by EDWIN BECKENBACH, The University of California, Los Angeles and 
RICHARD BELLMAN, The RAND Corporation 133 pages 
#4. GEOMETRIC INEQUALITIES 
by N. D. KAZARINOFF, The University of Michigan 132 pages 
#6 THE LORE OF LARGE NUMBERS 
by PHILIP J. DAVIS, Brown University 165 pages 
+7 USES OF INFINITY 
by LEO ZIPPIN, Queens College 151 pages 
+8 GEOMETRIC TRANSFORMATIONS 
by I. M. YAGLOM, Translated from the Russian by Allen Shields 133 pages 
#9 CONTINUED FRACTIONS 
by C. D. OLDS, San Jose State College 162 pages 
#10 GRAPHS AND THEIR USES 
by OYSTEIN ORE, Yale University 131 pages 
+11 HUNGARIAN PROBLEM BOOKS I and II 


#£12 Based on the Edtvés Competitions, 1894-1928 
Translated by Elvira Rapaport, Brooklyn Polytechnic Institute 
I: 111 pages; II: 120 pages 

#13 EPISODES FROM THE EARLY HISTORY OF MATHE- 
MATICS 
by ASGER AABOE, Yale University 133 pages 

+14 GROUPS AND THEIR GRAPHS 
by ISRAEL GROSSMAN, Albert Leonard Junior High School, New Rochelle, 
New York and WILHELM MAGNUS, New York University 195 pages 


#15 MATHEMATICS OF CHOICE How to Count Without Counting 
by IVAN NIVEN, University of Oregon 202 pages 

Just published ... 

+16 FROM PYTHAGORAS TO EINSTEIN 
by K. O. FRIEDRICHS, New York University, Courant Institute of Mathe- 
matical Sciences 88 pages 

Announcing ... 

#18 FIRST CONCEPTS OF TOPOLOGY 
by W. G. CHINN, San Francisco Public Schools, and N. E. STEENROD, 


Princeton University 
An answer to the great demand for an elementary but rigorous treatment 
of the topological foundations of analysis. 

For further information, write to 


RANDOM HOUSE, Inc. The College Department 501 Madison Avenue, New York 10022 
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LECTURES ON RINGS AND MODULES 
by Joachim Lambek, McGill University. 


Designed primarily for use in a graduate course, this book discusses associative rings and their modules, 
with emphasis on the “ring of quotients” concept. The text includes selected results in the case of Boolean 
and other commutative rings, the classical structure theory of associative rings, injective modules, and offers 
an introduction to homological algebra. 1966, In Press. 


ALGEBRAIC EXTENSIONS OF FIELDS 
by P. J. McCarthy, University of Kansas. 


For students who have completed a course in abstract algebra, this text contains basic material concerning 
algebraic extensions of flelds, and provides sound preparation for further study in the theory of fields, 
especially in algebraic number theory and classical field theory. 1966. In press. 


PROBABILITY AND POTENTIALS 
by Paul A. Meyer, University of Washington. 


Intended for researchers, this text presents probability theory and some of its more advanced aspects. No 
prior knowledge of probability theory is necessary to read this book, although a knowledge of certain 
elements of general topology, and of topological vector spaces is presumed, as is measure theory, in both 
its abstract and functional forms. 1966, In press. 


INTRODUCTION TO ALGEBRA 
by Sam Perlis, Purdue University. 


An undergraduate text intended for a one-year introductory course in modern algebra, this text is arranged 
so that it can be used for separate courses in linear algebra and in abstract algebra. Designed to present 
a well-integrated, solid basis of information and understanding of the subject, this text sets upper bounds 
against an excess of difficult abstractions and deep theorems, 1966. In press. 


MODERN MATHEMATICS FOR ELEMENTARY SCHOOL TEACHERS 


by Merlin M. Ohmer, The University of Southwestern Louisiana, Clayton V. Aucoin, Clemson 
University, and Marion J. Cortez, The University of Southwestern Louisiana. 


This text, a one-semester version of Elementary Contemporary Mathematics written by the same authors, 
was developed to enable prospective elementary school teachers to devote the second semester of the 
CUPM-recommended mathematics course to selected topics in algebra or geometry. It is suitable for train- 
ing of elementary education students, or for in-service training of experienced teachers. 1966. In press. 


COLLEGE ALGEBRA 


by Merlin M. Ohmer, The University of Southwestern Louisiana, and Clayton V. Aucoin, Clemson 
University. 


Designed as a high-level review of the standard, two-year high school algebra course, this text offers a 
solid foundation in those topics essential to a systematic study of analytic geometry and calculus. 
1966. In press. 


ORDINARY DIFFERENTIAL EQUATIONS 
by Garrett Birkhoff, Harvard University, and Gian-Carlo Rota, The Rockefeller Institute. 


This rigorous text bridges the gap between the elementary theory of differential equations, and advanced 
methods and techniques. Emphasis is placed upon special functions defined by differential equations, and 
upon those parts of the theory most likely to be of use in application. Several hundred exercises. 

1962. 318 pp. $9.50 


BLAISDELL PUBLISHING COMPANY / A Division of Ginn and Company 


275 Wyman Street, Waltham, Massachusetts 02154 


Numerical Solution of Partial Differential Equations 


By G. D. Smitru, Brunel College of Advanced Technology, London 


Designed as a textbook for students with no previous knowledge of numerical methods, this 
volume is also intended as a bridge to the increasing number of advanced treatises on the 
numerical solution of partial differential equations. The work assumes no prior training in 
finite-difference calculus and the subject is developed clearly and in detail. Exercises and 


worked solutions are included. 
1965 190 pp. $5.00 


An Introduction to Numerical Linear Algebra 


With Exercises 
By L. Fox, Oxford University 


“The best book on the subject at present, incorporating the most recent work and well pre- 
sented.”—Philip Rabinowitz, Weizmann Institute of Science. 
1965 344 pp. $8.50 


University Texts in the Mathematical Sciences Series 


Iniroduction to Rudiments of 
Hilbert Space Algebraic Geometry 
S. K. BERBERIAN W. E. JENNER 
1961 218 pp. $6.50 1963 126 pp. paper $2.95 
Probability and Statistical Spectra Mheory 
Inference for Engineers 1962 170 pp. $5.50 
and Morton KLEIN Rand P 
1959 156 pp. $4.25 SCION © FOCESSES 
MURRAY ROSENBLATT 
Introduction to Real 1961 218 pp. $6.00 
Functions and Introduction to the 
Orthogonal Expansions Theory of Queues 
BELA Sz.-NAGy Lajos TAKACS 
1965 464 pp. $9.00 1962 278 pp. $7.50 


Oxford University Press / 417 Fifth Avenue, New York, N.Y. 10016 


NEW... 
AUTHORITATIVE. . 
TEACHABLE 


RINEHART & 
WINSTON, INC. 


383 Madison Avenue, 
New York, N.Y. 10017 


A FIRST COURSE IN ABSTRACT ALGEBRA 

HIRAM PALEY and PAUL M. WEICHSEL, both of the Univer- 
sity of Illinois 

Designed for the undergraduate course in abstract algebra. Includes 
naive set theory, elementary number theory with modular arith- 
metic, the elementary theory of groups and rings, and a carefully 
selected list of special topics in groups and rings for special assign- 
ment and advanced reading. 

March 1966 352 pp. $8.00 tent. 


A FIRST COURSE IN INTEGRATION 

EDGAR ASPLUND, University of Stockholm 

LUTZ BUNGART, University of California, Berkeley 

A basic text for a one-semester undergraduate course in the theory 
of Lebesgue integration. Since most students at this stage have more 
background in functions than in set theory, this book develops the 
technique of integrating functions as a means of approaching the 
Lebesgue theory earlier. 

March 1966 512 pp. $10.50 tent. 


ELEMENTARY THEORY OF ABSTRACT ALGEBRAS 
(Athena Series) RICHARD S. PIERCE, 

University of Washington 

This first systematic treatment of partial algebras describes the 
basic concepts, presents the most important theorems, and applies 
the general results in several algebraic systems. 

August 1966 160 pp. $5.50 tent. 


APPROXIMATION OF FUNCTIONS (Athena Series) 

G. G. LORENTZ, Syracuse University 

Of great importance to the practical mathematician, this work pro- 
vides an introduction to the approximation of real functions at 
full depth up to very recent (1963-64) results. 

May 1966 192 pp. $4.00 tent. 


FUNCTIONAL ANALYSIS: Theory and Applications 

R. E. EDWARDS, Australian National University 

Some of the more recent and exciting developments in functional 
analysis are examined in this rewarding volume, which gives abstract 


theory and concrete applications equal consideration. 
1965 800 pp. $25.00 


ELEMENTARY ALGEBRA EUGENE D. NICHOLS, 
Florida State University 

An introductory text in modern algebra, this work is for beginning 
college students who have not had an algebra course in high school, 
or for those who have had a strictly traditional high school algebra 


course. 
March 1966 480 pp. $7.00 


ALGEBRA 

EUGENE D. NICHOLS, RALPH T. HEIMER, and 

E,. HENRY GARLAND, all of Florida State University 

A sequel to Elementary Algebra, this text may be used successfully 
by any college student who has a familiarity with the beginning 
notions of a modern elementary algebra course. 

February 1966 592 pp. $7.50 


TOPOLOGICAL STRUCTURES 

WOLFGANG J. THRON, University of Colorado 

Discusses a number of advanced topics: lattice theory aspects of 
point set topology; detailed accounts of both net theory and filter 
theory and the relationship between these theories; and proximity 


spaces. 
March 1966 256 pp. $9.00 tent. 


1966 books in mathematics 


INTRODUCTION TO FINITE MATHEMATICS, 2ND ED., 1966 


by JoHN G. KEMENyY and J. LAURIE SNELL, both at Dartmouth College; 
and GERALD J. THompPson, Carnegie Institute of Technology 


This new revision continues to present a uni- 
fied treatment of a number of important topics 
in elementary mathematics. There has been 
revision or new material added on probability, 
counting methods, solutions of linear equa- 
tions, Markov chains, linear programming, 


equivalence classes in communication net- 
works, and computer simulation. Other topics 
include logic, set theory, game theory, and 
others covered in the first edition. An answer 
book is available on adoption of the text. 
April 1966, approx. 416 pp., $8.95 


FRESHMAN MATHEMATICS FOR UNIVERSITY STUDENTS 


by FREDERICK LISTER, Western Washington State College, SHELDON RIO, 
Southern Oregon College, and WALTER SANDERS, University of Illinois 


This is a clear, concise and readable treatment 
of the major mathematical concepts necessary 
for a successful study of the calculus. It in- 
troduces the fundamentals of theory and logic 
throughout the text and provides extensive sets 
of exercises which illustrate the material cov- 
ered and lead the student to new materials. 


The book deals with a limited number of topics 
in a thorough manner chosen as those with 
which calculus students have the most diffi- 
culty. Solutions are available on adoption of 
the text. 


January 1966, 464 pp., $8.60 


PRELUDE TO ANALYSIS 


by PAUL C. ROSENBLOOM, Columbia University and 
SEYMOUR SCHUSTER, University of Minnesota 


This semi-programmed pre-calculus mathe- 
matics text offers a thorough grounding in 
analytic and algebraic aspects of the real num- 
ber system relative to the requirements of cal- 
culus. Presenting each topic in a novel way, 


it introduces the student to some notions in 
abstract algebra, analytical geometry (utiliz- 
ing vectors), estimation of errors, approxima- 
tion methods, and the limit process. 

January 1966, 480 pp., $8.25 


COLLEGE ALGEBRA, 3RD EDITION, 1966 
by Moses RIcHARDSON, Brooklyn College, The City University of New York 


Widely used in the first and second editions 
.. . this new text presents a complete course 
in algebra for college freshmen or advanced 
algebra students in secondary schools. “The 
major change in this edition is the expansion 
of the chapter on determinants to include vec- 


tors, matrices, linear independence, etc., pro- 
viding an elementary introduction to the im- 
portant concepts of linear algebra.”—from the 
author’s preface. 

January 1966, 605 pp., $8.50, Answers to 
even-number problems, $.50 


FUNDAMENTAL CONCEPTS OF ANALYSIS 


by ALTON SMITH and WALTER ALBRECHT, both of 
California State College at Long Beach 


Presupposing some background in calculus, 
this book bridges the gap between lower di- 
vision calculus and advanced analysis. The 
concepts needed for the careful development 
of calculus, starting with the simplest ones, are 


presented and proved in logical sequence. The 
text has been class-tested for three years. So- 
lutions Manual available on adoption of text. 


January 1966, 190 pp., $6.00 


(Prices shown are for student use.) 
for approval copies, write: Box 903 


Prentice-Hall, Englewood Cliffs, N.J. 07632 


DICKENSON 


NEW TEXTS 


MODERN COLLEGE TRIGONOMETRY 


by Frank L. Harmon and Daniel E. Dupree, Northeast Louisiana 

State College. Develops trigonometry as a mathematical structure 

with the study of functions central throughout the text. 136 pp. 
6x9. Clothbound. Just published. 


ALGEBRA AND THE ELEMENTARY FUNCTIONS 


by Bevan K. Youse, Emory University. A class-tested text with a 
modern approach covering the usual topics of integrated algebra 
and trigonometry along with additional pre-calculus material. 320 
pp. 6x9. Clothbound. To be published in August. 


CONTEMPORARY ALGEBRA 


by Francis J. Mueller, University of Hawaii. An “‘illustrative prob- 
lems and tangible applications’’ approach helps students develop 
the skills to use the tools of algebra effectively. 256 pp. 6x 9. 
Clothbound. To be published in June. 


LINEAR ALGEBRA WITH APPLICATIONS 


by Leonard E. Fuller, Kansas State University. Emphasizes under- 
standing of basic concepts, with numerous examples illustrating 
the topics discussed. 129 pp. 6x9. Clothbound. To be pub- 
lished in April. 


RECENTLY PUBLISHED 


UNDERSTANDING THE NEW ELEMENTARY SCHOOL MATHEMATICS 


by Francis J. Mueller 


VECTOR ANALYTIC GEOMETRY 
by Paul A. White, University of Southern California 


THE NUMBER SYSTEM 


by Bevan K. Youse 


For further information, write Box AMM, 


DICKENSON PUBLISHING COMPANY, INC., BELMONT, CALIF. 


Outstanding mathematics books 


MATHEMATICAL METHODS 
IN ENGINEERING AND PHYSICS 


SPECIAL FUNCTIONS AND BOUNDARY-VALUE PROBLEMS 
DAVID E. JOHNSON and JOHNNY R. JOHNSON—both Louisiana State University 


This versatile textbook is designed to acquaint the student with the characteristics 
of the more important special functions used to solve partial differential equations 
in engineering and physics. Topics generally considered to be on an advanced level 
are presented here in a form suitable for students of less extensive backgrounds. 
Applications, most of which involve boundary-value problems, are discussed as 
they arise in the examinations of the functions themselves. While there is a brief 
discussion of transform methods, primary emphasis is on the separation-of-variables 
method. Includes a comprehensive bibliography. Instructor’s Supplement avail- 
able. 1965. 273 pp. $9.50 


TENSOR AND VECTOR ANALYSIS 


WITH APPLICATIONS TO DIFFERENTIAL GEOMETRY 
C. E. SPRINGER, University of Oklahoma 


This lucid book presents an elementary and gradual development of tensor theory 
from which the traditional material of courses on vector analysis is deduced as a 
particular case. The approach is designed to bridge the gap between mere manipu- 
lation and a thorough understanding of an important segment of both pure and 
applied mathematics. A knowledge of elementary calculus is assumed. Instructor’s 
Supplement available. 1962. 242 pp., illus. $7.50 


STATISTICAL ANALYSIS 


SAMUEL B. RICHMOND, Columbia University 


In this modern treatment of the subject, statistics and statistical analyses are con- 
sidered as major tools in the decision-making process. Although no mathematical 
preparation beyond secondary school algebra is required, theoretical correctness 
has not been compromised. Recently developed ideas involving Bayes’ theorem 
and subjective problems are discussed. Extensive illustrative problems. Instructor’s 
Supplement available. 2nd Ed., 1964. 633 pp., illus. $8.50 


FUNDAMENTALS OF NUMERICAL ANALYSIS 


AUGUSTUS H. FOX, Union College 


A lucid introduction to the basic methods involved in the numerical solutions of 
systems of algebraic equations, and ordinary and partial differential equations. The 
book fills the gap between the usual study of calculus and differential equations 
and the special techniques of modern technology by numerical analysis using large 
computer systems. Problems avoid the use of anything more extensive than a desk 
calculator. 1963. 147 pp. $6.00 


The Ronald Press Company 


15 East 26th Street / New York, NY. 


NEW 


Ready May 1966 


INTRODUCTION TO MODERN 
MATHEMATICS FOR ELEMENTARY 
TEACHERS 


Dora McFarland 


Eunice M. Lewis 


Both of the University of Oklahoma 
Clothbound Approximately 416 pages 


Ready March 1966 


CONTEMPORARY MATHEMATICS 
FOR ELEMENTARY 
TEACHERS 


Howard F. Fehr, Teachers College 
Columbia University 


Thomas J. Hill, Montclair State College 
Clothbound Approximately 416 pages 


Our first impulse in beginning this ad was to compare these books for you— 
to characterize them, to show you the kinds of classes and students each book 
might better fit. However, as we studied the books, visualized the students, 
and guessed at the inclinations of the professors, we felt more and more un- 
able to do a characterization fair to the books, the authors, or to you. So— 
we decided—we'll let you be the judge. If you are selecting the class text for 
a mathematical course for elementary teachers, Heath will send you either or 
both books for examination at your request. 

The above is not to suggest that these books are just alike—they're not. How- 
ever, both books are written by experienced teachers of teachers, and both 
present the foundations of arithmetic and geometry necessary for the con- 
ceptual teaching of a contemporary mathematics program in elementary 
schools. Both texts were written to serve one-semester college courses and in- 
service programs. 


Here are some other mathematics titles we feel will be of interest. 


DESCRIPTIVE STATISTICS: 
A Self-Instruction Program 
Howard W. Alexander and Roland F. Smith 


Requiring 15 to 20 hours of student time for 
completion, this new linear program covers 
the descriptive portion of the usual elemen- 
tary statistics course. Thoroughly field-tested. 
Paperbound 112 pages $2.25 
ELEMENTARY INTRODUCTION TO 
NUMBER THEORY 


Calvin T. Long 


Designed for an elementary (one-semester) 
course in number theory to be given at a level 
somewhat below that of the usual introduc- 
tory college course. About three hundred ex- 
ercises. Clothbound 352 pages $5.25 


College Department 


D. C. HEATH 


Home Office: Boston, Mass. 02115 
60616 San Francisco, Calif. 94105 


ALGEBRA, ELEMENTARY 
FUNCTIONS, AND PROBABILITY 
William L. Hart 


Classical college algebra from a contempo- 
rary viewpoint. Integrated with algebraic 
material are topics from analytic geometry 
through conics in the simplest positions. In- 
equalities are emphasized. Clothbound 482 
pages text $8.10 


ELEMENTARY ABSTRACT ALGEBRA 
John W. Keesee 


A first introduction to abstract mathematics 
through a study of mathematical systems aris- 
ing from the real number system. Each con- 
cept introduced is applied later, leading up to 
a theorem stating that there exist uncountably 
many transcendental numbers between any 
two distinct real numbers. Clothbound 256 
pages $6.50 


AND COMPANY 


Sales Offices: Englewood, N.J. 07631 Chicago, II. 
Atlanta, Ga. 30324 Dallas, Tex. 75247 


-ALLYN AND BACON, INC. | 


announcing 1966 publications 

CONTEMPORARY MATHEMATICS by Julian D. Mancill 
and Mario O. Gonzalez, both of the University of Ala- 
bama. 590pp. $9.50 


CONCEPTS AND METHODS OF EXPERIMENTAL STA- 
TISTICS by Holly C. Fryer, Kansas State University. 592 
pp. $12.50 


ELEMENTARY-SCHOOL MATHEMATICS: A MODERN AP- 
PROACH FOR TEACHERS by J. Houston Banks, George 
Peabody College. 398 pp. $7.75 


recently published 

ADVANCED CALCULUS: AN INTRODUCTION TO APPLIED 
MATHEMATICS, Volumes One and Two by Arthur E. Dan- 
ese, State University of New York at Buffalo. 1965 Vol. I: 
558 pp. $10.75 Vol. Il: 372 pp. $8.25 


ALGEBRA OF MATRICES by Malcolm F. Smiley, University 
of California, Riverside. 1965 258pp. $8.75 


BASIC COLLEGE MATHEMATICS, SECOND EDITION by 


SOILVWIHLVW NI SLX3L SNIGW31 


Jerome M. Sachs, Illinois Teachers College, Chicago 
(North); Ruth B. Rasmusen, Illinois Teachers College, Chi- 
cago (South); and William J. Purcell, Illinois Teachers 


College, Chicago (South). 1965 391 pp. $7.95 


other important texts for college mathematics 
CALCULUS WITH ANALYTIC GEOMETRY, THIRD EDITION 
by Richard E. Johnson, and Fred L. Kiokemeister. 1964 
798 pp. $11.95 


INTRODUCTORY MATHEMATICAL ANALYSIS, SECOND 
EDITION by Edgar D. Eaves, University of Tennessee; and 
Robert L. Wilson, Ohio Wesleyan University. 1964 496 
pp. $8.75 


INTRODUCTION TO MODERN ALGEBRA by Neal H. McCoy, 
Smith College. 1960 304 pp. $8.50 


Dept. E, Allyn and Bacon, Inc., 150 Tremont St., Boston, Mass. 02111 


GEORGE BANTA COMPANY, INC., MENASNA, WISCONSIN 


THE AMERICAN 
MATHEMATICAL MONTHLY 


THE OFFICIAL JOURNAL OF 
THE MATHEMATICAL ASSOCIATION OF AMERICA, INC. 


VOLUME 73 NUMBER 4 
PART I 
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CYCLIC ELEMENTS IN TOPOLOGY, A HISTORY 
B. L. McALLISTER, South Dakota School of Mines and Technology 


By a Peano continuum is meant any metric space that is the continuous im- 
age of a closed interval. Jordan [38] called such spaces continuous curves, but 
this name lacked universal appeal after 1890, when Peano published his famous 
example showing that a continuous curve can fill up a plane area [73]. By about 
1913, Hahn [27] and Mazurkiewicz [57| had characterized the continuous curve 
as a locally connected metrizable continuum. There followed a period of great 
interest and rapid progress in problems relating to the structure of these spaces. 

For many purposes it seemed desirable to divide a Peano continuum into 
“lumps” such that the internal structure of each lump might exhibit a reason- 
able degree of simplicity, and yet such that the relationships among the lumps 
might also be relatively simple. The cyclic element theory, initiated in 1926 by 
G. T. Whyburn, provided such a method of decomposition. 

Whyburn, in his dissertation [101], had already used a decomposition of a 
Peano continuum X into three sets: the set of all endpoints of X, the set of all 
cutpoints of X, and a set N that is the union of the set of all simple closed 
curves in X. (A point p is called an endpoint of X provided that p has arbitrarily 
small neighborhoods with singleton (i.e. one-point) boundaries. A point # is 
called a cutpoint of (connected set) X iff X — ip} is disconnected. A simple 
closed curve is any homeomorph of a circle.) This decomposition was also implicit 
in work done at about the same time by W. L. Ayres [3]. 

The essential step in the invention of cyclic elements lay in the further sub- 
division of the set NV above into what were called maximal cyclic curves. A Peano 
continuum C is called cyclic provided that for every two points of C there is a 
simple closed curve in C that contains both points. Then by a maximal cyclic 
curve of a Peano continuum X is meant a set C, ,maximal with respect to being 
a cyclic Peano continuum contained in X. The. maximal cyclic curves of X are 
also called the true (or nondegenerate) cyclic elements of X, the other (degenerate) 
cyclic elements being the endpoints of X and the cutpoints of X. 

Whyburn first announced his results to the American Mathematical Society 
in December of 1926, in a brilliant set of three papers. In [102 and 103 | he char- 
acterized cyclicity and maximal cyclic curve in several ways, establishing a 
degree of simplicity of internal structure for the “lumps.” (One of these char- 
acterizations, the cyclic connectivity theorem is of special importance. It states 
that a Peano continuum is cyclic if and only if it contains no cutpoint of itself.) 
In these papers he also proved some basic facts on the relationship of a Peano’ 
continuum X to its cyclic elements. For example every simple closed curve in 
X lies in some cyclic element of X; two cyclic elements of X meet (if at all) ina 
single point; the number of true cyclic elements of X is countable. 

In [106] the principal task was to examine the manner in which the cyclic 
elements of a Peano continuum X combine to form X. Essentially what was 
shown was that the structure of X relative to its cyclic elements is analogous to 
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the structure of a dendrite, a Peano continuum that contains no simple closed 
curve. The tools developed to show this analogy are important in their own 
right, so that we may justify defining them and mentioning the most important 
theorems here. 

In viewing a Peano continuum X as composed of its cyclic elements, the 
structural analogue of a point is, of course, a cyclic element. The analogue of an 
arc is a cyclic chain: a subset M of X is called a cyclic chain of X between two 
cyclic elements C; and C, of X provided that M (1) is connected, (2) is a union 
of cyclic elements of X, (3) contains C; and Cs, and (4) is minimal with respect 
to properties (1), (2), and (3). Then C; and C, are called end elements of M and 
the other cyclic elements of X that are contained in M are called interior ele- 
ments of M. The acyclicity of X relative to its cyclic elements is shown, e.g., by 
the fact [106, Theorem 3| that between any two cyclic elements of X there 
is exactly one cyclic chain. 

(A cyclic chain may be viewed either as a collection of cyclic elements or as 
the union of such a collection. In the late 1920’s, the principal tool for dealing 
with collections of “lumps” of a space was Moore’s (still very useful) notion of 
upper semi-continuous decomposition. But the elements of an upper semi- 
continuous decomposition had to be pairwise disjoint. Cyclic elements did not 
fit this scheme very well, because two cyclic elements can intersect; hence Why- 
burn chose to view the cyclic chains of X as unions of cyclic elements. Several 
different repairs have been made, so that the structure of X relative to its 
cyclic elements can actually be that of a dendrite, rather than merely present- 
ing an analogy. See, for example, [28, 43, 64, 145]. Particularly successful was 
[2]; the “hyperspace” obtained has, however, only very weak separation prop- 
erties. ) 

Just as a set M is arcwise connected provided that each two points of M are 
connected by an arc in M, so also a subset M of Peano space X is called cyclic 
chain-wise connected provided that each two cyclic elements of X in M are con- 
nected by acyclic chain in M. An important class of cyclic chain-wise connected 
subsets of a Peano continuum X are those connected sets H which are unions of 
cyclic elements of X. Such sets are now called H-sets; H-sets that are continua 
are also called A-sets. Whyburn showed that H-sets are cyclic chain-wise con- 
nected, arc-wise connected, and locally connected. As a corollary, an A-set of a 
Peano continuum is a Peano continuum. The closure of any H-set is an A-set. 

Whyburn had, in earlier work [101 |, characterized an endpoint of a Peano 
continuum X asa point p such that pis acutpoint of no arc in X. He now defined 
a node of X, characterizing it as a cyclic element C of X such that no cyclic 
chain in X has C as an interior element. Thus node is seen to be analogous to 
endpoint. But Whyburn also characterized a node of X as a set which is either 
a single endpoint or a true cyclic element C such that the complement of the 
interior of C is connected. This makes a node look like an analogue of a more 
general non-cutpoint. Of course the reason is that in a dendrite all non-cutpoints 
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are endpoints, and the “dendritic” relative structure of the cyclic element de- 
composition behaves analogously. 

Another important property of an H-set H of a Peano continuum X is that 
the intersection of H with any connected subset of X is connected [108]. 

Whyburn’s presentation in 1926 had been confined to plane point sets. The 
topological theorems which made possible the generalization of cyclic element 
theory to an arbitrary metric space were proved by Ayres [7], and Whyburn’s 
paper [106] was delayed until 1928 to incorporate the improvement. In the 
meantime, Ayres had approached the ideas of H-set and node by a different 
route [5]. For each subset K of a Peano space X, he defined a set X(K) called 
the arc-curve of K, namely the union of all the arcs in X that have both end- 
points in K. (If K is a single point, X(K) was defined to be K.) If it happens 
that X(K)=X, then K is called a basic set of X. 

It soon appeared that H-sets and arc-curves were strikingly alike. In fact, 
Ayres and Whyburn found that the resemblance is perfect: for every nonde- 
generate K, X(K) is an H-set, and for every H-set of X, there is a set K such 
that H=X(K). Furthermore, whenever K consists of exactly two points, X(K) 
is a cyclic chain, and every cyclic chain can be so expressed |[8, Theorems 1 
and 2]. 

A rather similar relationship exists between Ayres’s basic sets and Whyburn’s 
nodes. Letting X be a Peano continuum, but excluding the irrelevant case in 
which X is cyclic, a subset K of X is a basic set iff for each node C of X, K con- 
tains a point of C that is not a cutpoint of X. Iff K contains one such point for 
each node of X and K contains no other points, then K is an irreducible basic 
set, i.e. a basic set no proper subset of which is a basic set [8, Theorems 7 and 9]. 

Although the theories of arc-curves and basic sets were thus largely absorbed 
into the cyclic element theory, their distinctive techniques had produced some 
useful results. In [4], Ayres used (modified) arc-curves of a continuous curve X 
to characterize cyclic continuous curves (and acyclic ones). In [5] he showed 
that arc-curves are locally arc-wise connected; that a component of the comple- 
ment of an arc-curve H has exactly one limit point in H; that a cutpoint of an 
arc-curve of X is a cutpoint of X. In [8] he proved among other things: that the 
intersection of two H-sets of X is again an H-set of X; that an A-set A of X isa 
simple cyclic chain of X if and only if every three points of A lie on some arc of 
X; that for each three points x, y, and z of X, either there is an arc of X that 
contains all three points or there is a cyclic element C of X such that X — C con- 
tains all three of x, y, g and no twoof them lie in the same component of X —C. 

Ayres’s contributions to the extension of cyclic element theory to spaces 
that are not subsets of the plane have already been noted. In a sense he general- 
ized the spaces under consideration in another way, since he often used the term 
continuous curve to mean a continuous image of an open interval. (Mazurkiewicz 
[57| gives a relevant characterization.) 

In describing arc-curves and basic sets as “absorbed” into cyclic element 
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theory, I should mention that not all of the results of [8] on basic sets go over 
naturally into statements about nodes. For example, every irreducible basic set 
of X is totally disconnected; the complement of an irreducible basic set is locally 
connected and consists of a finite number of components |[8, Theorems 16, 17A, 
18]. 

The cyclic element theory found immediate application to many problems 
in topology. For example, Whyburn showed in [104| that if every true cyclic 
element of a Peano continuum X is a simple closed curve, then X is a regular 
curve in the sense of Menger, i.e., each point of M is contained in arbitrarily 
small open sets with finite boundary. Further use of cyclic elements on regular 
curves was made in [82, 107, and 111]. 

A rational curve is slightly more general than a regular one. A Peano con- 
tinuum X is called rational provided each point is contained in arbitrarily small 
open sets with countable boundary. In [117], Whyburn used cyclic elements to 
show that a Peano continuum in the plane is rational if every subcontinuum of 
M is a Peano continuum. 

Relevant also is Whyburn’s contribution [110] to the solution of Menger’s 
problem of characterizing a Peano continuum X that is the union of a counta- 
ble collection of arcs. Whyburn proved that X is a countable arc-sum if and 
only if all the true cyclic elements of X are countable arc-sums and the end- 
points of X are countable. This is probably the first use of a cyclicly extensible 
and reducible property. (A property is cyclicly extensible provided that if it is 
possessed by each cyclic element of X, then it is possessed by X itself. A prop- 
erty is cyclicly reducible when its possession by X implies its possession by each 
cyclic element of X.) 

Whyburn dealt with the more general problem of countable curve-sums for 
certain types of curves in [121]. A little later, Steenrod gave similar results for 
finite arc-sums [89] and finite curve-sums [88]. 

R. L. Moore's upper semi-continuous decomposition has already been men- 
tioned. The subject may be considered as part of the theory of closed (continu- 
ous) maps (see [42] p. 99). We say that a map on a topological space A into a 
topological space B is closed provided that for each closed subset M of A, f(M) 
is closed. We say that f: AB is monotone provided that f is continuous and for 
each point p in B, f-1(p) is a point or a continuum. In [63] Moore used cyclic 
elements to characterize monotone upper semicontinuous decomposition spaces 
(i.e. spaces that can be images under closed monotone maps) of the 2-sphere as 
cactoids (i.e. as Peano continua each of whose true cyclic elements is a 2-sphere). 
Moore also showed that a necessary and sufficient condition that a Peano con- 
tinuum X in Euclidean 3-dimensional space be the boundary of one of the com- 
ponents of its complement is that X be a cactoid. (For the plane this last result 
is attributable to Ayres [10]. For the generalization to dimension 1, see [137, 
p. 77|.) Cactoids have been extensively used. For some other early results, see 
[s0, 25]. 

A metric continuum X is called unicoherent provided that however X be 
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expressed as the union of two continua M and N, the intersection M(\N is a 
continuum. Kuratowski showed [49] that the property of unicoherence (for a 
Peano continuum XX) is both cyclicly extensible and reducible. In the same 
paper he showed that the dimension of X (if X is not a dendrite) is the maximum 
of the dimensions of its cyclic elements. The localization of this theorem at a 
point also holds. 

In 1913 and 1922, Z. Janiszewski and Miss A. Mullikan had already shown 
that two bounded subcontinua of certain sorts of space C (e.g. £?) neither of 
which disconnects C can have their union disconnect C if and only if their inter- 
section fails to be connected. In 1929, Zippin [152] used the cyclic element the- 
ory to show that the property of C so defined characterizes the cactoids (among 
Peano continua), and (among unbounded generalized continuous curves) those 
spaces whose true cyclic elements are cylinder trees. (A cylinder tree is the com- 
plement on a simple closed surface of a closed totally disconnected point set.) 
See also [26]. 

The next year Zippin [153] used cyclic elements to show that a generalized 
continuous curve (in this case a locally compact, connected, and locally con- 
nected metric space) which satisfies the Jordan curve theorem non-vacuously is 
also a cylinder tree. 

A fixed point theorem of great interest was proved by Borsuk in 1932. He 
showed that the fixed point property for Peano continua is both cyclicly exten- 
sible and cyclicly reducible [18]. (The same paper proves some other properties 
to be cyclicly extensible and reducible, most notably the property of being an 
absolute retract.) 

In 1926, Scherrer had proved that every continuous transformation of a 
dendrite into itself has a fixed point. The dendritic structure of a Peano con- 
tinuum X relative to its cyclic elements led Ayres to seek an analogue of this 
theorem. He showed |13] that a homeomorphism f of X into itself has a “fixed 
element,” i.e. a cyclic element C such that f(C) CC. After generalizing the 
cyclic element theory somewhat [40], Kelley showed in 1939 [39] that, in fact, 
a homeomorphism of any compact continuum into itself leaves invariant some 
subcontinuum that has no cutpoint. In 1947 he extended some of his and Ayres’s 
results to arbitrary continuous mappings [41]. 

A transformation of a topological space onto itself is called periodic iff for 
some integer n, the z-fold composition of f with itself is the identity transforma- 
tion. Ayres studied periodic transformations (and three related “near-periodic” 
concepts) in connection with the cyclic elements of a Peano continuum in [14]. 
This attack was continued by Whyburn [137] and by Schweigert [84, 85, 86]. 

In 1935, C. B. Morrey, Jr. published [66] a remarkable application of the 
theory of cyclic elements to that of path surfaces. Imprecisely, a path surface is 
any continuous function f defined on a closed disk D into Euclidean 3-dimen- 
sional space E*. Using Moore’s notion of upper semi-continuous decomposition, 
f can be uniquely “factored” into (i.e. represented as the composite of) a con- 
tinuous mapping m: D—M and acontinuous mapping /: M— FE? where M, called 
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the “middle space,” is a suitable Peano continuum (a cactoid except that one 
true cyclic element may be a disk), M is monotone, and | is light. (A mapping is 
called light iff the inverse image of each point is totally disconnected, i.e. con- 
tains no connected set with more than one point.) 

Morrey was able to reduce many questions in surface theory to correspond- 
ing questions about the middle space M and the light map /. In particular, in 
subsequent papers [67, 68]| he was able to use this reduction to express the area 
of a surface as a sum of areas corresponding to the true cyclic elements of M. 
Despite a serious error in Morrey’s paper (repaired by Youngs in 1944 [148]), 
this reduction became fundamental in area theory. For more detailed discus- 
sions, and extensions, see, e.g., [21, 60, 61, 75, 147, 148, 149, 150]. 

For some other applications of cyclic elements, see |1, 5, 9, 12, 17, 19, 23, 
24a, 24b, 29, 31, 34, 35, 54, 62, 74a, 76, 79, 83, 90, 91, 97, 98, 99, 106, 112, 113, 
114, 115, 122, 123, 124, 127, 128, 129, 130, 131, 133, 134, 136, 139, 140, 144, 151]. 

The tremendous barrage of applications of cyclic elements had several ef- 
fects on the subsequent development of the theory. To start with, it was clearly 
desirable to obtain a simpler exposition of the principal theorems and their 
proofs. Whyburn’s first exposition [102] had based the entire development on 
the cyclic connectivity theorem. The proof of this was complicated, even in the 
plane, and considerably more so in more general spaces. So Whyburn thought 
it desirable to obtain the cyclic element theory results independently of this 
theorem. He succeeded in [116] not only in circumventing the cyclic connectiv- 
ity theorem, but in extending many of the results to spaces which are connected 
and locally connected, but not necessarily compact. Since maximal cyclic curves 
of such spaces might not exist, the key really lies in generalizing the definition 
of cyclic element. The notion of maximal cyclic curve is replaced by that of set 
maximal with respect to being connected and having no cutpoint. (Since the 
resulting “element” need not be cyclic, it was at first called a nodular set rather 
than (as in more recent usage) a cyclic element). Cutpoints and endpoints were, 
of course, retained as cyclic elements. 

Whyburn generalized the spaces considered to sets which are merely con- 
nected and semi-locally connected in 1939 [135]. 

It is worth noticing that Whyburn’s circumvention of the cyclic connectiv- 
ity theorem enabled him to produce a greatly simplified proof of it by using 
some elementary cyclic element theory [119]. Ayres finally succeeded in produc- 
ing a very simple proof independent of cyclic element theory [16]. 

An even simpler means of developing cyclic element theory was used by 
Kuratowski and Whyburn in 1930 [51]. (They attribute the idea to Moore [51, 
p. 306 footnote 6].) A point p is said to separate two points a and 0 in a con- 
nected set Mif M— ip} is the union of two mutually separated sets one of which 
contains a and the other 0. Two points a and 0 are said to be conjugate in M 
provided that no point of M separates a from 0 in M. Then a cyclic element of 
a Peano continuum X can be defined as either a cutpoint of X or a set consisting 
of a non-cutpoint p of X and all the points g of X that are conjugate to p. De- 
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generate sets of the latter type were shown to be endpoints. For Peano con- 
tinua the entire theory of cyclic elements was built on this basis, and this paper 
generally replaced [106] as the standard reference on the subject. Kuratowski 
and Whyburn characterized true cyclic elements in still another fashion (cyclic 
chain from one of two conjugate points to the other), proved several new prop- 
erties of cyclic elements, cyclic chains, A-sets, and H-sets, listed fourteen differ- 
ent cyclicly extensible or reducible properties and a criterion by which cyclicly 
extensible properties can be “mass-produced,” listed most of the known applica- 
tions and several new ones, and gave a complete bibliography of the subject up 
to 1930. 

In addition this paper presented the very useful idea of approximation to a 
space by means of cyclic chains. The essence of this idea is that there always 
exists (for a Peano continuum X, at least) a sequence of cyclic chains with 
diameters tending to zero such that each element of the sequence intersects the 
union of the previous elements in a single point, but such that the diameters of 
the components of the complement of the union of the first 2 chains tend to zero. 
The union of all the cyclic chains in the sequence covers all of X except possibly 
for some endpoints. (See also [137| where the requirement of local connected- 
ness of X is weakened.) 

The concept of simple link invented by R. L. Moore coincides with that of 
true cyclic element for semi-locally connected continua (including Peano con- 
tinua) but not necessarily for more general spaces. Expositions can be found in 
[65] and [137]. Relevant also is [135]. 

Decompositions analogous to the cyclic element decomposition but not 
strictly refining nor extending the cyclic element theory proper were made by 
Whyburn in [122]. 

Some further generalizations of the spaces under consideration were made by 
Harry [36], Jones [37], Kelley [40], and Wallace [93, 98]. 

Much of the “classical” theory of cyclic elements of Peano continua is pre- 
sented in each of [33, 50, 59, 65, 75, 137 and 143]. 

In 1932, Wilder [141] suggested refining cyclic element theory by using 
techniques from algebraic topology. In a very loose sense, he began this process 
himself in [141] and [142] but the development really rests on two papers pub- 
lished by Whyburn in 1934: [125], which, among more general results, estab- 
lishes the existence of the higher cyclic elements, and [126] which actually de- 
fines these higher cyclic elements and develops the theory. (The treatises men- 
tioned previously as exposing the “classical” theory do no more than hint at 
this theory. However, it was outlined by Whyburn in [132] in a form designed 
for nonspecialists. ) 

An essential idea of this development is the use of cuttings other than cut- 
points. (By a cutting M of a connected topological space X we mean a subset of 
X whose complement is not connected.) More specifically, a 7,-set (of a com- 
pact subset X of Euclidean n-space) is defined to be a closed point set which 
carries no (essential) r-dimensional cycle. Thus, e.g., a To-set is a single point. 
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The rth order cyclic elements of M or E,-sets of M are then nondegenerate sub- 
sets of M maximal with respect to having no 7,-set as cutting. Thus, e.g., the 
Fo sets of M are the true cyclic elements. Some “sample” theorems are: 


Two E, sets of M intersect (af at all) in a T, set of M. 
The dimension of any E,-set of M 1s at least r+1. 


For each r and each E, in M, there extsts a finite sequence of sets Ey, Fi, ---, 
Fy-1 such that Fo) fi) Ee) soso Er -1 Ey. 


The r-th connectivity number of M 1s the sum of the r-th connectivity numbers of 
the E,1-sets of M. 


In order that M should separate R” 1t 1s necessary and sufficient that some En» 
in M should separate R”. 


A considerable portion of the “classical” cyclic element theory was general- 
ized in this manner, from A-sets to extensible and reducible properties. 

Subsequent papers developing, extending, and applying the theory of E,-sets 
include [24, 74, 81, and 87]. 

A different way of refining cyclic element theory was used by Wallace [95, 
96|. Though this theory also results in an analysis that features the dimension of 
the “cyclic elements” obtained, the technique is based on mappings into spheres. 

Several others have also found ways to refine the cyclic element decomposi- 
tion. Since the “nonseparable components” of a linear graph correspond to cyclic 
elements of a topological realization of the graph, Whitney’s theorem [100], 
that a graph is planar if and only if each nonseparable component is, concerns 
cyclic reducibility and extensibility of imbeddability in the plane. MacLane 
[55] devised a cyclic element-like decomposition of cyclic elements of a graph 
based on cuttings by pairs of points to improve Whitney’s results. (See also 
[56].) 

In 1940, Hall [30] produced a more general decomposition of cyclic elements 
of a Peano continuum, also based on cuttings by pairs of points. Hall’s secondary 
elements are built on a notion of biconjugacy. Two points a and 0 were said to be 
biconjugate in cyclicly connected Peano continuum X if every pair of points that 
separates a from 0 lies on some free arc of X. The secondary element analogue 
of a true cyclic element is a suitably chosen point a together with all points bi- 
conjugate to a. (The “suitable choosing” consists in picking a so that any point 
6b such that 1a, b} separates M must lie together with a on some free arc of M.) 
The applications are concerned chiefly with “secondarily” extensible and re- 
ducible properties, e.g. hereditary local connectedness, (Menger) regularity, 
and (Menger) rationality. 

The same year, J. W. T. Youngs [146] produced and developed a decom- 
position somewhat similar to Hall’s. For Youngs, point a is b1-conjugate to 
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point b (in a cyclicly connected Peano continuum M) provided that however two 
points x; and x, different from a and 0 be chosen in M, it is true that a and 6 lie 
in the same component of M— 1X1, xo}. (We obtain “k-conjugacy” by choosing 
%1, Xo, °° +, x, all different from a and 0.) If each of three points (& points) is 
bi-conjugate (k-conjugate) to each of the others, then the set of all points bi- 
conjugate (k-conjugate) to all 3 (all k) of them is called a bi-cyclic (k-cyclic) 
element of M. 

In [138], Whyburn also generalized the notion of conjugacy, though no 
parallel with the rest of cyclic element theory is pursued. 

Cesari [20, 21, 22| formed fine-cyclic elements refining the Morrey cyclic ele- 
ment decomposition of surfaces. The idea was taken up and extended by Neuge- 
bauer who produced an extensive theory for Peano continua of finite degree of 
multicoherence [52, 53, 69, 70, 71, 72]. (For definition of degree of multicoher- 
ence, see e.g., [137].) In the Cesari-Neugebauer theory, a B-set (analogue of A- 
set) is first defined to be a nondegenerate continuum the frontier of each com- 
ponent of whose complement is finite. A fine-cyclic element is then a B-set which 
has no finite cutting. When the space under consideration is unicoherent, the 
fine-cyclic elements coincide with the Whyburn true cyclic elements. 

Others who have produced refinements of the cyclic element decomposition 
include Kositski [45, 46, 47], McAuley [58], and Remage [78]. Remage’s paper 
is also concerned with unifying some of the extensions of cyclic element theory. 

An interesting by-product of the cyclic element theory is the theory of 
acyclic elements of a Peano continuum X begun by Wallace in 1942. These are 
simply the components of the set of cutpoints and endpoints of X. The prop- 
erties of acyclic elements are (roughly) dual to those of cyclic elements. Only a 
few such properties have been published [92 |. 

Another side-benefit is provided by Radé and Reichelderfer’s concept of 
cyclic transitivity [77]. They noticed that the relation of conjugacy narrowly 
fails to be an equivalence relation. Conjugacy is symmetric and reflexive, but 
not quite transitive, since if b is a cutpoint, we may have a conjugate to b and 
conjugate to c without having a conjugate to c. But conjugacy is cyclicly transt- 
tive. This means that if a1, do, - - - , Gy is a finite sequence of points, each con- 
jugate to the next, and if a, is conjugate to a;, then each of the points is con- 
jugate to each of the others. Abstracting this notion, they produced a “cyclic 
element” theory based on an arbitrary reflexive, symmetric, cyclicly transitive 
binary relation. A good many of the classical theorems hold even in this abstract 
context, which may therefore be thought of as representing the ultimate gen- 
eralization in the direction of weakening conditions on the space. 


This paper grew from reading related to research on a thesis problem suggested by my major 
professor, Dr. Louis F. McAuley, at the University of Wisconsin. The work has been partly sup- 
ported by a fellowship in the summer 1963 Research Participation for College Teachers Program 
at the University of Oklahoma and by an N.S.F. extension grant, GE2687. 
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A FIXED POINT THEOREM FOR CONNECTED 
MULTI-VALUED FUNCTIONS 


RAYMOND E. SMITHSON, U. S. Naval Ordnance Test Station 
China Lake, California 


1. Introduction. Let X and Y be Hausdorff spaces. A multi-valued func- 
tion on X into Y is a point to set correspondence. Let F: X—Y denote a multi- 
valued function. If 4 CX, then the image of A is F(A) =U{ F(x): x€A} and 
if BC Y, then the inverse of B is F—!(B) = \xEX: F(x) OBES } where @ de- 
notes the empty set. In particular F-'(y) = |: yE F(x) }. If F: XX, then 
x€X is a fixed point for the multi-valued function F in case x«C F(x). In the 
sequel the term function will mean multi-valued function. 

The concept of continuity has been defined for multi-valued functions in 
several different ways, and W. Strother [10] has studied the relationships that 
exist between the various definitions of continuity. C. Berge discusses multi- 
valued functions in [3], and develops many of the fundamental properties. 
Many authors have obtained fixed point theorems for functions that satisfy one 
or more of the various definitions of continuity; see for example, Begle [2], 
Fuller [5], Strother [11], Wallace [12, 13], Ward [16, 17, 18], and their refer- 
ences. On the other hand, Hamilton [6] has obtained a fixed point theorem with- 
out the assumption of continuity. The purpose of this note is to prove a fixed 
point theorem for a class of functions which are not necessarily continuous. 

A multi-valued function F is called point-closed if F(x) is a closed set for 
each «CX. If F(C) is a connected subset of Y whenever C is a connected subset 
of X, then F is called a connected function. If the inverse under F of a con- 
nected set is connected, then F is called inverse-connected. If F is both con- 
nected and inverse-connected, call F biconnected. 

Our main result is Theorem 1 below which states: A biconnected, point- 
closed function on a tree into itself has a fixed point. This theorem extends 
results of Wallace [12], Capel and Strother [1], and Ward [17, 18], to functions 
which need not be continuous. 


2. Trees. The purpose of this section is to define a tree, and to exhibit the 
principal results used in the sequel. In particular, the order theoretic properties 
of trees are developed and used to derive the fundamental lemmas required in 
the proof of Theorem 1. The idea of introducing an order and a topology inde- 
pendently to study properties of spaces was due to A. D. Wallace. L. E. Ward 
[14-18] has studied the order theoretic properties of topological spaces, and has 
used these properties to prove fixed point theorems. Also, G. D. Birkhoff [4] 
and L. Nachbin [7,8] have considered orders and independently obtained part 
of Lemma 2. 


DEFINITION. A point zC X is said to separate the points x, yCX tf and only if 
there exist sets A, BCX with xCA, yCB such that ANB=A(\B=@ and such 
that X — i} = A.B (where A = Cl(A) denotes the closure of A). We say that x and 
y are separated by gin X. 
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A tree is a compact, connected, Hausdorff space X in which any two points 
can be separated in X by a third point. 

REMARK. Ward [14, 15| has shown that a tree is locally connected. 

Let X be a tree and let eC X. Define xy if and only if x=e, x=y, or x 
separates e and y in X; the element e is called the least element of X. Define 
M(x) ={a:x<Sa} and L(x) =\a:a<x}. Ward [14] has shown that < is a 
partial order on the set X. In the following X will be a tree with least element 
e and the above partial order. 

Lemma 1 is from [14] and [15]. 


LEMMA 1. The partial order S satisfies: 
(i) S ts semi-continuous; i.e., L(x) and M(x) are closed sets for each xECX. 
(ii) SS ts order dense. 
(ui) If xEX and yEX, then L(x)M\L(y) is a nonempty chain, 
(iv) If CX, the M(x) —x is open, 
where a chain 1s a linearly ordered subset of X. 


If x<y, define [x, y]={z:x<z<y} and define (x, y) = {g:x<z<y}, where 
x<g means xSz but xz. One defines |x, y) and (x, y| in a similar manner. 
Note that [x, «]= {x}. 

The first part of Lemma 2 is due to A. D. Wallace [13]. 


LEMMA 2. Each compact, connected subset of X contains a least element, and 
every closed chain contains a maximal element. Further, if x<y, |x, y] is a compact, 
connected chatn. 


Proof. The first statement follows from Theorem 1 of [14]. The second state- 
ment follows from Lemma 1 and the first statement. 


LEMMA 3. If St 1s a nest of sets, of the form |e, x], in X, then there exists a 
point xo such that |e, «| C[e, xo] for all [e, x] Em and if [e, x] Ce, xo), then [e,x] 
ts included in a member of N. From this last it follows that if e<x <x», then xCUMN. 


Proof. The set 9% is connected as each NC is connected and contains e. 
Thus, Cl(U 9) is compact and connected, and hence contains a maximal element 
x) by Lemma 2. Then Lemma 1 together with the fact that 9 is a nest of sets of 
the form [e, x] show that xp is the desired point. 


REMARK. Let «CX. Then X — {x} =X — M(x)\U M(x) - ia}. By Lemma 1, 
M(x) is closed and M(x) — 1x} is open. Further, X — M(x) and M(x) — 1x} are 
disjoint. Thus, the uniands X — M(x) and M(x) — 1x} are open and disjoint. 


Lemma 4. If x GA, AVM (x) ¥Q, and if there is an xCA such that x) $x, 
then x) separates Ain X. Thus, A is not connected. 


Proof. Let Ai=|{xCGA:xo€x} and let 42=A\M(x). Since x.EA, M(x») 
—Xy is an open set containing A, which does not meet A,. Further since M (Xo) 
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is closed, the complement of M(x) is an open set containing A, which does not 
meet A». Hence the lemma follows. 

We shall use the following notation: If d CX and xSy(«<y) for all yEA, 
write x <A(x <A). Also, if A CX, define At by: Af= | xECX: x¥€y forall yEA}. 


Lema 5. Let xCX. If F(x) is connected and if x F(x), then either x < F(x) 
or xC F(x)t. 


Proof. Suppose that xy for some y€ F(x) and suppose that «¢ F(x)#, ice., 
there is az@ F(x) such that « Sz. The latter supposition implies that F(x) M(x) 
#~@. Then since x¢ F(x) and xt{yC F(x), Lemma 4 implies that F(x) is not 
connected, a contradiction. Hence, either x < F(x) or xC F(x)?. 


Lemna 6. Let F be a point-closed, connected function on the tree X into itself 
such that x E F(x) for all xCX. Let x»CX and suppose that for eSx<xo, we have 
x< F(x). Then xy) < F(x). 


Proof. lf x)» =e, this is trivial. Thus suppose x) #~e. By hypothesis x, € F(%o) 
and F(x») is connected. Thus, we suppose that %»€ F(x»)#. Let A = F(x0)M [e, xo | 
and let x;=max (AU 1e}) (x; exists by Lemma 2). Then eSx%1<%o. Let 2 be 
such that eXx,<2<x». Then z€ F(x,)# and z< F(z). Hence, z separates the set 
F([z, xo|), but this is a contradiction, since F is a connected function. 


3. The Main Theorem. We now state our main result. 
THEOREM 1. Let X bea tree. If F: XX 1s a biconnected, point-closed function 
on X into X, then F has a fixed potnt. 


Proof. Suppose that F does not have a fixed point. Let X be partially ordered 
as in Section 2 with minimal element e. Then e¢ F(e). Thus, x«C€ F(e) implies 
that e<x. Hence e< F(e). Let $ be defined by: 


8 = {[e, x]: y < F(y) for all y € [e, |}. 


Since |e, e] = ie} ,8#@. Partial order § by inclusion. Then, by Lemmas 3 and 6 
and Zorn’s lemma, $ contains a maximal element. Let le, x9 | be a maximal ele- 
ment; then %)< F(x»), and if x; is the least element of F(x,), then x»<x«1. By 
the maximality of [e, xo], there exists a y such that x)<y<, and such that 
yCF(y)# (by Lemma 5). We now assert that %)»<x<y implies that xC F(x). 
For suppose that %)»<x<y and that *«<F(x). Let x,=min F(x), and let A 
=[x, x,|U[x, x.|. Then A is connected and thus, F-1(A) is connected. Since 
,€ F(x) and *»,.C F(x), both x, «CG F-\(A). Further, since *)<x and F-1(A) 
is connected, |x, x|C F-1(A); for otherwise, by Lemma 4, some point z€ |p, x| 
would separate F-1(A) in X. Consequently, if © [xo, x), F(z) 1A ¥ @, and since 
x<A, and z¢ F(z), Lemma 5 implies that z< F(z) for all z€[xo, «). Hence for 
all zE [e, x], we have z< F(x). But this contradicts the maximality of [e, xo]. 
We have shown that if x»<xSy, then x«C F(x)#. However, F([xo, y]) is con- 
nected, since F maps connected sets onto connected sets and [xo, y] is con- 
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nected by Lemma 2. On the other hand, y< F(xo) and so F([%o, y]) meets both 
M(y) and X—M(y). Further, from the facts that xC F(«)# for all x)<x<y, 
and y< F(x») we see that y€F([xo, y]). Thus, y separates F([xo, y]) in X, a 
contradiction. Consequently, x» < F(x») is impossible and so there exists a point 
x€ExX such that «EC F(x). 


4. Some Examples. In this section we present some examples which show 
that the condition that F be biconnected does not imply that F is continuous. 

Example 1. Let X=[0, 1] and define F, by: Fy(x) =4-x% if O<x<3, F,(4) 
=[4, 4], A(«)=« for }<xS1. This function is point closed and biconnected 
but the inverse of the open set (4, 4) is not open. Thus, F; is not lower semi- 
continuous. 

Example 2. Let X=[1, 2] and define Fy by: F.(1)=1, F(x) =[1, «] for 
1<x<2 and /,(2) =2. This function is point closed and biconnected but Fy1(x) 
= [x, 2) when 1Sx<2. Thus, F, is not upper semi-continuous. 

Example 3. Let X=[0, 2] and define F; by: F3(x) = F,(«) if «E[0, 1], and 
F3(x) = F,(x) if «E[1, 2]. Then F is biconnected and point closed but neither 
upper nor lower semi-continuous. 

Strother [11] has given an example of a continuous, biconnected function 
on the two cell into itself which does not have a fixed point. In [9] there is an 
example of a continuous, biconnected function on an arcwise connected, acyclic, 
metric continuum into itself which does not have a fixed point. This latter space 
is not locally connected, it is not unicoherent and it contains a nest of arcs 
which is not contained in an arc. We then conjecture that Theorem 1 can be 
extended to acyclic, arcwise connected continua in which each nest of arcs is 
contained in an arc. 


Presented to the American Mathematical Society April 18, 1964. 
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ON A NEW PROBLEM IN NUMBER THEORY 
ROGER CROCKER, University of Toledo 


In this article, the following type of problem is considered. Instead of expres- 
sions a” or n*, where a is fixed and m may take on different values, one wishes to 
consider n” (where both exponent and base change together) and investigate 
certain problems arising in connection with it. Some of these problems are anal- 
ogous to those arising with m2’ and a”. 

The starting point is the following problem, analogous to the “primitive root 
and belonging to a given exponent” problem for a”. . 

As is seen immediately, (pb —1)@- =1 (mod p), where p is an arbitrary odd 
prime. Also 1!=1 (mod p). Now for a fixed p does there exist an n, 1<n<p—1, 
such that 2"=1 (mod p), or is p—1 the lowest nontrivial integer having this 
property? If p—1 is the lowest nontrivial integer having this property, p will 
be said to be irreducible; otherwise, p will be said to be reducible (for 2). 

From consideration of this problem, one is led to Theorem I, which is de- 
rived immediately below and which produces a class of irreducible primes. 


Notation. Throughout this paper, p denotes an arbitrary odd prime, or (if 
specifically stated) an arbitrary prime of a certain form. Throughout the deriva- 
tion of Theorem I, it is understood that n, s#1 or p—1. 

Let s be any integer having the property, call it the fundamental property, 
that ss=1 (mod p), 1<s<p—1, p fixed. Then s must belong to some exponent 
d (mod p), where d is a divisor of both p—1 and of s. (However, d#1 or p—1 
clearly; also d#2, as otherwise s=1, p—1 which is excluded.) .d| s. (If s did 
not belong to d, d would not have to divide s. It should further be noted that if 
nt=1 (mod p), 1<n<p—l, d| n implies 2 has the fundamental property, 
whether or not 2 belongs to d (mod )p).) 

Now suppose p—1=2gq, g a prime of the form 44+3. The only divisors of 
pb—1 are 1, 2, q, 2g. Hence s must belong to g (mod p) and g=(p—1)/2 must 
divide s. Thus s=(p—1)/2. But since (p —1)/2 is odd, (pb —1) ®-? /? = —1(mod p). 
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And 2 is a quadratic residue of p as p=8h+7; hence 2-)/2= 1 (mod p). Thus 


p— 1\e-vP 
(7) = — 1 (mod 9). 


Therefore (p—1)/2 does not have the fundamental property, and p is irreduci- 
ble. It follows that 


THEOREM I. If p=2q+1 where q is a prime and of the form 4h+3, then p is 
irreducible. 


It is natural to ask whether there is an infinity of irreducible primes. This 
question, like the corresponding one for primitive roots, cannot yet be definitely 
answered, though after Theorem I an affirmative answer seems probable. 


Remark. For p=4x+3, (p—1)”-?/2=—1 (mod p). Hence a sufficient con- 
dition that p=4x-+3 be reducible is that 2°°—-)/?=—1 (mod p) and hence that 
2 be a quadratic nonresidue of p. Therefore, p=8x-+3 is reducible. Since for 
p=4x+1, (pb—1)%-?/2=1 (mod p) instead of —1 (mod p), it follows that the 
sufficient condition for reducibility is that 2°°-)/2=1 (mod p) or that 2 be a 
quadratic residue of ». Hence p=8x-+1 is reducible, and it follows that there 
1s an infinity of reducible primes of either the form 4x-+1 or the form 4x+3. 

The first paragraph of the proof of Theorem I suggests a method for deter- 
mining whether » is irreducible (if p=8x+1 or 8x+3, it is known from above 
to be reducible) which is faster than such crude, obvious methods as trying 
every 2” (or even 2” for only those 2 such that (n, p—1) #1) especially if each 
of the prime factors of p—1 is raised to a small power. This increase in speed 
results mainly because the exponents involved in the calculations are, on the 
average, far smaller, as can be seen by a comparison of the methods. 

Method: Start with the highest d<(p—1)/2; consider x4=1 (mod p) for 
same d. Then for x, try every multiple of that particular d, i.e. every multiple 
which is >1 and <p-—1. If one of these multiples satisfies that congruence, p is 
reducible. If no multiple does, one follows the same procedure for the following 
(lower) d, and if one arrives at a negative result again, for the d after that, and 
so on. If one obtains a negative result for every d, p is irreducible, since any 2, 
with 1<n<p—1i, having the fundamental property must belong to some d 
(and be a solution of x4¢=1 (mod p)) and hence be a multiple of that d; every 
possible integer will have been tried and the test is complete. 

Actually one may start with any d, but d=(p—1)/2 should be excluded as 
it has been taken into account above, where it is shown that if p=8x-+1 or if 
pb=8x+3, then it is reducible. Starting with the highest d<(p—1)/2 may be 
better in that on the average, reducible primes can be found to be reducible 
more quickly (i.e. with fewer trials). 

A topic suggested by the preceding problem is the study of the residues of 
n” (mod p), 1Sn<p—1. This study leads to several results. Since 


a*(p — a) = a%(—a)e) = (—1) 9 a? = (—1) @ (mod 9), 
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it follows that 
+if a is odd 


a(p — a)? = + a (mod p), us 
—if a is even. 


Hence, 


(p—1) /2 p- 1 
I] oe -—-ae% = —:( ; )s (mod ), 
a=1 


where g is the number of positive even integers S(p—1)/2; 


_p-t _p-3 


if p= 4x + 3. 


q ifp= 4x + 1, and q 


Remembering that 
p-1\ 
(—ayoron(P—") 1a (pt) — 1 (mod 2), 
one gets 
THEOREM II. 
{(p —1)@-) (p — 2)@- ... 221112 = — 1 (mod p) ifp = 4e4+1. 
(p — 1)@-) (p— 2)@-%) --.21'= +1 (mod p) if p = 4x + 3, 
or, more exactly, =(—1)#-9/4lt (mod p), where v=the number of quadratic 
nonresidues <$p. 


Thus one has an analogue of Wilson’s Theorem for n”. 
Another result may be obtained as follows. If z™=a (mod )), then x"=a 
(mod p) has a solution, which implies that 


qge-lita,p-) = {| (mod p). 


Now if ais a primitive root of p then (mz, p—1) =1. Hence, if @ is a primitive root 
of p, it can only be a residue of 2” with m such that (m, p—1)=1. 

One final result. If p is reducible for integers c, b<[./p—1], ¢ and b distinct 
or not, then the following method can be used to find another integer for which 
pb is reducible. Since 


c=1(modp) and &&=1 (mods), 1<), c<[Vp— 1], 
then since 
(cb)*> = (c*)®(b%)* = 191° = 1 (mod p), 


it follows that (cb)*=1 (mod p), where cb <p—- 1. 


ON FAMILIES OF TOPOLOGIES FOR A SET 
NORMAN LEVINE, Ohio State University 


1. Throughout this paper, X and A will denote nonempty sets, A consisting 
of two or more elements. For each aA, let 3, be a topology for X. The family 
{ Sa: aca} generates a topology 3 for X in the following natural way: a sub- 
set O of X is in Jiff for each xGO, there exist a, -- + ,a,in Mand U;G3_, such 
that xG Ui) -- > (\U, CO. It is easy to verify that (i) 3 is a topology for X, 
(ii) 345 for eachaCA and (iii) 3 is minimal relative to properties (i) and (ii). 


2. We will be concerned with this general question: If for each aCA, 
(X, 3.) has some property P, under what circumstances will (X, 3) also have 
property P? 

3. For each aGA, let Xy=X and let (X*, 5*) =X { (Xo, Ja): aCA}. Let D* 
be the diagonal in X*, that is, x*CD* iff «*: A—X is a constant. For each 
aGA, P, will denote the projection from X* onto Xq. 


4. THE FUNDAMENTAL THEOREM. (X, 3) is homeomorphic to (D*, 5*(\D*) 
(see sections 1, 3). 


Proof. Let h: D*—X as follows: h(x*) =x*(q) for all a€A; h is clearly single- 
valued, one-to-one and onto. We show first that hf is continuous. Suppose 


y* ED* and that h(y*) OCS. Then there exist a, +--+, a, in A and U;€35,, 
for which h(y*)GUiN ---™U,CO (see section 1). Then P,,(y*) =y*(a;) 
=h(y*)GU, for i=1,---, a Thus y®ePA [WIN -- - OPZ[U,|AD* 
E35*/\D*, But 


h{ Pz, [Ui] ++ - O Pan [Un] A D*} 
= h{ DP Py [Uy] O +++ DEO Pa [Ua]} 
= P.{D*O Pa [Uil} A+++ Pa,f DEO Pe [U,]} 
C PuPa, [Ui] 0 ++ A Pa Pa. [Ua] 
=U;0+--NU,CO. 


Thus / is continuous. 

Next we show that / is an open map. Let x Gh(O*/\D*) where O* C3*. Then 
x =h(x*) for some «*CO*/\D*. There exist then a1, ---,a, in A and UC 3a, 
for which 


“* © Py [Ui] A+++ Pa [Un] A D*C OF D* 


(see section 3). But x =h(x*) =x*(a;) = P,,(x*) CU; for each 1. Thus «© UN 
-- (\U,€3. The proof will be complete when we show that Ui; --- OU, 
Ch(O*(\D*). Now 


RUO,0++ +O Ua] =r [Ui OA--- Ar 0, 
D*O Pz, [Ui] A+ +O D*O Pa [Un] C OF D*. 
358 
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Since h is one-to-one and onto, Ui - + - (\Un Ch(O*1™D*). Thus h is a homeo- 
morphism. 


5. COROLLARY. For each aCA, (X, 3a) ts a continuous, one-to-one image of 
(D*, 3*(\D*) (see section 3). 


Proof. The map h: D*—X in section 4 is a homeomorphism (relative to 
3*(\D* and 3). Since 3,C3 for each a€A, h is continuous relative to 3*/\D* 
and 3q. 


6. COROLLARY. Let P be a property which 1s invariant under continuous, one- 
to-one, onto maps, é.g., connectness, compaciness dense-in-ttself, separability, etc. If 
(X, 3) has property P, then (X, 3.) also has property P for each aCA. 


7. A property P of a space is termed hereditary (closed hereditary) iff every 
subspace (closed subspace) of a space with property P alsohas property P; P is 
called productive (countably productive) iff the product (countable product) of 
spaces enjoying P also has property P. 


8. COROLLARY. Suppose P 1s a property which ts both productive and hereditary 
(section 7), e.g., 71, T2, regular, completely regular, Tychonoff, etc. If each (X, 3.) 
has property P, then (X, 3) also has property P. 


Proof. (D*, 3*(\D*) has property P since it is a subspace in the product 
space. Hence (X, 3) has property P by section 4. 


9. COROLLARY. Let P be a property which 1s hereditary and countably produc- 
tive (see section 7), e.g., metrizability, first axiom, second axiom, etc. If A 1s counta- 
ble and (X, 3.) has property P for each aCA, then (X, 3) has property P. 


10. CoROLLARY. Let P be a property which 1s productive and closed-heredttary 
(see section 7), e.g., compactness. If (X, 3a) has property P for each aCA and if 
D* is closed, then (X, 5) has property P (see sections 1, 3). 


11. THEOREM. If D* is closed, then (X, 3) 1s T> (see sections 1, 3). 


Proof. Let x#y. Take a*CA and let x*: AX as follows: x*(a*) =x and 
x*(a) =y for all aX%a* (recall that A consists of two or more elements). Then 
x*€ D* and, since we presume that D* is closed, there exist a, ---,a@, in A 
and U;€5e, for which x* EPs [UIA - - - APS) [U,] Ce*D*, e* denoting the 
complement operator in X*. We remark, first that ~22. If n=1, take q@ U; and 
let 2*: AX as follows: z*(a) =g for all a€GA. Then 2* C Pz [Ui], but 2* Ee*D* 
which is a contradiction. Case 1. a* 4a; for each 7. Then y=x*(a;) = Pa,(x*) 
EU,. Let y*: AX as follows: y*(a) =y all a€A. Then y¥ CPZ [WIA - - - 
(\Pz'[U,]|, but y* EC*D* which is a contradiction. Case 2. a* is one of the ai, 
say a ,. Then 


s* © Pz [Ui] A Pa [U2] A - ++ O Pa, [Un] C ©*D*. 
But x=x*(a*)CU, and y=x*(a;)C U; for 7=2,---,n. Then xCU,C35 and 


360 ON FAMILIES OF TOPOLOGIES FOR A SET [April 


yEUL\ +++ \U,CG35. Itisleft to the reader to show that U1and Us - - - OU, 
are disjoint. 


12. The converse of the theorem in section 11 is false (see example 17.3). 
A sufficient condition for D* to be closed in (X*, 3*) is given in section 14. 


13. Let {5.:aGA} bea family of topologies for X. Then { 3a: aGA} has the 
chain property iff for a, BCA, then 34 CJ¢ or 3g C Iz. 


14. THEOREM. Let {Sar aEA} be a chain of T>-topologies for X. Then D* 
1s closed in (X*, 3*) (see sections 1, 3, 13). 


Proof. Let x* €D*. Then there exist a, 8CA such that «*(a)#x*(8). Sup- 
pose that Ja C3,s. Now there exist disjoint U and V in 3, for which x*(a)€ U and 
«*(B) GV. Since VG5g and since x* CPZ [U]AP;'|V] Ce*D*, it follows that 
D* is closed. 


15. ‘THEOREM. Let { Se: aca} be a chain of topologies for X and let OCX. 
Then OCS uf for each x CO, there exists a UC35, for some aCA such thatxC UCO, 
(see sections 1, 13). 


Proof. ‘The sufficiency follows from the definition of 3. To show the necessity, 
let x © O© 3. Then there exist aq, ---,a, in A and U; © Je, such that 
xGUW\++-+-\U,CO. Suppose that the notation is chosen so that Sa, Sey 
C++ Cd. Let V= Ui +--+ OO\U,,. U clearly is in 3,,. 


16. THEOREM. Let { Sa! aca} be a chain of connected topologies for X. If 
(X, 5) 1s compact, then (X, 3) is connected (see example 17.3 in this connection). 


Proof. Suppose that (X, 3) is not connected. Then there exist O, and O, dis- 
joint and nonempty in 3 for which X =O,UO,. For each «CQ, there exists a 
U,CUI 5.: aca} such that xc U, CO, (see section 15). Since O,; =U { U,: «EO;} 
and since QO; is closed and therefore compact in (X, 3), it follows that QO, 
=U,,U +--+ UU,, and hence 0:63, for some aGA. Similarly 0.€ 3, for some 
BCA. Suppose now that 3gC3,. Then (X, 3,) is disconnected which is a contra- 
diction. 


17. In this last section we give some examples to illustrate the possible 
limitation of properties which 3 may inherit from {3,:aCA}. In fact, in each 
of the following examples, will consist of exactly two objects, 1 and 2. 

Example 17-1. Let X =[0, 1] and let 3, consist of the empty set and all sub- 
sets of (0, 1] together with all sets containing 0 which have finite complements. 
Let 3) consist of the empty-set, all subsets of [0, 1) and all sets containing 1 
which have finite complements. Then (X, 3;) and (X, 3) are each compact, 
countably compact and Lindeléf. But (X, 3) is discrete and thus possesses 
none of these properties. 

Example 17-2. Let X be the reals and let 3, be the usual topology. Let 3, 
consist of the empty-set, X and all subsets of the rationals. Now (X, 3) is 
locally compact and (X, 3) is compact and thus also locally compact. But 
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(X, 3) is not locally compact. To see this, let /2€@OC5 and suppose c(O) is 
compact in (X, 3), c denoting the closure operator. Then there exist rationals 
r<s such that -/2€(r, s)COCc(O). But (r, s) is both open and closed in (X, 3) 
and thus is compact since c(O) is presumed to be compact. But (7, s) is not com- 
pact in (X, 3,) and thus cannot be compact in (X, 3) since 3, C3. 

Example 17-3. Let X:a, b, U1: @, (a), X and %: @, (b), X. Then (X, 3) 
and (X, 3,) are connected, but (X, 3) is discrete and thus disconnected. Note 
that {5,;:7=1, 2} is not a chain (see section 16). 

Example 17-4. Let X = {1, a ae } and let 3, consist of the empty- 
set, X, and all subsets of {2, 3,° +, Mee \ Let 3, consist of the empty-set 
together with all subsets of X whose complements are finite. It is left to the 
reader to verify that each (X, 3,) is locally connected, but that (X, 3) is not 
locally connected at 1. 

Example 17-5. Let X:a, b, c, &: W, (a,c), X and %®: @,(a, b), X. It is easy 
to verify that each (X, 3,) is normal, but that (X, 3) is not. 

Example 17-6. Let X be the reals, and 3, the topology generated by right 
semi-open intervals and 3, the topology generated by left semi-open intervals. 
Each (X, 3;) is separable, but CX, 3) is discrete and hence not separable. 


Reference 
1, John L. Kelley, General Topology, Van Nostrand, Princeton, N. J., 1955. 
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EDITED By J. H. Curtiss, University of Miami 


A CHARACTERIZATION AND GENERALIZATION OF SEMI-METRIZABILITY 
D. E. SANDERSON, Iowa State University and B. T. Sims, San Jose State College 


1. Introduction. A semi-metric p on a set S is a nonnegative, real-valued 
function, defined on SXS and such that (i) p(x, y)=0 if and only if x=); 
(ii) p(x, y) =p(y, x) for all x, yGS. A topological space (S, 7) is semi-metrizable 
if and only if there exists a semi-metric p on S such that for each pCS the col- 
lection | So(D; r) | r>o} is a local base at p for 7, where S,(p; r) = {xE S| p(p, x) 
<r}. Such a semi-metric is said to be admissible on (S, 7). Observe that p is a 
metric on S and metrizes (S, r) if, in addition, p(x, y) Sp(x, 2) + p(2, y) for all 
x, y, CS. It is well known that every metrizable space is a completely normal 
T -space, but that semi-metrizable spaces are 71-spaces which may not even be 
Hausdorff. A good discussion of the basic properties of semi-metric spaces is 
contained in [1]. 

In this paper, we present a characterization of semi-metrizable spaces in 
terms of “indexed” neighborhoods. It is similar to those given by Davis in [2] 
for topological spaces and by Hall and Spencer in [3] for metrizable spaces. We 
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generalize the concept of semi-metrizability by introducing the notion of an 
a-metrizable space which requires no 7;;-separation. An example of an a- 
metrizable space which is not semi-metrizable is given in section 3, and Theorem 
2 asserts that the concepts of a-metrizability and semi-metrizability are equiv- 
alent for the class of 7-spaces. 


2. Semi-metrizable spaces. For our semi-metrization theorem, we shall need 
the following lemma on indexed neighborhood systems for a topological space 
(S, 7). Let N; iCI*} be a family of functions indexed by the positive integers, 
I+, which assign to each x€S a subset N(x) of S and consider the following 
properties: 

Gi) for each «CS, the collection | N(x) | iCI*} is a local base at x; 

(ii) for each 1€ J+, xE N;(y) implies yC N; (x); 

(iii) for m, nCI*, there exists a RC J+ such that for all «CS, Ni(x) C N(x) 
(VN, (x) ; 

(iii)’ for each xC S and m, n€EI*, Nu(x) CNa(x) if m>n. 


LEMMA. Condition (iii)’ implies (111) and if there exists a famtly {N,j|teI*} 
satisfying (i)—(iii), then there 1s a family | Ni icr*} satisfying (i), (ii) and (ili)’. 


Proof. Choosing k to be the larger of m and n suffices for the first part. The 
second part is proved by setting Ni = MN; and Nii1=N; (for «€1*) where k is 
the first positive integer such that Ni.(%) CNj (x) O0Ni4i(%) for all x. 


THEOREM 1. A necessary and sufficient condition that a T,-space (S, rT) be 
semi-metrizable is that there exists a family |N ‘| tel +} of functions which assign 
to each xES a subset N;(x) of S such that conditions (1)—(iii) of this section are 
satisfied. 


Proof. Necessity. Let p be any admissible semi-metric on (S, 7), and let 
N(x) = S,(x; 1/2) for each iG l* and each «CS. It is easily seen that 1; ici} 
satisfies (i), (ii) and (iii)’. By the Lemma, it satisfies (iii) also. 

Sufficiency. Let {Nie} be any family of functions satisfying (i)—(ili). 
By the Lemma, there exists a family | Ni tcl} of functions satisfying (1), 
(ii) and (iii)’. Then 


\ Ni (x) = {x}. 
ieIt 
Define a semi-metric p on S as follows: 

(i) p(x, y) =0 if x=y; (ii) p(w, y) =sup{1/i] yEM! (x), 1EI*} if wy. 

For each xCS and each 7€ Jt, S,(x; 1/7) =Ni (x), and thus (S, 7) is semi- 
metrizable since | N/(x)|iGI*} is a local base at x. 

It is possible that the existence of a semi-metric with a countable distance 
set, such as that which we have just constructed, could be useful in the construc- 
tion of induction proofs in a semi-metrizable space. With the introduction of 
such a semi-metric on a non-totally disconnected space, however, we lose all 
manner of continuity of the semi-metric. 
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3. A-metrizable spaces. In [3, p. 65| Hall and Spencer give the following 
example of a Hausdorff space which is not regular (hence not metrizable), but 
is locally metrizable. Let S be the closed upper half-plane in E?, and let L de- 
note the x-axis. For each pCS and each r>0, define a neighborhood N,(p) as 
follows: 

(i) Nb) = Sabi NOS if PES—L; 

(ii) N,(p) = [Sa(bi NO(S—L) JU {p} if PEL, 
where d is the usual metric for E? and Sa(p; 7) = {x€ E?| ad(p, x) <r}. It is easily 
seen that a topology 7 is generated for S by the collection | N,(p) | pes, r>o}, 
and that (S, 7) has the following properties: (i) it satisfies the first axiom of 
countability, but not the second; (ii) it is separable, but not hereditarily separa- 
ble. Define a metric p on S as follows: 

(i) p(’, g) =0 if and only if p=q; 

(ii) p(d, — =d(p, g) +3 if PEL or gEL; 

(iit) pd, gq) =d(d, g) +1 if pb, EL. 

For each pCS, it is easily seen that S,(p; 7) = N,-12(p), §<rS1. Thus, al- 
though p does not metrize (S, rT), we observe that for each CS the collection 
| So(D; r) | r>i} is alocal base at ~ for r. Abstracting from this example, we are 
led to a natural formulation of the concept of “a-metrizability.” 


DEFINITION. Given a real number a 20, a topological space (S, 7) 1s a-metriza- 
ble if and only if there exists a metric p on S such that for each pCS, the collection 
| S,(p; 7)|r >a} is a local base at p for r. p is called an a-metric for (S, 7). 


Since an a-metrizable space is “almost” metrizable, the following properties 
either follow immediately from the definition or may be established by imitating 
the proofs of their metric analogues (e.g., see [3]). 

I. (S, 7) is metrizable if and only if it is 0-metrizable. 

II. A-metrizability is a hereditary property. 

III. If (S, 7) is an a-metrizable To-space, then it is a 7\-space. 

IV. If (S, 7) is a-metrizable, it satisfies the first axiom of countability. 

V. Every a-metrizable space has a bounded a-metric. 

VI. A-metrizability is a topological property. 

In the exposition which follows, we consider the relationship between the 
concepts of “a-metrizability” and “semi-metrizability.” Our next theorem and 
example establish that a-metrizability is a generalization of semi-metrizability 
for topological spaces possessing no 17°;-separation. 


THEOREM 2. A necessary and sufficient condition that a topological space 
(S, 7) be semi-metrizable is that it be an a-metrizable To-space. 


Proof. Suppose p is an a-metric for (S, 7). For «, yGS, let (i) d(x, y) =0 if 
and only if x=y and (ii) d(x, y) =p(x, y)—a if xy (p(x, y) >a if (S, rT) is To 
and hence d(x, y) >0). Since Sa(p; r—a) = S,(p; 7) for r>a and each pC, d is 
an admissible semi-metric on (S, 7). 
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Conversely, assume that d is a bounded, admissible semi-metric on (S, 7), 
and set 


a = sup {d(x, y) — d(x, 2) — d(z, y) | x, y, 2 © SH. 


For x, yCS, let (i) p(x, y) =0 if and only if x=y and (ii) p(x, y) =d(x, y) +a if 
xy. It is easily shown that p is a metric on S and, since S,(p; r+a) = Sa(p; 7) 
for r>0 and each pCS, p is an a-metric for (S, r). 

Example. To verify that a-metrizability is a generalization of semi-metriza- 
bility, we give an example of a topological space which is a-metrizable but not 
semi-metrizable. Let S= 1b, C, d} and r= 1D, S, iC, d}, 1b} \ (S, 7) is nota 
T-space (hence not semi-metrizable). Define a metric p on S as follows: 

(i) p(b, c) =p(c, b) =p(b, d) =p(d, b) =2; 

(ii) p(c, d) =p(d, c) =1. 

p is an a-metric (a=1) for (S, 7), since if 1<rS2, then S,(b; r)= 1b} and 
S,(c; r) =S,(d; r) = {c, d}. 

Note that since there are 7 -spaces which satisfy the first axiom of counta- 
bility but are not 7\-spaces, properties III, IV, Theorem 2 and the above exam- 
ple imply that the class of a-metrizable spaces occupies a position strictly inter- 
mediate to the classes of semi-metrizable and first countable spaces. 

REMARK. In constructing an a-metric p from the semi-metric d in the proof 
of Theorem 2, we set 


a@ = sup {| d(x, y) — d(x, Z) _ d(2, y) | «, y, 2€ S}, 


but this choice of “a” is not unique. In fact, if p is an admissible a-metric for 
(S, 7) and b>0, one can set p’(x, y) =p(x, y) +) if xy (p(x, x) =O for all xCS) 
and p’ will be an admissible (a+0)-metric for (S, 7). That is, although p’ clearly 
induces the discrete topology on S, the p’-spheres of radius exceeding a+b form 
a basis for r. At the other end of the spectrum the number a cannot be reduced 
below the value used in the proof of Theorem 3, but of course one can diminish 
the “scale,” e.g. by defining 


p. (x, y) 


px (x, y) = waz, y) +1) 


for any RE It. This gives an admissible a;,-metric for (S, 7) with 


a+b 
a, = —————-— 
k(a + 6 + 1) 


as small as one may wish, and the associated semi-metric has correspondingly 
small deficiency in the triangle inequality. This is no surprise, however, since 
all distances are then small. Observe that the (pointwise) limit function 
p=limyz.. px is a pseudometric inducing the indiscrete topology of S. 
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QUADRIC SURFACES WHICH TOUCH THE EDGES OF A TETRAHEDRON 
O. Botrema, Delft, Holland 


1. Introduction. We consider the set S of «©? quadrics Q which touch the 
six edges of a given tetrahedron A1A2A;A, and study some of its affine proper- 
ties. The major result deals with the centers of Q which are shown not to fill up 
the whole space but to cover a region bordered by the rational quartic which is 
known as Steiner’s Roman surface (see [1], p. 221, or [2], Chapter 7). 


2. The equation of the set. We take A; as the frame of reference for a sys- 
tem of homogeneous barycentric coordinates x; (¢=1, 2, 3, 4); the plane V at 
infinity has the equation )|x;=0. A quadric ) 44,4; =0 is tangent to the edge 
A,A if a?,=a4,01 and therefore a quadric Q has an equation 


i i>j 
with u; as parameters. As the system is unchanged if we replace a parameter 
u, by —u, we may suppose without loss of generality that the signs of wus, 
UUs, U1u, are negative. Q is a double plane if the three remaining signs are all 
positive and a cylinder if either one or two of them are positive. If we exclude 
these special cases the only one left 1s 


(2) > UN: — 2 > UjU;xX;x; = O 


the discriminant of which reads A= —16u{ujuzuy. Therefore: the set S of non- 
singular quadrics touching the edges of AyA2A3Aq 1s given by (2), in which all the 
parameters u; are different from zero. 


3. Configuration of the points of contact. We introduce the variables 
vi=uz! (i=1, 2, 3, 4). Then the point of contact Py, on A1A2 is (v1, Ye, 0, 0), on 
A,A3 it is Pi3= (v1, 0, v3, 0), and so on. Hence the lines P12P34, Pi3P42 and Py4P 2 
joining the points of contact on opposite edges pass through the point P(v1, 02, Vs, V4) 
which will be called the representative of Q. Conversely, each point not on the 
surface of the tetrahedron is the representative of one quadric of the set. 


4, Classification of the quadrics. As A<0, no ruled quadrics belong to S. 
Hence the only affine types are: the ellipsoid, the elliptic paraboloid and the 
hyperboloid of two sheets. In order to distinguish between them we determine 
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the center C(y1, Vo, V3, v4) Of Q, that is, the pole of the plane V. The polar plane 
of C has the equation 


(3) >» Uy01(U1y1 — Uxyo — U3Y3 — Usy4) = 0, 


and it coincides with > x;=0 if u1(u1y1 — U2¥o — Usy3 — Uays) = p and three similar 
equations for the same constant p are satisfied. From this it follows that 


—2 Ui =p >; and so we find 
(4) yi; = v,(v — 2,), 


where 2v=v1-+v2.-+v3-++v4. Hence the coordinates of the center C are quadratic func- 
tions of the coordinates of the representative point P. The center is at infinity if 


> =0 or 


(5) F (1, v2, 3, v4) = DS 0; —2>5 v0; = 0. 

t t>j 
This is the equation of the quadric (evidently an ellipsoid) which touches the 
edges at their midpoints and which we shall denote by F. Therefore, Q 1s a 
paraboloid if tts representative P(Q) 1s on F and we verify easily that Q 1s an 
ellipsoid if tts representative 1s inside F and a hyperboloid tf tt 1s outside F. 


5. Quadrics with a given center. In order to have a given point as its center 
a quadric has to satisfy three conditions and so the question arises whether 
there exists a quadric of S with prescribed center C. This means, analytically, 
whether we are able to solve the equations (4) if the y; are given and the v;, 
are unknowns. 

From (4) it follows that y;—y,;=(v;—v;)(v—v;—v,;). Hence we have either 


(6) V1 + Vg — 03 — U4 = 
or 
(7) (ys — ya)(01 — U2) + (v1 — y2)(¥s — v4) = 0, 


which are both linear equations. From (4) and (6) we deduce that y; = ye=d1v2, 
V3 = Y4= 304 and these satisfy (7), so that we may restrict ourselves to the latter. 
There are two similar equations: 


(8) (va — yo)(v1 — 03) + (y1 — ys)(v4 — 92) = 0, 
(9) (yo — ys)(v1 — v4) + (y1 — 4) (V2 — 93) = 0. 


The rank of the system (7), (8) and (9) is two; they have an infinity of solutions. 
One of them is v7} =v. =v3 =v, and another is 


(10) vi = wily — 4), 
where 2y stands for y; +ye+y3+ys4. The solutions are therefore 
(11) v= yy — yi) 1A, 
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where \ is a parameter. The system (4) is equivalent to three quadratic equa- 
tions. We take one of them, for instance 

(12) yod1(0 — 01) — Y1Ve(v — v2) = 0. 


If we eliminate v; from (11) and (12) and use the notation of (5), we obtain a 
quadratic equation for X: 


(13) 4d? — AF (y1, V2, V3) Ya) + Ayiyeyays = 0. 
Thus 

(14) h=3(F + VD), 

where 

(15) D = F°(y1, Yo, Yay ¥4) — O4y1yoysVe- 


Hence there are two quadrics which touch the edges of a given tetrahedron and 
which have a prescribed center C(y1, yo, v3, ys). The coordinates of their repre- 
sentatives are given by (11), (14) and (15) as functions of y;. The quadrics are 
real and distinct if D>0; they coincide if D=0; they have imaginary equations 
if D<0. The two representatives are on a line through the centroid (1, 1, 1, 1). 

Real quadrics of the set S have their centers in that region of the space whose 
points satisfy D20, The bordering surface is D=0. This, being equivalent to 


J y1 & Vye Ek V3 E Vos = 0,7 


is the standard equation of the rational quartic surface (“Roman surface”) 
which was discovered by Jacob Steiner about 1840 and has many other re- 
markable properties. 
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ON THE BOUNDEDNESS AND STABILITY OF SOLUTIONS 
OF DIFFERENTIAL-DIFFERENCE EQUATIONS WITH LAG 


Yau-CHUEN Wonc, Chu Hai College, Hong Kong 


In this paper, we discuss the boundedness of all solutions of the following 

differential-difference equation 
du(t) 

(1) a by(t)u(t) + be(t)u(t — A) + FC), 
where 0,(#) (¢=1, 2) and F(£) are real functions of a real variable t, and A\>0 1s 
called the lag. 

First, we investigate that the trivial solution which is asymptotically stable 
with respect to the linear homogeneous equation 
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du(t) 
(1’) a = by (t) u(t) + bo(t)uct — d). 


We can then establish the boundedness of all solutions of the equation (1). 
Chian Hod-Ming [1] employed the method of Liapunoff’s V-function to in- 
vestigate the case in which 0,(t) (¢=1, 2) are constants in the equations (1’) 
and (1). 

For the definition of the stability of differential-difference equations, we 
refer to the treatise of Aliskolish [2, 3], or Krasovskii [4], or Myshkis [5]. 

The initial set E,, of the equation (1) (or (1’)) is the interval tp) -—A StSty. On 
E,, we specify the initial function of (1) (or (1’)), ie., 

u(t) |g—dststo = g(t), 

where g(t) is a known bounded function. 


THEOREM 1. If the trivial solution of the linear first approximation of (1)’ 1s 
stable, (namely the integral fi,b1(x)dx is bounded, for all t=to) and 

(i) |u(¢)| S1 when t= by, 

(ii) fi | bo(x+d) | dx is bounded, when t= to 
then the trivial solution of (1)' ts asymptotically stable. 


Proof. First, the equation 


—_— = b1(£) u(t) 


u(t) = c-esp( f ti(a)as). 


From this, we obtain the solution of (1)’ 


ui) =[ f ‘bomepuee—2)-020(~ fbi.) dee] oft), 


where c1= (to) = g(t), so that 


syon(-00(~ fnew) 


< | | ba(a) | |ee(a) | |e(ae — A)| exp (- J sory) dx + |e]. 


Since | (4) | <1, we have | 2 (t) | | «(—)) | < | «(t—A)| < | u(t—A)| + | u(t) | ; 
thus 


du(t) 
dt 


has the solution 


we —)| 


(2) |u(t—-d)| S1+ a | 
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Consequently, 


u(t) exp(— f “h()as) <f | x(@) || 0 | ep (— f “nG)dy) dx 


3) + J «Late + 8) || wt | exp (— J " bG)4y) de 


to 


+ fi bo(x + d)| | u(x)| exp | J doves - J b.cn45] dx + |c1|. 


Now we estimate the integral on the right side of (3). By assumption, there 
exists 0< Mi < ©, such that /{t*di(x)dx <Mi< . In the integral 


to x+d 
f : bo(x + X) | | u(x) | exp (- i) bal)dy dn 


0 0 


on replacing the function u(t) by the initial function g(t), we find 0<M,<o, 
such that 


to xz+A 
max | | boa + A) | | w(x) | exp ( — f bo)dy) dx SM2.< o&. 
t 


fo —Aststo o—A to 


From this we obtain the inequality 


u(t) exp (— J rcyer) 


su.+ f | m)| [| baa) | + Ms | Bale + a)| J exe(— f “sxo)dy) de, 


(4) 


where M3;= M2+ | 1]. We employ Bellman’s inequality in (4) to obtain 


u(t) exp (- J ecas) 


whence, 


| u(t)| S Ms exp| [buds + fu bo(x)| + My| bo(x +A) | ar | 


< meso! f ( bo(z) | + M,| bo(% + ») | dae | 


Therefore, under the stated assumptions, the theorem is proved. 

REMARK. (i) The theorem is still true even if | 2 (4) | <1 is not satisfied, pro- 
vided that (2) is satisfied. (ii) If | «(t)| <C (C is constant) then the theorem is 
still valid. In fact, the inequality (2) is replaced by 
C| u(t — d)| 

| we | 


Finally, we prove the boundedness of all solutions of (1); namely, 


| u(t —-r)| S1+ 
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THEOREM 2. Let the following conditions be satisfied 
(i) the trivial solution of the linear first approximation is asymptotically stable, 
(1i) | «(#)| <1 or | u(t—A)| <i+ u(t—r)| /| u(Z)| for all t= to, 
(iii) fi] bo(xe-+A) | dx and Si| F(x) | dx are bounded, when t= to, 
then all solutions of (1) are bounded. 


The proof is similar to that of Theorem 1. 
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SOME EXPANSIVE HOMEOMORPHISMS OF THE REALS 


B. F. BRYANT AND D. B. CoLEMAN, Vanderbilt University 


1. Introduction. A homeomorphism f of a metric space X onto X is expansive 
(with expansive constant 6>0) provided for each pair x, yEX with x+y, there 
exists an integer m such that d(f(x), f"(y)) >6. If X is compact, then f is ex- 
pansive if and only if f”(m+0) is expansive [2]. Probably the first expansive 
homeomorphisms of the reals which come to mind are those defined by fy(x) 
=kx, where k~ —1, 0, 1; these homeomorphisms also have the property that 
f; is expansive for each integer m0. Furthermore, since 


d(filx), fel) = | &|"| e— yl, 


each 6>0 is an expansive constant for f;. If X is compact, however, then the 
expansive constants of an expansive homeomorphism are bounded and the least 
upper bound of the expansive constants is not an expansive constant [1]. Thus 
the following questions arise: 

Is there an expansive homeomorphism f of the reals (or more generally, 
n-dimensional Euclidean space £”) such that 

(1) f™ ¢s not expansive if mx¥% —1, 1? 

(2) the expansive constants of f are bounded? 

The purpose of this paper is to give an affirmative answer to both of these 


questions. 
We use homeomorphisms of the following type: let A =[a), ©) where a) >0, 
and let 7;=[a,, ai41], where a; <a;4; for i=0, 1, 2,-- - , be a countably infinite 


partitioning of A. Let f be a self-homeomorphism of [0, ©) such that 
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(1) f[0, ao| = [0, ay). 
(2) f(x) > x for 0 < « < ad. 
(3) fii) = Tig, for 1 = 0,1, 2,3,---. 


If x >0, then f(x) >x and f"(x) GJ, for some n. Also, if 0<x <y¥y, then there exists 
z such that x«<z<y and f"(x), f"(s)CJ, for some n; since f is increasing, 
| f(x) — f(z) | < | fF (x) — fey) | for each integer k. Hence, f is expansive (with 
expansive constant 6) if and only if wu, vG Io, uv, implies | f"(u) —fr(v) | > 6 for 
some integer 2. There is nothing special about J); any other J; may be used. 
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2. The Examples. 

Example 1. Let In=[1, 2], = [2, 4], f(x) =2x for xE[0, 2] (note that this 
defines f on both [0, ao] and Io = [a@o, a1]), and f(x) =x+2 for xE[2, 4]=h. De- 
fine m,=1 and b)=2. For xE I, (n=2, 3, 4,--- ), let f(x) =m,x-+b, where 


1 if mis not prime 


MrnMn-1 * * * MM, = \ ) and bn = (Mn—1 — Mn) Qn + by—1. 


n if mis prime 
Then the graph of f is a sequence of straight line segments, and f is a homeo- 
morphism of the type described in Section 1. A portion of the graph of f is given 
in Fig. 1. 

If xGhh, then f"(x)=myzMn_1° + + Memx+B, where B, is a constant. Let 
6>0, u, vl; with uv. Select a prime p such that plu—o| >6. Then 


| fP(ue) — fr(v) | = | mpMp—1 ° . -mumu + By — MymMp-1 * . - mom — B,| 
= | pu — po| = plu —ov| > 6. 


Thus f is expansive and each positive real number is an expansive constant. 
We now show that f* is not expansive if k>1. Let 6>0 and select u, vEJ; such 
that |u—v| <5/k. Then 


k|u—v| if kis prime 


IA 


Is _ ¢k — 
rw) FC) | le ol if k is not prime ° 
If i>1, then ki is not prime, and hence | f*#(u) —fti(v)| =|u—v| <6. If 7<0, then 
f*(u) and f*(v) are in [0, 2] and | f*(u) —f*(v)| S|u—v| <6. Thus f* is not ex- 
pansive. Since f* is expansive if and only if f-* is expansive, we have established 
that f* is not expansive if k~ —1, 1. 

Using this homeomorphism on each ray emanating from the origin yields a 
self-homeomorphism h of E” such that h* is expansive if and only if k= —1, 1, 
and for which each 6>0 is an expansive constant. 

Example 2. Let In,=[n+1, 2 +2], 1=0, 1, 2, -- +. Select a countable dense 
subset A of Io= [1,2], and let B= {(c, d): (c, d)E AXA and c¥d}. Let (c:, di), 
1=0, 1, 2,---+, be the members of B, and let 0<6<1. For each nonnegative 
integer 2, let ¢, be a homeomorphism of [, onto J,41 such that ¢(z-+1) =”+2, 


o(n+2)=n+3 and | bunt - + + ho(Cn) —Pn@n—1 + * - bo(dn) | >6. Define 
_ 2x f#oOs*sl. 
Ie) = ew if x € In. 


Then f is a homeomorphism of the type described in Section 1. If «G@Jo, then 
f"(x) =dndn—1 + + + bo(x). For x, yElo, with «<y, select (c,, dx)€B such that 
x <n <dn<y. Then 


| fe(x) — fry) | > | fen) — fr(dn) | 
= | @nP@n—-1 °° * po(Cn) — Q@nGn-1° °° 0(dn) | > 6. 
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Thus f is expansive and 6 is an expansive constant. But u, v@J» implies 
| fr (2) —f"(v) | <1 for each n; thus 1 is not an expansive constant. 

Again, this homeomorphism may be used on each ray emanating from the 
origin to obtain an expansive self-homeomorphism of E* with bounded expan- 
sive constants. 
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BALANCED FIELD EXTENSIONS 


JosErH LIPMAN, Purdue University 


Let & bea field, and let K be an algebraic extension of k. K is then a purely 
inseparable extension of a separable extension of k; for reasons of symmetry, 
one might wonder when K will be a separable extension of a purely inseparable 
extension of k. (This is not always so: cf. example at the end of this note.) 
When this does happen, let us say that K/k is “balanced.” We wish to set down 
some simple observations about such extensions. 

For basic notions of field theory see O. Zariski and P. Samuel: Commutative 
Algebra, Van Nostrand, Princeton, N. J., 1958, Volume I, chapter 2; also 
chapter 3, section 15, for the definition and properties of free joins. 


Propositions: A. The following are equivalent: 

1. K/k is balanced. 

2. There exists a separable algebraic extension of K which is normal over k. 

3. If L 1s a field of algebraic functions over k, then the order of inseparability 
[(L, K): K]; 1s the same for all free joins (L, K) of L/k and K/k. 


In geometric language, 3. reads: If V/k is an irreducible algebraic variety, 
then all the irreducible components of V/K have the same order of insepara- 
bility. 


B. Let k be an algebraic closure of k, and let k, (respectively k;) be the subfield 
of k consisting of all elements which are separable, (resp. purely inseparable) over k. 
We know that the subfields of k (resp. ks, k;) form a lattice Z (resp. Z,, Z;) under 
the operations of field composition and intersection. 

The balanced extensions of k in k form a sublattice of Z isomorphic with the 
direct product Z,XZj. 


Proofs: A. We show that 1-23-21. 

a) Let RCTCK, I being a field such that I/k is purely inseparable, and 
K/TI is separable. Any free join (L, K) contains a free join (L, J), and since 
K/TI is separable, we have |(L, K): K|;=|(L, I): I],. Thus we may assume that 
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K=TI. But then there is nothing to prove, since all free joins of L/k and I/k 
are equivalent. 

b) Let xCK, and let L=k(x). The free joins of L/k, K/k, are all the fields 
of the form K(Z), where Z is k-conjugate to x, in some fixed algebraic closure K 
of K. Since |K(x): K];=|K: K],;=1, we have |K(#): K];=1, i.e. all k-con- 
jugates of x (in K) are separable over K. From this it follows immediately that if 
N is the least extension of K normal over k, then N/K is separable. 

c) Let N2K be such that N/K is separable and N/k is normal. Let ICN 
be the field of invariants of all automorphisms of N/k. Then I/k is purely in- 
separable, and N/I is separable. It will be sufficient to show that TC K. But 
any x in J is separable over K (since N/K is separable), and purely inseparable 
over K (since [/k is purely inseparable). 


B. Let B be the set of balanced extensions of k in &. Clearly KCB iff 
K/(Kk;,) is separable, and this latter condition may be expressed as follows: 


(17) If «GK, if f(X) is the minimum monic polynomial of x over k, and if 
F(X) Ek[X | is the polynomial without multiple roots, of which f(X) is a 
power, then f(X) E(KMk,) [X ]. 


It follows immediately that an arbitrary intersection of members of B is 
again a member of B. 

Again, if K CB, then K is a separable extension of K(Mk;; also K is purely in- 
separable over K(\k,; if K’ is the compositum (K(Mk,, KM ék;), then K/K’ is 
both separable and purely inseparable, i.e., K =K’. We see then, that KCB iff 
K 1s generated by a separable extension of k and a purely inseparable extension of R. 

It follows easily that the field generated by an arbitrary collection of mem- 
bers of B is itself a member of B. 

We have shown, therefore, that B is a sublattice of Z (in fact, a complete 
sublattice). We have also given an order-preserving map F from Z, XZ; onto B; 
if SEZ,, ICZ;, then F(S, I) is the composed field (S, J). Now if xE(S, DM<&:, 
then x is separable over J and purely inseparable over J; hence (S, Dk; =I. 
Similarly (S, J)Ok,=S. Thus F is injective, and the proof is complete. 

EXAMPLE. For an example of a nonbalanced extension, let L be a field of 
characteristic two, let Y, Z, be indeterminates over L, let R=L(Y, Z), and let 
K=k(x), x being a root of 


f(X) = X44 VX?4Z=0. 
One checks that f(X) is irreducible over k, that |K:k];=2, and that, in the 
notation of (1’) above, f(X)=X2+/WVX+-/Z. According to (1’), K/k cannot 
be balanced unless /YCK and /WZEK. Since [k(./Y, WZ): k];=4, this is 


impossible. 
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REPRESENTATIONS OF INTEGERS PRIME TO A GIVEN INTEGER 
J. P. WiLson, University College of Wales, Aberystwyth, Wales 


The following theorem is implicit in the calculation of the number of modular 
substitutions incongruent (mod m), (see e.g. [1], p. 391) and is well known. 


THEOREM 1. Let n be a positive integer and a, b integers such that (a, b, n) =1. 
Then there exist integers a’ =a, b'=b (mod n) such that (a’, b’) =1. 


The object of this note is to prove the following extension of this theorem. 


THEOREM 2. Let n be a positive integer and a, b integers such that (a, b, n) =1, 
and let d be any positive integer such that (d, n)=1. Then there exist integers 
a’ =a, b’’=b (mod z) such that 


(a”, b") = d. 


For completeness, since we use Theorem 1 in the proof of Theorem 2, we 
give a proof of Theorem 1. 
Proof of Theorem 1. Choose any nonzero a’ =a (mod z). Then 


(a’, 6, n) = (a, 6, n) = 1. 
Let p;,7=1, - - - ,y be the primes which are divisors of a’, but not of b and not of 
n, and let a= IIj_, p:. (If r=0, then a=1.) Then (a’, b+an) =1, i.e. we may 
take b’=b-+an. 
Note. This result also follows from Dirichlet’s theorem that if (a, d) =1, 
then there are infinitely many primes of the form a-+kd. 
Proof of Theorem 2. Since (d, n)=1, (d, n)|a, b and there exist integers 
k, 1, p, o such that 
—kn-+ pd =a and 
—In + od = D. 


(a + kn, b + In) = (pd, od) = (, o)d, 


(1) 
Then 


and hence, if (p, 7) =1, we may take a’’=a+kn, b’’=b+/n. Otherwise we note 
that (p, a, n)|a, b by (1) and hence (p, a, 2) | (a, b, n)=1. Then by Theorem 1 
there exist integers p’=p, o’=o (mod ~z) such that (p’, o’)=1. Let a’’=p’d 
=pd =a (mod zn) and b’’=o0’d=b (mod n). Then 


(a, BY) = (p'd, o'd) = (p', o’)d = d. 


CoROLLARY. Let A and B be residue classes (mod n) such that, if aCA and 
bEB, (a, b, n) =1. Then the sets 


S={(4,b);¢€ Abe BH, S' = {d;d>0, (dn) = 1} 


are identical. 
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Proof. By the theorem S’ CS. But trivially SCS’, since, if a€A, D©B and 
(a, b) =d, then (d, 2) =((a, 6), n) =(a, b, m) =1. 


I am indebted to the referee for two helpful suggestions. 


Reference 
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ORDERS FOR FINITE NONCOMMUTATIVE RINGS 
D. B. Erickson, Concordia College, Moorhead, Minnesota 


Introductory Comments. The solution to problem E 1529 (this MonruHLy, 
70, 1963, p. 441) answers the question of the order for the smallest noncom- 
mutative ring. It is 4. This paper answers the more general question concerning 
a characterization of the orders for finite noncommutative rings in a series of 
three theorems. (In view of the first theorem the comment following the solution 
of E 1529, to the effect that there exists a noncommutative ring of each com- 
posite order NV, must be incorrect.) 


THEOREM 1. If Ris a finite ring of order n>1 and if n has square free factor- 
ization, then R 1s a commutative ring. 


Proof. \t is well known that if the additive group of a ring is cyclic then the 
ring is commutative. The additive group of R is a finite abelian group which, by 
the Basis Theorem for Finite Abelian Groups, may be expressed as the direct 
product of s cyclic subgroups of R, say Ri, - - - , R;, where the order of each R; 
divides the order of Riyi (@Q=1, +--+, s—1), and s is the number of elements in 
a minimal generating system (basis) for R. But by the Lagrange Theorem the 
order of each R; divides the order of R. Since the order of R is square free, the 
additive group of R is the cyclic group of order (abbr. C,), and therefore R 
is a commutative ring. 

In the next two theorems we construct a noncommutative ring of order m 
for each positive integer m>1 having square factors. 


THEOREM 2. If p 1s a prime integer, then there exists a noncommutative ring of 
order p*. 


Proof. Let R be the direct product of C, with itself. It is clear that R is an 
abelian group of order p? and that R is not cyclic. A minimal generating system 
for R is | (a, 0), (0, a) \ where a is a generator for C,. We define multiplication 
on the basis elements by the requirement that the product of two basis elements 
is the left factor, and extend it to the whole system by the distributive law, 
whence 


(ji@, Ria) + (joa, Roa) = (Jo + he) (fia, kia), 


for all (j.a, k,a) in R, where the j; and k; are integers. Closure, the associative 
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law, and the distributive laws are easily verified; thus, R is a ring of order p?. 
Since (0, a)(a, 0) =(0, a) but (a, 0)(0, a) =(a, 0) R is not commutative. 
This last result is extended to all orders np? by Theorem 3. 


THEOREM 3. Let R; be a ring of order p? as constructed in Theorem 2, and let 
R, be any ring of order n, then the ring R=R,+Rz (1.e. the direct sum of Ri and 
Re) 1s a noncommutative ring of order np?*. 


REMARK. The proof of this statement is obvious from the properties of direct 
sums of rings. We only remark that for R, we may use the trivial ring of order a 
which has as its additive group C, and in which all products are zero; note also 
that R contains a subring isomorphic to R,; and is therefore noncommutative. 

We summarize in the following corollary. 


COROLLARY. If m 1s a positive integer, m>1, then there exists a noncommuta- 
tive ring of order m tf and only 1f m has square factors. 


Supported by NSF Grant GE-1082. 


ON SOME THEOREMS OF BRAM FOR SUBNORMAL OPERATORS 
G. H. OrLAND, University of Illinois, Urbana 


Subnormal operators were defined and studied by Halmos in [3] and [4]. 
His results were further extended by Bram [1]. A (bounded) operator S on a 
complex Hilbert space H is subnormal if on a Hilbert space K containing H 
as a subspace, there is a normal operator N whose restriction to H is S. In other 
words, an operator is subnormal if it is the restriction of a normal operator 
to an invariant subspace. To avoid trivial complications it is customary to as- 
sume that N is a minimal extension of S in the sense that the only subspace of 
K which contains H and on which N is normal is K itself. For the spectra of 
S and N, the interesting result, ¢(S)Do(N), was proved in [4]. The resolvent 
set of N can be expressed as 


io @) 


p(N) = UU U Ua, 


na=1 


where each U is one of its (open) connected components; U,, is the single un- 
bounded component. Following Bram, each bounded JU, is called a hole of o(N). 
Set H(N) =U, U,. In Theorem 3 of [1], Bram proved that ¢(S) Co(N)\UH(N). 
In Theorem 4 he proved that for any hole of o(), either all of it is contained in 
a(S), or none of it. By using some ideas from [5], a simpler and simultaneous 
proof of both theorems will be given. 

Let d(A, o(A)) represent the distance, in the complex plane, from the point A» 
to o(A). Then from a(S) Do(N) it follows that d(A, o(S)) Sd\A, o(NV)) for any 
r. Lf NE p(S) so that the resolvents R,(S) and R,(N) both exist, then R,(NV) ex- 
tends R,(S) and || R,(N)|| =||R,(S)||. It is also true that for any operator A, 
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[d(a, o(A)) |S] Raf (A)|| (cf. [2, p. 566]). When in addition A is normal, the 
spectral theorem yields 


d(Eyx, x) d(E,x, x) || ° 
R, A x z2— < —_—_-——— ’ 
IR(Aal = J ops J [d(a, o(4)) | En “a. 


SO | Rx(A)|| = [d(\, o(A)) |-!. Putting all this together gives 
[Z(, o(S))}-* S |] Ri(S)| S |] RC)|| = (dQ, o(W)) 1  [4Q, o(S)) 17 


Therefore d(\, o(S)) =d(, a(N)). 

Now suppose there are points of o(S) in some U but that UCo(S). (In 
particular U,.({o(S).) Then there is a boundary point pw of a(S) in that U. 
Therefore a point in U\p(.S) can be found which is closer to w (and conse- 
quently to o(S)) than it is to o( NV). Since this is impossible, the theorems are 
proved. 
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A PROPERTY OF FUNCTIONS DISCONTINUOUS ON A DENSE SET 


G. A. HEvER, Concordia College, Moorhead, Minnesota 


Let f be a function on the reals to the reals. Let D, L, H(a), and C be, respec- 
tively, the sets of points where f is differentiable, f is Lipschitzian, f satisfies a 
Hélder condition of order a(0<a3S1), and f is continuous. If 0<a;<a,<1, 
then DCL=H(1)C H(a.)C H(a1) CC. This note is concerned with a simul- 
taneous extension of the following two theorems. 


THEorEmM 1. (Fort, [2]) If C’ (the complement of C) is dense, then D is a set 
of the first category. 


THEOREM 2 (Heuer et al., [3]). If C is the set of irrational numbers, then L’ is 
uncountable and dense. 


Recall also the following theorem of classical analysis [1, p. 102]. 
THEOREM 3. If C is dense, then C’ is of first category. 


It is a corollary of Theorems 1 and 3 that if both C and C’ are dense, then 
C(\D’ is a residual set. It follows that D’ is uncountable and dense. This bears 
some similarity to Theorem 2, but neither implies it nor is implied by it. 

However, by making only slight modifications in the proof of Fort’s theo- 


380 MATHEMATICAL NOTES [April 


COMPLETION OF PRIMITIVE MATRICES 
IRVING REINER, University of Illinois, Urbana 


Let R be any ring in which classical ideal theory is valid (see [1]). For 
example, R might be chosen as the ring of all algebraic integers in some algebraic 
number field. A square matrix with entries in R, whose determinant is a unit in 
R, is called unimodular. An rXn matrix A, where r<n, is said to be com- 
pletable if there exists an mn unimodular matrix of which A forms the first 7 
rows. Which matrices are completable? 

If A is the rXn matrix consisting of the first r rows of the unimodular 2 Xn 
matrix U, then the determinant of U is expressible as a linear combination of the 
rXr minors of A. Therefore the rXr minors of A generate the unit ideal of R, 
and we describe this situation by saying that A is primitive. Thus, completable 
matrices are necessarily primitive. We note that if A is primitive, and TJ is 
unimodular, then AT is also primitive. 

By using the theory of elementary divisors, Steinitz [2] showed, conversely, 
that every primitive matrix is completable. In 1956, I gave a simple proof [3] 
for the following special case: 

A row vector 1s completable tf and only tf 1t 1s primitive. 

In arecent note [4], S. Ram gave an incorrect proof of the general result. It 
therefore seems worthwhile to indicate how the general result follows readily 
from the above special case. 

Let A be a primitive rXn matrix, where n2r21, and assume that every 
primitive (r— 1) X (m—1) matrix is completable. Since A is primitive, so is its first 
row a. By the special case, a is completable, and thus there exists a unimodular 
n Xn matrix X such that 


aX = (10---0). 
Therefore we may write 


A; 


Now AX is also primitive, since A is. Further, the nonzero rXr minors of 
AX coincide with the nonzero (r—1)X(v—1) minors of A. Therefore A is a 
primitive (r—1)xX(m—1) matrix, so by the induction hypothesis there exists a 
matrix B, for which 

. 
By, 


is unimodular. Let 
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* 

: Ai 
VY =| * 

0 

: By 

0 


Then Y is also unimodular, and A consists of the first r rows of YX7—!. This 
shows that A is completable, and finishes the proof of the general result. 
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IMBEDDING A SKELETON OF A SIMPLEX IN EUCLIDEAN SPACE 
J. L. CurisLock, University of California at Davis 


It is well known that an n-dimensional complex K can be imbedded in 
R+1 ((2n+1)-dimensional Euclidean space). Flores [1] proved that the n- 
dimensional skeleton of the (2x+2)-dimensional simplex s?"*? cannot be im- 
bedded in R*”. In this note we will determine the Euclidean space of smallest 
dimension in which the k-dimensional skeleton of the n-dimensional simplex can 
be imbedded. 

If K is imbeddable in R™ but not R*™'! let d(K)=m; (7, s) will denote 
((s")*), where (s”)* is the s-dimensional skeleton of the r-dimensional simplex. 


Lemma 1. If $(7, s) Sn then d(r+1, s) Sn+1. 


Proof. Let K be a complex isomorphic to (s’)*§ in R°C Rt}, Pick a point v 
in R*+! which is not in R”. Form the join of v with each (s—1)-dimensional face 
of K. The join considered as an abstract complex will be isomorphic to the com- 
plex (s7+1)s, 


LEMMA 2. d(u+2, 2) Sn+1. 


Proof. Since (s**!)” is isomorphic to the n-sphere, d(n+1, nm) =n+1. Let b, 
be the barycenter of s"+1, and form the join of b, with each of the (z—1)-dimen- 
sional faces of (s"t!)". The resulting complex will contain all possible subsets 
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with n+1 elements of the set consisting of all vertices of s*+! with b, adjoined. 
Hence the join will be isomorphic to (s"*?)”. 


THEOREM. For any positive integer n, o(n, n) =n, d(n +1, 2) =n+1, o(n+k, n) 
=n+k—1 fork=2, 3,---,n+1, and d(nt+k, n) =2n+1 for kR2n+2. 


Proof. Clearly $(n, n) =n, and since (s”*1)” is homeomorphic to the n-sphere, 
o(n+1, n)=n+1. Now (s"+?)" has as a subcomplex (s**!)". By Lemma 2 this 
tells us that d(n+2, n)=n-+1. Using Lemma 1 repeatedly we get from 
o(n+2, n)=n+1 that 


dn+2+j,n)Sn+1+ 7 for7=1,2,---,n—1. 


Assume that, for some joSn—1, d(u+2+ fo, n)Sn+jo. This would imply 
that d(n+2-+n, n)=6(2n+2, n)S2n, contradicting Flores’ result. Hence 
d(n+2+j, nm) =n+1+4+) for j=1, 2,---,n-—1. Finally Flores’ result tells us 
that d(n+k, n) =2n+1 for k2n+2. Thus the theorem is proved. 
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CLASSROOM NOTES 
EDITED BY GERTRUDE EHRLICH, University of Maryland 


DETERMINANTAL REPRESENTATIONS OF RECURSION RELATIONS 
FOR CERTAIN ORTHOGONAL POLYNOMIALS 


F. M. Stein, Colorado State University, M. S. HENry, Colorado State University, and 
L. G. Kine, Pacific Northwest Laboratories, Battelle Memorial Institute 


Standard derivations of the three term recursion relations connecting 
orthogonal polynomials P,,(x), Pn_a(x), and Pn41(x) are well known, see [1, 2, 6]. 
In this note we observe that these recursion relations for four types of orthogonal 
polynomials may be derived from the determinant representation of orthogonal 
polynomials of Pandres [4, 5| and may be expressed in terms of these determi- 
nants. Also shown is the connection between the various polynomials and their 
determinantal representation so that the usual form of the recursion relations 
can be readily obtained. 


1. Properties of orthogonal polynomials. It is known (see [1]) that for each 
of the sets of classical orthogonal polynomials, there exists a generalized 
Rodrigues formula by which the mth member, P,, is given. This formula may be 
expressed as 
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1 a” 


7 w(x) dx” 


(1) KaPn [w(x)F*|, 


where K, is a constant; a particular set of polynomials is determined by the 
choice of the functions w(x) and F(x). 
It was shown by Pandres [4, 5] that the mth derivative of a function f(x) 
may be given by 
ad” 


” f(a) ] = fe) An, 


(2) 


where the symbol A, denotes the mth order determinant 


dD, —1 O -:: O 0 

De dD, —2 +--+: 0 0 
(3) An = 

Dn—-1 Dn-2 Dn-3++: D1 1-1 

Dn = Dn-1  Dn-2+++ Do Dh 


Applying (2) to (1) and simplifying, we obtain 


(4) KnPn = An, 
in which D,, D2, - - - , D, are defined by 
D, = —— — |logw+ nlog FI. 
"(k= 1)! Za | s . 


Using these results, Pandres [4, 5] showed that the Hermite, Laguerre, and 
Jacobi polynomials can be represented by A,. 


2. The classical polynomials of Hermite, Laguerre, and Jacobi. The Hermite 
polynomials are represented by A, when D,=—2x, D,=—2, and D,=0 for 
k>2. Using these values for D, in (3) and expanding A, by cofactors of the last 
column, we obtain 


—2x* —-1l 0 
—2 —2x% —2 
An = — 2xAn_1 — (1 — n) 
0 0 O ---—2% 2-4n 
0 0 0 --- QO —2 


Upon expanding the last determinant by cofactors of the last row and then re- 
placing 2 by nm-+1 in the result, we have 


(5) An41 + 2xAn + 2nA,-1 = 0, 
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a determinantal recursion relation for Hermite polynomials. Upon comparing 
the Rodrigues formula for Hermite polynomials with (1), we note that K, =1. 
Hence P, =A, in (4), and we can thus obtain the standard recursion relation for 
Hermite polynomials from (5), namely, 


An4y1(") + 2xHn(x%) + 2nHyn_1(x) = 0. 


For Laguerre polynomials Dj = —x-+c-+n, and D,=(—1)*"(n-+c) for k>1 
in (3). By proceeding in a manner similar to that for Hermite polynomials, we 
obtain the determinantal recursion relation 


(6) An = (Qn —1+ 6 — x)An1— (n — 1)(n — 1+ c)An_s. 


In this case K, =m! in (1), and thus 2!P,(x) =A, in (4). Upon substituting into 
(6) we obtain the standard recursion relation for Laguerre polynomials, 


MLn(x) — (2n — 1 +6 — x)Ln_-1(~) + (nw — 1+ 0)Ln_2(x) = 0. 
For the Jacobi polynomials we have 
D, = — [(n + a)(a + 1)* + (n + b)(@ — 1)4| in {3). 
The determinantal recursion relation in this case is 
(a+b+ 2n)\(atb+2n+ 1)\(a+b+ 2n+ 2)xA, 
(7) =—(@rb+n+ lath + An)Anit (6? — a@)(a+b+ 2n+ 1)An 
—4n(at+tn)(b+n)(a+ b+ 2m + 2)An_1. 
The K,, of (1) is 2"”!/(—1)” and thus 
20! 
(—1)” 


Upon substituting this result into (7) we get the standard recursion relation for 
Jacobi polynomials. 


Pr(x)°= An. 


3. The generalized Bessel polynomials. A recently obtained type of or- 
thogonal polynomials are the generalized Bessel polynomials [3]. These poly- 
nomials are orthogonal in a sense that is different from that for the preceding 
types of polynomials; here the integration is around a unit circle in the com- 
plex plane. 

Upon applying the above procedures to the generalized Bessel polynomials 
we find that 


D, = (—1)*1x—1[(2n + a — 2)x + bb). 
The determinantal recursion relation is 


(n+ a— 1)(Qn + a — 2)Angi 
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(8) =| Cn + a)2n+a-2)— 40-2] On + a ~1)bA, 


+ n(2n + a)b?An_1, 


which may be converted to the three term recursion relation for Bessel poly- 
nomials [3] by noting that K, =". 


The work of the authors F. M. Stein and M. S. Henry was supported by AFOSR Grant No. 
185-63. 
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GENERALIZED BIRTHDAY PROBLEM 


E. H. McKInneEy, Ball State University 


Introduction. The well-known “birthday problem” appears in most textbooks 
on probability; for instance see [1, pgs. 31-32]. The purpose of this paper is to 
generalize the problem and arrive at a solution which is applicable to a wider 
range of problems which are abstractly equivalent to the scheme of placing a 
balls in M cells. Many practical applications of such a scheme can be generalized 
from the situations described in [1, pgs. 10-11]. 


PROBLEM 1. 2 people are selected at random. What is the probability that at 
least r people will have the same birthday? 


PROBLEM 2. What 1s the smallest value of n such that the probability 1s greater 
than or equal to 1/2 that at least r people have the same birthday? 


The solutions will be presented in a manner applicable to the wider range of 
similar problems referred to above. 


Solution. Let X; (¢=1, 2, 3, - ++, m) be independent, identically distributed 
random variables with common distributions. 


1 


(1) Prob[X; = M, | M; (1 <j < M) iS an integer]| = rT, . 
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The probability that r or more X,’s are equal is to be determined. Let the 
event E be defined as “no r of the random variables X; are equal.” Then 

Prob(ry or more X,’s are equal) =1—Prob(£). 

Prob(£) is then computed by summing the probabilities of all ways in 
which 2 random variables can take on less than r equal values. 

For a given n, let 


nm, = number of nonrepeated X;,’s 


~ 
i) 
I 


number of pairs of equal X,’s 


m3 = number of triples of equal X;,’s 


N,-1 = number of (r—1)-tuples of equal X,’s, where obviously 
r—1 
(2) n= >, ins 
t=1 
The general term of the summation representing Prob(£) is the probability 


that there are exactly m nonrepeated items, m2 pairs, m3 triples, +--+, m1) 
(r—1)-tuples of equal X,’s which takes the form 


n! 


IL (nt (i 


t=1 


r—1 
Perm (a1 >> n:) 


(3) Prob(; m1, 12, °° +, %—1) = 


n 


where Perm(a, 5) is the number of permutations of a things taken b at a time. 

The second factor of (3) is the probability that ~ independent, identically 
distributed random variables with common distribution (1) will have m, non- 
repeated items, m2 pairs, m3 triples, - - - , 21) (r—1)-tuples of equal X;,’s in a 
specified order. The first factor in (3) represents the number of distinguishable 
ways this particular order can be permuted. 

It is interesting to note that one might mistakenly assume that the first 
factor in (3) should be the multinomial coefficient, 


nN 
(4) bbw 2,2,°°:,2,+++,r—1A1,r—1,-+--,r-—1 . 


a 


ny Ne N (y—1) 


But this assumption counts as a different arrangement those permutations 
which interchange total groups of like multiple equal random variables. For 
example, if one has ” random variables of which there are m, k-tuples of equal 
random variables, interchanging the value taken on by the random variables 
in one k-tuple group with that of another k-tuple group does not produce a 
different permutation of m random variables with exactly m; k-tuples of equal 
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random variables. Hence, one must divide the usual multinomial coefficient (4) 
by [[%z12;!, the number of ways these kinds of permutations can occur. 


Finally then, 


(5) Prob(r or more X,’s are equal) = 1 — >> Prob(n; m1, m2, m3, - + * » M@-1)), 
where the summation extends over all 1;|¢=1, 2, 3, - - - , (y—1)]| which satisfy 
(2). 


Application to “birthday problems.” In applying this result to the “gen- 
eralized birthday problems” posed earlier, one assumes M = 365 possible birth- 
days in one year and 


m, = number of single birthdays 


number of double birthdays 


Noe 


n,-1 = number of (7 — 1)-tuple birthdays. 


The solution to Problem 1 is determined by computing (5) for given n and r. 
To obtain a solution to Problem 2, one must choose an initial value for ” and 
compute (5). If the probability is not equal to 1/2, then a second value of z is 
chosen to cause the probability in (5) to be nearer 1/2. This iterative process is 
continued until two consecutive positive integers are found such that the proba- 
bility in (5) brackets 1/2. The larger of these two values is the number z such 
that the probability is greater than or equal to 1/2 that at least r people have 
the same birthday. | 

The successive use of (5) in determining the positive integer 2 satisfying 
Problem 2 has been carried out with the aid of an IBM 7090 computer. The re- 
sults are tabulated in Table 1 below for r =2, 3, 4. 

The author did not carry out the computation for r=5 since the machine 
time for one computation of (5) for a given z was estimated at two hours. 

Some simplification of the program for computing (5) could be accomplished 
by identifying and disregarding negligible terms. It is questionable whether such 
considerations would appreciably reduce the computing time for r>4. 


TABLE 1 
r 2 3 4. 
n 22 23 87 88 186 187 
Prob. 4758 .5074 4998 .5114 .4965 .5033 
Reference 


1. Wm. Feller, An introduction to probability theory and its applications. Vol. I, 2nd ed. 
Wiley, New York, 1958. 
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ON THE INVERSE OF THE OPERATOR @Q@(-)=A(-)+(-)B 
J. P. JAcosp anp E. PoLaxk, University of California, Berkeley 


Introduction. In the course of studying (in [1]) the stability of certain classes 
of nonlinear systems, it is frequently necessary to invert the Lyapunov operator 
& which maps the space 6 of all Xn matrices into itself according to the rule: 


£(X) = A’X+ XA, forall X € 8B, 


where A is a Xn constant matrix and A’ its transpose. 
A more general form of this operator, @, maps the space @ into itself accord- 
ing to the rule: 


@(X) = AX + XB, forall X € 8, 


where A and B are n Xn matrices. 

Although the necessary and sufficient conditions for the operator @ to have 
an inverse are well known ([2], [3], [4], [5]) the authors feel that our alternative 
proof of these is somewhat simpler and may have pedagogical advantages. 

First we recognize that the space 6 of all 2x constant matrices is a linear 
vector space. We now proceed to prove the following: 


THEOREM. Let @: 8-6 be an operator defined by @(X)=AX+XB, for all 
XC, where A, B are nXn constant matrices. Let \;:i=1, 2,--++-, mn be the 
eigenvalues of A and let w;:j=1,2, +--+ ,lSn be the eigenvalues of B. Then (\;+y,), 
1, j, as above, is an eigenvalue of @ and, conversely, any eigenvalue of @, nx: k 
=1,2,--:, psn’, can be represented as 


(1) mk = Mj +d, for some i, j. 


Proof. The operator @, defined above, is a linear bounded operator. Linear- 
ity is obvious. Boundedness is trivial because 8 is finite dimensional. Note that 
@ can be thought of as a linear operator of a “vector” X in an nm? dimensional 
Euclidean space. 

I. (A;-+u,;) is an eigenvalue of @, where X, is any eigenvalue of A, and uy, is 
any eigenvalue of B. 

Let x; and y; be vectors such that 


(2) Ax; = VX, 
(3) yj B= piyj. 
Now, making use of (2) and (3), we obtain for the dyad x; Xy,, 
Q(x; X y;) = Ax; X y; + x: X y;B 
= AiXi X Yi PF oiXi X Y; 
(Xi 1 oy) (Ki X Ys). 


Hence (A;-+y,) is an eigenvalue of @ for alla=1,2,---,m<n,j=1,2,---,1 
Sn. 
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II. All eigenvalues of @ are of the form (A;-+u,;). Suppose 7; is any eigenvalue 
of @, i.e., there exists a matrix X,+0 such that 
@(X,) = 7X, ie, AX, + XB = 4, Xx. 
Hence, 
(4) (nel — A) X,= X,B. 


We now show that the matrices (y,J —A) and B have at least one eigenvalue in 
common. 

We prove this by contradiction. Suppose (n,I —A) and B have no eigenvalue 
in common and let g(-) be the minimal polynomial of (7,I—A). Then 


(5) g(m.l — A) =O and g(B) €0. 
Furthermore, | g(B)| +0. This follows from the fact that 
q 
| ¢B)| = II | @- en], 
i=l 


where £,, 1=1, 2,- +--+, qn, are the eigenvalues of the matrix (y7,I—A) and s; 
is the multiplicity of £; as a root of the minimal polynomial g(-). 
On the other hand, from (4), we have: 


(nel —_— A)?X, = (nz 1 — A) X,B = X;,B? 


(nxt — A)" X, = X,B". 
Consequently, 
(6) g(mul — A)-X, = X,-g(B), 
(7) O= X.-g(B), XX =0, 


since we have proved g(B) to be nonsingular. But this is a contradiction since 
X;, 0. 

Therefore, since (n,I—A) and B have at least one common characteristic 
value, we have, for some z=1, 2,---,mSnand somej=1,2,---,/Sn 


me — i= Ms OT, «Me = AGTH My. 
This completes the proof of the theorem. 


CoROLLARY 1. The operator @, defined in the theorem above, 1s nonsingular tf 
and only af (A;+u,;) # 0 for all 1, j. 


Proof. This is an immediate consequence of above theorem and definition of 
a linear nonsingular operator on a finite dimensional vector space. 
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COROLLARY 2. The matrix equation AX+ XB=C, where A, B, C are constant 
nXn matrices, has a solution X for all C af and only tf \; + y;4#0,i=1,2,--+-,m 
Sn,j=1,2,---,lSn, where Xd, 1s an ergenvalue of A and pu; 1s an eigenvalue of B. 


Proof. This is an immediate consequence of the Corollary 1, because the 
solution X of (7) is simply X= @-\(C). 

ReMARK. A method of solving for X equations of the form AX +XA’=C is 
presented by W. Givens [5]. Both R. Bellman [2] and W. Givens [5] obtain 
necessary and sufficient conditions for the solubility of this equation by identi- 
fying the Liapunov operator £(-) with the operator (A ®J+J@B)(-), where 
® denotes the tensor product of matrices. 
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ABSOLUTELY INDEPENDENT AXIOMS FOR THE DERIVED SET OPERATOR 


SHAIR AHMAD, Western Reserve University 


In anote [1], Harvey presented a set of axioms for the derived set operator, 
and stated that such an axiom system did not seem to be in print. It turns out, 
however, that many notions have long been discussed and analyzed in terms 
of the derived set operator (see [2] and [3]). For example, Kowalsky [3 | intro- 
duced an equivalent set of axioms which may be stated as 


I. (AU Bj = AtU Be, Il. Ae@C AU A, 
Ill. @¢ = @, IV. For allx € X,« & {a}e, 


where A and B denote subsets of X. 

It may be of interest to note that under a slight modification the above axiom 
system becomes “absolutely independent” in a sense indicated by Harary [4]. 
We observe that axiom III follows from I and IV, since x€(@U ta })a 
= Gal) fate implies that xq @ for all «CX. Furthermore, if 4 =B then I is 
logically true. If A = @, then II follows from III which was proved from I and 
IV. Finally, II holds for any A such that A’C ix} for some xC X, where A’ 
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denotes the complement of A in X. For, if xC A+, then AUA*=X. If x EA, then 
A*CA which means that A**C A*C AUA®, since (A%U A)*=A%*U A, 

In view of the above discussion, it is evident that the axioms 

(1) «E& fate for all xEX, 

(2) (AUB)*=A*U Be whenever A+B, 

(3) A**CAWUA® for all A, such that A¥@ and A’C ix} for any xCX 
are equivalent to I, II, III and IV. Recalling that the “never holding” denials of 
(1), (2) and (3) in the sense used by Harary are 

(1) There is at least one element «GX, and xE€ {x}¢, for all xEX, 

(2) There are sets A and B contained in X such that AB, and (AUB)¢ 

#A*\)B* whenever 4 +B, 
(3) There is a set A contained in X such that A#@ and A’C {x} for any 
«CX; further 42¢(_ AU A whenever 4 # @ and A’C ix} forany xCX, 
the following examples show that (1), (2) and (3) are “absolutely independent” 
with respect to the set X= {a, b,c}. 


MAPPING AXIOMS 
AX =O 12 3 
At*=A I 2 3 
A%= A’ 1 2 3 
A=, {a}, {d}, te}, ta, b}, ta, c}, tb, ch, X 

At*=2, {bd}, {c}, {a}, {0, c}, (a, b}, {a,c}, X 12 8 
A=, {a}, {ob}, {c}, {a, b}, {a, c}, b,c}, X 

At=X, {c}, {a}, {o}, {d}, le}, te}, O 12 8 
S*=O, {a}*= fa, db}, [b}*= {b, c}, te}*= la, cf, - 
A“=X for all other AC X I 2 3 
A“=A if A has exactly one element, otherwise A* =A’ T 2 3 
fa}*= {a,b}, {5}#={6, c}, {c}*={a, ¢}, : 
A%=4A’ for all other AC X 1 2 3 


It should be pointed out that while we thought it might be of interest to 
show that (1), (2) and (3) satisfy Harary’s definition of an “absolutely inde- 
pendent” axiom system, we are not suggesting the justification of Harary’s 
definition. There are difficulties involved in Harary’s definition. The referee of 
this paper points out one such difficulty, namely that if we apply Harary’s 
“never holding” denial to the two equivalent statements 

(i) (A¥@ and A’C {x}) 9 A*@CAUAs, 

(ii) AX D(A’ Cj x} AxeCAUVUAY, 
we get the two nonequivalent statements 

(i) (A¥@ and AC i x})-A* CAVA, 

(ii) AX @G—(A'C {x} and Av*C AVA. 
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A NECESSARY AND SUFFICIENT CONDITION FOR CONVERGENCE 
OF REAL-VALUED FUNCTIONS 


GIOVANNI VipossicH, Avenza, Italy 


In this paper, we give a necessary and sufficient condition for convergence 
of a real-valued function from which the classical convergence criteria can be 


easily deduced. Our notation and terminology are based on [1, Chap. ii], but 
we shall write: 


R for the real line 

R for the extended real Hine 

Ja, b[ for the set {xCR:a<x<b},a,bCR 

f for the directed function (f, @) when it is not important to know@. 


THEOREM 1. Let f be a directed function in R. The conditions 

(a) f converges to a point of R, 

(b) there 1s at most one xCR such that f is not ultimately >nor <x, 
are equivalent to each other. 


Proof. (a)=>(b). This follows immediately from the definitions. 

(b)=(a). Define 4={aCR:f is ultimately >a} and B= {bER:f is ulti- 
mately <b}. 

CasE 1:4= 2. Then B=R. So f converges to — ». 

CasE 2: B=. Then A=R. So f converges to +o. 

CasE 3: A and B¥@. Then, since ANB=@, VASAB. If VA <AB, for all 
x€]|VA, AB, fis not ultimately > nor <x. This contradicts (b), so VA =AB. 
Clearly, f converges to VA =AB. 


Theorem 1 is true even if in (b) we replace > and < by = and S. The fol- 


lowing corollaries constitute the well-known convergence criteria for real-valued 
functions. 


COROLLARY 1. If f ts a directed function in R, the conditions 
(a) f converges to a point of R, 


(b) for every positive real number e, ultimately | f(x’) —f(x"’ )| <eé, 
are equivalent to each other. 


Proof. (a)=(b). This follows from the definitions. 
(b)=>(a). Since (b) holds, f is ultimately bounded and so cannot converge to 


1966] CLASSROOM NOTES 393 


—o or + 0. Hence, if (a) fails, f cannot converge to a point of R. Therefore by 
Theorem 1 there are distinct a and b in R such that f is frequently < and = 
both. But then (b) fails for e=|a—b|, a contradiction. 


COROLLARY 2. If (f, 8) is a directed function in R and xCR, the conditions 
(a) f converges to x, 
(b) x ts the only cluster point of f, are equivalent to each other. 


Proof. (a)=(b). This follows immediately from the definitions. 

(b)=(a). Since (b) holds, f cannot converge to a point of R distinct from x. 
Hence if (a) fails, it follows from Theorem 1 that there are a and b in R such 
that a<b and f is frequently < and = both. So 


a= {EVO [— 0, a]: Ecs8&} and Q= {BO [b, +0 |: EE 8} 


are directions. So, R being compact, there are z and yGR such that z@Nac@g A 
and yCfNazeg B. It is clear that z#y and 2, yCNzeg f(E). Hence z and y are two 
different cluster points of f, i.e. (b) fails. 


Corotiary 3. If (f, &) is a directed function in R, the statements 
(a) f converges to a point of R, 
(b) f ts order-convergent in R, are equivalent to each other. 


Proof. Define x=V{Af(Z): ECs} and y=A{ Vf(Z): EGS}. 

(a)=(b). (a) imples (b) of Theorem 1 and, since x Sy, this implies x =y. 

(b)=>(a). By definition of infimum and supremum, f is ultimately =>(S) all 
lower bounds (upper bounds) of [x, y]. So, since x=, (b) of Theorem 1 holds, 
and hence (a) follows. 


Reference 
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A NOTE ON THE SCHUR-ZASSENHAUS THEOREM 
WILLIAM LEAHEY, University of Illinois 


Let G be a finite group of order s-¢ and suppose that G has a normal subgroup 
of order s. Then the Schur-Zassenhaus Theorem states that if s and ¢ are rela- 
tively prime then G contains a subgroup of order #. If s and ¢ are not relatively 
prime then of course G need not contain a subgroup of order ¢t. However, if 
s-tis of the form p-g where p and q are primes or if s-¢ is of the form p* with p 
prime, then the Sylow theorems imply that G always contains a subgroup of 
order ¢ regardless of whether s and ¢ are relatively prime. This is again the case 
if s-tis of the form p?-q, with p and q distinct primes, as can be seen by consider- 
ing the various types of groups of order p?-g. (See, for example, [1, section 59 ].) 
Thus, if one wants an example of a group G of order s-t which contains a normal 
subgroup of order s but which does not contain a subgroup of order ¢, then the 
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smallest possible value for s-¢ is 24. The object of this note is to give a simple 
example of such a group of order 24. 

Let G be the special linear group of 2X2 matrices with coefficients in GF(3), 
the finite field of three elements, i.e. G is the group of all 2X2 matrices A with 
coefficients in GF(3) which satisfy det A =1. Then order (G) =24=2-12. The 
center Z of G, is a normal subgroup of order 2. It will be shown that G contains 
no subgroup of order 12. 

First, by the Sylow theorems the number z of subgroups of order 3 is equi- 
valent to 1 modulo 3 and is also a divisor of 24. Therefore either n=1 or n=4. 
But G contains at least three elements of order 3. For example, let 


1 1 1 O 
=| | ana B =| | 
0 1 1 1 


Then A, A? and B are three such elements. Therefore 2 = 4. 

Now suppose that G contains a subgroup H of order 12. Then ZH is normal in 
G and since G/H is of order 2, H must contain all elements of order 3. In par- 
ticular, H contains A and B hence the element 


coun [EI 


which is in Z. By taking the product of C by each of the eight elements of order 3 
one has that H contains eight distinct elements of order 6. But then H contains 
eight elements of order 6 and eight elements of order 3 implying that order 
(H) 216, which contradicts the'assumption that order (H) =12. Therefore G 
contains no subgroup of order 12. 
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A SIMPLIFIED PROOF OF GAUSS-MARKOV THEOREM WHEN THE REGRESSION 
MATRIX IS OF LESS THAN FULL RANK 


K. K. Rao, University of Minnesota 


Introduction. Various proofs of the Gauss-Markov Theorem are available 
[4, 5] when the regression matrix is of less than full rank. All of them are rather 
lengthy and tedious. The simplest proof for the case of full rank is due to 
Plackett [3]. The same proof is extended here to the less than full rank case 
using the notions of generalized inverse of a matrix. The same technique has 
been used by Chipman [1] to develop the criterion of best linear minimum bias. 

It can be shown [2] that for any NXK matrix X there exists a unique 
KXWN matrix X? satisfying 


(i) XXtX =X (ii) XtXXt = Xt (iii) (XXT)! = XX (iv) (XtX’) = XTX 
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The matrix X' is known as the generalized inverse of X. Consider an inde- 
pendent linear regression model: y= X6+u with E(u) =0, E(uu’) =o*I and X a 
given NXK matrix of arbitrary rank. Let YG be an estimable (linear) function. 


THEOREM (GaAuss-Markov). The best linear unbiased estimator of WB is given 
by pxXty, 


Proof. Let Ay be an unbiased estimator of ¥8, which implies 4X =y. Con- 
sider the identity: 


AA! — PXIXMY = (A — pXT)(A — XT)! + (AKT — PXtxh yy 
+ [(AXV — pxtxtyy’]’. 
Using properties (ii) and (iii) we get 
AX = AXVUX'X = AXXTXV = YxtxT, 
Hence 
AXt — pxtxt’=0 and AA’ —pxtxty = (A — pAt(A — pxty’ 


Since (A —WX1)(A —wWX7")’ is nonnegative definite we have the result: every 
diagonal of 4A’ =corresponding diagonal of yX'tXT'y’. Q.E.D. The same proof 
goes through for the Aitken model also. 


The author wishes to thank Professor John S. Chipman for his advice in the preparation of this 

note. 
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A NOTE ON EMBEDDING COMMUTATIVE RINGS IN RINGS WITH UNITY 
MICHAEL GEMIGNANI, University of Notre Dame and St. Mary’s College 


Although it is a well-known fact that any ring can be embedded as an ideal 
in a ring with unity, the purpose of this note is to introduce a device, which the 
author has not yet seen in print, by which we can produce for a “nice” com- 
mutative ring A a “natural” ring with unity in which A can be embedded as an 
ideal. 

Let A be a nonzero commutative ring. Define 7(A) =Hom,(A, A), the ring 
of all A-endomorphisms of the additive group of A. Then 7(A) is a ring with 
unity. For each a in A, let @ be the left multiplication determined by a. Then 
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a—d defines a homomorphism of A onto a subring A of T(A). It is easily verified 
that A is an ideal in 7(A). If A has unity 1, then 7(A) =A. 


THEOREM. If for each nonzero a in A, there is b in A such that ab¥0, then 
(a) a—d is an embedding; 

(b) T(A) ts commutative ; 

(c) T(A) ts an integral domain iff A has no divisors of 0; and 

(d) tf m=charA, then n=charT(A). 


Proof: (a) The hypothesis of this theorem is equivalent to assuming that the 
kernel of the homomorphism defined by a—d is {0}. 


(b) For any a, b in A and f, g in T(A) we have f o g(ab) =f(g(ab)) =f(g(a)d) 
= [f(g(a)) b= [f o g(a) |b and f o g(ab) =f(g(ab)) =f(ag(b)) =f(a)g(b) = g(b) f(a) 
= g(bf(a)) =g(f(a)b) = [g(f(@)) b= [g o f(a) |b, hence [(fo g—g 0 f)(a) ]b=0. 
Since for any given a, we have b such that [(fog—gof)(a) |b <0 if (fog — gof)(a) 
#0, it must be that fo g=g of. 


(c) Clearly if A has divisors of zero, then 7(A) could not be an integral 
domain. Suppose that A has no divisors of zero. Then 7(A) is commutative by 
(b). Suppose there are nonzero f, g in T(A) such that fo g=0. Then we can 
find a, b in A such that f(b) 40 and g(a) #0. Therefore f 0 g(ab) =[f 0 g(a) |b 
= 0b = 0=¢(a)f(b), a contradiction. 


(d) Since A can be embedded in 7(A), charA | charT(A). But nf(a) =f(na) 
=f(0) for all fin T(A) and all a in A, hence char7(A) ScharA, and the result 
follows at once. 


A CHARACTERIZATION OF THE SUPREMUM 
A. C. WILLiaMs, Socony Mobil Oil Company, Inc. Princeton, N. J. 


Let X bea subset of some universal set U, and let f be a function with domain 
F in U and with range in the extended real numbers. Then sup {f(x)|«G@ FOX} 
may be considered as a function S with range in the extended real numbers and 
with domain pairs (X, f) consisting of a set X CU and a function f from FCU 
to the extended reals. When F/\X is empty we assign to S the value —o. 
We may call S the sup function of X and f. 

The sup function satisfies the following three conditions: 

1. If FO\X is not empty, and if f(«) =c for all eG FOX, then S(X, f) =c. 
If FO\X is empty, then S(X, f)=—o. 

2. If YOX, then S(Y, f) $S(X, f). 

3. If g=fon FOX, then S(X, g)=S(X, f). 


THEOREM. The sup function 1s the only function from pairs (X, f) to the ex- 
tended reals for which conditions 1, 2, and 3 are satisfied, 1.e. conditions 1, 2, and 3 
characterize the sup function. 
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Proof. Let S denote any function from pairs (X, f) to the extended 
reals, for which conditions 1, 2, and 3 are satisfied. Consider any (X, f) and let g 
be the function on F/\X whose value is everywhere equal to sup 
{ f(x) |e FOX}. Then, by conditions 3 and 1: 


S(X,f) S$ S(X, g) = supl{f@)| «EFA X}. 


Moreover, from 2 and 1: S(X, APzZS(xh,/ = f(x), each xC FOX. Therefore, 
S(X, f)zsup {f(x)|xEFNX}. 


ANOTHER MIXED NONGROUP 
J. W. Wyman, Pasadena College 


A counter-example showing that a set which is closed under an associative 
binary operation and which has a left identity and right inverses for all the 
elements need not bea group was given by Colonel Johnson Jr., in this MONTHLY, 
71(1964)785. Another counter-example is the following: 

Let A be a proper subset, with more than one element, of a set 
B and G= {f: B>A| f(x) =x for each xE A}. 

(i) Gis closed under the operation of composition of functions. 

Gi) This operation is associative. 

(ui) Let x:GA. The function g: B—A defined by g(x) =x if CGA, g(x) =x1 
if xCG B—A, belongs to G and serves as a left identity since, for each fCG, 
gf=f. 

(iv) If fEG, g serves as a right inverse for f with respect to g, since fg =g. 

The element g is not a right identity since A has more than one element and 
G does not form a group under the given operation. 


Editor’s Note: Another reader, Mr. Gary A. Yoshioka, points out that the table 


_|Ff 8 
fli f 
§ ig & 


defines a “mixed nongroup.” If X= {x, y}, then the mappings 


xX x-— 
. d . y 


satisfy this table. 
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A DILEMMA IN MATHEMATICAL EDUCATION 


T. L. Saaty, Conference Board of the Mathematical Sciences 


Traditionally no field of knowledge equals mathematics in the fascination 
and excitement which it evokes in its practitioners. Once under its magical spell 
an individual cannot leave it without strong feeling of desertion—perhaps even 
a sense of diminishing stature. This rank of mathematics is accomplished 
through the work of people. They are the masters and innovators, individuals 
who have put themselves in harmony with the field by creative work in it. 
Some are discoverers, some are educators, and even some are critics and con- 
noisseurs. 

Since both the status and development of mathematics require an esprit de 
corps and a strong camp of followers who are mindful of each other in a construc- 
tive spirit, it is valuable to take a look at an aspect of mathematical education 
which might improve this solidarity both in method and in end result. Most 
mathematicians are potentially fine in human values and equally willing to 
give of themselves to see others obtain fulfillment by being mathematically 
creative. Occasionally one is inclined to feel that he must make progress all by 
himself. For some educators there is perhaps a passing feeling of discouragement 
with the available raw material. 

A distinguished colleague, in an offguarded witty utterance confided this dis- 
couragement by saying: “Universities are a wonderful place to be, but the worst 
thing about them is that they have students.” I seriously doubt that he gen- 
uinely felt this way. 

In science and even more in mathematics, the rigors and high standards 
required of students take so much of the energy of their mentors to enforce, 
that little time is left for consideration of personal growth. A clear perspective 
of the total person is needed. 

I have known many a would-be great scholar and creator of ideas who has 
fallen short of the attainment of his goals, not because of lack of great in- 
telligence or talent or even self discipline, but mainly because of the absence of 
needed personal warmth to temper an imagined or existing nonconcern or per- 
haps harshness in the environment. This is particularly characteristic of some of 
the larger departments. The United States has always been distinguished by the 
generous spirit of its people towards their fellowmen. It is surprising that this 
spirit has not been adequately and maturely interwoven in the fabric of higher 
education in science. It is usually taken for granted that for producing worthy 
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scholars, a good mind is most of what is needed and personal development is 
secondary. However, there are enough examples of brilliant individuals who 
failed because of lack of personal development that we need to re-examine this 
philosophy in order to decrease what I consider a substantial waste of talent, and 
a nontrivial loss. 

Many sensitive and talented individuals learn from early childhood to live 
in a world of their own intellectual making. In spite of depth of a model of the 
natural world, the component having to do with human relations may be a 
naive one. Consequently, the task of growing up to assume responsibility and be- 
ing effective in a real world of people is painful and for some the desire for philo- 
sophical and personal accommodation occurs at the time that a student is 
receiving his graduate education. At that time he is approaching a peak of his 
awareness of the surrounding world. Thus he faces two problems—one revolves 
about excellence in demonstrating his creative mental acumen and the other in 
adapting his “world picture” to a framework in which he can exist harmoniously. 
These are both strong forces. The intelligent man in this category is sure of his 
ability to cope with academia, but is more apprehensive about how his picture 
fits the world. Failure at school may be due to apathy resulting from the fact 
that he attaches greater significance and exerts greater effort in sorting out his 
relations in the world than in the fulfillment of his academic obligations to a 
point where his interests in the pursuit of his creative talents may cease, a 
result of confusion of objectives. 

Assuming that this diagnosis is sufficiently valid, let us examine briefly a 
possible external remedy. First, it would be helpful if his teachers, who exert 
perhaps the strongest influence on his total development, were intellectual in 
outlook and had a broader awareness of life than the distinguished colleague of 
our introductory remark. 

Of course, there are many individuals who are successful scientists who may 
never have faced the problem of resolving a complicated mental picture of the 
world. By example, they serve to integrate and inspire a student who is anxious 
for interpretations and encouraging suggestions. 

There are also those teachers who, almost like intellectual giants, have 
found an accommodation for both their academic excellence and the world 
about them. They are the ones who must be singled out by various imaginative 
means to help the student through this difficult period. Every school and every 
department must have examples of them. To the type of student under discus- 
sion they are living examples of what he might make of himself. Without them 
his education may make him technically proficient, but still he must look else- 
where for a gift of human values and for a better realization of himself. A feeling 
of urgency in this self realization and absence of the catalytic encouragement of 
experienced teachers may precipitate a crisis before his academic career is 
finished. To be an effective teacher one must care about the student. 

Some individuals who are absorbed in research are by nature such that they 
do not enjoy being frequently bothered but may allow questions along their 
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line of specialization. They may be ones who have learned when to exercise 
mental curiosity about the world and when to block it in pursuit of academic 
excellence. For some of their students whose curiosity may be strong, blocking 
would not work. Therefore, such teachers would not be in a favorable position 
to understand the problem and render help at a period of concentration and 
these periods are known to last a long time. 

Perhaps another area of improvement rests with a better exploration of a 
student’s talents. Some students arrive at a creative apex of their field by differ- 
ent roads, but others are lost because at their school ordinarily only one road is 
available, a certain agreed upon road which simplifies the life of the educator, 
but not of the student. To be sure brilliance and depth do not lack with a large 
number of those who do not make the mark, but they just don’t have the knack 
of walking in the footsteps of their elders or in absorbing themselves along 
traditional lines. 

I know a number of examples of very capable students who left school or were 
asked to leave because they could not adapt themselves to the regime or learn 
at the hands of personally colorless “masters” or immature specialists. In many 
cases, perhaps especially in the smaller schools, a course seemed to mean that the 
expert must again go through the chore of regurgitating old stuff or unloading on 
the blackboard, with brilliance and with the touch of a Chef of French Cuisine, 
that which they have memorized from many previous presentations. The style 
is so perfect that interruptions with questions which might beset the student are 
regarded as boorish and lacking in the manner of high scholarship. Thus, the 
student assumes the role of a copier from the board to the paper and gains little 
insight from the teacher’s experience. His education is mostly achieved at home. 
In fact since the teacher copies his material from books and published papers, it 
would be better training for the student to look things up for himself and spend 
the time in class in discussions which might illuminate points of special difficulty. 
He may even find out that there are things in the course which the teacher him- 
self does not know, thus giving him the idea that one need not be perfect to be 
creative. 

It is well known that fashions in science are changeable and that in any case 
at the current rapid pace of growth in 50 or 100 years what is most likely to sur- 
vive is the spirit scientists convey as carriers of the torch. This indicates that 
rather than spending much time in perfecting the old, one perhaps should 
acquire and communicate the zest of the new. 

The foregoing discussion indicates that to produce effective teachers, more 
than specialization in a field is required. Knowledge and practice in teaching 
methods, courage and constructiveness in human relations are essential ingredi- 
ents. They provide the fine distinction between assembly line production of 
talent and a respect for the higher and deeper value of young people. 
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SEARCHING FOR MATHEMATICAL TALENT IN WISCONSIN, II 
J. R. SMart, University of Wisconsin 


For the second year the Department of Mathematics of the University of 
Wisconsin has conducted a program of searching for high school students with 
mathematical talent (see [1]). The project was again supported financially by 
the National Science Foundation. The purpose of the project is to locate and 
encourage highly talented students. The program is as follows. This year we sent 
out five sets of problems with five problems per set. The first set was mailed in 
September and the last in mid-March. The students had approximately four 
weeks to work on each set. In the Appendix we list the problem sets along with 
the number of responses, and in parenthesis after each problem is the number of 
correct solutions. The problem sets were mailed to all 559 high schools in the 
state, both public and parochial. Approximately 31,000 copies of each set were 
distributed. After the problems were graded we prepared and mailed in equal 
numbers a sheet containing solutions and a list of solvers using the format of the 
problem sections of this MONTHLY. There were 626 individuals who responded 
to one or more problems. The breakdown of this number by grade in school is 
as follows: 12—235, 11—-186, 10—124, 9-68, 8—-12, 7—-1. 

In May the top forty-five problem solvers and their teachers were invited 
to a one day program on the Madison campus. All of the students as well as 
twenty-one teachers attended. We arranged for the students to be broken up 
into groups of four each and they met with a faculty member for forty-five min- 
utes to one hour. This occurred in both the morning and afternoon. In addition, 
in the morning Professor I. J. Schoenberg gave a one hour lecture entitled “On 
the Kakeya Problem,” and in the afternoon the students and teachers toured 
the computing facilities of the University. A luncheon was served at the home of 
Professor L. C. Young and there was a dinner at the Wisconsin Memorial Union. 
At the close of the dinner, for further encouragement, each student was pre- 
sented with paperback copies of How to Solve It by George Polya, Mathematical 
Recreations and Essays by W. W. Rouse Ball, and Enrichment Mathematics for 
High School published by the National Council of Teachers of Mathematics. In 
addition, the top six students Jeffrey Kuester, Gregory Markowski, Daniel 
Shapiro, Michael Schweitzer, Richard Snelling and John Wasserstrass were 
presented with either What 1s Mathematics by R. Courant and H. Robbins or 
Geometry and the Imagination by D. Hilbert and S. Cohn-Vossen. The students 
who were invited to this program solved six or more problems; the top six stu- 
dents solved fourteen to eighteen problems! 

The Mathematical Talent Search has been quite well received by students 
and teachers throughout the state. We get many favorable comments from each 
group. There are some additional aspects of this program which deserve men- 
tioning. We know, from students’ and teachers’ comments, that many addi- 
tional students attempted the problems and that quite a few of these obtained 
solutions which they did not bother to send in. Thus we are reaching and en- 
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couraging more students than the numbers quoted above indicate. Another 
fact which may have great value in the future is that lines of communication 
have opened between high school teachers and the faculty of the Mathematics 
Department. This has already proved valuable in obtaining financial assistance 
for deserving students. Finally I should like to mention that twenty-five of the 
forty-five top problem solvers were seniors and seventeen of these have decided 
to attend the University of Wisconsin. 

This year the program was run by Professor Michael Bleicher, Professor 
Donald Crowe and the author. The program will continue next year with Pro- 
fessor Crowe as chairman. If we can be of assistance to others in setting up a 
similar program in other states, we would be most happy to do so. 


Reference 


1. M. N. Bleicher, Searching for mathematical talent in Wisconsin, this MONTHLY, 72 (1965) 
412-416. 


APPENDIX 


The problem sets are listed below exactly as they were sent out. We realize now that 
some of the problems could be more effectively worded. 


Problem Set 1—406 Responses 


1. In acertain town, the blocks are rectangular, with the streets (of zero width) run- 
ning E-W, the avenues N-S. A man wishes to go from one corner to another m blocks 
East and » blocks North. The shortest path can be achieved in many ways. How many? 
(22) 


2. An army captain wants to station an observer equally distant from two points and 
a road. Can it be done? If so, how many points are there and can one locate these points 
on a map using straight edge and compass? Give the construction, if possible. In other 
words, how many points are there in the Euclidean plane which are equidistant from two 
given points and a given line? Find them with straight edge and compass, if possible. (18) 


3. For which values of n 20 and k 20 is 
(e+ 1) + (&+2)"+ +3)" 4+ +4)" + (E+ 5)" 


divisible by 5? (19) 


4. Represent the number 1 as the sum of reciprocals of finitely many dzstenct in- 
tegers larger than or equal to 2. Can this be done in more than one way? If so, how many? 
(22) 


5. Six points in space are such that no three are in a line and no four are in a plane. 
The fifteen line segments joining them in pairs are drawn and then painted, some seg- 
ments red, some blue. Prove that some triangle formed by the segments has all its sides 
the same color. (10). 


Problem Set 2—235 Responses 


1. Show that if a, b, c, are three integers which satisfy a+b W/2+c+/3=0, then a=b 
=c=0, (71) 
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2. Give a method for the construction (with straight-edge and compass) of a triangle 
with given angles a and 8, a+ 6 <180°, and given perimeter s. (17) 


DEFINITION. A prime number ts defined to be a positive integer larger than 1 which is 
only divisible by itself and 1. 

The Fundamental Theorem of Arithmetic: Every integer larger than 1 can be factored 
as a product of powers of prime numbers and the factorization ts unique (except for the order- 
ing of the factors). Thus any integer n larger than 1 can be factored as ppp - + + pt where 
pi, po, + + + pe are the distinct prime divisors of n and ay, d2, + + + , de are positive integers. 


3. Show that for n 25, 24 divides the product 


1 1 1 
eG a) Gp) 
pi pe bi 


where p1, po, + +: , py are the distinct prime divisors of n. (12) 


4, Let a1, do, +++, Qn, b1, be, + + + , by be 2n positive real numbers. Show that either 


a1/bitG2/be+ +++ +@n/bn 2m or b1/ai+de/ae+ +++ +bn/dn zn. (12) 


DEFINITION: A polygon (or figure) is called convex if for each two points on or inside the 
polygon (or figure) the line segment joining these two points is on or inside the polygon (or 


figure). 


convex not convex 


5. A convex polygon P of area P is contained in the interior of a circle C of area C. 
Let the sides of P be numbered counterclockwise: 51, 52, - + + , s,. Each side is extended 


ES | 
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in both directions so that it divides the circle into two segments. Let S; denote the seg- 
ment determined by s; which does not contain P. Let 5S; denote the area of S; and T; the 


area common to S;and Si,1 (¢=1,2, - ++, m, Sngi=Si). 
Show that 


Problem Set 3—200 Responses 


1. The figure shows three lines dividing the plane into seven regions. Find the 
maximal number of regions into which the plane can be divided by m lines. (13) 


2. (a) Let a1, a2, ° ++ , dn bem positive numbers. Show that if ai tae+ +--+: +a, S81; 
then 1/a;+1/aot +--+ +1/a, =n’. 
(b) Now suppose ai,°°:*, @q are arbitrary positive numbers (with unrestricted 


sum). Show that 


(a, + a2 +--+ +a,)(1/ar + 1/a2+ +--+ +1/an) 2 n*?. (6) 
3. Let pi, po, + + * , pn be points located in the plane. Show that the shortest broken 
line connecting the points does not crossitself. (22) 


4, Let P(x) =anx™+an—1x™ '+ +++ +aix+ao be a polynomil of degree n 21 with 
integer coefficients. Show that there are infinitely many positive integers m such that 


P(m) = aym™ + dn_um™ 1+ +--+ aym + aois not prime. (3) 


5. We consider a set of non-overlapping circles of radius 1 lying in a parallel strip of 
width w. We say that the circles form a k-cloud (k=1, 2, 3, - - : ) if any line intersecting 
the strip intersects at least & circles. Show that for a 2-cloud w = /3+2. (Two circles are 
said to overlap if they havea common inner point.) (40) 
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Problem Set 4—122 Responses 


1. Suppose / and /’ are two parallel lines one inch apart, and PQ and P’Q’ are seg- 
ments each two inches long, on/ and /’ respectively. Then clearly PQ can be moved in the 


(2) P (1) Q 


P' (3) Q' 


plane of J and 7’ so as to coincide with P’Q’ and in the process sweeps out an area of 
exactly two square inches. Prove that if J] and /’ are 100 miles apart it is still possible to 
move PO to coincide with P’Q’ while sweeping out a total area of no more than two 
square inches. (65) 


2. Show that N can be taken so large that 1+1/2+1/3+1/4+ --- +1/N is larger 
than 100. (37) 


3. Let R be a point of a polygon p such that any segment joining R with a point of p 
lies completely in p. Then p is said to be viszble from R. Prove that the set of all points 
from which is visible is convex (a set of points in the plane is convex if given any two 
points of the set then the line segment joining the points lies in the set—see problem set 


2). (19) 


DEFINITION. Two integers m and n are said to be relatively prime tf thev have no common 
factors (t.¢., 1 ts the only positive integer dividing both m and n). The integers in a collection 
of integers are said to be pairwise relatively prime tf every patr of integers from the collection 
are relatively prame. 


4, Let acollection a1, a2, +--+, @n, °° + of integers be defined successively by an41=4a, 
—adn+1 and a,;=2. The first few are a1}=2, @2=3, as=7, a4=43, a, = 1807, ---. Show 
that the integers aj, @2, a3, + - are pairwise relatively prime. (14) 


5. Acollection of line segments contained in a square of side length one inch is said to 
be an opaque set if every straight line which crosses the square cuts one of the line seg- 
ments. Examples (1) and (2) are opaque sets while (3) is not. Think of the line segments 


(1) (2) (3) 


as painted walls in a house otherwise made of glass. For an opaque set a flashlight beam 
cannot pass through the house. An opaque set need not consist of connected line seg- 
ments (as in (1) and (2)). The length of the opaque set (1) is 2/2 ( ~2.828) inches, and 
the length of opaque set (2) is 1+ ./3( ~2.732) inches. Find an opaque set which is less 
than 1+ 4/3 inches. (58) 
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Problem Set 5—47 Responses 


1. Consider the collection of integers a1, a2, - - « defined by Qay1=a, —aQn+1, a1=2. 
Show that by taking N very large |1/ai+1/a2+ --- +1/ay—1| <1/10'. (8) 


2. Let P be an arbitrary polygon in the plane (the sides do not intersect). Describe 
how to construct with compass and straight-edge a square having the same area. (5) 


3. Let mand n be relatively prime integers (see problem set 4) with 0 <m/n <1. Find 
a method for testing when a given m/n can be expressed as 1/x-+1/y where x and y are 
jntegers, (12) 


4. Finitely many pennies are placed on a flat surface, no two over-lapping. Prove or 
disprove: No matter how this is done it is always possible to paint each penny with one of 
three colors in such a way that no two pennies having the same color touch each other. 


(0) 


An ” by » square matrix H is an array of real numbers of the form 


Qi1 Q12°** Atn—1 Ain 


Goi G22 °** Aan-1 an 


Qn1 Qn2°*°* Ann-1 Onn 


The numbers a;; are called the entries in the matrix. The first subscript tells which row 
the number is in, and the second subscript, the column. For example, dz. is in the third 
row and sixth column. Two rows, say (@j1, @j2,° °°, Q@jn—1, @n) and (@x1, Qro° °°, 
Ak n—1, Ukn) J Rk, are said to be orthogonal if 


Q;10K1 ++ Qj20k2 ++ cos ++ Qj n—1%k n-1 ++ QjinQkn = 0. 


5. A matrix H all of whose entries are +1 or —1 and whose rows are orthogonal is 
called a Hadamard matrix after the famous French mathematician Jacques Hadamard, 
1865-1963. An example is 


1 1 1 1 
—-1 1-1 1 
1 1-1-1 
—-1 1 1-t!I 


Show that there are infinitely many Hadamard matrices by constructing one of order 2” 
for each n. (We remark that it is an unsolved problem of whether there is a Hadamard 
matrix of order 116 or not.) (8) 


TEACHING AND RESEARCH CONFLICT 


Federal research programs and the nation’s goals for higher education are 
in “increasing conflict,” according to a congressional subcommittee report (the 
House Subcommittee for Research and Technical Programs) on the effects of 
government research and development programs on higher education. The 
subcommittee headed by Rep. Henry S. Reuss (D., Wis.) also criticized the 


1966] MATHEMATICAL EDUCATION NOTES 407 


concentration of federal research funds in a relatively few major institutions 
to the detriment of smaller colleges, and to the overemphasis on natural sciences 
as compared with humanities and the social sciences. 

The conflict between research support and goals of higher education identi- 
fied by the subcommittee fell roughly in three categories. These are: allocation 
of scarce manpower, conflict between present use of manpower for research and 
investment for future manpower needs as exemplified by teaching, and conflict 
within the colleges between the natural sciences, humanities, and social sciences. 

One of the biggest needs identified by the committee is for more incentives 
for teaching. Several recommendations were made to try to meet this need. The 
committee called for science teaching fellowships which would be as attractive 
financially as research fellowships, for a Presidential award for outstanding 
undergraduate teachers, and for limiting requirements for research manpower 
over a short term as incentives are provided to increase the flow of qualified per- 
sons into teaching. 

The report pointed out that colleges and universities bear a responsibility 
for maintaining a proper balance between teaching and research. 


BRIEF COMMENT 


Proceedings of the Preliminary Meeting on College Level Mathematics Educa- 
tion under the Auspices of the U.S.—Japan Program on Scientific Coopera- 
tion, Katada, 1964. Japan Society for the Promotion of Science, 1965. 
xii+96 pp. 


This booklet is a report of a “lively meeting held under the auspices of the 
U.S.-Japan Program on Scientific Cooperation” from September 5 through 
September 7, 1964 in Japan. The meeting was attended by twelve Japanese 
and four American mathematicians and they “examined aspects of the college 
mathematics curriculum—wWhat topics should there be, how taught, and in 
what order.” A partial table of contents follows: 


S. IyANAGA, Problems of college level mathematics education in Japan. 
K. Yosipa, Analysis for science and engineering students. 

Y. Kawapba, Algebra and geometry for science and engineering students. 
S. Furuya, Probability and statistics for the first two years of university. 
Y. Mimura, Where to place abstract concepts? 

H. Nocucut, College level mathematics education and computers. 

Y. AKIzuKI, Mathematics education for other sciences. 

E. J. McSHang, Why and how CUPM began. 

W. DurREN, Organizing nationally for improvement of college mathematics. 
E. E. Moise, Activity and motivation in mathematics. 

S. MacLane, New notions for algebra courses in college. 


It is hoped that a number of the above reports will be reviewed in this column 
in future issues. 
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The Madison Project’s Approach to a Theory of Instruction, ROBERT B. 
Davis, J. Res. Sct. Teaching, 2(1964) 146-162. 


Apparently this is an attempt to develop a theory of instruction based upon 
considerable classroom success of the Madison Project’s methods of mathe- 
matics instruction. There is no well developed theory, but the ideas are broadly 
clustered around Jean Piaget’s notion that education is fundamentally a process 
in which the individual’s misperceived and incorrect view of the real world goes 
through a successive sequence of refinements and improvements so that a more 
sophisticated view is achieved. The Madison Project has attempted to bring the 
student at the elementary level in contact with mathematics with as little 
mediation from the teacher as possible, and has chosen topics with the following 
aims in mind: the student must be ready for the ideas and must take an active 
role in developing them; the concepts must arise naturally from some problem 
solving situation, must be related to some fundamental mathematical ideas, 
and must lead to some significant patterns of generalization; the topics must be 
appropriate to the age of the child, and must appear, 7m toto, to the observer to 
amount to a significant experience. There is also considerable emphasis on a 
non-rigid, flexible classroom attitude on the part of the teacher and upon re- 
inforcement that comes from within the student rather than from the teacher. 
There is much in the article that is thought provoking and interesting even 
though it may not bear directly upon the development of a theory of instruction. 


Computer-Aided Instruction, JOHN A. SWETS and WALLACE FEURZEIG, Science, 
October 29, No. 3696, 150 (1965). 


Although this article does not deal with the teaching of mathematical con- 
cepts, it is not hard to extrapolate the techniques used here to such usage. The 
basic teaching technique is the “Socratic System” in which the computer states 
a problem and thereafter the student and computer engage in a dialog while the 
student attempts to solve the problem. The dialog consists of questions by the 
computer at various times, answers to questions posed by the student on the part 
of the computer, and suitable comments by the computer. The student has a 
basic vocabulary consisting of a set of questions and statements which he may 
use in the dialog—the machine is programmed to respond in a suitable fashion 
depending upon the specific response on the part of the student plus what has 
gone before in the dialog. 

The principal example used in this article is the teaching of medical diagnosis - 
of a particular ailment. It is clear, however, that the technique is quite flexible 
and that it would adapt well to many rather complex concepts. “To play this 
game, the Socratic System has only to recognize logical conditions, suchas 
sufficiency, necessity, redundancy, and consistency. This capability is not in- 
consequential—for example such a capability might be sufficient in an aid for 
teaching fundamentals of geometry, or qualitative inorganic chemistry—but 
it can be realized in a less complex system.” 
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The Madison Project—A Brief Introduction to Materials and Activities, 
RoBERT B. Davis, The Madison Project, Webster College, St. Louis, 
Missouri, 1965, 31 pp. 


The Madison Project which began about eight years ago seeks to improve the 
school mathematics curriculum through broadening it to include more advanced 
concepts, introducing a more creative flavor, providing more variety, and en- 
couraging a more active student participation. There is considerable emphasis on 
informal instruction—particularly the early introduction of topics informally 
before they are discussed formally. Notations of the UICSM materials are used, 
and stress is placed on the point that students seem to learn the notion of 
variable more easily if some non-alphabetic symbol, such as a box, is used 
rather than the conventional “x” or “y”. The project does not exist primarily to 
provide and produce teaching materials, but rather to provide services and to 
pursue various activities. The project has worked with various school systems 
in both large and small communities in carrying out its philosophy of mathe- 
matical education and has also engaged in teacher education activities. The 
pamphlet contains a detailed bibliography of publications available from the 
project, as well as cognate publications. The pamphlet is available from The 
Madison Project, Webster College, St. Louis, Missouri 63119. 


Mathematics and the High School Curriculum, F. V. PoHLE, Department of 
Graduate Mathematics, Adelphi University, 1965, 41 pp. 


This report, written by the chairman of the department of graduate mathe- 
matics at Adelphi University, appears to be largely an apologia for and an ex- 
pansion of the views of Professor Morris Kline as expressed in the Alumni News 
of New York University, October, 1961. The recommendations of the report are 
these: better training for teachers of mathematics, increased cooperation be- 
tween college and high school teachers, greater unification in the teaching of 
science and mathematics, caution in even the suggestion for curriculum changes, 
and lack of need for any massive changes in subject matter in the high school 
curriculum. The beginning of the report makes interesting reading in that it 
details some of the events in the controversy over changes in the high school 
curriculum—there are some cogent, as well as amusing, remarks by such people 
as Kline, Moise, Stoker, and others. Unfortunately the report, particularly the 
last section on recommendations, is marred by serious typographical errors, 
woolly thinking, and poor English usage. 

Copies of the report are obtainable without charge from Professor Pohle, 
Adelphi University, Garden City, N. Y. 11530. 


Editorial Note. “Brief comment” was offered (this MONTHLY 72 (1965) 901) 
on an article by R. W. Hamming in ScrENcCE (148 (1965) 473-475) entitled 
“Numerical Analysis vs. Mathematics.” Two critical letters and a rejoinder 
appear in SCIENCE, 149 (1965) 243-245. 


PROBLEMS AND SOLUTIONS 


EDITED BY E, P. STarKE, Bloomfield College 


COLLABORATING EpirTors: J. BARLAz, Rutgers—The State University; L. Cartitz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Eves, University of Maine; 
A. E, Livinecston, University of Alberta; and A. WiLaNsky, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of Problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to 
Professor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to A. E. Livingston, University of Alberta, 
Edmonton, Alberta, Canada. To facilitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitted on separate, signed sheets and should be mailed before 
August 31, 1966. 


FE 1875. Proposed by Samuel Zaidman, University of Montreal 
Let 6€C*[0, 1] satisfy the following conditions: 


(1) p # 0, (2) (0) = 0, k= 0, 1, my 


(3) The series }oa, (x) is uniformly convergent on [0, 1] where {ax} isa 
given sequence of real numbers. Prove that k!a,—0 as kR- ». 


FE 1876. Proposed by K. K. Norton, University of Illinois 
Let $(~) be Euler’s totient function, let d(m) be the number of divisors of 
n, and let a(n) be the sum of those divisors. Show that 


(1) tim inf 2 = tim ing 2. 
nto nd(n) not» nd(n) 
(2) lim sup on) = |j on) = 1, 


lim su 
n—> + 0 nd(n) n—-+ 0 nd(n) 
(Cf. E 1625 [1964, 683] and E 1749 [1966, 84].) 


E 1877. Proposed by Huseyin Demir, Middle East Technical University, 
Ankara 

Let ABCDE be a convex pentagon inscribed in a unit circle with AE as 
diameter, and let AB=a, BC=b, CD=c, DE=d. Then prove that 


a+ 6? + c?+ d* + abc + bed < 4. 


E 1878. Proposed by Huseyin Demir, Middle East Technical University, 
Ankara 

Let AiA.---A, be a regular polygon inscribed in circle (O) of radius R. 
Denote the incenter of the triangle A;1A;A 44: (indices mod ”) by J;, and that 


410 
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of the triangle formed by A;A ize, AspoA iyi, AviAiz3 by J;. Then show that the 
points [;,---, J, and Ji,---+, J, all lie on the same circle of radius R’ 
= Rcos (37/2n)/cos (1/22). 


E 1879. Proposed by Agatha Himmelfarb, Fordham University 

A billiard ball is cued from a corner of an x Xm-foot billiard table at an angle 
of 45° (x and m are integers.) How many cushions will the ball strike before it 
again goes into a corner? 


E 1880. Proposed by Robert Schlesinger, Washington University, St. Louis, 
Mo. 

Show that f(t)=(t—sin t)(r—t—sin ¢) is an increasing function of ¢ for 
O<t<ir. 

E 1881. Proposed by Omar Khayyam, Jr., University of California, Berkeley 

Describe the locus of a point P in the Euclidean plane for which there is a 


function f with the property that the graph of a function g defined on the whole 
real line is symmetric with respect to P if and only if g commutes with f (i.e, 


f(g(x)) =g(f(x)) for all real x.) 


E 1882. Proposed by W. C. Beckham, Kirtland Air Force Base, New Mexico 

Let J represent the n Xx unit matrix. A isan Xn matrix which has one and 
only one nonzero element in each row and column, these nonzero elements being 
either 1 or —1. If A?=J, determine how many different ways there are of 
writing A. 


E 1883. Proposed by A. M. Vaidya, Texas Technological College, Lubbock 

The M@bius function u(m) provides a criterion for deciding whether or not 
a given integer is squarefree. Find a function (in terms of uw) which has different 
constant values for primes, for composite square-free integers, and for other 
integers. 


E 1884. Proposed by A. F. Beardon, University of Maryland 
Prove that the series 


% 1 
> a 
mises, npet (M2 +++ + n2)P 
converges if and only if p>/2. 


SOLUTIONS OF ELEMENTARY PROBLEMS 


A Consequence of Pell’s Equation 


E 1757 [1965, 182]. Proposed by J. L. Brown, Jr., Ordnance Research Labora- 
tory, State College, Pennsylvania 


Show that the equation t’’ = 2?’ has infinitely many solutions in triangular 
numbers ?’ and 7”. 
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I. Solution by Lacy G. Jones, Ripley High School, Ripley, West Virginia. 
This problem has been solved many times before (cf. Dickson’s History of 
Theory of Numbers, Volume II, p. 182). Therefore, the following solution will no 
doubt be a repetition of what has already been done. 

The equation ?¢’ = 2t’’ can be written {x(x +1) \/2=y(y+1) which can be 
reduced by x2+(x«+1)?=2?, where g=2y+1. Now, if we can generate an infinite 
number of right triangles such that one of the legs is one unit greater than the 
other, we will have solved our problem. This may be accomplished by the trans- 
formation X =22+3x+1, Z=3z+4«*+2 which will yield an infinite number of 
right triangles with X2+(X+1)?=Z?, where X >x and Z><z. 


II. Solution by F. D. Parker, SUNY, Buffalo, New York. The problem can be 
generalized: If a is a positive integer, then ¢’ =at’’ has infinitely many solutions 
in r-gonal numbers ?’ and ¢”’ if a@ is not a perfect square or if r=4 and aisa 
perfect square. 

The nth r-gonal number is | (r—2)n?— (r—4)n} /2, so that we seek solutions 
for the Diophantine equation (7—2)n?—(r—4)n=a(r—2)k?-—a(r—2)k. It can 
be verified that 
y—A1+ (4+ 4a(r — 2)y) 


n= ) 
r—2 2 

, r—41+ («4+ 47 — 2)y) 
7 2 2 


provide a solution if x and y are integer solutions to x?— 16a(r—2)*y?=1. This 
is a Pellian equation and has an infinite number of solutions. Since (x —1)(«-+1) 
= 16a(r—2)?y?, x is odd and x—1 and x+1 have no common factor except 2, 
so that either x—1 or x +1 has a factor r—2. Since r—2+2, both z and k are 
integers. 
If r=4, there are an infinite number of solutions if a is a square integer. 
The problem as originally stated is the case in which r=3, a=2. 


Also solved by A. N. Aheart, J. W. Baldwin, M. G. Beumer (Netherlands), M. T. L. Bizley 
(England), D. A. Blaeuer, Walter Bluger and W. Zayachkowski (jointly), E. O. Buchman, J. A. 
Burslem, Mannis Charosh, P. L. Chessin, M. R. Chowdhury (West Germany), D. I. A. Cohen, 
Monte Dernham, D. Z. Djokovic (Yugoslavia), R. B. Eggleton (Australia), G. E. Engebretsen, 
Michael Fredman, Michael Goldberg, S. H. Greene, L. S. Grinstein, Cornelius Groenewoud, 
G. E. Henry, Agatha Himmelfarb, J. A. H. Hunter, R. F. Jackson, Erwin Just, M. S. Kaplan, 
E. S. Langford, E. L. Magnuson, Andrzej Makowski (Poland), D. C. B. Marsh, Yehoshua Mayer 
ben-David, R. J. Oberg, C. B. A. Peck, Harsh Pittie, Judith Richman, Ron Rietz, P. A. Scheinok, 
C. D. Scudder III, Robert and Robin Sibson (jointly) (England), R. L. Syverson, G. C. Thompson, 
Guy Torchinelli, Simon Vatriquant (Belgium), Lenard Weinstein, R. A. Wiesen, Dale Woods, 
and the proposer. 

A Maximal Convex Envelope 


E 1758 [1965, 182]. Proposed by Michael Goldberg, Washington, D. C. 


Arrange four radial lines of lengths a=b=c=d so that their convex envelope 
is maximized. 
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I. Solution by D. C. B. Marsh, Colorado School of Mines. Assuming that the 
problem means maximize the area of the convex quadrilateral with vertices 
at the endpoints of the radial lines, we consider an ordering 51, °5o, 53, S4 of any 
four radial segments with angles of 6; between s; and s,4:(ss=51) and find the 
area of the envelope to be 


A = (5152 sin 01 + Sos3 sin 62 + S354 sin 03 + s4sy sin 04)/2. 


By the use of Lagrange multipliers, or other standard methods, the maximum A 
is found to occur when all 6;=7/2. A =(s1+53)(set+s4)/2. For the s; a permuta- 
tion of a=2b=cZ=d, we then determine the maximum area to exist for the 
arrangement d, 0, d, ¢, (1.e., with a, d at 180°, b, c at 180°, and ad at right angles 
to bc). 


II. Solutton by Richard A. Jacobson, South Dakota State University, Brook- 
ings, South Dakota. We maximize the length of the convex envelope. Suppose 
four lines of length 7, 72, 73, 7, are arranged counter-clockwise and are separated 
by angles 01, 62, 03, 64. The envelope has length 


4 
» V(r + ress — 2r,ri41 Cos 6,), 
t=1 
where 7;=7. This is certainly a maximum if cos 0;=0. Thus we let the 0, =7/2. 
The problem is then reduced to finding which permutation produces a maximum 
length. There are essentially only three distinct permutations a—b—c—d, 
a—b—d—c, and a—d—b-—c. The respective lengths are 


Q) h=V@+P+VeO+F A04+¢VC+ @4+ Ve + 0%) 

Q2) Lb=V@+AY+VE+A EVE +) +Vie + 2% 

(3) L=V@V+P)+VC+R)4+Ve84+ 7%) 4+V (2+ a). 
Cancelling like terms, squaring, again cancelling, squaring, and utilizing the 
condition that a=2b2c2d, we find that L;=L,=L». Thus the envelope is 


maximized when the lines radiate from the origin and terminate at the points 
(a, 0), (0, d), (—b, 0) (0, —c). 


Also solved by E. O. Buchman, D. I. A. Cohen, D. Z. Djokovic (Yugoslavia), P. K. Garlick, 
S. H. Greene, R. F. Jackson, E. S. Langford, Charles McCracken, C. B. A. Peck, Judith Richman, 
Robin Sibson (England), T. Teichmann, and the proposer. 


Symmetrically Placed, Nonattacking Rooks 
E 1759 [1965, 182]. Proposed by M. J. L. Bizley, London, England 


In how many ways can z rooks be placed on an Xn chessboard so that 
no rook can take another and so that the ” occupied squares are symmetrically 
placed relative to a given diagonal of the board? 


Solution by C. B. A. Peck, State College, Pennsylvania. Let there be m rooks, 
with OSmSn. Given a diagonal, we choose n—m of its squares to be un- 
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occupied and unattacked. This can be done in (*,) ways. We then choose m—2k 
of the remaining m diagonal squares for occupation, in any one of (%) ways, 
where k is some integer with OS2k<™m. Finally, we place the remaining 2k 
rooks in pairs symmetrical about the given diagonal so that each pair has two 
of the remaining 2k diagonal squares for its exclusive joint attack, which we can 
do in (2k)!/k!2® ways. Then all together there are, for m rooks on an nXn 


board, _ on) 
mi2l /n m\ (2k)! 
Cr) 
reo \MN/ \2k/ 2k! 


ways, with the case of the problem being m=un. 


Also solved by W. A. Al-Salam, Robert Bart, John Beidler, E. O. Buchman, D. I. A. Cohen, 
R. J. Cormier, R. B. Eggleton (Australia), G. E. Engebretsen, D. Z. Djokovic (Yugoslavia), 
D. M. Hancasky, R. F. Jackson, Agnis Kaugars, D. C. B. Marsh, H. F. Mattson and R. J. Turyn 
(jointly), W. E. Patten, Donald Quiring, Robin Sibson (England), Guy Torchinelli, Simon Vatri- 
quant (Belgium), and the proposer. 


A Convergent Sequence Arising from a Difference Equation 
E 1760 [1965, 183]. Proposed by I. I. Kolodner, University of New Mexico 


{an} and {b,} are sequences of real numbers such that {b,} converges and 
bn =Qn—Q0n41. Show that {a,} converges if |a| >1, or if |a| <1 and {an} is 


bounded. 


Solution by Sidney Spital, California State Polytechnical College, Kellogg, 
Pomona, California. We prove the more general 


TuEorEm. If {a,} and {b,} are sequences of complex numbers such that {bn} 
converges and by =An—OQdn41 with a a fixed complex number, then {an} is con- 
vergent uf | ae| > 1 or af | ae| <1and lim,.,. dna" =0. 


Proof. The conclusion is clear when a=0. For a0, we may view dn—@n4i 
=6, as a first order, linear, nonhomogeneous difference equation in the un- 
known sequence {a,}. Its solution is known to be 


n—1 1 \2-* 1 *! 
() m= — Dr(—) =-— > bree 
a” pd 
where for notational consistency we have labelled the arbitrary starting value 
ao= —b_1/a. 

If |a| >1 we use the first part of relation (1) which shows that {a,} are 
partial sums of a power series in 1/a with coefficients —b,,k= ---,1,0, —1. 
Since {b,} is convergent, these coefficients are bounded. The convergence of 
the power series and {a,} then follows from |1/a] <1. 

If | ae| <1 we use the second part of (1): 


n—1 


—dra" = > dat. 


k=—1 
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Since a@,a” tends to zero the partial sums on the right also approach zero. They 
may therefore be replaced by the negatives of their corresponding remainders 


fo @] fo @] 
Writing lim,... b,=b, we estimate the difference 


b 


1—ea 


An — = sup |b, — bl, 
k2n 


De (nse — b)o#| S ——— 
fat 1— |a| 


which therefore must become arbitrarily small for increasing n. Hence {an} 
converges to b/(1—a). 

For a=1, a,=— >)0%21, b:, and the example b_1=b)= —1 and b, =(—1)*/2* 
for 2*<n<2**1 (k=0, 1,2, -- - ) shows that {an} can be bounded without being 
convergent. Similarly, a= —1 and b,=1 leads to a, = [1+(—1)"|/2. 


Also solved by E. O. Buchman, Jim Campbell, Robert Cohen, D. F. Dawson, D. Z. Djokovic 
(Yugoslavia), W. O. Egerland, J. A. Goldstein, D. M. Hancasky, D. A. Hejhal, Stephen Hoffman, 
R. F. Jackson, Ben Klein, E. S. Langford, D. C. B. Marsh, Yehoshua Mayer ben-David, C. B. A. 
Peck, L. J. Pratte, J. G. Rau, Robin Sibson (England), Richard Sinkhorn, Al Somayajulu, C. D. 
Soong (Malaysia), G. P. Speck, Guy Torchinelli, Albert Wehrly, A. Wilansky, and the proposer. 

Editorial Note. For |«| >1, the first of equations (1) in Spital’s solution defines a sequence-to- 
sequence linear summability scheme with matrix (dn,), where an,=1/a"*t!* for kSn and a,,=0 
for k>n, and the Silverman-Toeplitz conditions are easily seen to be satisfied. Several solvers 
based their solutions on this observation. 

Wehrly found a similar problem in G. H. Hardy, Pure Mathematics, p. 168, and Wilansky 
calls attention to his book Functional Analysis, Blaisdell (1964), paragraph 1.2, problems 20, 21 22 
and paragraph 14.3, problem 16. 


Another Vandermonde Determinant 
E 1761 [1965, 183]. Proposed by John Burke, University of Vermont 


Let A be an Xn matrix with a;;=7* "1. Prove that 
det A = (nm — 1)(m — 2)?-- + 2°, 
Solution by Gary L. Musser, Student, SUNY, Buffalo, New York. This is the 


Vandermonde determinant V(«1, x2, ° ++, %,) with x;=j7 and, hence, has the 
value 
n—-1 
Il@-s) = Te. 
i>j k=? 


Also solved by J. C. Abad, H. D. Abramson, A. N. Aheart, R. G. Albert, W. A. Al-Salam, 
J. H. Avila, Jr., K. F. Bailie, Robert Bart, John Beidler, M. A. Bershad, M. G. Beumer (Nether- 
lands), Marjorie Bicknell, M. T. L. Bizley (England), D. A. Blaeuer, J. A. Burslem, F. A. Butter, 
Jr., M. R. Chowdhury (Germany), D. I. A. Cohen, R. J. Cormier, H. J. de St. Germain, D. Z. 
Djokovic (Yugoslavia), W. G. Dotson, Jr., H. E. Dunsmore, W. O. Egerland, R. B. Eggleton 
(Australia), G. E. Engebretsen, L. O. Ferguson, Philip Fung, P. K. Garlick, Mrs. A. C. Garstang, 


416 PROBLEMS AND SOLUTIONS [April 


Michael Goldberg, Robert Gouw, S. H. Greene, L. S. Grinstein, D. M. Hancasky, J. Z. Hearon, 
W. E. Hoff, Stephen Hoffman, R. F. Jackson, P. G. Kirmser, M. S. Klamkin, H. E. Lahmann 
(Germany), E. S. Langford, J. C. Lazzard and Jack Barone (jointly), E. L. Magnuson, Andrzej 
Makowski (Poland), D. C. B. Marsh, Gus Mavrigian, Yehoshua Mayer ben-David, C. F. Mc- 
Laren, M. R. Meck, A. P. Mella, M. G. Murdeshwar, F. D. Parker, C. B. A. Peck, J. M. Perry, 
Simeon Reich (Israel), Henry Ricardo, D. P. Roselle, J. P. Ruebsamen, P. A. Scheinok, Robin 
Sibson (England), R. Sivaramakrishnan (India), F. C. Smith, J. M. Smith, Sidney Spital, R. L. 
Syverson, Guy Torchinelli, B. R. Toskey, Simon Vatriquant (Belgium), Albert Wehrly, Lenard 
Weinstein, Charles Wells, R. A. Wiesen, H. H. Wong, Theodore Zerger, and the proposer. 


£2(2)/¢(4) 
E 1762 |1965, 183]. Proposed by Underwood Dudley, University of Michigan 


Evaluate 


Solution by N. J. Fine, Pennsylvania State University, University Park, 


Pennsylvania. For ki, - - + ,k,>1, define 
ky —k —ky 
S(hi, +++, Rr) = >» Ny Ny + * My 
(nyy0 0 *,Np)=1 
Then 
(ka b+ +H e)S(ha, 2+ + Be) 
—(kyp>+-+k,) —k —k, 
— >» aq >» Ny ++ * Ny 
a=1 (nis ssnp lal 
[oe] 
—k —~ky 
=>) Dd (am) *---+ am) 
a=1 (ny, +,ny)=1 
= k k = ky k 
—K1 Ky _ ~i 
— >» >» m1 Mm, = >» my My 
a=1 (my, »M,)=a my, My=1 


Hence 


S(by ++ bp) = 
(ky + . 8 + hk;) 


In the given problem, ki=k,=2, so S(2, 2) =¢#(2)/¢(4). Since ¢(2) =7?/6, 
¢(4) =7‘4/90, the required sum has the value 5/2. 


Also solved by M. G. Beumer (Netherlands), W. J. Blundon, D. I. A. Cohen, Louis Comtet 
(France), D. Z. Djokovic (Yugoslavia), Glenn E. Engebretsen, P. K. Garlick, S. H. Greene, M. G. 
Greening (Australia), Roger Grimson, Peter Hagis, Jr. and Leon Steinberg (jointly), R. F. Jack- 
son, M.S. Klamkin, E. S. Langford, Andrzej Makowski (Poland), D.C. B. Marsh, J. J. Martinez, 
Yehoshua Mayer ben-David, C. B. A. Peck, Michael Rosen, P. A. Scheinok, F, G. Schmitt, Robin 
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Sibson (England), Alan Slomson (England), C. P. Soong (Malaysia), Guy Torchinelli, A. M. 
Vaidya, and the proposer. 

Beumer, Makowski, and Slomson point out that this problem appears as Number 9 in Nieuw 
Archief voor Wiskunde, XII (1964) 68. 

Fine’s argument of course proves the 


THEOREM. If f(km, kno, +--+, kn,)=2(k)f(m, me, °° +, nr) when (ni, mo,°+-, n-)=1 and the 
series 


S = > f (ni, n2, °° + , Mr) 


Ty Nore es Nrz 1 
1s absolutely convergent, then 
f(m, m2, +++ mr) = SQ) g(h). 
k=l 


(nyto oer ty Ny)=1 


Random Shuffling by Computers 
E 1763 [1965, 183]. Proposed by E. O. Thorp, New Mexico State University 


A computer programmer attempts to shuffle N cards by the following 
process. Let 7 be a random variable integer uniformly distributed over the inte- 
gers 1S15N. Generate an 2. Interchange the first card and ith card. Then 
generate another 2. Interchange the second card with the 7th card. Continue 
until the Nth card has been interchanged with the zth card. For which N22 is 
the shuffling random? 


Solution by D. Z. Djokovic, University of Belgrade, Yugoslavia. The final 
arrangement of cards is uniquely determined by the sequence (11, 72, - - - , ty), 
where 2; is the kth generated 7. All these NV" sequences have the same probabil- 
ities. If the shuffling is random the N*% sequences must split (according to the 
final arrangement of cards) into N! classes containing the same number of 
sequences. Hence, NV must be divisible by N!. The only possible value is N =2. 
In this case the shuffling is random since the sequences (1, 2), (2, 1) give the 
original arrangement of cards and the sequences (1, 1), (2, 2) give the inverse 
arrangement. 


Also solved by E. O. Buchman, T. J, Burke, G. E, Engebretsen, H. T. Gaines, R. F. Jackson: 
E. S. Langford, D. C. B. Marsh, J. M, Perry, Donald Quiring, Judith Richman, Daniel Ritchie, 
M. J. Sheridan, Robin Sibson (England), Mitchell Snyder, and the proposer. 


A Consequence of E 1592 


E 1764 [1965, 183]. Proposed by Michael Gemignani, University of Notre 
Dame 


Let G be a group with identity 1, and A a subgroup of G such that 
(G—A)U { 1} is also a group. Prove that either A = 11} or A=G. 


I, Solution by David M. Cohen, Student, Central High School, Philadelphia. 
Let B=(G—A)U {1} and note that A and B have only 1 in common. For 
a€A and bEB, there is ac in G for which ac=). If cE A, then DEA since A isa 
group and, hence, )=1; in other words, B= 11} and A =G. On the other hand, 
if c@& B, then c~! and, hence, a=bc~ are in B, so that a=1 and.A= 11}. 
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I]. Solution by Robert Gouw, Student, University of Hawai. According to 
Problem E 1592 [this MonTHLYy 70 (1963) 568, and 71 (1964) 319], the union of 
two subgroups is a group if and only if one contains the other. Here, 
AC(G—A)U {1} imples that A = 11}, while (G—A)U 11} CA givesG—A=@. 


III. Solution by Jack C. Mettauer, West Virginia University, Morgantown, 
West Virginia. A groupoid is a set G which is closed under an operation usually 
denoted by juxtaposition; it is cancellative if there is a cancellation law for the 
groupoid operation. The present problem is then a special case of the 


THEOREM. Jf G=AWUB 1s a cancellative groupoid with A a groupoid in which 
the equation ax =a’ has a unique solution x in A fora, a'CA and B is a groupoid 
in which the equation yb =b’ has a unique solution y in B for b, b’CB, then ACB 
or BCA. 


Proof: Suppose that a©@A—B and DC B—A. If abCA, there is an a’CA 
for which aa’ =ab. But then a’=bCA, a contradiction. Similarly, abCG B im- 
plies that b’b=ab for some 0b’ in B and, then, b’=a€B, a contradiction. Thus, 
one of A—B and B—A is empty. 


Also solved by J. C. Abad, R. G. Albert, J. S. Alin, D. J. Allen, W. A. Al-Salam, R. M. Aron 
and Richard Resch (jointly), D. R. Arterburn, T. A. Atchison, K. F. Bailie, Raymond Balbes, 
Drayton Barbare, C. W. Barnes, Cornelius Baytop and James Joseph (jointly), M. A. Bershad, 
Dennis Bertholf, Bruce Blum, W. E. Bodden, F. S. Brenneman, Robert Brook, J. L. Brown Jr., 
S. H. Brown, E. O. Buchman, Jim Campbell, P. L. Chabot, M. R. Chowdhury (West Germany), 
John Christopher, C. C. Clever, D. I. A. Cohen, Irma Cohen and Edward Cohen (jointly), Robert 
Cohen, Coker College Senior Math Seminar, R. J. Cormier, Peter Day, J. T. Dillon, Lyle Dixon, 
D. Z. Djokovic (Yugoslavia), W. G. Dotson, Jr., Naomi Dunner, R. B. Eggleton (Australia), 
G. E. Engebretsen, E. W. Ewing, J. R. Fall, W. F. Feeny, L. O. Ferguson, David Finkel, Philip 
Fung, Hyman Gabai, D. M. Giblin, Anton Glaser, K. R. Goodearl, Ed Gotway, Jr., M. G. Greening 
(Australia), Cornelius Groenewoud, J. D. Haggard and D. W. Hight (jointly), D. M. Hancasky, 
R. B. Hardin, Fr. Dunstan Hayden, D. A. Hejhal, G. A. Heuer, Agatha Himmelfarb, W. E. Hoff, 
Stephen Hoffman, G. T. Hogan, Edward Hook, R. J. Hursey, Jr., R. F. Jackson, W. D. Jackson, 
R. A. Jacobson, Thomas Jefferson, Jr., Erwin Just, Agnis Kaugars, B. G. Klein, Richard Kowalski, 
Kenneth Kramer, C. D. La Budde, H. E. Lahmann(Germany), E. S. Langford, Kenneth Leben- 
sold, Steve Ligh, C. C. Lindner, Robert Madell, J. J. Martinez, D. C. B. Marsh, J. L. Matucha, 
C. J. Maxson, Yehoshua Mayer ben-David, C. F. McLaren, M. R. Meck, R. E. Mikhel, S. E. 
Minear, Sister Irene Morvan, J. G. Moser, M. G. Murdeshwar, J. B. Muskat, R. M. Nelson, R. J. 
Oberg, F. J. Papp, Jr., Robert Patenaude, C. B. A. Peck, Donald Perlis, Harsh Pittie, J. R. 
Porter, Donald Quiring, M. A. Rasheed (India), G. J. Rau, Fred Rosenblum, J. M. Rosenstein, 
Bernard Rosner, L. E. Rudsinski, P. J. Ryan, M. S. R. K. Sastry, Perry A. Scheinok, R. N. 
Schneider, Gerald Schrag, Hilbert Schultz, G. J. Schumm, L. L. Scott, M. J. Sheridan, D. R. 
Shoemaker, Robert Sibson (England), C. P. Singer, Indranand Sinha, Richard Sinkhorn, R. Si- 
varamakrishnan (India), F. E. Siwiec, D. A. Smith, A. L. Somayajulu, Robert Spira, R. E. Stock- 
ton, T. F. Sullivan, J. P. Tarwater, D. E. Tepper, Guy Torchinelli, B. R. Toskey, J. J. Uhl, A. M. 
Vaidya, William Vale, C. Van de Vyle (Belgium), A. G. Vassalotti, Nelda Viser, John Wadding- 
ton, Daniel Warner, C. Watari (Japan), Albert Wehrly, Lenard Weinstein, Gary B. Weiss, Charles 
Wells, B. A. Welsh, J. C. Wenger, R. E. Whitney, D. A. Wick and S. R. Johnson (jointly), C. R. 
Williams, J. C. Williams, B. B. Winter, and the proposer. 

Many of the above solutions were incomplete in that the solvers assumed G to be finite. 

Schumm and Smith call attention to problem 30, p. 80, of I. N. Herstein, Topics in Algebra, 
Blaisdell (1964). 
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Problem 3739 Again 
E 1765 [1965, 183]. Proposed by Andy Vince, Stanford University 


Given a set of m+1 integers chosen from the set 1, 2, 3, -- + , 2”, it is always 
possible to choose two elements from the n+1 integers such that one divides the 
other. 


Solution by John F. Dillon, Department of Defence, Fort Meade, Maryland. lf 
A is any set of nonzero integers, let us call a subset S of A admissible if x /y 
and y {x whenever x, yES and x+y. 


THEOREM. Let T(a) denote the greatest odd integer divisor of the nonzero 
integer a. If A 1s a finite set of nonzero integers and T(A) has v distinct members, 
then each admissible subset of A has at most v distinct members. 


Proof: Defining a~b to mean that T(a)=T(b), it is clear that ~ is an 
equivalence relation on A, which partitions A into y disjoint equivalence classes. 
Evidently, x | y or | x if x and y are in one of these equivalence classes. Conse- 
quently, any admissible subset of A has at most one member in each equivalence 
class and, hence, at most vy members. 

For the problem at hand, A= ‘1, 2,°¢¢, 2n} and 7(A)= ‘1, 3, 5, °°, 
2n—1}, so that v=n. 


Also solved by J. C. Abad, R. C. Albert, E. B. Anders, Joseph Arkin, M. A. Bershad, Dennis 
Bertholf, M. G. Beumer (Netherlands), Walter Bluger, Carolyn Brauer, J. L. Brown, Jr., E. O. 
Buchman, J. P. Burling, J. A. Burslem, David Carlson, P. Carragher, Mannis Charosh, John 
Christopher, Allan Chuck and P. S. Goldstein (jointly), J. P. Clement, Jr., D. I. A. Cohen, Robert 
Cohen, J.C. Deel, J. F. Dillon, Jack Dix, D. Z. Djokovic (Yugoslavia), G. E. Engebretsen, Philip 
Fung, P. K. Garlick, A. A. Gioia, Jerry Goodman, M. Greening (Australia), Alice Guckin, D. M. 
Hancasky, Edward Hook, R. F. Jackson, R. A. Jacobson, Geoffrey Kandall, B. G. Klein, Kenneth 
Kramer and Joel Spruck (jointly), S. Lajos (Hungary), E. S. Langford, Kenneth Lebensold, C. C. 
Lindner, E. L. Magnuson, Andrzej Makowski (Poland), D. C. B. Marsh, Yehoshua Mayer ben- 
David, Brockway McMillan, M. G. Murdeshwar, Alfrede Neuman, James Nussbaum, R. J. 
Oberg, Robert Patenaude, C. B. A. Peck, J. M. Perry, Harsh Pittie, J. R. Porter, Donald Quiring, 
Simeon Reich (Israel), B. E. Rhoades, Daniel Ritchie (Scotland), D. P. Roselle, D. L. Stenson 
and T. J. Slaukovsky and L. J. Schneider (jointly), C. D. Scudder III, Robert Sibson (England), 
Robin Sibson (England), D. L. Silverman, R. L. Syverson, M. R. Tiller, A. M. Vaidya, C. Van 
de Vyle (Belgium), Chinami Wateri (Japan), Lenard Weinstein, R. E. Whitney, C. R. Williams, 
C. J. York, Theodore Zerger, and the proposer. 

Several solvers called attention to Erdés’ Problem 3739 [this MonTHLY, 42 (1935) 396, and 
44 (1937), 120, (where solutions by Mannis Charosh and by M. Wachsberger and E. Weissfield 
were published)|. Other references: Paul Erdis, Note on sequences of integers no one of which is 
divisible by any other, Jour. London Math. Soc., 10 (1935) 126-128; R. E. Johnson, First Course in 
Abstract Algebra, Prentice-Hall, (1958) p. 35; Shklarsky, Chentzov, and Yaglom, U.S.S.R. 
Olympiad Problem Book. W. H. Freeman, (1962) p. 169; I. S. Sominskii, Method of Mathematical 
Induction, Blaisdell, (1961) p. 22, problem 27. 
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ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Uni- 
versity, New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should 
be submitted on separate, signed sheets and should be mailed before October 31, 1960. 


5380. Proposed by L. P. Comden and S. S. Mitra, Clarkson College of Tech- 
nology, Potsdam, N. Y. 

Let f(z) =u(x, y)+iv(x, y) be an entire function which is real for real values 
of z and strictly complex elsewhere, i.e. v(x, y) #0 if y¥0. Prove that f(z) =az+0), 
where a(0) and 0 are real. Cf. E 1696 [1965, 550]. 


5381. Proposed by V. H. Keiser, University of Colorado 
Let G be an imprimitive group in which all normal subgroups are transitive. 
Prove that G is nonsolvable. 


5382. Proposed by A. A. Mullin, Unwersity of California at Livermore 

Define an arithmetic function w* as follows: u*(1)=1; u*(n)=0 if the 
mosaic of primes obtained from m has any prime repeated; u*(n) =(—1)™ if 
the mosaic of m has no prime repeated and m is the number of primes in the 
mosaic of 2. (The mosaic of 1 is obtained by recursion of the prime-power unique 
factorization of upon its own exponents; see problem 5248, [1965, 1140].) 

Prove (i): | (s)/£(2s) | < | u*(n)/ns , where ¢ is Riemann’s zeta-func- 
tion. Prove or disprove (ii) that omen é*(m) =0(n) entails the Prime Number 
Theorem. 


5383. Proposed by W. W. Leonard, Susquehanna University, Selinsgrove, Pa. 


A submodule £ of a left A-module F is small in F if E+-H=F for any sub- 
module H of F implies H= F. Prove that Z, the set of integers, is small in Q, the 
set of rational numbers. Is Z“ small in OM, where J is an infinite set and Z“ 
(resp. Q) is the direct sum of copies of Z (resp. Q)? All modules are considered 
as Z-modules. 


5384. Proposed by D. E. Daykin, The University, Kuala Lumpur, Malaya 


Let & be the independence number (coefficient of internal stability) of a 
graph G of finite order 1 with no circuits of uneven length. Prove that }Sk/n S31 
and that these bounds are best possible. (See C. Berge, The Theory of Graphs, 
p. 48.) 


5385. Proposed by Stanley Korn, Rensselaer Polytechnic Institute, Troy, 
N. Y. 


A set S consists of the elements 51, - +--+, Sm, which are related in pairs: 
s;*s;, 1%j (one element may be so related to more than one element, and s,*s; 
is equivalent to s;*s;). S is to be divided into m nonoverlapping subsets, 21, 
(which together contain all the elements of S) such that no two elements in the 
same subset are *-related. Show that this can always be done if every possible 
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subset of S consisting of e elements, e2n, contains not more than (n—1)(e—4n) 
related pairs. 

5386. Proposed by S. W. Wiliams, Lehigh University 

Let L be a loop of prime order, S be the set { 2] (ax)b =a(xb); a, bE L}, and 
R be the set { 2] (ab)x =a(bx); a, bE L}. Show that S=R. 

5387. Proposed by Michael Gemignant, University of Notre Dame and Saint 
Mary’s College 


Let G be a commutative group with identity 1. If gi and ge are in G, then 
define gi~e if gigo=g? for some g in G. ~is an equivalence relation on G. If G 
is a finite group of m elements, determine the number of distinct equivalence 
classes in G/~. 

5388. Proposed by L. Carlitz, Duke University 


Let » be an odd prime and put 


p—1 
K(a, b) = >> e(ax + bx’) (e(x) = e2t*4/P), xx’ = 1 (mod P), 
z=1 


7(a) = 3 ¥(a)¥(x? — a), 


where (x) = (x/p), the Legendre symbol. Show that, for p=1 (mod 4), 


= _ (0) = — 1) 
X Ka, ia) = ‘ppc (6 = c?,c € 0), 


where G(c) = D271 W(x)e(cx). 
5389. Proposed by D. J. Newman, Yeshiva University 


Let f(z) be analytic and have n+1 zeros in a convex region C. Prove that 
Re f(z) vanishes somewhere in C. 


SOLUTIONS OF ADVANCED PROBLEMS 
Gambler’s Ruin 


4003 [1941, 483]. Proposed by G. W. Petrie, South Dakota State School of 
Mines 


Three men have respectively /, m, and n coins which they match so that the 
odd man wins. In case all coins appear alike they repeat the throw. Find the 
average number of tosses required until one man is forced out of the game. 

Editorial Note: A solution of this problem by F. Gobel was in the galley proofs of the February 


issue, but was not printed because of a Mathematical Note by R. C. Read in the same issue. (See 
73 (1966) 177-179, and note at foot of p. 179.) 
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Limit of the mth Power of Matrix 
5280 [1965, 428]. Proposed by T. J. Guglielmo, Chaminade College, Hawaii 


Does the following limit exist and, if so, what is it? 


1 1 
2 | 2n 3n 
Wi, 

4n Sn 


I. Solution by K. L. Yocom, South Dakota State University. More generally, 
if A is any square matrix, then|][*, A/n=lim,... A"/n!=0, since the series 
ono A"/n! converges for any A. 


II. Solution by C. G. Cullen, University of Pittsburgh. The limit is zero and as 
a matter of fact more is true. The characteristic values of the matrix 


A ( i” 
~~ AN/4 1/5 
are .35+.33, less than one in absolute value. Thus 4”—>0 as n—~&. 


Also solved by Claude Andersen, G. Baron & W. Imrich (Austria), D. L. Bruyr, E. O. Buch” 
man, Orin Chein, L. J. Dickson, D. Z. Djokovié (Yugoslavia), L. S. Evans, S. H. Greene, Harry 
Guess, Richard Guilfoyle, Eldon Hansen, D. A. Hejhal, Stephen Hoffman, P. G. Kirmser, A.E. 
Livingston, Charles McCracken, Justin MacCarthy, M. F. Neuts, P. J. Nikolai, H. A. D. Paris 
(Netherlands), J. C. Parnami (India), J. R. Purdy, R. F. Rinehart, V. L. N. Sarma (India), D. B. 
Shapiro, Robin Sibson (England), Sidney Spital, Necdet Ucoluk, J. H. van Lint (Netherlands), 
W. C. Waterhouse, and D. A. Zave. 


Identities for Zeros of Hermite Polynomials 
5281 [1965, 428]. Proposed by D. J. Newman, Yeshiva University 
Prove that the general solution of the NV X N algebraic system 
N 1 
tn = .) ——>—s n= 1,2,---, MN 
i=1 Vn — X% 
txin 
is given by the N zeros of (d/dx)%e~* in some order. 
Solution by A. S. Householder, Oak Ridge National Laboratory. For a fixed N, 
let f(x) =[][*, (x—x,), and let o, (x) =f(x)/(x —xn). The given equations are 
(1) Xn = Qn (Xn) /n (Xn), n= 1, 2, my N. 


From p(n) =f" (Xn), 26n’ (Xn) =f" (Xn) we see that the x, satisfy 2xf’ (x) —f’’ (x) =0. 
The left member is a polynomial of degree N and must be a multiple of 
f(x); thus f(x) satisfies 


(2) f’ — 2xf! + INF = 0. 
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The polynomial solution of this differential equation is unique up to a multiplica- 
tive constant and is given by 
( d ) 2 
em | —]) e=. 
ax 


This is the Hermite polynomial H,,(x) except for the factor (—1)%, whose zeros 
now satisfy (1). 

Also solved by Robert Breusch, L. Carlitz, Yu Chang & Sidney Spital, D. Z. Djokovié 
(Yugoslavia), N. J. Fine, J. H. Halton, M. S. Klamkin, D. Monk (Scotland), D. R. Musser, 
Stanton Philipp, S. J. Schmahl, J. H. van Lint (Netherlands), Robert Vermes, David Zeitlin, and 
the proposer. 

Editorial Note. Klamkin considers the nature of the more general system 


N 
F (an) = ~ (%n — %4)7}, n=1,2,---,N, 
t=1,tzxén 
F(x) given. If P(x)= nae (x—x;), then P’'(x)—2F(x)P(x) is zero at each x,. The problem of 
finding P(x) can be handled by the method of undetermined coefficients when F(x) is a rational 
function. 


The Fixed Points of the Bilinear Transformation 
5282 [1965, 428]. Proposed by G. Di Antonio, Fresno State College, California 


Given T= (az-+))/(cz+d), ad#¥be, and let I: |cz+d| =1, 1’: |cz—a| =1, be 
the isometric circles for J’ and T~}, respectively. It is known (Ford, Auto- 
morphic Functions, Ch. 1) that T is an inversion in J plus a reflection on L, the 
radical axis of J and IJ’, for the nonloxodromic case. With this information show 
that, for the hyperbolic case, J and J’ each contain a fixed point, and that each 
fixed point is a limit point of a nested sequence of successively transformed 
circles starting with J in one case and with J’ in the other. 


Solution by Simon Vatriquant, Brussels, Belgium. The isometric circles, having 
the same radius 1/ | c| , their radical axis L is the perpendicular bisector of the 
line of their centers. If we transform the circle J by T, the reflection on L gives 
the circle J’ and the inversion in J gives a circle C; smaller than J and interior to 
it, with its center on JJ’. If we repeat the same operation with C; we obtain a 
circle C,. A new repetition will give a circle C3, etc., and we have C, = T(Cy-1). 
The sequence J, (i,:--,C,,:+>+ has a limit point A. For, if xy, x1, ---, 
XnVn, ° °° are the diameters of J, Ci,---, C,,°++ situated on JJ’ all the 
points x, %1,°°++, X,,** + are monotone in the sense JJ’ and the points y, 
V1, °° * ,Vny * * * are monotone in the sense J’J. All the x are on the same side 
with respect to the y and, conversely, all the y are on the same side with respect 
to the x. The distance x,y, becomes as small as desired. Consequently, there 
exists one and only one point A separating the x from the y and lim x,=lim 
VY,=lim C,’=A. 

A may be considered as a point-circle and 4 =T(A). Thus A is a double- 
point of 7. 
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Starting from J’, with the inverse transformation 7—1, we obtain B, the 
second double-point of 7. The midpoint of AB is the midpoint of JI’. 
The situation is not restricted to the hyperbolic case. 


Also solved by the proposer. 


Bounds for arctan x- arctan y 


5283 [1965, 428]. Proposed by D. S. Mitrinovié, University of Belgrade, 
Yugoslavia 


Prove the inequality 


b—a 1 ( b “\ 
OO  < | arc tan — — arctan —], 
(a? + r2) 112 (62 + yr?) 312 r r r 


where a<b and 70 (arc tan x designates the principal value). 


Solution by M. F. Neuts and M. N. Tata, Purdue University. Without loss of 
generality we take 7>0. Let points A and B have coordinates (a, r), (0, 7), 
respectively. Then 


a 
6 = arctan — — arc tan — 
a a 


is the angle AOB. Twice the area of the triangle AOB is 
r| AB| = |OA|-| OB| - sing < |OA|-| OB] -@ 


which is the stated inequality. 


Also solved by R. P. Anderson, John Beidler, Robert Bowen, Robert Breusch, C. A. Bridger, 
R. G. Buschman, Yu Chang & Sidney Spital, G. Di Antonio, D. Z. Djokovié (Yugoslavia), W. O. 
Egerland, Harry Guess, Stephen Hoffman, H. H. Hunt, A. W. Johnson, Jr., M.S. Klamkin, E. S. 
Langford, A. E. Livingston, Charles McCracken, L. D. Meeker, Norman Miller, S. N. Mukherjee 
& V. L. N. Sarma (India), Stanton Philipp, Joel Pitcairn, J. M. Quoniam (France), S. U. Rangara- 
jan (England), P. A. Scheinok, E. J. Schmahl, Marlow Sholander, W. T. Smythe, Necdet Ucoluk, 
Simon Vatriquant (Belgium), Chinami Watari (Japan), W. C. Waterhouse, J. M. Wild, Jr., and 
the proposer. 

Editorial Note. Many solvers used the expansion formula for sin (a—) to obtain the result. 
In this way Rangarajan obtains an inequality in the other direction if the angle included does not 
exceed 1/2. Thus, if x>¥, 


TY TY 
(1 + 2)1/2(1 4 -y2) 1/2 (1 + x2) 1/2(1 2) 1/2 


with the right inequality requiring the additional condition xy>—1. 


T 
< arc tan x — arc tan y <o 


A Nonlinear, Ordinary Differential Equation in Several Variables 


5284 [1965, 429]. Proposed by D. S. Mitrinovié, University of Belgrade, 
Yugoslavia 


Determine all functions X;,(k=1, 2,---, 2) each of which depends on a 
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Starting from J’, with the inverse transformation 7~!, we obtain B, the 
second double-point of 7. The midpoint of AB is the midpoint of JI’. 
The situation is not restricted to the hyperbolic case. 


Also solved by the proposer. 


Bounds for arctan x- arctan y 


5283 [1965, 428]. Proposed by D. S. Mitrinovié, University of Belgrade, 
Yugoslavia 


Prove the inequality 


b—a 1 ( b ~ 
OO  < | arc tan — — arc tan — ], 
(a2 -L 72) 1/2(b2 4 72) 1/2 y y y 
where a<b and 70 (arc tan x designates the principal value). 


Solution by M. F. Neuts and M. N. Tata, Purdue University. Without loss of 
generality we take r>0. Let points A and B have coordinates (a, r), (0, 7), 
respectively. Then 


a 
= arctan — — arc tan — 
1 1 


is the angle AOB. Twice the area of the triangle AOB is 
r| AB| = |OA|-|OB|- sino < |OA|-|OB| -0 


which is the stated inequality. 


Also solved by R. P. Anderson, John Beidler, Robert Bowen, Robert Breusch, C. A. Bridger, 
R. G. Buschman, Yu Chang & Sidney Spital, G. Di Antonio, D. Z. Djokovi¢ (Yugoslavia), W. O. 
Egerland, Harry Guess, Stephen Hoffman, H. H. Hunt, A. W. Johnson, Jr., M.S. Klamkin, E. S. 
Langford, A. E. Livingston, Charles McCracken, L. D. Meeker, Norman Miller, S. N. Mukherjee 
& V. L. N. Sarma (India), Stanton Philipp, Joel Pitcairn, J. M. Quoniam (France), S. U. Rangara- 
jan (England), P. A. Scheinok, E. J. Schmahl, Marlow Sholander, W. T. Smythe, Necdet Ucoluk, 
Simon Vatriquant (Belgium), Chinami Watari (Japan), W. C. Waterhouse, J. M. Wild, Jr., and 
the proposer. 

Editorial Note. Many solvers used the expansion formula for sin (a—§) to obtain the result. 
In this way Rangarajan obtains an inequality in the other direction if the angle included does not 
exceed 1/2. Thus, if x>y¥, 


na na A 
(1 + x2) 1/2(4 + vy?) 1/2 (1 + x2) 1/2(4 + vy?) 1/2 


with the right inequality requiring the additional condition xy>—1. 


T 
< arctan x — arctany <o 


A Nonlinear, Ordinary Differential Equation in Several Variables 


5284 [1965, 429]. Proposed by D. S. Mitrinovié, University of Belgrade, 
Yugoslavia 


Determine all functions X;,(k=1, 2,-+-, ) each of which depends on a 
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single variable x; in such a manner that 
( 2 x.)( > xi") = 2) (X#)?, 
k==1 k=1 k=1 
with X; = aX ,/dxp, XX, = d?X,/dx%. 


Solution by Robert Breusch, Amherst College. lf n>1 and 7r#s, differentiation 
with respect to x, yields 


(A) XL. DO XY +X" > OX, = 2X X", or 
(B) > Xd! + (X1"/X!)- > X, = 2X/’, and similarly 
(B’) yD XL! + (XL /X!)» YX, = IXY. 
Differentiating (A) with respect to x, we obtain 
(C) Xp Xe +X! Xf = 0, or Xf" /X) + Xf" /X! = 0. 
Adding (B) and (B’) we obtain 
(D) SX =X +X. 
(i) If m>2, (D) shows, via Xi’ +XY =X +X =XY+Xy, that X/ =X) 
=X;'= --- =A (a constant); thus n4=2A and A=O. Therefore X,= Bix, 


+C;,, and the given equation implies that })B?=0. Thus the only nonconstant 
solutions are linear with complex coefficients, and in particular, there are no 
nonconstant real solutions if 7 >2. 

(ii) If m=2, then direct calculation, starting from (C), shows that the only 
nonconstant real solutions are 


(a) X= Aye + Bye + C 
X_ = Azcos (Rx) + Be sin (Rx) — C 
requiring 4 4,B,;=A3+B5, and 
(b) X1 = Aa + Bu + Cy 
X_ = Axs + Box, + Ce 


requiring 44 (Ci, +(C:) = B?+B3. 
(iii) If #=1, then X;= Ae follows directly from the given equations. 


Also solved by M. S. Klamkin, and by Yu Chang & Sidney Spital 


Simple Turing Machine with One Internal Configuration 
5285 [1964, 429]. Proposed by A. J. Goldman, National Bureau of Standards 
Which (total) functions on one variable can be computed by a simple Turing 


Machine with only one internal configuration? (We refer to the definition of 
simple Turing Machine given by Davis, Computability and Unsolvability.) 


426 PROBLEMS AND SOLUTIONS [April 


Solution by Fred Rosenblum, University of Wisconsin. We have alphabet 
So, Si, °° *, Sy, and internal configuration g. A pair of quadruples of the form 
[gSiSjq, ¢S;Siq| is the same as ¢S;S,q in effect, so that the second quadruple is 
superfluous. The largest alphabet we can use is therefore So, Si, Se, S3. For, 
suppose we have used Se, S; in our quadruples and we want to introduce S,. 
Se is introduced by gSoSeg or gSiSeq (in order that S; has a chance of being on the 
tape, otherwise S; is not effectively in the alphabet); and S; by gSoSsq, ¢SiSsq, 
or gS_S3q. But the last quadruple would be of the superfluous type, for we would 
have [q¢SoSeq, 9S2S3q| or [gSiSeq, gS2Ssq]. Therefore we must have 1 gSoS2q; 
gSiSsq} or {qSoSsq, qS1Seq} so that S, can be introduced only by ¢S3S.g which 
would be a superfluous quadruple. Thus we need only So, Si, Se, S3 in the 
alphabet, so that machines can contain at most three quadruples. (A machine 
with four quadruples would never stop.) 

The initial configuration for a single variable x is qS,Sj. If a machine T 
does not contain a quadruple beginning with qSi, then T computes f(x) =x+1, 
since we arrive at the value by counting S,’s in the final configuration. Such a 
machine is {qSoSiq }. All further machines will contain gS, quadruples. {qSiSiq} 
does not stop; any machine containing qS;Siq either does not stop or can be rep- 
resented with that quadruple, so we eliminate all machines containing ¢S;Siq 
from consideration. 1gSikgq} and 1qSiLq} compute f(x) =x+1. | qSiSoq and 
| qSiSeq } compute f(x) =x. ({qSiSeq} and | qSiSsq } are the same machines. ) 

We now consider two quadruple machines. Any machine {qS.4q, gS: Bq} 
where neither A nor B is S:, will not stop; any machine {¢SoSoq, ¢S514q} com- 
putes the same function as 1gSiAq} ‘ any machine 1gSiAq, qS2Bq}, where A is 
not S2, computes the same function as {gAq} - any machine 1qSoAq, gS1S2q } 
computes f(x) =x; 1 gS1S2q; qgS2Rq} computes f(x) =0; 1 QS1S2q; qS2Siq} does not 
stop; and | ¢SiS2q, qgS24q} computes f(x) =x for A =So, L. 

Finally we consider three quadruple machines. As noted, such a machine 
must contain the pair P:\ qSoSoq, gSiS3q} or Q: 1qSoS3q; qSi1Soq}. But P and Q 
are no different in effect. PU} qS3Siq} does not stop; PU {q@S3Rq} computes 
f(x) =0; and PU {qS3Aq} computes f(x) =x for A =So, So, L. 

We have exhausted all machines and computed only the functions 0, x 
x+1. 

Also solved by Carl P. Pixley. 


Representations of Square-free Integers 
5286 [1965, 429]. Proposed by Ralph Greenberg, University of Pennsylvania 
Let & be an integer. Prove the existence of infinitely many primes p for 


which p+é& is square-free. Find an asymptotic formula for the number of such 
primes under a given limit. 


I. Solution by Wolfgang Schwarz, University of Freiburg, Germany. We prove 
the theorem: Let k be a fixed integer. Then for x, 
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1 
S= » 1 = (3 — — ti + of log x)~A)., 
PSz pik bp ~ 1) 
(p+k) squarefree 
for every A>0O. 
The proof follows a method given by T. Estermann in J. London Math. 
Soc., 6 (1931), 219-221. We have 


S=)iwae+kh) = p> wm = dP wm) 2 1=S14+S24Ss; 


PSz psz m'|(ptk) m < (z+k) PEz 
p=-—k (mod m*) 
where S;, Sz, S3 represents a partitioning of the sum S. By the prime number 
theorem of Page-Walfisz-Siegel (K. Prachav, Primzahlvertetlung, p. 144, 
Theorem 8.2) we have for any A >0, 


Si = » u(m) » 1 
mslog” z psx 
(m,k)=1 p=—k(mod m’) 
u(m) 
= lix: + O(«-log4 x-exp(—yvVlog x)) 
mslog* z @(M”) 
(m,k)=1 


= B,-lix + O(«: (log «)~4/?), 


where 
2. pm) 1 
B= > =I (1-— =.) >0 
m=1 (m*) ptk pip ~ 1) 
(m,k)=1 
Clearly 
S.x= 2D = O(v2), 
msv (z+k) 
(m,k)>1 
u(m) x _ 
S3 = » = 0 > — +1)) = O(«- (log «)-4). 
log* a2cm<y (2+) (Mm?) log! a<cm<y (+k) \m? 
(m,k)=1 


The theorem now follows by combining the estimates for Si, So, Ss. 


Il. Solution by Louis Comtet, Viroflay, France. The required asymptotic 
formula appears in L. Mirsky, The number of representations of an integer as the 
sum of a prime and a k-free integer, this MONTHLY, 56(1949); see Theorem 2, 
p. 19. 


Also solved by Robert Breusch, J. H. van Lint (Netherlands), and the proposer. 
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Reducible Covers of a Topological Space 
5287 [1965, 429]. Proposed by Michael Gemignani, University of Notre Dame 


Prove or disprove: Let X be a topological space. Then any covering of X 
by open sets contains a subcovering C’ which is minimal in the sense that if 
any member of C’ is removed, then C’ no longer covers X. 


Solution by several contributors. The solution of this problem is implied 
immediately by the result of problem 5062 [1963, 1109]: A topological space X is 
bicompact 1f and only tf every cover of X has an irreducible subcover. Counter- 
examples to the given conjecture are easily found. 

Also solved by Steve Armentrout, Robin Ault, G. Baron and W. Imrich (Austria), John 
Beidler, O. L. Bierman, W. R. Boland, W. H. Bonney, Robert Bowen, R. D. Bronson, D. L. 
Bruyr, E. O. Buchman, T. J. Burke, George Cain, Jr., William Caldwell, P. L. Chabot, Orin 
Chein, S. E. Clauss, W. G. Dotson, Jr., Michael Edelstein, E. W. Ewing, J. H. Foster, Harry 
Gonshor, L. C. Grove, R. W. Heath, G. A. Heuer & S. M. Robinson, K. G. Johnson, R. F. Jolly, 
James Joseph, P. M. Kannon, Omar Khayyam, Jr., B. G. Klein, H. E. Lahmann (Germany), 
W. M. Lambert, Jr., H. C. Lauer, L. D. Lavallee, E. B. Leach, M. J. Lempel, Y. F. Lin, R. L. 
McKinney, J. C. Matthews, M. D. Mavinkurve (India), J. C. Morgan II, N.S. Natarajan (India), 
Barbara L. Osofsky, W. H. Patterson, Jr., Stephen Portnoy, B. V. Rao & S. B. Rao (India), Ron 
Rietz, S. M. Robinson, Fred Rosenblum, Francis Sandomierski, V. L. N. Sarma (India), G. F. 
Schumm, H. L. Shapiro, J. M. Sherman, Robin Sibson (England), J. L. Sieber, W. R. Smythe, Jr., 
William Stager, U. B. Tewari (India), Gomer Thomas, J. P. Thomas, C. Watari (Japan), W. C. 
Waterhouse, R. C. Weger, Robert Whiteley, M. R. Wiscamb, S. V. Witt, D. M. Yasnyi, D. A. 
Zave, Philip Zipse, and the proposer. 


Partial Sums of (C—1)-summable Series 


5288 [1965, 429]. Proposed by R. F. Pavley and S. I. Mack, Radio Corpora- 
tion of America, Moorestown, N. J. 


Does there exist a continuous real-valued function f and a real number x 
such that no subsequence of partial sums of the Fourier series of f, for this x, 
converges to f(x)? 


Solution by Chinami Watart, Téhoku University, Japan. A negative answer 
to the proposed question is an immediate corollary of the following proposition: 
If a series >a, with terms tending to 0 is summable to 0 by the method of the first 
arithmetic means, then there 1s a subsequence Sn, } of the sequence of the partial 
sums |\s,} convergent to 0. 

In fact, if the sequence isn} contains no subsequence convergent to 0, then 
there is a positive constant d and a natural number WN such that |s,|>d for 
n> WN. Since a, tends to 0, there is such a natural number WN’ that n> N’ implies 
| a,,| <d. Write M=max (N, N’). If s,>d for all n> M, s, cannot be summed to 
0; similarly if s,<—d for alln>M. Butif s,,>d ands, <—d for somem, n>M, 
there must be an i1termediate partial sum s, (M<n<k<m for example) of 
absolute value not exceeding d, since each s, differs, from one to the next, by a 
term less than d in absolute value. This contradiction implies the validity of the 
proposition. 
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It is a consequence of the well-known theorems of Riemann-Lebesgue and 
Féjer that the Fourier series of a continuous function satisfies (after subtracting 
a constant if necessary) the hypothesis of the above proposition. 

Also solved by W. H. Bonney, Sidney Spital, and the proposer. 

Editorial Note. (1) We observe that the proposition used to resolve the question is true for more 
general summability methods with the same proof as given above. 

(2) Spital notes a result of Men’shov establishing the existence of continuous functions for 
which no subsequence of the partial sums of the Fourier development converges everywhere. See 
N. K. Bary, A Treatise on Trigonometric Series, 1, p. 354. This is, perhaps, another interpretation 
of the stated problem. 


Convergence Factors for Sums of Reciprocals of Primes 
5289 [1965, 429]. Proposed by S. E. Payne, Florida State University 


Let the odd primes be denoted by qi, gq, --:-. Let a,:=1/d(q); 
On = 11/(dn) } (1—a,_1) for n greater than 1 (¢ is the Euler totient). Then show 
that >)”, gn=1. 


I. Solution by J. H. van Lint, Technological University, Eindhoven, Nether- 
lands 

The result as stated is not true. For, a,$34 and hence a,21/2(q,—1), 
implying the divergence of } dn. 


II. Solution by Robert Bowen, University of California. Berkeley. Let an be de- 
fined (contrary to the printed definition) by a, =(1—a@1—a@2— + + - —@n-1)/P(Qn). 
By induction, it follows that 


The divergence of 07, 1/q, now implies that }°a,=1. 


Also solved by L. Carlitz, N. J. Fine, M. S. Klamkin, A. E. Livingston, and R. Sivarama- 
krishnan (India). 


RECENT PUBLICATIONS AND PRESENTATIONS 


EpDITE BY R. A. ROSENBAUM, Wesleyan University 
COLLABORATING Epitors: K. O. May, University of California, Berkeley, and 
E. P. VANCE, Oberlin College 
A Course of Higher Mathematics, Vol. II (Advanced Calculus). By V. 1. Smirnov. 
Translated by D. E. Brown. Translation edited by I. N. Sneddon. Addison- 
Wesley, Reading, Mass., 1964. xiv-+630 pp. $12.50. 


This volume, the second of five, is a translation from the sixteenth (revised) 
Russian edition (Fizmatgiz, Moscow, 1958). According to the Introduction, the 
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first Russian edition of this volume, listing J. D. Tamarkin as co-author, was 
published in 1926. Tamarkin, however, in his review of the first German edition 
of Volume IV (MR 6 42) credits the second and subsequent volumes to Smirnov 
alone and gives the original publication date of Volume II as 1933. This con- 
fusion is most likely due to the substantial changes that the original work 
underwent after Tamarkin’s departure from the U.S.S.R. 

The scope of the volume under review is indicated by the following chapter 
headings: I Ordinary Differential Equations (76 pp.); II Linear Differential 
Equations (87 pp.); III Multiple and Line Integrals (134 pp.); IV Vector Analy- 
sis and Field Theory (51 pp.); V Foundations of Differential Geometry (48 
pp.); VI Fourier Series (79 pp.); VII The Partial Differential Equations of 
Mathematical Physics (149 pp.). There is also an index. 

The author sets forth the material in these chapters lucidly; and, although 
he occasionally appeals to intuitive arguments, e.g., his discussion of the cross 
product of two vectors (pp. 303-306), his developments are on the whole mathe- 
matically sound. There are no excercises, but a wide variety of detailed and 
mature examples are provided which clearly indicate the versatility of the 
procedures which have been presented. These features make this book not only 
an ideal reference work for teachers, but also a usable text for independent 
study, especially for students of engineering and physics. 

The translation reads smoothly, except for a few places where the idiomatic 
structure has been followed or where a word has been mistranslated. Fortu- 
nately, these vexations are minor and do not obscure the intended mathematical 
thought. 

RopNEY ANGOoTTI, SUNY at Buffalo 


Periodic Differential Equations. By F. M. Arscott. Macmillan, New York, 1964, 
x+281 pp. $9.50. 


This book is a good introduction to linear second order ordinary differential 
equations with periodic coefficients. The presentation is clear, well motivated 
and can be understood with little advanced mathematics. Proceeding from the 
method of separation of variables in partial differential equations, the author 
in Chapter 1 motivates periodic differential equations and shows the importance 
of determining conditions for the existence of special types of periodic solutions 
of these equations. The next four chapters are devoted to a detailed discussion 
of the Mathieu functions (periodic solutions of period 7 and 27 of Mathieu’s 
equation) including qualitative properties, approximation procedures, integral 
equations and asymptotic properties. Chapter 6 deals with the characteristic 
exponents and the zones of stability of Mathieu’s equation. The remaining 
four chapters treat the same questions in less detail for Hill’s equation, the 
spheroidal wave equation, Lamé’s equation and the ellipsoidal wave equation. 


J. K. HALE, Brown University 
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The Elements of Real Analysis. By Robert G. Bartle. Wiley, New York, 1964. 
447 pp. $10.95. 


This text provides a good introduction to real analysis at the advanced cal- 
culus level. The following extracts from the table of contents give a representa- 
tive picture of the type of material covered. 1. The Real Numbers: fields, 
supremum principle, Cantor set. 2. The Topology of Cartesian Spaces: Bolzano- 
Weierstrass theorem, connectedness, compactness, Lebesgue covering theorem, 
Baire’s theorem. 3. Convergence: Cauchy criterion, norm of a function, limit 
superior, Cesaro summation. 4. Continuous functions: fixed point theorem for 
contractions, theorems of Stone-Weierstrass, Tietze, and Arzela-Ascoli, semi- 
continuity. 5. Differentiation: directional derivative, open mappings, implicit 
function theorem, extrema with constraints. 6. Integration: Riemann-Stieltjes 
integral, Riesz representation theorem, transformation of multiple integrals, 
improper integrals, dominated convergence theorem. 7. Infinite series: Cauchy 
products, rearrangements, uniform convergence, Tauber’s theorem. There is no 
discussion of Lebesgue integration, line or surface integrals, complex analysis, 
or Fourier series. 

The book contains over 500 exercises, most of them stressing proofs and 
counter examples. Among these are 33 connected sets of exercises called “pro- 
jects” which either extend certain ideas discussed in the text or develop specific 
topics not treated in the text. For example, there are projects on metric spaces, 
the development of the logarithm as an integral, the Gamma function and the 
Laplace transform, infinite products, complex power series. Hints and partial 
solutions are given for selected exercises. The index is unusually complete and 
contains a number of private jokes. 

In summary, the book is well-planned, the level of rigor is high, the notation 
is well-chosen, and the exposition is clear. It is a welcome addition to the liter- 
ature. 

T. M. Apostou, California Institute of Technology 


Introduction to Vector and Tensor Analysis. By Robert C. Wrede. Wiley, New 
York, 1963. 418 pp. $9.75. 


This book is the outgrowth of notes developed by the author while teaching 
various courses at San Jose State College. Its five chapters deal with vector 
algebra, differentiation of vector-valued functions, partial differentiation, inte- 
gration (including Green’s theorems) and tensor analysis. Nearly all of the treat- 
ment is 3-dimensional, with the exception of the final chapter. There are two 
sections devoted to special and general relativity theory, and some other ap- 
plications are given in examples. 

The book has limited success in its attempt to be logical. A function is de- 
fined (Definition 2-1.1) in the modern fashion as a collection of ordered pairs. 
But even the examples illustrating the definition do not display ordered pairs. 
The concept of function is not exploited in defining n-tuples, matrices, vectors 
(sets of n-tuples which transform properly), or tensors. Theorem 3.6.4 is 
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false, because continuity of the second order partial derivatives is not assumed 
in testing for a relative maximum or minimum point.of a function of two vari- 
ables. The function whose value is 


xy? 
Poy 


if (x, y) ¥(0, 0), and 0, if (x, y) =(0, 0) should have a local maximum point at 
the origin according to the theorem, but it doesn’t. Also, the author appears to 
assume in the proof that a sufficient condition for a local maximum or minimum 
is that the restriction of the function to a straight line through the point have a 
local maximum or minimum there. 

The author has focussed quite a bit of attention on relativity. There is also 
a discussion of Maxwell’s equations, and a derivation of Kepler’s laws. I suspect 
that engineers, more than mathematicians, will miss higher-dimensional prob- 
lems. Modern engineering problems frequently involve many more than three 
variables. 

An excellent feature of the book is the series of notes describing the histori- 
cal development of the theory. The author’s style of exposition is clear and easy 
to follow. 


1 
- > (x? + y?} 


E. B. Leacu, Case Institute of. Technology 


Elementary Logic. By B. Mates. Oxford University Press, New York, 1965. 
x+227 pp. $6.00. 


Here is an introduction to medern symbolic logic with several unique, and 
in the reviewer’s opinion, highly desirable features. If only every University 
with an introductory (sophomore or junior) course in modern logic would use a 
text as excellent as this one! The subject matter is sentential and first-order 
logic, without and with equality. Thus the book prepares the reader for later 
work in the mainstream of logical theory, rather than, as is frequently the case 
in books at this level, an idiosyncratic side stream. A first striking feature of the 
book is that the pre-logical, philosophical bases of logic are not just skimmed 
over, but are given careful and exact consideration; we refer to topics like: what 
logic is, use and mention, variables, sets, object-language and meta-language. 
Another feature is the clarity and precision found throughout the book which, 
surprisingly, is usually not much in evidence in a beginning book on logic. A 
precise definition of interpretation and truth is given shortly after introducing 
the basic language Z of first-order (“elementary”) logic. Translation of natural 
language into Z is carefully discussed, and pitfalls are noted. A simple natural 
deduction system for Z is given. Consistency and completeness are proved. Logic 
with equality is introduced, using Tarski’s elegant axiom system (including the 
axiom found to be redundant by Kalish and Montague). There is a chapter on 
formalized theories (and definitions), and an excellent outline of the history of 
logic. 
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Another unusual feature is that the author does not shy away from stating, 
and proving, important results such as the completeness theorem. Many of these 
important results are, indeed, left without complete proof, but this is surely bet- 
ter than leaving the reader with only a provincial and fragmentary view of 
logic. Among the very rare technical errors in the text we mention only the 
somewhat misleading remarks on categoricity (pp. 177-178). Within the frame- 
work of elementary logic, no axiom system with an infinite interpretation is 
categorical. No misprints were found! 

DONALD Monk, University of Colorado 


Selecta Heinz Hopf. Herausgegeben zu seinem 70. Geburtstag von der Eid- 
gendssischen Technischen Hochschule Ziirich. Springer-Verlag, Berlin— 
Heidelberg—New York. 1964. viiit310 pp. DM 39. $9.75. 


In this volume, dedicated to Hopf in honor of his seventieth birthday by his 
colleagues in Ziirich, 18 of his most famous papers are reprinted. Their original 
dates of publication range from 1925 to 1955, and they are chosen from his work 
in the fields of differential geometry, algebraic topology, algebra, Lie Groups, 
discontinuous transformation groups, and complex analytic manifolds. There 
is also a bibliography of Hopf’s works, listing one book (with P. Alexandroff) 
and 69 papers (the last one still in preparation). The editors remark in the fore- 
word that the task of selecting which papers were to appear in this volume was 
difficult; several very fundamental and original papers had to be omitted. 

Hopf is noted among mathematicians as one of the clearest and most beauti- 
ful of expcsitors. Many generations of graduate students working in such fields 
as algebraic topology, differential geometry in the large, etc., must have gotten 
tremendous inspiration from reading his papers. Due to the rapid rate at which 
mathematics is advancing nowadays, the results of most of the papers in this 
book are now looked on as special cases of various larger and more general theo- 
ries that are described in the latest advanced textbooks and lecture notes. Thus 
it is unlikely that future generations of graduate students will turn to these 
papers except for historical reasons. Their publication at this time does serve a 
useful purpose, however, in that it reminds us once mare of the great originality, 
profundity, versatility, and expository skill of one of the few truly great mathe- 
maticians of our era. 

W.S. Massey, Yale University 


Christian Ludurg Gerling an Carl Friedrich Gauss. Sechzig bisher unveré6ffent- 
lichte Briefe. By Theo. Gerardy. (Band 5. Arbeiten aus der Niedersich- 
sischen Staats- und Universitatsbibliothek Gottingen.) Vanderhoeck & 
Ruprecht, Gottingen, 1964. 123 pages. DM 14. 


In 1927 an extensive correspondence between Gauss and Gerling was pub- 
lished (a total of 388 letters; 163 by Gauss, 225 by Gerling). Quite recently 60 
letters from Gerling to Gauss were discovered and are now offered in print. 
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A few of the letters deal with geodetic triangulations; fifty-six of them deal 
primarily with the serious domestic problems which arose between Gauss and 
his sons Wilhelm and Eugen. Eugen emigrated to the United States (Missouri). 
Judging by these letters Gauss must have leaned to an extraordinary degree on 
Gerling for advice and encouragement in the family disputes. Translating pas- 
sages from the “Einleitung” we read: “In the scientific field the yield is poor; 
but for the Gauss image the letters are most instructive and of interest as 
documents of the period. They present Gerling as a devoted and clever adviser 
of his former teacher (Gerling studied under Gauss in Gottingen). The relation 
between the correspondents changes gradually from the reverent attitude of 
student versus teacher to a friendship which lasted to Gauss’ death (first letter, 
Nov. 1813; last letter May 1854; Gauss died 1855). Gerling’s advice contributed 
much toward shaping tolerable relations between Gauss and his sons, and 
helped prevent deepening of the dissonances. Toward the end of the correspon- 
dence the tempest has calmed. After all the unhappiness and anxiety two aging 
friends exchange news of their children and children’s children in North America 
(Gerling’s daughter also emigrated to the United States with her husband). 
Peace has made its entrance, as Gerling had steadfastly predicted through all 
crises.” 

A. J. KEMPNER, Boulder, Colorado 


Foundations of the Theory of Algebraic Invariants. By G. R. Gurevich. Translated 
from the Russian by J. R. M. Radok and A. J. M. Spencer. Noordhoff, 
Groningen, Holland, 1964. viiit+418 pp. $16.25. 


The classical theory of algebraic invariants, which was cultivated intensively 
during the latter part of the nineteenth century, has suffered a severe decline 
during the present century. The cause of this decline has been attributed to 
Hilbert’s basis theorem and the consequent existence theorems. “But why an 
encystment of existence theorems should be fatal to any body of mathe- 
matics is not clear”, as E. T. Bell has remarked. Every student of mathe- 
matics should acquaint himself with the theory of invariants. The volume under 
review provides him with, an excellent medium for doing so. 

The first chapter presents an exposition of the general concepts of invariant 
theory with respect to the euclidean, affine and projective groups. It may be 
read with profit by an undergraduate. The same may be said of the second 
chapter, which develops tensor algebra from first principles. The extensive 
utilization of tensor algebra distinguishes Gurevich’s book from older books on 
invariant theory. The following topics are treated in detail: invariant processes, 
Hilbert’s basis theorem, complete systems of invariants, Aronhold’s symbolic 
notation, annihilators, affinors and polyvectors. The proofs are clear and the 
results are illustrated by many examples. The author has included numerous 
instructive exercises with answers and hints which enhance the value of the 
book. 

Louis WEISNER, University of New Brunswick 
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Statistics and Experimental Design in Engineering and the Physical Sciences. 
By Norman L. Johnson and Fred C. Leone. Wiley, New York, 1964. Vol. 1, 
xvi+523, $10.95, vol. 2, x+399, $11.50. 


On the whole, this work, and especially the first volume, is as successful a 
basis for an applied statistics course for engineers as the reviewer has seen. 
The books are not intended to compete with more theoretically oriented cal- 
culus-level texts. While some discussion of general statistical concepts and some 
proofs are included, their choice is uneven (e.g., inclusion of proof of the mean 
square convergence of the Robbins-Monro procedure, but of no implication or 
discussion of sufficiency except in connection with the Blackwell-Rao tech- 
nique). At the same time, the brief mention given to some ideas shows greater 
accuracy than many of the more theoretical texts (e.g., in emphasizing the local 
character of “bestness” of estimators and the lack of nonasymptotic optimality 
properties of ML estimators). 

The great variety of material is the book’s strongest feature. For example, 
the authors include applications of the beta and Weibull distributions, Kolmo- 
gorov-Smirnov techniques, robustness, cost of experimentation considerations, 
orthogonal polynomials, rotatable designs (with, however, no optimality con- 
siderations for these or any other designs except in the simplest sampling con- 
text), two-stage procedures, stochastic approximation (with, however, an in- 
adequate description of how to locate the maximum of a regression function). 
On the other hand, again somewhat at random, in 240 pages in volume 2 on the 
analysis of variance and related matters, there is no mention of techniques for 
ranking populations, nor of the effect on significance levels of using the indicated 
preliminary test of homoscedasticity. 

Unfortunately, the beginning of volume 1 is encumbered with notational 
hurdles. A random variable is denoted by x, and “we wish F(x) always to mean 
the c.d.f. of the random variable x, (whatever x may be) and not just some 
mathematical function of x.” Not exactly convenient compared with, say, Fz, 
but F(x) has thus been defined as a function of a real variable, usually denoted 
X; but then, instead of indicating the value of this function by F(«)(X) (com- 
pare F,(X)), it is denoted by F(x),-x, “the value taken by the c.d. of x when x 
is put equal to X.” A similar notation and description is used for the density 
function p(x) (which, “like F(x) represents a property of the random variable x, 
not merely a mathematical function of x. So p(y) and p(x)z-, are not necessarily 
equal,” and indeed y-has been used here both as random variable and real num- 
ber). The confusion is completed by writing {p(x)dx with x as dummy variable. 
This picture is not helped by the reversed usage of X and x in almost every other 
book in probability and statistics. 

Nevertheless, the broad choice of text material, problems, tables, and refer- 
ences, lead to the assessment given at the beginning of this review. The one 
semester allotted by the authors to a course based on volume 1 (with possibly 
two chapters omitted) seems somewhat ambitious. 

J. Kierer, Cornell University 
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Packing and Covering. By C. A. Rogers. Cambridge Tracts 54, Cambridge 
University Press, 1964. 111 pp. $5.50. 


By emphasizing density estimates for m-dim sional spaces (m large) this 
monograph supplements L. Fejes Toth’s 1953 Spring + book on distributions in 
the plane, on the 2-sphere and in 3 dimensions. By tightening such (predomi- 
nantly measure theoretical) viewpoints as are sufficient to expound the simplest 
general results of the subject that have already been discovered, it differs basi- 
cally from Cassel’s encyclopedic 1959 Springer survey, as will be evident from 
the chapter headings: 1. Packing and covering densities, 2. The existence of 
reasonably dense packings, 3. The existence of reasonably economical coverings, 
4. The existence of reasonably dense lattice packings, 5. The existence of reason- 
ably economical lattice coverings, 6. Packings of simplices cannot be very dense, 
7. Packings of spheres cannot be very dense, 8. Coverings with spheres cannot be 
very economical. 

The introduction gives a factual report (dramatic by the scarcity of estab- 
lished precise results) on the known results on lattice packings of spheres (table 
on p. 3 shows the density of closest lattice packing of a sphere for 2,---, 8 
dimensions and good estimates for 9, - - - , 12 dimensions), the lattice packing of 
convex sets, and the packing and covering of convex bodies (mainly in 2 dimen- 
sions). 

Chapter 1 is remarkable for introducing the periodic packing density 
§,(K), and the periodic covering density 0,(K), of a bounded measurable sub- 
subset K of &, which are obtained by optimizing packing (covering) distribu- 
tions of translates of K with mz independent translational symmetries. 

In Chapter 4 the author forms the special n-dimensional lattices 
A(aa, +++, Qn—1;3 9) with basis a,= (x, 0, °°: , 0), a2=(0, x, 0,:--,0),°°-, 
On1=(0,---, 0, x, 0), Gn=(arxX, Ox, + °°, An—1x, n) such that 7>0, x>0, 
x" 9 =1,0Sa;<1 for 1 $1<n, and remarks: It has become clear (to the author) 
that every lattice with determinant 1 can be approximated, arbitrarily closely, 


by taking 7 to be small and choosing ay, a2, - + + , @—-1 suitably. This point will 
be made clear to the reader too in a forthcoming note of A. C. Woods. An 
averaging process over the lattice A(ai, + + -,Q@,-1; 1) serves to prove the existence 


of reasonably close lattice packings for given convex symmetric bodies. 
HANS ZASSENHAUS, The Ohio State University 


The Theory of Infinite Serres. By P. L. Bhatnagar and C. N. Srinivasiengar. 
National Publishing House, Delhi, 1964. 194 pp. Rs. 10.00. 


This short book is patterned very much on the classical books by Knopp and 
by Bromwich. The book is self-contained and deals with most of the standard 
topics covered in a detailed course in infinite series. Chapter headings are the 
following: Infinite sequences, Infinite series: series of positive terms, Series in 
general, Derangement of series, Double series, Multiplication of series, Uniform 
convergence, Real power series, Infinite products, Tannery’s theorems, Com- 


1966] NEWS AND NOTICES 437 


plex series and products, Transformation ... into a more rapidly convergent 
series and Summability processes. While the earlier parts of the book contain 
exercises which are within the reach of a student, the later ones have few or at 
times none. The virtue of the book is that it contains the standard material 
presented clearly with mathematical rigor and as such has strong claims for 
adoption as a text-book. It appears to be free from mathematical errors, but 
the following remarks seem justified. 

1) On page 172 the authors state “Cesaro’s method is easier to deal with 
than Hélder’s method and is capable of being extended to the case when k 
is not necessarily a positive integer.” This seems to imply that Hélder’s method 
can be defined only for positive integral orders, which is not true. 

2) The proof of the inclusion of the Cesaro methods in the Abel method 
(pp. 188-190) is very involved and a direct proof, as is found in Hardy’s Diver- 
gent Series, would have been better. What is otherwise a carefully written text 
is marred by a very poor job of proof-correction. 

M.S. RAMANUJAN, University of Michigan 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news items 
to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo (University 
of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months before 
publication can take place. 


PERSONAL ITEMS 


Professor E. A. Walker, New Mexico State University, has received the 1965 West- 
hafer Award for Research. The Award carries with it a $500 prize. 

Florida State University: Drs. Carl Sikkema, University of Michigan, R. C. Moore, 
Pennsylvania State University, T. G. Hallam, University of Missouri, W. J. Stiles, 
Georgia Institute of Technology, and S. J. Lomonaco, Jr., St. Louis University, have 
been appointed Assistant Professors; Assistant Professors R. W. Gilmer and H. F. 
Kreimer have been promoted to Associate Professors. 


Professor J. J. Urbancek, Illinois Teachers College, Chicago-South, retired with the 
title of Professor Emeritus in August 1965. 


Professor Emeritus E. H. Clark, Hiram College, died on October 24, 1964. He was a 
charter member of the Association. 

Associate Professor Dan Hall, Agricultural & Mechanical College of Texas, died on 
December 24, 1965. He was a member of the Association for 37 years. 

Professor Emeritus L. R. Polan, Alfred University, died on September 15, 1965. He 
was a member of the Association for 34 years. 

Sister Marie Gertrude McNeil, Seton Hill College, died on December 12, 1965. 
She was a member of the Association for 31 years. 

Professor Emeritus Mary E. Wells, Vassar College, died on October 7, 1965. She was 
a charter member of the Association. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


THE FORTY-NINTH ANNUAL MEETING OF THE ASSOCIATION 


The Forty-ninth Annual Meeting of the Mathematical Association of America was 
held at the Sherman House, Chicago, Illinois, from Wednesday to Friday, January 26- 
28, 1966, in conjunction with the Annual Meeting of the American Mathematical Society. 
There were registered 3042 persons, including 1835 members of the Association. 

Sessions of the Association were held on Wednesday morning, Thursday morning, 
and Friday morning and afternoon in the Grand Ballroom of the Sherman House. 
Presiding officers were Professor Wallace Givens on Wednesday morning, Dr. H. O. 
Pollak for the Panel Discussion on Problems of Departments of Mathematics on 
Thursday morning, Professor R. P. Boas on Friday morning and Dean Arthur Grad on 
Friday afternoon. The Program Committee for the meeting consisted of R. P. Boas, 
Chairman; Wallace Givens, Arthur Grad, E. H. C. Hildebrandt, F. E. Hohn, and M. E. 
Shanks. 


FIRST SESSION OF THE ASSOCIATION 
Symposium on Group Theory in Modern Physics 


Group Theory in Atomic and Nuclear Spectroscopy, by Professor B. F. Bayman, University of 
Minnesota. 

If the Hamiltonian of a quantum mechanical system is invariant under a group of transforma- 
tions, the degenerate eigenstates of the Hamiltonian carry a representation of that group of trans- 
formations. Groups leaving atomic or nuclear Hamiltonians invariant are the 3-dimensional rota- 
tion-reflection group, and the group of permutations of identical particles. In some systems the 
Hamiltonian is at least approximately invariant under certain unitary and symplectic groups as 
well. In each case, the spectroscopist needs a list of the irreducible representations of the group, 
and its character table. He often needs, in addition, explicit expressions for the matrices that reduce 
Kronecker products of irreducible representations. 


Group Theory in Solid State Physics, by Dr. Melvin Lax, Bell Telephone Laboratories. 

The nature of a point group, the nature of a translation group, and the way in which these 
are combined to form a space group was indicated. The use of groups with 1023 elements is avoided 
by introducing multiplier groups with no more than 48 elements. A linear vibration example was 
used to show that the Dirac characters of the symmetry group of a dynamical problem can be used 
to simplify a problem to its dynamical core by exhausting all symmetry information. Subgroup 
techniques are used to determine the form and number of independent parameters in a matrix or 
tensor. 


Group Theory in Elementary Particle Physics, by Professor Morton Hamermesh, University of 
Minnesota. 

The requirements of relativistic invariance forced physicists to become familiar with the 
Lorentz group. In recent years, other groups such as SU(3), SU(4), and SU(6), have become im- 
portant in physics. The main interest of the physicist is in the irreducible representations of the 
group and the reduction of products of representations. The first provides a guide to the classifica- 
tion of elementary particles and suggests the existence of new undiscovered particles. The second 
gives the physicist relations between different experiments on collisions of elementary particles. 


SECOND SESSION OF THE ASSOCIATION 
Panel Discussion on Problems of Departments of Mathematics 


Presentations on various assigned topics by Professor R. V. Andree, University of 
Oklahoma, Professor R. C. Buck, University of Wisconsin, Madison, Professor Joseph 
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Landin, University of Illinois, Chicago, Professor K. O. May, Carleton College and 
University of California, Berkeley, Professor Anne F. O’ Neill, Wheaton College, Norton, 
Massachusetts, and Professor G. S. Young, Tulane University. 

Professor Andree in first discussing “Computer Science as a Branch of Mathematics” 
pointed out that the current work in computer science is a far cry from that which was 
done about fifteen years ago and that modern computer science is very much a branch of 
mathematics. He suggested that, unless mathematicians become aware of this, we are 
going to be in about the same position on computer science as we are in statistics and 
that this will be a great disadvantage to both disciplines. Discussing the second topic, 
“The Variety of the High School Mathematics Backgrounds of Incoming Freshmen” 
Professor Andree observed that we seem to have an even larger variety of backgrounds 
now than we had several years ago since there are so many different programs active in 
the various high schools, not only in Oklahoma, but in other states as well. He suggested 
that the new CUPM recommendations may hold some answer to this problem. 

Professor Buck discussed the “Increasing Diversity Among the Consumers of Mathe- 
matics,” and the problem this poses for a department in terms of its divided loyalty. He 
advocated that a department share in the responsibility for designing and teaching new 
“service” courses, since otherwise there may not be enough attention given to the long 
term development of skills and understanding, in favor of more immediate short range 
goals; e.g. a science department might prefer a course in boolean algebra over a course 
in probability theory. He also discussed the role of the CUPM publications in providing 
guidance in selecting among alternatives and, in particular, that of the pale green and 
dark green reports of the Pregraduate Panel as a source of suggestions for course de- 
signers and text writers. Finally, he added the plea that developing departments should 
not feel their prestige at stake if they do not attempt to concentrate wholly upon the 
mathematics major and the pre-professional population. 

Professor Landin based his discussion of “How to Start a New Department” upon 
his experiences of the past year and a half as head of the Mathematics Department at the 
University of Illinois in Chicago. The essential activities are: recruitment of faculty, 
development of curricula, building a library, and acquiring physical facilities. He 
emphasized the importance of a good location including cultural environment and 
proximity to other universities. He observed that, of several prerequisites for building a 
department, a sockful of four-leaf clovers is useful. A part of his talk concerned teacher 
training, and he discussed that part of his University’s program. 

Professor May, in discussing “The Undergraduate College,” suggested that, in order 
to exploit the advantages and overcome the disadvantages of the undergraduate college 
that is not part of a large educational complex, mathematics departments need imagina- 
tive and exciting programs. These include the cooperation of groups of colleges, new 
methods of teaching (abandonment of the old “lecture” method for a combination of a 
small number of large inspirational lectures, more independent study, tutorials, prob- 
lem sets, movies, and other self study devices), seminars, experimental courses, under- 
graduate research projects, faculty study and research projects appropriate to the college 
(especially scholarly research not requiring membership in the “invisible colleges” of 
currently fashionable research), and other professional activities. These are the keys to 
recruiting and keeping appropriate staff. 

Professor O'Neill, speaking on “Liberal Arts Colleges for Women,” discussed the 
problems that confront the Department of Mathematics at Wheaton College as being in 
many respects typical of those that arise at all of the eastern residential colleges for 
women, with a liberal arts curriculum, and a predominately undergraduate student 
body. Briefly these are: 1. to keep abreast of changes in pre-college mathematics instruc- 
tion and update college offerings according to the guidelines of CUPM;; 2. to place the 
entering student in the appropriate mathematics course; 3. to find and keep competent 
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staff; 4. to challenge the girls and to motivate them to utilize fully their talents in mathe- 
matics. 

Professor Young, discussing the “Private University,” felt that for a department in a 
growing private university, the major conflict is that between the desire to aid the 
growth of the university and the desire to build a strong mathematics department. How 
much influence should computing, engineering, biology, medicine have on the directions 
of growth of the department? Any? Do the internal needs of mathematics as a field re- 
quire growth in such directions? Examples were given. 


General Discussion by the Panel and the Audience. 


Annual Business Meeting of the Association; the Association’s Fifth Award for Distinguished 
Service to Mathematics. 


THIRD SESSION OF THE ASSOCIATION 


The Mathematical Theory of Optimal Stopping Rules, by Professor H. E. Robbins, Columbia 
University and University of Minnesota. 

Ona probability space (Q, F, P) are given in sequence 3,;C SoC - ++ of sub-c-algebras of ¥ and 
a sequence 1, %2, °° + of integrable random variables such that x, is measurable (F,). A stopping 
variable t is a random variable with values in the set {1, 2,- ++ } such that the event [¢=7] is in 
Sn Then x:=Xtj@)(w) is a r.v., and we are interested in the value V=sup; E(x:) taken over the 
class of all ¢ such that E(x,) exists, If the sup is attained for some ¢* we call t* optimal. For example, 
if 1, vo, + + + are independent and identically distributed, 5, =the o-algebra generated by y.---, 
Yn, and x,=max (91, °° +, ¥n)—n, then if E|»1| <o and E(41+)?< © it can be shown that the 
value V is the root a of the equation E(y,—a@)t=1, and that ¢*=first »21 such that y, 2a is 
optimal. The general theory of such problems involves techniques of martingale theory and the 
study of the iteration of certain functional operations. There are many applications to the theory 
of probability and statistical decision, and an endless variety of interesting specific problems which 
are as yet unsolved. 


Function Space Integrals and Nonlinear Equations, by Professor M. D. Donsker, Courant In- 
stitute of Mathematical Sciences, New York University. 


Who Killed Determinants? by Professor K. O. May, Carleton College and University of Cali- 
fornia, Berkeley. 

The literature on determinants to 1964 was analyzed with respect to quantity, time distribu- 
tion, purpose, content, and quality. General conclusions were illustrated by a detailed history of a 
particular topic, the derivatives of a determinant with respect to a parameter. 


FOURTH SESSION OF THE ASSOCIATION 
Symposium on Recent Advances in Group Theory 


Recent Developments in the Theory of Group Characters, by Professor Paul Fong, University of 
Illinois, Chicago. 

The theory of group characters has been of great importance in recent results on finite groups, 
since characters give a method of studying the global structure of a finite group from local prop- 
erties of the group. These recent demands put upon characters have brought forth interesting 
approaches and results in the theory. Of particular interest are the notion of coherence for sets of 
characters and the theory of blocks of characters. Their value has been convincingly demonstrated 
by the results already achieved. 


Classification Problems, by Professor Daniel Gorenstein, Northeastern University. 
The classification problems which were discussed reduce by induction to the following situa- 
tion: A finite simple group G is given, all of whose proper subgroups have composition factors which 
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are elements of a specified family F of known simple groups; in general, the problem is to prove that 
G itself is an element of F (occasionally instead to derive a contradiction). The proof of such 
theorems divides into two major parts: the aim of the first being to show that a portion of the 
lattice of proper subgroups of G is identical with that of an element G* of F; while the second part 
consists in proving that G* is the only simple group, up to isomorphism, having a lattice with such 
a subgroup structure. The first part, to which this talk was devoted, involves a study of the maxi- 
mal subgroups of G containing a given Sylow p-subgroup for suitable primes p. The techniques de- 
pend heavily upon ideas originally developed in the Feit-Thompson paper on groups of odd order. 
The unsolved problem of classifying, up to composition factors, all finite groups whose orders are 
not divisible by three was discussed to illustrate in a concrete case what is required. 


Recent Developments in Finite Groups, by Professor Michio Suzuki, University of Illinois, 
Urbana. 

The speaker surveyed the recent progress in the theory of finite groups, particularly on the 
problem of classifying all simple groups. There are several phases in this development. This report 
emphasized the identification problem. The important class of finite simple groups is the finite 
analogue of Lie groups, unimodular groups, unitary groups, orthogonal groups, etc. The problem 
is how to recognize or identify a given group as one of the linear groups. The recent works of many 
people, including those of W. Feit, G. Higman, D. G. Higman, J. McLaughlin, J. Tits, J. Thomp- 
son, and the speaker were discussed. 


SPECIAL SESSIONS OF THE ASSOCIATION 


Film showings were held in the Grand Ballroom as follows: on Tuesday at 7:15 
P.M., “The Analog Computer and its Application to Ordinary Differential Equations” 
(Kinescope recording, produced in collaboration with Professors R. M. Howe and 
W. Kaplan by the University of Michigan in B&W), at 7:50 p.m., “Can You Hear the 
Shape of a Drum? A Lecture by Mark Kac” (a CEM Individual Lectures Production in 
color), at 9:00 p.m., “Challenge in the Classroom: The Methods of R. L. Moore” (a 
CEM Individual Lectures Production in color); on Wednesday at 7:15 p.m., “Norbert 
Wiener—Scientist and Philosopher” (a documentary television program produced by 
NET in B&W, a kinescope recording), at 7:50 p.m., “The Search for Solid Ground” (a 
panel discussion on modern logic with Professors M. Kac, J. G. Kemeny, H. Rogers, Jr., 
and R. M. Smullyan; a Science and Engineering TV Journal-Channel 13 Production in 
B&W, a kinescope recording), at 9:00 p.m., “Mathematical Induction,” two lectures by 
Leon A. Henkin (produced by the MAA Committee on Production of Films in color); 
on Thursday, at 7:15 p.m., “Infinite Acres,” by Melvin Henriksen (a CEM Animated 
Calculus Film in color), at 7:23 p.m., “Two Puppet Shows,” by Charles and Ray Eames, 
at 7:35 p.M., “Mathematics of the Honeycomb” (The honeybee as “Mathematician”; 
a Moody Institute of Science Production in color), at 8:00 p.m., “The Classical Groups 
As a Source of Algebraic Problems: A Lecture by C. W. Curtis” (a Kinescope recording 
from the 1965 MAA Summer Meeting; a CEM Individual Lectures Production in B&W), 
at 9:10 p.m., “Pits, Peaks, and Passes: A Lecture on Critical Point Theory by Marston 
Morse” (a CEM Individual Lectures Production in color). 


MEETING OF THE BOARD OF GOVERNORS 


The Board of Governors of the Association met on Tuesday morning and afternoon 
in the Ruby Room of the Sherman House, with 42 members present. 

The Board approved the appointment by President Wilder of the following Nominat- 
ing Committee for 1966: R. A. Rosenbaum, Chairman; Roy Dubisch and L. J. Paige. 

The Board re-elected Professor E. A. Cameron as a member of the Finance Com- 
mittee of the Association for the four-year term, 1966-1969, and it elected Professor 
D. E. Christie of Bowdoin College as Governor from the Northeastern Section to fill the 
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unexpired part of the term ending June 30, 1967, of Professor Howard Eves, who had 
resigned. 

The Board approved an amendment in the regulations governing the Putnam Prize 
Competition providing that no individual may participate in the competition more than 
four times. 

The Board approved the following schedule of future meetings of the Association: 
Rutgers—The State University, New Brunswick, New Jersey, August 29-31, 1966; 
Houston, Texas, January 26-28, 1967; University of Toronto, August 28-30, 1967; San 
Francisco, California, January 25-27, 1968; University of Wisconsin, Madison, Wis- 
consin, August 26-28, 1968; New Orleans, Louisiana, January, 1969. 

The Board voted to discharge the Joint Committee on the Graduate Program in 
Mathematics with the thanks of the Association, concurring with similar action taken 
by the Council of the Society at its meeting on January 23 in Chicago. The Board also 
voted to endorse the recommendation of the Association’s Executive and Finance Com- 
mittees, asking the President to appoint an ad hoc committee of three to consider what 
activities, if any, the Association might wish to undertake concerning the graduate 
program in mathematics. 

The Executive Director reported the membership of the Association as 16,934 in- 
dividual members, an increase of 1155 since the corresponding date last year, 2 corporate 
members, and 227 academic members. 

The Board was informed of the work undertaken by COSRIMS (see page 113 of the 
January, 1966 issue of the MONTHLY) and voted to express its wholehearted support of 
the project undertaken by COSRIMS on behalf of the mathematical sciences. 


ANNUAL BUSINESS MEETING OF THE ASSOCIATION 


The annual Business Meeting of the Association was held on Thursday, January 27, 
1966, in the Grand Ballroom of the Sherman House, with President Wilder presiding. 
The Association’s fifth Award for Distinguished Service to Mathematics was made to 
Professor H. M. Gehman of SUNY at Buffalo. The citation (which appeared on pages 
1-2 of the January issue of the MONTHLY) was prepared by Professor A. W. Tucker of 
Princeton University and read by President Wilder. Professor Gehman, in accepting the 
Award, expressed his great pleasure at having been voted this Award and thanked the 
past and present officers and members of the Board of Governors for the valuable sup- 
port they had given him during his terms as Secretary, Treasurer, and Executive Direc- 
tor of the Association. 

The Secretary then announced the results of the balloting for officers in which 2087 
votes were cast: Professor E. E. Moise of Harvard University was elected as President- 
Elect for 1966, Professor G. S. Young of Tulane University as First Vice-President for 
the two-year term, 1966-1967, and Dr. C. R. Phelps of the National Science Foundation 
and Professor M. L. Smiley of the University of California, Riverside, as Governors for 
the three-year term, 1966-1968. 

The Secretary then reported on some of the actions taken by the Board of Governors 
on Tuesday. He expressed the Association’s gratitude to Professor W. L. Duren, who 
retired as Chairman of CUPM on December 14, 1965, for the very effective leadership 
he had given to CUPM and introduced his successor, Professor Richard D. Anderson. 
He also expressed special thanks on behalf of the Association to Professor C. B. Allen- 
doerfer who had asked to be relieved as Chairman of CEM for the skill and energy with 
which he had guided the Association’s new and difficult projects in various educational 
media. 

The Secretary conveyed the thanks of the Association to the local members of the 
Committee on Arrangements for the special efforts required for this, by far the largest 
gathering of mathematicians held anywhere in this country or overseas. He introduced 
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Professor Haim Reingold, Chairman of the Committee, who had so successfully coordi- 
nated all the activities of the Committee; he also made special mention of the energetic 
and imaginative efforts with which the publicity for this meeting had been directed by 
Professor L. R. Wilcox. Finally, he acknowledged with deep appreciation the offer of 
Sister M. Philip, Chairman of the Department of Mathematics, Rosary College, River 
Forest, Illinois, to have a number of her students assist with registration, and a similar 
offer of Mr. David A. Bell and a group of fellow students from Roosevelt University; 
the help of both these groups proved a great asset in handling the unanticipated large 
registration. 

The Editor of the MonTHLY then announced that he had sufficiently many main 
articles, mathematical notes, and classroom notes on hand to fill the MONTHLY until the 
expiration of his term at the end of 1966, so that no such articles could be considered 
for publication by the present editorial board. The June-July issue of the MONTHLY will 
contain an announcement as to where papers are to be sent for consideration by the new 
editorial board. 


MEETINGS OF OTHER ORGANIZATIONS 


The American Mathematical Society held sessions from Monday, January 24 to 
Thursday, January 27. The thirty-ninth Josiah Willard Gibbs Lecture was delivered by 
Professor Martin Schwarzschild of Princeton University on Monday evening at 8:00 
P.M., in the Grand Ballroom of the Sherman House, on “Stellar Evolution.” The retiring 
presidential address was delivered by Professor J. L. Doob of the University of Illinois, 
Urbana, on Wednesday at 3:00 p.m. on “Application to Analysis cf a Topological Defini- 
tion of Smallness of a Set.” Professor R. A. Askey of the University of Wisconsin, 
Madison, delivered an address entitled “Norm Inequalities for Some Orthogonal Ex- 
pansions,” on Wednesday at 2:00 p.m. and Professor George Glauberman of the Uni- 
versity of Chicago gave an address on “Sylow 2-Subgroups of Finite Groups” on Thurs- 
day at 2:00 P.M. 

The 1966 Veblen Prize for Geometry was awarded to Professor Stephen Smale of the 
University of California, Berkeley, and jointly to Professor Barry Mazur of Harvard 
University and Professor Morton Brown of the University of Michigan. 


ARRANGEMENTS, ENTERTAINMENT AND RECREATION 


The Committee on Arrangements for the meeting consisted of Haim Reingold, Chair- 
man; H. L. Alder, Arthur Grad, L. A. Kokoris, Joseph Landin, Josephine J. Mehlberg, 
Seymour Sherman, G. L. Walker, L. R. Wilcox. 

Registration headquarters were located in the George Bernard Shaw Room on 
Sunday and in the foyer of the Grand Ballroom on the mezzanine floor of the Sherman 
House on Monday through Friday. Books and other exhibits were maintained in the 
Exhibit Hall on the mezzanine floor. Accommodations for the meeting were handled 
by the Chicago Convention Bureau, which arranged for reservations in the Sherman 
House, the Bismarck, the LaSalle, the Y.M.C.A. and other hotels. 

The Illinois Institute of Technology and the University of Illinois, Chicago Circle, 
were hosts at a tea, to which all members of the Association and the Society were in- 
vited, on Wednesday from 4:30 P.M. to 6:00 P.M. on the mezzanine floor of the Sherman 
House. 

HENRY L. ALDER, Secretary 


ACADEMIC MEMBERS ELECTED INTO THE ASSOCIATION 


In accordance with the amendments adopted at the business meeting of the Associa- 
tion at Stillwater on August 30, 1961, the Board of Governors at its meeting in Chicago, 
Illinois, on January 25, 1966, elected to membership in the Association the ninth set of 
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applicants for academic members (for election of the other eight sets, see April and 
November issues for 1962-65). Approval for election to membership was given to the 
following 8 applicants for academic membership: 


University of Bridgeport 
University of Cincinnati 
Elizabeth Seton College 
Fairleigh Dickinson University 
University of Missouri at St. Louis 
Morehouse College 
College of Petroleum and Minerals, Dharan, Saudi Arabia 
U.S. Air Force Academy 
Henry L. ALDER, Secretary 


OFFICERS AND COMMITTEES AS OF FEBRUARY 1, 1966 


General Offices: SUNY at Buffalo, Buffalo, New York, 14214 
Executive Director: H. M. GEHMAN 


OFFICERS 


President, R. L. WILDER, University of Michigan (1965-66) 
President-Elect, E. E. Moise, Harvard University (1966) 

First Vice-President, G. S. Younc, Tulane University (1966-67) 
Second Vice-President, A. B. W1LLcox, Amherst College (1965-66) 
Editor, F. A. FICKEN, New York University (1962-66) 

Secretary, H. L. ALDER, University of California, Davis (1965-69) 
Treasurer, H. M. GEHMAN, SUNY at Buffalo (1963-67) 

Associate Secretary, RAOUL HaILPERN, SUNY at Buffalo (1963-67) 


ADDITIONAL MEMBERS OF THE BOARD OF GOVERNORS 
Ex-Presidents 


C. B. ALLENDOERFER, University of Washington (1961-66) 
R. H. Binec, University of Wisconsin, Madison (1965-70) 
A. W. Tuckkr, Princeton University (1963-68) 


lected Members of the Finance Committee 


E. A. CAMERON, University of North Carolina (1966-69) 
G. B. Prick, University of Kansas (1964-67) 


Governors at Large 


Roy Dusiscn, University of Washington (1964-66) 

P. S. Jones, University of Michigan (1965-67) 

K. O. May, University of California, Berkeley, and Carleton College (1964-66) 
C. R. PHELps, National Science Foundation (1966-68) 

R. A. RosEnBAuM, Wesleyan University (1965-67) 

M. F. SmMiLtEy, University of California, Riverside (1966-68) 


Secitonal Governors (July 1, 1963—June 30, 1966) 


Allegheny Mountain, P. N. CARPENTER, Grove City College 
Indiana, J. E. YARNELLE, Hanover College 
Kentucky, L. L. Scott, University of Louisville 
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Metropolitan New York, J. N. EASTHAM, Queensborough Community College 
Nebraska, L. K. Jackson, University of Nebraska 

Northern California, IRVING SUSSMAN, University of Santa Clara 

Oklahoma, GENE LEvy, University of Oklahoma 

Rocky Mountain, W. E. Brices, University of Colorado 

Wisconsin, J. V. Fincu, Beloit College 


Sectional Governors (July 1, 1964-June 30, 1967) 


Kansas, CALVIN FOREMAN, Baker University 

Missourt, J. J. ANDREWS, St. Louis University 

New Jersey, L. F. McAuLey, Rutgers—The State University 
Northeastern, D. E. CHRISTIE, Bowdoin College 

Ohio, WADE ELLIs, Oberlin College 

Pacific Northwest, A. T. LONSETH, Oregon State University 
Southeastern, J. R. WEsson, Vanderbilt University 
Southwestern, HARVEY Coun, University of Arizona 

Upper New York State, D. E. K1iBBEyY, Syracuse University 


Sectional Governors, (July 1, 1965—June 30, 1968) 


Illinois, J. M. H. OLMSTED, Southern Illinois University 

Iowa, D. W. WALL, State University of Iowa 

Loutsiana- Mississippi, P. K. REEsS, Louisiana State University 
Maryland-D.C.- Virginia, DorotHy L. BERNSTEIN, Goucher College 
Michigan, K. W. FOLLEY, Wayne State University 

Minnesota, E. J. Camp, Macalester College 

Philadelphia, EM1L GROSSWALD, University of Pennsylvania 
Southern California, R. C. JAMES, Harvey Mudd College 

Texas, MarTIN WriGHT, University of Houston 


COMMITTEES OF THE ASSOCIATION 


Terms of office of members expire, except where otherwise noted, at the Annual Meeting in 
January following the last year of service listed below. For temporary committees, no terms of 
office are listed, since they are automatically discharged at the expiration of the President’s term 
of office, which is the Annual Meeting in January, 1967. 


EXECUTIVE COMMITTEE 


R. L. WILDER, Chairman (1964-67); H. L. ALDER (1965-69), F. A. FickKEN (1962— 
66), H. M. GeumMan (1963-67), E. E. Morse (1966-69), A. B. WiLLcox (1965-66), 
G. S. YounG (1966-67), all ex officio. 

FINANCE COMMITTEE 


R. L. WILDER, Chairman (1965-66), ex officio; E. A. CAMERON (1966-69), G. B. 
Price (1964-67), H. L. ALDER (1965-69), ex officio, H. M. GEHMAN (1963-67), ex officio. 
COMMITTEE ON ADVISEMENT AND PERSONNEL 


A. B. WILLcox, Chairman (1964-66); K. J. ARNoLp (1966-68), B. H. CoLvin 
(1964-66), E. A. Davis (1964-66), J. S. FRAME (i¥u4-66), C. R. PHELPs (1964-66), 
W. H. Scumipt (1966-68). 


COMMITTEE ON AN INTERNSHIP PROGRAM IN MATHEMATICS EDUCATION 
Roy Dusiscu, Chairman; Max BEBERMAN, D. E. CurisTiE, E. E. Mol!se. 
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COMMITTEE ON EARLE RAYMOND HEprRIcK LECTURES 


HANS RADEMACHER, Chairman (1964-66); E. E. FLoyp (1965-67), C. B. MorreEy 
(1966-68). 


COMMITTEE ON EDUCATIONAL MEDIA 


F. B. WRIGHT, Chairman (1965-67), L. W. CoHEN (1965-66), E. A. CoppINGTON 
(1966-68), LEon HENKIN (1965-67), J. H. Huavaty (1965-67), P. S. Jones (1965-66), 
J. L. KELLEY (1966-68), C. E. Rickart (1965-67), GEORGE SPRINGER (1966-68), 
M. H. SToneE (1965~—66), E. P. VANcE (1964-66). 

Advisory Committee for Calculus Films: H. M. MacNEILLe, Director (1965-67); 
J. H. Curtiss (1965-67), S. B. Jackson (1965-67), C. B. Morrey (1965-66), A. W. 
TUCKER (1965-66). 

Advisdry Committee for Individual Lectures: L. B. WitiraMs, Director (1965-67); 
R. C. Buck (1965-67), L. W. CoHEN (1965-67), BERNARD FRIEDMAN (1965-67) P. D. 
Lax (1965-67). 

Advisory Committee for Level I Films: C. B. ALLENDOERFER, Director (1965-67); 
N. J. Fine (1965-67), LEon HENKIN (1965-67), J. H. Huavaty (1965-67), P. S. JonEs 
(1965-67), E. P. VANCE (1965-67), G. C. WEBBER (1965-67), F. B. Wricut (1965-67). 

Advisory Committee for Programed Learning: B. H. GERE, Director (1965-67); 
D. W. BLAKESLEE (1965-67), LEONARD GILLMAN (1965-67), ROBERT KaLin (1965-67), 
A. B. MEwporn (1965-67), L. W. SmitH (1965-67). 

Subcommittee on Television: P. S. JonEs, Chairman; C. B. ALLENDOERFER, R. C. 
FISHER. 


COMMITTEE ON HiGH SCHOOL CONTESTS 


Terms of office of members of this Committee expire on August 31 of the last year of service 
listed. 


C. T. SALKIND, Chairman (1963-66); W. H. FAGERstTROM, Director, L. C. DALTON 
(1965-68), J. M. Ear (1965-68), N. S. MENDELSOHN (1965-68), Hans SaGaAn (1964- 
67), W. H. Scumipt (1963-66), E. E. Strock (1964-67). 


COMMITTEE ON INSTITUTES 


D. L. THOMSEN, JR., Chairman (1964-66); D. K. Harrison (1966-68), Mark Kac 
(1964-66), JosEPH LANDIN (1966-68). E. R. MuLLIns (1966-68). 


COMMITTEE ON INTERNATIONAL COOPERATION IN MATHEMATICAL EDUCATION 


WaDE ELLis, Chairman; E. G. BEGLE, W. L. DuREN, JR., Max KRAMER, G. B. 
PRICE. 


COMMITTEE ON PUBLICATIONS 


R. P. Boas, Chairman (1965-66); H. S. M. Coxeter (1965-67), C. W. Curtis 
(1965-66), Mary P. Do.cranr (1966-68), WALLACE GIVENS (1965-67), I. I. Hirscu- 
MAN, JR., (1966-68), IVAN NIVEN (1966-68), R. A. ROSENBAUM (1965-66), OLGA 
Taussky (1966-68), Roy Dusiscu (1964-68), ex officio, F. A. FickEn (1962-66), ex 
officio, H. M. GEHMAN (1963-67), ex officio. 

Subcommittee on Carus Monographs: Ivan NIvEN, Chairman (1966-68); R. P. 
Boas (1965-66), OLGA Taussky (1966-68). 

Subcommittee on Ford Awards: R. P. Boas, Chairman (1965-66), ex officio; C. W. 
CurtTis (1966-68), R. P. Di-wortuH (1965-67). 

Subcommittee on MAA Studies in Mathematics: C. W. Curtis, Chairman (1965— 
66); H.S. M. Coxeter (1965-67), WALLACE GIVENS (1965-67). 
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Subcommittee on Slaught Papers: I. I. HirscHmMan, Jr., Chairman, (1966-68) ; 
Mary P. Do.crani (1966-68), R. A. RosENBAUM (1965-66), F. A. FICcKEN (1966), 
ex officio. 

Subcommittee on Miscellaneous Publications: R. P. Boas, Chairman (1966), H. L. 
ALDER (1966-69), H. M. GEHMAN (1966-67), all ex officio. 


COMMITTEE ON SECONDARY SCHOOL LECTURERS 


H. M. Getper, Chairman (1965-67); D. R. BEy (1965-67), B. H. BissInGER (1966- 
68), I. C. GENTRY (1964-66), FRANK HawTHorNneE (1964-66), H. V. HUNEKE (1965-67), 
Max KRAMER (1964-66). 


COMMITTEE ON SECTIONS 


L. E. MEHLENBACHER, Chairman (1963-66); E. H. BatHo (Acting for M. E. MUNROE 
Jan 1-Sept. 15, 1966), E. M. BEESLEY (1965-68), C. M. BrapEn (1963-66), M. E. 
Munroe (1964-67), ARNOLD WENDT (1966-69), RAOUL HAILPERN (1963-67), ex officio. 


COMMITTEE ON THE AWARD FOR DISTINGUISHED SERVICE TO MATHEMATICS 


G. S. Younc, Chairman (1965-66), H. M. GEHMan (1966-68), G. B. Price (1964— 
67). 


COMMITTEE ON THE CHAUVENET PRIZE 


E. F. BECKENBACH, Chairman (1964-66); SAMUEL EILENBERG (1966-68), V. L. KLEE 
(1965-67). 


COMMITTEE ON THE PUTNAM PRIZE COMPETITION 


A. M. Garstia, Chairman (1964-66); J. H. McKay, Director (1965-67), R. E. GREEN- 
woop (1965-67), N. D. KAZARINOFF (1966-68). 


COMMITTEE ON THE UNDERGRADUATE PROGRAM IN MATHEMATICS 


R. D. ANDERSON, Chairman (1965-67); R. P. Boas (1966), C. E. BurGEss (1965-66), 
L. W. CoHEen (1966-68), M. L. Curtis (1965-67), C. R. DEPRimA (1965-67), BERNARD 
FRIEDMAN (1966-68), LEONARD GILLMAN (1965-67), SAMUEL GOLDBERG (1966), A. J. 
HorrMan (1966-68), M. GwENETH HuMPHREYsS (1965-66), R. C. James (1965-66), 
L. J. Paice (1965-67), B. J. Pettis (1966-68), ALEX ROSENBERG (1966-68), R. M. 
THRALL (1965-67), A. B. WiLLcox (1966-68), G. S. Youne (1965-66), E. G. BEGLE, 
ex officio, R. L. WILDER (1965-66), ex officio. 

Advisory Group on Communications: A. B. WILLcox, Chairman (1966-68); E. G. 
BEGLE (1966), C. E. Burcess (1966), C. R. DEPrima (1966-67), R. M. THRALL (1966- 
67). 

Panel on College Teacher Preparation: LEONARD GILLMAN, Chairman (1966-68) ; 
C. E. Burcess (1966-68), D. W. BusHaw (1966-68), D. E. CHrisTiz (1966-68), L. W. 
CoHEN (1966-68), MEYER JERISON (1966-68), HERMAN MEYER (1966-68), ALEX ROSEN- 
BERG (1966-68), E. H. SpANIER (1966-68), J. H. WELLS (1966-68). 

Panel on Mathematics for the Biological, Management and Social Sciences: SAMUEL 
GOLDBERG, Chairman (1963-66); RoBERT BusH (1963-66), B. P. CoHEN (1964-66), LEO 
Katz (1964-66), H. L. Lucas (1966), G. B. Price (1966), O. H. Scumitt (1964-66), 
MARTIN SHUBIK (1964-66), W. A. Sprvey (1964-66), T. D. STERLING (1966), G. L. 
THOMPSON (1963-66), R. M. THRALL (1966). 

Panel on Pre-Graduate Training: R. P. Boas, Chairman (1966); Lours AUSLANDER 
(1965-67), P. T. Bateman (1965-67), D. W. BusHaw (1965-67), L. W. CoHEN (1959- 
66), L. A. Dwicut (1964-66), LEONARD GILLMAN (1965-67), G. E. Hay (1964-66), 
V. L. KLek (1965-67), HERMAN MEYER (1965-67), A. B. WILLCcox (1965-67). 
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Panel on Teacher Training: G. S. Younc, Chairman (1963-66; E. G. BEGLE (1965— 
67), Mary Foisom (1966-67), C. E. HARDGROVE (1966-68), E. R. KoLcuin (1966-68), 
E. E. Motse (1963-66), GEORGE SPRINGER (1966-68), S. S. WILLOUGHBY (1966-68). 

Panel on the Physical Sciences and Engineering: R. J. WALKER, Chairman (1966); 
R. C. Buck (1966), B. H. Cotvin (1965-66), C. R. DEPRima (1966), C. A. DESOER 
(1965-66), MELBA PHILLIPs (1965-66), H. O. Pottax (1966), A. H. Taus (1966), G. M. 
WING (1966). 


COMMITTEE ON VISITING LECTURERS 


R. E. GASKELL, Chairman (1965-67); E. M. BEESLEY (1966-68), R. D. BoswELL, 
JR. (1964-66), W. K. Moore (1966-68), M. W. Powna.t (1965-67), T. H. SoutHarD 
(1965-67), W. L. WILLIAMS (1966-68). 


EDITORIAL COMMITTEE ON THE FIFTIETH ANNIVERSARY VOLUME 
C. B. ALLENDOERFER, Chairman, E. A. CAMERON, K. O. May. 


JoInT COMMITTEE ON EMPLOYMENT OPPORTUNITIES 


Terms of office of members of this committee expire on February 28 of the last year of service 
listed. 


M. L. Curtis, Chairman (1962-66, AMS); A. S. HousEHOLDER (1965-66, SIAM), 
D. R. Morrison (1964-68, MAA). 


JOINT COMMITTEE ON PLACES OF MEETINGS 
G. L. WALKER, Chairman; H. L. ALpER, H. M. Geuman, J. W. GREEN, all ex officio. 


NOMINATING COMMITTEE FOR 1966 
R. A. RosEnBavUM, Chairman; Roy Dusiscu, L. J. PAIGE. 


EDITORIAL BOARDS OF THE ASSOCIATION 


AMERICAN MATHEMATICAL MONTHLY (all terms expire December 31, 1966). 

Editor: F. A. FICKEN. 

Associate Editors: JOSHUA BARLAZ, J. D. Baum, A. A. BLank, J. A. Brown, HERBERT 
BUSEMANN, LEONARD Car iiTz, H. S. M. Coxeter, J. H. Curtiss, GERTRUDE EHRLICH, 
Howarp EvEs, RAOUL HAILPERN, MARSHALL HALL, Jr., L. M. Ketty, A. E. Livrncs- 
TON, K. O. May, J. R. Mayor, J. M. H. OtMstep, R. A. Rosensaum, E. P. STarKE, 
E. P. VANCE, ALBERT WILANSKY, H. S. ZUCKERMAN. 

MATHEMATICS MAGAZINE (all terms expire December 31, 1968). 

Editor: Roy DUBISCH. 

Associate Editors: D. B. DEKKER, LADNOR GEISSINGER (Acting for Sam PERLIS, 
January 1, 1966 to October 1, 1966), RaouL HarILpern, R. E. Horton, J. H. Jorpan, 
C. T. Lone, Sam PEr.is, RutH B. RasmuseEn, H. E. Rernwarpt, R. W. RITCHIE, J. M. 
SACHS, Hans SaGan, C. T. SANDERS, D. E. Tuoro, L. M. WEINER. 


REPRESENTATIVES OF THE ASSOCIATION 


On the AAAS Cooperative Committee on the Teaching of Mathematics and Science: 
K. O. May (1966-68) 

On the American Council on Education: 
H. L. ALDER, ex officio, R. L. WILDER, ex officio. 

On the Conference Board of the Mathematical Sciences: 
H. L. ALDER, ex officio, R. L. WILDER, ex officio. 

On the Council of the American Association for the Advancement of Science: 
RICHARD D. ANDERSON (1965-67), M. M. Day (1966-68) 
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On the Governing Council of Mu Alpha Theta: 
G. B. Prick (1964-66) 
On the National Research Council: 
R. H. Bine (July 1, 1965—June 30, 1968) 
On the U. S. Commission on Mathematical Instruction: 
H. O. PoLuak (July 1, 1962—June 30, 1966), LEONARD GILLMAN (July 1, 1965—June 
30, 1969). 


REPORT OF THE TREASURER FOR THE YEAR 1965 


Following is a summary of the report of Professor H. M. Gehman ‘as Treasurer of the 
Association for the year 1965. The report has been approved by the Finance Committee 
and accepted by vote of the Board of Governors. Any member of the Association who 
wishes a copy of the consolidated report of the Treasurer may obtain one by writing to 
the Buffalo office of the Association. 

The reduction in the General Fund is due to a refund to NSF of amounts charged for 
indirect costs in past years but not allowed. Some of the publication funds have de- 
creased because of printing charges, but in general the funds of the Association continue 
to increase. 


January December 
1, 1965 31, 1965 
ASSETS OF THE ASSOCIATION 


M & T Trust Company, checking account............... $244 ,598 $ 69,231 
M & T Trust Company, special account................. 160,959 113,468 
M & T Trust Company, third account.................. 2,405 2, 388 
Securities at market values... . 0.0.0... 00.0: eee eee eee 228,352 246, 840 


$636,314 $431,928 


FUNDS OF THE ASSOCIATION 


Current Fund. ...... 0.0.0.0 ccc ce eee eee nes 5,321 6,928 
MATHEMATICS MAGAZINE....... 000.0: e eee eee eee 601 622 
Carus Fund........ 0... ccc ccc een eens 67,022 71,796 
Chace Fund..... 0.0... ccc cece nent eee nes 12,163 5 , 886 
Houck Fund. ...... 0.0.00. eee eee tenes 9,849 9,954 
Awards Fund... ...... 0... ccc ene eens 3,133 1,965 
Dunkel Fund. ...... 0.0.0... ee eee nes 31,292 32,952 
Anonymous Fund........ 0.0.00 eee eens 4,607 4,655 
Greenwood Fund.......... 0... cece eee eens — 8, 350 
General Fund....... 0.0.0... 0. cee teens 235 ,852 131,161 


$369,840 $274,273 


High School Contests. ........ 0.0.0 ees 69 5 , 636 
CEM: Subcommittee on TV.......... 0.0.0.0 ce eee 2,909 2,290 
1964 Cooperative Summer Seminar.................00.. 4,225 — 

1965 Cooperative Summer Seminar.................005. 95 ,907 4,303 
1966 Cooperative Summer Seminar.................05.. — 29 ,568 
NSF Grants... eee e nee e eens 160,959 113,468 
NSF Contributions... 0.0.0.0... 0c cc eee eens 2,405 2,388 


$636,314 $431,928 
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CALENDAR OF FUTURE MEETINGS 
Forty-seventh Summer Meeting, Rutgers, The State University, New Brunswick, 


New Jersey, August 29-31, 1966. 


Fiftieth Annual Meeting, Houston, Texas, January 26-28, 1967. 
The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS, Saint Dominic College, St. Charles, 
May 13-14, 1966. 

INDIANA, Indiana State University, 
Haute, May 14, 1966. 

IOWA 

KANSAS 

KENTUCKY 

LovuISIANA-MIssIssIPPI, Jung Hotel, New Or- 
leans, March 4-5, 1967. 

MARYLAND-DISTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEW YorRK 

MICHIGAN 

MINNESOTA 

MIssourRI 

NEBRASKA 

NEW JERSEY, Ocean Township High School, 
Oakhurst, May 7, 1966. 

NORTHEASTERN 

NORTHERN CALIFORNIA, University of Cali- 


Terre 


fornia, Davis, February 4, 1967. 

OHIO 

OKLAHOMA-ARKANSAS 

PaciFic NoRTHWEST, University of Victoria, 
Victoria, British Columbia, June 17, 1966. 

PHILADELPHIA, Villanova University, Villa- 
nova, November 1966. 

Rocxy Mountain, Colorado State University, 
Fort Collins, May 13-14, 1966. 

SOUTHEASTERN, Florida Presbyterian College, 
St. Petersburg, Spring, 1967. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, San Diego, March 18, 1967. 

SOUTHWESTERN 

TEXAS 

Upper NEw York STATE, St. Bonaventure 
University, Olean, May 14, 1966. 

WISCONSIN, Wisconsin State University, Eau 
Claire, May 7, 1966. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCEMENT 
OF SCIENCE, Washington, D. C., December 
26-31, 1966. 

AMERICAN MATHEMATICAL SOocIETY, New 
Brunswick, New Jersey, August 30-Sep- 
tember 2, 1966. 

AMERICAN SOCIETY FOR ENGINEERING EpUCA- 
TION, Washington State University, Pull- 
man, June 20-24, 1966. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Ambassador Hotel, Los Angeles, August 
30-September 1, 1966. 

ASSOCIATION FOR SYMBOLIC LOGIC 

CENTRAL ASSOCIATION OF SCIENCE AND MATH- 
EMATICS ‘TEACHERS, Indianapolis, No- 
vember 24—26, 1966. 


INSTITUTE OF MATHEMATICAL STATISTICS, 
Rutgers, The State University, New 
Brunswick, New Jersey, August 30—-Sep- 
tember 2, 1966. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Miami Beach, Florida, June 29, 
1966. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Miramar Hotel, Santa Monica, California, 
May 18-20, 1966. 

Pr Mu EpsILon 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, University of Iowa, Iowa City, 
May 11-14, 1966. (“Symposium on Numeri- 
cal Analysis.) 


New and Recent Mathematics Texts 
from Macmillan 


Topies 
un Modern 
Mathematies 


by Howard M. Nahikian, North Caro- 
lina State University. This book is an 
introduction to topics in modern 
mathematics that are of interest to 
students of biology, the behavioral 
sciences, and the social sciences. 
New methods and approaches in 
these disciplines require familiarity 
with mathematical models dealing with 
varying constants and situations that 
have definable rather than_ infinite 
limits. This book is an introduction 
to such finite mathematics. 


1966, 256 pages, $6.50 


Introduction 
to Linear 


Algebra 


by Marvin Marcus and Henryk Minc, 
both of the University of California, 
Santa Barbara. This new text is a 
uniquely self-contained introduction 
to the fundamental concepts of linear 
algebra and matrix theory. After a 
simultaneous development of vector 
spaces and matrices, the book treats 
several topics not usually considered 
standard for an elementary text; 
Gersgorin discs, the Courant-Fischer 
Theorem, and Cauchy’s inequalities for 
characteristic roots of submatrices. 


1965, 261 pages, $7.95 


The Study of 
Arithmetic 


by L. Clark Lay, California State Col- 
lege at Fullerton. Based on the recom- 
mendations of the Committee on the 
Undergraduate Program in Mathe- 
matics, this book provides a complete 
survey of the fundamental concepts 
of arithmetic for prospective elemen- 
tary and secondary school teachers. 
By the use of graphical models, it helps 
the student develop his mathematical 
intuition. Another feature is the de- 
velopment and use of unary opera- 
tions. 


1966, 704 pages, $8.00 


Fundamentals 
of Mathematics 


Third Edition 

by Moses Richardson, Brooklyn Col- 
lege of The City University of New 
York. Rewritten to conform to the 
changes currently being made in math- 
ematics curricula, the Third Edition of 
this text stresses the fundamental 
concepts and applications of mathe- 
matics rather than its formal tech- 
niques. There is an entirely new chap- 
ter on vectors, matrices, and linear 
systems, and the sections on calculus 
and linear graphs are expanded. 


1966, 603 pages, $7.95; Solutions 
Manual available, gratis, upon adop- 
tion 


Write to the Faculty Service Desk for Examination Copies 


THE MACMILLAN COMPANY 


60 FIFTH AVENUE, NEW YORK 10011 


NEW FROM ADDISON-WESLEY 


ANALYTIC GEOMETRY 
By M. H. PROTTER and C. B. MORREY, JR., University of California 


This freshman level text is designed for a separate course in analytic geometry to precede the calculus. 
It can also serve as a supplement to integrated courses in calculus and analytic geometry, or as a sup- 
plement in a straight calculus course. The material is developed by means of coordinates with parallel 
development and applications in which vectors are employed. In Press 


INTRODUCTION TO LINEAR ANALYSIS 


By DONALD L. KREIDER, Dartmouth College; ROBERT G. KULLER, Wayne State University 
DONALD R. OSTBERG, Indiana University; FRED W. PERKINS, Dartmouth College 


This book, which assumes a background in calculus, is designed to serve as an introductory text in applied 
analysis for students of science and engineering. It treats much of the traditional material, however, it 
also treats topics which are of importance in present day mathematics. The concept of linearity is em- 
phasized and used as the unifying thread which ties together the treatment of topics often presented in 
an isolated manner. In Press 


AN INTRODUCTION TO ABSTRACT MATHEMATICAL SYSTEMS 
By DAVID M. BURTON, University of New Hampshire 


The text is an outgrowth of a course given in a National Science Foundation summer institute for high 
school teachers of mathematics. The purpose of the book is to improve the students’ understanding of 
algebraic structure and to acquaint them with some of the basic results of abstract algebra by inves- 
tigating various mathematical systems. 120 pp, 3 illus. $3.95 


NUMBER SYSTEMS OF ANALYSIS 
By G. CUTHBERT WEBBER, University of Delaware 


The system of complex numbers and its subsystems form the subject of discussion of this book. The primary 
purpose of the text is to develop a sense of proof and mathematical development early in the students’ 
program, and to introduce him to basic ideas of modern mathematics. In terms of well-defined content 
areas, the book develops the natural numbers, integers, rational numbers, and complex numbers. /n Press 


A FORTRAN PRIMER 
By ELLIOTT 1. ORGANICK 


Intended as an introduction to computing techniques using FORTRAN, this text is directly applicable for 
use with many types of digital computers for which FORTRAN processors are available. It provides several 
hundred drill exercises and seven programming assignments with complete solutions. 

186 pp, 207 illus, $3.95 


A FORTRAN IV PRIMER 
By ELLIOTT !. ORGANICK, University of Houston 


This text is designed for courses in computer programming utilizing the Fortran IV language. The book 
treats introductory concepts concerning computers, algorithms, Fortran !V programming language and pro- 
cessors, flow charts, input-output, real and integer arithmetic, and contains a thorough description of For- 
tran IV for many different processors including all IBM processors; Univac III, 1107, Phileo 2000, CDC 1604, 
3600, Honeywell 1800, GE 635, and SDS 9300. There are many exercises and nine interesting example 
problems and their actual computer solutions all designed to illustrate principles and practice. In Press 


MATRICES AND LINEAR TRANSFORMATIONS 
By CHARLES G. CULLEN, University of Pittsburgh 


Aimed at the sophomore-junior level, this text assumes a first course in calculus and analytic geometry 
and approaches the subject from the matrix theory point of view. The first five chapters on linear algebra 
comprise a one-term text for science, engineering and mathematics students which covers those topics most 
frequently encountered in applications. In Press 


CALCULUS, Part 1 
By EDWIN E. MOISE, Harvard University 


Intended for a first year course in elementary calculus, this book treats exponentials, logarithms, and 
trigonometric functions with the assumption that the student has some, but not a great deal of, prior 
knowledge of these topics. Nearly all ideas are introduced intuitively, figures are used freely in the 
exposition and the problems, composed by the author, are designed to teach the subject. Calculus of 
several variables will be treated in a second volume. In Press 


INTRODUCTORY PROBABILITY AND STATISTICAL APPLICATIONS 
By PAUL L. MEYER, Washington State University 


Assuming a calculus prerequisite, this one-semester text presents the basic ideas of probability and sta- 
tistics emphasizing random variables. Employing an axiomatic approach, the emphasis is on practical ap- 
plications, thus making the book of prime interest to engineers, physicists, those interested in the quan- 
titative social sciences, and, in fact, anyone needing the subject as a tool. 339 pp, 130 illus, $8.75 


LINEAR ALGEBRA 
By SERGE LANG, Columbia University 


The present book is meant as a text for a one-year course in algebra at the undergraduate level during 
the sophomore and junior years. It starts with the basic notion of vector in Euclidean space, setting the 
general pattern for much that follows. Examples and special cases are worked out in abundance, and 
abstractions are developed slowly. In Press 


FUNCTIONS OF SEVERAL VARIABLES 
By WENDELL H. FLEMING, Brown University 


Intended for courses in advanced calculus, this text presents a systematic treatment of differential and 
integral calculus for functions of several variables. The standard topics are presented, but the treatment 
differs from the traditional one in several important respects. For example, the text presents the ele- 
ments of the Lebesgue theory of integrals in some detail. The introduction of convex and concave func- 
tions makes possible a more thorough treatment of extrema. Instead of the traditional vector analysis, 
the text offers a treatment of differential forms and manifolds in n dimensional euclidean space. 


337 pp, 91 illus, $9.75 


ALGEBRA 
By SERGE LANG, Columbia University 


The present book is intended to be used as a basic text for a one-year course in algebra at the graduate 
level. As prerequisites, the author assumes the reader is acquainted with the basic language of mathe- 
matics (i.e., essentially sets and mappings), and the integers and rational numbers. 508 pp, $12.75 


NUMBER SYSTEMS: A MODERN INTRODUCTION 
By MERVIN L. KEEDY, Purdue University 


This text is a short version of the author's A Modern Introduction to Basic Mathematics. It is designed 
for a one-semester course and is tailored to the needs of prospective teachers. In essence, the text is 
concerned with number systems—particularly those of arithmetic—and its principal aim is to provide 
an introduction to abstractions, proofs, and foundations. Instructor's manual available. 


226 pp, 53 illus, $6.50 


GEOMETRY: A MODERN INTRODUCTION 
By MERVIN L. KEEDY and CHARLES W. NELSON, Purdue University 


Requiring a background of high school algebra and geometry and a familiarity with number systems, this 
text is designed for a one-semester course for prospective teachers concerned with the foundations of 
geometry. The axioms used in the foundational development are those of the authors and are designed 
not only to have strong intuitive appeal, but also allow a rigorous development of the subject. In- 
structor's manual available. 324 pp, 361 illus, $7.95 


7% ADDISON-WESLEY PUBLISHING COMPANY, INC. 


READING, MASSACHUSETTS + PALO ALTO + LONDON 


NOTEWORTHY TEXTS (ALC 


AN INTRODUCTION TO MATRICES, VECTORS, 
AND LINEAR PROGRAMMING 


HUGH G. CAMPBELL, Virginia Polytechnic Institute. Designed 
to teach matrix algebra to students with a limited mathematical 
background, this text is particularly useful in terminal courses. 


244 pp., illus., $6.50 


MODERN BASIC MATHEMATICS 


HOBART C. CARTER, Mary Washington College of the University 
of Virginia. With emphasis on theory rather than technique, 
this introductory text provides a secure background in mathe- 
matics from elementary set theory to polynomial calculus. 


466 pp., illus., $6.50 


ELEMENTARY CONCEPTS OF 
MODERN MATHEMATICS 


FLORA DINKINES, University of Illinois. Hardbound, 457 pp.., 
illus., $6.50, or in three paperbacks: Elementary Theory of 
Sets, 237 pp., illus., $2.45; Introduction to Mathematical 
Logic, 122 pp., $1.45; and Abstract Mathematical Systems, 
97 pp., illus., $1.45 


CALCULUS WITH ANALYTIC GEOMETRY 


JOHN M. H. OLMSTED, Southern Illinois University. This new 
modern text develops rigorous mathematical thinking, with 
emphasis on concepts and structures. April 1966, 2 vols., illus., 
1400 pp., $16.00 (tent. ) 


CALCULUS WITH ANALYTIC GEOMETRY 


EDWIN J. PURCELL, University of Arizona. Rigorous enough to 
challenge the best student, this text features an early introduc- 
tion of set theory and a thorough coverage of vectors in two- 
and three-dimensional spaces. 843 pp., illus., $10.00 


appleton - century - crofts 


Division of Meredith Publishing Co. 
440 Park Ave. South, N.Y. 10016 


ELEMENTARY METHODS 
IN ANALYTIC NUMBER THEORY 


A. 
Translated by Amiel Feinstein, Revised and Edited by L. J. Mordell 


— 


E. Gelfond and U. V. Linnik 


A systematized, simplified collection of results representing many different and impor- 
tant aspects of number theory. The authors focus attention on theorems which can be 
proved without complex function theory. They illustrate the use of elementary methods 
in additive problems, problems of counting the number of integer points inside contours, 
and the distribution of primes. The chapters contain a large cross-section of results and 
present a wide diversity of methods and proofs. Each chapter is self-contained and may 


be read independently. 


. Additive Propertiers of Numbers, the Method of 


Shnirelman, and the theorems of Mann and 
Erdos. 


. Elementary Solutions of Waring’s Problem and 


the Problem of Hilbert-Kamke 


. The Problem of the Distribution of Prime 


Numbers 


. Elementary Derivation of the Distribution Law 


of Prime Gaussian Numbers. A Theorem on 
Almost-Prime Gaussian Numbers 


College Department « 


5 
6 


. The Sieve of Eratosthenes 
. The Method of Atle Selberg 
7. 


The Distribution of the Fractional Parts of 
Numerical Sequences 


. Calculation of the Number of Integer Points 


within Contours 


. On the Distribution of Power Residues 

. Elementary Proof of Hasse’s Theorem 

. Elementary Proof of Siegel’s Theorem 

. The Transcendence of Certain Number Classes 


1965 + 256pages + $8.75 


RAND MSNALLY & COMPANY 
Box 7600 « Chicago Illinois 60680 


ALLYN AND BACON, INC. 


announcing 1966 publications 


FUNCTIONAL TRIGONOMETRY, SECOND EDITION by 
A. P. Hillman, University of New Mexico; and G. L. 
Alexanderson, University of Santa Clara. 

370 pp. $7.50 


CONCEPTS AND METHODS OF EXPERIMENTAL 
STATISTICS by H. C. Fryer, Kansas State University. 
602 pp. $12.50 


TOPOLOGY by James Dugundji, University of South- 
ern California. 447 pp. $12.95 


CONTEMPORARY MATHEMATICS by Julian D. Man- 
cill and Mario Gonzalez, both of the University of 
Alabama. 590 pp. $9.50 


ALGEBRA THROUGH PROBLEM SOLVING by A. P. 
Hillman, University of New Mexico; and G. L. Alexan- 
derson, University of Santa Clara. 

Paperbound 129 pp. $3.50 


SETS WITH APPLICATIONS by Peter W. Zehna, United 
States Naval Postgraduate School. 
Paperbound 153 pp. $3.50 


ELEMENTARY-SCHOOL MATHEMATICS: A MODERN 
APPROACH FOR TEACHERS by J. Houston Banks, 
George Peabody College. 398 pp. $7.75 


spring, 1966 


ELEMENTARY MATRIX THEORY by Howard Eves, Uni- 
versity of Maine. Est. 445 pp. Tentative $8.95 


recently published 


MATHEMATICS FOR THE ELEMENTARY-SCHOOL 
TEACHER: WORKTEXT by Klaas Kramer, Colorado 
State College. 1965 Paperbound 140 pp. $3.95 


widely adopted texts 

CALCULUS WITH ANALYTIC GEOMETRY, THIRD EDI- 

TION by Richard E. Johnson and Fred L. Kiokemeister. 
798 pp. $11.95 


LINEAR ALGEBRA: AN INTRODUCTORY APPROACH 
by Charles W. Curtis, University of Oregon. 


210 pp. $8.25 


Dept. E, Allyn and Bacon, Inc., 
150 Tremont St., Boston, Mass. 02111 
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Announcing... 
for April 1966 


publication 


Introduction to 
FINITE 
MATHEMATICS 
2nd Edition, 1966 


by JoHN G. Kemeny and J. LAURIE 
SNELL, Dartmouth College; and 
GERALD L. THOMPSON, Carnegie In- 
stitute of Technology. 


INTRODUCTION TO FINITE MATHE- 
MATICS, 2ND EDITION, is a revision of 
one of the most unique undergradu- 
ate textbooks ever published. The 
Second Edition preserves the basic 
core of the highly successful First 
Edition, and prior users of the text 
will find it more convenient to work 
with the new material. 


The purpose of this book is to pro- 
vide a unified treatment of a number 
of interesting and important topics— 
logic, set theory, probability, linear 
algebra, Markov chains, linear pro- 
gramming, game theory, and. others. 
The treatment of these topics forms 
the basis for a course different from 
the usual calculus-analytic geometry 
sequence—one that is particularly im- 
portant for people not going into the 
physical sciences. The final chapter 
deals with applications of the above 
topics to the analysis of mathemati- 
cal models. 


A pre-publication comment on the 
Second Edition—“The new supple- 
mentary problems are interesting, in- 
structive, and provide ample variety 
from which the instructor may 
choose. I especially enjoyed, in chap- 
ter 4, the discussion of the dangers of 
being misled by ‘symmetry’ .. . The 
new section on computer simulation 
is a good idea, and it is nicely illus- 
trated by the authors’ analysis of base- 
ball, which students will surely find 
interesting and enjoyable. ...” 


April 1966, approx. 425 pp., $8.95 


An accurate, highly readable 
introduction to calculus 
and analytic geometry... 


CALCULUS 

and 

ANALYTIC GEOMETRY 
2nd Edition, 1965 


by RoserT C. FisHEr, The Ohio State 
University and ALLEN D. ZIEBUR, 
State University of New York at 
Binghampton. 


This highly praised, widely adopted 
text has been virtually rewritten to 
make the exposition even more lucid. 
For example: Major changes in ap- 
proach have been made in certain 
areas, such as the sections on Limits, 
The Integral, and Functions of R". 
Changes in form, though not in con- 
tent, have been made in other areas, 
such as the sections on Functions, In- 
verse Functions, and Vectors. 


The material has been made much 
more “rigorous.” For example: the 
General Limit Theorems are proved 
in detail, and the Integral Theorems 
are investigated more thoroughly. 


New material has been added. For 
instance, the language and notation 
of sets are used throughout, three sec- 
tions on line integrals and several 
passages on differential equations 
have been introduced. 


The problems have been largely re- 
done, with a great number of new 
and more sophisticated ones added. 


A second color is used to increase the 
effectiveness and the lucidity of al- 
ready superior illustrations, drawn in 
both two- and three-dimensions. 


July 1965, 768 pp., $10.95 
(PRICES SHOWN ARE FOR STUDENT USE.) 


For approval copies, write: Box 903 


PRENTICE-HALL, 
Englewood Cliffs, N.J. 
07632 


ELEMENTARY LOGIC 
Revised Edition 
By WILLARD VAN ORMAN QUINE 


Thoroughly revised, simpler and yet more rigorous 
than many larger texts, this book encapsulates mini- 
mum essentials. It deals with the paraphrasing of 
words into symbols, the testing of truth-function logic 
and proof for the logic of quantifiers. $3.50 


MATHEMATICAL LOGIC 
Revised Edition 
By WILLARD VAN ORMAN QUINE 


‘‘This revised edition presents an elegant emendation 
of the system that appeared under the same title in 
previous printings.’”’—The Journal of Symbolic Logic. 
‘The author is to be congratulated on the high stan- 
dard of scholarship ... and the clarity of exposition 
which characterize this important work.’’—Scripta 
Mathematica. Fifth printing. $5.50 


ARVARD 


UNIVERSITY PRESS 


THE MATHEMATICS AND STATISTICS SECTION 
of the 
NATIONAL REGISTER OF SCIENTIFIC 
AND TECHNICAL PERSONNEL 


Cooperating Societies: 


American Mathematical Society Industrial Mathematics Society 
American Statistical Association The Institute of Mathematical Statistics 
Association for Computing Machinery Mathematical Association of America 


Operations Research Society of America 


. . . Society for Industrial and Applied 
Biometric Society Mathematics 


Association for Symbolic Logic 


Econometric Society Society of Actuaries 


The American Mathematical Society, at the request of the National Science Foundation, will mail 
the 1966 reporting forms to the Mathematical and Statistics Section of the National Register. The 
main objective of the National Register is to provide up-to-date information on the scientific man- 
power resources of the United States. It is also increasingly valuable to our profession as a source 
of statistical information. 


When you receive a National Register Questionnaire, please fill it out and return it promptly to the 
Headquarters Offices of the Society at P. O. Box 6248, Providence, Rhode Island 02908. 


Harry M. Gehman, Executive Director 
Mathematical Association of America 


NEW IN ’66...: 


A FIRST COURSE IN 
ABSTRACT ALGEBRA 
HIRAM PALEY and PAUL M. 
WEICHSEL, both of the 
University of Illinois 

Designed for the undergraduate course in ab- 
stract algebra, this book includes: naive set 
theory; elementary number theory with 
modular arithmetic; the elementary theory of 
groups and rings; and a carefully selected list 
of special topics in groups and rings for spe- 
cial assignment and advanced reading. 
April 1966 352 pp. 


A FIRST COURSE IN 
INTEGRATION 

EDGAR ASPLUND, University of 
Stockholm, LUTZ BUNGART, 
University of California, Berkeley 


$8.50 


A basic text for a one-semester course in the 
theory of Lebesgue integration. Develops the 
technique of integrating functions as a means 
of approaching the Lebesgue theory earlier 
than usual in the course. 


February 1966 512 pp. 


ELEMENTARY 
ALGEBRA 

EUGENE D. NICHOLS, 
Florida State University 


$10.50 


This book emphasizes reasoning, discovery, 
and justification of algebraic processes 
through basic properties. Covers the material 
required by a first-year algebra course and 
challenges the bright student. 


April 1966 480 pp. 


ALGEBRA 

EUGENE D. NICHOLS, RALPH T. 
HEIMER, and E. HENRY GAR- 
LAND, all of Florida State University 


$7.00 


Can be used by any student who has success- 
fully completed a contemporary first-year al- 
gebra course. Written in a manner that is both 
stimulating and challenging, it stresses the dis- 
covery approach that leads to the ability to 
make a generalization. 


592 pp. 


April 1966 $7.50 


TOPOLOGICAL 
STRUCTURES 
WOLFGANG J. THRON, 
University of Colorado 


A unique feature of this book is the descrip- 
tion of the historical development of the vari- 
ous topics. Besides the usual theory, a number 
of advanced subjects are discussed: lattice 
theory aspects of point set topology; detailed 
accounts of both net theory and filter theory 
and the relationship between these theories; 
and proximity spaces. 


March 1966 256 pp. $9.00 tent. 


New additions to the Athena Series 


APPROXIMATION OF FUNCTIONS 
G. G. LORENTZ, 
Syracuse University 

April 1966 192 pp. $4.00 tent. 


A SHORT COURSE IN 
AUTOMORPHIC FUNCTIONS 
JOSEPH LEHNER, 


University of Maryland 
March 1966 160 pp. $5.00 tent. 


SQUARE SUMMABLE 
POWER SERIES 
LOUIS de BRANGES and JAMES 
L. ROVNYAK, both of 
Purdue University 
80 pp. 


June 1966 $3.50 tent. 


LOGICAL FOUNDATIONS 

OF MATHEMATICS FOR 
BEHAVIORAL SCIENTISTS 
ABRAHAM S. LUCHINS, State Uni- 
versity of New York at Albany 
EDITH H. LUCHINS, Rensselaer 
Polytechnic Institute 


1965 448 pp. $9.00 


Holt, Rinehart and Winston, Inc. 


383 Madison Avenue, New York, N.Y. 10017 


Announcing a new edition of an outstanding textbook 


INTRODUCTION 
TO MATRICES 
AND LINEAR 


TRANSFORMATIONS 


SECOND EDITION DANIEL T. FINKBEINER, II Kenyon cottege 


In this widely used text the author provides undergraduates with a lucid and unified intro- 
duction to matrix theory, the geometry of linear transformations, and the basic concepts 
and methods of abstract algebra. Professor Finkbeiner introduces matrix algebra as a 
representation of the geometry of linear transformations. 


MAJOR CHANGES IN THE SECOND EDITION INCLUDE 


e An earlier introduction of the dual space to provide a natural means for investigating 
the transpose of a matrix and for describing the primal and dual problems of linear 
programming 

e The use of cyclic subspaces to give improved derivations of the Hamilton-Cayley 
theorem and the Jordan canonical form 

e A more complete treatment of metric concepts, including Hermitian functions and 
normal transformations 

e An expanded discussion of combinatorial equivalence and its application to linear 
programming 

e A new appendix on matrix notation, summarizing the distinctions which arise from 
different conventions in matrix notation 


READY THIS MONTH $7.50 (tentative) WRITE FOR EXAMINATION COPIES 


W. H. FREEMAN AND COMPANY @ 


660 Market St., San Francisco, Calif. 94104 « Warner House, 48 Upper Thames St., London, E. C. 4 


AN INTRODUCTION TO MODERN MATHEMATICS 


NATHAN J. FINE «+ Pennsylvania State University 


This basic, introductory text presents ‘“‘new math” concepts to undergraduates through 
a balanced selection of topics and exercises. Fundamental concepts rather than tech- 
niques and manipulation are emphasized; logic, set theory, and mathematical models 
are discussed as basic ideas to be applied throughout the text. 

To suit individual teaching methods, chapters may be rearranged, proofs and 
whole chapters may be conveniently omitted. Yet units are well-integrated by the use 
of continuing themes. Numerous exercises provide theory applications: the Teacher’s 
Manual contains complete solutions to all problems of any difficulty. 


CONTENTS 

Chapter I Logic Chapter 6 Analytic Geometry 

Chapter 2 Set Theory Chapter 7 Measure, Area and Integration 
Chapter 3 Axiom Systems Chapter 8 Limits, Continuity, and 
Chapter 4 The Real Numbers Differentiation 

Chapter 5 Linear Algebra Chapter 9 Probability 


1965 + 512 pages + No.6921 + $8.50 


RAND MSNALLY & COMPANY 
College Department « Box 7600 «+ Chicago, Illinois 60680 


The Role of Mathematics 
in the Rise of Science 


by SALOMON BOCHNER. The central theme of these essays is the nature 
and role of mathematics, its growth and spread, and its involvement 
with ever-wider areas of knowledge. The author attempts to determine 
the decisive and creative aspects of the ‘“‘abstractness” of mathematics 
which have made it the dominant intellectual force that it is. He fre- 
quently confronts the mathematics and physics of today with the 
mathematics and physics of the Greeks, which, however renowned, were 
not yet capable of this abstractness. Appended are brief, informal bio- 
graphical sketches of persons mentioned, from Aeschylus to Zeno. 


364 pages, $9.00 


Princeton University Press 


Selected mathematics books .. . 


MATHEMATICAL METHODS 
IN ENGINEERING AND PHYSICS 


SPECIAL FUNCTIONS AND BOUNDARY-VALUE PROBLEMS 
DAVID E. JOHNSON and JOHNNY R. JOHNSON—both Louisiana State University 


This versatile textbook is designed to acquaint the student with the character- 
istics of the more important special functions used to solve partial differential 
equations in engineering and physics. Topics generally considered to be on an 
advanced level are presented here in a form suitable for students of less extensive 
backgrounds. Applications, most of which involve boundary-value problems, are 
discussed as they arise in the examinations of the functions themselves. While 
there is a brief discussion of transform methods, primary emphasis is on the 
separation-of-variables method. A comprehensive bibliography provides ample 
source material for further study. Instructor’s Supplement available. 1965. 
273 pp. $9.50 


TENSOR AND VECTOR ANALYSIS 


WITH APPLICATIONS TO DIFFERENTIAL GEOMETRY 
C. E. SPRINGER, University of Oklahoma 


This lucid book presents an elementary and gradual development of tensor 
theory from which the traditional material of courses on vector analysis is de- 
duced as a particular case. The approach is designed to bridge the gap between 
mere manipulation and broad understanding of an important segment of both 
pure and applied mathematics. A knowledge of elementary calculus is assumed. 
Instructor’s Supplement available. 1962. 242 pp., illus. $7.50 


FUNDAMENTALS OF NUMERICAL ANALYSIS 


AUGUSTUS H. FOX, Union College 


A lucid introduction to the basic methods involved in the numerical solutions of 
systems of algebraic equations, and ordinary and partial differential equations. 
The book fills the gap between the usual study of calculus and differential equa- 
tions and the special techniques of modern technology by numerical analysis 
using large computer systems. Problems avoid the use of anything more extensive 
than a desk calculator. 1963. 147 pp. $6.00 


STATISTICAL ANALYSIS 


SAMUEL B. RICHMOND, Columbia University 


This modern treatment of the subject considers statistics and statistical analyses 
as increasingly important tools in the decision-making process. Although the 
book requires no mathematical preparation beyond secondary school algebra, 
theoretical correctness has not been compromised. Recently developed ideas in- 
volving Bayes’ theorem and subjective probabilities are discussed as is a new 
approach to the evaluation of information and the relationship between classical 
statistical inference, modern decision theory, and Bayesian statistics. Instructor’s 
Supplement available. 2nd Ed., 1964. 688 pp., illus. $8.50 


The Ronald Press Company 


pec cc ccc cc cc cccceccceceress 15 East 26th Street J New York, N.Y. 


From the HOLDEN-DAY 
Library of Pure and Applied Science 


Introductory Calculus: With Algebra and Trigonometry 
336 pp, (Spring 1966) $8.50* 


Modern University Calculus 
c. 700 pp, (Summer 1966) $10.75* 


By Stoughton Bell, J. R. Blum, J. Vernon Lewis, and Judah Rosenblatt, Uni- 
versity of New Mexico 


Introductory Calculus and the more rigorous and complete Modern University 
Calculus are designed as complementary texts, yet can be used independently 
of each other. The volumes offer a firm foundation for present-day university 
mathematics, complete with coverage of such topics as vectors, differentials, 
graphing, and physical applications. Both are notable for their careful motiva- 
tion. their flexibility, direct approach, full statement of all theorems, carefully 
thought-out notation, widespread use of pictures, and plentiful supply of 
counterexamples. Teaching aids include clearly marked optional sections, a 
descriptive outline for use in planning the course, and a large number of 
examples, drill exercises, and challenging problems, many with worked-out 
answers and graphs. Each is accompanied by a complete teacher’s manual. 


Introductory Calculus is designed to allow science and engineering students 
immediate applications in their concurrent courses or as a survey for social 
science, humanities, and business students. 


Modern University Calculus fulfills the need for a modern text which will build 
a proper foundation for the advanced mathematics that is becoming increas- 
ingly required in applications. It is suitable for courses ranging from 12 to 15 
credit hours. 


OTHER IMPORTANT LISTINGS 
Elementary Partial Differential Equations 


By Paul W. Berg and James L. McGregor, Stanford University. c. 383 pp, 
(Summer 1966) $10.50* 


Provides students with techniques necessary for the formulation and solution 
of problems involving partial differential equations in courses in other disci- 
plines. Prepares students for further study in partial differential equations and 
linear analysis by furnishing a basis for “intuition” in these subjects. 


Homology Theory: A First Course in Algebraic Topology 
By Sze-tsen Hu, University of California, Los Angeles. (Spring 1966) $10.50* 


A modern but elementary approach to homology theory designed for ad- 
vanced undergraduates and beginning graduate students who have already 
had semester courses in general topology and modern algebra. 


Introduction to General Topology 
By Sze-tsen Hu, University of California, Los Angeles. 240 pp, (1966). $8.50 


A systematic introduction to general topology geared to the training of mathe- 
maticians specializing in analysis as well as in algebra or topology. 


*Kstimated Price 


For the catalog, write to 


HOLDEN-DAY, INC. sen Francisco, California 94111 


ANNOUNCING 
THE PRINDLE, WEBER & SCHMIDT 
COMPLEMENTARY SERIES IN MATHEMATICS 
UNDER THE CONSULTING EDITORSHIP OF 
HOWARD W. EVES 


“The Prindle, Weber & Schmidt Complementary Series will be 
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CAN ONE HEAR THE SHAPE OF A DRUM? 


MARK KAC, The Rockefeller University, New York 
To George Eugene Uhlenbeck on the occasion of his sixty-fifth birthday 


“La Physique ne nous donne pas seulement 
l’occasion de résoudre des problémes... , elle nous 
fait presentir la solution.” H. POINCARE, 


Before I explain the title and introduce the theme of the lecture I should like 
to state that my presentation will be more in the nature of a leisurely excursion 
than of an organized tour. It will not be my purpose to reach a specified des- 
tination at a scheduled time. Rather [ should like to allow myself on many 
occasions the luxury of stopping and looking around. So much effort is being 
spent on streamlining mathematics and in rendering it more efficient, that a 
solitary transgression against the trend could perhaps be forgiven. 


Fic. 1 


1. And now to the theme and the title. 

It has been known for well over a century that if a membrane Q, held fixed 
along its boundary I (see Fig. 1), is set in motion its displacement (in the direc- 
tion perpendicular to its original plane) 


F(x, y;t) = F(p; 2b) 


obeys the wave equation 


where c is a certain constant depending on the physical properties of the mem- 
brane and on the tension under which the membrane is held. 
I shall choose units to make c? =3. 
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Of special interest (both to the mathematician and to the musician) are 
solutions of the form 


F(p; t) = U(p)e%¢, 


for, being harmonic in time, they represent the pure tones the membrane is capa- 
ble of producing. These special solutions are also known as normal modes. 

To find the normal modes we substitute U(p)e*! into the wave equation 
and see that U must satisfy the equation § V7U+wmw?U=0 with the boundary 
condition U=0 on the boundary I of Q, corresponding to the membrane being 
held fixed along its boundary. 

The meaning of “U=0 on I” should be made clear; for sufficiently smooth 
boundaries it simply means that U(p)—30 as p approaches a point of I’ (from the 
inside). To show that a membrane is capable of producing a discrete spectrum 
of pure tones i.e. that there is a discrete sequence of w’s w; Sw. Sa; +--+: for 
which nontrivial solutions of 


4V7U + 0° = 0, U=0onT, 


exist, was one of the great problems of 19th century mathematical physics. 
Poincaré struggled with it and so did many others. 

The solution was finally achieved in the early years of our century by the 
use of the theory of integral equations. 

We now know and I shall ask you to believe me if you do not, that for regions 
Q bounded by a smooth curve I there is a sequence of numbers \iShoS --:: 
called eigenvalues such that to each there corresponds a function y(p), called an 
eigenfunction, such that 


2 V'bn + Ann = 0 


and W,(p)—-0 as p—a point of TI. 
It is customary to normalize the w’s so that 


Jf vied =. 


Note that I use dp to denote the element of integration (in Cartesian co- 
ordinates, e.g., dp =dxdy). 


2. The focal point of my exposition is the following problem: 
Let Q; and Q: be two plane regions bounded by curves I’; and I, respectively, 
and consider the eigenvalue problems: 


4V?7U + XU O in Qy 4V°V + wV 
with with 
U O on Ty V 


| 
| 


QO in Qo 


| 
| 


QO on To. 


Assume that for each w the eigenvalue J, for Q) is equal to the eigenvalue yp, 
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for Qs. Question: Are the regions Q; and Q: congruent in the sense of Euclidean 
geometry? 

I first heard the problem posed this way some ten years ago from Professor 
Bochner. Much more recently, when I mentioned it to Professor Bers, he said, 
almost at once: “You mean, if you had perfect pitch could you find the shape 
of a drum.” 

You can now see that the “drum” of my title is more like a tambourine 
(which really is a membrane) and that stripped of picturesque language the 
problem is whether we can determine 2 if we know all the eigenvalues of the 
eigenvalue problem 


| 


5V7U +X\U = 0 in Q, 
U = 0 on 7. 


3. Before I go any further let me say that as far as I know the problem is 
still unsolved. Personally, I believe that one cannot “hear” the shape of a tam- 
bourine but I may well be wrong and I am not prepared to bet large sums 
either way. 

What I propose to do is to see how much about the shape can be inferred 
from the knowledge of all the eigenvalues, and to impress upon you the multi- 
tude of connections between our problem and various parts of mathematics and 
physics. 

It should perhaps be stated at this point that throughout the paper only 
asymptotic properties of large eigenvalues will be used. This may represent, of 
course, a serious loss of information and it may perhaps be argued that prectse 
knowledge of all the eigenvalues may be sufficient to determine the shape of the 
membrane. It should also be pointed out, however, that quite recently John 
Milnor constructed two noncongruent sixteen dimensional tori whose Laplace- 
Betrami operators have exactly the same eigenvalues (see his one page note 
“Figenvalues of the Laplace operator on certain manifolds” Proc. Nat. Acad. 
Sc., 51 (1964) 542). 


4. The first pertinent result is that one can “hear” the area of Q. This is an 
old result with a fascinating history which I shall now relate briefly. 

At the end of October 1910 the great Dutch physicist H. A. Lorentz was 
invited to Gottingen to deliver the Wolfskehl lectures. Wolfskehl, by the way, 
endowed a prize for proving, or disproving, Fermat’s last theorem and stipu- 
lated that in case the prize is not awarded the proceeds from the principal be 
used to invite eminent scientists to lecture at Gottingen. 

Lorentz gave five lectures under the overall title “Alte und neue Fragen der 
Physik”—-Old and new problems of physics—and at the end of the fourth lecture 
he spoke as follows (in free translation from the original German): “In conclu- 
sion there is a mathematical problem which perhaps will arouse the interest of 
mathematicians who are present. It originates in the radiation theory of Jeans. 

“In an enclosure with a perfectly reflecting surface there can form standing 
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electromagnetic waves analogous to tones of an organ pipe; we shall confine our 
attention to very high overtones. Jeans asks for the energy in the frequency 
interval dv. To this end he calculates the number of overtones which lie between 
the frequencies vy and v-+dy and multiplies this number by the energy which be- 
longs to the frequency v, and which according to a theorem of statistical mechan- 
ics is the same for all frequencies. 

“Tt is here that there arises the mathematical problem to prove that the num- 
ber of sufficiently high overtones which lies between v and v+d~p is independent 
of the shape of the enclosure and is simply proportional to its volume. For many 
simple shapes for which calculations can be carried out, this theorem has been 
verified in a Leiden dissertation. There is no doubt that it holds in general even 
for multiply connected regions. Similar theorems for other vibrating structures 
like membranes, air masses, etc. should also hold.” 

If one expresses this conjecture of Lorentz in terms of our membrane, it 
emerges in the form: 

NVQ) = > pw 2 r. 
hn<d vs 
Here N(A) is the number of eigenvalues less than X, | Q| the area of Q and ~ 
means that 
NQ) _ [2 


— oo" 


A> 0 Wea 


There is an apocryphal report that Hilbert predicted that the theorem would 
not be proved in his life time. Well, he was wrong by many, many years. For 
less than two years later Herman Weyl, who was present at the Lorentz’ lec- 
ture and whose interest was aroused by the problem, proved the theorem in 
question, 1.e. that as \> 

| 2 | 


NA)~-—— 2. 
20 
Weyl used in a masterly way the theory of integral equations, which his 
teacher Hilbert developed only a few years before, and his proof was a crowning 
achievement of this beautiful theory. Many subsequent developments in the 
theory of differential and integral equations (especially the work of Courant and 
his school) can be traced directly to Weyl’s memoir on the conjecture of Lorentz. 


5. Let me now consider briefly a different physical problem which too is 

closely related to the problem of the distribution of eigenvalues of the Laplacian. 

It can be taken as a basic postulate of classical statistical mechanics that if 

a system of M particles confined to a volume is in equilibrium with a thermo- 

stat of temperature 7 the probability of finding specified particles at 71, 72, °° - , 
> —- — 


ryt (within volume elements d7i, dro, - + + , dr) is 
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1 . > » ~ 
exp | iP Vityeee, rw) | dr, +++ dry 
_ ; ; ; — 
J a J ex| - ra Viti ru) [ah . 2 ty 
where V(71, +--+, 7ar) is the interaction potential of the particles and k= R/N 


with R the “gas constant” and N the Avogadro number. 

For identical particles each of mass m obeying the so called Boltzmann 
statistics the corresponding assumption in quantum statistical mechanics seems 
much more complicated. One starts with the Schrédinger equation 


2 

y'p —~Vin,---,mpv= — Ev (: = f where / is the Planck constant 
2m 27 

with the boundary condition lim (71. +--+, rar) =0, whenever at least one 7, 
approaches the boundary of Q. (This boundary condition has the effect of con- 
fining the particles to Q.) Let A:SF,.SF;5 --- be the eigenvalues and 
Yi, 2, -- + the corresponding normalized eigenfunctions. Then the basic postu- 
late is that the probability of finding specified particles at 71, 72, + + + , far (Within 
ari, cof , ara) 1S 


o')] 
—H/kT 2 > > > 
Se) Wry +, Papdr1- + + dra 


There are actually no known particles obeying the Boltzmann statistics. But 
don’t let this worry you-—for our purposes this regrettable fact is immaterial. 
Now, let us specialize our discussion to the case of an ideal gas which, by 


definition, means that V(r, +--+ +, 7a) =0. 
Classically, the probability of finding specified particles at r1, +++, Far is 
clearly 
dry +++ drag 
|g [a7 i 


where 1Q| is now the volume of Q. 
Quantum mechanically the answer is not nearly so explicit. The Schrédinger 
equation for an ideal gas is 
fig 
— Vy = — Ep 
2m 
and the equation is obviously separable. 
If 1 now consider the three-dimensional (rather than the 3M-dimensional) 
eigenvalue problem 
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VY) = — WO), 7eQ, 
W(r) 0 as r—the boundary of Q, 


it is clear that the EF, as well as the W.(71, - + + , 711) are easily expressible in terms 
of the \’s and corresponding W(r)’s. 
The formula for the probability of finding specified particles at 41, +--+, 7a 


turns out to be 


Now, as #0 (or as 7) the quantum mechanical result should go over 
into the classical one and this immediately leads to the conjecture that as 


If instead of a realistic three-dimensional container Q I consider a two- 
dimensional one, the result would still be the same 


except that now Q| is the area of 2 rather than the volume. 
Clearly the result is expected to hold only for 7 in the interior of Q. 
If we believe Weyl’s result that (in the two-dimensional case) 


| | 


NO) ~ Sa A> ©, 
vin 


it follows immediately by an Abelian theorem that 


1 < 1 
— > eat ww ) 7 — 0, 
| Q | n==1 TT 
and hence that 
~ —A\nTt 25> °° —\T 
e wrr)~—=— e dn. 
2. ( 2rr20 dtd 6 


Setting A(A) = 2,2 v2(7), we can record the last result as 
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oe) 1 oe) 
i) e*7dA(\) ~ —| e*" dy, 7 0. 
0 dr J 9 


Since A(A) is nondecreasing we can apply the Hardy-Littlewood-Karamata 
Tauberian theorem and conclude what everyone would be tempted to conclude, 
namely that 


A(\) = Tver, A> ©, 
An<r dn 
for every 7 in the interior of 0. 

Though this asymptotic formula is thus nearly “obvious” on “physical 
grounds,” it was not until 1934 that Carleman succeeded in supplying a rigorous 
proof. 

In concluding this section it may be worthwhile to say a word about the 
“strategy” of our approach. 

We are primarily interested, of course, in asymptotic properties of X,, for 
large n. This can be approached by the device of studying the Dirichlet series 


> en ant 
n=) 
for small ¢. This in turn is most conveniently approached through the series 


re yi@) = f ease 
0 


n=) 
and thus we are led to the Abelian-Tauberian interplay described above. 


6. It would seem that the physical intuition ought not only provide the 
mathematician with interesting and challenging conjectures, but also show him 
the way toward a proof and toward possible generalizations. 

The context of the theory of black body radiation or that of quantum statis- 
tical mechanics, however, is too far removed from elementary intuition and too 
full of daring and complex physical extrapolations to be of much use even in 
seeking the kind of understanding that makes a mathematician comfortable, 
let alone in pointing toward a rigorous proof. 

Fortunately, in a much more elementary context the problem of the dis- 
tribution of eigenvalues of the Laplacian becomes quite tractable. Proofs emerge 
as natural extensions of physical intuition and interesting generalizations come 
within reach. 


7. The physical context in question is that of diffusion theory, another 
branch of nineteenth century mathematical physics. 

Imagine “stuff,” initially concentrated at p(=(%o, yo)), diffusing through a 
plane region 2 bounded by I’. Imagine furthermore that the stuff gets absorbed 
(“eaten”) at the boundary. 
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The concentration Po(p| vy; t) of matter at 7r(=(x, y)) at time # obeys the 
differential equation of diffusion 


OP 9 1 
(a) =~ V*Pa, 
ot 2 
the boundary condition 
(b) Palp | 7; t) 0 as r approaches a boundary point, 
and the initial condition 
(c) Po(p| 730) 287 — p) as 10; 


here 6(7 —p) is the Dirac “delta function,” with “value” if y= p and 0 if 7p. 
The boundary condition (b) expresses the fact that the boundary is absorb- 
ing and the initial condition (c) the fact that initially all the “stuff” was con- 
centrated at p. | 
I have again chosen units so as to make the diffusion constant equal to 3. 
As is well known the concentration Pal(p| r;t) can be expressed in terms of the 
eigenvalues A, and normalized eigenfunctions y,(7) of the problem 


+V*v + dv = 0 in Q, 
Y¥=0O0 onl. 
In fact, Pa(l?;) = D2. eo. Bn (7), 

Now, for small /, it appears intuitively clear that particles of the diffusing 
stuff will not have had enough time to have felt the influence of the boundary 2. 
As particles begin to diffuse they may not be aware, so to speak, of the disaster 
that awaits them when they reach the boundary. 

We may thus expect that in some approximate sense 


Pole| 73) ~ Polo| 730, as £0, 


where Po(p| r: t) still satisfies the same diffusion equation 


’ OP o 1 
(a’) 7? V?Po 
and the same initial condition 
(c') Po(p| 732) =6G— ), 1-0, 


but is otherwise unrestricted. 

Actually there is a slight additional restriction without which the solution 
is not unique (a remarkable fact discovered some years ago by D. V. Widder). 
The restriction is that Py) 20 (or more generally that Py be bounded from below). 

A similar restriction for Pg is not needed since for diffusion in a bounded 
region it follows automatically. 
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An explicit formula for Po is, of course, well known. It 1s 


a 1 Ir — oll? 
P {j= tt 
er) at exp | y, | 


where ||7—p]| denotes the Euclidean distance between p and 7. 

I can now state a little more precisely the principle of “not feeling the bound- 
ary” explained a moment ago. 

The statement is that as [0 


eo 


— . 1 7 : si. 
Pol(p| 730) = Dy en (p)dn(7) ~ 57 exp | - oe = Po(p| 7; 2), 


n==1 


where ~ stands here for “is approximately equal to.” This is a bit vague but 
let it go at that for the moment. 
If we can trust this formula even for p=7 we get 


es Ant 255 1 
De tlt) ~ — 
n=l 2rt 


and if we display still more optimism we can integrate the above and, making 
use of the normalization condition 


{ WG) dt = 1, 
Q 


obtain 


We recognize immediately the formulas discussed a while back in connection 
with the quantum -statistical-mechanical treatment of the ideal gas. If we 
apply the Hardy-Littlewood-Karamata theorem, alluded to before, we obtain 
as corollary the theorems of Carleman and Weyl. 

To do this, however, we must be allowed to interpret ~ as meaning “asymp- 
totic to.” 


8. Now, a little mathematical soul-searching. Aren’t we as far from a rigor- 
ous treatment as we were before? True, diffusion is more familiar than black 
body radiation or quantum statistics. But familiarity gives comfort, at best, 
and comfort may still be (and often is) miles away from the rigor demanded by 
mathematics. 

Let us see then what we can do about tightening the loose talk. 

First let me dispose of a few minor items which may cause you worry. 

When I write Y=0 on I’ or P(p| 7; 4) 0 as 7 approaches a boundary point of 
Q there is always a question of interpretation. 
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Let me assume that I is sufficiently regular so that no ambiguity arises i.e. 
P(p| r,t) 0 as roa boundary point of Q, 
means exactly what it says, while Y=0 on IT means 
v0 as roa boundary point of ©. 


Likewise, P(p| rv; t)—6(7 —p) as t-0, has the obvious interpretation, i.e. 


lim [f P@lioa=1 
t—0 A 


for every open set A containing p. 
Now, to more pertinent items. If the mathematical theory of diffusion corre- 
sponds in any way to physical reality we should have the inequality 


eon) 
exp yy 


Po(p| 7; 2) S Po(p| 7; 1) = — 
art 


For surely less stuff will be found at 7 at time fif there isa possibility of mat- 
ter being destroyed (on the boundary I of Q) than if there were no possibility 
of such destruction. 

Now let Q be a square with center at p totally contained in Q. Let its bound- 
ary act as an absorbing barrier and denote by Po(Al r;t), EQ, the corresponding 
concentration at 7 at time f¢. 

In other words, Pg satisfies the differential equation 
OP9 1 


—~ _ vp 
at 2 ° 


(a””) 
and the initial condition 
(c’) Polo |r; 0) > 87 —p) as t>0. 
[t also satisfies the boundary condition 
(b’”) Po(p| rf) 0 as roa boundary point of Q. 
Again it appears obvious that 
Po(p|7;t) S Poelrs), reQ, 


for the diffusing stuff which reaches the boundary of Q is lost as far as Pg is con- 
cerned but need not be lost as a contribution to Pg. 

Q has been chosen so simply because Pol! 7; t) is known explicitly, and, in 
particular 
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ae A 2 2) a2 
Pale| ps) = > ep[-* i ‘|, 


m,n 2a? 


odd integers 


where a is the side of the square. 
The combined inequalities 


ogi 


Po(p| 73) S Po| 736 S - 


hold for all y€O and in particular for 7=p. In this case we get 


4 (m? + n?) 7? Nt 2s 1 
- exp| — | <Ddie vile) S — 
a? mn 2a? 


odd integers 


and it is a simple matter to prove that as 0 we have asymptotically 


A (m2? + n*) x? 1 
a? min | ~ 


odd integers 


Thus asymptotically for 1-0 > )7_, e7™ W?(p)~1 / Int and Carleman’s theorem 
follows. 

It is only a little harder to prove Weyl’s theorem. 

If one integrates over O the inequality 


=> exp| — mee is < de Nn () 


m,n 2a” n=1 
odd 
one obtains 
_— + vr 
+X exp| ‘| Le ff vo, 


odd 


We now cover Q with a net of squares of side a, as shown in Fig. 2, and keep 
only those contained in @. Let N(a) be the number of these squares and let 
Qa) be the union of all these squares. We have 


Dew= Lew ffvags ce ff near 
n=1 n=l1 n=l Q (a) 


IV 


(m? + n?) 7? ] 
2a? 


4N(a) >> exp | 


odd 
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and, integrating the inequality Po(p|p; t)<1/2mt over 2 we get So emt 


<|Q| /2tt. 


“ZZZ 
E GUYUAGL/A 
NY 


Fic. 2 


Noting that NV(a)a?= | Q(a)| we record the fruits of our latest labor in the 
form of the inequality 


4 
| a(a)| — X exp| 
a” mn 


odd 


(m* + n*) x? ] 


nt 
2a? Show sa 


art 


From the fact (already noted above) that 


4 m? + nn")? 
lim dnt — > exp| — mn = 1 


t—0 Qa” min 2a” 
odd 


we conclude easily that 


| Q(a) | < lim inf 27t >) et < lim sup 2zt Yet < Q); 
t—0 


and since, by choosing a sufficiently small, we can make | Q(a) | arbitrarily close 


to |Q|, we must have lim; .» 27t )52, et = |Q| or, in other words, 
: | 2 
That may —— t— 0. 
2 ° art ~ 


9. Are we now through with rigor? Not quite. For while the inequalities 


an [ =a 
2t 


P 0 rst <= — 
ate | amt 
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Po(o| 738) = Polo|73, 7rEQ, 


are utterly obvious on intuitive grounds they must be proved. Let me indicate 
a way of doing it which is probably by far not the simplest. | am choosing it to 
exhibit yet another physical context. 

It has been known since the early days of this century, through the work of 
Einstein and Smoluchowski, that diffusion is but a macroscopic manifestation 
of microscopic Brownian motion. 

Under suitable physical assumptions Po(p| 7; t) can be interpreted as the 
probability density of finding a free Brownian particle at 7 at time ¢ if it started 
on its erratic journey at {=0 from p and if it gets absorbed when it comes to the 
boundary of Q. 

If a large number WN of independent free Brownian particles are started from 


p then 
v ff PGlrsoa 
A 


is the average number of these particles which are found in A at time ¢. Since 
the statistical percentage error is of the order 1/.»/.N continuous diffusion theory 
is an excellent approximation when NV is large. 

A significant deepening of this point of view was achieved in the early 
twenties by Norbert Wiener. Instead of viewing the problem as a problem in 
statistics of particles he viewed it as a problem in statistics of paths. Without 
entering into details let me review briefly what is involved here. 

Consider the set of all continuous curves 7(7), OS7 < ©, starting from some 
arbitrarily chosen origin O. Let 0h, Qe, - --,Q, be open setsandh<h<--- <t, 
ordered instants of time. The Einstein-Smoluchowski theory required that 
(with suitable units) 


Prob. |p + r(t1) © Qi, p + r(te) EC MQ, ++ +, p+ 7(tr) E Qn} 


=| vs { Po(o | 113 1) Pos | 725 t2 — ti) + ° »Po(tn—1| try tn — tn—1) dry +++ dtp 
1 On 


where, as before, 


+) 1 lr — ol? 
Po(p | r;t) = mo ry ; 


Wiener has shown that it is possible to construct a completely additive mea- 
sure on the space of all continuous curves 7(r) emanating from the origin such 
that the set of curves p+ 7(r) which at times <tp< +--+: <#, find themselves 
in open sets Q1, Qe, - ++, Qa respectively, has measure given by the Einstein- 
Smoluchowski formula above. 

The set of curves such that p+7(7r)CQ, OS7 St, and p+r(t)€A (A—an 
open set) turns out to be measurable and it can be shown, if Q has sufficiently 
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smooth boundaries, that this measure is equal to 
{ Po(p | r; t) dr. 
A 


This is not a trivial statement and it should come as no surprise that it 
trivially implies the inequalities we needed a while back to make precise the 
principle of not feeling the boundary. 

In fact, as the reader no doubt sees, the inequalities in question are simply a 
consequence of the fact that if sets @, ®, @ are such that 


Q@CBC EC 


then meas. @XSmeas. ® Smeas. €. 
One final remark before we go on. The set of curves for which 


ptrr)€Q, OS7St and ptrO®ECa 


is measurable even if the boundary of Q is quite wild. The measure can still be 
written as faPol(p| ry; t)dr and it can be shown that in the interior of Q, Po(p| 7: t) 
satisfies the diffusion equation 0P9/di=4 V?P¢ as well as the initial condition 


lim | Po(p;7; 2) dr = 1, 
t—0 A 
for all open sets A such that pEA. 
It is, however, no longer clear how to interpret the boundary condition that 


Po(p|7;2) 0 when rT, 


This difficulty forces the classical theory of diffusion to consider reasonably 
smooth boundaries. The probabilistic interpretation of Po(p| vr; t) provides a 
natural definition of a generalized solution of the boundary value problem under 
consideration. 


10. We are now sure that we can hear the area of a drum and it may seem 
that we spent a lot of effort to achieve so little. 

Let me now show you that the approach we used can be extended to yield 
more, but to avoid certain purely geometrical complications I shall restrict my- 
self to convex drums. 

We have achieved our first success by introducing the principle of not feeling 
the boundary. But if pis close to the boundary T' of Q then the diffusing particles 
starting from p will, to some extent, begin to be influenced by I. 

Let g be the point on closest to p and let /(p) be the straight line perpendicu- 
lar to the line joining p and g. (See Fig. 3.) Then a diffusing particle starting from 
p will see for a short time the boundary I as the straight line /(p). 

One may say, using again somewhat picturesque language, that, for small 1, 
the particle has not had time to feel the curvature of the boundary. 
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If this principle is valid I should be allowed to approximate (for small #) 
Polo|732) by Piso 734, 
where Pic(p 7; i) satisfies again the diffusion equation 
oP i 
= — vp 
ot 2 


with the initial condition P—6(p—7r) as t-0, but with the boundary condition 


Picn(p| 7; 2) 20 as 7 approaches a point on I(p). 


Fie. 3 Fic. 4 


Carrying this optimism as far as possible we would expect that to a good 
approximation 


[ PoGlasnae~ J PusGl asd db. 
Q Q 


It is well known that 


8 1— e728" /t 
Pigy(p| p; 2) = ———— 
° | 2ri 


where 6=||g—<l| =minimal distance from p to I’. Thus (hopefully!) 


;Q; 14 


f { Polo| p32) dp = Soe fe eee gp, 
Q 


Here | Q| /2rt is our old friend from before and it remains to calculate asymp- 
totically (as 0) the integral [ge—%5/'dp. To do this consider the curve ['(6) of 
points in 2 whose “distance” from T is 6. (See Fig. 4.) 
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For small enough 6, I'(6) is well defined (and even convex) and the major 
contribution to our integral comes from small 6. 
If L(6) denotes the length of (6) we have 


59 
few dp = { e~25°lt,(§) dd + something less than | Q | e250" lt 
Q 0 
and hence, neglecting an exponentially small term (as well as terms of order ?) 
. do/Vt ° L ee 
fw dp ~ vif e" L(ar/t) daw vit f eo?" dx = 7 V/ Int, 
Q 0 0 


where L = L(0) is the length of I. 
We are finally led to the formula 
lal ob 1 


io?) 
> ew Ant AY ——. — —— 


n=l 2rt 4 a/ 27k 


» fori—0, 


and so we can also “hear” the length of the circumference of the drum! 

The last asymptotic formula was proved only a few years ago by the Swedish 
mathematician Ake Pleijel {2] using an entirely different approach. 

It is worth remarking that we can now prove that if all the frequencies of a 
drum are equal to those of a circular drum then the drum must itself be circular. 
This follows at once from the classical isoperimetric inequality which states 
that L? = 4dr | Q|, with equality occurring only for a cirele. 

By pitch alone one can thus determine whether a drum is circular or not! 


Mp) 


Fic. 5 


11. Can the heuristic argument again be made rigorous? Indeed it can. First, 
we use the inequality 


1 
2 


Polp| 038) S Pie (0| p32) = — 
a(p| pt) S Pup(o| p32) hy 
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which is simply a refinement of the one used previously, namely, Po(p| p: t) 
<1/27rt, and which can be proven the same way. 

Next we need a precise lower estimate for Po(pl p;t) and this is a little more 
difficult. We “inscribe” the rectangle R(p, ¢) as shown in Fig. 5, where h(t), the 
height of the shaded segment, is to be determined a little later. 

Let the side of R along the base of the segment be D(¢) and the other side 
be w(t). It should be clear from the picture that the y-axis bisects the sides of the 
rectangle which are parallel to the x-axis. 

Now consider Pr(p| p;t). This notation is perhaps confusing since it suggests 
that we are dealing with a boundary value problem in which the boundary 
varies with time. This is not the case. What we have in mind is the following: 
fix t, find Pra (pl?; T) which is defined unambiguously, and finally set 7=1. 
The result is Pr(pl?; i). A convenient expression is 


Pr(o| 95!) = —{ > («xp| al oP [- 7 (v >) Di 
 fE(o[- 72] - of 226-4) 


where 6=6—h(2) =||qg—p| —h(t). Now let h(t) =e/t and, assuming that /(p) is 
actually tangent to the curve (which for a convex curve will happen with at most 
a denumerable number of exceptional points g), we have 


bt) BY) 
im —— = lim = 0, 
0 h(t) to ev/f 


and consequently 


> (ex | ad — exp | - “(x + -)}) = 1+ o(1). 


This is not quite enough, however, and one needs the stronger estimate 


(exp | ant — exp | —(x + >) }) = 1+ o(v/2). 


This will surely be the case, for example, if the curvature exists at g, for this 
would imply that h(t)~b2(f) and the o(/f) term above would then be an 
enormous overestimate. Very mild additional regularity conditions at nearly all 
points g would insure o(4/t). Without entering into a discussion of these condi- 
tions let us simply assume the boundary to be such as to guarantee at least 
o(+/t). 


Since w(f) remains bounded from below as f[->0, we also have 


E (oof Me ]-oo[-Ber dy) 


= 1 — ¢~28/t + exponentially small terms. 
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We are now almost through. We write (cf. Fig. 6) 


chat = { Palp| p31) do > { Palo 30) do 
n=l Q Q (ev £) 


_ + ovo) 


Lat Q (ev) 


(1 — e8°/t + exponentially small terms) dp. 


Fic. 6 


Except then for exponentially small terms and the factor 1+o0(./f) in front 
we have the integral 
{ (1 — e-28°/") do 
(2 (ev £) 


which, as before, can be seen to be asymptotically 
a 
MXe/)| — 7 / drt, 


where one neglects terms of order t and exponentially small terms. Since asymp- 
totically | Q(er/2) | ~| Q| —Lev/t one can obtain the inequality 


% le] @+e¢) 1 
n=l 2rt 4 / Irt | 


where e’ is related in a simple way to e. Since e’ can be made arbitrarily small, 
the asymptotic formula 


n=l Dat A / Qari 
follows. 


12. If our overall strategy of attack on the problem is right we should be 
able to go on and for points very close to a smooth boundary replace the bound- 
ary locally by suitable circles of curvature. 
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A result of Pleijel suggests strongly that for a simply connected drum with 

a smooth boundary (i.e. without corners and with curvature existing at every 
point) one has 

co fo] Lk 1 1 


n=I1 2a 7 4 / Lat 6 


Unfortunately I am unable to obtain this, for the exasperating reason 
that I am unable to get a workable expression for P9(6| fp; t) if Q is a circle. 

Rather than yield to despair over this sad state of affairs let me devote the 
remainder of the lecture to polygonal drums, i.e. drums whose boundaries are 
polygons. This study will show beyond the shadow of a doubt that the constant 
term in our asymptotic expansion owes its existence to the overall curvature of 
the boundary. 


13. Before | go on I need an expression for Psy (6| 7: t) where S(@o) is an 
infinite wedge of angle 0. In other words Psy,) is the solution of 


oP 1 

a V2P 

ot 2 
subject to the usual initial condition Psi, (| r,t) 46(p—?r), 0, and vanishing 
as ¥ approaches a point on either side of the angle 6). 

This is a very old, very classical, problem and if 69 =7/m, with m an integer, 
it can be solved by the familiar method of images. For m not an integer, Som- 
merfeld invented a method which, so to speak, extends the method of images 
to a Riemann surface. A little later, in 1899 to be precise, H. S. Carslaw gave 
a more elementary approach in which Pq, (p| 7: t) is represented by a suitable 
contour integral. Carslaw transforms the integral into an infinite series of Bessel 
functions but for our purposes it is best to resist the temptation of Bessel func- 
tions and to reduce the integral to a different form. I shall skip the details 
(though some are quite instructive) and simply reproduce the final result. 

Set 


va) = (1/2mt) DL exp| 7 2recos(9 — a — 2460) + "] 


6—a—r< 2k6p 2t 
<O—a+tr 
Pe] olay 
ex _-— oO ex — — COS 
7 P 2t °° P t > 
— {sin — | ————_-—-—_— oo — dy , 

Ao Amr ot _ T 11 1? 

cosh {<—y + — (@—a)> — cos — 

Oo Oo Oo 


where the summation > is extended over k's satisfying the inequality under the 
summation sign and p=(p,a), r=(rs, 6). 
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Then 


Pso)(0| 73 t) = o(a) — 2(—a@). 


Note that if 09 =7/m, with m an integer, the complicated integral is out, since 
the factor in front of it, to wit sin 7?/@)=sin mm, is zero; what remains in the 
resulting expression for v(a~) —v(—a@) is a collection of terms easily identifiable 
with those obtained by the method of images. 

Let us now assume that 7/2 <6)<7 and see what Ps(p. p; t) is in this case. 
In the expression for v(~) when we set 6=a the inequality under the >> sign 
becomes —7 <2k0)9<7 and only k=0 is allowed. In v(—a) the inequality is 
2a—7 <2kO)9<2a+7 and what k’s to take depends on a. 

We see that: 


as 
0< a < % > only k = 0 is allowed, 


as 
> <a < 4, only k = 1 1s allowed, 


but for 00>—7/2 <a<7/2 both k=0 and k=1 are allowed. (See Fig. 7.) 
Let us now put 7 =p (so that p=r) and write down in detail the expressions 
for P.s,)(p|p; £) in the three sectors. For 0 < a < 6) — 2/2 


y2 
eXp | 7 (1 — cos 20) | 
Ps(6| a3) = — 


drt drt 


ro? 
exp | - ” cosh y) 


T [o6) 
— (sin ) { dy 
Bo Ar 6 ot _ v r? 


cosh — y — cos — 
Ao ? Ao 


v2 
exp | ” cosh y| 


c a 1 
cosh ne + 2at <\ — cos — 
Bo 6 


0 0 


For 7/2 <a< 


exp | - (1 — cos 2(6) — a) | 


Ps(o| p3f) =~- — 
(| ) 2rt 27 


+ the same two integrals as above 
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a OD 
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and finally, for 09 —7/2<a<a7/2 


exp | 7 (1 — cos 2a) | exp | (1 — cos 2(6) — «)) 


Ps(p| p3t) = —— — — 
s(0| 05) Onl nl ert 


+ again the same two integrals. 


We should recognize 7?(1—cos 2a) (and 7?(1—cos 2(6)—a))) as being 26? 
where 6 is the distance from p to a side of the wedge. 


14. To simplify matters somewhat let me assume that the polygonal drum 
is convex and that every angle is obtuse. 

At each vertex we draw perpendiculars to the sides of the polygon thus ob- 
taining N shaded sectors (where N is the number of sides or vertices of our 


polygon). 
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Now let p bea point in Q. Stuff diffusing from p will either “see” the boundary 
as a straight line or, if p is near a vertex, as an infinite wedge. 

We may as well say that the boundary will appear to the diffusing particle 
as the nearest wedge, and that consequently we may replace Po(p| p; t) by 
P 8 (65) (p| p; t), where S(@,) is the wedge nearest to /. 

Now, each Ps(p| p; t) has 1/27t as a term and after integration over Q this 
gives the principal term 1 /2mt. Next, each P s(p\ p; t) contains two compli- 
cated looking integrals which have to be integrated over the wedge. 

Fortunately, the second of these integrates out to 0, while the first yields, 
upon integration over S(@9), 


1 (s “) f dy 
— —{| sin — — —— 
Sar Ao _ v rT 
(1 + cosh y)({ cosh 3,2 — cos 9, 
0 


0 


This is only the contribution of one wedge; to get the total contribution one 
must sum over all wedges. 
Thus the total contribution is 


if (: “\ dy 
— — }°( sin — —- 
Sr 4, Ao _ T r* 
(1 + cosh y){ cosh 3,2 — cos 
0 


0 


Finally, if p is in the shaded sector of the wedge S(6o) we get, on integrating 
over the sector, 


| "A 2 
2 _fexp| - = — cos °) 
ia f 
0 


2rt 


exp| — — (1 — cos 2(@) — | 


1 us 
+ — ‘rar = ~ 5 cot (oo ~ =), 
art | 27 2 


and the total contribution from the shaded sectors is —41/2m )5», cot (8) 7/2). 
The remaining contribution is easily seen to be 


1 0 v 
:—— (u — 26 >) cot (0 — *)) e~28°It 6 
drt 0 rn 2 


Finally, for a polygonal drum 
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v0 la} Lo 4 
Ant ~Y) i!) 
de art 4 f/2ri 


1 > ( “\f- dy 
— — sin — ————_— ) 
Sr 6, O97 J_. (1 + cosh y)(cos 1/00 y — cos 17/60) 


with the understanding that each 4 satisfies the inequality 7/2 <0@)<7. If the 
polygon has N sides, and if we let N—« in such a way that each #)—7, then 
the constant term approaches 


— Jd 


2r (* dy 
8rJ_,. (1 + cosh y)? ° 


This should strengthen our belief that for simply connected smooth drums the 
constant is universal and equal to §. 


15. What happens for multiply connected drums? 

If the drum as well as the holes are polygonal the answer is easily obtained. 
One only needs Ps¢,)(p| p; £) for 0 satisfying the inequality <6) < 2m and this 
is easily gotten from the general formula quoted above. 

Near the holes the diffusing particles will “see” concave wedges but nothing 
will change in principle. 

If we let all polygons approach smooth curves it turns out the constant 
approaches (1 —r)4, where 7 is the number of holes. It is thus natural to conjec- 
ture that for a smooth drum with r smooth holes 

co la} Lb 1 


ernt S -——— — — ——-+ (1— +7) }> 
2 2a 4A ~/2rt ( de 


and that therefore one can “hear” the connectivity of the drum! 

One can, of course, speculate on whether in general one can hear the Euler- 
Poincaré characteristic and raise all sorts of other interesting questions. 

As our study of the polygonal drum shows, the structure of the constant term 
is quite complex since it combines metric and topological features. Whether 
these can be properly disentangled remains to be seen. 


This is an expanded version of a lecture which was filmed under the auspices of the Committee 
on Educational Media of the Mathematical Association of America. 
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DERIVATIVES 
A. M. BRUCKNER anp J. L. LEONARD, University of California, Santa Barbara 


1. Introduction. In recent years there has been a considerable amount of 
research devoted to questions involving the derivative of a function of one real 
variable and its generalizations. This activity is due, in part, to the fundamental 
role played by the derivative in mathematics, and, also, to the difficulty of some 
of the interesting unsolved problems related to derivatives. It seems appropriate 
that some of the results of this activity, along with some of the interesting but 
not-so-well-known earlier results, be brought together and examined in one 
place. This is one of the purposes of the present expository article. 

In deciding which topics to include in this article, we have given preference 
to ones which can be discussed without first having to develop a great deal of 
machinery. In addition, we have leaned toward topics in which recent work has 
been done and for which unsolved problems can be stated. 

From the long list of references given at the end of this article, we single out 
the reference [192]. Many of the recent works on derivatives have their origin in 
this penetrating study by Zahorsk1. 


2. Preliminaries. In this section we present a few of the definitions and con- 
cepts which appear in the sequel. To avoid having this discussion become pro- 
hibitively long, we restrict ourselves to those notions which appear prominently 
later on. For other real variable concepts which appear in this article (for ex- 
ample: approximate continuity, /, sets, big and little o notation, density condi- 
tions) the reader is referred to the texts [50, 51, 56, 63, 64, 71, 132, 133, 173, 180 |. 

Throughout this article we shall be concerned with real valued functions of 
a real variable, usually defined on an interval |a, b]. Such a function belongs to 
Baire class 1 if it is the limit of a sequence of continuous functions. We define 
the other Baire classes inductively: if aw is a countable ordinal, then fis in Baire 
class a provided it is the limit of a sequence of functions each of which is in a 
Baire class whose index is less than a. Detailed studies of the Baire classes can 
be found in [3, 51, 56, 83, 133, 180]. We note that our definition is an inclusive 
one: if fisin Baire class 8 and a>§ then fis also in Baire class a. In some studies 
it is more convenient to have the Baire classes pairwise disjoint. This is the 
case, for example, in the recent text [133]. It is clear that every derivative is a 
function in Baire class 1. 

. A property possessed by every derivative of a continuous function is the 
Darboux property. The function f satisfies the Darboux condition (or f is a 
Darboux function) on |[a, b| provided the set f[/] is connected for every interval 
ITC fa, b|. This property is often called the intermediate value property, because 
a function has the Darboux property if and only if whenever x, and xe are points 
of [a, b| and y is a number between f(x1) and f(x), there is an x3 between x; and 
xe such that f(w3) =¥. 
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Although there are many articles in research journals which deal with 
Darboux functions, a systematic study of such functions has escaped the standard 
real variable texts. It is worth noting that the Darboux property is far weaker 
than the property of continuity. Thus, there exist functions which take on every 
real value on every perfect set [60]. Such a function obviously satisfies the 
Darboux condition but is nowhere continuous. Another indication of the size of 
the class of Darboux functions is the fact that every function is the limit of a 
sequence of Darboux functions [37]. One more remark: the definition requires 
that the image (not the graph!) of a connected set be connected. There are 
Darboux-Baire functions whose graphs are not connected [84: p. 82]. However, 
it is shown in [85] that if fis in Baire class 1, then f satisfies the Darboux condi- 
tion if and only if the graph of f is connected. (See also [24; 62: pp. 289, 290; 84: 
p. 81.) (It follows that every derivative has a connected graph.) For further 
remarks on this subject see [107]. The reader interested in Darboux functions is 
referred to the survey article [13]. 

We end this section by stating for reference the definition of two rather com- 
plicated density conditions due to Zahorski [192]. We refer to these important 
conditions in Sections 4, 12, and 14. 


DEFINITION. A nonempty set EC |a, b| ts said to be an M, set provided E is of 
type F, and there exists a sequence iF of closed sets and a sequence in} of num- 
bers, 0<yn <1, such that E=U,_, F, and for each xE F,, and every c>0 there ts a 
number e(x, c)>0 enjoying the following property: for any numbers h and hy such 
that hhy>0, h/hi<c, |h+h| <e(x, c) we have 


mE C\ (x + h,« +h + hy)) 
| hy | 


Yn 


We note that in this definition we require that the numbers 7,, can be chosen 
to be strictly positive. If we relax this requirement to allowing some or all of the 
n, to be zero, we arrive at the definition of an M3 set. The definition of M3; set 
can be stated in a different and perhaps simpler form: the set EF 1s an M3 set 
provided that if xC £ and | In} is a sequence of intervals not containing x such 
that iT, \ —x and m(I,(\E) =0 for all x, then 


mI 
lim — = 0 
n—~> dist (x, I,,) 


(The condition M, cannot be given in an analogous manner, see Lipiiski [91 |.) 


3. Continuity of the derivative. The student who has completed a first course 
in calculus is often not aware of the fact that the derivative of a differentiable 
function need not be continuous. In a later course he learns that the function fi 
given by fi(x) =x? sin (1/x), fi:(0) =0 is differentiable, but f/’ fails to be con- 
tinuous at the origin. He might never learn, however, just how badly discon- 
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tinuous a derivative can be. In this section we consider some questions concern- 
ing the continuity of derivatives. Our discussion points out, in addition, some of 
the pathological behavior possible of a derivative. 

To show that not every bounded derivative is Riemann integrable, Volterra 
[182 | gave an example of a function f, whose derivative is bounded but discon- 
tinuous on a set of positive (Lebesgue) measure. To construct such a function, 
he considered a nowhere dense perfect set PC|0, 1] of positive measure, and 
constructed a function which on each interval contiguous to P behaves, roughly, 
as the function fi (above) behaves on |0, 1]. This function, fo, was put together 
in such a way as to be differentiable on [0, 1] and to produce on all of P the 
singularity f; exhibits at the origin. More precisely, fg =0 on P, but fs oscillates 
between —1 and 1 in every neighborhood of an arbitrary point of P. It follows 
that fg must be discontinuous on P. For a precise formulation of such a function 
see Goffman |51: p. 210], Hobson [63: pp. 490, 491], or Thielman [173: p. 165]. 
A construction of the type referred to is possible relative to any nowhere dense 
perfect subset P of an interval J. Such subsets can have measure arbitrarily 
close to the measure of J, but since J/~P contains a dense open set, the set P 
cannot have full measure. It is natural to ask just how large the set of discon- 
tinuities of a derivative can be. Does there exist, for example, a derivative which 
is everywhere discontinuous? To see that this question must be answered in the 
negative, we need only observe that a derivative f’ is of Baire class 1 from which 
it follows that f’ must be continuous on a dense set |133: p. 143]. We weaken our 
requirement: is it possible for a derivative to be discontinuous except on a de- 
numerable set? Again the answer is “no.” To see this we recall first that the set 
of points of continuity of any function must be a Gs. Since this set must also be 
dense, as was seen above, it cannot be denumerable, for a dense Gs; must be non- 
denumerable. (This fact follows readily from the Baire category theorem.) 

We next ask whether or not it is possible for a derivative to be discontinuous 
on a dense set. To see that this question has an affirmative answer, we use the 
following approach. We seek a differentiable function whose derivative vanishes 
on one dense set but is different from zero on another. Such a derivative must, 
of course, be discontinuous at every point at which it does not vanish. The 
problem of constructing such derivatives is quite old. In 1887 Képcke [77] 
claimed to have given an example of a function f possessing the following prop- 
erties: (a) f has a bounded derivative f’ on [0, 1]; (b) the set on which /” is posi- 
tive is dense in |[0, 1]; and (c) the set on which f’ is negative is also dense in 
[0, 1]. Képcke’s original paper had a flaw which he corrected subsequently [78, 
79]. There followed a sequence of articles on the subject, culminating in 1915, 
with a lengthy and penetrating study by Denjoy [31]. In this study the author 
provided a detailed discussion of differentiable functions whose derivatives take 
on both signs in every interval. He comments on some of the previous works on 
the subject, including Képcke’s, and gives several methods of constructing such 
functions. Zalewasser [196] investigated the relative maxima and minima of 
such functions, obtaining results such as the following: Let A and B be arbitrary 
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nonoverlapping denumerable subsets of |a,b|. Then there exists a differentiable func- 
tion f, having a bounded derivative, such that A 1s the set of strict local maxima of f 
and B 1s the set of strict local minima of f. 

Functions of the Képcke type are too complicated to discuss here. However, 
a related kind of function, the so-called function of Pompeiu [151], is easier to 
understand and still exhibits the property that its derivative vanishes on one 
dense set but is different from zero on another. Again, the derivative of such a 
function is discontinuous at every point at which it does not vanish. Let us ob- 
serve that if dis any real number then the function (x—d)!/° has a finite deriva- 
tive except at d, at which point the derivative is infinite. Let 1A, } be any 
sequence of positive numbers such that A, <, and let id; } be any denumer- 
able dense subset of [0, 1]. Then the series >) A,(x—d,)*/8 defines a strictly in- 
creasing function f. It can be shown that f has a finite positive derivative at all 
points for which the differentiated series })3A,(x—d,)~2/? converges, and an 
infinite derivative otherwise. It can further be shown that the inverse function 
fis a strictly increasing differentiable function and its derivative vanishes on a 
dense set. A lengthy and detailed study of such functions can be found in Marcus 
[106, 113]. See also [11] and [90| for answers to some questions raised in [113]. 

Differentiable functions whose derivatives are discontinuous on a preassigned 
denumerable set idn (which may be dense) can be constructed by considering 
any uniformly convergent series of derivatives, > f,, such that the function 
fn is discontinuous only at d,, For example, the function f given by 
f(x) = 95", n-? cos (xn—d,)~! is a derivative with discontinuities on the set 
{dn}. (See Halperin [61 ].) 

We have seen that the set of discontinuities of a derivative can be dense, but 
that the set of points of continuity must also be dense and must be nonde- 
numerable. Finally, we ask: what are necessary and sufficient conditions on a 
set E that it be the set of discontinuities of a derivative? It is easy to verify that 
such a set must be an F, of the first category. Conversely, if FE is any first 
category F,, EC fa, b|, then E can be expressed as the union of an expanding 
sequence of nowhere dense closed sets /,. With each FE, we associate a “Volterra 
type” function f, with the property that if x»GE, then f,’ oscillates between — 1 
and 1 in each neighborhood of x». It is not hard to verify that the function f 
defined by f(x) = >-f,(«)/3” is differentiable on |a, b| and its derivative is con- 
tinuous at each point of ~#, but discontinuous at each point of H. Thus we have 


THEOREM. A necessary and sufficient condition that a set EC |a, b| be the set 
of discontinutties of a derivative, 1s that E bean F, of the first category. (Although 
we imagine that this theorem 1s known, we have been unable to find a reference.) 


In particular, there are derivatives which are discontinuous a.e. on |a, dD]. 
For if to each positive integer 2 we make correspond a nowhere dense closed sub- 
set E, of [a, b| having measure greater than b—a—1/n, then the set E which is 
the union of the /,’s is a first category F, of measure b—a. The result follows 
from the theorem above. 
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4, An unsolved problem. Many classes of functions can be characterized in 
terms of what the inverse mapping of a function in the class does to certain open 
sets. The chart below summarizes some of these characterizations. Let a be any 
real number and let 


Ef) = {wx: f(x) >a},  Ee(f) = fw: f(x) < a}. 


Then f is uf and only tf for all real a, B 

continuous E.Af) and E*(f) are open 

Baire class 1 E.Af) and E*(f) are sets of type F, 

Baire class — (€ a countable ordinal) (ff) and #%(f) are additive Borel class é if £ finite, +1 ifé 
infinite 

in some Baire class E.Af) and E*(f) are Borel sets 

upper semi-continuous Ef) is open 

lower semi-continuous E.df) is open 

measurable E*(f) and Fa(f) are measurable 

approximately continuous each xC E%(f)( \Eg(f) is a point of density of that set, and 


that set is an F,. 


It is natural to ask what the corresponding characterizations are for various 
classes of derivatives. This question has been studied by Zahorski [192]. In 
this work, he found necessary conditions and also sufficient conditions in terms 
of the sets E,(f) and E«(f) for a function to be a bounded derivative, a finite 
derivative, or a derivative, possibly infinite, but he was unable to find character- 
izations of these classes of derivatives. (See Section 14 for a more detailed discus- 
sion of Zahorski’s results.) The question of characterization of these classes is 
still open. 


5. Derivatives a.e. and universal generalized antiderivatives. As we saw 
in Section 4, the problem of characterizing derivatives in terms of the sets 
Ee(f) and/or E.(f) has not yet been resolved. We turn now to the problem of 
finding such a characterization for the class of functions which have the prop- 
erty of being almost everywhere the derivative of a continuous function. As we 
shall see, this requirement imposes very little restriction on a function. 

We first observe that every Lebesgue summable function is almost every- 
where the derivative of its integral. The same is true of any function integrable 
in the sense of Denjoy-Perron. (See Section 10.) There are, however, measurable 
functions not integrable in either of the above senses. In 1915, Lusin [97, 99] 
published the following theorem, which completely solves the problem of char- 
acterizing those functions which are derivatives a.e. of continuous functions: 
Every measurable function f (finite a.e.) 1s almost everywhere the derivative of a 
continuous function F. The condition of measurability of f as well as that of 
a.e. finiteness 1s obviously necessary as well as sufficient. Thus, the a.e. finite 
function f ts a.e. the derivative of a continuous function F if and only if f is mea- 
surable, or equivalently, if and only if each set of the form |x: f(x) <a} or of the 
form 1x: f(x)>a} is measurable. Of course the function f is not the only one 
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which is a.e. the derivative of /, but any other such function is equivalent to / 
(1.e., agrees with f a.e.). 

Let us see what happens if we weaken the requirement of being a.e. a deriva- 
tive still further. Let f be an arbitrary function on [a, b| and suppose there exists 
a sequence {hn} of numbers with /, | 0 and a continuous function F such that 


a.e. on [=|a, b|]. Then F may be called a generalized antiderivative of f. It is 
clear that such an Ff may be a generalized antiderivative of many functions not 
equivalent to f. How many? Marcinkiewicz [101] has proved the following 
remarkable theorem: There exists a continuous function F which ts a generalized 
antiderivative for every a.e. finite measurable function. (That is, # 1s a universal 
generalized antiderivative.) It was also shown in [101] that most functions are 
universal generalized antiderivatives, in that the class of continuous functions 
which are not universal generalized antiderivatives form a set of the first cate- 
gory in Cla, b]|. A proof of the theorem of Lusin and mention of the theorem of 
Marcinkiewicz can be found in [157: pp. 215-218]. 

Other results of the above type have been obtained by Sierpinski [163] and 
Eilenberg and Saks [35]. One such result [35] deals with the generalized anti- 
derivative of arbitrary (not necessarily measurable) functions: Let f be any func- 
tion defined on an interval I and let H be any denumerable set of real numbers. 
Then there exists a continuous function F such that 


f(x) = lim F[(x + h,) — F(x)|/hn 


NN > 0 


for every null sequence Ihn from H. (There is no exceptional set here; the result 


holds for all x.) 


6. Dini Derivatives. A function defined on an interval [= [a, 6] has defined 
at each point of J four Dini derivatives (except at a and b, at which only two of 
the Dini derivatives are defined). For example, the upper right Dini derivative 


of f, Dt f, is defined by 


D+f(x) = lim sup Set) = Ie) 
h->o+ h 


and the other three are defined in an analogous manner. An elementary result is 
that if one of the Dini derivatives of f is continuous at a point xo, then f 1s 
differentiable at x». 

In 1915 Denjoy [30] proved a theorem relating the four Dini derivatives for 
continuous functions. This was generalized to measurable functions by Young 
[189] in 1916 and to arbitrary functions by Saks [156] in 1924. 
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THEOREM. Let f be finite on {a,b |. Then, with the possible exception of a null set, 
la, b| can be decomposed into four sets: 

Ay, on which f has a finite (ordinary) derivative, 

A», on which Dtf=D_f (finite), D-f= «0, Dsf=—@, 

A3, on which Dtf=o0, Df=—«, Df=D.f Vinite), and 

Aa, on which Dtf=D-f=«, Dif=Df=a-—~. 


The theorem is valid if one replaces [a, b| by any set A (not necessarily mea- 
surable). 

Some immediate consequences of this theorem are the following: 

(1) An increasing function is differentiable a.e. (for the sets Az, A3, and A, 
are empty in this case); 

(2) A function of bounded variation 1s differentiable a.e. (for such a func- 
tion is the difference of two increasing functions) ; 

(3) If f is finite on [a, b], then the set on which /’ is infinite is a null set. 
(It is interesting to observe, by way of contrast, that there exist functions which 
have Dtf= «, even though f is right-continuous. Here, right-continuity cannot 
be replaced by continuity. See [7: pp. 125, 126; 124; 167].) 

The Denjoy-Young-Saks theorem has been extended by Garg [42], who 
showed that the exceptional null set also has an image of measure zero. Garg has 
also considered the set at which the Dini derivatives vanish. Some applications 
of this extension may be found in [43, 44, 45 |. For results on Dini derivatives of 
nowhere monotone functions, the reader is referred to Garg [46, 47, 48 |. 

For continuous functions the sets | Dtf¥ D-f} and | DifA#D_f} are small 
in the sense of category. The following result is due to Neugebauer [140]: Jf f is 
continuous then the sets | Dtf 4 D-f} and | Dif #D_f} are of first category. If in 
addition f ts of bounded variation on every closed interval, then these sets are of 
measure zero as well. The characteristic function of the rationals shows that con- 
tinuity cannot be dropped from the first statement; nor can the hypothesis of 
bounded variation be dropped from the second statement, as is shown by Ex- 
ample III of Denjoy [30]. Neugebauer’s theorem, as well as certain related re- 
sults, is a consequence of a result found in [203 |. 

Although a Dini derivative does not, in general, satisfy the Darboux condi- 
tion, some interesting results about the intermediate values taken on by Dini 
derivatives have been advanced by Morse [130]. One such result is the follow- 
ing: If f is continuous, — © <A< ©, if the set |x: Dtf(x) =X} is dense and the set 
|x: D+f(x) <n} is nonempty, then the set |x: D+ f(x) =)} has the power of the 
continuum. 

A derivative (finite or infinite) of a real valued function is always in Baire 
class 1. The corresponding statement for Dini derivatives is not valid, even 
for continuous functions. However, if f is in Baire class a, then the four Dini 
derivatives are in Baire class a+2 [162] and if f is measurable, then so are its 
Dini derivatives [4]. If f is not measurable, then the same may be true of its 
Dini derivatives. However, Hajek [58] has advanced the surprising result that 
for any finite function (measurable or not) the extreme bilateral derivatives 
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must be of Baire class 2. (The upper bilateral derivative of a function f is defined 
by 
7 x + h) — f(x 
f(x) = lm sup ek J) 


h-o h 


The lower bilateral derivative is defined analogously.) This result is the best 
possible, for there exists a function f satisfying a Lipschitz condition, with f 
not in Baire class 1 [168]. 


7. Approximate derivatives. In certain instances a function fails to have a 
derivative at a point Xo, yet the restriction of the function to a set whose comple- 
ment is very “thin” near x) has a derivative at xo. If one properly interprets 
“thin” in terms of density, then one arrives at the notion of an approximate 
derivative. 


DEFINITION. Let f be defined on |a, b|, and let xoE(a, b). If there exists a set E 
such that (1) x0oGE, (2) xo ts a point of zero density with respect to ~E, and (3) 


son £0. L080 


LX XN — Xo 


exists, for x restricted to E, then this limit ts called the approximate derivative of f at 
x) and 1s written f),(x0). (The obvious modifications are made if xo=a or 
Xo = b.) 


The notion of approximate derivative was introduced by Denjoy [29] and 
plays an important role in the theory of the Denjoy-Khintchine integral (see 
Section 10). 

The approximate derivative also arises in connection with certain questions 
involving the approximation of functions of several real variables. Thus, let f be 
defined on, say, the unit square S in Euclidean two-space. According to Lusin’s 
Theorem f is measurable if and only if for every €>0 there exists a function g 
continuous on S such that g=/f except on some set of measure less than e. 
Suppose we wish to approximate f in this sense by a function which 1s not only 
continuous, but also has a continuous total differential. This is possible if and 
only if f has an approximate total differential almost everywhere [216]. That is, 
in order that f have the property that for every e>0 there exists a continuously 
differentiable function g such that g=/f except on a set of measure less than e¢, it 1s 
necessary and sufficient that f be approximately differentiable a.e. This last 
condition is equivalent to the condition that the partial approximate deriva- 
tives of f exist a.e. [213], see also [157: p. 300]. (We note that the corresponding 
statement for ordinary partial derivatives is false. There is a continuous function 
of two variables whose partial derivatives exist a.e. but whose total differential 
exists nowhere [213: p. 515].) 

Approximate derivatives possess some of the properties of ordinary deriva- 
tives. Thus, if f is approximately differentiable on |a, db], then f/, is of Baire 
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class 1 and possesses the Darboux property (see IKhintchine |73, 74| and Tolstoff 
[174]). For a unified development of these results, among others, the reader is 
referred to Goffman and Neugebauer [53 |. 

If one allows the approximate derivative to be infinite, then the situation is 
a little different. Zahorski [191 | has given an example of a function f which has 
at every point an approximate derivative (finite or infinite), but f7, is not of 
Baire class 1, nor does it satisfy the Darboux condition. In the same article, 
however, he shows that if f has at each point an approximate derivative (finite 
or infinite), then f;, is of Baire class 2. In addition, f must be of Baire class 2 as 
well. In case f is approximately continuous and has at each point a finite or 
infinite approximate derivative, then f/, (as well as f) must be of Baire class 1. 
(See Tolstoff, [174].) In addition, f/, must satisfy the Darboux condition in this 
case [82]. Some additional results involving the Baire class of approximate 
derivatives can be found in Krzyzewski [81] and Matysiak [119]. 

It is of interest to note that while the set of discontinuities of a function 
having everywhere a derivative (possibly infinite) must be denumerable, 
Lipinski [92] has shown that the set of points of approximate discontinuity of a 
function having everywhere an approximate derivative (possibly infinite) can 
be nondenumerable, although the set must have zero measure and be of the first 
category. 

Under certain conditions a point of approximate differentiability is actually 
a point of differentiability. Thus if fis monotonic, fis differentiable wherever f 1s 
approximately differentiable [73, 74]. Khintchine has also shown that if an 
approximate derivative (possibly infinite) is dominated by an ordinary deriva- 
tive, then this approximate derivative is in fact an ordinary derivative. This 
result has been used by Tolstoff to prove that if f 1s approximately continuous 
and has at each point a finite or infinite approximate derivative /f7,, then except 
possibly on a nowhere dense set, {7 is the ordinary derivative of f. ([175]; see 
also [53].) 

In 1916 Denjoy [33] noted the following property of a (finite) derivative: 
If a< then the set Fag = 130: a<f"(x) <p} 1s either empty or has positive measure. 
This result was extended by Clarkson [26] to derivatives (which might be 
infinite) of continuous functions. A more detailed description of the sets Hag was 
advanced by Hsiang [65]. Finally, in 1962, Marcus [108] showed that the cor- 
responding results are valid if one replaces “derivative” by “approximate 
derivative” in the hypothesis and conclusion of Clarkson’s theorem. In case one 
allows the approximate derivative to be infinite at some points, additional as- 
sumptions are necessary. As mentioned in Section 4, Zahorski [192 | has obtained 
results concerning the structure of sets of the form yf’ (x) <B \ Corresponding 
results for approximate derivatives and Peano derivatives have been advanced 
by Weil [185] and Kulbacka [82]. 

Whether or not a function is approximately differentiable, it always has four 
extreme unilateral approximate derivates. For a detailed study of these, the 
reader is referred to Jeffery [71]. We mention the interesting fact, which may be 
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found on pages 198-199 of [71], that the theorem of Denjoy-Saks- Young for 
Dini derivatives (see Section 6 above) has a virtuaily identical analogue. If f 
happens to be measurable, then the sets which correspond to Az and A; (of Sec- 
tion 6) are null sets. For results on nonmeasurable functions, see Chow [25]. 

It is of interest to note that for functions of several variables the extreme unt- 
lateral partial approximate derivatives of a function f reflect the measurability 
properties of f, whereas the partial Dini derivatives do not. Thus if f is a Le- 
besgue (Borel) measurable real valued function of several variables, the same is 
true of its extreme unilateral partial approximate derivatives. On the other 
hand, there are Lebesgue (Borel) measurable functions of two variables whose 
partial Dini derivatives are not Lebesgue (resp. Borel) measurable. It is true, 
however, that if f is continuous (Borel measurable), then its partial Dini deriva- 
tives are Borel measurable (resp. Lebesgue measurable). (For functions of one 
real variable, the Dini derivatives as well as the extreme unilateral approximate 
derivatives inherit the Lebesgue or Borel measurability of the primitive func- 
tion.) For results of this sort see [83: p. 421], [157: pp. 113, 171, 299], and [209 |. 

We conclude by mentioning that the word “thin” mentioned in the introduc- 
tory paragraph can be interpreted in other ways, giving rise to different sorts of 
derivatives. Thus, for example, S. Marcus [111, 112] has interpreted “thin” in 
terms of category (rather than measure) and arrived at the notion of a qualita- 
tive derivative. The notion of “preponderant” derivative, due to Denjoy [29], 
is related to the notion of approximate derivative but the complements need not 
be quite so “thin” for a preponderant derivative to exist as for an approximate 
derivative to exist. For a fuller discussion of this matter in a slightly broader 
context, consult Section 8. 


8. Other generalizations of the derivative. It is scarcely surprising that such 
a fundamental concept as the derivative has received generalization in a number 
of different directions for various special purposes. Many generalizations are 
arrived at by weakening the sense in which the limit of the difference quotient 
| f(« +h) —f(x) |/h is obtained, although other avenues of definition are some- 
times used. Usually the existence of the generalized derivative together with 
some regularity condition implies the existence of the ordinary derivative, and 
the restrictiveness of this regularity condition can be used as an index of the 
degree of generalization obtained. Where the ordinary derivative exists, it is 
equal to the generalized derivative. We shall give the definitions of various 
generalizations and discuss briefly some of the more important among them. 

The Dini derivates, discussed in Section 6, represent the first generalization 
of the ordinary derivative, in that we do not restrict ourselves to the limit of 
the difference quotient, which limit may fail to exist, but rather consider the 
one-sided limit inferior and limit superior. In this way we are assured of the 
existence of these derivatives at each two-sided limit point of the domain of the 
function. We need only be given the continuity of one Dini derivate at a point to 
conclude the existence of the ordinary derivative at that point. 
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The approximate derivative, discussed in Section 7, is a natural generaliza- 
tion of the ordinary derivative in which the limit of the difference quotient is 
taken in the metric sense of the approximate limit. As pointed out in Section 7, 
an approximately continuous function with an approximate derivative every- 
where in an interval |a, b| possesses an ordinary derivative on a set of intervals 
which is dense in |a, b] (see [174]). 

Weakening the density requirements for the existence of a limit in the defini- 
tion of approximate derivative (see Section 7) to the set E has mean density greater 
than 1/2 on all sufficiently small intervals including xo, we obtain the preponderant 
derivates and derivative of Denjoy [29]. Replacing metric considerations with 
the concept of category, one arrives at the approximate qualitative derivative 
defined by S. Marcus [111, 112], where the upper qualitative limit of f at xo is 
defined as inf ly: jx: f(x) >y} is first category at xo , the lower qualitative limit 
is similarly defined, and these limiting operations are applied to the difference 
quotient to yield approximate qualitative derivates, which share many of the 
properties of the Dini derivates. 

In taking the limit of the difference quotient, we may restrict ourselves to 
considering only values of x» +h which belong to a given set /, which set has xo 
as a limit point. This will give us the derivative of f relative to the set E. Many of 
the theorems found in Saks [157] hold for this form of the derivative. Similar in 
concept is the congruent derivative of Sindalovskii [164, 165, 212], in which the 
values of # used in forming the difference quotient are restricted to belong to a 
set Q, which has 0 as a limit point, but where this difference quotient is defined 
for every x€ |a, b], always using the same set Q. The idea of passing to the limit 
while neglecting values obtained on “negligible” sets belonging to a particular 
family has been advanced by Cs4szar [27]. 

Changing the form of the difference quotient gives rise to many generaliza- 
tions of the derivative. The most common is the symmetric derivative (also 
called the Riemann derivative), defined by 


fa) = [fw + h) — fle — hy]. 


1 
lim — 
noo 2h 
This derivative has the virtue of not involving the behavior of f at the point x 
itself. It is widely used in the theory of trigonometric series. (See, for example, 
[198, 199].) The existence of the symmetric derivative at all points of a set E 
implies the existence of the ordinary derivative a.e. in E [73]. The symmetric 
derivative is nicely arrived at through decomposing the function f at xo into its 
even and odd parts: 


| 


do (t) = $lf(ao + £) + f(a — 8], 
aot) = 4[f(%o + 1) — f(a — a]. 


The differentiability of the odd part at t=0 is then equivalent to the existence 
of the symmetric derivative, while the differentiability of the even part is equiv- 
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alent to the property of smoothness [197, 139] (see Section 9). The higher 
Riemann derivatives, given by 


fA (40) = lim a > —ayiy(« + i(= — ‘)), 
ho hh :=0 2 


extend the symmetric derivative [18, 20, 72, 199]. The second Riemann deriva- 
tive is often called the Schwarz derivative. 
The difference quotient may be varied in other directions. The simplest 
variant is 
, F(x2) — f(%1) 
f*(%o) = lim — — 


£1,022 VQ — X4 
Tix~ x2 


This definition was considered by Peano [146], who felt that it portrayed the 
concept of the derivative used in the physical sciences more closely than does 
the usual definition, since f* is always continuous, and coincides with f’ whenever 
f’ is continuous. This definition has been recently reconsidered by Esser and 
Shisha [36]. Another variation is Sindalovskii’s derivative [166], 


og = 0) = He = 60) = 


rn-0 h 


where @ is an arbitrary function, defined in a neighborhood of the origin, which 
approaches 0 with h. Murav’ev [131] dealt with the Gateaux derivative, 


_ fet hel) =F) 
h-0 h 


nnn ees 


where f is differentiable (in the ordinary sense) on fa, b], and a(x) is any 
bounded function defined on |[a, 5]. The linear function in the denominator of 
the difference quotient may be exchanged for an arbitrary function g(x), yielding 
the derivative with respect to g given by 


_ f(%o) — f(a) 
lim — 


[88]. 
samaad g(%o) _ g(x) 


The physical sciences, in particular thermodynamics, led Borel to define a 
mean derivative [10], 


; 1 


h-0 6-0 h 


[HIRI 


Sargent [158] extended this definition to parallel the Dini derivates, and 
Marcinkiewicz and Zygmund [103] extended his results to a “smooth Borel 
derivative.” 
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In a masterly paper, Khintchine [73] considered various candidates for a 
“sveneralized derivative,” establishing their properties and constructing examples 
to illustrate a hierarchy of generality. The symmetric derivative was discarded 
since its existence, save on a null set, implies the existence of the ordinary deriva- 
tive a.e. The Borel derivative generalizes the symmetric derivative and lacks 
this “flaw,” but is itself generalized by the approximate derivative. The approxi- 
mate derivative, however, is generalized by la dérivée générale of f, which is a 
function fj, , defined only a.e., such that for any e>0, 


7 i, if +) = fe) 
w: 


— fi (0) > ef 


tends to 0 with 2. The existence of f/, a.e. on an interval implies the existence of 
fy on the interval, and fj,=f,/ a.e., while Khintchine constructed a function f 
such that f/ exists on [0, 1], and f/, only on a null set. However, [/ bows to 
la dérivée généralisée, {¢ , defined even less uniquely, which is any function with 
the property that, for some sequence {h,} decreasing to 0, we have 
[f(x +h») —f(x) |/h, fd a.e. This treatment reflects the generalized antideriva- 
tive of Section 5. Khintchine closed by constructing a continuous function which 
fails to have even a dérivée généralisée. 

A completely different approach, which yields a generalization of ordinary 
derivatives of order greater than one, 1s given by polynomial approximation toa 


function. If f(v»> +h) can be expressed as 
h? hr 
f (xo + hh) = f(%o) + hfi(eo) + 5) 20) tot Sy dnb) + oh”), 


then the f;’s are referred to as the ith Peano derivatives [145] (referred to by 
Denjoy [32] as differential coefficients, and sometimes called de la Vallée 
Poussin derivatives [181], although this latter term is also used otherwise [199 ]). 
The nth Peano derivative f, always equals the mth ordinary derivative when the 
latter exists. Oliver [143] studied the exact mth Peano derivative, which is one 
which exists at every point of an interval, and showed that it 1s of Baire class 1, 
enjoys the Darboux property and the Denjoy property of Eas, and coincides 
with the ordinary nth derivative on a dense open set. A side condition for the 
existence everywhere of the zth ordinary derivative is that the mth Peano deriva- 
tive be bounded either above or below. If the mth Riemann derivative exists 
everywhere on a set £ of positive measure, then the mth Peano derivative exists 
a.e. on E [103]. 

Generalization of the Peano derivative leads to the LZ? derivative: if fEL?, 
1<p< om, in some neighborhood of xo, and if a polynomial 


po= De 


a=0 U. 


exists such that 
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— f ls +1) — PW) a = o(h"), 


then f 1s said to be differentiable of order ” at x» in L?, and f; is the 7th L? deriva- 
tive. This generalization was introduced by Calderén and Zygmund [21, 22| 
because the property of differentiability in L? at a point is preserved under vari- 
ous integral transformations, and was applied to solving partial differential 
equations. The L? derivative has been used recently to establish the differentia- 
bility a.e. of functions [136, 138, 169] (see Section 9). Weiss [186] considered 
the symmetric kth derivative in L®, and generalized the result that the existence 
of the kth symmetric derivative implies the existence of the kth (Peano) deriva- 
tive a.e. Higher dimensions are considered in [215]. 

The nth Taylor derivative also arises out of considerations of polynomial 
approximation. It is defined [19, 20] as 


n! n—-1 fyb 
Fiv(a) = tim LHe +) — O = FC |, 
noo A” 40 Rk! 
where f® is the ordinary th derivative. Butzer [19] and Gérlich and Nessel 
[55 | studied the relationships between the Riemann, Peano, Taylor, and ordi- 
nary nth derivatives (listed in order of decreasing generality), where convergence 

was considered in both the usual metric and in the Z? norm. 

For those interested in further generalizations of the derivative, we men- 
tion the fluents [126] and multiderivative [125, 127| of Menger, the Hélder 
and Cesaro derivatives of order » [152], the fractional derivative of Kuttner 
[86], Minetti’s right oscillatory derivative [128], O’Neill’s work on generalized 
derivates [144], and Shukla’s on nonsymmetric differentiability [160, 161]. 

The extension of the concept of derivative to spaces other than the real line 
gives rise to a vast literature, which we will not explore. Introductions to this 
field are provided by Bégel’s paper on higher-dimensional differentiation [9], 
Fréchet’s study [39] of various definitions of differentiability in the plane, and 
the article of Rinehart and Wilson on differentiation in algebras [153]. 


9. Points of differentiability. Since the existence of the derivative of a func- 
tion f at a point implies a certain degree of good behavior of f at that point, it is 
most natural to study the set of such points of differentiability. It is especially 
desirable to find under what conditions this set is large, and it is also of interest 
to know something about the size of the image of this set under /. We discuss 
these questions in this section. 

If f’ is defined and finite at x then x is a point of differentiability of f; if f’ 
is defined (possibly infinite) at x, then we call x a point of extended differentia- 
bility. We let D represent the set of points of differentiability of /, and D* the 
points of extended differentiability, and also let N=~D, N* =~D*. 

The first result encountered is that a function which 1s monotonic on an 
interval has a finite derivative almost everywhere on that interval. The conclu- 
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sion carries over easily to functions of bounded variation (Lebesgue’s Vheorem 
[157: p. 223]), and to functions which are VBGx. Indeed, in these cases, not 
only is mN=0, but mf|N*]=0. ([157: p. 230], due originally to Denjoy and 
Lusin). A condition, phrased in terms of a more restrictive notion of absolute 
continuity, which is both necessary and sufficient for f to be differentiable 
almost everywhere, under the restriction that f is continuous, has been presented 
by Pettineo [149, 150]. 

The property of smoothness (see Section 8) and the related property A are of 
interest in investigating the differentiability of a function [197, 138, 170]. The 
function f is smooth at Xp if 


A.(h) = fw + h) + fle — h) — 2f(e) = off); 


f satisfies condition A if this A,(h) =O(h). 

A continuous smooth function f on (a, b) has the property that the set D of its 
points of differentiability has the power of the continuum in every sub-interval 
of (a, b) [197]. Furthermore, /’ satisfies the Darboux condition on D. (See 
[197 ]|.) If the continuity of f isreplaced by measurability, the result on differenti- 
ability still holds, but in order to conclude the Darboux property of f’ we need to 
know that D is “small” in the sense that m( DOI) <m(J) for each interval 
TC(a, b) [139]. 

If f satisfies condition A, then we may state a necessary and sufficient condi- 
tion for the differentiability of f a.e.: A measurable function f satisfying condition 
A at each point of a measurable set E 1s differentiable a.e. on E 1f and only if for 
almost every xCE there is an nz such that h~|A,(h) |? is summable over (0, ne). 
The necessity is due to Marcinkiewicz [102], and the sufficiency to Stein and 
Zygmund |{169]. The summability of h~!|A,(h) |? a.e. is equivalent to the exis- 
tence of the L? derivative a.e. [169]. 

The condition A is dispensed with in a similar result due to Neugebauer 
[136]: A measurable function f is equivalent to a function differentiable a.e. on a 
measurable set E tf and only wf for almost every xCE there 1s an nz>O such that 
|A.(h) |?/h?p(h-'A,(h)) is sammable over (0, nz), where the function @ is given 
by d(x) =1- | x | in (—1, 1), d(x) =0 elsewhere. 

Properties which are relevant to a discussion of differentiability are Banach’s 
conditions (Ty) and (T2) and Lusin’s condition (N). For f defined on J= |a, 6] 
and yEf|I], we call the set \x: f(x) =y} a level set of f. We say that f satisfies 
condition (7) if, for almost all yEf|T], the level sets are finite, and (f2) if the 
level sets are at most denumerable. The condition (JV) is satisfied if BCJ and 
mB=0 imply that mf|B|=0 also. 

Marchaud [100] showed that if each level set of a continuous function f is 
finite, then f is differentiable almost everywhere. losifescu [68] has given a 
direct demonstration of this theorem, and has extended the result to discon- 
tinuous functions for which the set of points of nonmonotonicity (1.e., points 
having no neighborhood on which the function is monotonic) has measure zero. 
If the finiteness of the level sets is extended to denumerability, the result is al- 
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most totally lost, for losifescu has given a construction of such a function f/,, for 
which mD <e, where ¢ is any arbitrarily preassigned positive number [67]. 

If fiscontinuous and satisfies property (4), then a theorem of Banach’s [157: 
p. 286| assures us that D has positive measure. Weakening the hypothesis by 
replacing (V) with (71), we can conclude only that N* has an image of measure 
zero (a property that characterizes continuous functions which are (7) [157: 
p. 278]). Still further weakening the hypothesis to (72), we can conclude only 
that D* is nondenumerable, but can say nothing about its measure. 

Finally, we know that it is possible for a continuous function to be so badly 
behaved as to be nowhere differentiable. It may be that D is empty but D* is 
not empty, as in Cellerier’s example [23], or we may even have D* empty, as in 
Weierstrass’ function [184], which does, however, admit one-sided derivatives 
on a dense set. Even this last remnant of good behavior can be removed, as in 
Besicovitch’s example |6, 147], which at no point has even a unilateral deriva- 
tive (even infinite). These are all discussed in Jeffery [71]. Functions such as 
Besicovitch’s are “much rarer” than those of Weierstrass’ example, in the sense 
that the former constitute a first category set in Cla,b| while the latter form the 
complement of a first category set [5, 123, 155]. 

We pass from the study of the size of D and WN to considerations of the 
structure of these sets. Through use of the concept of convergence classes |62: 
p. 309] one can prove that D is an F,5. The same is true of the set of points of 
left-differentiability or points of right-differentiability. It is not the case, how- 
ever, that each G;, is the set N for some function f. Zahorski [190, 193] showed 
for continuous functions that the set N is the union of a G; with a null Gs, and 
that any set of this form is the set of points of nondifferentiability for some 
continuous function. Exactly the same statement is true of N*. For a function 
of bounded variation, the G; is dropped from the theorem. Brudno [17] ex- 
tended the results to arbitrary functions, with exactly the saime conditions hold- 
ing. Zahorski’s proof has been simplified by Piranian [211]. 

Since the distinction between having a derivative (possibly infinite) and hav- 
ing a finite derivative is so often critical (see, for example, Section 10 on inver- 
sion of derivatives), it is of interest to know just where a derivative may take 
on infinite values. We know from our discussion of Denjoy’s theorem on Dini 
derivatives that the set hac: f’ (xc) is infinite | has measure zero. Conversely, for 
any set & of measure zero, there is a simple construction of a continuous, in- 
creasing function fg with ff=+ on E (see [132: p. 214]). Jarnik [70] gave 
a construction of a continuous function with an infinite derivative on an arbi- 
trarily given null G; and with finite Dini derivatives elsewhere, and Zahorski 
[195] improved this result to present an everywhere differentiable (in the ex- 
tended sense) function with this property. For other results of this nature see 
Bojarski [200], Lipifski [208], Marcus [116], and Piranian [210]. 

The most complete result in this direction is due to Tzodiks |[177, 178, 179]: 
For a finite function f, necessary and sufficient conditions for the sets EF, and Ez to 
be sets where f'=+« and f’/=—o respectively are: (1) Fi and Ey be Fys5’s with 
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measure zero, and (2) there exist disjoint F,’s Hy and Hy, with Fy CAM, B,C». 
Other results concerning infinite derivatives are given in Filipczak [38, 204], 


Garg [49], Kronrod [80], Landis [87], Marcus [109, 116], and Marczewski 
[118]. 


10. Inversion of derivatives. We shall be concerned in this section with that 
half of the fundamental theorem of calculus which, roughly, recaptures a func- 
tion from its derivative. The form which this theorem usually takes in elemen- 
tary calculus is: Let f be continuously differentiable on |a, b]. Then 


( 40) —f@) = [P@) ae 


the integral being taken in the sense of Riemann. The requirement that f’ be 
continuous is usually weakened in a course in advanced calculus to the require- 
ment that f’ be Riemann integrable. The example of Volterra cited in Section 3 
shows that this latter restriction cannot be weakened to insisting merely that f’ 
be bounded. Now a desirable property of an integral is that the fundamental 
equation (*) hold for any derivative f’, irrespective of whether or not f’ is con- 
tinuous or bounded. The above consideration shows that the Riemann integral 
does not have this property, even for bounded derivatives. The Lebesgue inte- 
gral does a little better. The relevant theorem for Lebesgue integrals asserts 
that (*) holds whenever f’ is summable. In particular, (*) holds for Lebesgue 
integrals whenever f’ is bounded. If f’ is not bounded, then f’ might fail to be 
summable. The function f(x) =x? sin x7’, f(0)=0 furnishes an example of a 
differentiable function on |0, 1] whose derivative is not summable over any 
interval containing the origin. The difficulty, of course, les in the fact that 
{\f'| = over any such interval. It is of interest to note that even derivatives 
which are “tied down” by vanishing on a dense set of points (see Section 3) can 
be so large elsewhere that f’ fails to be summable. (See [11] and [90].) We have 
seen that equation (*) is not valid for Lebesgue integrals in general. 

Perron [148] and Denjoy [28, 34] independently defined integrals, both 
more general than the integral of Lebesgue’s, which completely solved the prob- 
lem of recapturing a function from its (finite) derivative; more precisely, of 
integrating arbitrary derivatives so that (*) holds. Although the methods of 
Denjoy and Perron were entirely different in approach, Hake [59], Alexandroff 
[1,2], and Looman [96] proved that these two integrals were entirely equiva- 
lent; i.e., if a function is integrable in one of the two senses, it is integrable in the 
other, and the two integrals are equal. Thus, this integral is usually called the 
Denjoy-Perron integral. 

In 1916 Khintchine [75, 76] modified the Denjoy construction to give rise 
to a more general integral, now referred to as the Denjoy-Ichintchine integral, 
which integrated arbitrary approximate derivatives of continuous functions. 
Descriptive definitions of the Denjoy-Perron and Denjoy-Khintchine integrals 
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were advanced by Lusin [98]. For a development of the Perron integral and 
both the constructive and descriptive definitions of the Denjoy-Perron and 
Denjoy-Khintchine integrals, see Saks [157]. An elegant development of the 
Perron and the Denjoy integrals, along with a proof of their equivalence, can be 
found in Natanson [133; Chap. 16]. A detailed discussion of how a function 
may be recaptured from its derivative in a countable number of steps is given 
in Jeffery [71]. 

For purposes of comparison we state the descriptive definitions of the 
Lebesgue, Denjoy-Perron, and Denjoy-Khintchine integrals. We begin with the 
definitions of four generalizations of the notion of absolute continuity of a func- 
tion defined on an interval |a, b|: Let / be continuous on |a, b| and let EC [a, db]. 
Then F is called AC(AC,) on FE provided that for any e>0 there exists a 6>0 
such that if | (an, bi |} is any sequence of nonoverlapping intervals with end- 
points in & and with S 5 (b,—ax) <6, then >| fy) —f(ax)| <e (dw. <e, where 
w, denotes the oscillation of fon [a;, bx ]). If [a, b] =UE;, such that Fis A C(A Cy) 
on each set Ey, then F is called ACG(ACGx) on |a, 0]. 

Descriptive definition of the Lebesgue integral: The function F is called the 
Lebesgue integral of a function f provided that: 

(a) Fis absolutely continuous on |a, 0], and 

(b) F’=f ae. 

Descriptive definition of the Denjoy-Perron integral: The function / is called 
the Denjoy-Perron integral of a function f provided that: 

(a) Fis ACG on fa, bj, and 

(b) F’=f a.e. 

Descriptive definition of the Denjoy-Khintchine integral: The function F is 
called the Denjoy-Khintchine integral of a function f provided: 

(a) Fis ACG on fa, 6b], and 

(b) Mij=f a.e. 

For a detailed development of the relevant concepts, the reader is referred to 
Saks [157]. 

We conclude by observing that the derivatives considered in this section are 
taken to be finite. This requirement cannot be entirely deleted, for there exist 
two continuous functions F and G, such that f’=G’, yet F—G is not constant. 
These derivatives are equal to + on the Cantor set, and finite elsewhere. The 
difference /—G is the Cantor function. The first to notice the existence of two 
such functions was Hahn [57]. See, also, Ruziewicz [154], and Saks [157: pp. 
205, 206]. 


11. Stationary sets and determining sets. A standard theorem of elementary 
calculus asserts that if the derivative of a differentiable function vanishes on an 
interval, then the function is constant. One might ask the question: “On how 
large a set must the derivative be known to vanish, before it is known to vanish 
identically?” This leads us to the notion of a stationary set for a class of func- 
tions. 
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DEFINITION. Let © be a collection of functions defined on |a, b|. A subset E of 
la, b] with the property that whenever fE @ is constant on E, then f must be constant 
on |a, b|, is said to be a stationary set for @. 


For example, if @ consists of the continuous functions on [a, b], then the sta- 
tionary sets for @ are the dense sets, while if © consists of the analytic functions, 
then the stationary sets for © are those which contain at least one limit point. 

If the collection of functions @ is closed under the operation of subtraction, 
then every stationary set for @ is also a determining set for ©. That is, two mem- 
bers of @ which agree on this set must agree on all of [a, 6]. 

In recent years, the stationary sets and the determining sets for various 
classes of derivatives, as well as certain related classes of functions, have been 
characterized. See Boboc and Marcus [8], Bruckner [12], Bruckner and Leonard 
[16], Goffman and Neugebauer [52], Marcus [104, 105, 110, 114, 115, 117], 
Neugebauer [134], Sunyer Balaguer [171, 172]. The results of those investiga- 
tions which bear directly on our subject are tabulated in the chart below, which 
lists the characterizations of stationary sets and determining sets for various 
classes of functions defined on |a, 6. If A is aset then m,(A) denotes its Lebesgue 
inner measure and card (A) its cardinality. 


12. Intervals of constancy. An interesting function encountered by students 
of a course in real variables is the Cantor function f. This function is defined on 
[0, 1] with f(0)=0, f(1) =1. It has the property that although it is continuous 
and nondecreasing on [0, 1], it is constant on every interval contiguous to the 
Cantor set P. Thus f’=0 except on P. It can be shown, however, that f fails 
to have a derivative, finite or infinite, on a non-denumerable set. A natural 
question to ask is whether one can in some way “smoothe” the Cantor function 
to arrive at a differentiable function f such that f(0) =0, f(1) =1, and f’=0 on 
~P. The answer is in the negative, in view of the following result due to Zahor- 
ski [192: p. 21]: If a continuous nonconstant function f of bounded variation has 
almost everywhere a vanishing derivative, then f fails to be differentiable on an un- 
countable set. 

This theorem does not eliminate the possibility that a nonconstant function 
be differentiable on an interval, yet constant on each interval of a set of intervals 
whose union is dense in |0, 1]. Such functions have actually been constructed: 
see Zahorski [194]. In fact, the following statement is valid [192; p. 43]: A 
necessary and sufficient condition that E be the set of zeroes of a bounded derivative 
is that ~E be an My, set. Using this theorem one can prove the following [15]: 
Let G be an open dense subset of |a, b| and let P=~G. A necessary and sufficient 
condition that there be a differentiable function f defined on |a, b| such that f is 
constant on each component interval of G, but not constant on any open interval con- 
taining points of P, 1s that the intersection of P with any arbitrary open interval is 
either empty or has positive measure. 
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CLASS OF FUNCTIONS 


I. Derivatives 
Derivatives (possibly infinite) 
Derivatives (possibly infinite) of 

continuous functions 

Finite derivatives 
Bounded derivatives 
Riemann integrable derivatives 
Bounded semicontinuous derivatives 


Il. Approximate derivatives 
Approximate derivatives (possibly 
infinite) 

Approximate derivatives (possibly 
infinite) of Darboux functions 
Approximate derivatives (possibly 
infinite) of approximately con- 

tinuous functions 
Approximate derivatives (possibly 
infinite) of continuous functions 
Finite approximate derivatives 


Dini derivatives 

Dini derivatives of Darboux Baire 
functions 

Dini derivatives of continuous 
functions 

Finite Dini derivatives of continuous 
functions 


IIT. 


IV. Darboux functions 
Darboux functions 


Measurable Darboux functions 


Darboux Baire functions 

Darboux Baire class 1 functions 

Lower semicontinuous Darboux 
functions 

Approximately continuous lower 
semicontinuous functions 


FIs A STATIONARY SET 
IF AND ONLY IF 


EIS A DETERMINING SET 
IF AND ONLY IF 


E = [a, 6] 
mi ~E) = 0 
mi( ~E) = 0 
mii ~E) = 0 
FE is dense 
mi( ~E) = 0 
E = |a, 6] 


(See Note Below) 


mil ~E) => 0) 
m( ~E) = 0 
m;( ~E) = 0 


FE meets every perfect set 
FE meets every perfect set 


FE meets every perfect set 


card ( ~E) <c 

FE meets every uncount- 
able measurable set 

E meets every perfect set 

E meets every perfect set 

E meets every perfect set 


m;( ~E) = 0 


E is dense 
mil ~E) = 0) 


E = fa, | 


E meets every perfect set 


FE meets every perfect set 


E = [a, b] 
E = [a, b] 
E = [a, | 
E = [a, d| 


E meets every perfect set 


m;( ~E) = 0 


, Note. A necessary condition for £ to bea stationary set for the class of approximate derivatives 
(possibly infinite) of Darboux functions is that m;( ~£)=0; a sufficient condition ts that E meet 


every perfect set [12]. 


We also note that the stationary sets and the determining sets for both the class of approxi- 
mately derivable functions and the uniform closure of this class are the sets which are dense in the 


interval [a, b| [134]. 
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13. Monotonicity. According to a theorem of elementary calculus, a differ- 
entiable function f whose derivative is nonnegative on an interval J must be 
nondecreasing on that interval. This theorem has been generalized in many 
ways. For example, the differentiability of f has been replaced by a weaker 
regularity condition, the derivative has been replaced by various types of gen- 
eralized derivative, and the set on which the derivative is assumed to exist, as 
well as the set on which it is assumed to be nonnegative, has been assumed to be 
less than all of the interval J. For example, the standard monotonicity theorem 
which appears in the theory of Lebesgue integration asserts that a function 
which is absolutely continuous and has a nonnegative derivative a.e. must be 
nondecreasing. A similar theorem involving the approximate derivative appears 
in connection with the integral of Denjoy-Khintchine. 

In this section we consider several theorems whose conclusions are that a 
function is nondecreasing. We begin with a theorem of Goldowski [54] and 
Tonelli [176] (see also [157; p. 206]). 


THEOREM. Let f be a function satisfying the following conditions on the interval 
[: 
(i) fits continuous, 
(ii) f’ exzsts (finite or infinite), except perhaps on a denumerable set, 
(ii) f’ 20 ae. 
Then f 1s nondecreasing on I. 


We note that condition Gi) cannot be weakened to the condition that the 
derivative exists except perhaps on a null set. This can be seen by considering 
the negative of the Cantor function. 

In 1939 Tolstoff [175] obtained an improvement of the theorem of Goldow- 
ski-Tonelli. 


THEOREM. Let f be a function satisfying the following conditions on an interval 
[: 
Gi) fis approximately continuous, 
(i1) fi, extsts (finite or infinite) except perhaps on a denumerable set, 
(iil) fi, 20 ave. 
Then f ts continuous and nondecreasing on I. 


Another generalization of the Goldowski-Tonelli theorem was obtained by 
Zahorski [192: p. 19] in 1950. 


THEOREM. Let f be a function satisfying the following conditions on an interval 
[: 
G) fts a Darboux function, 
(ii) f’ exists (finite or infinite) except perhaps on a denumerable set, 
Gil) f’ 20 ae. 


Then f 1s continuous and nondecreasing on I. 
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We note that Zahorski’s Theorem is stronger than Tolstoff’s in so far as 
Zahorski assumed only Datrboux continuity instead of approximate continuity 
of f. On the other hand, his theorem is weaker in so far as conditions (ii) and (iii) 
involve the ordinary derivative instead of the approximate derivative. We would 
like a theorem which implies both Tolstoff’s Theorem and Zahorski’s Theorem. 
An obvious candidate for such a theorem is obtained by considering the weaker 
of the corresponding conditions of the two theorems. That is, must a Darboux 
function satisfying conditions (11) and (iit) of Tolstoff’s Theorem be nondecreas- 
ing? This question is answered in the negative, as can be seen by considering 
the example below. This example is a slight modification of an example found in 
[191: pp. 321, 322]. 

Example. Let f be a function satisfying the following conditions on the inter- 
val (0, 1). 

(1) If (a, 0) is an interval contiguous to the Cantor set then f(a) =0, /(0) =1 
and f is continuous and nondecreasing on |a, 0], 
(ii) If x is a two sided limit point of the Cantor set then f(x) =1. 
Git) Every two sided limit point of the Cantor set is a point of density of the 
set {x: f(x) =1}. 
It is not difficult to verify that this function has the required properties. 

So our first attempt to obtain a simultaneous generalization of the two 
theorems fails. What next? We note that hypothesis (i) of Tolstoff’s Theorem 
implies that f be in Baire class 1. The same is true of hypothesis (11) in Zahorski’s 
Theorem. (The function in our example is in Baire class 2, but not in Baire 
class 1.) What happens if we add the requirement that f be in Baire class 1? 
That is, if f is a Darboux function in Baire class 1 and satisfies conditions (ii) 
and (iii) of Tolstoff’s Theorem, must f be nondecreasing? This question was 
asked by Zahorski [192: p. 8]. It turns out that this question has an affirmative 
answer [201, 202, 214], thus providing a theorem which includes both the 
theorem of Tolstoff and the theorem of Zahorski. In fact, the following more 
general theorem is valid [201, 202]. 


THEOREM. Let & be a function-theoretic property sufficiently strong to imply 

(a) Any Darboux function in Batre class 1 which satisfies property P on an 
interval I is VBG on I |157: p. 221]. 

(b) Any continuous function of bounded variation which satisfies property & 
on I 1s nondecreasing on I. 

Then any Darboux Baire 1 function which satisfies property @ on I 1s continu- 
ous and nondecreasing on I. 


To see that this theorem provides an affirmative answer to the question 
raised by Zahorski, we let © be the property of having, except perhaps on a 
denumerable set, an approximate derivative (finite or infinite) which is non- 
negative a.e. Condition (a) follows from 10.8 of [157: p. 237] and condition (b) 
is a consequence of Tolstoff’s Theorem. 
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Roughly speaking, the theorem states that if one wishes to show that a con- 
dition is strong enough to guarantee that every Darboux Baire 1 function satis- 
fying the condition is nondecreasing, one need only show that every continuous 
function of bounded variation which satisfies the condition is nondecreasing. 
(Condition (a) is likely to be satisfied if the condition is at all “reasonable.”) 
For example, one can use the theorem to show that Tolstoff’s Theorem remains 
valid if approximate continuity is replaced by preponderant continuity and the 
approximate derivative is replaced by the preponderant derivative [207]. 

We conclude this section with two theorems concerning Dini derivatives. 


Let f be a function defined on |a, b| which satisfies 

(a) lim sups..— f(E) Sf(«) Slim supsz..4 f(€) for all xE fa, b], 
(b) D+f=0 ae. on fa, bj, and 

(c) Dtf>—« except possibly on a denumerable set. 

Then f 1s nondecreasing. 


This theorem is due to Gal [41]. Once more, none of the hypotheses of the 
theorem can be deleted with the conclusion still valid. Other theorems of this 
type, dealing with continuous functions, have been advanced by Garg [43] and 
Wazewski [183]. We state one such [43]: Let f be a continuous function fulfilling 
Banach’s condition (T2) (see Section 9). Let Q= |x: D*f(x) <0}. If mf(Q) =0, 
then f 1s nondecreasing. 


14. Derivatives and Darboux functions of Baire class 1. It was mentioned in 
Section 2 that every derivative belongs to Baire class 1 and possesses the Dar- 
boux property. The converse is not valid. Thus the requirement that a function 
f be a derivative is more stringent than the requirement that f be a Darboux 
Baire class 1 function. How much more stringent? On the one hand, Maximoff 
[120| has shown that the derivatives and the functions in Darboux Baire class 1 
are topologically equivalent in the sense that any Darboux Baire class 1 function 
defined on |a, b| can be transformed into a derivative by suitably transforming 
la, b| onto itself topologically. (See also [24, 113 |.) On the other hand, the two 
classes of functions exhibit quite different properties. We turn now to a con- 
sideration of some of these differences. 

For a a real number and f any function defined on |a, b| let E.(f) = {x: f(x) 
>a} and E*(f)= }x: f(x) <a}, We mentioned in Section 4 that Zahorski con- 
sidered such sets in trying to characterize derivatives. He was able to show that 
a necessary and sufficient condition that f be a Darboux Baire class 1 function 
is that each such set be an /, set with the property that each point of the set be 
a bilateral point of condensation of the set (he called this condition 441). On 
the other hand, a necessary condition for a function f to be a derivative (possibly 
infinite) of a continuous function is that for every a, E.(f) and E*(f) be sets 
satisfying the condition which he called Avy. (A set E satisfies Af, if Eis an F,, 
and every one-sided neighborhood of each point in £ intersects E is a set of posi- 
tive measure.) This condition is not sufficient. Thus, each set of the type £.(/) 
and E«(f) must be considerably “more dense” near its members in order for f 
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to be a derivative (possibly infinite) than in order for f to be merely a Darboux 
Baire class 1 function. By requiring even more density of the sets H.(f) and 
E«(f), Zahorski managed to find necessary conditions for a function to be a 
finite derivative (condition M];). The analogous necessary condition for f to be 
a bounded derivative is the still more stringent density condition that the sets 
E.(f) and E*(f) all be M, sets (see Section 4 for a definition of M3; and M, sets). 
A sufficient density condition that the bounded function f be a derivative is that 
for every a, every point of F.(f)(E*(f)) be a point of (unit) density of E.(/) 
(resp. Ee(f)). This amounts to saying that the function is approximately con- 
tinuous. The converse is, of course, not true; there exist bounded derivatives 
which are not approximately continuous. However, a partial converse, which 
characterizes approximately continuous functions, has been given by Lipifski 
[94]: The function f is approximately continuous if and only tf for every a and b 
the function far(x) =max la, min |b, f(x)]} is a derivative. 

We mentioned in Section 4 that the question of characterizing the class of 
derivatives in terms of the set F, and H* has not yet been resolved. In this con- 
nection it should be mentioned that for the case of bounded derivatives no char- 
acterization solely in terms of the structure of the individual sets H% and E, is 
possible. This can be seen in the following way. Zahorski showed [192: pp. 
45-47] that there are functions f, which are not bounded derivatives, but such 
that for all a the sets E*(f) and FE.(f) are M, sets. Thus, if there were a condi- 
tion of the type desired, it would have to be more stringent than the condition 
My. On the other hand, on page 35 one finds the result that for every M,set 
there exists a bounded derivative f and a number @ such that E= E*(f). Thus 
the desired condition cannot be more stringent than M4. 

Some additional results concerning the sets Ee(f) and FE.(f) and M, sets, 
k=2, 3, 4, can be found in Lipifski [91, 93, 95]. The results of Zahorski con- 
cerning the sets #.(f) and E*(f) for Darboux Baire 1 functions have been ex- 
tended to more general spaces by Migik [129]. 

Another kind of comparison involving convergent interval functions was 
advanced by Neugebauer [135]. In this article the author gives characteriza- 
tions of each of the two classes presently under consideration. This is done in 
such a way as to allow an interesting comparison between the two classes. Two 
conditions are stated. The first one is necessary and sufficient for a function to 
be a Darboux function of Baire class 1, whereas the two conditions together are 
necessary and sufficient for a function to be a derivative. Thus, it is precisely 
the second condition which shows how much more stringent a requirement it 
is for a function f to be a derivative than it is for f to be a Baire class 1 Dar boux 
function. A precise formulation of the relevent theorems would require more 
space than is appropriate here, so we omit the details. 

As we saw in Section 11, a necessary and sufficient condition that a set / be 
stationary for the class of derivatives is that ~ have inner measure zero |117], 
whereas a necessary and sufficient condition that FE be stationary for the class 
of Darboux Baire class 1 functions is that ~E be totally imperfect [16], that 
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is, that ~E contain no nonempty perfect subset. For purposes of comparison, 
we mention that every totally imperfect set must have zero inner measure, but 
the converse statement is false. It is possible, however, for a totally 1mperfect 
set to have positive outer measure. In fact, the interval [a, b] can be decom- 
posed into two non-overlapping totally imperfect sets [83; p. 422]. [t is clear 
that each of these sets must have outer measure equal to b—a. Similarly, the 
determining sets for the class of derivatives are those whose complements have 
zero inner measure, whereas the only determining set for the Darboux Baire 
class 1 functions is the interval |a, b]. 

The remaining comparisons involve the algebraic and topological structures 
of the two classes. We begin by observing that the sum of two derivatives is 
again a derivative. The corresponding statement is not valid for the Darboux 
functions of Baire class 1. Thus let f(x)=sin (1/x), /(C)=1 and let g(x)= 
—sin (1/x), g(0)=1. Then (f+g)(x) =0, (f+g)(0) =2. The functions f and g 
are in the required class, but their sum is not. 

On the other hand, if f is a Baire class 1 Darboux function, then so is /”. 
This follows from the facts that a continuous function of a Baire function pre- 
serves the Baire class and a continuous function of a Darboux function is again 
Darboux. But the corresponding statement is not valid for derivatives. In fact if 
fis a square summable derivative, then f? is a derivative if and only if 


wth 

lim ~ f | f@) — f(x) |? dt = 0 for all «. 
n0 hed» 

(See Tosifescu [66].) Some interesting related results may be found in Hruska 

[205], losifescu [206], Iosifescu and Marcus [69], Neugebauer [137], Sélivanoff 

[149], Wilkosz [187] and Wolff [188]. 

For bounded functions we can state a simpler result: If f and f? are bounded 
on |a, b|, then both functions are derivatives if and only if f 1s approximately con- 
tinuous |187]. These results show that the square of a derivative (even a bounded 
derivative) need not bea derivative. We also see that even though a continuous 
function of a Darboux Baire class 1 function is still in that class, the correspond- 
ing result for derivatives is not valid. A sufficient condition for such a composi- 
tion can be found in Choquet [24; p. 89]: If gis a lower semicontinuous derivative 
and f is a continuous function of bounded variation on (— «©, ©), then the function 
fogis a derivative. It is true that this theorem puts considerable restrictions on 
both f and g. It would be of interest to know just how much these restrictions 
can be weakened. To give some slight indication of the difficulties that arise if 
we put no restrictions (other than that of being a derivative) on g, we state the 
following result found in [24; p. 89]: If f is nondecreasing and continuous, and 
such that for every bounded derivative g the function f o g is stall a derivative, then f 
must be linear. 

A certain other comparison has, to the best of our knowledge, not yet been 
resolved. Let itn } be a sequence of continuous functions converging pointwise 
to a limit function f. We know that if each f, is continuous and the convergence 
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is uniform, then f is also continuous. Uniform convergence is, of course, not 
necessary for the limit function to be continuous. It has been known for a long 
time that a necessary and sufficient condition for the limit function to be con- 
tinuous is that the convergence be quasi-uniform (see Hahn [56] for the relevant 
definition and theorem). One might ask for the corresponding types of conver- 
gence for the class of derivatives and for the class of Darboux Baire 1 functions: 
If ifn} is a sequence of derivatives (respectively Darboux Baire 1 functions) 
converging pointwise to a limit function f, then what additional restriction on 
the convergence is necessary and sufficient to guarantee that f also be a deriva- 
tive (respectively Darboux Baire 1 function)? In this connection we mention 
that uniform convergence is sufficient in each case, but not necessary. The proof 
for derivatives is straightforward, and the proof for Darboux Baire 1 functions 
can be found in [14]. The relevant kind of convergence for functions in Baire 
class @ (for fixed a) has been obtained by Gagaeff [40]. The results of Occo- 
nomidis [141, 142] are relevant to this question for derivatives. 

We conclude with a precise statement of Maximoft’s deep theorem which 
we mentioned at the beginning of this section. (See also [24; p. 90].) 


TuEorREM. Let f be a finite Darboux function of Batre class 1 on the interval 
[0, 1]. Then there exists a strictly increasing continuous function g such that g(0) 
=0, g(1)=1 and fog is a derivative. (See [120, 122 ].) 


Marcus [113] and Lipifski [89] consider some consequences of this theoreni. 

In [121], Maximoff showed that the word “derivative” can be replaced by 
the words “approximately continuous function” in the conclusion of the theo- 
rem. 

In writing this article the authors benefited from discussions and correspond- 
ences with several mathematicians. Particular thanks are due to Professor John 
Olmsted for discussions when the project was in its initial stages, and to Profes- 
sor Solomon Marcus for many valuable suggestions concerning relevant articles 
of which the authors were originally unaware. 
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THE SET OF NONDIFFERENTIABILITY 
OF A CONTINUOUS FUNCTION 


GEORGE PIRANIAN, University of Michigan 


[In this note, I give a simple proof of the following proposition, which (to- 
gether with its converse) was first established by Z. Zahorski [3, pp. 492-507]. 


THEOREM (Zahorski). [f E is the union of two sets on the real line, the first of 
type Gs, the second of type Gs, and of measure 0, then there exists a continuous finc- 
tion whose derivative exists nowhere on FE but everywhere on the complement of E. 


(A set is of type G; provided it is the intersection of countably many open 
sets; without loss of generality, we may assume that the open sets form a de- 
creasing sequence. A set is of type G,, if it is the union of countably many sets of 
type G3.) 

Zahorski’s theorem is an obvious consequence of the two lemmas below. We 
formulate the lemmas in terms of the Dini derivatives D*f, D,f, D~f, D_f. Of 
these, the upper and lower right-hand derivatives, for example, are defined as 
Ie +h) —f@) fle i) =F). 


D* f(x) = lim sup D.f(«) = lim in 
h—-+0 h h—>+0 h 


LEMMA 1. Jf Eo 1s a set of type Gs on the real line, then there exists a uniformly 
continuous function, differentiable everywhere outside of Eo, whose set of Dini de- 
rivatives includes the values ~ and — «, at each point of Eo. 


LEMMA 2. If Fis a set of type Gs and measure 0 on the real line, then there 
exists a continuous function f such that 

(i) |f(e+h) —f(x)| <]h| for all x and h, 

(ii) f’(x) exists whenever x EEF, 

(iii) af xEGE, then either D*f(x) —D,f(x)2K or D-f(x) -—D_f(x)=K, where 
K ts a positive constant independent of E. 


To see that the lemmas imply the theorem, suppose that H=U; E,;, where 
each set /; 1s of type Gs; and (for 721) of measure 0. Suppose further that the 
function fy has the properties described in Lemma 1, and that for 7=1, 2,--- 
the function f; has the properties described in Lemma 2, relative to £,. If a 
is a sufficiently small positive constant, then the function f(x) = > a:f;(x) is con- 
tinuous and has the set # as its set of nondifferentiability. 

This proof does not differ basically from Zahorski’s proof. Our Lemma 1 is 
essentially equivalent to Zahorski’s Theorems I and II [3, p. 493]. Our Lemma 2 
is equivalent to Lemma III on page 504 of [3] (Zahorski establishes uniform 
nondifferentiability on £, although he does not claim it in the statement of his 
lemma). The justification of the present note therefore lies not in a new approach 
to the theorem, but in simpler proofs of the auxiliary propositions. Instead of 
carrying out numerical computations, we describe our constructions in such a 
way that a diligent student can supply the technical details. 
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The motivation for our proof of Lemma 1 lies with the continuous but no- 
where differentiable function constructed by Weierstrass [1, pp. 29-31], [2 
pp. 97-100]. 

By hypothesis, > is the intersection of a decreasing sequence tGatt of 
open sets. For the sake of simplicity, we suppose first that #y contains no inter- 
val of infinite length. Without loss of generality, we may then assume that each 
component of G, is a finite interval (dn, b».). In the complement of G,, let g,(x) 
=0. In (daz, Onz), let 


’ 


Ank 


(% = Gnx)(% — Bux) 
where ¢,,=4-" min {1, (brr—Gnx)~4], and where d,, denotes a positive constant. 
Since 


@ 1 7 a+b — 2x 
dx (x — a)(x — b) (« — a)?*(4 — b)2 


the shape of the waves in the graph of g, approaches a limiting shape, near the 
endpoints of the interval (@nx, b»x). The ratio between the height and the length 
of each wave is approximately (bn, —nz)Cnzdng/ 27. 

Now let f(x) = dog,(x). By the choice of cnr, the waves of gn41, naa °* 
can not mask the waves of g,. It follows that if we choose the d,; large enough, 
then every neighborhood of each point x» in/\G, contains points x1 and x2 (x1< Xx, 
<2) such that the difference quotients 


fle) — Fe) flea) = Feo) 


X14 — Xo Xq — Xo 


are arbitrarily large and have opposite signs. Consequently, f is not differenti- 
able at any point of &. On the other hand, each function g, is differentiable 
everywhere, and an elementary argument shows that f is differentiable every- 
where outside of &. 

If E contains an infinite interval, suppose (for example) that the maximal 
infinite interval of E toward the right is (a, ©) or la, ©). For a<x<, we 
modify the previous definition: we now write 


(a — a)? >, 4-* cos 42"/(x% — a) in case a & E£, 


I(«*) = es > 4-" cos 42"/(« — a) in casea € E. 


Then f has the required differentiability property. To achieve uniform con- 
tinuity of f, we further replace the quantity «—a in the two alternate expressions 
with (x—a)/|1+(*—a)?]. 

To prove Lemma 2, let E=MG, (Gn DGni1), denote by (Anks Onk) } the family 
of components of G,, and define 
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x — ay,)?2(*x — by)? 
(@ = au)" — bx)” (A1x <n< bix), 
hy(x) = (dix — a1) ° 


0 (x ¢ E;). 


Over each component of Fi, the graph of 4; shows a mound. All mounds have 
the same shape (see Figure 1; the vertical scale is exaggerated). At the second 


Fic. 1 


stage, we shall create a similar mound over each component of Ey. However, in 
order to ensure boundedness of the difference quotients, we first modify the 
mounds of the first stage so that each mound of the second stage rests again on a 
horizontal segment. To this purpose, we cover each component (dox, be,) of Go 
symmetrically with a segment J, of length 2(b2,—a2,). (The segments Jo, are 
not necessarily disjoint.) For each k, let $2, be continuous, vanish in (doz, dex), 
take the value 1 outside of J.,, and be linear in the two segments of J, that 
protrude beyond (dex, bo). We define 


g2(x) = int o(x), hf (x) = f o(t)hy (t) dt. 


Fic. 2 


The function 47 is differentiable, and its graph differs from the graph of h, only 
in being flat over G_ (with all corners rounded off) so that the mounds are 
slightly distorted (see Figure 2). The distortion may shift the two endpoints of 
some mounds to different heights; consequently, the function h* is not neces- 


sarily constant in the complement of Ei. However, since E has measure 0, we 


60 PAPERS IN ANALYSIS 


may suppose the measure of F, to be as small as we like, in each component of 
Ff, so that the distortions are correspondingly small. 
On each component (doz, bo.) of Ge, we define m2 by the formula 


(x — Aon)? (X — box)? 
(bo; — Ao,)° 


and outside of Ey we set 42(x) =0. Let ho(x) =hF (x) +172(x) (see Figure 3), level 
the graph of he(x) in the set G;, denote the new function by Ay, raise new mounds 
over G3, and continue indefinitely. 


n(x) = 


Fie. 3 


Let f(x) =lim h,, (x). If x» EF, then the point (xo, f(xo)) lies on a mound of the 
nth stage, for w=1, 2,---. For each n, the corresponding mound has two 
points to the left or two points to the right of x» such that the corresponding 
difference quotients differ by at least a certain positive universal constant K. 

Clearly, f satisfies conditions (i) and (iii) in Lemma 2. It does not necessarily 
satisfy condition (11). Suppose, for example, that x» does not belong to G; but isa 
limit point of a sequence of components of G;. In that case, it may happen that 
among the line segments joining the point (%o, 0) to the highest points on the 
corresponding mounds, infinitely many have slopes of absolute value greater 
than some positive number c, so that one of the Dini derivatives of f at xo is dif- 
ferent from 0. Since one of the Dini derivatives is 0, f’(xo) fails to exist. 

A slight modification in our construction will overcome this difficulty. From 
each component (dyxz, bn;) of G, we delete a sequence of points that has a, and 
b,, as its only limit points. Since ~ has measure 0, we can choose this sequence 
so that none of its points belongs to E, and so that the remaining subintervals 
of (dnz, bn;) are as short as we please. Instead of constructing a mound over 
(Qnk, Onzg), WE Construct a mound over each of the subintervals. If the subinter- 
vals are short enough, then for each point xo outside of (@nz, Ong) and each point 
xin (dun, One), 

|mn(x) — mu(xco)| < 27" — x0)? 
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Of course, instead of G, we must use the intersection of Gp with what re- 
mains after the deletion of the sequences from G;, and we must make analogous 
changes in G3, Gay + °°. 

Since the modification in our construction does not affect properties (4) and 
(iii) of f, and since it guarantees differentiability of f outside of £, Lemma 2 is 
now established. 


This note was written with support from NSF Grants 1743 and GP 3466. 
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SELFADJOINT DIFFERENTIAL EXPRESSIONS OF ODD ORDER 
A. M. KRALL, Pennsylvania State University 


Consider the linear differential operator 


lyv=4 w+ >( an Je A Qn-2t-1) gy (QED) 
y= y = 4 4 1 2n—271—1 y ) 


where Cs,1=771(227—1)B,, with By, Bs,---, the Bernoulli numbers, 3 
= d*z/dx*, and A depends only on x. In [1] it is shown that L is selfadjoint. That 
is, if M is the adjoint of L then Ly= My. 

Further it was shown that the most general operator satisfying Ly= My is 
of the form 


Ly = Qo du (= ( 


2s\ 228-*tl — | (2s—k) (kr) 
a; 2 Bos 4piAds yo, 
kR/2s —~k+1 


It is sometimes convenient to extend the idea of self-adjointness by saying 
that the mth order differential operator L is selfadjoint if Ly=(—1)"My. When 


n is even, this reduces to the previous case. When x is odd, selfadjoint operators 
now exist. Under the old restrictive definition they did not. 
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THEOREM. The differential operator 


Ly = Ay nth + > (" + ) Con—2jpp1 A COPED yn | 
j=0 dj 
where Cop1=17 '{2?"—1) Bo, and Bo, Ba, +++, are the Bernoulli numbers, 1s self- 


adjownt. 


Proof. We simplify the adjoint. 


n f/dn +1 . . 
—My = (Ay) (2n+1) __ » ( 9; ) Con—2141(A (2n—2t+1) ay) (27) 
i=0 1 
2n+1 n 24 ; 
— > (" r ') A (C2nF1— Dy — > > (” r ») (“") Con—2.41A ntl Day), 
j=0 J 1=0 j=0 21 j 
Since 


2n + 1\ /2i 2n+1\ /2n+1-j 
( 2i )G)=( j Von area) 
by splitting — My into sums of even and odd derivatives of y, using 
na noon n tl -l on 
w= lL Lad 
pare ear parr arrears 
and then letting k=n—1, we find 


—My — Ayert)D + (" + ') A (2025471) yy (29) c — > (" — 4] T ») Case 


a \ 24 mo\ 2k +1 


n—l n—j-1 _ 
+ > @ + ) A Cn 2) yeFrl) 1! — 3 (; ‘) Cus} . 
j=0 24 + 1 k=0 2k + 1 


Theorem 1 of [1] is now applicable. If »—j+1=r, R=i—1, the expression 
in the brackets is seen to be Cop_2;41. With k =7—1, the expression in the braces 
is 0. 


CoROLLARY. The most general differential operator satisfying Ly= — My is 
n 28 5 —- 1 228k 2 _ 1 (2s—k--1) (hk) 
Ly = —1¥( a A; , 
y= RM ep a Be > 


This follows since By = —4,0=B;=B;= -- - 
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SOME REMARKS ON VARIATIONS AND DIFFERENTIALS 
M. Z. NASHED, Georgia Institute of Technology 


1. Introduction. The treatment of differential calculus for functions of sev- 
eral variables is often dominated in undergraduate courses by computational 
formulas for differentials, gradients, directional derivatives, etc. The in- 
trinsic nature of calculus and the conceptual meaning of these notions are seldom 
brought to light. 

The calculus of functions of several variables is in many respects more subtel 
than the calculus of one real variable. For example, different notions of differ- 
entiability can be defined; the mean value theorem and Taylor’s formula can be 
generalized in several ways and the theory of extrema is more involved. 

It is generally recognized that the differential and integral calculus of several 
variables can be best studied in the setting of modern differential geometry, 
rather than in the traditional setting of real variable theory. For an interesting 
discussion of the merits of this approach, see [12]. On the other hand, an ab- 
stract formulation of some aspects of differential calculus can be given using 
vector spaces and linear operators. The undergraduate student in mathematics 
today is exposed to these notions in his study of linear algebra and analysis, and 
can climb up to such levels of formulations. 

This approach sheds light on the ideas and arguments of multivariate cal- 
culus and the calculus of mapping on normed linear spaces, and unifies many 
notions and methods in analysis related to integral equations, the calculus of 
variations and numerical analysis. See, for instance, |1, 9, 11, 14, 16]. 

The purpose of this exposition is to discuss this approach for mappings whose 
domain and range are in normed linear spaces over the field of real numbers. 


2. Linear and multilinear operators. To make the discussion in the following 
pages self-contained, we shall review in this section elementary properties of 
linear and multilinear operators. More details and numerous examples may be 
found, for instance, in the expository paper by Goffman in [2] and in |[3, Chap- 
ter 5]. 

Throughout this paper, let H be a vector space over the real numbers and let 
@ denote the zero element in #. A norm on # is a mapping | | which assigns to 
each element x a real number «| and which satisfies the following axioms: 


G) x|] 20; ||x]] =0 only if x=8, 
(41) dx|| = RY | x| for any scalar J, 
(iii) je tyl] S\lal] + [lol]. 


A normed linear space is a vector space with a norm. Any normed linear space 
is also a metric space with the distance function d(x, y) =||x—y)|]. A complete 
normed linear space is called a Banach space. 

Let £ and Y be normed linear spaces. An operator L on #& with range in Y 
is called 
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(i) additive if L(n+y)=Lx+Ly for all x, yin £, 

(ii) homogeneous if L(Ax) =ALx for any scalar X, 

(iii) continuous at x in & if | Lx, —Lx 0 as |x, —x|/ 0, 

(iv) bounded if there exists a nonnegative number M such that }| Lex < M]| «| 
for all xin #. 


L is called /inear if it is additive and homogeneous. It is well-known that a 
linear operator is continuous on the whole space if and only if it is continuous at 
x =6, and that it is bounded if and only if it is continuous. 

If ZL is a bounded linear operator, then the norm of L, denoted by |Z) , is 
defined as the greatest lower bound of all M satisfying the inequality in (iv). 
If ZL and S are bounded linear operators on # to #, then their sum L+.S and 
product LS are again linear operators and 


|Z + S|] S||Zl| + [S|] and || LS|| < [|Z] |S]. 


The set of all bounded linear operators on # to Y forms a Banach space if Y 
is complete [3, p. 102]. Denote this space by £1. In particular, the Banach space 
of all bounded linear transformations fron. a Banach space # into its field of 
scalars is called the dual space of E and is denoted by #*. These transformations 
are called linear functionals over E. 

A bilinear operator L. on a normed linear space £ is a bounded linear oper- 
ator mapping # into &), 1.e. Lex isin £; and therefore 


Linky (Xo +E “3) = [oX%X_. + Lox; 


Lo(ay +E Xo) %3 = Lo%1%3 + L9X2X3, 


and 


IIA 


| Lesve|| S M||xs|| || 2). 

Similarly we may consider an m-linear operator L,, on a normed linear space E, 
mapping & into Y, as a bounded linear operator mapping # into £1, where 
Lm-1 18 the space of all (m—1)-linear operators in &. More generally, an m-linear 
operator may be defined on different normed linear spaces. 


DEFINITION 1. A mapping Ly defined on the product space ky X +++ KEm of 
m normed linear spaces E;,1=1,-++,m, with range in a normed linear space Y, 
1s called multilinear if tt 1s additive and continuous (hence homogeneous and 
bounded) in each argument. 


A basic notion associated with multilinear operators is the notion of sym- 
metry. 


DEFINITION 2. A multilinear operator is said to be symmetric if Fy = E2= + ° : 
=H, and Ln(X1,°**, Xm) remains invariant under all permutations of the ele- 
ments X1, *° + +, Xm 
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3. Bibliographical comments on differential calculus in normed spaces. In 
building up necessary tools for studying a nonlinear functional in the neighbor- 
hood of a fixed element of a normed linear space, it is natural to seek a general- 
ization of either the gradient or the differential as defined in the classical analysis 
of three-dimensional Euclidean spaces. To include mappings (as well as func- 
tionals) it turns out to be more expedient to first generalize the concepts of the 
differential and the directional derivative. These generalizations were first un- 
dertaken by Fréchet [4] and Gateaux [5], respectively. Other definitions of 
differentials were given later by Michal, Zorn, Hyers (see |8] for references). 
Several generalizations of the differential to topological vector spaces, which 
are not necessarily normed, have been introduced by these and other authors. 
Such extensions have found useful applications in general differential geometry, 
dynamics and continuous group theory. 

The most useful generalizations of the differential are those which preserve 
a fundamental idea in calculus, namely the “local” approximation of functions 
by linear functions. A differential Di'(x; h) of a mapping #: XY, where X is 
an open subset of /, FE and Y are normed linear spaces, is then a mapping 
DF: X XE—-Y, where for each x in X, DF(x; h) is assumed-—in most definitions 
—to be linear and continuous in hf. The basic difference in the various definitions 
of a differential is the sense in which DF(x; h) approximates /'(x+h) — F(x). 

Rolle’s theorem does not hold for arbitrary sets in normed linear spaces of 
dimension greater than one. For such spaces, there are several forms of the 
mean-value theorem, Taylor's formula and theorem, and each form holds only 
in a certain sense. The validity of these extensions was established by Graves 
and Hildebrandt [6, 7], who also generalized the implicit function theorem, 
Kerner [10], Kantorovich [9], Vainberg [16] and others. The proofs used are 
different in most cases from the proof used in the case of a function of a real 
variable and as expected a slight strengthening of the hypotheses is required. 
Kerner considered integrability conditions of abstract vector fields and gener- 
alized Stoke’s theorem. Rothe [15] studied topological properties of gradient 
mappings, which are generalizations of the idea of a conservative “force field” 
to abstract vector spaces. 


4, Variations. We shall first discuss the Gateaux variation, which is a gen- 
eralization of the directional derivative in classical calculus and of the notion of 
the first variation arising in the calculus of variations. 

Let Y be a Banach space and let (h, tg) be an open interval of the real line. 
The first derivative ®’ (to) of ®: (4, f2) > Y, at to in (h, te) is defined by 


P(t) — B(to) 


P’ (fo) = lim 
tt, L— to 
if the limit exists, where the limit is taken in the sense of the norm of Y. We 
note that this derivative is unique and that if ® has a first derivative at a point 
to, then ® is continuous at ¢o. Higher order derivatives are defined inductively 
as in classical analysis. 
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DEFINITION 3. Let F be a mapping from an open subset X of E into Y, where 
E and Y are normed linear spaces. Let Xo be a pointin X and han arbitrary nonzero 
fixed element in E. Then xotth 1s in X for |¢ Se€(xo; h). Let 


r = sup {e: | ¢ | Sex) + thin X}. 


Then F(x +th) is defined for |t|<r. If 
d 
— F(x + th) l= 
dt 


exists, tt 1s called the Gateaux variation (or the weak differential) of F at xo with 
increment h and 1s denoted by 6F (xo; h). If F has a Géteaux variation, hereafter 
called G-variation, at every point xin X, then F 1s said to have a first variation on X. 


Similarly, / has an nth variation 6"F (xo; 2) at a point Xo if the function 
F(xo+th) has an nth derivative with respect to ¢ at t=0. 

It follows from the definition, that the first variation is homogeneous in h of 
degree one, i.e. if 6F(x; h) exists, then for any scalar A, 6F(x; Ah) exists and is 
equal to Ad F(x; h). Similarly, 6"F (x; Ah) =A"b F(x; h). 

It should be emphasized, however, that the weak differential is not neces- 
sarily linear nor continuous in #, as may be seen from the following: 


Example 1. 
1% 


} 
ator ae 


2 


f(*1, 2) — (x1, 2) x (0, 0); f(0, 0) = 0. 


For each h=(h, he), the G-variation exists and is equal to Mh3(hi+h3)—, 
but the mapping (M1, he) >hihe(he +h3)~! is not linear in h. 

The reader may contrast this remark and the next few results with proper- 
ties of differentials and variations in complex normed spaces, where a different 
situation prevails [8, 11]. 

Note that if F has a Gateaux variation at Xo, then F is continuous in the 
direction h, 1.e. 


Lim || F(«o + th) ~ F(«»)|| = 0 (his fixed) 
t—0 


but is not necessarily continuous at Xo. 


Example 2. Let E be the space of all functions y=y(x) which have a con- 
tinuous first derivative on |a, D]. Define a norm on E by 


|y|] = max | y(w)| + max | y’(«) |, 


where the maximum is taken over [a, b]. Let f(x, y, 2) be a function which is 
defined and has continuous partial derivatives for all finite zg and foraSwxSb, 
Pi(x) Sy S$®,(x) for some prescribed functions ®; and ®y. Let 
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Hy] = J fle, 960), ¥(@)) ae 


Then a simple computation shows the G-variation of J at y, corresponding to 
the increment h=/h(x) is 


bJ|y; hk] = { [h(x fale, ¥, 0") + h(x) fy (x, 9, 9’) | dx 


a 
which is the usual first variation. 


5. Gateaux differential. From the above remarks it is clear that the Gateaux 
variation does not possess many of the important properties of total differen- 
tials for functions of several variables. This motivates the definitions of the 
Gateaux and Fréchet differentials, hereafter called G- and F-differentials respec- 
tively, which will then enable us to study more effectively a functional or a non- 
linear operator in the neighborhood of a fixed element in the space. 


DEFINITION 4. If 6F (xo; h) |Definition 3] 7s linear and bounded in h, it 1s 
called the Géteaux differential of F at xo with increment h and ts denoted by DF (xo; h). 


The G-differential provides in some sense a local approximation property. 
More precisely, we have 


THEOREM 1. Let X be an open subset of EH and let F be a nonlinear operator from 
X to Y. A necessary and sufficient condition for F to be G-differentiable at xo 1s that 
the following representation holds: 


(5.1) F(x + h) — F(xo) = L(x; h) + R(x; /) 


for every hin E for which xp th is in X, where L(xo; h) 1s linear and continuous 
in h and 


[Roo ADI] 5 


(5.2) Lim 


T—0 T 


for each h. 


Proof. We first remark that if such a representation exists, then it is unique. 
For if another representation exists with L’ and &’, then 


L(x0; h) — L'(*o; kh) = lim 77 {L(a0; rh) — L'(x9; rh) | 


T—0 


= lim 77 1|R’ (ao; rh) — R(x0; rh) | = 0. 


T—0 
Now if the representation (5.1) holds, then 
dF (Xo + th) 
dr 1 


lim 71 |F (ao + rh) — F(o)] 


0 tT 0 


L(%o; h) + lim r71R(x0; 7h) = L(x; h). 
tT 0 
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Thus the G-variation exists and is linear and continuous in h. Conversely, if the 
G-differential exists, then 


tT [F(x + tk) — F(a0)| = DF(«o; &) + €(ao; rh), 


where e(xo; Tk)—0 as r-0. Letting rk=h, we get the representation (5.1), 
where R(xo; 2) =Te(x%o; h) and thus (5.2) holds. 

This theorem brings us closer to our objectives and a strengthening of con- 
dition (5.2) leads to the definition of the Fréchet differential in Section 6. In the 
rest of this section, we shall discuss other conditions for a G-variation to be a 
G-differential. 


THEOREM 2. A necessary and sitfficient condition for 6F (xo; h) to be linear and 
continuous in h vs that F satisfies the following two conditions: 
(a) To each h corresponds a 6(h) such that 


| t | < 6 wmblies | F (ao + th) — F (2o)| < M\|th\), 


where M does not depend on h. 


(b) A ins, tnol (20) = o(t) where 
Anysrgl (000) = F(a + ft + hy) ~ Fao + fy) — F(x0 + he) + F (a0). 


The proof of the theorem is straight-forward and is given for instance in 
[16, p. 39]. 

It was noted that 6F (x; h) is not necessarily linear nor continuous in h or x. 
It turns out, however, that if 6F(x; h) is continuous in x at Xo, then it is linear 
in h. More precisely we state: 


THEOREM 3. (See, for instance |16, p. 37].) If F has a G-variation in an open 
set U such that 6F (x; h) 1s continuous in x at some Xo in U, then 6F (x; h) is additive 
in h, 1.€. dF (xo; h+k) exists and is equal to 6F (xo; h) +6F (xo; R). 


Combining this result with the well-known property of linear operators 
stated in Section 2, we arrive at 


THEOREM 4. Let the G-variation of the operator F exist in some neighborhood of 
the point xo and let 6F(x; h) be continuous in x at xo. Furthermore, assume that 
OF (x0; h) ts continuous in h at h=6. Then 5F (xo; h) is a G-differential. 


6. Fréchet differential. 


DEFINITION 5. The operator F 1s said to be Fréchet (strongly, totally) differentt- 
able at xo tf the representation (5.1) holds, where L(xo; h) is linear and continuous 
in h and moreover 


tm (R05 UE 
nme A 


(6.1) 
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The uniqueness of the Fréchet differential is a special case of the uniqueness 
ot Gateaux differential, in view of Theorem 5. 

We write L(xo; h) =dF (xo; h) =F;,h and call it the F-differential of F at xo 
with increment hk, The mapping dF(xo; -)=F;,(-) which is a bounded linear 
operator is called the Fréchet derivative of F at xo. It may be noted that the 
F-derivative isan elementin the space £; (see Section 2), while the /-differential 
dF (xo; h) is an element in Y. This fact is obscured in the calculus of one real 
variable, where the derivative at a point is defined as a number, by the one-to- 
one correspondence that exists in this case between numbers and linear opera- 
tors. 

It is easy to show that if F is F-differentiable at xo, then it is continuous 
at that point; this is not necessarily true, however, if / is G-differentiable. 
Furthermore, if F is continuous at x9 then the requirement of continuity of 
dF’'(x9; h) in hin Definition 5 1s redundant. This follows from the inequality 


|| dF (20; h))| < | F (2 + h) — F(a) — dF (xo; h)|| + || F (29 + h) — F (xo) |, 


which shows that dF (xo; #4) is continuous at h=@ and hence continuous every- 
where. 


Remark 1. The norm ||-||’ is said to be equivalent to the norm ||-|| if there 
exist positive numbers m and M such that 


m||al| < ||x||’ <= M||sl| 


for all x in #. This is clearly an equivalence relation. The definitions of the 
differentials in the representations (5.1), (5.2), and (6.1) are given in terms of the 
norms on X and Y. However, it is easy to check that two equivalent norms lead 
to the same definitions of differentiability, i.e. (5.2) and (6.1) still hold if the 
norms are replaced by equivalent norms. In the case of a finite-dimensional 
space all norms are equivalent, so that the differentiability of a mapping F on 
F into Y is independent of the norms on FE and Y, in addition to being inde- 
pendent of the coordinates. 

Equivalent norms define the same “topology” so that differentiability de- 
pends only on the topologies of X and Y, in infinite-dimensional spaces. 

Thus it is possible to extend the definitions of the F- and G-differentials to 
certain topological vector spaces. It may also be observed in view of (5.2) that 
G-differentiability is meaningful if E is a linear space and Y a topological linear 
space. 


Example 3. Let FP: H™—-F™, where E” is the Euclidean n-space. That is, 
yi=Fi(e,- +--+, Xn), 7=1, 2,--+-, m. Assume that F has an F-differential at 
a=(d1,:++*, @,). Then it is not hard to show that the partial derivatives 
OF ;/dx; exist at a, and that the F-derivative is the linear transformation whose 
matrix is [0 F;/dx,;|. Conversely, assume that there exists an 7 >0 such that for 
x in |x —al| <r, OF ;/O0x; exist, and are continuous at x=a, then IF has an 
F-differential at x =a. See, for instance, Advanced Calculus, by R. C. Buck. 
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Example 4. Let K(s, t) be a continuous real function for OSs, ¢<1, and as- 
sume that K is symmetric, le. K(s, t) =K(t, s). The functional 


J[«] = f oa — fof x t)a(s)a(t)dsdt 


is defined on the space of all continuous real functions on 0, 1 | with norm |x|] 
=maXo<t<1 | x(t) . From a simple computation it follows that 


d 1 1 1 
~ Jl + th] |,0 = af a(t)h(t) dt — nf J K(s, t)x(s)h(t) dids 


which is linear and continuous in h. Condition (6.1) is also satisfied, so that the 
last expression is the F-differential of J. 


7. Gradients. The definitions and properties given in the preceding sections 
are for mappings between normed linear spaces. Thus, they hold in particular 
for a functional f defined on a subset X of a normed linear space # and mapping 
each x in X into a real number f(x). By Definitions 4 and 5, if f is differentiable 
on X then there exists a mapping df on X X# into the reals, which is linear and 
continuous in # in #. Another way of looking at df is to consider df(xo; 2) asa 
continuous linear functional for each fixed xo, and denote it by f,,h. Then f;, 
is an element of the dual space #* of &. As x» varies over X, a mapping fz (-): X 
—E* is thus obtained, which Rothe [15] called the gradient mapping of f. 

For example if f is a differentiable function of three real variables, then the 
differential of f at x= (x1, Xo, x3), with increment f= (My, ho, hs) is given by 


oe 3. Of . . . 
(7.1) df(x;h) = >, on h; = V(x)-h, where I(«) = grad f(x). 


w=1 a 


Thus I'(x) assigns to each x in Ea continuous linear functional df. In this exam- 
ple df is the inner product of grad f and h. 

Similarly, if Z is a complete inner product space H, ({2, p. 103] or [3, 
p. 111]) then the gradient mapping may be considered as a mapping from H 
into itself since the dual space may be indentified with H. Furthermore, df(xo; /), 
being a continuous linear functional in h, can be uniquely represented as an inner 
product [3, p. 117], i.e. there exists a unique (xo) in H such that 


(7.2) df(xo; h) = (#0), 4), 


where the parentheses denote inner product. I'(%o), defined by (7.2) 1s called the 
gradient of the functional f at x» and is denoted by grad f(xo). 
For instance it follows from Example 4, under the usual inner product 


fix()y()dt, that 


1 orad J{x] = a(t) — vf K(s, t)x(s) ds. 
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The concept of gradient in abstract spaces was first introduced by MI. Golomb 
in his study of nonlinear integral equations. 

If in (7.2), we use the GAateaux differential, then we obtain the definition of 
the weak gradient grad, of f at xo, Le. 


(7.3) Df(%0; h) = (gradw f(«o), 2). 


REMARK 2. The gradient depends on the inner product. For instance if P isa 
positive operator, i.e. (Px, x) >0 unless x=6, then we may define a new inner 
product |x, y| by 


(7.4) [x,y] = (Px, y). 


Let grad f and grad? f denote the gradient of f with respect to the original and 
new inner products respectively. Then by definition of gradient, 


(7.5) df(«;h) = |grad# f, h] = (grad f, A). 
But from (7.4) 
(7.6) lerad# f, hl = (P grad f, h). 


From (7.5) and (7.6) we get for all h, (grad f, h) =(P grad? f, h). Hence, 
grad f = P grad? f. 
For example, if in £* we define “distance” by 
n 1/2 
diy) = 1X pos. — ab = (P@— y= wh 


where P=[p,,] is a positive definite matrix, then the gradient of f with respect 
to this metric is related to the gradient of f with respect to the usual Euclidean 
distance by 


grad? f = [pi;|-} grad f. 


8. Implication relationships between F- and G-differentiability. The only 
difference between the Fréchet and Gateaux differentials is in the relations (5.2) 
and (6.1). We now show that (6.1) implies (5.2) but not conversely. This result 
is included in the following interesting characterization of the /-differential. 


THEOREM 5. The operator F is F-differentiable at x» 1f and only tf the repre- 
sentation (5.1) holds, where L(x; h) 1s continuous and linear in h and 


(8.1) lim 7 || R(xo; 7h)|| = 0 
7T~0 


uniformly with respect to h on each set al = constant. 


Proof. Without any loss of generality, we may prove this for the set ia =|. 
If Fis Fréchet differentiable at xo, then 
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|| R(203 A)|| 
1m = (), 
iIniioo [Al] 


Letting h=rk, where k has a unit norm, we get lim,.o 7 || R(x; rk)|. =(0 uni- 
formly on R|| =1. 

Conversely, if (8.1) holds uniformly on each bounded set, then, in view of 
Theorem 1, / has a G-differential DF (xo; h) at xo. Thus for any given e>0, 


there exists a 6>0 such that 
|r [Fao + th) — F(%0)| — DF (20; h)|| < «, 


whenever a <6. That is, 
F(x) + th) — F(a) = DF (x0; th) + R(x; rh), 


where for || <6, 


|| R(x03 rh)|| 
——_—_—— <., (/A\) = 1). 
[rl u 
Letting R=rh, we get F(xo +k) — F(x) =DF (xo; k) + R(x; k), where 
RCo; kD] 
m-— — 
roo ||| 


Hence, DF (xo; k) =dF (xo; k). 
Thus if F is F-differentiable at xo, then F is G-differentiable (and conse- 
quently it has a G-variation) at xo. Furthermore 


dF (40; h) = DF (%o; h) = 6F (x; A). 


The converse holds if Fis a function of one real variable, but does not neces- 
sarily hold in higher dimensions as may be seen from the following: 


Example 5. Let x= (x1, x2) where x; and x, are real variables and consider 
V1 2 2 
f(*) = — (%1 + 2), Xv, FO; f(%1, 0) = 0, 
ap) 


and let | «|| = (| ar) 2+ | xe] 22/2, Then f has a G-variation at x= (0, 0), which is 
(trivially) continuous and linear in h. In this case, 


h 
R(0;h) == (hi + hn) hy 0: R(0, h) = 0 if ho = 0, 
2 
and hence (5.2) holds. However, the F-differential does not exist at (0, 0). For 
if we let h,=(n-!/2, n-+) then h,-4 while 
|| RO; hn)]| 


Tay VT eo asi —> 2, 
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REMARK 3, Neither the G-differential Df(«o; 2) nor the F-differential df(xo; h) 
of a functional f is required to be continuous in x at x9; and hence neither the 
gradient nor the weak gradient of f. It can be shown, however, that if grad,, f(x) 
exists and is continuous in x on an open set Q, then it coincides with grad f(x). 


This then implies that fis F-differentiable and df(x; h) = Df(x; h). 


REMARK 4. The requirement of continuity of grad f is related to the notion 
of wniform Fréchet differentials. F is said to have a locally uniform I’-differential 
dF(x; h) on an open set Q if F has an F-differential on Q and the remainder 
R(x0; h) is locally uniformly bounded, i.e. for each ¢>0 and an arbitrary x» in 
Q, there exists a 6(x%o; €) and (xo; €) such that 

[Rs Al] S lhl) if [fA] S6 and |x — wl] Sn. 
It turns out that a necessary and sufficient condition for grad f(x) to be con- 
tinuous in the sphere S: Il x <a is that df(x; h) havea locally uniform remainder 
and grad f(x) be locally bounded. We leave the discussion of the interesting im- 
plications of these remarks and proofs in the case of a function of several real 
variables to the reader, (see Example 3). 


9. Higher order differentials. The first order differential dF (x; h) is a func- 
tion of two variables. Thus, several notions for a second order differential may 
be defined. The most natural notion, which we will discuss here, is based on the 
observation that F/(-)=dF(x; -) which is an element of the space £1, is also 
an operator sending X into the space &y. If this operator is /’-differentiable, its 
derivative is called the second order Fréchet derivative of F and is denoted by 
Fyz’(-5-+). Thus the second order derivative is an element of the space £2 of all 
continuous linear operators from E into &, i.e. it is a bilinear operator from E 
to Y; it also has the representation 


dF(x + k3h) — dF(x;h) = FL'hk + R(a;h, k), 
where 
| R(x; h, R)|| 
im = 
vo ||| 


Fy’ hk=d?F(x; h, k) is called the second order Fréchet differential of F. 
The F-differential of the mth order may be defined inductively as follows: 


: DEFINITION 6. Let Hand Y be normed linear spaces over the field of real numbers 
and X be an open subset of E. Suppose that for some integer m2, the m-th order 
F-differential d™F (x0; hy + + + Im) of the mapping F: XY, has been defined for all 


(m+1)-tuples (xo, hn, +++, Mm) of elements of E such that xo t+ > 1m, hy is in X, 
Then F 1s said to have an F-differential of order m+1, af for all (m+2)-tuples of 
elements (xo, M1, - + + , Ami) of E such that xo + D4 hz is in X, the following rep- 


resentation holds: 
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dF (a0 + hingay In, + + +) Am) — OF (X05 Aa, + + +, Am) 
= dA" UR (¢o3 My, + + y ny limes) + RC 035 Ma, + + y Ama), 
where the mapping d”F (x; In, + + + 5 Amst) ts linear and continuous in hms and 
lim | limal] 4) R (2°03 ty, - + +, Am, limaa)|| = 0, 


| |2m-+1|]-0 


If such a representation exists, it is unique and d”™t!F(x9; I, + + + , Am41) is 
called the (m+1)-th F-differential of F at xo. The operator d”t!F(x»; +--+) is 
called the (Gm+1)-th Fréchet derivative. An inductive argument shows that 
ad"! F (x9; hy, + + +, Amat) is (m+1)-linear in My, +++, Amaya (Definition 1). Sym- 
metry of the mth F-differential in fy, - +--+ ,h», may therefore be defined (Defini- 
tion 2). An interesting result, which is a generalization of the sufficient condition 
that makes immaterial the order of mixed partial differentiation for real func- 
tions of several variables, may be stated as follows: a sufficient condition for 


ad™ F(x; hy, +++, hm) to be symmetric in fi, +++, hyn at x=x5 is that d™F(x; 
hi, - > + ,hm) be continuous in x for all x in some neighborhood of x) (Theorem 8 
in [6]). 


The Gateaux differential of order m may be defined similarly; implication 
relationships similar to those established in Section 8 may be stated. For 
example, if # has an F-differential of the mth order at xo, then the mth order 
variation of F at that point exists and moreover 


dF (x93 lim) o r( + Subs) 
"EAN, M1, °° ty Am) = x A; 
" Oty sss Otm , qi==1 t= =ty»=0 
In particular, if y= +--+ =h,=h, then 
ad” F (x93 h, coy ht) = F (x9 + th) 
at” t=0 


10. Remarks. 

A. It should be noted that the notions presented in the preceding sections 
are coordinate free and that the derivative is defined in an invariant form asa 
linear transformation. This approach is useful in applied mathematics for for- 
mulating simultaneous algebraic equations, integral equations and boundary- 
value problems, etc., as operator equations, and for approximate and iterative 
methods for solving these equations. See for instance the interesting expository 
paper on Newton’s method and variations by R. H. Moore in [1] and [9, 14, 
16|. The compactness of notation that results from this approach and the ab- 
stractness of the notions are assets to the conceptual framework, unifying 
diverse situations in analysis and approximation theory. 

B. Some of the recent books in advanced calculus and real variables, treat 
differentials of mapping from regions in E" to £” in the spirit of linear trans- 
formations. We refer specifically to the outstanding books on Advanced Calculus, 
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by T. M. Apostol; R. C. Buck; W. Maak; H. K. Nickerson, D. C. Spencer, and 
N. E. Steenrod; and to Principles of Mathematical Analysis (2nd edition) by 
W. Rudin, The Elements of Real Analysis by R. G. Bartle and [3]. An elemen- 
tary introduction is also given in Calculus of Vector Functions by R. H. Crowell 
and R. E. Williamson. See also the recent books by W. H. Fleming and C. Goff- 
man on functions of several variables. 

C. Differentiation rules, chain rules, mean value theorems, Taylor’s for- 
mula, etc., can be developed for F- and G-differentials as in classical calculus. 
Partial F- and G-differentials can also be defined paralleling the classical theory. 


11. Some open questions. One mathematician remarked that a colloquium 
lecture in mathematics should include at least one proof and one open problem. 
We assume, without further discussion, that this also holds for an expository 
article. We conclude therefore by mentioning some open questions which can 
be stated within the framework of this paper. 

A. The derivative dF (x; -) is not necessarily continuous in x. The question 
then arises as when we can approximate a nonlinear operator by a continuous 
Fréchet derivative or, more generally, by another nonlinear map with a con- 
tinuous Fréchet derivative, in the case of infinite-dimensional spaces. 

B. It is known that a real function of a real variable which satisfies a Lip- 
schitz condition is differentiable almost everywhere. This follows from the fact 
that if | f(x) —f(y)| < M| x—y| for all x and y in fa, db], then 


n—-1 n—1 

D | f(vin) — f(m)| SMD | wa — oI, 
t=1 i=l 

for any partition aSxj<x,.< +++ <x,<b. Thus f is of bounded variation, and 
hence being the difference of two monotonic functions is differentiable almost 
everywhere. The questions that arise are: 


(i) Does an operator which is Lipschitz continuous, i.e. 
|| F(x) — F(y)|| < M | a — 4)| for all x and y, 


have any G- or F-differentiability properties almost everywhere? 

(ii) What additional hypotheses are sufficient to imply G- or F-differenti- 
ability for a Lipschitz continuous operator? 

C. A functional defined on a linear space £ (or on a convex subset of £) is 
said to be convex if for all x and y in the domain of f and for 0Sa<1, 
flax+(1—a)y|Saf(x)+(1—a)f(y). A convex functional defined on an open 
subset has a one-sided G-variation, i.e. 


lim [f(a + th) — fe] 


exists, ¢>0. Furthermore, if f is continuous and convex on the real interval 
[a, b], then f has a right-hand and left-hand derivative at every point and the 
subset on which f’ does not exist is countable. See, for instance, pages 195-196 
in Analysis by E. Hille. 


76 PAPERS IN ANALYSIS 


We ask the same questions as in B for convex functionals, 1.e., what hypoth- 
eses imply G- or F-differentiability of a convex functional, which would not 
imply the same for arbitrary functionals? 

A similar question can be posed for monotone operators (see the paper by 
Dolph and Minty in [1]). 
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A FINITE DIFFERENCE EXTENSION OF THE LAW OF THE MEAN 
G. E. MATTHEWS, State University of New York at Albany 


A lemma of S. Bernstein [1], extending Rolle’s Theorem to the calculus 
of finite differences, states that if f is a continuous real function on [a, 0] which 
vanishes at the endpoints, then the difference A), f, defined by A, f(x) =/(«+h) 
—f(x), has a zero in the interval, provided h is sufficiently small. R. J. Levit 
has recently shown [2] that the best possible bound on # depending only on the 
number x of changes in sign of f in (a, 0) is 

(6 — a) 


[(w + 3)/2] 


where the brackets denote the greatest integer function. 

R. J. Levit’s re-statement of Bernstein’s Lemma may be expressed as fol- 
lows: If a real function f is continuous on |a, 6] and vanishes at the endpoints 
and changes sign exactly » times in (a, b) and if 0<ASH,=(b—a)/[(n+3)/2], 
then for any given h which satisfies the hypothesis there exists an 7, where 
a<r<b—h, such that A,f(r)/h=0. This is clearly seen to be a finite difference 
extension of Rolle’s Theorem with the property of differentiability of f replaced 
by a bound on / and with the first derivative replaced by the quotient A,f/h. 

The purpose of this note is to extend the Law of the Mean to the calculus 
of finite differences in the same way with the same bound #H, on h. For a gen- 
eralized Law of the Mean for finite differences, the reader is referred to a paper 
by D. Raikov [3], which applies Bernstein’s Lemma without such a bound on h. 

The Law of the Mean states that if a real function f is continuous on [a, 0] 
and differentiable on (a, b), then there exists an 7, where a<r<)b, such that 
f(b) —f(a) = (b—a)f’(r). The Law of the Mlean may be extended to the calculus 
of finite differences as in the following new theorem: 


) 


THEOREM. Jf a real function f is continuous on |a, b| and if the graph of f 
crosses the secant line joining the points (a, f(a)) and (0, f(b)) exactly n times in 
(a, b) and if 


H, = (b — a)/|(m + 3)/2], 


then corresponding to any positive h SH, there exists an r, whereaSrSb—h, such 
that 


f(0) — fla) = (b — Afr) /h. 


Proof. Suppose that the secant line has the equation y=mx-+c,; then con- 
sider the auxiliary function ¢, defined by (x) =f(x)—mx—c for x in |a, b]. 
Since f is continuous on |a, b], then ¢ is continuous on [a, b]. Clearly, (a) 
=(b) =0. If f crosses the line y= mx-+c exactly times in (a, b), then @ changes 
sign (crosses the line y=0) exactly m times in (a, b). Thus H, has the same 
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value for both the given function f and the auxiliary function ¢. It is seen that @ 
satisfies the hypothesis of Levit’s Theorem. 

Hence, for any positive hSH,, there exists an 7, where ax<r<b—h, such 
that A,d(r)/h=0. Expressing this result in terms of the original function f yields 
(A, f(r) —mh)/h=0. Thus 


Anf(r)/h = m = (f(b) — fla))/(6 — a). 


The conclusion of the new theorem follows immediately: Corresponding to any 
positive h<H,, there exists an 7, where aSr<b—hA, such that 


f(b) — fla) = (6 — ayAnfr)/h. 


Since the preceding theorem implies the existence of chords which are parallel 
to the secant line connecting the endpoints of the graph of the function, we seek 
a bound on the length of these chords. 


CorROLiary. If a real function f is continuous on |a, b| and if the graph of f 


crosses the secant line joining the points (a, f(a)) and (0, f(b)) exactly n times in 
(a, b), and if 


L= #,J/1+m?, 


where m 1s the slope of the secant line, then corresponding to any positive 1S L, the 
graph has a chord in |a, b] of length | parallel to the secant line. 


Proof. From the Pythagorean Theorem it can easily be shown thata chord 
with slope m has a length ]=h»/1-+m?, where h is the length of the projection of 
the chord on the X-axis. Now, if 1S, then AS H,, and the hypothesis of the 
theorem is satisfied. And the theorem implies the existence of the desired 
chords for the bound L. Clearly, Z is the best possible bound on / as it depends 
only on m (which is a constant for any given function) and on A, (which was 
proved best possible in [2]). 

In order to guarantee the existence of an 7, and hence a chord of length /, 
in the open interval (a, 6), we must replace H, with a more restrictive bound 
H* =(b—a)/|(n+5)/2]. (See [2] page 29.) We leave the re-statements and 
proofs as an exercise for the reader. 
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ON THE SPECTRUM OF A LAURENT FORM 
M. EISEN, University of Pittsburgh anp H. GINDLER, San Diego State College 


1. Introduction. In this paper we study the spectrum of a certain class of 
linear transformations on /, (Def. 1) called Laurent forms (Def. 2) and show how 
the results of this theory can be used to give very short and simple proofs of the 
famous Wiener and Lévy theorems concerning absolutely convergent Fourier 
series [15, pp. 245-7]. 

In Section 2 we give some preliminary definitions. The operational calculus 
for bounded linear transformations is introduced in Section 3 and applied to 
obtain the spectrum of a regular L-form (Def. 5). In Section 4 the fine structure 
of the spectrum is studied and the spectrum of an arbitrary L-form is obtained 
in Section 5. This result is used to prove Wiener’s theorem in Section 6. 

This paper is partially expository since it is written with the objective of 
making this information accessible to persons who have had only a brief intro- 
duction to Functional Analysis. We believe that L-formis could be used very 
effectively for problems and examples in a graduate course which includes spec- 
tral theory for infinite dimensional normed linear spaces. 


2. Preliminary notions. In this section we introduce some definitions, facts: 
and notations which will be used later on. 


DEFINITION 1. The normed linear space l,, where 1S p< «, 1s defined to con- 
sist of all doubly infinite sequences x= [Xn } of complex numbers x such that 
(doen | Xn P\lIp< co, The norm in l, 1s defined by 


oo 1/p 
() inl = (5 | ") 


N=— CO 


The space 1,, consists of all bounded sequences; the norm in 1, 1s defined to be 


(2) Is|| = sup | sn], 

where the supremum 1s taken over the set of all integers. 
We recall some well-known facts about /, spaces. 
LEMMA 1. The l, spaces ASpS@) are Banach spaces. 


LEMMA 2. The dual space, the space of all continuous linear functionals, of Ll» 
is congruent to 1l,, where 1/p+1/q=1,7flsSp<eo. 


The above lemma is not true for p=. 


DEFINITION 2. An L-form (Laurent form) 1s a doubly infinite matrix (a;;) 
where Q;;=Q@;_;, for 1, 7=0, +1, +2,:---, are complex numbers such that 


ae |dn| < mw, 
79 
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More specifically, an L-form L is represented as follows: 


(3) L=|]+++@2 @1 G& A 2° 


An important role in subsequent developments will be played by the special 
L-form T obtained when a;=1 and a,=0 if n#1. 

By indulging in the usual matrix multiplication one sees that an L-form 
assigns to each doubly infinite bounded sequence of complex numbers another 
sequence and, just as in the finite dimensional case, this correspondence deter- 
mines a linear transformation. In fact, the matrix multiplication is merely the 
convolution of an element of J; with an element of J,. 


Example. Let x be the column vector x=(- ++ ,X_1, X_2, Xo, X1, X2, - + + ) and 
T be the matrix described in the preceding paragraph. If y=T7x, then y;=x,41 
(@=0, +1, +2, +3,-.--)—that is, Tis a shift operator. 


DEFINITION 3. If X is any Banach space we denote by |X | the space of all con- 
tinuous linear transformations defined on all of X, with range X. If AC |X| we 
define the norm of A by 


(4) ||| = sup || Ae], 


where the supremum 1s to be taken over all x in X with | «|| =1. 


It is known that ||A]| is finite for A in [X] and that [|X] is a Banach space 
(in fact a Banach algebra). The topology on |X | determined by (4) is called the 
uniform operator topology. 

The following lemma is a consequence of the transformation law for 7, given 
in the example, and the above definition. 


Lemma 3. TE [lp] if 1S p< and ||T|| =1. 


Subsequently, we will prove that any L-form belongs to |/, |. 
We shall need the notion of the spectrum of an L-form. 


DEFINITION 4. [f L is an L-form, then the resolvent set p(L) ts the set of complex 
numbers \ such that L—XI is 1:1 onto 1,and (L—-dI)~'E |L, |. Here I denotes the 
identity matrix. The spectrum o(L) is the set of complex numbers ® such that 
AE p(L). Frequently we shall write L—) instead of L—XI. 
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The above definition is not the usual one, but it is equivalent to the standard 
definition of the spectrum for the cases we will be considering. In fact, without 
loss of generality, p(A) and o(A) can be defined as above for A in |X| where X 
is a Banach space. 

Note that \€p(L) if and only if the equation y=(L—AJ)x has a unique solu- 
tion x in 1, for each y in /, and x is a continuous function of y. Technically p(A) 
will depend on # as well as A. However, for L-forms we shall see that p(Z) does 
not vary with p. 

To illustrate the above concepts we shall find p(7) and o(7). The following 
theorems will be useful for this purpose. 


TuHeoreM 1. Let X be a Banach space, \ a complex number, and AC [|X]. I 
[A] >|) All then (A-AD 7 [X]. 


For a proof see Taylor [12, Theorem 5.2 A, p. 260]. 


THEOREM 2. Let T be the L-form given by the matrix (a,,) where a,,=1 1 
j—t=1 and a,,=0 otherwise. Then, 1f \ denotes a complex number 


(5) o(T) = (A: |A] = 1), 
and 
(6) o(T) = (A: | A] # 1). 


Proof. Since | T|| =1 (cf. Lemma 2) and the /,(1 <p «) are Banach spaces 
(cf. Lemma 1) it follows by Theorem 1 that XE p(7) if oN > 1. 
Let y=(AJ—T)x, then 


(7) Vi = AX Wi forz = 0, 1, +2,--.-. 

Solving (7) recursively we obtain 

(8) Xe = APH — Ayo + AM BRgy fs Hf Aye-e F Ve-1) «=6fork = 0,1, 2,-°--, 
(9) wip, = ATPao + (AF y_y FATE Py go + +--+ ATTY.) ©6fork = 1, 2,3,--- 


Now if RN =1, then setting y=0 for all 7 gives that I rPax¢9 | is an eigenvector in 
l. where xo is an arbitrary complex number. We conclude that A\Go(7T) if 
RN =land p=~o., 

If RN =landif xEl,, with 1Sp<o, then x.-0 as kR>4+ ~. Letting ko « 
in (8) and (9) and equating the resulting expressions for x» we obtain 


(10) » A~*y; = (0). 


Setting A7'y,=2;, equation (10) becomes 


(11) > z, = 0. 


Since (11) cannot be satisfied by every sequence 2} inl, we can find a sequence 
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iyi} in 1, (since RY =1) which cannot satisfy (7). We conclude that \J — T can- 
not be onto /,. Thus RN =1 implies \Ga(T). 

To complete the proof of the theorem we need only show that \Cp(7) if 
[A] <1. We begin by considering the point \=0. From (7) it is obvious that the 
range of —T7J is all of /,. Further —7~1'is a shift operator, in fact an L-form with 
as1=landa;=0if7+ —1, and so | — T- = 1. Boundedness of a linear operator, 
however, is equivalent to continuity and so 0€ p(T). Now let 0< RN <1, by 
Theorem 1 it follows just as before that AX~'€p(7~!) and we have (A—7)7} 
=\-'7-1(7-1—)-)1E [1, | and so NC p(T). 

An interesting feature of the above proof is that A can be in the spectrum 
of T without being an eigenvalue (recall the discussion for RN =landisp<o). 

A direct proof that (A—T)-!G[X]| can be given by actually finding an 
analytic expression for this operator by using (7). We leave it to the reader to 
verify that (A—7)7! as given by equations (19) and (20) is correct. 

We postpone this study of the fine structure of the spectrum until Section 4 
in order to minimize the number of definitions needed at this stage. 


3. The operational calculus. Throughout this section let X be a Banach 
space and suppose that AG|X] with | Al as defined in equation (4). 

If NGp(A) with AG |X], then by definition A—AJ maps X, 1:1 onto X. 
It is known that in this case (AJ—A)-!G |X]. We denote by Ry the operator 
valued function which assigns to each AG p(A) the operator (AJ —A)7!; thus for 
all NG p(A) 


(12) R, = (I — A). 


One can develop a theory for such operator valued functions of a complex 
variable which parallels very closely the classical complex variable theory. In 
particular, the concepts of continuity, analyticity and contour integral can be 
defined for such functions. In many cases the proof of a theorem from classical 
complex variable theory can be adopted to the operator valued case simply by 
reinterpreting the meaning of the symbols and systematically replacing the sym- 
bol for absolute value by the symbol for the norm of the operator. It is known 
that RK is analytic as an operator valued function. 

Let f be a function which is defined and analytic, in the classical complex 
variable sense on an open set containing o(7). The operational calculus associ- 
ates an operator f(A) in |X| with f by 


1 
(13) fA) = =~ J OR 


where [' is the boundary of a Cauchy domain [12, p. 288] and T lies entirely 
in p(T) and the domain of f and contains o(7) in its interior. 

The integration is performed in the positive sense, that is, if one were walking 
around one of the curves composing I’ the interior of the open set would be 
on the left. The operator f(A) is independent of the particular curves forming I. 
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There are two standard theorems which will prove useful in our study of the 
spectrum of L-forms. 


THEOREM 3. Let X bea Banach space and TE |X |. If f and g are two functions 
defined and analytic on an open set containing a(A), then 


(14) (f + g)(A) = f(A) + g(A) 
and 
(15) (f-g)(A) = f(A)g(A). 


Theorem 3 expresses the very useful fact that the mapping f—f(7) is a ring 
homomorphism. Equation (14) follows from the linearity of the contour integral 
in (13). However, some special properties of A, are needed to establish (15). 

A very interesting fact about the operator f(A) is that its spectrum is 
uniquely determined by the spectrum of A. 


THEOREM 4. If f ts analytic in an open set containing a(A), then 
(16) o(f(A)) = f(e(A)), 


where f(A)C|X| defined by equation (13) and a(f(A)) denotes the spectrum of 
f(A) while f(a(A)) is the set of complex numbers f(A) with NGa(A). 


Theorem 4 is often called the spectral mapping theorem; it reduces the prob- 
lem of finding ¢(f(A)) to a problem in conformal mapping. 

The proofs of the above theorem as well as a more detailed discussion of the 
operational calculus can be found in Taylor [12, 5.6, p. 287]. 

We shall now apply the operational calculus to study the spectrum of what 
Toeplitz called regular L-forms. 


DEFINITION 5. An L-form, determined by the sequence fan}, is defined to be 
regular provided there exists real positive numbers yr and R with r<1<R such that 
the Laurent series 


eo 


(17) FQ) = La and 


converges in the annular region r< RN <R. 


From complex variable theory an L-form is regular if and only if the func- 
tion {(A) in equation (17) is defined and analytic in the annular region containing 
the unit circle. We will need this fact to obtain the spectrum of a regular L-form. 


Lemma 4. Let L be a regular L-form and let f be the function associated with L 
by means of (17). Then L=f(T) where T 1s the L-form in Theorem 2.2. 


Proof. By the operational calculus (cf. equation (13)) we have 


1 1 
(18) fT) =- —| F(A) Radda + ml FA)R A, 
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where ¢ is a circle of radius 1 with r<7r,<1 and & is a circle of radius Rs with 
1<R:<K (both circles about the origin). The appearance of the minus sign in 
the first integral in equation (18) is due to the fact that we are integrating coun- 
terclockwise. In the first integral we have 


(19) R= — [FJ -aATOPR = — (POA ATE HA NUIT HE eet) 4+...) 


and the infinite sum converges in the uniform operator topology since |AT-4| 
<1 for RN <1. Similarly for the second integral in equation (18) we have 


and the infinite sum appearing on the right also converges since T/d!| <1. The 
reader can easily verify that 
i 
(21) Tt? = — — \~* Ry dr (7 = 1, 2,3,---), 
271 oy 
and that 
1 
(22) Ll” = — A” Ry dd (n = 0, 1, 2, - ) 
Lrid ¢, 


Integrating in equation (18) term by term it follows by the residue theorem that 


MT) = Qe AnT”. 


The proof of Lemma 4 can be completed by using Lemma 5. 


Lemma 5. Let L be an L-form and let T be the L-form in Theorem 2. Then (even 
if L is not a regular L-form) the series >.” . ax1® converges in the uniform operator 
topology on |l,| for 1<pS<« and 


—e 


Proof. Let Sn= > 3725 aeT®; then 


Sn Sul S22 fae (|TH = Do | axl, 


k=m+1 k=m+1 


where we have used the fact that | T*|| =1. Since >| an <« we see that the 
sequence {.S,} is a Cauchy sequence in [J,]. Since [J,] is complete (cf. Lemma 
1) the sequence 1S, is convergent. Hence the series })7.) a,7® is convergent 
in the uniform operator topology. A similar argument shows that the series of 
negative terms converges. 

Equation (23) can be established by examining the matrix for the series on 
the right hand side. 


COROLLARY. 


(24) IZ] < Do fa. 


=— 0 


ON THE SPECTRUM OF A LAURENT FORM 85 


Note that we refrain from writing L=/f(7) if L is not known to be regular; 
we reserve this notation for elements of the operational calculus. 


THEOREM 5. Let L be a regular L-form. Then LE |l,| and the spectrum of L is 
(25) o(L) = (fA): JA} = 1, 
where f(r) 1s defined by equation (17). 


Proof. Let T be the L-form described in Theorem 2 with p(7) = jX: RY =1 \ 
Since the function f is analytic on a neighborhood of ¢(7), the operational cal- 
culus defines a function f(T) in [/,]. However, L=/f(7T) by Lemma 5, hence the 
spectral mapping theorem (Theorem 4) yields the assertion about o(L) and 
shows LE [Ip]. 

Theorem 5 for the case p=2 is due to Toeplitz [9]. For the cases 1<p<, 
Theorem 5 is a corollary of a theorem of Krabbe [7, p. 42]. See also [4]. 

By considering the effect of 1 on a vector x for which x)»=1 and «,=0 if 
1%0 it follows from the definition of the norm that 


(26) ( > alr) < ||Z| 


k= 


P) 


where we have written Lil for the norm of Z as an operator of /,. In (26) we 
need only consider values of ~ such that 1S 2 since the norm of the transpose 
of L as an operator on the dual space is the same as the norm of L. From Theo- 
rem 5 (or Theorem 11 if Z is not regular) and the fact that the spectral radius, 
sup RN for \Goa(L), is not greater than the norm we see that 


(27) Sup | > ayd” 
Inj =1 


< ||L 


ps 


From (26) and (24) we deduce that JO =( Ll. = >, ja,| and from (24) and 
(27) that | Ll>= >| a,| if all the a, 20 (or if all the a, are rotated by multiply- 
ing by e”.) 

There are two more consequences of Lemma 4 which will be useful later. 


THEOREM 6. Let L; and L, denote any two L-forms corresponding to the finc- 
tions f and g respectively, according to equation (17). Then 


(28) Ly lig = L,Ly = Lp q. 


Proof. We begin by showing the theorem is true for regular L-forms Ly and 
L,. Since L;=f(T) and L,=g(T) by Lemma 4, the operational calculus assures 
us that f(T) e(T) =g(T)f(7) since f(A) g() =g(A)f(A) and so the first equality in 
(28) is valid. Also, by equation (15), we have (fo g)(7) =f(7) ¢(7) or Ly, = L;Ly. 

The theorem can now be proved for arbitrary L-forms by using the fact 
that every L-form is a limit of regular L-forms, the partial sums of the series 
defining f, in the uniform operator topology of |/,] by Lemma 5. 

Theorem 6 could be established by performing the matrix multiplication but 
this procedure is somewhat tedious. 
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We intend to extend some of the above results concerning the spectrum of 
regular L-forms to L-forms which are not necessarily regular. We postpone this 
discussion, however, until Section 5 since the situation is a little more compli- 
cated than it might first appear (cf. first paragraph in Section 5). 


4. The fine structure spectral mapping theorem. In this section we plan to 
study what is called the fine structure of the spectrum of a regular L-form. 

If \ is an eigenvalue of an L-form L, then A is in the spectrum of ZL for, just 
as in the finite dimensional case, L—A/J is not 1:1, i.e., there exists no inverse 
(cf. Theorem 2). However, for infinite dimensional spaces L—\J can be 1:1 and 
it is still possible to have \ in o(L). For by the very definition of an in finite set 
the range of L—~AJ need not be the whole space and so (L—A/J)7~! is not an ele- 
ment of |X]. Thus there are a number of ways a complex number \ can get into 
the spectrum of an operator. Points in the spectrum are classified according to 
these various possibilities. This study is known as fine structure theory. 

The classification scheme, we wish to introduce, is based on the idea that 
there are basically three ways that a linear operator A in |X] may fail to have 
an inverse A~!in [X ]. 


DEFINITION 6. Let X be a Banach space and suppose AC |X |. Then the proper- 
ties P; @=1, 2, 3) are defined as follows: 
Py: A ws not 131. 
P,: The range of A 1s not dense in X. 
P3: There exists a sequence of unit vectors x,( 
No, 


Xn, —(0 as 


=1) for which || Ax, 


P, states that A7! does not exist; the meaning of P: is apparent. The prop- 
erty P; means that A does not have a continuous inverse (cf. Taylor Theorem 
3.1-B [12, p. 56]). 

From the above interpretations of the properties P, it is evident that a point 
\Goa(L) if and only if L—AJ has at least one of the properties P;. To illustrate 
that these various possibilities actually occur we study the fine structure of the 
operator 7. 


THEOREM 7. If T:1,—-l, 1s the L-form of Theorem 2, then the fine structure 
of the spectrum of T (ao(T)= ne RN =| \) is as follows: 

(a) p=o, (AI—T) has the properties P, and Po; 

(b) 1<p<o. (AI—T) has the property Ps but neither Py nor P; 

(c) p=1. (AI—T) has the properties Pz, and P3. 

Proof. (a) We first prove that the range of A\J—T is not dense in /,. Let 
w=(---,N7% 2+) ATA ALAS At + + D3 then wEl,, and if yal =e <1, 
then y is not in the range of A—7. Assume the contrary and suppose that 
y=(A—T)x; set y=w+6, where 0= 16, } and |6@,| <efor an arbitrary e>0. Then 
from equation (8) we obtain 


x, = Nay — (AP100 + A770, + +) + AOe-2 + O.—1) — RAE, 
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which implies that | BAF} + 363, — NEO | <ke. Upon dividing by k in the last in- 
equality and letting kR—« we obtain 1 Se. A similar contradiction arises upon 
using (9). 

The inverse does not exist since we have an eigenvalue I NEx0 | as we have 
seen in Theorem 2. 

(b) The results in (a) show that an eigenvector must be of the form | Mex \ 
However, since RN =1, this element does not belong to /,41Sp<«) unless 
xo =0 and so x=0. Since (AJ —7)x =0 implies x =0, the inverse exists. 

Consider the vectors 


%y = (---0,0,-°-°,d7% +++ AT, 1, A, 2 At, 0, 0--- +); 


then if (AL—T)x, =y,, all the components of y, are zero except the mth and 
—(n+1)th which are \” and —A)7-” respectively. 

From this it follows that (A T)x,|] S2 for all 2 while | 
yields the assertion that (AJ—7)7! is not continuous. 

Finally we will prove that the range of AJ—T is dense in /,. In the proof of 
Theorem 2 we saw that the range of \/~TJ was contained in the hyperplane 
given by equation (10). We will show that each sequence with only a finite 
number of nonzero terms is a limit of elements satisfying equation (11), hence 
equation (10) since RN =1. Consider the basis vector # with wz)=1 and u,=0 
(k#0). It is the limit of the sequence | Ew where &”=1—1/n, &=—-1/n 
(k=1,2,--+,n—1), and & =0 otherwise. For [|e — EM | = (1 1/n| P\ Pp which 
approaches zero as n— © if p>1 as the reader can easily verify. 

(c) The argument used in (b) shows that the inverse exists and is not con- 
tinuous, but the solutions of (11) are not dense in /;. We will show that no se- 
quence {Em | satisfying (11) approaches #)=1 and w,=0 (k#0). Assume that 


[0 which 


X yp 


E™—>y and, without loss of generality, we may suppose that Eo =1. Since 
=. (n) (n) 
f = QO, > & —>— 1 
—0 k 540 


as n— since &”—>1. Because £1 and Em] =1, dopo 0 and we have 
a contradiction. 

There is an interesting aspect to the proof of the above theorem. From the 
fact that no hyperplane is dense in Euclidean n-space most of us would guess 
that no hyperplane is dense in an infinite dimensional space. Part (b) shows, 
however, that indeed the points of /,(1<pS @) lying on the hyperplane (11) 
are dense in Ip. 

We are now in a position to study the fine structure of the spectrum of an 
operator obtained by means of the operational calculus. 


THEOREM 8. (The fine structure spectral mapping theorem.) Let X be a Ban- 
ach space, suppose AC |X |, and let f be analytic on an open set containing the spec- 
trum of A. If al—A has the property P;, for 1=1, 2, 3, then so has f(a)I—f(A). 
If ul—f(A) has the property P;, for i=1, 2, 3, and if f(a) #pu on each component 
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of the domain of f, then there 1s an a in G(A) sich that f(a)=p and al—A has 
the property P.,. 


This theorem is proved in Hille and Phillips |[5, pp. 204-5]. Essentially 
Theorem 8 says that every “bad” property of af — A is passed on to f(a) —f(A). 
Conversely for nonconstant f, every “bad” property of af—/(A) must have been 
inherited from af —A for some @ such that f(a) =u. It is essentially this genetic- 
like character of the properties P, which makes the operational calculus so use- 
ful. 

The above theorem will be applied to find the spectrum of a regular L-form. 
We first take care of the exceptional case—namely, L=al where q@ is an arbi- 
trary complex number. Here the spectrum of Z is the point \=a and AJ—L has 
the properties P1, P2, and P3 at this point. 


THEOREM 9. Let L:1,—1, be a regular L-form (Def. 5) which is not a multiple 
of the identity then the fine structure of the spectrum of L (o(L)=}/(\): Mn! =] \) 
is as follows: 

(a) p=, (AI—L) has the properties P, and Py. 

(b) 1<p<o«, (AI—L) has the property P3 but neither Py nor Py. 

(c) p=1, (AI—L) has the properties P, and P3. 


The proof is an immediate consequence of the spectral mapping theorem, 
Yheorem 8, and the properties of the spectrum of 7 given in Theorem 7, since 
L=f(7) by Lemma 4. In Theorem 9, the assertions about the property P; were 
proved by Krabbe [8, p. 784| for 1<p<o. 


5S. Newburgh’s theorem. We would now like to study the spectrum of the 
general L-form. One might expect that this would be directly obtainable from 
the fact that the general L-form is a limit of regular L-forms. Unfortunately, 
that 7,7 in norm does not necessarily imply o(7,)>0(7). For an example of 
this situation see Rickart [11, p. 282]. 

Newburgh [10, Theorem 4, page 168] proved the following result: 


THEOREM 10. If in a Banach algebra T;-T and T;1=TT; for all i, then 
lim o(7;) =a(T). 


The next theorem was obtained by Krabbe [9] using Wiener’s theorem. We 
give our own proof in order to obtain Wiener’s theorem as a corollary. 


THEOREM 11. Let L be an L-form determined by the sequence Lae}. Then the 
spectrum of L as an operator from |, into ly 1s 


(29) o(L) = {f): | A] = If, 
where f is defined by f(\) = >... apd¥ for RN = 1. 


Proof. Let L,=f,(4) where f(A) = aa apA*; then L,—-L by Lemma 5. 
Theorem 6 assures us that L,L=LL,, for all x. Since lL» | is a Banach algebra, 
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Theorem 10 applies and the result follows from Theorem 5, equation (25) since 
fro(A)—f() for each » on the unit circle. 

Since the series defining fis uniformly convergent on the unit circle (because 
of our hypothesis that >) | a. | is convergent) the function f is continuous. Thus 
we have the following corollary to Theorem 11. 


THEOREM 12. Let L be an L-form. Then the spectrum of L 1s connected. 


The form of the spectrum of Z and some well-known theorems [12, p. 281, 
Theorem 5.5 F-G]| enable us to deduce the next result. 


THEOREM 13. An L-form 1s completely continuous 1f, and only 1), 1t 1s the zero 
operator. 


In Section 4 we proved that L—AJ cannot have a continuous inverse if 
ACa(L), that is, L—A/ has the property Ps for all \Ga(L). This result holds for 
any L-form L and can be proved by using the fact that Z is a limit of regular L- 
forms together with know theorems from any one of the following three refer- 
ences: Kato [6], Gohberg and Krein [3], or Gindler and Taylor [2]. 

We have not been able to extend to the general case, the remaining results in 
Section 4 concerning the tine structure of the spectrum of a regular L-form. 
For an interesting discussion of some of the problems involved in determining 
the fine structure of certain L-forms see |4, p. 48]. 


6. The famous theorem of Wiener. A (to us) startling and gratifying applica- 
tion of the study of the spectrum of L-forms is a new proof of Wiener’s theorem 
[14]. Anyone who thinks this theorem is obvious should examine Wiener’s 
original proof. Gelfand [1] proved this theorem using the Gelfand theory for 
Banach algebras. Our proof depends on this theory through our use of New- 
burgh’s result (Theorem 10) in obtaining the spectrum of an Z-form. Our proof 
has the advantage that we do not need to study the structure of the maximal 
ideals in the space of absolutely convergent Fourier series (cf. [5, p. 136]). 


THEorem 14. Let f be a function whose Fourier series >°._ , a,e"® is abso- 
lutely convergent. Then, tf f 1s never zero on the unit circle, the reciprocal of f has an 
absolutely convergent Fourter series. 


Proof. Let L be the L-form corresponding to f. Then 0€o(L) by Theorem 2 
and so L has an inverse L7!© [11]. The theorem will be proved if we succeed in 
showing that L~! is the L-form corresponding to 1/f. 

To see that L7! is indeed the L-form of some function g, let g be the function 
whose Fourier series has coefficients L7!v, where w)=1 and uw, =0 otherwise. 
(Observe that this is just the “central” column in the L-form.) Then g(\) 
= Sb,” and we must show >| b,,| < « which is equivalent to the fact that g 
has an absolutely convergent Fourier series. However, this result is a conse- 
quence of > |b,| =|[Z~#|]. 
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It remains to show that g=1/f. Now L,;L,=Ly;, and any L-form is completely 
determined by one column in the matrix. Hence, L,,u=L,L,u = LL7'u =u im- 
phes fg=1. 

We leave it for the reader to verify that the following theorems on absolutely 
convergent Fourier series are also corollaries of the theory of L-forms. For more 
classical proofs of these theorems see Zygmund [15, pp. 245-7]. 


THEOREM 15. Let f be a function with absolutely convergent Fourier series and 
suppose that d 1s a function which 1s analytic on a neighborhood of the set POA): 
RN =1 \ Then the composition @ of has an absolutely convergent Fourter series. 


THEOREM 16. Let f be a function with absolutely convergent Fourier series and let 
F,, be a sequence of analytic functions converging uniformly to 0 1n a neighborhood 
of the range of f. Then || F, of|30 where |\g|| = >>| a,| if the a, are the Fourier 
coefficients of g. 


Lin 


THEOREM 17. [ff has an absolutely convergent Fourter series, then lim, .~ | 
=supjsj_r | f(x) |. 


f* 


The proof of Theorem 17 by means of L-forms requires a theorem concern- 
ing the spectral radius [12, Theorem 5.2-E, p. 263]. 
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ALGEBRAIC PROPERTIES OF CERTAIN INTEGRAL TRANSFORMS 
RAYMOND REDHEFFER, University of California, Los Angeles 


1. Introduction. Many important investigations lead to integrals of the type 


(1) Taf = x7 [= f(s) ds, Taf = x { -_ f(s) ds, 


i 


where a is constant. In the theory of entire functions, these integrals are needed 
for estimation of canonical products. They also occur in the representation of 
special functions; for instance, 


aly (1 — a, x) — T.(e~*), 
where vy is the incomplete gamma function. The substitution s =e! gives expres- 


sions related to the Laplace transform; e.g., 


eo 


a-4(T,f + Tif) = | e~ Feet dt. 


— 00 


Our purpose here is to indicate some curious algebraic properties of the trans- 
forms (1). In the course of the discussion we suggest a number of research prob- 
lems, suitable for an alert class in advanced calculus. 


2. The product formulas. To avoid convergence difficulties let / be continu- 
ous and let f(s) =0 near s=0. Then a change in the order of integration gives 


T.(Tsf) = x { a fs J ‘5f(5) is| dt 


x yb-a —_— go-a 
= ge! { —— s— f(s) ds. 
0 b—a 


If we define sums, products and scalar multiples of transformations in a natural 
manner, the foregoing relation reduces to 


Ta — Ty 
(2) Tals = b } (a A b). 


We leave it to the reader to show that 


~ ~ 


~ a 


a Ty 
(3) Tals = } (a x b), 
; b—a 
if f vanishes near «, and that 
- Ta + T 
(4) Tals = Ty, 4 = h Ve, (b > a), 


if f vanishes both near 0 and near ©. 
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Since our transformations are linear, the distributive law 
T(T + T .) — Tals +E Tal, 


holds, and extended products can be computed by repeated application of the 
foregoing relations. In particular, (772) 7. is 
i, 4 T> 4 T, 
(a— b)(a—c) (6—ay(’—c) (C-— alc — 8) 


for a, b, c all unequal. The same result is obtained for 7,(7;,7.) (and that is just 
as well, because multiplication of transformations is always associative). 


3. An algebra without squares. The formula (2) shows two surprising facts: 
the product is representable in terms of the sum, and it is commutative. Since 
the formula breaks down when 6=a we have no quarrel with those who say, 
“Vou can’t form x*y, because x was already used up in forming xy.” In the pres- 
ent discussion, repeated factors are really excluded. 

To develop an algebra subject to this imitation, start with a set of real num- 
bers M, and form the various transformations 7., with aC M. These give a basis. 
The elements themselves are linear combinations, that is, expressions of form 
> a(a) T., where a is a real-valued function defined on M, and a runs over M. 
Different functions a give different elements. The sum of two elements is de- 
fined in an obvious way, and by (2) the product is 


a(a)B(d) 
(5) [ 2, ea) Tall 2 8()To] = dL as (Ta — To). 
This requires that a(a)8(b) =0 for a=d; in other words, the sets {74} and {73} 
must be disjoint. Then addition is commutative and associative, multiplication 
is commutative and associative, and the distributive law holds. But we cannot 
form the square of a basis element 7,, or any product which leads to such a 
square. 


4, Characteristic functions. Upon letting 6—<a in (2) one is led to conjecture 
that 


or, more explicitly, 
9 ) 
Tif = 50 T.f = (log v) Tal f(s)| — Tal f(s) log s]. 
The latter relation can be verified directly as in the derivation of (2). But a 


more efficient method is to note that x” is a characteristic function for Ty, 
whenever the constant m>a—1. That is, 
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(6) T yx” = dx", N=(m—at1)- 


This shows that Tix™=d"x™, and hence the formula 


n+l 1 0 ” 
( 7 ) i, = | i, 
n! \Oa 


holds when both sides are applied to f(x) =x”. By linearity the formula must 
then hold for all polynomials f of degree greater than a—1 in the lowest terms. 
Since a continuous function vanishing near 0 can be approximated by such poly- 
nomials, (7) is established for the wholeclass |f} with which we are concerned. 
It is left for the reader to re-establish (5) in the same way, and to evaluate more 
general products, such as T?7;. 

Equation (7) leads to a variety of symbolic formulas, of which 


1D —1 6) 
To @ Tae = A—Ti) , D=— 
0a 
is a typical example. Construction of other such formulas and investigation of 
their validity is left to the reader. 


5. Multipliers preserving positivity. We define a generalized polynomial by 
f(x) = Qo e(m)x", 
me AM 


where m ranges over a given finite set, /, of nonnegative real numbers. The 
notation emphasizes that the exponents need not be integers. A function @¢ is 
called a multiplier if the condition f(x) 20 for OS x <xp implies 


> d(m)c(m)x" = 0, Oe 


meM 


IIA 


Xo. 


Choosing y=a—1 in (6) we find that d(m) =(m—y)~" is a multiplier, where x is 
a positive integer and y is any constant smaller than all the m’s. Superposition 
over y leads to additional multipliers, of form 


() sim) = fn s)-rduly), du & 0. 


—e 


Without reference to 7, it is evident that d(m) =y” is also a multiplier, provided 
0<y<1. This leads to the class 


o(m) = { y™ duly), du 2 0. 


We leave it to the reader to investigate the relation between these two classes 
and to decide whether the condition m =integer in (8) is really necessary. 
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6. Convergence. Let f be a continuous nonnegative function vanishing near 
0 and define F=T7.f, where a is any constant. We shall prove 


[72a [7 Qa 


yatl a yar 


(9) 
0 
in the sense that if either integral converges, the other does too, and the values 
are equal. 
Integration by parts gives 
* F(x) * f(x) 
—— d 
0 


y= —— dx—E 
atl 


yet ? 


0 


where the error £ is 


Let us write (f conv) as an abbreviation for the statement: “The integral in- 
volving f is convergent as Ro,” and similarly for F. Then (9) is established 
if it can be shown that 


(f conv) = (FE > 0) => (F conv) > (f conv). 
But the first implication follows from 


r=-f (4) isi f Suet LO 7. 


where 6 is a small positive constant. The second is evident, and the third follows 


from 
R 4 Rf2 1 
Se) (1 — =) ax { Fe) (;) dx. 
0 gat R 0 gat 2 


Under the same hypothesis on f let F=7.f. Then by a similar argument 


a [oF aee f° a 


4 a 1 0 yal 


or both integrals are divergent, and 
7° B(x) 2 f(x 
{ ©) dx = fe) log x dx, 
0 xe 0 xe 


(11) 


or both are divergent. 
Equations (2)—(4) and the distributive law give 


T _ T 
(12) TT. =-—— (b> a) TT. = —— (a > b), 
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where T= 7,+T7). The special case b=a-+1 in the first relation (12) gives (9), 
and the special case b=a—1 in the second gives (10). We leave it to the reader 
to analyze (3)—(4) after the manner of (9), and to fit (11) into the same context. 
What happens if the behavior of f near 0 (and not only near ©) is left unspeci- 
fied? How far can one relax the conditions of positivity and continuity? 


7. Divergence. Unless f is severely restricted, the condition b><a in 


| 
— 
at 


(13) TT 


is essential to ensure convergence. On the other hand, for broad classes of func- 
tions f the right side of (13) is an analytic function of a, provided a#b. Thus the 
right side gives the analytic continuation of the left side. By analogy to Euler’s 
method of summing divergent series, we therefore define the left side by the 
right side even when b <a. (If f>0, the resulting value is always negative. Per- 
haps it is unfair to define an integral as —1, say, when the integral diverges to 
+o; but the series 1+2+4+8+ -.-- has long been subjected to the same 
indignity.) 

Dropping the condition b><a in (4), we find that our multiplication table 
takes the form 


T.. T 
Ty Ta —_ Ty T +E Tp 
T, |\-Ta —-Ty —-Tit Ts 


with the understanding that each entry must be divided by a—b. It is possible 
to generate all the entries from any one of them by the following rule: Whenever 
we add or drop the ~ on one term, we change the sign of the other term. The 
reader is invited to find other algebras with the same multiplication table, and 
to interpret the formulas 


2 ~ 2 ~ 


T, = T, + 0, Tal, = —ToTe = TAT, 
that are obtained by ignoring the factor a—b. 


The preparation of this paper was sponsored by the Office of Naval Research. Reproduction 
in whole or in part is permitted for any purpose of the United States Government. 


A NOTE ON SELFADJOINT OPERATORS 
L. CARLITZ, Duke University 
1. A. M. Krall [1, 2] has proved that the operator 
L= AD™+ > ( ") CA") Di (p = “) 
j=0 \J ax 
satisfies the equation 
(1) L = (—1)"M, 
where M= —(1)"D™A+ >, "7)(-1)°(*)C,_,D!A@-. Here 


—— 


B, 
Cp = 2(27 ~— 1) — (y= 2,3,4,---) 
Y 


and the B, are the Bernoulli numbers in the even suffix notation. 
The presence of the Bernoulli numbers in these formulas is a bit surprising. 
The situation becomes somewhat clearer in Nérlund’s notation [3, Ch. 2]. Put 


By, 
Cra = 27(1 ~ 2”) — (1 = 1, 2,3,---), 
nN 


so that C,=—2"C,, (n=1, 2, 3,---+). Now define the differential operators 
ba, 6, by means of 


5A = A’, bay = Wa, 6,4 = Aé,, byy = y', 


where y is an arbitrary function of «. Then 


J i os s ; 
Di = Z(’ ja by = (8a + 6,) 


0 \ S 
and 
L = [28, — (4C8. + 6,) ]A4, 
(~1)"M = [2(6, + 6,)” — (—4C6, + 6 + 6,)"] A. 
Since C,=0, (r=1, 2, 3, --- ), the latter formula may be replaced by (—1)”M 
= (3Cb.+6.+6,)"A. 
It follows that (1) is equivalent to 
Q) do" = (Cu + 0)" + (Cu + w+ oY 
where u, v are arbitrary symbols such that uv=vu. In view of [3, p. 28] 


2 (n = 0) 
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(2) is immediate. 


2. To get a result like (2) involving the B, we recall that (B+1)"=B", 
(11), which implies 


(Bu + u + v)” = (Bu + v)" + nur, 


Hence 


(3) (Biz + 54 + 6,)" = (Boa + 8,)° + 8.5, 


If we prefer, (3) may be replaced by the following more explicit operational 
identity: 


(4) > (") B,;DiAc) =D (") BnjA°-) Di + nA'D™), 
j=0 \J j=0 \J 
We may also mention a result containing the Euler numbers £, which satisfy 
(5) (E+ 2)" + En = 2. 
It follows from (6) that (4£u+u+v)"+ ($Eu+v)"=2(u+v)", so that 
(6) (ZH5a + ba + by)” + (FES. + by)" = 26a + by)”. 


Explicitly we have 
n(n . . . a . . 
(7) > ( . ) 2-tiF, ;,DIAe) +S) ( ) 2-1, 7A”) = 2D A, 
j=0 \J j=0 \J 


3. More general results can be stated in terms of the Bernoulli and Euler 
polynomials B,(z) =(B+z)", E,(z) =(¢C+z2)”. We recall that 


(8) Bilge + 1) — Br(z) = ne", 
(9) En(z +1) + En(s) = 22”. 


It follows from (8) that ((B+z)utu+v)"*=((B+2)ut+v)"+nu(su+v)*-) 
Taking u=6,, v=6, we get the operational identity 


a = > (") B,s(2) DIAC) = ("") By_,(2)A DD 
J J 


j=0 j=0 
n—-1 _ 
+n > (" ') gr F-1 A (—) Ps, 
imo \ J 
Similarly it follows from (9) that 
[aC + z)u + o|n + [GC + 2)u + u + o]” = 2(2u + 0)", 


which implies 
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> (") Ky—j(s) AP? DI + > (") E,_3(2) DiA GHA) 
j=0 \J 4 


(11) 
= 2 > (") gn—J A (mJ) ZI, 
j=0 \J 


Supported in part by NSF grant GP-1593. 
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PARTICULAR INTEGRALS FOR LINEAR DIFFERENTIAL EQUATIONS 
J. C. BURNS, Australian National University 


1. The author recently needed particular integrals for the following pair of 
linear differential equations: 


(1) y’ + y = sin (x + €), 


2 


1 y 
(2) yi + —yl + (: - )y = JG). 
x x 


These are easily found: for (1), the integral —4x cos (w+ e) is well known and 
standard methods give —$xJ, (x) as an integral of (2). In each case it was noted 
that the function on the right hand side of the equation is a solution of the 
homogeneous equation obtained by replacing the right hand side by zero and, 
further, that the particular integral is proportional to x times the first derivative 
with respect to x of the function on the right hand side. These common features 
of the two results suggested the investigation which follows. 


2. Let L and M be linear operators defined thus: 


3) Ly) = (a) +O play), 
(4) Mu) =D aelau (a. 


It will be assumed that the coefficients p, are continuous and differentiable as 
often as required and that the coefficients g, are continuous. 
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It will be convenient to use the notation 


(S) (Oy) («) = xy" (x). 
Let z=u(x) be a solution of the homogeneous equation 
(6) L(z) = 0. 
We consider the conditions under which the inhomogeneous equation 
(7) L(y) = M(w) 
has a particular integral y=pdu for some constant um. 
Using the relation p@u)™ =(@0+m)(pu™) —xp'u™, m=0, 1, 2,--+, and 


defining the linear differential expression K,(u) by the equation 
(8) Ki(w) = — Dy ah "(arp,)/'ue, 
7=1 


we can show easily that Lu) =(0+n)L(u)+Ki(u) and hence, since L(x) =0, 
(9) L(du) = Ky(u). 


It follows that the condition that y=ydu be a particular integral of (7) is 
that wKi(u) = M(u); Le., 


(10) De de + px (arp,) fue” = 0. 
ro=l 


Two separate questions can now be discussed. First, we can seek the condi- 
tions under which there exists a constant uw such that pu is a solution of (7) for 
every solution u of (6). Alternatively, we can consider the problem of finding a 
value of uw such that udu is a solution of (7) when wu is a specified solution of (6). 


3. We examine first the case in which plu is to be a solution of (7) for all 
solutions u of the homogeneous equation (6) so that condition (10) must be 
satisfied for all such functions. Equation (10) is a linear differential equation for 
u of order »—1 which can be satisfied by all z independent solutions of the nth 
order equation (6) only if the coefficients of u and its derivatives in (10) all van- 
ish. This means that there must exist a constant mw such that 


(11) ux (a"p,)’ + g, = 0, y=1,2,---n. 


Conversely, (9) may be used to show that if the coefficients p, satisfy (11) and 
L(u) =0, then L(wdu) = M(u). Hence we have: 


THEOREM 1. Equation (7) has a solution of the form y=)xu' (where d ts a con- 
stant) for every solution z=u of (6) tf and only if there exists a constant ws such that 


px" (x p,)’ + Gr = 0, y= 1, 2, rn 


and, moreover, \=p So that equation (7) has the solution y=pxu’. 
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As an example of Theorem 1 consider the case in which qi=qe= +++ =Qn-1 
=(0, gn=\, where J is constant. Then L(y) =Au has solution y=ypxu’ for every 
u such that L(u) =0 provided p;=a;/x',1=1,2,---,n—1, 

Ay nN 
Pr = 
x” En 


where a, are arbitrary constants. 

The two equations (1) and (2) which prompted this discussion are examples 
of the second order equation of this type and it can now be seen that in (2) the 
right hand side of the equation could be any solution of Bessel’s equation of 
order v. 

A more restricted example still is obtained by taking \=0. We then have 
y=xu' a solution of L(y) =0 whenever y=u is a solution. Clearly the condition 
for this is that p,=a,x—" for r=1, 2,--+,nso that we have an Euler equation 
of the form 


(12) ary) 4. ayn ty@™D 4+. es + aay = 0. 


4. We now turn to the problem of determining whether » can be found so 
that y=puxu’ is a solution of (7) for a specified solution uw of (6). All that is 
needed here is that this particular function u and the coefficients p, and q, 
should be such that condition (11) is satisfied i.e. that uwKi(u) = M(u) for some 
value of uw. There are three possibilities: 

(a) that condition (11) is satisfied for some uw and a particular integral 
y=pxu’ is found; 

(b) that there is no uw for which wKi(u) = M(u) so that no integral of the 
desired form is found; 

(c) that, as a special case of (b), Ki(u)=0 while M(u) 40. Then (9) gives 
L(du) =0 so that xu’ and u are both solutions of (6) and the question now arises 
whether, with this additional information, a particular integral of a different 
form can be found. 

To discuss this extended problem it 1s necessary to prove: 


THEOREM 2. If, for s21, Lw)=L(xu')= --- =L(xes lu’-))=0, then 
Lixtu) =K,(u), where 
(13) K (uw) = (—1)° Dy (arp) Our, 
. r=1 
Lemma 1. Jf, for s2i, Lu) =L(xeu’)= +--+ =L(xes lu’) =0, then 
(a) Lixtu®) = Lou), 


(b) L(w) = Lu) = +--+ = Lu) = 0. 
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We can prove (a) by induction and (b) then follows by repeated applica- 
tion of (a). 


Lemma 2. If, for s21, Liv) =L@Ou) = - +» =L@O nu) =0, then 
L(®u) = K,(u). 


This is also proved by induction, the case s=1 having been established earlier 
(equation (9)). 

Theorem 2 follows at once from the two lemmas. 

The theorem may be applied, in particular, when the coefficients p, are all 
of the form a,x«~" where the a, are constants. In this case, it is clear from (13) that 
K,(u) =0 for s=1, 2, 3, ++ and Theorem 2 shows that if y=z is a solution of 
L(y) =0 so also are y=x'u) for s=1, 2, 3, +++. But we are now dealing with 
an Euler equation such as (12) which has solutions of the type 


u= x°(Ao + A,logx +--+ + A,(log x)?). 


It is easily verified that for any positive integer s, x°u‘ is of the same form as uw 
(with different coefficients which may be all zero) and so indeed is a solution 
of the equation. 

To find a particular integral of (7), knowing that L(uz) =0, we now evaluate 
Ki(u), Ko(u),--- until the first nonzero expression is obtained, say K,(u) 
=DL(xsu)). If then wu can be found so that uk,(u) = M(uw), it has been shown 
that y=px*u is a particular integral of (7) and, incidentally, that y=uw, 
xu’, x?u’’, - + , elu are all integrals of (6). If uK,(u) # M(u) for any pu, the 
method fails. 

We may have started with a different member of this family of integrals of 
(6), say v=x'u where 1Sis<s—1. In this case, because 


ays— ta (st) — asy (8) + (s _ t)tas—1ys-D + my 


we should have obtained K,_;(v) = L(x" v&-%) = L(x*u) as the first nonzero 
expression to be compared with the right hand side of the inhomogeneous equa- 
tion. 

As examples, we may consider the equations 


(i) y'’ + 4ay’ + 2(1 + 2x?)y = e” (cf. [1), 


(ii) wy’ + y’ (4: — --) + 4yry = een2”, 
x 

For each of these u=e-* is a solution of the homogeneous equation. For (3), 
K,(u) = —4e-*’ so that a particular integral is —1xu’ =4x%e-*. For (ii), Ki(w) =0 
so that xu’ and hence x2e-*’ is a solution of the homogeneous equation. K2(u) 
= 32x%e-*" so that a particular integral is sy x24’! = (4xt—pex%)e-*. Clearly a 
simpler particular integral for (ii) is y= $xte7*”. 

The method can be illustrated further in the case in which the coefficients 
bp, and gq, are all constants and equal respectively to P, and Q,. In this case we 
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have L(u) =f(D)u, where f(D) is the polynomial given by 
f(D) = De + >> P,D™. 
7=1 


There are now solutions of the homogeneous equation L(y)=0 of the form 
y =e where f(a) =0. 
To apply the theory to this case of constant coefficients we need: 


THEOREM 3. When L(y) =f(D)y and u=e®, then, for s=1, 
- h) 
Kaw) =D (—e(* Non = nuaip(a), 
t=0 


where (n—t),=(n—t)(n—t—1) +--+ (n—s+1), tSs—1; (n—s),=1; and (;) ts 
a binomial coefficient. 


Lemma 1. Jf L(D)y=f(D)y and u =e, then, for s 21, 
K(u) = (—1)*e*A.(a), 
where A,(a) = >", 7(r—-1) +>» W@—st1)P, a. 
This follows from substituting u=e%, p, =P, in the expression (13) for K,(1). 
LEMMA 2. For s21, (n—s)A,(a) —aA! (a) =Agyi(a). 


LEMMA 3. For s=1, 
A,(@) = > aue ) (n — t).a‘f(a). 


This is proved by induction, using Lemma 2. Theorem 3 follows from 
Lemmas 1 and 3. 


Now suppose that f(a)=f’(a)= - +--+ f@-Y)(a)=0, f@(a)40, and u=e™. 
Then ZL(u)=0 and from Theorem 3, Ki(u)=K2(u)= --- Ks1(u)=0, and 
K,(u) = e*a*f(a). When u = e® and g, = QO,, M(u) = k(a)e* where k(a) 
= rol QO,a"~, 

In this case then, we do have wkK,(u) = M(u) provided 
(14) uaf©)(a) = k(a). 

A particular integral of the equation 
(15) f(D)y = kew 
when f(a)=f’(a)= +--+ =f*-Y(a)=0, f(a) 40, is therefore y=pux'u“ where 


u =e and pis given by (14), 1.e., we have the familiar result that y = kxse2*/f (a) 
is a particular integral of (15). 
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5. A similar investigation can be conducted into the conditions under which 
equation (7) has a particular integral of the form Au’ where d is a constant and 
Z=u 1s a solution of equation (6). Theorems similar to Theorems 1 and 2 are in 
this case rather more easily derived: 


THEOREM 1 (a). Equation (7) has a solution of the form y=)u' (where d 1s a 
constant) for every solution 2 =u of equation (6) tf and only tf there exists a constant 
uw such that 


up, + qr = 9, r=1,2,---n; 
and, moreover, \=p, so that equation (7) has the solution y=wpu’'. 


THEOREM 2 (a). If, for s21, Liu) =L(u') = +--+ Liu&-Y)=0, then L(u) 
=K,(u), where K,(u) =(—1)* Di pour. 


Either Theorems 1 and 2 or Theorems 1(a) and 2(a) can be used to find the 
particular integrals in the cases considered so far in this paper, for the change of 
variable x =e' changes xdu/dx into du/dt and changes equation (7) into an equa- 
tion which is of the same form as (7) but with t¢ as independent variable. The 
discussion in terms of the variable x has been preferred because in equations (1) 
and (2) and in the examples discussed in section 4, the variable x is obviously a 
more natural one to use than ¢ in the right hand sides of the equations. 

On the other hand, the Euler equation (12) is more easily discussed after the 
variable has been changed to ¢ and Theorems 1(a) and 2(a) open up a new range 
of examples. For instance, if all the coefficients ~,(x) are linear functions a,x +), 
and the coefficients g,(x) are the constants —ya,, Theorem 1(a) shows that the 
equation 


yO + DQ (at + ye = — wD awe? 


r=1 r==1 
has solution y=yu’ where y=u 1s any solution of the homogeneous equation. 


I have had the benefit of useful discussions of this problem with several of my colleagues and 
I wish to express my thanks particularly to Mr. W. A. Coppel, Dr. J. B. Miller and Dr. M. F. 
Newman. I am indebted also to the referee for a suggestion which led to the inclusion of section 5. 
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ORDINARY DIFFERENTIAL EQUATIONS OF THE FOURTH ORDER 
WITH ORTHOGONAL POLYNOMIAL SOLUTIONS 


JOHN W. MEUX, Midwestern University 


Introduction. The late W. C. Brenke [1] developed a pair of conditions for 
orthogonality of polynomial solutions of equations of the form 


(1) P(x)¥m + Q(X) yn + Andn = 0, 


where P(x) and O(x) are polynomials in x and A, is a polynomial in 2, A) =0. 
In order that equation (1) have polynomial solutions of the form 


(2) Vn = > Qink” 4, Qon F OY. 
j=0 


Brenke showed the necessity of the conditions 


P(*%) = ax? + Bx + y, 
3) O(a) -(«+“), 


An =n — n(n — l)a. 


Furthermore, he showed that the set lynx) t, n=0, 1, 2,--- of solutions 
of equation (1) is orthogonal over (a, 0) with respect to a weight function W(x) if 


W(«)P(«) = Oatx = aandats = bf, 
[W (x) P(x) |! = W(x)Q(a). 


If equation (1) is multiplied by a weight function W(x) and if the identity 
in equation (4) is applied then equation (1) can be written in the self-adjoint 
form 


(4) 


(5) (WPyn) +AnWoyn = 0. 


Brenke derives weight functions for each of the three cases of the finite 
interval, the semi-infinite interval and the infinite interval. These weight func- 
tions are the same as those for the classical orthogonal polynomials, which are 
classified (in [2]) in the following manner: 


‘Jacobi polynomials, W(x) =(1—x)*(x«+1)8, a> —1, B>—1 on (—1, 1), 
Laguerre polynomials, W(x) =x%e7*, a> —1 on (0, ~), 

Hermite polynomials, W(x) =e-*"/? on (— ~, «). 

There are two well-known subcases of Jacobi polynomials, namely: 
Legendre polynomials, W(x) =1 on (—1, 1), 

Tchebichef polynomials, W(x) = (1—«?)7—1! on (~1, 1). 
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An interval (a, b) can be transformed into (—1, 1) and half-lines (a, «) or 
(— ©, b) into (0, ©) by simple substitutions (see [3 ]) so that the basic intervals 
under consideration are those of the classical polynomials given above. 

The problem of this paper is to find a class of fourth order differential equa- 
tions having these orthogonal polynomials as solutions. 


Polynomial solutions. Consider the equation 


ttt 


(6) P(x)yn + Oa)yn"” + R(wan + S(a)yn + Andn = 0. 


It can be shown that for this equation to have polynomial solutions of the 
form 


(7) Vn = > Ajnx” I, Gon ¥ O, 
j=0 


it is necessary that P(x) be a polynomial of at most degree four, O(x) be a poly- 
nomial of at most degree three, R(x) be a polynomial of at most degree two, 
S(x) be a polynomial of degree one, and X,, be a polynomial in 7. No loss of gen- 
erality occurs if the leading coefficient of P(x) is chosen as unity. Specifically, 


P(w) = Ayat+ Aow? + Agu? + Agu t+ As, 
O(x%) = Byx® + Box? + B3x + By, 
(8) R(“) = Cyn? + Cox + Cs, 
S(“) = Dix + De, Di ¥ 0 
hn = ~ n{ Di t+ (wn — 1){Ci + (vw — 2)[ Bi + Aim — 3)]h 4. 
Orthogonality. The following theorems will establish sufficient conditions 


for the orthogonality of the solution set (7) of equation (6), over (a, b) with re- 
spect to a suitably chosen weight function W(x). 


THEOREM I. Jf W(x) and tts first three derivatives are continuous and differ- 
entiable in (a, b) and tf 


(9) (i) 20.WP)' = WQ, (ii) WS = (WR)! — (WP), 
then each equation of the family (6), after multiplication by W(x), is self-adjoint. 


Proof. Multiplication of equation (6) by W(x) and the application of con- 
ditions (1) and (ii) yields 


/ vi 


(10) WPy, + 2(WP)' yw’ + WRy + LOWRY — (WP) lyn HnWyn = 0. 
The addition, and subsequent subtraction, of (WP)'’y,/’ and grouping gives 


/ vt tr | 


[WPy, + 2(WP)'y,” + (WP), 


11 i} i} / ‘tt / 
my + {[WR = (WP) lyn + [R)! = (WP)! yh} + Wyn = 0. 
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Application of Leibniz’s rule for derivatives of higher order gives 


Thy tt 


(12) (WPy,) + {[WR- WP)" lyn} + Won = 0, 
thus rendering equation (6) self-adjoint. 
THEOREM II. If the conditions of Theorem | hold and 1f 
(iil) WP=0 a «=a anda x= 6, 
(13) (iv) (WP)’ =0 a x=a anda x=, 
(v) WR-—(WP)" =0 at x=a andat «= 6, 
hold, and \,%Xm, then respective solutions of (6) are orthogonal. 
Proof. Consider 


Thy tt 


(14) (WPyn)"” + {[VR) ~— (WP) lyn} + AwWon = 0, 
(15) (WP ym)” + {[(WR) — (WP) ]yn}) + XnWym = 9. 


Multiplication of equations (14) and (15) by ym and —¥y, respectively, addi- 
tion of the resulting equations and subsequent integration over (a, 6) with re- 
spect to x yields 


J ym (WPyn) + 1 [WR) ~ (WPY Jonf J dx — J In WP yn) | 


(16) | 
+ {[(WR) — (WP) "Tid "} de + On — dw) { Wonym dv = 0. 


Let In= bm | (WP yl!) + (WR) —(WP)" Jy, Mh dy, Integration by parts 
and application of boundary conditions (111), (iv) and (v) yields 


(17) In = — { Yn(WPyn) dx — { (WR) — WP)" anim de. 


a 


Similarly, if 


In = J yn (W Pym) + {[WR) — WP)" Tymh} a, 


then 
b b 
(18) ° I, = — { n(W Pym)'de— { (WR) ~— (WP)" |yndnd. 
Thus, 
b b 
(19) In — In = { yn(W Pym) dx — f Yn(WP yn) dx. 


a a 
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Let [n= [?y,! (WP ym'')’dx. Again, integration by parts and the application of 
boundary condition (111) gives 


(20) I,= W PymVn GX. 
Similarly, if 


b 
In = f ym(W Py)’ de, 


a 


then 
° non 
(21) Ix = - W Pyn Vm GX. 
Thus, ; 
(22) In — Im = 90 = In — Tn, 


which implies that 


b 
(23) (An —~ Am) { Wy nym dx = 0. 


If the eigenvalues A, and A,, are not equal, then the integral part of equation 
(23) is zero and, therefore, the respective solutions of equation (6) are orthogonal 
in (a, 0) with respect to W(x). 


The finite interval. Consider the Jacobi polynomials obtained by choosing 
W(x) = A — «)*(a#+ 138, a> — 1, B > — 1 on (—1, 1). 


THEOREM III. Jf the conditions of Theorems | and \I hold, 1f a= —1, b=1, 
and if W(x) =(1—x)*(x+1)8, a> —1, B> —1, then the coefficient P(x) in equa- 
tion (12) ts 
(24) P(x) = (A — «)?(4 + 1)?. 

Proof. Assume that P(—1)+#0. Application of the self-adjoint condition (4) 
yields 


(1 — x)e(~ + 1)8O = 2(1 — %)*(~% + 1)8P’ 


(25) 

+ 2P[B(L — «)*(« + 1)? — a(l — wm + 1) 5], 
OT 
(26) O = 2P' + 2P[B(@ + 1)? — al — «)~}]. 


The polynomial nature of Q requires that 1—x be a factor of P(x). This contra- 
dicts the assumption that P(—1)#0; hence P(—1)=0. Similarly, it can be 
shown that P(1) =0. 
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Assume that P(x) has simple zeros of —1 and 1. Then 
(27) P(x) = (1 — x)(w + 1)U(a), 
where U(~1)#0 and U(1) #0. Application of the self-adjoint condition (ii) 
gives 
(28) (1 — a)e(w@+ 1985 = [1 = a)e(e + 1)R]' = [1 — ae ¢ Ley”, 
Performance of the indicated differentiation and solution of equation (28) for 
S will show that the polynomial nature of S(x) requires that both 1—x and 
x-+1 be factors of U(x). This contradicts the assumption that U(—1)#0 and 
U(1) #0, thus implying that P(x) has both —1 and 1 as double zeros. 

Since P(x) is a polynomial of degree at most four, 

P(x) = A — «)2(a + 1)?. 


THEOREM IV. If the conditions of Theorems 1, 11 and III hold, then the coe ffi- 
cient R(x) in equation (12) 1s a polynomial of degree two, such that R(—1) 
=4(8+1)(8+2) and RA) =4(a+1)(a+2). 


Proof. Boundary condition (v) states that 
(29) (1 ~ x)e(@ + 1)8R — [C1 — w)at2(@ + 1)8+2]” = 0 at x = — 1 andata=1; 
hence 
R(x) = (@ + 2)(@ + 1)(% + 1)? — 2(@ + 2) + 2) — x) (ae + 1) 
+(6+2)\6@+1)4—2)? at x =—1 and x =1, 
implying that R(—1)=4(6+2)(8+1) and R(1) =4(a+2)(a+1). 


Example of the finite interval. As in the case of the Legendre polynomials 
choose a=8=0, so that W(x) =1. By Theorems III and IV, respectively, 


(30) 


(31) P(x) = (L — %)?(e + 1)? 
and 
(32) R(x) = Cyx? + (8 — C)). 


From the self-adjoint condition (i1) 
(33) S= RR — PY’ = Cw — 24a. 


The choice of Ci is arbitrary with the exceptions that C; must be chosen so 
that A,»#Am, m#m, and C112, as S(x) must be a first degree polynomial. 
Hence, choose C}=14, from which it is found that 


(34) hn = — Wn + 1)2. 


The differential equation (12) is thus 


(35) [1 — ©)? (@ +1)? ye J + [22 — Dyn)” — 22(n + 1)2yn = 0. 
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The application of series techniques to equation (35) will yield precisely the 
Legendre polynomials, provided that the arbitrary constant is chosen so that 


Yn(1) =1. 


The semi-infinite interval. Consider the Laguerre polynomials obtained by 
choosing W(x) =x%e-*, a> —10n (0, «). The following two theorems are stated 
without proof as their proofs are quite similar to those of Theorems II] and IV, 
respectively. 


THEOREM V. I[f the conditions of Theorems I and II hold, 1f the interval 1s 
(0, ©) and if W(x) =x*e~*, a> —1, then the coefficient P(x) 1n equation (12) ts 


(36) P(x) = x. 


THEOREM VI. Jf the conditions of Theorems I, II and V hold, then the coeffi- 
cient R(x) in equation (12) is 


(37) R(w) = «? + Cox + Cs, 
where R(O) =(a+1)(a+2). 


Example of the semi-infinite interval. Let a=0. Then, by Theorems V 
and VI, 


(38) P(x) = x, 
and 
(39) R(w) = «2? + Cow + 2. 


From the self-adjoint condition (41) it is seen that 
(40) S(#) = (4+ Cx) — 2). 


The choice of Cy is subject to the sanie restrictions as in the preceding exam- 
ple. The choice C2= —5 is suitable in this case and JA, is found to be 


(41) An = — 1°. 


The differential equation (12) is 


(42) (wet, J" — (xem*y,)' — nem*y, = 0. 


Solutions of this equation are precisely the Laguerre polynomials, provided 
the arbitrary constant is chosen so that the leading coefficient of each poly- 
nomial is unity. 


The infinite interval. By choosing W(x) =e-*!/? on (— ©, ©) we obtain the 
Hermite polynomials. The theorems corresponding to Theorems III and IV, 
respectively, are stated below. 
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THEOREM VII. Jf the conditions of Theorems \ and II hold, if the interval is 
(— x, ©) and if W(x) =e-*'!?, then P(x) in equation (12) is 
(43) P(x) = 1. 


THEOREM VIII. Jf the conditions of Theorems 1, I] and VII hold, then R(x) 
in equation (12) is 


(44) R(x) = «? + Cs. 
Example of the infinite interval. By Theorems VII and VIII, 
(45) P(«) = 1, 
and 
(46) R(x) = «22 + Cs. 


The self-adjoint condition (11) requires 
(47) S(“) = — (C3 + 1). 


The choice of C3 is subject to the same restrictions as in the preceding exam- 
ples. A suitable choice is C3= —2, from which it is found that 


(48) An = — n*. 


The differential equation (12) is 


(49) (e825, — (6? Pyn) — mPa" ly, = 0. 


Solutions of this equation are precisely the Hermite polynomials if the arbi- 
trary constant is chosen so that the leading coefficient of each polynomial is 
unity. 


References 


1. W. C. Brenke, On polynomial solutions of a class of linear differential equations of the 
second order, Bull. Amer. Math. Soc., 36 (1930) 77-84. 

2. Dunham Jackson, Fourier series and orthogonal polynomials, MAA Carus Monograph 
Number Six, Buffalo, 1941; Chapters VII, VIII, TX, X. 

3. F. G. Tricomi, Vorlesungen iiber Orthogonalreihen, Springer, 1955; Chapter IV. 

4. G. Szegé, Orthogonal Polynomials, Amer. Math. Soc. Collog. Publ., New York 23, (1939). 


ON DIFFERENTIABLE TRANSFORMATIONS IN ik” 
D. E. VARBERG, Hamline University 


1. Introduction. Our purpose is to give a proof and note some consequences 
of the following 


THEOREM 1. Let f be a mapping of an open subset D of R” into R”. Let E be 
any measurable subset of D where f 1s differentiable and let J(x) denote the Jacobian 
determinant of f at x. Then the set f(E) 1s measurable and 


mB) sf | 1G) | as 


where m denotes n-dimensional Lebesgue measure. 


In arecent issue of this Monruty [4], T. M. Flett has called attention to this 
result, but his statement and proof require that f be continuously differentiable 
and this severely limits its applications. The theorem as stated follows from very 
deep results of Federer |[2, pp. 449-452], [3, pp. 426-432] and is closely related 
to others of Rado and Reichelderfer [7, pp. 363-365 |. Our proof (in the spirit of 
Flett’s paper) will avoid difficult topological notions but will require the gen- 
eralization to R” of two lemmas which appear in standard textbooks for R}. 
Some consequences of Theorem 1 will be an important theorem of Sard on the 
image of critical points and some results on absolutely continuous mappings on 
Re, 


2. Proof of Theorem 1. We begin with two lemmas. For the corresponding 
results for R1, see Saks [8, pp. 226, 271] and for a generalization of the first 
lemma, see {10, p. 248]. Sets of Lebesgue measure zero will be called null sets 


LEMMA 1. Let N be a null subset of D and suppose that f 1s differentiable on N. 
Then mf(N) =0. 


Proof. For each pair of positive integers 7 and k, let N;, be the set of points 
x of N for which 


(2.1) lf@ +) — fo sila 


for all such that )¢\| <1/k. Since f is differentiable on N, N=\V/N, and so it will 
suffice to show that mf(N,;,.) =0. Suppose then that 7 and & are fixed and let 
e>0 be given. Noting that m(N;,) =0, we may choose a sequence of n-cubes 
iV: with centers jv, } and sides of length | 204} so that 6;<1/nk, NjCUV; 
and .omVi<e. On ViNNin, |v —2; <nb;S1/k and so by (2.1) 


Ife) — fri) 


< jllv — », 
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Thus f(V,.\N,x) 1s contained in an n-cube with center f(v,) and side length 
2jnb,. Letting m* denote exterior Lebesgue measure, we see that 

m*fVit\ Nin) S (27nb,)” = Gn)rmy, 


and therefore 
m*f(Nix) < d m*f(ViO Nj x) S Gn)” do mV, S Gn)n. 


But e€ was an arbitrary positive number. Thus mf(V;,) =0. 


LEMMA 2. Let & be any subset of D where f 1s differentiable and | T(x) | SAK. 
Then 


(2.2) m*f(E) S Km*E, 
where m* denotes exterior Lebesgue measitre. 


Proof. We may suppose that m*E<o. Let e€>0 be given and choose an 
open subset A of D such that ECA and mA Sm*H-+e. For each x in E, there 
exists a closed oriented (i.e., sides parallel to axes) n-cube /£, with center x such 
that E,CA and 


(2.3) m*f(E,) < (K + mE, 
To see this, we note that since f 1s differentiable at x 
70) — £0) —£@G — aI] = rOdIly = a, 


where n(y) -90 as yx and f’(x) denotes the derivative of / at x in the sense of 
Dieudonné |1, p. 143]. Hence, just as in the proof of Lemma 4 of [4], for any 
oriented n-cube FE, centered at x 


T(x)) + AG) (Lf C)|] +n), 


where A(m) is constant except for its dependence on ” and 


m*f(E,) S mE,| 


n = sup n(y). 


ye Ex 
Using now the fact that y(y)—0 as yx and that | I (2c) | <K, we see that (2.3) 
holds for all sufficiently small oriented m-cubes about x. 

Next consider the collection §, of all oriented m-cubes /,, contained in A, 
centered at x and satisfying (2.3). Finally let & be the family of all cubes so 
obtained as « ranges over E. This family forms a Vitali covering of E and hence 
8, p. 109] & contains a denumerable or finite collection of pairwise disjoint 
cubes #1, Fs, +--+ such that m(E#—UE;) =0. Letting N=H—WUE,, we observe 
that 


m*f(E) S m*f(E,) + m*f(N). 
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By Lemma 1, m*f(.V) =0. On the other hand, 


IIA 


Sm f(E,) < >> (K+ mE, 
(K + d)m(VE,) S (K+ ema 
< (K + e)(m*E + ©). 


m*f(UE,) 


Since e€>0 was arbitrary, the result follows. 

We proceed to the proof of Theorem 1. We may assume that mi < « for 
if not it is only necessary to write # as the disjoint union of such sets and work 
with each of these. Our first project is to show that /(£) is measurable. But this 
follows in a standard way from the continuity of fon F and the fact (Lemma 1) 
that f maps null subsets of E into null sets (see [6], p. 248). 

Next for any «>0 and positive integer R, let 


(k — le S | J(x)| < kel. 


ky = {2 Gk 


Then £; is measurable and hence so is f(/#,;) and thus 


mf(E) < >, mf(Ex) S >> kemky (by Lemma 2) 


If 


Y. (k — lem +e Di mE, < { | T(x) | dx + emE. 
E 


The result now follows from the arbitrariness of e. 


3. Some consequences. We obtain easily the promised Theorem of Sard 
19], [10, p. 254]. 


THEOREM 2. Let EF be any subset of D on which f is differentiable and J(x) =0. 
Then mf(E) =0. 


Proof. \{ # 1s measurable, we may apply Theorem 1. In any case, the result 
follows immediately from Lemma 2 with K =0. 


Several theorems about absolutely continuous mappings are trivial conse- 
quences of Theorem 1. For completeness we give the definition of absolute 
continuity (Banach sense). First for any open set D in RK”, a system of intervals 
Ihi,- ++, Im is termed admissible for D Ww int(l,) CD, k=1,---+, m, and 
int(U/,)(\int(U/;) is empty for 7#k. A bounded continuous mapping f of an open 
subset D of R” into R” is said to be absolutely continuous on D if given any 
e>0O there exists a corresponding 6>0 such that })m*f(I,) <e for every admis- 
sible system of intervals for D with DimI, <6 (cf. [7] p. 283). 


THEOREM 3. [f on D, f ts bounded and continuous, almost everywhere differ- 
entiable, and maps null sets into null sets, and tf J(x) 1s integrable, then f 1s abso- 
lutely continuous on D. 
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Proof. Let , +++, Im be an admissible system of intervals for D and let EF, 
be the subset of J; where f is differentiable. Then /(/,) is measurable (Theorem 
1) and hence so is f(J;). Moreover, 


Dimi Ts) = Limi(Ex) S Qf [IO); dv = QU { JJ) dx, 


where the inequality follows from Theorem 1. Since J(x) is integrable on D, the 
last expression approaches zero as > mJ; tends to zero by a well-known property 
of the Lebesgue integral. 


THEOREM 4 (cf. [5] p. 183). Lf on D, f is bounded and continuous, differentt- 
able for all but a finite or denumerable subset and tf J(x) is integrable, then f ts 
absolutely continuous on D. 


For the proof we need only note that / maps null sets into null sets and then 
apply Theorem 3. A corollary is 


THEOREM 5 (cf. [6] p. 266). If on D, f is bounded and differentiable and J(x) 
1s wntegrable, then f 1s absolutely continuous on D. 
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THEOREM 5. Let f be integrable on S"—", let | Se (m=0,1,---;k=0,1,°--°--, 
hm) be an orthonormal set of spherical harmonics, S', of degree k, and h, =dim(SH™), 
Let Qnz=fs'fSi. Then there is a C® function g, g=f a.e., if and only if dmx 
=O(m") for every r. 


Proof. lf g exists, then 


| Omk 


— m (m +n — yf (Arg) Sin 


=m (mtn— 2") f san’. 


. ; 1/2 
< m (m tn — 2)" (f | Asg ‘) 


Conversely, if dmx=0(m-") for every 7, then by Theorems 2 and 4, > ay.S%, 
converges to a C® function g. Since /s»-1(g—f).S;,=0 for all m and k, we have 
from Theorem 1(c) that /s-*(g—f)p=0 for every polynomial p. Standard 
density results yield f—~g=0 ace. 


The preparation of this paper was supported in part by an NSF grant at Brandeis University. 
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A CHARACTERIZATION OF THE EXPONENTIAL SERIES 
J. D. BUCKHOLTZ, University of Kentucky 


For all sufficiently large positive integers n, K. S. K. Iyengar [4] has shown 
that the disc || <ne~? contains no zero of >.?_,2”/p!, the mth partial sum of 
the power series for e*. The main purpose of this note is to show that this fact 
characterizes the exponential series. 


THEOREM 1. Suppose that ar dys? 18s a power series. The following two state- 
ments are equivalent: 

(i) There is a positive number c such that for every positive integer n, >)" dy” 
has no zero in the disc || <n, 

(ii) ao %0, and >)”, dpz” is the power series for do exp (a12/a0). 


Proof. It follows from [4] that (41) implies (i). Suppose now that (i) is true. 
Then 


(1) ne < | ao/an |”, 
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since the quantity on the right is the geometric mean of the moduli of zeros of 
yep Gps”. Using (1), we have 


log 2 


li < 
shoe e nlog |1/a.| 


Therefore >)”.) dz” is an entire function of order 1 or less. That this function 
has no zeros follows from (i) and Hurwitz’s theorem [1, p. 171]. Making use of 
the Hadamard factorization theorem, one obtains (11). 

Interpreted freely, Theorem 1 asserts that the zeros of partial sums of the 
exponential series have larger moduli than those of the partial sums of any other 
power series. 

In studying the distribution of zeros of partial sums of the exponential series, 
it is convenient to “scale down” by a factor of m and consider instead the zeros of 
the polynomials 


p=0 =P 


G. Szegé |6| has shown that as n> the zeros of P,,(z) cluster along the 
simple closed curve I’ given by 


T: | ze*| <1, |g | 


IIA 


I, 


and that the proportion of zeros clustering along a given arc of I’ is asymptot- 
ically equal to the change in (27)~ arg (ge!~*) along the arc. 

We now prove that all the zeros of P,,(z) lie on the same side of I’, and obtain 
an upper bound for their distances from I’. The following theorem improves on 
the result of Iyengar [4], and, in view of [6], is clearly “best possible.” 


THEOREM 2. For every positive integer n neither T nor the bounded region it en- 
closes contains a zero of P,(). 


Proof. Suppose that |ze'~?| <1 and || <1. We shall prove that P,(z) #0 
by showing that | 1—e-™*"P, (z) | <1. For this purpose, we observe that 


°° NPE Nh gP—n 


| i- e-"P,,(z) | = | (zel-*)” » 


p=n+1 p! 
> 
7 p=n+l p! 


=1—e"P,(1) < 1. 


This completes the proof. A similar argument can be used to show that all the 
zeros of the functions &,(z) =e"*— P(g) lie on the left side of the open curve Ty 
given by | gel =1, | 2 | = 1. 
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THEOREM 3. For every positive integer n all the zeros of P»(z) lie within a dts- 
tance 2e/n? of T. 


Proof. The zeros of P,(z) are the same as those of the function 7,,(z) de- 


fined by 


P,(%) = a T(z). 


From |[2, Lemma 1] we have 


z T,! (8) 

(2) Tn(Z) = ——|1 + =|. z 0, 1, 
—~ 1 n 

and also, that the inequality 

(3) | T(z) | < 2en® 


holds for all z not in the bounded region enclosed by I’. For points zg whose dis- 
tance from this region is 6 or more, we have | Ti(2)| <2en?/6 from the Cauchy 
inequality for derivatives. For 6=2e/n?, (2) implies that 7),(z) #0, and there- 
fore that P,(z) #0. 

An identical result holds for the zeros (other than g=0) of R,(z) and the 
curve I. In this case one makes use of the function S,(z) defined in [2], and 
replaces (2) and (3) by corresponding properties [2, Lemma 1 | of S,,(z). 
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MEAN VALUE THEOREMS FOR POLYHARMONIC FUNCTIONS 
J. H. BRAMBLE anp L. E. PAYNE, University of Maryland 


I. Introduction. It is well known that polyharmonic functions satisfy various 
mean value theorems which may be considered as generalizations of the Gauss 
mean value theorem for harmonic functions. For example Nicolesco [3] gave 
an expression in terms of certain iterated means and showed that a converse 
was also true. Cheng [1] established a converse for a different mean value ex- 
pression. Other work on mean value theorems for polyharmonic functions has 
been carried out by Pizetti [5], Picone [4], and others (see e.g., [2 ]). 

In this paper we derive two rather simple mean value theorems for poly- 
harmonic functions of order p in N dimensions. The expressions involve means 
over p distinct spheres and seem to be a very natural generalization of the Gauss 
“peripheral” and “solid” theorems for harmonic functions. A strong converse 
is given in each case. 

We shall consider an N dimensional region R. A function ¢ is called poly- 
harmonic of order pin Rif PE C?? and A*g=0 in R where A denotes the Laplace 
operator. For an arbitrary point O of R let S, be the interior of the sphere of 
radius p and center at O. The variable 7 will be used as the radial variable with 
respect to O, and the quantity wy will denote the surface area of the N dimen- 
sional unit sphere. 


II. Derivation of the mean value expressions. We start with the following 
result due to Pizetti [5]. Let O be an arbitrary point of R and suppose that 
A?@=0 in S,,CR. Then for any p;Spp 


Pp _ 1 
(2.1) 60) + Doi A= — fo a0, 
i=2 =pj 


GAT r 


where the A,’s are independent of p,. 
Let the (»Xp) matrix P;; be defined as 


2(1—-1) 


(2.2) Pas = pj 


for the p given numbers 0<pi< +--+: <p», and let P” be its inverse. Then from 
(2.1) it follows that 


(2.3) wyo(0) = 
yp 
j=l 

It is easy to see that 

Pp 

(2.4) >, Pi = 1, 

j=l 


MEAN VALUE THEOREMS FOR POLYHARMONIC FUNCTIONS 125 


Thus 
(2.5) wvo(0) = >) pa f o dQ. 
J=1 =p; 


r 


Because of the form of P;;, and Cramer’s rule, we obtain the result in Table A. 


{ eao { sao a { edo 
Pi Po Pp 
2 9 2 
Pl p2 Pp 
4 
Pl 
2(p—]) 2(p—1) 
01 Le pp Di 
2.6 War @) = — = 
(2.6) (0) i 1 a 1 D; 
2 2 2 
PI p2 Pp 
2(p—1) 2(p—1) 
, wee Lp 
TABLE A 


We can also obtain an expression involving solid means since the identity 
Pe 2(-1) iV 
(2.7) $0) + dip;  B,=—-— | ga 
4=2 
can be shown to hold for any function @ satisfying A’6=0 in S,,, the B,’s being 


independent of p,. 
{n exactly the same way we obtain the result in Table B. 


1 1 
_ bdV--+ al bdV 
py rSpy p TSP py 
2 Poa 
Pi Pp 
2(p—-1) 2(p—-1) 
Wy Pi oo @ Pp 
(2.8) == 6(0) = — — 
N 1 1 ose. 1 
2 2 2 
Pl p2 Pp 
2(p—-1) 2(p—-1) 
1 *. . e Pp 


TABLE B 
III. Converses. Let 
a eee N odd or N > 26 4+ 2 
nKr??’?—N log r, N evenand NV S 2p + 2, 
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where K is a constant and y is a nonnegative infinitely differentiable function of 
yr which is 1 in S,,,, and zero outside S,,. We assume that S,,CR. 
For each N and # there is a constant K such that 


(3.2) (0) = — | TA?a dV + vAPT ay, 
R 


R—S 


r1f2 
tor every sufficiently smooth v in R. With (3.2) it is easy to prove the following 
THEOREM 1. Let @ be a function integrable over all spheres in R and let ¢ 


satisfy (2.6) almost everywhere, for allO<pi< +++ <pp, with p,» sufficiently small 
Then o 1s equal, almost everywhere, to a function which is polyharmonic of order p 


Proof. Let pz, +++, py be fixed and keep 0<r<7m<p.. Then, from (2.6), 
(3 . 3) wv (0) = { D.A?Tri—! dr = { D,A?Trs—! dr. 
Ty /2<T<Kry ry /a<r<ry 


Expanding D, and D, by means of their first columns, we observe that every 
term except the first in each case vanishes, because 


(3.4) ov f APP r?tyN—1] dr = { r- Ary dV, 
ry/o<r<ry ry/e<7rcry 

=1,---,p-—1 (note that I depends only on 7). Since A?r?'=0 and r2*=0 for 
r=0,7=1,---+,p—1, we conclude from (3.2) and (3.4), by setting v=r?', that 
(3.5) f A?T rr! dry = 0, t=1,---,p-1. 

ryfe<7r<ry 
Hence (3.3) reduces to 
(3.6) (0) -{ pA?T dV, almost everywhere. 
ry fe<r<ry 


since A?’T is infinitely differentiable for r1,,<7 <r and a relation such as (3.6) 
holds almost everywhere for all sufficiently small r, it follows by standard argu- 
ments that there is an infinitely differentiable function ¢ such that ¢=¢ al- 
most everywhere in Rk. Hence (3.6) holds for ¢. But from (3.2) we have 


(3.7) { TA dV = [ ras dV = 0. 
r<ry R 


Now I is of one sign and ¢ is arbitrarily small, so that A?6(0) must be zero. Since 
O is an arbitrary point it follows that A?6=0 in R and the theorem is proved. 


THEOREM 2. Let ¢ be a locally integrable function in R and satisfy (2.8) almost 
everywhere for all 0<pi< +++ <p, with p, sufficiently small. Then @ is equal 
almost everywhere to a function 6 which is polyharmonic of order p. 
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Proof. Multiplying numerator and denominator by pW of (2.8), and differen- 
tiating with respect to pi, we obtain the result in Table C. 


1 1 
i a 1 { 6 dO al dv ++ =f odV 
T=py Py TSPo Po "EPpy 
(N +2) 2 2 2 2 
naan tae N42 Lae 
3.8) vy 2 PP | oswa(0) = (N-+2)p Pp 
N+2(p—1 7 vo 
aren pre (N+2(p-1)) pi os 
TABLE C 


Note that (2.8) implies that ¢ is bounded almost everywhere and hence there 
is a bounded function ¢ for which (2.8) is satisfied and p=¢ almost everywhere. 
Also note that if pi is small enough then the determinant on the left is not zero, 
since for p:=0 it is a Vandermonde determinant which is different from zero if 
O<pe< +++ <p>». 

Just as before we now obtain (3.6) from (3.8). 


The research of the first author was supported in part by the National Science Foundation 
under Grant NSF GP-2284; that of the second author was supported in part by the National Sci- 
ence Foundation under Grant NSF GP-3. 
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SOLUTIONS OF CERTAIN NONLINEAR DIFFERENTIAL 
EQUATIONS BY A SEPARATION OF VARIABLES 


J. L. TOLLEFSON, University of Idaho, anp F. M. STEIN, Colorado State University 


1. Certain nonlinear differential equations can be solved by the method of 
separation of variables under a suitable transformation of the dependent vari- 
able. An important general differential equation which we shall discuss in this 
paper, and which contains the linear equation (7 =1), Riccati’s equation (7 = 2), 
and Abel’s equation (7=3) as special cases, is 


(1) y' (4) = > A(x) yi(2), (7 a positive integer). 


We shall present a transformation which under certain conditions will transform 
(1) into an equation in which the variables are separable. 


2. We assume that fy and f, are not equal to zero for x in the interval under 
discussion, that they possess first derivatives, and that fof, >0 if 2 is even. Upon 
making the substitution 


(2) = (WV fo/fr)v 

in (1) we obtain 

f= Vf + fr — fo /ifo + fil /mpfule + fol fo/fu)ir® + + 
+ fi (fo/fa) Prot Bo RY Arf Yor, 


We are led to the following result. 


(3) 


THEOREM. A differential equation of the form 


ye) = DAW") 


with real coefficients and n a positive integer and for which the following conditions 
hold: 

(i) fo and f, possess first derivatives, 

(ii) fofn>O when n ts even, and fof, #0 when n ts odd (for x in the interval under 
discussion), 

(iii) there exist n—1 constants, K,, such that 


fi — $6 nfo + fd hr 


1 7 ) 


Vif? 


and 


K, = (7 f0 "fn hr r = 2, 3,:+:,n—I1, 
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can be transformed by the change of variable y=(/fo/fn)v to 
Y= Vise Ul + Kw + Kw + +++ + Ky" + 0"), 
in which the variables are separable. 


3. A different, but more restrictive, transformation along the same line has 
been given by Rao. In |1] he presented the transformation 


(4) y = ou — fi/fe 


which reduces Riccati’s equation, under certain conditions on the coefficients, 
to one in which the variables are separable. He generalized (4) in [2] where he 
presented the transformation 


(5) y = vu — fr—1/Mfn 


which, under certain conditions (see (8)), reduces the differential equation (1) 
to one in which the variables are separable. 
For simplicity of notation Rao defined in [2]: 


n—l—j 


U(x) = > (—1)'0 frafsfn + fe /0) Safa — Snail), 


(6) Ha) = @ DL (1) jw Gea fe) = fae 


Goo) = Da ie 
j=r r 
Upon substituting (5) in (1) he obtained for 24, 
n—2 
(7) fe ou! = U(x“) + us (a) + > fro G(x)a- + fv u. 
r=2 


Under the assumption that U0, he then defined v by f,v" = U on the interval 
where U>O. If »—2 constants (in [2] Rao referred to »—1 constants instead 
of m—2) C, exist, such that 


(1/n)f, U' — (15 + aay in pate) u=cu", 
(8) in 
G,U rin} = C,, y= 2, 3, ie 2; 


then Rao obtained from (7) the following equation in which the variables are 
separable: 


(9) uw =(f, UA — Cm + Cu te 4 Cy ou” 4 U’). 


Rao noted that (7) is also valid for 7 =2, 3, if the third term on its right side is 


130 PAPERS IN ANALYSIS 


taken equal to zero, and for »=1 if the last two terms on its right side are 
taken equal to zero. 

For the transformation (5) to apply, Rao required that f,1 and f, be twice 
differentiable, that all f; (@=0, 1, +--+, 2—2) be differentiable, and that f,>0. 


4. Rao’s transformation (5) is more restrictive than the transformation (2) 
which we present as far as conditions for differentiability are concerned. Observe 
that (2) requires only that fy and f, possess first derivatives, while (5) requires 
all f;’s to be once differentiable and f,; and f, to be twice differentiable. See 
section 5 for a case in which Rao’s transformation fails to apply because of this 
restriction. Rao’s condition that f, >0 corresponds to the condition that fy/, >0 
if m is even, and that fof,40 if ~ is odd. 

It should be noted that in [3] Allen and Stein presented a transformation 
that reduces Riccati’s equation to one with separable variables under certain 
conditions (less restrictive than Rao’s for this case; see [1 ]). The transformation 
by Allen and Stein, 


(10) y = Vf o/fe 2, 
is a special case of (2), when n =2. 


5. An example of the application of (2) is the following equation of Abel’s 
type in which the coefficients satisfy the conditions of the theorem, 


(11) y’ = exp(3/2 x”) + fexp(a? + 2/3 «3/2) — Vx + aly + exp(2«3/2)y3, 
The substitution (2), y= lexp(x?/2—2/3x/*) Jv, transforms equation (13) to 
(12) v = exp(a? + 2/3 «3/*)(1 + v + 03), 


Notice that Rao’s transformation (5) does not apply to (11) on an interval con- 
taining the origin because f;(x) is not twice differentiable and f.(x) is not once 
differentiable on such an interval. Even in an interval not containing «=0, the 
work involved in Rao’s transformation is quite involved. 


Prepared by Mr. Tollefson, under the direction of Professor Stein in an NSF Undergraduate 
Science Education Program. 
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MEASURE AND DENSITY OF SEQUENCES 
WILLIAM HINTZMAN, University of Wisconsin 


Let J denote the set of positive integers and @(J), the collection of all sub- 
sets of J. If SE (J), let S(z) equal the number of elements in |x€.S: x <n}. Let 
. S(n) 
u*(S') = lim sup —— - 
n> © nN 
u*(S) may be called the upper density of S in J. Then a finite set has upper 
density 0 while an arithmetical progression }an-+b t has upper density 1/a. 
If A, BE CW), then 


AU BY) AO) | BO) 


nN nN W 


Hence, u*(AU/B) Sy*(A)+u*(B). Also, if ACB, then A(n)/n<B(n)/n and 
u*(A) <yu*(B). Therefore, u* is a finitely subadditive outer measure on @(J). 
Let 9 be the collection of all sets SC @(/) such that for all X COU), w*(X) 
= u*(X1VS) tu*(X11\S’). From classical measure theory we know that SW is an 
algebra of sets and that u* is a finitely additive measure on SM. 

An inner measure wx on PC) is obtained by setting ux(S) equal to 


S(n 
wT) — w*(S") = lim inf = 


Let D= | SCO): u*(S) =ux(S)}. Then SE if and only if S has density, ie., 
if and only if DiS) =lim S()/n=p*(S) =ux(S) [1]. It is clear that 9%C® for 
if SEM, w*) =e*(S) +y*(S’). 

THEOREM 1. Jf ACD and D(A) =1 or D(A) =0, then ACM. 

Now D(A) =1 if and only if D(A’) =0 for if ACD, 1=D(A)+D(A’). Sup- 
pose D(A)=1 and XC @(J). Since (X(V\A) CX and (XMA’) CA’, w*(XMA) 
< u*(X) and 0 S w*(X 1) A’) S p*(A’) = O. Therefore, u*(X) = w*(X 1 A) 
+u*(X(\A") and A, A’OM. 


THEOREM 2. 09, for the only sets in WM are those of density 0 or 1. 
Suppose that S©9v and D(S) =a, D(S’) =1—a, a¥1, 0. Let 
X = {n: (4k)! Sn Ss (4k +1)", (k= 1,2,---)}, 


V = {n: (4k + 2)%+2 <n S (4k + 3)*+5, (R= 0,1,2,---)h. 
Then 
w(X) = w(VY) = Ww(XUY)=1, XOAV=¢. 


Since SCG, 1 =u*(X) =y*(XOS) +y*(XOS’) and we have 
133 
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u*(X 1\ S) = a, u*(X (\ S’) = 1— a4. 

u*(Y (1\ S) = a, w*(Y O'S’) =1—- a4. 
Let 4 =(XMS)UCYOS"); then 
w®(A VS) + w(ANS') = W(X OOS) + uw(V OS’) =a+1—-a=1> p*(A), 
since u*(A) =max la, 1—a]. This contradiction proves the assertion. 
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QUASI-INVERSES OF SEQUENCES 
R. G. BUSCHMAN, State University of New York at Buffalo 


In the convolution ring discussed by Louis Brand [1] there is a close rela- 
tionship between the difference equations for a sequence, U, generated from the 
numbers uo, uy by 


Un+te = AUn+1 +p bun, n = 0, 


and its quasi-inverse, V. Since the ring has an identity J, the quasi-inverse V 
of U, can be defined as the solution in the convolution ring of (J—U)(l—V) =I 
when uw) 1. 

From the generating function for U, given by 


g(U; s) = [uo + (uy — auo)s|/(1 — as — bs?), 


we can obtain the generating function for V by successively computing g(J— U;s), 
e(J—V;s), and then g(V; s). This yields 


[—uo(1 _ uo) | — [ (21 _ auo)/(1 — uo) |s 
[(a@ + ur — auto)/(1 — uo) |s — [6/(1 — wo) |s? 


Vis) = 

gV3 8) = 7 
so that the difference equation is of the same form, Upi2= Anyi + Bo,, n ZO, 
where we have 

Vo = — Uo/(1 — uM), 11 = — *y/(1 — m)?, A=atus/(1 — wm), B= b/(A — wu). 


Two special cases of interest follow as examples. If #)=0, the difference equa- 
tion for V shows an even stronger similarity: 


0, U1, Unto = (@ + Uy) In41 + brn, n= 0. 
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Here the coefficient of the lowest order term is the same as for U and the other 
coefficient is a simple translation of that of U. In particular, for the Fibonacci 


sequence, f= 10, 1,1,2,--- \ the quasi-inverse becomes 
O, ~—1, Ungo = 20ng1 + Un, n = 0. 


If uw) =2, the expression for V becomes 


2, Uy, Unde = (@ — U4) In41 — OIn, n= 0; 
so that the quasi-inverse for the Lucas sequence, L = 12, 1,3,4,--- }, is given 
by 
2, — 1, Un+2 = — Un, nN = 0. 


Similar situations occur for higher order difference equations with a wider 
variety of interesting special cases thus occurring. Here again if the initial values 
for U satisfy certain conditions, then one or more of the coefficients of the 
difference equation for V are the same as those of U; the others are simple 
translations. 

The inverse sequence, U~', which exists for u7)#0, does not seem to possess 
interesting properties of this type. 
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COUNTEREXAMPLES IN HAAR MEASURE 
S. Kk. BERBERIAN, The University of Iowa 


The writer on abstract harmonic analysis rightly regards integration theory 
and Haar measure as technical preliminaries to the main business at hand, and 
he is entitled, perhaps even obligated, to treat such matters summarily. The 
danger is that these technicalities underlie the theory of convolution, which 
is very delicate, and the result is that mistakes are not only common, they are 
almost traditional. The overall mathematical effect of such errors is usually 
negligible, but they can be disturbing to the reader. My aim in this expository 
article is to arm the reader against two of the most common errors, so that when 
he meets them he may take them in his stride. 

To be more specific, the purpose of the article is to publicize the following 
two propositions: 


PrRoposiTion A. The product of two regular Borel measures may fail to be a 
regular Borel measure. 
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PROPOSITION B. Haar measure may fail to be simultaneously inner and outer 
regular. 


These propositions have been known for some time, but I have not traced 
them to their origins, and the purpose of the bibliography at the end of the 
article is merely to supply factual references. I learned them mainly from the book 
of P. R. Halmos, and from conversations with Roy A. Johnson and George 
Burke. 


1. Our terminology is drawn from |1]| and |2]. Let X be a locally compact 
(tacitly Hausdorff) topological space. The class of Bazre sets in X is the o-ring 
generated by the compact G;’s, and is denoted ®o(X). The class of Borel sets in 
X is the o-ring generated by the compact sets, and is denoted @(X). The class 
of weakly Borel sets in X is the o-ring generated by the closed sets; it is a o-alge- 
bra, and is denoted ®,(X). The Borel sets are precisely the g-bounded weakly 
Borel sets |1, p. 181]. 

When X is metrizable, ®o( X) =@(X); but there exist non-metrizable com- 
pact spaces X for which the equality holds [3]. Clearly @(X) =@®,(X) if and 
only if X is o-compact. 


2. If Sand 3 are any two o-rings, then 8X3 denotes the o-ring generated by 
all “rectangles” of the form EX F, with “sides” in § and 3, respectively [2, p. 
140]. For any pair of locally compact spaces X and Y, the following relations 


hold: 


(1) Bo(X) X Bol VY) = BolX X Y), 
(2) G(X) X B(Y) C BX X YF), 
(3) Bw(X) X Bul VY) C Bu(X X FY). 


The proofs of (2) and (3) are no deeper than the assertion that a rectangle with 
compact |[resp. closed] sides is compact |resp. closed] (cf. [1, p. 118]). The 
proof of (1) is more delicate |2, p. 222]. Informally, we may say that “Baire sets 
multiply.” In general, Borel sets and weakly Borel sets do not; in fact, there 
exist compact topological groups G for which the inclusion 


@(G) X B(G) C B(G X G) 


is proper (cf. [2, p. 261 ff.] and [3]). Incidentally, for a locally compact group 
G, the condition ®o(G) = @(G) is equivalent to metrizability (cf. [2, p. 221]). 


3. Suppose that X is any topological space, $ is a o-ring of subsets of X, and 
7 is a measure defined on §. We say that 7 1s inner regular if 


(4) r(E) = Lu.b. {r(C): C C E, C € 8, C compact} 
for each E in 8; outer regular it 
(5) T(E) = g.lb. ir(U): ECU,UES,U open} 


for each — in §; and biregular if it is both inner and outer regular. 
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4. Let X be a locally compact space. A Baire measure on X is a measure vp 
defined on ®o(X) such that v(D) < @ for all compact G;’s D. A Borel measure 
on X is a measure p defined on ®(X) such that uw(C) < « for all compact sets C. 
A weakly Borel measure on X is a measure p defined on @,(X) such that p(C) < « 
for all compact sets C. It is known that (a) every Baire measure is biregular, (b) 
a Borel measure is inner regular if and only if it is outer regular, and (c) it can 
happen that a weakly Borel measure is either inner regular or outer regular, but 
not both. (Cf. [1, p. 194], [2, p. 228], and Sections 7 and 8 below.) 

A Borel measure is said to be regular if it is inner regular in the sense of (4); 
thus every regular Borel measure is biregular. A weakly Borel measure p is 
said to be regular if it is inner regular in the sense of (4); thus the restriction 
of p to the class of Borel sets is a regular Borel measure, but p itself need not 
be biregular. 

If vy is a Baire measure, there exists one and only one regular Borel measure 
u which extends v |2, p. 239]. If wis a regular Borel measure, there exists one 
and only one regular weakly Borel measure p which extends yp, namely 


p(A) = l.u.b. | u(C): CC A,C compact} 
for each weakly Borel set A |1, p. 203 ff. |. 


5. Let G be a locally compact topological group. We discuss (left invariant) 
Haar measure on three levels: Baire, Borel, and weakly Borel. 

Haar measure on the Baire sets of G is a Baire measure pv, not identically 
zero, such that v(x Ff) =v(F) for all Baire sets Ff, and all x in G. Such a measure 
py exists, and is unique up to a factor of proportionality [1, p. 261]. It follows 
that v(V) >0 for every nonempty open Baire set V. 

Haar measure on the Borel sets of G is a regular Borel measure pu, not iden- 
tically zero, such that u(x) =u(£) for all Borel sets E, and all x in G. Such a 
measure u exists, and is unique up to proportionality |1, p. 260]. It follows that 
u(U)>0 for every nonempty open Borel set U. It turns out that the assump- 
tion of regularity is redundant, but this fact is far from obvious |1, p. 299]. 

Haar measure on the weakly Borel sets of Gis a regular weakly Borel measure 
p, not identically zero, such that p(xA) =p(A) for all weakly Borel sets A, and 
all x in G. Such a measure p exists, and is unique up to proportionality [1, p. 263 
ff. |. It follows that p(W) >0 for every nonempty open set W. The assumption of 
regularity is in general not redundant; an example is given in Section 8. 


6. Proof of Proposition A. Let X be any locally compact space for which the 
inchusion 


Q(X) K @(X) C R(X XK X) 


is proper, and let uw be any regular Borel measure on X. Then the product mea- 
sure uw Xu, as defined in [2], cannot be a Borel measure, simply because its do- 
main is too small. In view of the remarks in Section 2, it does not help to assume 
that X is a compact group and that uw is Haar measure. 
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7. Proof of Proposition B. Nore precisely, we prove: 


THEOREM 1. Let p be Haar measure on the weakly Borel sets of a locally com- 
pact group G. In order that p be biregular, it 1s necessary and sufficient that G be 
either discrete or o-compact. 


Proof of necessity. Assuming that G is neither discrete nor o-compact, let 
us show that p cannot be biregular. Choose a compact neighborhood of the 
identity, and let H be the subgroup generated by this neighborhood. Then 
is open, closed, and g-compact [2, p. 251]. Since G is not o-compact, there must 
be uncountably many left cosets. Let S be a subset of G which intersects each 
left coset in exactly one point (Axiom of Choice). We shall see that S is a closed 
set, its compact subsets have measure zero, and its open supersets have infinite 
measure; this will preclude the biregularity of p. 

Observe that if C is any compact set in G, then COS is finite; this follows 
from the fact that the left cosets form an open covering of G. In particular, 
every compact subset of SS is finite. 

Suppose that x is a point of G not in S. Choose a compact neighborhood U 
of x. Since UPS is a finite set excluding x, and since G is a Hausdorff space, we 
may find a neighborhood V of x such that VO\(UNMS) is empty. Then VOU 
is a neighborhood of x which is disjoint from S, and so x is not adherent to S. 
Thus S is closed, and is therefore a weakly Borel set. 

If Cis any compact subset of S, then C is finite, and it follows that p(C) =0 
(recall that G is not discrete; cf. |2, p. 268 ff., Exercise 3]). 

On the other hand, if W is any open set containing S, its intersection with 
each left coset is nonempty and open; thus W is partitioned into an uncountable 
family of sets of positive measure, and therefore has infinite measure. 

Proof of sufficiency. lf G is o-compact, then @,,(G) = @(G); thus p is a regular 
Borel measure, and is therefore biregular. 

Finally, if G is discrete, then all subsets are open and so outer regularity is 
trivial in this case. 


8. Suppose that G is a locally compact group which is neither discrete nor 
g-compact, and let uw be Haar measure on the Borel sets of G. One can extend 
u to a left invariant weakly Borel measure by assigning infinite measure to the 
weakly Borel sets which are not Borel sets. The resulting measure is outer 
regular, but not inner regular. 

9. In view of Theorem 1, there is in general no remedy for Proposition B; 
one either learns to live with lopsidedly regular Haar measure on weakly Borel 
sets, or else one retreats to a smaller class of measurable sets (e.g. Borel sets or 
Baire sets). 

For Proposition A, there are at least two remedies. The simplest is to stick 
to Baire measures, and lean on the relation (1); this is drastic, but often prac- 
ticable (cf. [1, Chapter 9]). Another is as follows (cf. [3]): 
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THEOREM 2. If ty and pp. are regular Borel measures on the locally compact 
spaces X, and X», respectively, then there exists one and only one regular Borel 
measure won XK X_ which extends py X Me. 


It is instructive to prove a slightly more general result, which is also useful 
in the theory of spectral measures: 


THEOREM 3. Let X; and X_ be locally compact spaces, and suppose that r 1s a 
measure on the o-ring @(X1) X@(Xea) such that (i) for each compact set Cy in X, 
the correspondence 


Ey > T(Cy X Ee) (Ee © B(X2)) 


is a regular Borel measure on Xo, and (ii) for each compact set Cy, in Xo, the cor- 
respondence 
fy —_ T(E »< C2) (Ey = @(X1)) 


1s aregular Borel measure on X1. Then tr may be extended to one and only one regular 
Borel measure won X1X Xo. 


Proof. The uniqueness of yu follows from the fact that the domain of defini- 
tion of 7 includes the Baire sets of X1* X2 (cf. formula (1)). 

Let @ be the ring generated by the compact sets in X;. Every set in ®; is a 
finite disjoint union of “proper differences” C,— Cy, where C,; and C* are com- 
pact sets such that Cf CC, [2, p. 223]. Similarly, let ®z be the ring generated by 
the compact sets in X». 

Let ® be the ring generated by the class of all rectangles EF, X EK, with sides 
in ®,; and ®e, respectively. Each set in ® can be written as a finite disjoint 
union of sets of the form 


(Ci — Cf) X (C2 — CH), 


where both of the indicated differences are proper (cf. [2, D. 139]). Such a set 
can be written in the form 


(6) (Cy x C's ~ Cy x Cs‘) ~ (Cy x C's ~ Cy x Cs), 


where each of the indicated differences is proper. 

It is implicit in the assumption (i) that r(C,X Cy) < © for all rectangles with 
compact sides, and it follows that the restriction of 7 to the class of Baire sets 
of X;& X21s a Baire measure v. Let uw be the unique regular Borel extension of v. 
Our problem is to show that 


(*) w(E) = r(é) 


for all sets E in @(X1) X@(X,). It is sufficient to verify (*) for rectangles 
E=CiXC, with compact sides; for then it will follow from (6) that (*) holds for 
all sets in ® [2, p. 37], and therefore for all sets in the o-ring generated by ® 
[2, p. 54], in other words for all sets in ®(X1) X @(X,) [1, p. 118]. 
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We are thus reduced to verifying (*) for a given compact rectangle 
E=C, XC. By G) we may choose a compact G; Dz in X». such that CCD». and 


rT(Cy X Co) = (C1 & De) 
(cf. [1, p. 188]). In turn, by (ii) there exists a compact G; D; in X, such that 
Ci,C D, and 
T(C, X Deo) = t(D, X Dy). 
Thus CiK* C,C D1 De, and 
(7) (Ci X C2) = r(D, X Dz). 


On the other hand, by the regularity of yu, there exists a compact G; Din X1& X» 
such that Cik C,CD and 


(8) w(C1 X C2) = (Dd). 


Let D¥ =D/\(DiX D2). Then D* is a Baire set (in fact, a compact Gs), and 
CixX C,C D*. Since p and 7 agree on Baire sets, we have, citing (7), 


mC, X C2) S u(D*) = r(D*) S (Di X De) = 7(Ci X C2); 


similarly, citing (8), we have 7(Cix& C2) S$r(D*) =u(D*) Sp(D) =u(Ci* C2). 
Thus u(CiX C2) =7r(CiX C2), and Theorem 3 is completely proved. 

To derive Theorem 2, we simply apply Theorem 3 to the product measure 
T =p Xe; conditions (1) and (i1) are verified using the fact that 


T(E, x FE») = ba ( Ey) e( Ee) 


for all rectangles with Borel sides (cf. [2, p. 144], and [1, p. 32, Lemma 2 |). 

Finally, we remark that Theorem 2 is by no means the end of the story; 
the task of successfully involving py, we, and w in theorems of Fubini-Tonelli 
type is far from trivial [3]. 
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MAXIMAL AND MINIMAL SUBADDITIVE EXTENSIONS 
MARSHALL BARTON and RICHARD LAATSCH, Miami University, Oxford, Ohio 


1. Introduction. A function f with domain D, a subset of the set FX of all real 
numbers, is called subadditive on D if 


fle + y) Sf) +f) 


whenever x, y, and x+y belong to D. This paper is concerned with two exten- 
sions of subadditive functions, namely the maximal subadditive extension from 
an interval [0, a|(a>0) to the set E=[0, ©) and the minimal subadditive ex- 
tension from E to R. The maximal extension was first defined by Bruckner |1| 
and was discussed also in |2|. The minimal extension is first defined below. 


2. The maximal extension. Let f be subadditive on the interval [0, a]. Then 
the maximal subadditive extension of f to E=|0, ©) is the function Sf defined at 
each xCE by Sf(x)=inf > f(x,), where the infimum is taken over all finite 
collections } x4, No, cc Xn} such that O<Sx,;Sa G=1, 2,---+,m7) and Sey =X, 
The collection 1X4, roe, Xn is called an a-partition of x. It can be readily veri- 
fied that Sf is subadditive on E and, if g is any subadditive extension of f to &, 
that gSSf. Also, an a-partition of « need not be an arbitrarily large set, since 
we can replace x; and x; by x;+x«,; whenever x;+x; Sa and obtain an approxima- 
tion to Sf at least as good as the original. 

Considerable attention was given in [2] to Sf when Sf(ma+x) =nf(a) +f(x) 
for all x€(0, a| and all positive integers x (i.e., when Sf “repeats” the behavior 
of f). Such behavior occurs, for example, when f is concave on |0, a|. Let us 
note in this regard that, if / is subadditive on £ and, for some a>0, F(na+~x) 
=n (a)+ F(x) for all «€(0, a| and all positive integers n, then /= Sf, where f 
is the restriction of F to [0, a]. 

The principal purpose of this section is to establish a necessary and sufficient 
condition that f have a repeating maximal extension. Geometrically, the condi- 
tion is as follows: Translate the graph of f on (0, a] by placing the point (a,f(a)) 
at the point (x, f(x)). If for no x in (0, a] the translated graph enters the region 
under the original graph, the extension will repeat, and conversely. 


THEOREM 1. Let f be subadditive on |0, a|. Then Sf(na+x) =nf(a)-+f(x) for 
all xE(0, a| and all positive integers n if, and only tf, for all yE(0, a], 


(1) fly) $ fla + y = 0) = fl) +I) 
for all u satisfying y Su Sa. 


Proof. It will be sufficient to consider only the case m =1 since one repetition 
implies continued repetition of the behavior of f. (This is Theorem 9 in [2].) 
Let Sf(a+x) =f(a)+f(x) for all xE(0, a}. Then, if OSySu Sa, 


fa+ry— u) 2 Siar y) — flu) = f(a) + tly) — flu). 
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Conversely, if condition (1) is satisfied, let xE (0, a], e>0, and 1x1, Fey Xn} 
be an a-partition of x+a such that Sf(a+x)+e> > f(x,). If x <x, for some m, 
then 


Dd f(%.) = f(%m) + f(a + % — am) = f(a + f(x) 


by condition (1) with u=x,, and y=x. If x>x; for all 7, then we can choose x, 
and x, from the a-partition such that OSx—x,Sx%.Sa. Then 


dD, f(%.) = fer) + f(m2) + f(a + & — «1 — x) = f(a) + fle) 


by condition (1) with w=x,. and y=x—wm, since also f(«—%1) 2f(x) —f(x1). In 
either case, Sf(a+x)+e>/(a) +(x) for all e>0. Since Sf(a+x) Sf(a)+f(x) by 


definition, the proof is complete. 


3. The minimal extension. Let f be a subadditive function defined on 
E=|0, «). Let Mf be the extension of f to R defined on (— «, 0) by 


Mf(x) = sup {f(u) — fo): v > w = 0 and uw — v= a}. 


Then Mf is the minimal subadditive extension of f to R. Again it can be shown 
that Mf is subadditive on R and MfSF for every subadditive extension F of f 
to Rk. The only problem in the proof of this concerns subadditivity when x+y <0 
in which case we assume that y<0, choose 0Su<v such that u—v=x+y and 
Mf (x+y) <f(u) —f(v) +e, find w20 such that u—w=y, and show that Mf(«+y) 
— Mf(y) —e< Mf(x), using the fact that w—-v=x. 

Some immediate consequences of the definition of Mf are that Mf is non- 
decreasing on R if f is nondecreasing on #, that Mf is nonincreasing on (— «, 0) 
if f is nonincreasing on # (but there may be an interruption at 0), and that, if 
f is continuous on £, then Mf is continuous on (—o, 0) and Mf(x)-—0 as 
x—0-. Also, if x <0 and c>0, then M(cf(x)) =c( Mf) (x) and M(c+f) (x) = Mf (x). 

It may be the case that g#c+/fon Hand Mg= Mf on (— ~, 0). For example, 
if f(2n)=f(2n+1)=n+1 and g(2n)+1=¢(2n+1)=n+3 and if f and g are 
interpolated polygonally on FE, then Mf=Mg on (—~, 0). (Note also that 
M(f+g) 4 Mf+ Mg.) 

The next theorem considers boundedness of the graph of Mf by straight 
lines. (Compare Theorem 10 of [2].) 


THEOREM 2. Let f be subadditive on E. If m=inf{f(x)/x:«>0} exists in R, 
then Mf(x) = mx for all «ECR. If, additionally, b =sup | F (2) — Mx: x20} exists in 
R, then Mf(x) Smx+0 for all xER. 


Proof. Let x<0O and e>0. If m exists, choose v>0 such that f(v) <<mu+e. 
Since f(mv) Snf(v) for every positive integer n, v can be taken arbitrarily large. 
Let u=v+x. Then 


Mf (x) = fl) — fv) > mu — (mv + 6) = me — 
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If b also exists, choose v>u 20 such that w~—v=x and Mf(x) <f(uw)—f(v) +e. 
Then f(a) —f(v) Smu+b—mv=mx+b; so Mf(x) Smx+b. 


THEOREM 3. Let ln } be a sequence of subadditive functions on E converging 
pointwise on FE to f. Then Mf=lim AMfy. 


We know |[3{ that f is subadditive, and the rest of the proof is relatively 
straightforward. 

From the same reference we have that a concave function / is subadditive on 
F— if, and only if, f(0) 20. For such functions, if the m of Theorem 2 exists, then 
Mf(x) = mx for every x <0, and M(f+g) = Mf+M¢ for such functions, although 
this is not generally the case. 

Finally, to relate the discussion of Mf to our earlier discussion of maximal 
extensions (especially Theorem 1), let us note that if f repeats on #, then Mf 
repeats on R. Precisely: Let f be subadditive on [0, ©) with (0) =0 and let 
a>0O be such that f(na+x) =nf(a)+f(x) for all x€ (0, a| and all positive integers 
n. Then Mf(na+x) =nf(a)+/f(x) for all x€(0, a] and all integers n. (If f(0) 40, 


the conclusion fails only at 0.) 
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COMPACTNESS IN THE SPACE OF 
QUASI-CONTINUOUS FUNCTIONS 


T. H. HILDEBRANDT, University of Michigan 


It is well known that if C is the class of continuous functions on |a, b| with 
l.u.b. norm, then a subset / of C is compact in the Weierstrass-Bolzano sense 
(every infinite subset contains a sequence converging uniformly) if and only if 
the functions f of F are uniformly bounded and equicontinuous at all points of 
[a, b|. Only a slight change is needed to obtain a compactness condition in the 
space of quasi-continuous functions, those for which f(«+0) and f(x—0) exist 


for all x of [a, b|. We have: 


THEOREM. Necessary and sufficient conditions that a subset F of the class QO of 
quasi-continuous functions on |{a, b| be WB compact are that: (a) the functions f of 
F be untformly bounded and (b) for every xo with 


a<«% Sb: lim f(«) = f(% — 0) 


zr—xz0—0 


and every Xo with aSxo <b: limz .2540 f(x) =f(xo +0), each uniformly for f in F. 


We shall call a property of type (b) equiconvergence. 

Necessity. The necessity of the boundedness condition follows in the usual 
way. For the condition (b) of equiconvergent type, we assume an Xo where the 
righthanded condition does not hold. Then there exists an e>0, such that for 
every n, there exists f, in / and x, such that 0<x,—x)<1/n and 


| fu(n) — fr(xo + 0) | > €, 


that is no subsequence of f,(«) has the rightconvergence property at x». Since 
F is compact, there exists a subsequence f,,,(x) converging uniformly on |a, | 
and consequently, by the iterated limits theorem [1, p. 14], having the right 
equiconvergence property at Xo. This contradicts the assumption on f,(x). 

Sufficiency. Let f,(x) be an infinite sequence in F and 17m} a denumerable 
dense set on [a, b| including @ and 6b. Then since by condition (a) for every 
m, the sequence f, (7m) is bounded, there exists a subsequence such that limg fn, (%m) 
exists for all m [1, pp. 44-5]. For convenience we shall designate this sequence 
fe. If x9 is any point of {a, b| then by condition (b) 


lim fi(%m) = fu(Xo — 9) 


Tm—x0 —O0 
uniformly in k, where rm <x . Consequently by the iterated limits theorem 


lim lim fim) = lim fe(%o — 0). 


Tm—20—0 kK 
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Similarly 
lim = lim fx(%m) = lim fi,(%o + 0). 
k k 


Tm—Z0+0 


Since the f;(«) are quasi-continuous, the set of points E for which some f;,(x) 
is discontinuous 1s denumerable. If xo is a point of the complementary set CE 
of &, then all f,(x) are continuous and so lim, fz(«%o) exists and we define f(x) 
=limy fi(xo). Hi |x, } is the denumerable set of discontinuity points in #, then, 
because of the boundedness of the sequence fi(«'n), there exists a subsequence 
f(x) such that lim, f;,(x) exists for all x in K and so for all x in |a, b|. We define 
f(x) as this limit. 

It remains to show that this convergence is uniform on |a, b|. For this pur- 
pose we note that because of the right equiconvergence of f;,,(x) at any xo, for 
e>0O, there exists d.,, such that if O0<x1—x9<d.z, and 0<x,.—%x 9 <d,z, then for 
all /: 


| fie(41) — f(a) | <e. 


By taking limits as to / we also have | f(x) — f(xe) | <e. Moreover if 1>l.2, we 
have | fi)(x1) —f(x1)| <e. Consequently for e>0, there exists dez, and ler) =lea, 
such that 0<x2.—x0 <dexo and />1,,, implies 


| fe,(a2) — f(a») | < 3e. 


A similar statement holds to the left of each xo. If we consider the intervals 
[xo, xo+d] with d<d.., for a$xo<b and the intervals [xp—d, x)| with d<d},, 
for a<x 9b, then these form sets of intervals to which the Young-Lusin theo- 
rem [2, pp. 441-2] applies, i.e. there exists a finite number of nonoverlapping 
intervals chosen from these left and right intervals reaching from a to b. Let the 
end points of these intervals be a=X%o, x1, ° ++, X=. Then if /, is the largest 
of the /.,, obtained above, we will have | fe (x) — f(x) | <3e for 1>1, provided x is 
interior to one of the intervals (x;, *;4,1). Since we have convergence at each of 
the points x;, we can find an J? which will do at these points as well as at the 
interior points of the intervals, i.e. we have: for e>0O, there exists /} such that if 
I>l, and asx Sb, then | fe (x) —f(x)| <3e, which is the uniformity desired. 

It now follows that f(x) is in OQ. 

Changes to be made in this theorem when O is replaced by the subclass QO, 
of quasi-continuous functions continuous on the right are obvious. 
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THE USE OF GREEN’S FUNCTIONS TO SOLVE SOME GENERAL 
INITIAL-VALUE PROBLEMS 


C. E. FALBO, Sonoma State College 


Ince [1] constructs a “Green's function” solution to an nth order completely 
homogeneous linear differential system. His solution has continuous derivatives 
of order n —2 over its entire domain, with the (x —1)st derivative discontinuous 
at some point in the domain. 

In this paper, I use functions which solve initial value problems whose 
differential equations are (in turn) mth order linear, mth order nonlinear and 
homogeneous in the dependent variable. If the equation satisfies a certain 
“uniqueness” condition, the solution is the only one. The Green’s functions used 
here are not restricted to continuity of the first n —2 derivatives. 

One of the problems solved requires the solution to be a function with k 
cusp points (k is a positive integer greater than one). A nonsymmetric function 
is obtained as the solution to a problem in which the linear mth order differential 
equation is “complete,” i.e., nonhomogeneous. 


1. Introduction. 

1.1. Notational Definitions. Let a<b, then: the interval [a, b| is the set 
lx|aSx Sb}, the segment (a, b) is the set 1x |a <x<b}, la, b) is the set 
{x|a<x<b}, and (a, b| is the set |x|a<xSb}. Let n denote a positive integer, 
and suppose that the mth derivative of the function f exists on the number set 
M. lf tis in M, then f™(t) denotes the mth derivative of f at t. f° denotes the 
function \ (t, fi (t)) jt is in Mi. “Fisin C”™ on M” means that f° is continuous 
on MM. 


ff (st) = Lim f™(), 


t>s 
with a similar definition of f%(s—) from the left. Let 


WAP, ge = fOKEOO — gOfO UW. 


f(t) is the point with coordinates (f(), fP@, +--+, fo? @) of Ena (Euclidean 
n+1 space). f(t, s) is the point of E£,4, with coordinates (fill, s), fP(t, s)he, 
(¢ s)) where ft? (t, s) is the ith partial derivative of f with respect to the first 
variable at the point (¢, s) in the domain of f. 


‘1.2. Green’s function. In this paper the following initial-value problem is 
generalized: 

Let s denote a number in the segment (0, 1) and suppose that fis a function such 
that: f'>(t) =0 on [0, s) +(s, 1], fis continuous on |0, 1] and in C? on 0, s) +(s, 1], 
f(0) =f(1) =0, and f\?(st) —f@(s~) = —1. Then the only solution ts the function 
G defined by the equation: 
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i(1—s) if tis in [0, s| 


s(1— 2) iftis in [s, 1]. (1) 


G(s,t) = ‘ 


Such a function is usually called a Green’s function. In general, the following 
definition is proposed. “G is a Green’s function of class C” on the domain 
A= | (2, ¥) | ax<x<b;asysb ” means that Gis the function (2x, 9, G(x, y))| (x, y) 
is in A and: 

1. Gis continuous and symmetric on its domain, i.e. G(x, y) =G(y, x). 

2. For each number s in the segment (a, D), G(t, s) is of class C” for each 

number ¢ in [a, s)+(s, D]. 
3. For each positive integer 1n—1 there isa number J,, such that G(st, s) 
—G(s-, s)=Jiz and not all of the numbers J;, are zero. 


1.3. Types of equations. The theorems here are concerned with linear equa- 
tions and non-linear y-homogeneous equations. Definitions: “f is linear in 9” 
means that for wu in C” and v in C”, and for a and b numbers, f(a%#-+b3) =af(a) 
+bf(v) “f is homogeneous in j” means that there exists a number m such that 
f(cs) =cmf(#). The differential equation f|9(t) |=g() for t on M is “complete” if 
g(t) #0 0n M, “reduced” if g(t)=00n M, “linear” if fis linear on M, “nonlinear” 
if fis nonlinear, and “y-homogeneous” if g(t) =0 on M and fis homogeneous in 4. 


1.4. Lemma on y-homogeneous differential equations. 


LEMMA 1. (a) Every reduced linear differential equation 1s y-homogenecous. 
(b) There exists a nonlinear differential equation which 1s y-homogeneous. (c) There 
extsts a reduced nonlinear differential equation which 1s not y-homogeneous. 


Part (a) follows from the definitions. For part (b) consider the function 
FUs(t) | = ly) |? +9) y(t). Here F is nonlinear and homogeneous in 4, and 
the equation F]5(t)|=0 a nonlinear y-homogeneous differential equation. For 
part (c), the equation: 


yO(t)h + y@@)y@(t) = 0 


is an example of a nonlinear reduced equation which is not y-homogeneous. 


1.5. Definition of uniqueness. 


DEFINITION. Let 51, 52, + + + , Sy denote a set of k numbers in the segment (a, b). 
The statenient that “the n-th order differential equation: F | a(t) |=g(t) satisfies the 
uniqueness condition with respect to si, ° ++, Sp on la, b|,” means that there extsts 
one and only one function u of class C” on |a, b| such that u(a) =u(b) =u (b) =0 
for i=1, 2,+++,n-—1 satisfying the equation F\a(t)|=0 on fa, b| except, pos- 
sibly abt=s;,7=1,2,°°°, Rk. 


2. Initial-value problems involving reduced equations. 


2.1. THEOREM 1. Suppose that the n-th order linear differential equation 
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F | a(t) | =0 satisfies the uniqueness condition on |a, b |. Let a denote a class C” solu- 
tton to the system: 


F[5()| = 0 
y(a) = ao, 
and let 8 denote a class C” solution to the system: 
F[5(1)] = 0 
y(b) = bo. 
Suppose further that BA#a on |a, b|. (See section 1.2, considering there a(f) =1 
and 6(t) =(1—12).) 


For each number s in the segment (a, b) the Green’s function G defined by 


Gl, s) = ee yt is im [a, s| 2) 
Bitja(s) if tis in [s, bd] 
is the only solution to the initial value problem: 
(i) The function x= ; (, x(t, s) is continuous for t in |a, b| and of class C* 
on [a, s)+(s, b], 
(ii) Fl«(t, s)|=0 on [a, s)+(s, b], x(a, s) =a0B(s), x(b, s) =boa(s), 3 
(iu) x (st, s) exists and x\(s-, s) exists, and x(st, s)—x™(s-, s) (3) 
=Wsa, B),t=1,2,--+-,n—1, and 
(iv) «(b, s)=a(s)-BM(b), 7=1, 2,--+,n—1. 


Proof. The function G defined in (2) satisfies (3). That G satisfies (i), (ii) 
and (iv) of (3) is clear. A proof that G satisfies (iii) is as follows: G(s+, s) exists 
land is equal to a(s)-B(s)]. For if a(s) =0, then a(s)-BM(t) =a(s)B™(s) =, 
hence 

Lim a(s)B@(@) = a(s)b(s), 


t—s 


t>s 


therefore G™(st, s) exists and is equal to a(s)8(s). Suppose a(s) 40. Since B is 
in C’ on f[a, bj, then for i=1, 2,- +--+ ,n, 8B iscontinuous at s. By definition of 
continuity, if c>0, there exists a positive number d’ such that if 0<d<the 
minimum of d’ and b—s, then for each number # such that 0 <t—s <d, 


C 
(4) — BOs < ———__________ 


multiplying this inequality by la(s) | >0, we have 


C 
(OCs) — (2) . als lO Q\S . 
8%) = BOO] -fals)| < Ta lal) << 
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Therefore 
| BO (s)a(s) — BM (Dals)| <c. or 
| B(s)a(s) — Gt, s)| <c fors <td. 


Thus lim,,;. 5; G(t, s) exists, i.e. G(st, s) exists and is B(s)a(s). Similarly, 
G(s-, s) exists and is a (s)B(s). We now see that G satisfies (i11). 

Granting the conditions in (3), it will be shown that (2) follows. Suppose 
that zis a function satisfying (3), and G is the function defined in (2). For each 
number ¢ in [a, b], let e(t, s) =G(t, s) —2(t, s). Then: 

(i)’ eiscontinuous on fa, b], and of class C" int on |a, s)+(s, b], \ 

(ii)’ Fla(t, s)]=0 on |a, s)+G, b], e(a, s) =e(b, s) =0, 

(iii)’ e®(st, s) exists and e(s~, s) exists, and e™(st, s)—e™(s-, s) =0,- (3)’ 
t1<n—1, and 

(iv)’ e(b, s)=0,1Sn—-1. 

The system (3)’ follows immediately from the definition of e and from the sys- 

tem (3). We shall prove that e is of class C” on the entire interval |a, b|, then 

using the uniqueness condition, we have that e=0 on |a, b], i.e. the function G 

of (2) is the only solution to (3). 

Suppose that there exists a positive number c such that if / is any positive 
number, then there exists a number f; in the segment (s—h, s) such that 


e(s, 5) — e(ti, s) 


S$ — fy 


—eV(s-,5)] Be. (4) 


Since e is of class C” in (s—f, s) and since (t, s) is a subsegment of (s—h, s), 
then e is of class C” in (t,, s), and e is continuous in the interval [h, s|. Therefore, 
by the law of the mean, there is a number ¢* in (4), s) such that 

e(s, s) _ e(ty, s) 


S$ — fy 


= @OG* 5), (5) 


Substituting from equation (5) into inequality (4) we get 
(r,s) — (s,s) | Se 6) 


This means that there exists a positive number c such that uf / 1s any positive 
number, then there exists a number ¢* in the segment (s—h, s) such that in- 
equality (6) holds, which is contrary to the definition: 


Lim eZ, 5) = eO(s-, s). 


t—s 


t<¢s 


Therefore, the supposition is false and we may state its denial. If c>0, then there 
exists a positive number d’, such that if 0<d,<the minimum of d’ and (s—a)/2, 
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and t is a number such that 0<s—t<d,, then 


e(s, s) — e(t, s) 


s—t 


— e(s~, 5) 


<6. (7) 
Similarly, for ¢>s, there exists a positive number d’’, such that if 0<d.<the 
minimum of d’’ and (b—s)/2 and t is a number such that 0 <t—s<d», then 


e(s, s) — e(t, s) 


S$ — 1 


—éEY(st sli <c (8) 


Hence e“(s, s) exists and is equal to e“(s~, s) [also to e (st, s) |. This conclu- 
sion with condition (i)’ proves that e is of class C! on the entire interval |a, |. 

Suppose that & is a positive integer, and kSn—1, and e is of class C* on 
la, b|, then e@+)(s, s) exists. The proof of this follows the same arguments as 
above, and is omitted here. The conclusion is that e“*)(s, s) exists and is equal 
to e@t)(s-, s) and to et) (st, s). Thus e is of class C*+! on the entire interval 


la, b|, and this is true for R=1, 2, ---,2—1: therefore e isin C” on |a, |. 
We now know that e is a function of class C” on [a, b| with the properties: 
e(a, s) = e(6,s) = e™(b,s) = 0, fort = 1,2,---,n (9) 
Flé(t, s)| = 0 on fa, s) + (s, d]. (10) 


Since the differential equation of this theorem satisfies the uniqueness condition 
on |a, b|, then there is only one function e such that (9) and (10) are true. We 
note that these equations are also true for p(t, s)=0 on [a, b]. Because of the 
uniqueness condition we have that e(t, s)=p(t, s)=0 on fa, s)+(s, b]. Since e 
is continuous at s, we have e(s, s)=0. This proves that (2) is the only solution 
to (3). 


2.2. COROLLARY 1 TO THEOREM 1. If the differential equation: 
F[5(t, s)| = 0 (11) 


1s nonlinear and y-homogeneous, then the function G defined in (2) solves the tntttal- 
value problem (3) with equation (11) tm place of (ii). 


Proof. That a nonlinear y-homogeneous differential equation exists is proved 
in Lemma 1; hence this corollary is not vacuous. There exists a number p such 
that, if cis any number, then F[cs(t, s)]=c?F | 9@, s) |, because F is y-homogene- 
ous. Let wand 8 satisfy (11) on Ja, 6], then qa and ©6, for any numbers c, and 
C2, satisfy (11) on Ja, b|. Hence, for any number sin the segment (a, b),8 (s)w and 
a(sy@ satisfy (11). 

If the function G is as defined in (2) then, from the proof of Theorem 1, G 
is continuous on fa, b| and of class C” on [a, s)+(s, b]. Each of G@(st, s) and 
G(s-, s) exists, and GM(st, s) —GM(s-, s) = W.(a, 8),. If the initial conditions 
on a and 6 are a(@) =a, and B(b) = bo, then it follows that (2) solves the initial- 
value problem (3) for the nonlinear aifferential equation (11). In Theorem 1, 
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the uniqueness condition was used in proving that there is no other solution to 
(3), and is therefore not necessary here. 


2.3. COROLLARY 2 TO THEOREM 1. Assume the conditions preceding (2) in the 
theorem. If, on addition, the term containing y in the linear differential equation has 
zero for ats coefficient, then the function G defined by 

a(t) + B(s) aftts in la, s 
au, = £0 (s) af la, s| 42) 


B(t) + als) if tis in |s, b| 


is the only solution to the rnttral-value problem: 

G) The function x= { (t, x(t, s)} is continuous for t in |a, b| and of class 
C” on {a, s)+(s, b], 

(ii) F[&(t, s)]=0 on [a, s)+(s, b], x(a, s) =ao+B(s), x(b, s)=bo tals), 

Gii) For each positive integer 1Sn—1, (13) 
x (st, s) and «™(s~, s) exist, 
xO(st, s)—x™M(s-, s) =B™(s)—a(s), and 

(iv) «®(b, s) =B(b), i=1, 2,---, nt. | 


Proof. Here F is linear and the proof follows similar arguments as in the 
proof of the theorem. The initial value problem (13) differs from (3) in that 
here the y term is missing, and the discontinuity described in (iii) of (13) is 
different from the one in (iii) of (3). The coefficient of y is zero so that F[la(#) 
+8(s) | = Fla(t) ]=0. 


2.4 The case of more than one “cusp.” The theorem of this section deals 
with a function whose graph has k cusp points in the given interval. (k is a 
positive integer >1). The order of the differential equation is n2 2. 


¢ 


THEOREM 2. Suppose that each of a and 6 1s a solution to the linear n-th order 
differential equation 


F{5(t)| = 0 on [0, 4], (14) 
a(0) =8(1) =0, and the equation (14) satisfies the uniqueness condition on \0, 1}. 
Let r =(S1, 52, ++ + , Sp) be @ set of kR numbers in the segment (0, 1), such that 0O<sy 
<Sgp<o ts <sy<1. The function G defined by: 


a(t) x B(Sm) if t is in (0, sy]. 


m=j m=k 
Girt) = 80) Li alsn) + a(?) 2 Blow if tis in [s;, sjeil, 45) 
jg=1,2,---,k —4, 


BO S a(Sm) if tis in I sx, 1|, 
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4s the only solution to the initial value problem: 

GQ) The function x = I(t, a(r, t)) for tin the interval |0, 1| \ 1s continuous 
int on \0, 1], and x ts of class C" in t on M=|0, 51) + (51, 52) + + - 
+ (Set, Sk) +(Sk, 1]. 

(ii) Fl&(r, )|=0 on M. (Here &(r, t) is the point (x(r, t), - +>, x(r, 8), 
x (r,t) of Ena.) x(r, 0) =x(7, 1) =0. 

(iii) For each positive integer isn, x(r, s*) and x(r, s>) exist, and their 
difference 1s W,(a, B)s,, for j=1,2,--+, Rand 

(iv) x (7, 1) =BE(1) TEs als; 


Proof. First it is shown that (15) is a solution to (16). Assume G as defined 
by (15); then (i)’ G is continuous for ¢in [0, 1| and G is of class C” on M. This is 
true since, in each segment (sj, S;41) and in |0, s1) and (s:, 1| of M, G is a linear 
combination of functions of class C”. Therefore G is of class C” on M. From this, 
G is continuous on M. To show that G is continuous on [0, 1], all that remains 
is to show that G is continuous at s; for each integer j7. We settle the case for 
25j5k—1. Suppose: 


(16) 


X a(s,) 


m=1 


% B(sn) 


m=j+l 


>0O and > 0. 


Since each of a and 6 is continuous at s,, then by the definition of continuity, 
if e€ > 0, there is a number 6’ > O such that if 0 < 6; < minimum of 6’, and 
(s;—s,;-1)/2 and if f is a number such that 0<s;—t <6), then 


e/2 


| BY) — B(s;) | << (17) 
p» a(Sm)| + 1 
and 
€/2 
a(t) — als) | <2 (18) 
Dd B(Sm)| + 1 
m=j+l 
then 
| BQ) —_ B(s;) | ; 3 a(Sm) + | a(t) — a(s;) | ; x B( Sm) < €. (19) 
m=1 m=j+1 
Therefore 
[300 — B(s;)| > a(sn) + felt) — a(s))] Dd) Blsn)) < (20) 
m=1 m=j+1 
BQ) Salsn) tel) X Bsn) =| 26s, Salt) tals) a(sn) | <.. (21) 
m=1 m=j+l m=1 m=j+l 
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Hence, 
G7, — Gir, s)| <¢« if0<s;-t < 61. (22) 


Similarly, there is a positive number 6” such that if 0<6, minimum of 6” and 
(Sj41—5,)/2 and 0 <t—s,;<dbe, then 


G(r, 1) — G(r, s;))| <« if0<t— 5; <b. (23) 


Suppose that either 
; 


>) a(Sm) = 0 or > B(Sm) = 0. 


m=1 m=j+l 


Consider the case in which only the first sum is zero. Then both of (17) and (18) 
still hold, and 


Dd B(Sm) 


m=j+tl 


| a(t) — a(s;) | < €. 


Therefore (19) still holds, so does (20) and therefore (21), hence the same result 
is obtained. Similarly for the case in which only the second sum is zero. 

If both sums are zero, then (19) still holds, etc. From (22) and (23) we see 
that there exists a number 6, 0<6<minimum of 6; and 6) such that if | t—s,| <6, 
then 


| G(r, t) — G(, sj) | <€, 


Therefore G is continuous at s; for 25j7S5k—1. By a similar argument G is 
continuous at s; and at s,;. This concludes the proof that G is continuous on 
lo, 1]. 

(ii)’ FIG, )|=0 on M. 

Proof. Since F is linear, and since each of thesums ).7,_, @(Sm) and >o*_, B(Sm) 
is a number, then on [0, s;): 


FIG, | =F ( D 6(6n)@() ~ ¥ 6(se)Fla(] = 0. 


m=1 m=1 


On (Sj, Sj41): 


F[G(r, t)| 


r( > a:(Sm)B(E) + » a(sa(®)) 


m=) m=j+1 
; 


SX a(sn) FBO] + YS Bln) Fla] = 0. 


m=1 m=j+1 


Similarly, on (sz, 1]: F[G(, t)]=0. Furthermore, G(r, 0) =0, and G(r, 1) =0. 
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By arguments similar to the ones used in the proof of Theorem 1, G@(r, s;*) 
exists, and is 


j k 
BO(s3) Di asm) + a(s;) 22 B(sm), 
m=1 m=j+1 
for tin (s;, Sj), 1SjSk—1 and G(s, s;) exists and is 
j-1 ks 
B“(s;) > a(Sm) + a (55) > B( Sm), 
m=1 maj 
for fin (s;4, s;) and 2S7S:k. 
| k | k 
G(r, 81) = (1) 22 Bm), and G(r, se) = B(x) DY asm). 
m=) m=) 


Therefore G(r, 57) -—GM(r, s;) = W2(a, B)s,. For example, if 1<j<k, then 


6°, 8) — 6°, 85) = BOG) Kalen) — B(S;) E alsn) 


+ a (5) DS Blom) = (ss) D Blsw) 


m=j+l 


BO (ss)a(sj) — a© (s;)B(s,) 
W ;(a, B)s;. 


To complete the proof that (15) satisfies (16), we have the result 
k 
(iv) GO(r, 1) = BOM) DE a(Sm). 
m=1 


Now to prove that (15) is the only solution to (16). Let G denote the func- 
tion defined in (15). If zis a function satisfying (16), let e be the function defined 
by e(r, t) =G(r, t) —2(7, t); ris as before and ¢ isin |0, 1]. e satisfies the conditions: 

(a)’ e is continuous on |0, 1|, and of class C” on M. 

(b)’ Fla@(r, t)|=0, on M. 

(c)’ e(r, 0) =e(r, 1) =0. 

(d)’ For iSu—1, ey, s,)-—e@(r, s;) =0, and e(, 1) =0. 

By an argument similar to that in the proof of Theorem 1, e is of class C” on 
10, 1], and by the uniqueness condition e(r, f) is the only function satisfying 
(a)’ through (d)’, but the function p(7, t) =0 also satisfies these conditions; hence 
e(r, £)=0 on [0, 1], and (15) is the only solution to (16). 


3. The Complete Equation. 


3.1. LEMMA 2. There exists a positive integer n, a linear function L from a do- 
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main in Ey4+1, a function f on [0, 1|, and two functions a on |0, 1|, and B on the set 
A= 1 (x, y)|OSx $1, O<y<i} satisfying 
B(s, s)Lla@)] = f@ 
a(s) L[B(, s)] = f@) (24) 

and a(0)=B(1, s)=0 for each number s in the segment (0, 1). 

Proof. Let n=2, L|4(t)|=y@(), f@ =6t, then if a(t) =+¢ and 
2-1 (s+ 1)¢— 1) (2) 
l, 5S) = + —— then f, = 6f, 
Bl, §) = St aay a(s)8r (I, 8) 
B(s, sla (t) =6t, and a(0) =B(1, s) =0, thus (24) is satisfied. 


3.2. THEOREM 3. Suppose that L 1s a linear function from a domain in Ey 41, 
each of f and ais a function on [0, 1], and B is a function on the set A = 1 (x, y) | 0 
<xSi, O<ysi} such that 


B(s, s)Lla(d)| = f@O 
a(s)LIB, s)| = fO 


and a«(0)=6(U1, s)=0 for each number s in the segment (0, 1). Suppose, further, 
that each equation in (25) satisfies the uniqueness condition on |0, 1]. The function 


G defined by 


(25) 


a(t)B(s, s) fort in [0, s| 
Bit, s)a(s) fort in {s, 1| 


is the only solution to the initial value problem: 
(i) x is continuous in t on [0, 1}, and of class C" in t on |0, s)+(s, 1]. 
(ii) Lia@, s)|=f@ on [0, s)+(s, 1], «00, s)=x(1, s) =0. 
(iii) For each positive integer iSn—1, x(st, s) and x(s-, s) exist, 
and their difference is w,(a, B)s. (27) 
Gv) x (1, s)=a(s)BM(1, s). 


Proof. It is clear that the function defined in (26) is a solution to (27). To 
show that (27) implies (26), suppose that z is a function such that gz satisfies 
(27), and let e(s, t) =G(s, t)—2(s, t), where G is the function defined in (26), then 

(a)’ eis continuous on [0, 1], and of class C” in ¢t on |0, s)+(s, 1]. 

(b)’ L[eé(t, s)]=0 on [0, s)+(s, 1]. 

(c)’ e(0, s) =e(1, s) =0. 

(d)’ e@®(st, s)—e(s-, s) =0. 

Also e®(1, s) =0. By an argument similar to the one used in the proof of Theo- 
rem 1, e is of class C” on [0, 1]. By the uniqueness condition e is the only func- 
tion satisfying (a)’ through (d)’. Zero also satisfies these conditions. Therefore 
e(t, s)=0 on |0, 1] and G as defined in (26) is the only solution. 


G(i, s) = ‘ (26) 
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4, An application. If each of Py and P; is a continuous function on [0, 1], 
if a and @ are solutions to 
22 (t) + Prd)xO Ud) + Po(t)a(t) = 0, on [0, 1] (28) 
with a(0) =8(1) =0, if g is integrable, and if 
a(t)B(s) for tin [0, s| 


KG9 = Yocae) tor Cin fo 


then the integral 
1 
yi) = J Ks, Dgls) as (29) 
0 


is the only solution to the problem 
yOU) + PidQyO@) + Pody@ = gQ) Wile, 8) 
y(0) = yl) = 0. 


As a specific example, consider: a(t) =a sin (#), and B(¢) =b cos (#) which are 
solutions to 


(30) 


xt ox’ =0 with a(0) = Bir/2) = 0. 
Then the integral: 


a {2 
y(t) = | G(s, t)g(s) ds, ginC! and 
0 


asin(t) bcos(s) fort in [0, s| 
Go) = | | | 
acos(t) asin(s) foréin [s, x/2| 
is the only solution to: 
yt y= — abg 
yO) = y(a/2) = 0. 
The use of Green’s function as a kernel of an integral can be applied to higher 


order equations, as in the following example. If each of Po, Pi, Pe is of class C® 
on fa, b|, let 


Fla(d)] = 2 (1) + Pox) + Pre) + PoWa(d). 


If the equation F|x(t)|=0 satisfies the uniqueness condition with respect to 
s, sin the segment (a, b), and if g isin C? and a and B are two (distinct) C? solu- 
tions to F]x(#)|=0 with a(a) =6(b) =B™(b) =0, 7=1, 2. Then the integral: 


y) = J G(s, alo) as an 


G is as defined in equation (2) 
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is the only solution to: 


Fly(@)] = gO P2OWile, B): + 2Wla, B):| + e’(OWila, 8): 
y(a) = y(b) = y"(b) = 0. 


To prove that (31) is a solution to (32), write y(t) as: 


(32) 


yi) = f G6, de) dst f G(s, Des) ds = [ BOals)g(s) as 


+f aliats)e(s) ds 


Using the integral y(t) = [?G(s, Hg(s)ds, gin C"~! as a solution to the mth order 
linear differential equation analogous to (32), the Green’s function of Theorem 1 
yields a result, but it is quite cumbersome. For example, the first term alone 
Ge. y™(t)) produces: 


B™ (ft) { 


tt 


+X 


i=1 


a(s)g(s) ds + a (0) [Bl s)eCs) ds 


ya\ =44—- 1 
) > ( . ) OW (0" BYE. 
j 


4 j=0 


When W.,(f, g) is as defined before for positive, is zero for 7 =0, and is defined 
by W_.(f, g) =fD~“*f—gD~*f, for —k negative, where D-* = kth antiderivative. 
Of course, in the rest of the equation the sum of the terms containing the inte- 
grals is zero, while the other terms will be somewhat simplified. 

The author is grateful to Professor H. J. Ettlinger for several helpful suggestions. 


Reference 


1. E. L. Ince. Ordinary Differential Equations, Dover, New York, 1956, pp. 254-261. 


MRORGR. BANTA COMPANY, INC., MENASHA, WISCONSIN 


THE AMERICAN 
MATHEMATICAL MONTHLY 


THE OFFICIAL JOURNAL OF 


THE MATHEMATICAL ASSOCIATION OF AMERICA, INC. 


VOLUME 73 NUMBER 5 
CONTENTS 

Reform in Teaching Mathematics. . ... Rour NEVANLINNA 451 

Polynomials and Polyominoes. .. Looe J.B. KeLtty 464 


On a Diophantine Equation with No Nontrivial Integral Solution 
RapHAEL FINKELSTEIN 471 


Areas and Volumes without Limit Processes. . D.E.Ricumonp 477 
Geometrical Transformations of Veblen-Wedderburn Systems 
Roy FernmMan 484 


Mathematical Notes M. 5S. Corema, V. O. S. OLUNLOYO AND 
A. D. Weiss, G. BacHMAN, D. J. Troy, Joe, BRAWLEY, JR., 
JosepH Kist, A. G. Konnermm anp T. J. Rivuin, V. K. Rowarcr, 
M. Epetsrern, P. K. SUBRAMANIAN AND S. F. BEcKER, 
S. A. NAIMPALLY 487 


Classroom Notes. A. A. Branx, HL. ScHWERDTFEGER, G. T. Carco, 
S. G. Monanty, A. Fe1Incoitp 515 


Mathematical Education Notes . . H.P. Brapuey, H. F. Fear 531 


Elementary Problems and Solutions . . . . . . . . . . 5837 
Advanced Problems and Solutions . . . . .. . . . . 547 
Recent Publications and Presentations . . . .. . . . . 558 
News and Notices... YT 
Mathematical Association of America Lo woe wee «668 
Mathematical Sciences Employment Register. wo. we ee) 6669 
Mathematics Films . ...... .. . . . . . 669 
Calendar of Future Meetings . . . .. .. . . . . 8570 


Future Meetings of Other Organizations . . . . . . .. . 87 


MAY 1966 


THE AMERICAN MATHEMATICAL MONTHLY 


(Founded in 1894 by Benjamin F. Finkel) 


Freperick A. Ficxren, Editor 


J. BARLAZ 


ASSOCIATE EDITORS 


GERTRUDE EHRLICH J. R. MAYOR 
J. D. BAUM HOWARD EVES J. M. H. OLMSTED 
A. A. BLANK RAOUL HAILPERN R. A. ROSENBAUM 
J. A. BROWN MARSHALL HALL, JR. E. P. STARKE 
HERBERT BUSEMANN L. M. KELLY E. P. VANCE 
LEONARD CARLITZ A, E. LIVINGSTON ALBERT WILANSKY 
H. S. M. COXETER K. O. MAY H. S. ZUCKERMAN 


J. H. CURTISS 


EDITORIAL CORRESPONDENCE should be addressed to the Editor, F. A. Fickmm, Department of 
Mathematics, New York University, New York, N. Y. 10453. 


ADVERTISING CORRESPONDENCE should be addressed to Raovut Hairpern, Mathematical 
Association of America, SUNY at Buffalo, Buffalo, N. Y. 14214. 


NOTICE OF CHANGE OF ADDRESS by members of the Association as well as correspondence re- 


garding subscriptions to the Monraty should be sent to the Executive Director, H. M. Geuman, 
Mathematical Association of America, SUNY at Buffalo, N. Y. 14214. 


NOTICE TO AUTHORS 


More than enough Main Articles, Mathematical Notes, and Classroom Notes 
have been accepted (or are under consideration) to fill these Sections of the 
Monra_y through the December, 1966 issue. Please do not submit any papers for 
these Sections until after July 1. The June-July issue will contain addresses to 
which papers may then be submitted. 


Annual dues for members of the Association (including a subscription to the American Mathematica! 
Monthly) are 36.00. For nonmembers the subscription price is $10.00 


PUBLISHED By THE AssocraTION at Menasha, Wisconsin, and Buffalo, N. Y. 
during the months of January, February, March, April, May, June-July, 
August-September, October, November, December. 


Second-class postage paid at Menasha, Wisconsin. Acceptance for mailing at special 
rate of postage provided for in the Act of February 28, 1925, embodied in 
Paragraph 4, Section 538, P. L. and R., authorized April 1, 1926. 


Copyright © The Mathematical Association of America (Incorporated), 1966 


PRINTED IN THE UNITED STATES OF AMERICA 


REFORM IN TEACHING MATHEMATICS 
ROLF NEVANLINNA, Academy of Finland 


The question of teaching mathematics at high-school and university level 
has been debated ever since Felix Klein, at the end of the 19th century, pre- 
sented his famous Erlanger program. Klein wanted to enliven teaching by giv- 
ing prominence, in all fields of exact science—analysis, geometry and physics— 
to the concept of a group and to the principles of transformations. The aim of 
mathematical theory is that of uniting and studying the invariant elements 
which remain unchanged during group transformations. These invariant laws 
constitute the heart of the theory, what is often referred to as its “mathematical 
structure.” 

Naturally enough, Klein, who contributed greatly to the development of 
group theory, was inclined to overemphasize to some extent the importance of 
the group concept. In fact, during the subsequent progress of science, this 
concept has become a special case of the more general concept of mapping, which, 
influenced by the epoch-making ideas of Gauss and Riemann, is assuming an 
increasingly dominant position in mathematical science today. 

With this reservation, it can be agreed that Klein in his program clearly laid 
down a main line for present and future mathematical science. His program 
has contributed essentially to the development of mathematical teaching at 
the university level. 

These views of Klein must be given less prominence in the high school cur- 
riculum. Here, Klein’s most important contribution takes another direction. He 
considered the time was ripe for an extension of high school mathematics so 
as to include the calculus, the basis of “higher mathematics.” The idea has 
gradually gained ground. Nowadays, the syllabus in almost all countries in- 
cludes a section on the concept of limit, and the elements of infinitesimal cal- 
culus. 

The extent to which this involves actual progress is a controversial matter. 
In the experience of many university teachers, the inadequate knowledge of 
the calculus gained by mathematics students during their high school years 
seems rather to hamper them at university level, at which students are pre- 
pared for more advanced mathematics at a standard of strictness which is quite 
different. This sceptical attitude is not entirely unjustified. Nevertheless, a re- 
turn to the former state of affairs is neither possible nor desirable. By virtue of 
the constantly growing significance of mathematics as a fundamental technical 
instrument in many different fields where the chief emphasis is laid on the ap- 
plication of the mathematical calculus—rather than on complete mastery of the 
logical structure of the mathematical technique—it is impossible to deny the 
need for certain, if no more than superficial, knowledge of the first principles of 
the infinitesimal calculus before and on university entrance. 

Since the beginning of this century, mathematics has expanded enormously 
in various directions. Modern scientific progress is based essentially upon the 
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more profound understanding of the nature of mathematical knowledge attained 
by the so-called “axiomatic school.” 

David Hilbert’s contribution in the early years of this century was decisive 
in this respect. His investigations into the foundations of geometry led to further 
elucidation of the logical connections upon which the elementary geometrical 
systems are based. But his exposition aimed higher. The enormous significance 
of Hilbert’s critical elementary geometrical studies is chiefly the outcome of the 
general fundamental attitude he adopted towards the geometrical problems oc- 
cupying his mind. This even sets its stamp upon his noteworthy sentences in 
the introduction to his presentation of Euclidean geometry. 

Let us assume three kinds of objects, which we shall call points, lines and 
planes. Let us further assume that these objects are linked by certain relations. 

Hilbert then states the three basic relations of Euclidean geometry: the rela- 
tion of incidence, the relation of correspondence, and the relation of congruence. 

Now follows the formulation of the axioms and, thereby, Euclidean geom- 
etry is exhibited as a whole, though in implicit form. It is the subsequent logi- 
cal synthesis that leads from the basic concepts (objects, relations and rules) 
to new objects and relations (through definitions) and new rules or theorems 
(through deductions or proofs). 

Hilbert’s presentation is linked to the earlier discussion on geometry which, 
especially in the 19th century, led to the achievement of decisively new knowl- 
edge (Gauss, Riemann, Klein, Helmholtz, Poincaré, et al.). But more clearly 
and explicitly than anyone before him, Hilbert emphasized that a full knowledge 
of the nature of geometry can be obtained only if once and for all there is left 
out of account those “geometrical qualities” of the geometrical objects, and the 
relations originally associated with them, on the intuitive-empirical level of 
geometry. “Points,” “lines,” and so on, become dissociated from these concep- 
tions, which are irrelevant from the logical point of view; they are understood 
only as abstract things, as elements of certain given sets. 

Thus the geometrical relations are also dissociated from the intuitive geo- 
metrical views originally attached to them. There is required no great freedom 
of thought or capacity for abstraction to comprehend and appreciate the sig- 
nificance of this process of dissociation, inherent in Hilbert’s conception as com- 
pared with the older, more traditional intuitive presentations of the nature of 
geometrical objects, once the thought has been expressed with sufficient clarity 
and weight, and illustrated by qualitatively different “reinterpretations,” pri- 
marily but not solely by the arithmetical models represented by analytical geom- 
etry. This applies at least to the conception of the basic geometrical objects 
(points, lines, planes) as elements of three kinds of sets without other more spe- 
cial graphic qualities than those presupposed by the “intuitive” set concept: a 
set is a collection of given elements without qualitative characteristics other 
than “individual existence,” so that two arbitrary elements are either identical 
(“same elements”) or nonidentical (“different elements”). 
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Perhaps the abstract concept of relation presents more difficulty. It seems 
that, even among specialists interested in philosophy, the word “relation” is 
occasionally combined with vague ideas. For a mathematician, the matter is as 
clear as it is simple. What is decisive is the idea of correspondence (or more gen- 
erally the mapping idea), For example, the fact that two elementary geometrical 
sets, points and lines, are linked by an incidence relation means no more than 
that for every point there is a corresponding set of lines (which are said to be 
incident with the given point). 

The transition from the original intuitive idea of the meaning of the inci- 
dence relation (“a line passes through a point”) to the wider meaning based upon 
the more general concept of “correspondence” has an earlier equivalent in the 
logical liberation process undergone by the concept of function during the last 
century. Originally, this concept was defined by an arithmetical or analytical 
law which, in the case of a given number or argument, yielded as “result” 
another number, the value of the function (or many other numbers), if the func- 
tion was multivalued. The modern idea of a function disregards the arithmetical- 
analytical manipulations which lead from the argument to the function. These 
have as substitute the general correspondence or mapping concept: an exceed- 
ingly significant insight which in all essentials goes back to Riemann. A similar 
process also caused the intuitive concept of “projection” to emerge as the gen- 
eral idea of mapping and abstract correspondence. 


Hilbert’s contribution represents one of the most notable stages in the his- 
tory of scientific ideas. It is most remarkable that the new general insight into 
the nature of the formation of mathematical theory was achieved as the final 
result of scientists’ efforts to clarify the oldest and most elementary problems of 
exact research: Euclidean geometry. 

The free and general conception held by Hilbert on the system of elementary 
geometry also led him to pose the general questions on knowledge associated 
with every mathematical theory which reaches the axiomatic level, so that the 
theory emerges as a logical “theory of structure,” as a system of basic objects, 
basic relations and basic sets (axioms) assumed to be valid between these objects 
and relations. These questions are concerned with (1) the consistency of the 
axiom system, (2) the independence of the system, and (3) the completeness of 
the system. 

With the aid of analytical geometry these three questions are reduced, as 
regards both Euclidean and hyperbolic elementary geometry, to the question of 
whether arithmetic constitutes a consistent logical system. If this is assumed, then 
it follows that: 

(1) The Euclidean axiom system is also consistent: it cannot lead to two 
consequences involving an explicit contradiction. 

(2) The Euclidean axioms can be reduced so as to be mutually independent 
logically. 
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(3) Euclidean geometry is a complete system. This means that its logical 
structure is uniquely determined apart from isomorphy: two “realizations” or 
“models” of Euclidean geometry are isomorphic if their basic objects and basic 
relations can be mapped in one-to-one correspondence, with their relations re- 
maining valid (two objects in one model which are linked to an elementary 
geometrical basic relation have, as image objects in the other model, two objects 
linked to the “image relation” of the relation concerned). 

The question of the logical nature of geometry thus led Hilbert to a cor- 
responding problem in arithmetic. Discussions on these questions have been in 
progress for half a century, and are far from being completed today. 

The break-through of the “axiomatic model of thought” has not only left 
its imprint on research into the foundation of mathematics, but has also deci- 
sively influenced the whole expansive trend of mathematics in our time. A non- 
mathematician may be astonished at this statement. Does not the nature of 
mathematics as such imply that its method is axiomatic? What is the aim of 
mathematics, and what can it be, but to draw correct conclusions from clearly 
formulated premises (axioms) through logically valid deductions? This objection 
is warranted and it may be questioned whether the title “axiomatic method” 
properly describes what is most essential in this connection. 

In fact, what is new in the axiomatic mode of thought is concerned less with 
the more stringent demands for logical exactness imposed upon mathematics 
today than with the freer, more abstract interpretation of the nature of mathe- 
matical theories to which the liberation discussed above has led as a result of 
fundamental studies in elementary geometry. I here call to mind only two main 
fields where the axiomatic mode of thought has brought about a thorough, 
large-scale renewal and fruitful expansion: “modern” algebra and topology. 

During recent decades, the French Bourbaki school made an impressive at- 
tempt to set up mathematics as an axiomatic construction on a general and uni- 
form basis. Indeed, it has essentially contributed to the reform of mathematics 
teaching at university level. The extent to which school teaching should take 
into account these modern tendencies is under debate. I shall return to this 
question later in this article. 

Since the beginning of this century, axiomatic treatment has leavened very 
nearly all special mathematical branches. As was stressed by Einstein in differ- 
ent connections, the theory of relativity is based principally upon the general 
insight emerging from fundamental research in geometry. Without this pre- 
paratory work, the monumental interpretation of Einstein- Minkowski of the 
physical world in terms of four-dimensional geometry with an indefinite metric 
would have been inconceivable. The classical theory of Newton can also be un- 
derstood and presented as a four-dimensional geometry of semi-definite metric 
character. 

The general understanding to which fundamental geometrical research has 
led has also prepared the way for other unforeseen achievements in mathematics. 
By way of example there may be mentioned the developments of the theory of 
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probability during the present century (as a branch of the theory of additive 
set functions), information theory, econometrics, the theory of games and con- 
clusions, which have “mathematized” research in fields where human action 
intervenes to an essential extent, and which have until now been considered as 
lying outside the scope of mathematical methods. The expansion of mathematics 
in directions hitherto regarded as humanistic was made possible by the very 
fact that mathematics is not by nature limited to what is quantitative or mea- 
surable—something now understood more clearly than ever before. It deals with 
different logical structures, concept complexes which have nothing to do with 
“magnitude” or “measurableness.” One need go no further than to Euclidean 
geometry to comprehend this: for instance, what has incidence theory or the 
parallel axioms to do with the “quantitative”? Once there is correctly understood 
the enormous amount of generalizing and refinement contained in the mathe- 
matical mapping and correspondence concept as far as they concern the special 
functional connections in the world of experience or the fine arts, surprise is no 
longer felt that the empirical complexes accessible to such extensive concep- 
tional idealizing as permits their being mapped into logically structured sys- 
tems, and so allowing of mathematical treatment, are no longer limited to arith- 
metic, geometry or theories that have until now been the main concern of exact 
science. Many of the new fields do not lend themselves to treatment with 
mathematical theories formulated earlier; on the contrary, they supply empiri- 
cal material and impulses for new mathematical questions and complexes of 
ideas. Here we see a repetition of the fascinating interplay of experience and 
experiment on the one hand and mathematical theory-formation on the other. 
This runs as a red thread through the entire evolution of exact science. 


Soon after Hilbert’s fundamental investigation into the foundations of ele- 
mentary geometry, there were several studies which proved epoch-making on a 
higher level of mathematics. Hilbert’s theory of linear operators and their 
eigenvalues and of orthogonal systems in a function space was based upon inte- 
gral equations. Nevertheless, its leading idea was geometrical: Hilbert under- 
stood functional analysis to be an extension of Euclidean analytical geometry 
(the theory of linear and quadratic forms) into a Euclidean space with an 
infinite number of dimensions. The theory of Hilbert-space was given its final 
axiomatic form by J. von Neumann. In this form, the brilliant theory consti- 
tutes a corner-stone in the construction of modern mathematics. Its importance 
is not confined to “pure” mathematics. The theory of Hilbert-space assumes a 
leading position in the most varied connections, as for example in the modern 
quantum theory. 

Another peculiar application of Hilbert’s theory on infinite dimensional 
Euclidean geometry is associated with the variational problem formulated by 
Riemann for the purpose of solving the boundary value problem of elliptic par- 
tial differential equations of the second order. The problem is solved by the 
determination, within the class of all (sufficiently regular) functions with given 
boundary values, of the one that minimizes the Dirichlet-integral associated with 
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the differential equation (Dirichlet’s principle). Reinterpreted in Hilbert’s func- 
tion-space, the problem relates to the drawing of a perpendicular, from a given 
point in this space, to a plane (infinite-dimensional) represented by functions 
with vanishing boundary values. According to Euclid, however, this perpen- 
dicular line can be characterized in two equivalent ways: 

(1) The line is perpendicular to the plane. 

(2) The perpendicular segment is the shortest segment joining the point 
and the plane. 

Condition 1 implies that “the perpendicular” satisfies the differential equa- 
tion, and condition 2 that the Dirichlet-integral reaches a minimum. 

The elementary-geometrical minimum quality of the perpendicular in the 
function-space corresponds to Dirichlet’s principle. This idea, as simple as it is 
brilliant, is one of the most fascinating indications of the enormous capacity of 
the structure of Euclidean geometry, apparently extremely elementary. 


The above represents a brief reconsideration of some of the main features 
of the development of mathematics since the beginning of our century. We can 
learn at least one thing from all that has happened in mathematics during these 
decades of vast expansion: this period proves, if anything, the great significance, 
both in principle and substance, of the Euclidean elementary system. This theory 
has always stood out as the ideal of exact science. But the present century has 
experienced a peculiar revival of this basic mathematical theory, which has 
shown its enormous vitality in two different main directions: it has given im- 
petus to the revolution in mathematics represented by the break-through of the 
axiomatic mode of thought, and this has had fruitful effects in the most varied 
branches of mathematical and logical research. But it has also, in a more sub- 
stantial respect, undergone an unforeseen revival through the generalizations 
it has allowed in infinite-dimensional Euclidean geometry, Hilbert-space and 
its applications. 

In view of all this, it is amazing that a group of enthusiasts supporting a 
radical reform of school mathematics have mustered around the slogan “Down 
with Euclid”! How can anything as narrow as this ever be suggested and, fur- 
thermore, by people who without doubt deserve credit for notable contributions 
to contemporary mathematical science? 

The matter cannot be dismissed merely as a joke in bad taste, even on the 
assumption that the slogan has been coined mainly with a view to creating a 
sensation. As a symptom of a mode of thought now gaining ground in mathe- 
matics it is worth closer consideration. 

In a unique way, mathematics combines two opposites: exactitude and free- 
dom. But this coincidentia oppositorum also presents a danger to mathematics 
and mathematicians. Mathematics receives its impulses from experience and 
from the perception of empirical realities, but compared with other sciences, it 
is less rigidly tied to this starting material. On the contrary, its task is “theoreti- 
cal”: starting from certain phenomena characteristic of a given sphere of ex- 
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perience, it gradually dissociates itself from them. On a given empirical basis, 
it builds up a higher ideal reality. Thus mathematics, during the progress of 
idea-formation, leaves the empirical foundation which has given rise to the 
theory. This process is to a decisive extent directed by norms which can be 
characterized as aesthetic rather than logical: mathematics draws away from the 
position of real science and approaches that of creative art. Compared with 
artistic activity, the relative “objectivity” of mathematical creation lies mainly 
in its being more exact and unique. 

However high mathematics may raise itself above the empirical-intuitive 
level—its basis historically and genetically—something of its origin still per- 
sists in even the most abstract mathematical theories. In view of the historical 
development of mathematics and its enormous current expansion, one can agree 
with ancient philosophy in the concept that mathematical theories in their ab- 
stract exactitude and beauty express a higher ideal reality in the sphere of ex- 
perience from which they received their first direction-giving impulses. Each 
biologically and practically significant complex of the “world of experience” can 
be understood as a challenge to create, through a mathematical—that is, a 
strictly conceptional analysis, idealization, and synthesis—an image of the 
“structures” contained in it in its natural state. 

For as long as mathematics has followed this course, equally organic and 
free, it has been capable of preserving its vitality. The setting up of entirely 
arbitrary axiom systems as a starting point for logical research has never led to 
significant results. This will scarcely be denied by any mathematician. But the 
awareness of this truth seems to have been dulled in the last few decades, par- 
ticularly among younger mathematicians. Interest is one-sidedly directed to- 
wards formal generalizations—a rewarding field for apparent successes easily 
won—instead of to more difficult problems concerned with real mathematical 
ideas and substance. As usually happens with extremists, such a view is often 
associated with an over-weening arrogance towards tendencies which do not 
uncritically follow the modern slogans. In the wake of the revolution repre- 
sented by the Bourbaki attempt—as such an imposing contribution of utmost 
significance—there follow a host of imitators. Here something repeats itself that 
has always been experienced in various connections during the development of 
ideas and idealogies. As before, history will decide what is of lasting value. It is 
the fate of imitators to fall into oblivion. But their hampering influence and the 
confusion of ideas they temporarily cause constitute today, perhaps, a greater 
danger than before, because of the expansion of mathematics and the rapidly 
increasing number of workers it is enlisting. In this field as well, mass phe- 
nomena increasingly assume a dominating position. Among the number of mathe- 
matical publications now flooding the world, it is not easy to find the small 
number which really contain some germ of a valuable idea, despite the many 
laudable attempts to orient research workers by means of reference papers, re- 
views, and monographs. 


458 REFORM IN TEACHING MATHEMATICS [May 


Thus research is in danger of losing contact, in some quarters, with the 
historic-genetic line, which alone can lead to comprehension of the vital ten- 
dencies in mathematics. Without denying the value of mathematical investiga- 
tion as a high end in itself, there is good reason to point out the disadvantages 
of the extreme attitude, “l’art pour l’art,” also in this branch of culture. It results 
in increasing uncertainty of judgment and taste. 

At the same time, a distorted attitude is gaining ground with respect to what 
we call the “applications of mathematics.” By its innermost nature, mathemati- 
cal investigation in its abstract idealizations and generalizations becomes with- 
drawn from empirical reality, but it is accordingly given unforeseen possibilities 
of reacting, at a high theoretical level, within extensive areas of scientific re- 
search and culture, even those which at the initial stage of the formation of 
mathematical theory seem to lack any connection with the empirical basis of 
reality which initially inspires theoretical research. Remarkably enough, it is 
just the “axiomatic mode” of thought which has deepened insight into the bond 
uniting “theory” and “applications.” Through theory-formation, mathematical 
structures are crystallized which, suitably reinterpreted, have applications in 
different fields which to the non-expert appear entirely unrelated. Along with 
the branching-out of science and the consequent necessary specialization one 
notices, in the uppermost stratum of theoretical research, a tendency directly 
opposed to comprehensive syntheses and greater unity. 

Who could have predicted that the study of the Euclidean system, through 
the abstract modifications and extensions it has undergone in the multi- 
dimensional Euclidean and Riemannian general differential geometry, would 
one day be reinterpreted by Einstein and Minkowski in such terms that it con- 
stitutes the basis for the modern physical outlook on the world? Or that the 
abstract research into algebra, ultimately based on empirical and practical 
arithmetic, would in our time play an important role in atomic physics? 

“Science seeks truth for the sake of truth,” the phrase has it. This is cor- 
rect. One must not then forget that the inner mainspring of mathematical re- 
search, during its really productive and vital periods, has been and is the feel- 
ing and belief, however vague, that mathematics, even in its highest theoretical 
speculations, has not lost contact with “empirical reality,” and that it is thus 
called upon to take a prominent position as an important and useful compo- 
nent in the variety and unity of culture as a whole. 

The fact that the awareness of these connections has weakened shows us 
the gulf which separates “pure” and “applied” mathematics today. Things were 
different even a few decades ago. Most leading mathematicians (Klein, Hil- 
bert, Poincaré, Minkowski, Weyl, von Neumann) made notable contributions 
to the field of physics as well. The present changed situation can be explained 
only partially as being the necessary outcome of the further expansion and 
branching-out of science. 

It is possible that the “applying mathematicians” will in the very near future 
lead the field in restoring the contacts which are lacking between theory and 
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practice: much more than before, “applications” depend on the support of 
even the most abstract theories. 


In the foregoing, I have dealt mainly with certain characteristic features in 
the modern development of mathematical research, and have touched only 
briefly upon the question of mathematics teaching at school level. Discussions 
on school teaching rest on an uncertain basis, however, unless we can see clearly 
and agree upon the points which deserve primary attention in the most recent 
development of mathematics and its changed position in the civilized com- 
munity. The reform of school teaching must be in line with these general points. 

Space does not permit me to deal in detail with the consequences which may 
arise from the questions of principle referred to above. I restrict myself here to 
individual conclusions of a general nature, and hope I can add some more con- 
crete conclusions in another connection. 

It lies in the nature of things that the road to new understanding leads from 
the special to the general, from the concrete to the abstract. Thus it follows 
quite naturally that teaching has to start from concepts assumed to be known 
in advance, or at least easily accessible to pupils. The original context in teach- 
ing mathematics is favourable in so far that its basic material, the natural num- 
bers in arithmetic and the simplest geometrical figures, are of such an elementary 
nature that pupils are largely familiar with them even before entering school. 
At this early stage, therefore, it is entirely needless to describe at length things 
that pupils already know full well. Prolonged “propaedeutics” have ill effects. 

When teaching of arithmetic has advanced, more or less along old established 
lines, to the point where pupils intuitively comprehend the extension of the 
number concept by zero and negative numbers and fractions, the time is ripe 
for passing on systematically to symbols and to a more exact discussion of the 
rational number field and its basic axioms. It would be desirable to begin algebra 
teaching earlier than is now usual. For this purpose, the arithmetic course 
might be further concentrated and partly reduced. The difficulty of performing 
the rational operations should not be underestimated, and adequate time should 
be allowed for pupils to master formal mathematical manipulation. Against 
this, the course might be reduced by the restriction of exercises to really impor- 
tant and illustrative theoretical and practical examples. It is frequently stated 
that mathematics teaching should “approach” living life, but this demand 
should not be followed irrelevantly and artificially. Here, all needless subject 
and exercise material could be eliminated. Instead, there should be taken up 
questions and problems which lead from arithmetic, in a narrower sense, to 
algebra, to the concept of function, to geometry, and to physics. Actual instruc- 
tion in algebra and geometry could then begin earlier than is now the case. Only 
in this way can the necessary extension of the school syllabus at higher levels 
be effected. 

Perhaps the objection may be raised that such a concentration of arithmetic 
teaching is dificult because of children’s limited power of understanding. In 
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fact, the reform, if reasonably carried out, imposes greater demands on the 
teachers than on the pupils. Children’s capacity for understanding is easily 
underestimated. The present arithmetic course still includes complicated exam- 
ples which cause pupils greater difficulty than do the problems which by their 
nature belong to a later mathematics course. 

In addition, as they grow up, in some inexplicable way, young people receive 
impulses and accept ideas and conceptions which are “in the air.” Something 
that might have occasioned insurmountable difficulties one or two generations 
ago is now more easily grasped. Human intelligence has scarcely developed in 
the course of history, but a shift of man’s faculties has occurred. The fact that 
in the long run it is at all possible to orient oneself with respect to the constantly 
accumulating experience and knowledge, depends upon just this shift of facul- 
ties: on the one hand these are in accord with the demands of the current situa- 
tion and, on the other, they give precedence to points which permit dealing with 
and surveying the area concerned as a whole. . 

The concentration and intensification of teaching arithmetic in the direction 
indicated above is both necessary and possible. The teaching of algebra and 
geometry can accordingly start without extensive preliminaries. Of course, axio- 
matic treatment in the strict sense of the term is not possible. Nevertheless, 
from the very beginning it is necessary to proceed systematically and in a disci- 
plined manner, without getting lost, for this reason, in abstractions beyond the 
grasp of pupils. Exactness, consistency, and clarity do not exclude graphic de- 
scription; systematic formal training need and must not degenerate into dog- 
matic pedantry. Under all circumstances it is the personal approach of the 
teacher that enlivens the teaching and arouses interest and drive in the pupils. 
The aim of misdirected propaedeutics, however well-intended, is achieved more 
efficiently in direct association with systematic teaching, in such a way that the 
presentation of the textbook, of necessity more or less schematic, is in oral 
teaching constantly interrupted, illustrated and augmented by digressions de- 
signed to highlight the essential points in the course itself and its relations to 
other relevant points. 

Even the elements of algebra and geometry offer rewarding opportunities 
for the discussion of certain general principles of great consequence to logical 
thought and concept-formation as a whole. The following examples may be 
given: 

(1) Distinction between necessary and sufficient conditions; the concept 
of equivalence. 

(2) The logical relation between the proposition (p—»g) its converse (q—>), 
the opposite proposition (p—>~q), and its inverse (q—>~). 

(3) The construction of ideal elements along the lines of the permanence 
principle. In fact, the extensions of the number system (from positive numbers 
successively to negative, rational, real and complex numbers) constitute a pat- 
tern for constructive principles, fundamental not only in mathematics but in 
all concept-formation. 
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(4) The principle of induction. 

I repeat: these questions should not receive too much attention in elementary 
teaching. But even at this early stage, they merit consideration, in natural asso- 
ciation with the elementary material treated, in both algebra and geometry. 

(5) The significance of so-called “analysis” in solving mathematical prob- 
lems. 

Experience has shown it to be important that not only the beginner but also 
the trained mathematician be perpetually reminded of the utility of analysis. 
By first studying consistently the consequences which inevitably follow the 
assumption that there is a solution to a problem, one is led to conditions which 
are sufficient and at the same time indicate the path towards finding the general 
solution of the problem. On the classical model, the method is used mainly for 
the solution of geometrical problems, but it is equally effective in mathematical 
problems of all kinds—a fact frequently overlooked; an elementary example 
is the theory of equations at school level. 

My remarks concerning elementary mathematics teaching (including the 
present primary and intermediate school) do not aim at a radical upheaval. 
There is no need for any revolutionary changes. It is important to proceed 
critically, with clear judgment in respect of existing advantages and disad- 
vantages. In addition, I have pointed out the importance of combining organ- 
ically the systematic and concise procedure with more general critical consider- 
ations which are to a great extent aroused by elementary mathematics. Even 
with pupils who do not proceed to secondary school, mathematics teaching 
gives the best results, from the pedagogic and practical point of view, if it 
is organized comprehensively in such a way as to serve as a basis for the con- 
tinued study of mathematics at high school. 

Uncritical attempts at “modernizing” teaching have been made by people 
fired by a short-sighted enthusiasm for renewal, who misunderstand the essen- 
tial points in the recent development of mathematics. This is shown for instance 
by the proposition for a reform of algebra teaching included in the experimental 
courses prepared by the inter-Nordic committee. The proposal recommends that 
algebra should begin with a long discussion on the set concept. In an excruci- 
atingly tedious sequence of examples, which even to children appear thoroughly 
trivial, time is wasted in drilling children in the use of symbols without their 
being given even a hint as to the possible utility of these symbols. 

It is clear that from the very beginning mathematics must inevitably intro- 
duce and use abbreviating symbols (e.g. sign of equation, order sign, notations 
for the arithmetical basic operations or other relations, characters for quantities, 
for operations with sets, etc.). Well-motivated and suitably chosen notations 
contribute to clarification of the essentials in mathematical and logical connec- 
tions. At best, they may directly influence the development of ideas (the 
positional system, Leibniz’s notations in the infinitesimal calculus, the deter- 
minant and matrix notations, to give but a few examples). 

But this is precisely why new names and notations should be introduced with 
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the greatest caution, and only in extremely well-motivated cases. In truth, no 
great capacity for invention is required for devising new arbitrary symbols. A 
look at current mathematical publications shows that such a tendency is in- 
creasingly being abused. It sometimes seems as if the authors wished by this 
means to conceal the poverty of ideas in their products. 

One example of the abuse of symbols follows here. Given the equation 
f(x, y) =3x—2y=1, the following problem is formulated: Determine the set 


A=(%,y|eEN, yEN, fx,» =1, 


where N means the set of all integers. 

What is gained 1) in Ingical clarity, and 2) in time, by the employment of 
this complicated formulation instead of quite simply and naturally stating the 
problem: Determine the integral roots (x, y) of equation f(x, y) =3x—2y=1? 

This is far less drastic than are the examples, filling some dozens of pages, 
in the inter-Nordic course referred to above. In studying mathematical text- 
books, I have come across nothing poorer in ideas and more misguided than 
this very section. 

Indeed, notations of the kind presented, are nowadays often used in scien- 
tific publications and lectures. If someone likes them, all well and good. But no 
special drilling is needed for the acquisition of these trivialities. Personally, in 
my work as teacher and scientist, I have purposely avoided unnecessary sym- 
bols, and I do not think the clarity and exactness of my presentation has suffered 
on this account. I do not consider it merely a matter of personal taste to refrain 
from using unnecessary symbols. The matter is more serious. 

The use of apparently “learned” symbols in irrelevant connections tends to 
muddle and confuse people who lack sufficient experience and judgment. They 
have a superstitious respect for “knowledge,” and this prevents them from 
using their common sense and critical judgment. Experience shows that an 
exaggerated and misdirected symbolism leads easily to downright superstitious 
and magically imbued illusions—a result which stands in sharp contrast to the 
actual aims of science. 


A few words may be added with respect to mathematics in high school. 
Apart from the material dealt with along more or less conventional lines (ele- 
mentary functions, the main types of conics, completion of Euclidean geom- 
etry, the course of equations, the limit concept, something about series, the 
rudiments of the infinitesimal calculus), the syllabus should be intensified and 
extended in accordance with the following points. 

(1) In analytical geometry the linear transformations in the 1- and 2-dimen- 
sional case might be discussed systematically. The affine transformations be- 
tween two planes are interpreted both as co-ordinate transformations and as 
mappings. In this connection, the relationship between affine and Euclidean 
geometry is elucidated. This can be effected wholly through discussion on quad- 
ratic forms (for two variables). The problem requires nothing not needed in any 
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case in connection with an equation of second degree. Euclidean metrics (the 
scalar product in coordinate and vector form) is then introduced, along with the 
orthogonal transformations and coordinate systems. This leads to the solution 
of the principal axis problem (eigenvalue problems). 

(2) The presentation of Euclidean geometry is recapitulated and intensified, 
as are the basic concepts of algebra and function. At this level some glimpses of 
“axiomatics” are in order. In geometry, the possibility and understanding of the 
problematics of parallelism might be illustrated by graphic “models” from both 
Euclidean and non-Euclidean geometry. Analogously, the system of algebra can 
be analyzed by the aid of graphic examples which illustrate and generalize the 
elementary algebraic structures (simple cases of rings, groups, Boolean algebra, 
etc.). 

It has been generally agreed for a long time that the “modern” concept of 
function, in association with the general concepts of correspondence and map- 
ping, should be introduced at school level. Once this succeeds there is nothing to 
prevent discussion of the axiomatic mode of thought also in geometry, along 
the lines already indicated in this article. To clarify the essential points of 
“axiomatics,” it is not necessary to carry out a thorough analysis and synthesis 
of an axiom system: what is required is rather an illustration of the matter with 
well-chosen graphic examples (this, to be sure, imposes greater demands on the 
teacher’s ability). 

(3) Similarly, the construction of the real and complex number field is 
recapitulated and with greater exactness than was possible in intermediate 
school. Here it is appropriate to discuss the limit concept. 

(4) The arrangement of special courses in the elements of the infinitesimal 
calculus and differential equations, the theory of probability, and so on, de- 
pends on the extent to which such definite specialization can be incorporated 
in the high school curriculum. It must be kept in mind that a large number of 
pupils enter professions which do not require great quantitative knowledge of 
mathematics. In mathematics, the motto “non multa sed multum” should be 
kept in view under all circumstances. 

(5) Excessive training and drill with problems should be avoided. Instead, it 
is of vital importance that pupils, by the solution of well-chosen and natural 
exercises, are given opportunities to learn the material actively and inde- 
pendently. 

Things dangerously neglected in mathematics teaching are the applications 
to physics. Even though the present plan for the extension of school mathe- 
matics might not be fully realized, physics offers extremely rewarding material 
for applications. This should also be borne in mind with a view to more ad- 
vanced studies. 


It is not difficult to plan courses for school teaching. More difficulty is ex- 
perienced in putting the plans into practice. There is more than one way of 
teaching well, even more of teaching badly; the worst way is that of teaching 
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tediously. The result of the teaching of mathematics depends in particularly 
large measure upon the pedagogic ability of the teachers. Unfortunately, it is 
scarcely possible to improve matters by methodical advice on general or special 
didactics. A necessary condition is that the teachers themselves have received 
a thorough education in mathematics and physics, and have mastered their 
subject far beyond the limits of the elementary material dealt with in school. 

The present shortage of competent mathematics teachers is not helped by 
reducing university requirements: on the contrary they ought to be raised. 
An improvement can be obtained in quite another way: the policy should be 
that of making advancement possible for young teachers during their teaching 
career. The salaries paid in lower and higher teachers’ positions should be more 
definitely graded. The present difficult situation in schools can be remedied 
only by offering increased inducements to undertaking teaching work. If there 
is no improvement in this respect, then any discussion on the reorganization of 
teaching will continue to be of no avail. 


POLYNOMIALS AND POLYOMINOES 
J. B. KELLY, Arizona State University 


1. The associated polynomial. Let S be a finite set of lattice points (i.e. 
points with integral coordinates) in k-dimensional Euclidean space, E,. There 
will be no loss in generality in assuming that S is contained in Z7%, where Ey 
is that portion of E;,in which all points have nonnegative coordinates. With the 
point p of S having the integral coordinates m1, m2, ---, mz, we associate the 
monomial 


M(p) = Xi x6" cee vn. 
With 5S itself we associate the polynomial P(.S) = >) M(p), the summation being 
extended over all points of S. In particular, with the lattice points of the rec- 
tangular parallelopiped R, which has one vertex at the origin and lies in Ey , we 
associate the polynomial, P(R), where 


k +e; 1 
(1) P(R) = II 
in1 4; — 1 
Here (—1, 2-1, ---,1;—-1, ---,2,—1) is the point of R farthest from the 
origin. 
Let 71, T2,---, 7; be finite sets of lattice points in E/{ and let P(T1), 
P(T2), --+, P(T;) be their associated polynomials. We say that S is covered 


by Ti, To, -- +, 7,if every point of S is covered exactly once by suitable trans- 
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lations of 71, T2,---, 7; and if no point not in S is covered by these transla- 
tions. This means that there exist polynomials Qy, Qo, - + - , QO, in %1, X23 ° + * , Xx 
with coefficients 0 or 1 such that 


(2) P(S) = 2 Qi(t1, +++, %)P(T,). 

(We can assume that 71, To, -- - , JT; have at least one point on each coordinate 
axis. Then no negative exponents can occur in Qi, Q2, ---, Q,.) It follows that 
P(S) must belong to the polynomial ideal generated by P(71), P(T2), - - -, P(T;). 
The ring of coefficients may be any ring containing a subring isomorphic to the 
ring of rational integers; we shall find it convenient to employ the fields of real 
and complex numbers. If (&, &, - - +, &) is a point in the manifold of the ideal 
(P(T:), P(T2), +--+, P(T;)), i.e. a point with coordinates in a suitable extension 
of the ring of coefficients at which P(T,), P(T:),---, P(T,) all vanish, then 
P(S) must vanish there also. This is not, of course, a sufficient condition that 
P(S) belong to the ideal. 

To every lattice point » in FE, there corresponds a unique k-dimensional 
unit cube having vertices with integral coordinates, » being one of them, with 
no vertex having any coordinate less than the corresponding coordinate of p. 
(For example, in the two-dimensional case, we have a square with horizontal 
and vertical sides, and with p as its southwest corner.) Hence to every con- 
figuration S of lattice points there corresponds a solid region, S, composed of 
these cubes. We set P(S) = P(S). Thus any problem involving the covering of 
such solid regions by other such regions may be reduced to a problem involving 
the corresponding configurations of lattice points. Note that (1) gives the asso- 
ciated polynomial of a solid rectangular parallelopiped with one vertex at the 
origin and sides parallel to the coordinate axes of lengths 1, J, - - - , Jy. 

In the case k=2, such a “solid” region, when “rookwise” connected, was 
called a “polyomino” by Golomb, in his interesting paper [1] on checkerboard 
recreations. Here we shall use the word, “polyomino,” to mean any such solid 
region, for any value of k. Golomb discusses problems of covering a full or 
deleted checkerboard with polyominoes of prescribed form. His principal tool 
is a “coloring” of the checkerboard. As will readily be seen, this corresponds to 
assigning certain values to x; and x. in our formulation. 


2. Examples. In this section we shall show how (2) may be used to obtain 
necessary conditions for the existence of a solution of various problems involv- 
ing coverings by polyominoes. Primarily we shall use the fact that P(S) must 
vanish on the manifold of (P(T1), P(T:), ---, P(T;)). It seems to be more 
difficult to take significant advantage of the requirement that the coefficients of 
Q1, Qo, -- +, Q, be 0 or 1. 

Example I: We begin with a well-known checkerboard problem from [1] 
which may easily be solved without recourse to our method of associated poly- 
nomials. Can one cover a checkerboard with one pair of opposite corners re- 
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moved, with 1X2 dominoes? If S$ is the deleted checkerboard, then 


_ vy 
P(S) = 


If 7, is the domino in its horizontal position and T, is the domino in its vertical 
position then P(T;) =1+4x, and P(T,) =1+4x. From (2) we have 


8 8 
41 — 1 x. — Ii 


—-1-— se 409 = Oi(“1, x) (1 + 1) + Oo(a1, x) (1 + 2). 


41 —1x,.—1 


Setting x. = —1, x.= —1, we arrive at a contradiction, so that the desired cover- 
ing is impossible. Notice that with these values of x1 and %2, x{!x}? has one value 
(+1) on all the black squares of the checkerboard in the usual coloring, and its 
negative (+1) on the white squares. This observation relates our solution of the 
problem to the more elementary solution which consists simply in remarking 
that the proposed covering is impossible because the deleted checkerboard does 
not contain equal numbers of black and white squares. 

The remaining examples in this section deal with the covering of rectangular 
k-dimensional parallelopipeds by “straight” polyominoes. By a straight poly- 
omino we shall mean the solid region corresponding to a set of lattice points in 
E, lying on a straight line parallel to one of the coordinate axes. A straight 
polyomino is not necessarily connected. A straight polyomino is symmetric if 
it is invariant under reflection in its center. 

Example II: Is there some rectangular parallelopiped which can be covered 
by the straight symmetric polyomino formed by taking seven adjacent cubes 
and deleting the third and fifth? (In this, and in the subsequent examples, we 
agree that the polyominoes may be placed parallel to any axis.) If the polyomino 
is parallel to the x,-axis, the associated polynomial for this position is 1+~; 
+x2-+x7-+x%. If the problem has a solution, we see, from (1) and (2), that we 
must have 


i nf —1 x 3 5 
(3) I] ——— = 2 ile, + ee) + ae art at 2) 
i=] Vy i==a] 
for some choice of the positive integers /1, 1, - - +, I. 
The polynomial 1+«-+x3+«5+<§ has a root, A, between 0 and —1. If we 
put x1.=X%2= +--+ =x, =X, we obtain a contradiction from (3), inasmuch as all 


roots of x#'—1 lie on the unit circle. Therefore the problem has no solution. We 
have made implicit use here of the theorem that a real function continuous on a 
closed interval assumes in that interval all values between its values at the 
end-points of the interval. The method of associated polynomials makes avail- 
able some of the simpler theorems of analysis for the handling of problems 
involving lattice point configurations. 
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Example III: Is there a rectangular k-dimensional parallelopiped which can 
be covered by the straight polyomino formed by taking five consecutive cubes 
and deleting the middle one? Proceeding as in example II, we obtain the con- 
dition 


I; 


k % — | k 3 4 
P(S) = I] — = Ly Qilm, sy me)(L + x3 + 4; + 2%) 
(4) ~ rY $=] 
=D Os(es, «+, me)(1 + 5) (1 — ae + 2). 


t=] 


The remainder of the argument cannot be the same as in example II because 
all the roots of the polynomial 1-+-x-+4x'-+-+x‘ are roots of unity. Thus it is pos- 
sible to select the sides J]; so that P(S) vanishes on the manifold of the ideal 
(1taxy+x3+axt,---, 1+x,+x3+2}). But nevertheless P(S) does not belong to 
this ideal, for any polynomial in the ideal, when expanded in powers of 1+, 
1+x.,---, 1+, has no term in 


d*P(S) 
(1 + 41)(1 + 42) --- (1+), whereas ——¥——— # 0 
OxX1 °° * OX, 
when x)=xX)= --:+ =x,=—1 unless some ];=1. This latter case is easily ex- 


cluded. 

Example IV: Is there a rectangular k-dimensional parallelopiped which can 
be covered by the polyomino formed by taking 7 adjacent cubes and deleting 
the middle one? 

Proceeding just as before, we obtain 
h x —1 & 2 4 5 6 
POS) = [I = >) Oi(m1, ° ++, te) (1+ es t+ 4; + 0; + 2; + x) 


t=] Vi 1 t=] 


(5) Cont 
= Oley 5m) SEEDED, 


i=1 x;—-1 


Again, the roots of 1+x+x?+«4+45+48 are all roots of unity. In this case, 
however, P(S) will belong to the ideal (1+a:+a?-+aft+ap+ext,---, 1+.+x% 
+x¢+x5++8) if the integers J; are divisible by 24. This follows from the fact 
that «24—1 is divisible by (x? —1)(x4+1). To handle the problem it is necessary 
then to make use of the condition that the coefficients of the polynomials 
O;(x1, X2, °° +, Xx) be 0 or 1, or possibly, of the weaker condition, that they be 
nonnegative. We have had no success with this; we can say only that no solution 
exists when k=2, a fact established by trial and error. The case k>2 is open. 

Example V: The preceding examples may lead one to suspect that any 
straight, symmetric polyomino which cannot cover any segment, cannot cover 
any rectangular parallelopiped. A polyomino formed by taking 6 adjacent 
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cubes and removing the second and fifth obviously cannot cover any segment, 
but such a polyomino can cover a 7X12 rectangle. This is shown in Figure 1. 
There the polyominoes are numbered from 1 to 21 and a square numbered a, 
1 Sa S21, is covered by the polyomino numbered a. 


enone | onan aetncenceercentes | mented | ah | A | ES | ID | RENE | ee | ema | gereeemnneaenanee | ancien ET aegeattse 
ines | wrnoninamaincneegnioe | ganimimemarermmntiomin | evitinainentne— ee | NS | NN | IAS | Senn | NERS | en | eapereRAemnseny | eapenmistntsfiinint lars 
enone | eaeeerernenends | ten hieS | nieces | ES | As | eS | rane | hetninteanctinintenmeenets | mnininninccton | soph erenennnemeenE | ecnorenn/i sees 
mentee | Gece | aE | Eine ehaipemes | eNom | SRD | Ie | NS | Ne ES | oaEeeACoe | penpaemeiveNNiietisienatenn® | gente —alllnepechiien 
rnenienes | woes | pan cereteningeees | emia ste | anes | eS | SES | ND | ERS | anEneeNER TD | amg inmnititmnntismee | geymmncneeentint erate 


ED | EES | Oe | eee | aA | AS | IES | NCEE | irnmUShOCEeRNONtE | cutectecin—neetEtASED | guetta? | gruthicmnenPeacin Naan 


Fia. 1 


3. The box problem. Most of the results in the preceding section were of a 
negative character. In this section we shall discuss what is perhaps the simplest 
problem of polyomino coverings, obtain a necessary condition for its solvability 
by means of the method of associated polynomials and then show that this 
necessary condition, together with an auxiliary condition, is sufficiently strong 
to guarantee the existence of a solution. 

The problem, which we have called the box problem, is the following: 
Under what circumstances is it possible to stack k-dimensional “boxes” with 


integral sides bi, bo, - - - , bs in a k-dimensional “room” with sides 7, 72, - + +, 7% 
so that the room is completely filled? Clearly, the volume of one of the boxes 
must divide the volume of the room and each of the numbers 71, ro, --:, Tz 
must be a linear combination of 61, be, ---, 5,, with nonnegative integral 
coefficients. We prove a demonstrably stronger necessary condition: 

(A) If an arbitrary integer h divides ty of the wntegers bi, be, - + + , be, 1¢ must 
divide at least ty, of the integers 11, fa, °° +, The 


It follows from (A) that, for example, a 30 X30 square cannot be covered by 
4X9 rectangles even though 30 X30 is divisible by 4X9 and 30=2-9+3-4. 
Proof of (A). From (1) and (2) we have 


f x; — 1 k teeta) — i 
(6) Il = 2) O(a, +--+, ex) J] ———» 
int tj; — 1 o i=1 Lei) — 1 
the summation being extended over all permutations o of the integers 1,2,--.-, 


k. Each permutation corresponds to a different way of stacking the boxes. 
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Suppose that only qg of the integers 1, 72, - - - , rz are divisible by #, where 
q<t,. Then k—q of the integers 71, 72, ---, 7, are not divisible by 4. We may 
assume that these are 71, 72, - + - , fxg. In (6), let x; =xe= +--+ =xX,_~=w where 


w is a primitive Ath root of unity. In each product on the right side of (6) there 
is at least one factor which vanishes, since kR—q+i,>k—q+q=k. Thus the 
right side of (6) vanishes identically in x,~911, - > + , xz, whereas the left side 
does not. 

Condition (A) is clearly not sufficient. For example, it is impossible to fill a 
48X48 X1 room with 2X34 boxes, although condition (A) is satisfied. What 
is needed is an additional condition which ensures that 7, 72, - - -, 7; may be 
expressed as linear combinations, with positive integral coefficients, of bi, de, 

- ++. by. Such a condition is 


(B) 11, %2,° °°, Ye are sufficiently large. 

That is, there exists a positive integer, NV, such that ifr;>N,7=1,2,---,R, 
and the set {r1, fo, yy rn} satisfies condition (A), then the box problem has a 
solution. Here N depends upon dy, be, - - - , Dx. 


We prove that conditions (A) and (B) are sufficient for the existence of a 
solution of the box problem. Our plan is to split the room into smaller parallelo- 
pipeds, each of whose sides is divisible by a different number in the set by, ba, 

- + +, by. These smaller parallelopipeds are then obviously coverable by boxes of 
sides by, be, - - - , b4; hence the room is also. 

Two lemmas, both well-known results, are required. 


LemMa I. Let a1, 2, +++, Gn be any set of positive integers, and let 6 be their 
greatest common divisor. Any sufficiently large integer which ts divisible by 6 may 
be expressed as a linear combination of ai, d2, - + + , Gn with positive integral coeffi- 
cients. 


An account of recent work based upon this lemma may be found in [2]. It 
was known to Frobenius, and may have been noticed by earlier mathematicians. 


Lemma II. Given k objects, each of which possesses one or more of the attributes 
Py, Po, > ++, Px. For any set of j attributes, let there exist j objects each possessing 
at least one attribute of the set. Then tt 1s possible to pair each object with one of its 
attributes 1n such a way that no two objects are paired with the same attribute. 


This lemma is due to P. Hall [3]. 

Let us order all nonempty subsets of 01, be, - - - , b, by means of an index j, 
running from 1 to 2*—1. Let b;,, bj, - - + , Dim; be the elements of the jth subset. 
Let 6; be the greatest common divisor of );,, bj, - + + , Djm;. Condition (A) im- 
plies that 6; divides at least m; of the integers 7, 72, - + ° , 7x. 

Suppose that ji, je, - - - , ja, are the indices of those greatest common divisors 
which divide 7;. Condition (A) gives a;2=1. Then we may write 


(2) 
(7) r= 2 A jst ile, *JSa(i)ta(i)? 
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where the summation extends over all possible sets of values of lh, hk, ---, la 
such that 


4 


1shsm,, 185), 5 m;,,-+---,1S la S may 


and where the positive integer A o isla, *sdajte, 18 divisible by each of the integers 
Dist, Diggs + * + 5 Ojg tg, This result follows at once from the fact that the positive 
integers form a distributive lattice under the operations (}=least common mul- 
tiple and U=greatest common divisor. One infers that r; is divisible by the 
greatest common divisor of all the least common multiples one can form by 
taking one b from each set associated with the a; 6’s dividing 7,. If we apply 
Lemma I, identifying the integers a1, dz, + - - , @, with these least common mul- 
tiples, we see that the integers AN) isla may be chosen to be positive if 
r; is sufficiently large. 

We now divide our k-dimensional room into smaller parallelopipeds by 
splitting the sides as indicated by (7). The sides of a representative smaller 
parallelopiped will be 


Jobe. 


(1) *, te A 
(8) A jyty datas ++ sdb, ss A; ty °* *Saplaz* 


We apply Lemma II, the k objects being the sides of the smaller parallelo- 
piped and the ek attributes being divisibility by 01, be, - - +, by. We show that 
the hypothesis of Lemma II is fulfilled. Let 6; be the greatest common divisor 
of some set of m; b’s. Then 6; will divide at least m; of the integers7,, 72, - + + , 7x3 
by our construction, therefore, at least m; of the positive integers (8) are divisible 
by at least one member of the given set of b’s. From Lemma IT we conclude that 
it is possible to pair each side of the smaller parallelopiped with a distinct mem- 


ber of the set bi, bo, - - - , b, which will divide it. Thus this parallelopiped may 
be covered with boxes of sides 01, bo, ---, b,. The larger room with sides 
11, Yo, °° *, % May then also be so covered. 


N. G. de Bruijn, in a problem published in the Hungarian journal, Mathe- 
matikat Lapok, around 1960, dealt with an interesting aspect of the box-prob- 
lem. He showed that if the box problem has a solution and if b, divides bo, be 
divides b3, etc., then the boxes may all be given the same orientation. Moreover, 
if every room covered by boxes of dimensions };:Sb.S)3S --- Sd, may be 
covered by boxes with the same orientation, then b; divides be, bz divides bs, etc. 
In the course of his proof, de Bruijn established the necessity portion of our box 
problem for boxes with dimensions 1X1X1X ---+ Xm. His method was sim- 
ilar to ours and may be extended to the more general case. 

Conclusion. Certain mathematical games involving “jumping” may be dis- 
cussed by means of associated polynomials. One allows the associated poly- 
nomials to have coefficients —1, 0, 1 in such a case. In treating questions in- 
volving multiple covering of lattice points, the sole restriction that one need 
place on Q1, Q2, ---, Q, is that they have nonnegative integral coefficients. 

Interesting problems arise when one considers infinite sets of lattice points. 
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Here the associated polynomial becomes an associated formal power series. If 
one substitutes real or complex numbers for the indeterminates, convergence 
difficulties present themselves, particularly if the configuration extends from 
—oo to +o in some direction. 

Fundamentally, the method of attack in this paper goes back to Descartes. 
The associated polynomial is merely the “coordinate” of the polyomino. 
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ON A DIOPHANTINE EQUATION WITH NO 
NONTRIVIAL INTEGRAL SOLUTION 


RAPHAEL FINKELSTEIN, University of Arizona 


In 1940 the following problem was proposed for solution in the Montuty [5]: 
Does the equation 
(1) m + 3m? + 2m = 2n? + 3n? +n 
admit positive integral solutions in m and n other than m=n=1? 
Since then no solution has been received for this problem, though Makowski 
showed in 1958 [3] that equation (1) has no integral solutions if m and u are 


integers greater than 1 and less than 3164, and | 2m —n| <=100. This result is 
hardly surprising, for in this paper we shall prove the following 


THEOREM. The only solutions of equation (1) in nonnegative integers are |m, n| 
=[0, 0] and [1, 1]. 


Proof. If in equation (1) we put x=2n+1, y= —(m-+1), it becomes 
(2) x3 + 4y3 = x + Ay. 

We shall prove several lemmas which together imply that the only nonzero 
integral solutions of (2) subject to the conditions 
(3) * positive and odd, y negative, 


are [x, y]=[1, —1] and |3, —2], which will prove the result. 
In the course of our investigations we shall require the following theorems, 
which we state here without proof. 


THEOREM A (LAGRANGE). Jf m>1, the only integral solution of the Diophan- 
tine equation x®+27y3=1 is [x, y]=[1, 0]. 
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THEOREM B (NaGELL [4]). The Diophantine equation Ax'+Byi=C (C=1 or 
3; 3}AB if C=3; A>B; A, B, C positive integers) has at most one solution in 
nonzero integers [x, y]. There is the unique exception for the equation 2x*+-y3 = 3, 
which has exactly the two integral solutions [x, y]=[1, 1] and [4, —5]. 


TuHrorem C (HEMER [2, 69-70]). Let € be a unit in a cubic ring and let the odd 
prime p be a divisor of N(é’ +e’). Suppose further that &® =Amne?+0me+Cm 1S the 
least power of « with m>O0 for which admn=bm=0 (mod p). Then e*=u-+ve has no 
solution for even n except n=0 tf Gm#%0 (mod p?), and no solution for odd n except 
n=1 tf Cm4240 (mod p?). 


We now return to our problem and prove first 


Lemma 1. All the integral solutions of (2), subject to conditions (3), correspond 
to the integral solutions of the equations 


(4) a? + 453 = + 1, +3, £5, and +15. 
Proof. Let [x, y] be any integral solution of (2), subject to conditions (3). 


We put (x, y) =d, where d is the greatest common divisor of x and y. Then, on 
substituting x =ad, y=bd in (2) and simplifying, we have 


(5) d?(a + 4b8) = a + 48, 

where 

(6) (a, 6) = 1, a is positive and odd, b is negative and d is odd. 
We set 

(7) a} + 453 = ¢, 

Then (a, c) =1, and 

(8) a = cd? — Ab. 

Now we substitute (8) for a in (7) and expand, obtaining 
(9) c = c8d® — 12c?d*b + 48cd?b? — 600%. 
But from (7) 

(10) — 600? = — 15¢+ 152%, 


so we can substitute (10) in (9) to get 
—15a3 = c3d§ — 12c?d*b + 48cd*b? — 16. 


Hence, c| 15a’, and thus c| 15, because (a3, c) =1. Thusc= +1, +3, +5 or +15, 
and solving (2) in integers, subject to conditions (3), is equivalent to solving 
the set of equations 


a? + 4b8 = +1, +3, +5 and +15, 
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subject to conditions (6). This proves Lemma 1. 


LEMMA 2. The only nonzero integral solution of the equations a*'+4b?= +1 
and +3 fulfilling conditions (6) is [a, b]=[1, —1]. 


Proof. First, we note that [a, b] is a solution of a?+4b3 = —c if and only if 
[—a, —b] is a solution of a?+4b?=c, since the latter equation may be written 
as (—a)®+4(—b)?= —c. Next, Theorem A shows that the only integral solution 
of a§+4b3=1 is [a, b] =[1, 0], and hence the only integral solution of a+ 403 
= —1 is [a,b] =[—1, 0]. Finally, by Theorem B, the only integral solution of 
a’+4b3=3 is [a, b] =[—1, 1], and hence the only integral solution of a?+4b3 
= —3 is [a, b]=[1, —1]. The only one of these solutions satisfying conditions 
(6), however, is [a, b] =[1, —1]. 


LEMMA 3. The equations a*+4b8 = +15 are both impossible 1n rational integers 
[a, dD]. 


Proof. It suffices, by the remark just following the statement of Lemma 2, 
to prove the impossibility of the equation a°+4b%=15. The method to be used 
requires a discussion of the cubic field K(@), where 63 = 2. The necessary informa- 
tion for our problem is provided in articles by Nagell [4] and Dedekind [1], and 
is as follows: 

i. The integers of K(@) take the form a=A-+B6-+ C6?, where A, B and Care 
rational integers, i.e., (1, 0, 0?) is an integral basis for K(6). 

ii. The ring of integers of K(6) is a unique factorization domain. 

iii. By Dirichlet’s theorem on units, there is only one fundamental unit of 
the field, which we designate by €. From the table on page 120 of [1] eo, where 
0<e) <1, is given by 


= —14+8. 


All units of the field are given by +e), where m is any rational integer. Any 
such power of €) is of the form u+v6-+-w6?, where uw, v and w are rational integers. 
The product uvw is zero only when m=0 and m=1. All units of norm 1 of K(@) 
are given by 6%. 

iv. Since x?—2=(x—2)3 (mod 3), the general theory of algebraic numbers 
shows that 3 is a perfect cube in K(@), apart from unit factors. We have, in fact, 


3 = (+ 1)3@ — 1), 


and 3 is the cube of a prime of norm 3 times a unit factor, since N(@—1) =1. 
Hence, there is only one equivalence class of associated primes of norm 3 in 
K(6), as any integer of norm 3 in K(6) must divide 3, and, apart from unit 
factors, there is only one such integer. 

v. Since 5 is a rational prime of the form 37+-2, 5 does not divide the dis- 
criminant of the field, —108, and —108=2 (mod 5) while 2 is a nonquadratic 
residue modulo 5, the integer 5 splits into two primes in K(@), one of norm § 
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and one of norm 25. We have, in fact, 
(11) 5 = (# + 1)(—@? + 20+ 1), 


and it is readily verified that each integer on the right-hand side of (11) is a 
prime of K (6). Since the norm of a=A+B6+ C@? is given by 


N(a) = A® + 2B* + 4C* — 6ABC, 


the first of the factors of 5 shown in (11) has norm 5, the second norm 25. Hence, 
there is only one equivalence class of associated primes of norm 5 in K(@), as 
any integer in K(@) which has norm 5 must divide 5, and, apart from unit fac- 
tors, there is only one such integer. 

We consider now the integer —1-++20. Its norm is 15, and any other integer 
of norm 15 must be associated with —1-+20, as all primes of norm 5 in K(@) 
are associated, as are all primes of norm 3. We seek all integers of norm 15 in 
K(@) which are of the form a+06?. 

Let €f =Umt0n0 + Wb? be a unit of K(6) of norm 1. We require the coefficient 
of 6 in (—1+26) (un +vn0+wWnb?) to be zero. This yields 


(12) —Um + 2um = 0. 
We shall show that (12) is impossible, which will imply Lemma 3. We now set 
(13) tim + Yn + Bn = (—1 + 20). 
Since 
co + 3¢ + 3— —1=0, ie, 


m-4-2 m+1 


14 m m 
(14) cot Be, + 36 —e =O), 


and (1, 6, 62) is an integral basis for K(6), it follows at once that 


(15) Vn43 + 3(Ymt2 + Ym) — Ym = 0. 

From (13), we have %m+YymO-+ 2m0? = (— 1426) (Um +0m0+wn6?), and thus 
(16) Ym = — Um + 2Um = 0 

by (12). 


Since y,=0, the congruence y,=0 (mod #) must be solvable for every 
modulus ¢t. We shall prove Lemma 3 by showing that the congruence y,=0 
(mod 5) is impossible. 

To this end we note that &=1+1000— 8062, i.e., &=1 (mod 5). Hence, we 
must have ymis=Ym (mod 5). Thus, to prove the impossibility of (12), it is 
sufficient to show that 


ys i = 0, 1,---, 7) 40 (mod 5). 


By actual computation, using (15) and (16), we find the values of yo to yz, 
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modulo 5, to be 
2, 2, 4, 4, 3, 3, 1 and 1, 
and none of these are zero. This proves Lemma 3. 

Lemma 4. The only integral solutions of the equations a?+4b?= +5 are |a, b| 
=[1,1], [—3, 2], [—1, —1] and [3, —2]. Of these, only [3, —2] satisfies condi- 
tions (6). 

Proof. As before, it suffices to show that the only integral solutions of the 
equation a3+4b3=5 are [a, b|=[1, 1] and [—3, 2]. 

We seek all the primes of K(@) of norm 5 which are of the form a+06?. Since 
all primes of norm 5 in K(6) are associated, any such prime must be an associate 


of 1+62, which is an integer of norm 5. Let €_=X-+ YO+ Z6? be a unit of K(@) of 
norm 1. We require the coefficient of @ in 


(1 + 6°)(X + Yo + 26?) 
to be zero. This yields. 


(17) = — 22. 

Since 

(18) N(é = X'+ 2V? + 4278 — 6X YZ = 1, 
we can substitute (17) into (18) to get 

(19) X* + 12XZ? — 122% = 1. 

In (19) let X =7T+4+Z. Then (19) becomes 

(20) T? + 37°Z + 1572? + 2 = 1. 


We shall now show that the only integral solutions of (20) are [T, Z] 
=[1, 0] and [0, 1]. From this will follow that the only integral solutions of (19) 
are [X, Z|=[1, 0] and [1, 1], which will show that the only units of K(@) of 
norm 1 which yield numbers of norm 5 of the form a@+06? when multiplied by 
1+6? are 1 and 1—20+6?, which will prove that the only such numbers are 
1+6? and —3+ 262, and this will prove Lemma 4. 

We consider now the ring R(1, e, e?), designated by R(e), defined by 


(21) e§ — 3e2 + 15e — 1 = 0. 


Since R(e) has discriminant — 10,800, there is one fundamental unit of the ring, 
and the group of all units of R(e) consists of the integral powers of this unit and 
their negatives. Clearly, € is a unit of R(e). We show that it may be taken as the 
fundamental unit of R(e). If we solve (21) by Cardan’s method we obtain 
e=1—20+6?, ie., e=(—1-+0)?. Now the integers of K(@) form a maximal cubic 
lattice. Hence, since —1+6 is the fundamental unit of the ring of integers of 
K(6), it is not a power of another cubic unit. Thus, since —1+60€ R(e), € is not 
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a power of another unit of R(e), and hence it may be taken as the fundamental 
unit of R(e). 

We now apply Theorem C. We have N(é’+€e’’) = N(3—€) = N(2+26—6?) 
= 44, Hence, p=11. We must find the smallest power of ¢, e”, such that if m>0 
and e®=Ame+BmetCn, Am =Bn=0 (mod 11). 

To this end, we note that e"™t!=€(Ane?+Bne+Cmn), which implies that 


(22) Cmo1 = Am Bmyi= Cn —15Am, and Amy = 3Am t+ Bn. 
Also 
e190 = — 48, 267e? + 2728 + 36, ie., 9 = (e? + 3) (mod 11). 
This implies that e?®=1 (mod 11), so that 
Am+20 = Am (mod 11), Bn+20 = Bm (mod 11). 
Using (21) and (22), we have made a table of values of A,, and B,, to the 


moduli 11 and 121 for m=0, 1, -- +, 21. (See Fig. 1.) 

m Am (mod 11) Bm (mod 11) Am (mod 121) 
0 0 0 0 
1 0 1 0 
2 1 0 1 
3 3 —4 3 
4 —6 0 —6 
5 4 5 59 
6 —5§ 0 28 
7 —4 2 40 
8 1 0 1 
9 3 3 36 

10 1 0 12 

11 3 —1 —19 

12 —3 0 41 

13 2 4 57 

14 —1 0 21 

15 —3 —5 —25 

16 —3 0 30 

17 2 —2 2 

18 4 0 15 

19 1 —3 45 

20 0 0 33 

21 0 1 44 


The table shows that m=20. Since Ag=33 (mod 121) and Cy=An =44 
(mod 121), [7, Z|=[1, 0] and [0, 1] by Theorem C. Hence, the only integral 
solutions of a?-++-4b3=5 are [a, b] =[1, 1] and [—3, 2], and thus the only integral 
solutions of a?-++4b3= —5 are [a, b|=[—1, —1] and [3, —2]. Of all these solu- 
tions, the only one satisfying conditions (6) is [a, b] = [3, —2]. 
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Lemna 5. For integral solutions |x, y| of equation (2), subject to conditions (3), 
d=1. 

Proof. Lemmas 2 to 4 show that the only solutions of equations (4) satisfying 
conditions (6) are [a, b]=[1, —1] and [3, —2]. Thus, from (5) we get 


~32 = —3, —-Sd2?=—5, ie, d=1. 


Thus, the only integral solutions of equation (2), subject to conditions (3), 
are [x, y]=[1, —1] and [3, —2], and thus the only solutions of (1) in nonnega- 
tive integers are [m, n]=[0, 0] and [1, 1]. The proof is complete. 


Note: The problem which is solved in this paper is mentioned on page 96 of Tomorrow’s 
Math by C. S. Ogilvy. 
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AREAS AND VOLUMES WITHOUT LIMIT PROCESSES 
D. E. RICHMOND, Williams College 


1. Introduction. It is universally believed that areas under polynomial 
graphs can be found only by some sort of limit process, This is not the case! 

We shall assume as usual that the area of a plane region bounded by a simple 
closed curve is a positive number, that congruent regions have the same area, 
and that the area of the union of two nonoverlapping regions is the sum of their 
areas. Finally, we assume that the area of a rectangle is the product of the 
length of its base by its altitude. 

We begin with a simple case. 


2. The area under a parabola. Let F(x) be the area under the parabola 
y =x? above the interval [0, x] and F(x’) the area above [0, x’] («’>x). Then 
the area above [x, x’] is F(x’) — F(x) (additivity). This area is greater than that 
of the rectangle of base x’—x and altitude x?, and less than the area of the 
rectangle of base x’—.x and altitude x’? (additivity and positivity). Hence, 


(1) (a! — x)? < F(x’) — F(x) < (#' — a)2", 
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This must be true for all OSx <x’. 

It is very easy to find a function F such that the double inequality (1) is 
satisfied for all OSx <x’. F(x) is clearly less than half the area of the rectangle 
of base x and altitude x”, so that F(x) =x°/3 (and F(x’) =x’'/3) is a good guess. 


In fact, 


x8 x3 a! (= + xx! + =) 
——= (7 — Xx renee eee 
3 3 3 


is less than (x’—x)x’? and greater than (x’ —x)x?. 
If desired, one can start with the easily derived inequality 


(x! — x)3x? < 4/3 — x3 < (a! — x)3x" 


and divide by 3. 
F(x) =x3/3 is of course the correct solution. To justify it we must show that 
if there exists an area function F for which F(0) =0 and 


(2’ — x)x? < F(x’) — F(x) < (a’ — x)2’3 


for all OSx <x’, then this function is unique. We need not prove the existence 
of such a function, since a bird in the hand exists. 

The essence of the method is to note that for a function f which increases on 
an interval [a, b|, an area function F(x) must satisfy the double inequality 


(2) (x! — x)f(a) < F(a’) — F(x) < @ — 2) fe’) 


for all x <x’ on the interval. For elementary functions, F can be found easily 
without dividing by x’ —x and passing to the limit as x’—>x as is customary. The 
exhibition of such a function F makes it unnecessary to prove its existence. If 
F(a) =0, which is easy to arrange, the theorem to be proved in the next section 
shows that F(x) is the only possible answer for the required area above [a, x]. 

Since we can treat decreasing functions by reversing the inequality signs in 
(2), this simple method is sufficient to handle elementary functions which are 
piecewise monotone. 
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3. The uniqueness proof. 

THEOREM 1. Let f be a nonnegative strictly increasing function on the interval 
asxsb. Let F(x) be the area below the graph of y=f(x) and above the interval 
[a, x|. If F(a) =0 and 


(2) (x! — x)f(x) < F(a’) — F(x) < (a — x)f(w’) 
for allasx<x' Sb, Fis uniquely defined. 


Proof. Assume that there exists a different function F satisfying (2) with 
F(a) =0 so that for some c(a<cSb), F(c)¥ F(c). 


Let 
k(c— a 
xX, = a+ ( ) 
n a positive integer and k=0, 1, 2,---,. Then 
c—a c—a 


f(%%~1) < F (xz) — F (4-1) < f(x) (Rk = 1, 2, | nN). 


n 
Summing from k=1 to k=7, 


Cc— a7! 


Tle) < FQ <— > fe). 


n 
Similarly, 


c— att 


Tse) < FO < ao X fle). 


n 


Hence, | F(c) — F(c)| < [(c—a)/n] [f(c) —f(a)] and 


(c — a) [f( — fa] 
| Fo) — Fo) | 


Since the Archimedean axiom assures us that there exists a positive integer n 
for which 


n| F(c) — F)| > ¢ — off — Ff), 


the assumption that F(c)# F(c) leads to a contradiction and must be rejected. 

The proof is easily modified to treat decreasing functions where the in- 
equality signs in (2) are reversed. 

It will be observed that this proof does not require that f be continuous. 
(I am indebted to Professor Robert H. Breusch for suggesting an improvement 
of a previous proof which did assume the continuity of f. See also Apostol, 
Calculus, Vol. I, pp. 7-8.) It therefore appears that no use has been made of the 
limit concept. Nor has the Cantor continuity postulate for the reals been used. 
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4, Areas under polynomial graphs. The double inequality 
(2) (x! — x)f(x) < F(x’) — F(x) < (x — x)f(v) (OS x <2’) 
is easily solved if f(x) =cx", c>0 and 7 a positive integer. Since 
g/ml — yntl = (x! — x) (a7 + arty’ + ee) + x!) 


is between (x’—x)(n+1)x” and («’—x)(n+1)x’" we readily find 


cxnti 


n+1 


F(x) = 


Of course, F(0) =0. 
To handle polynomial functions, we need two simple theorems. 


THEOREM 2. If f and g are nonnegative strictly increasing functions on x=Oand 
F and G are their respective area functions, then F+-G 1s the area function for f+g. 


Proof. We add 
(x! — x)f (x) < F(x’) ~— F(x) < (@' — 2)f(v’) 
and 
(x! — ax)g(x) < G(x’) — G(x) < (a — x)g(2’) 
and obtain 
(a! — x)[f(x) + g(2)] < [F@’) + G@’)] — [F@ + G@)] < @ — 2) [f@) + g@’)]. 


Note that (F-+G) (0) = F(0) +G(0) =0. 

Repeated use of this theorem gives the areas under polynomial graphs over 
any interval [a, 6], a@20, provided that all the coefficients are positive. 

For polynomials some of whose coefficients are negative, we may write the 
polynomial function as the difference of two increasing polynomial functions, 
p and q. (f=p—q.) We assume that we are dealing with an interval for which 
p(x) >q(x). The graph of f(x) consists of a finite number of pieces over which f 
increases or decreases. For definiteness, assume that f increases on the interval 


[a, bd]. 
THEOREM 3. Let p and q be nonnegative, strictly increasing functions on [a, b] 


and let P and Q be the corresponding area functions. If f=p—q ts positive and in- 
creasing (decreasing) on |a, b|, then F=P—Q is the area function for f. 


Geometric Proof. The area above [x, x’|(aSx<x'Sb) and below y=p(u) 
(x<Susx’) is P(x’)—P(x). The corresponding area below the horizontal line 
y = p(x) is (x’—x) p(x). Hence the area R (see Figure 2) is 


P(x’) — P(x) — (a' — x) p(x). 
Similarly, the area S is O(x’) — Q(x) —(x’ —x)q(x). 
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Since p—g increases on [x, x’], 
p(u) — q(u) > p(w) — gz) (# < 4) 
or r(u) = p(u) — p(x) >g(u) —¢(x) =s(u). Hence, R>S, that is, 
P(x!) — P(x) — (#' — x) p(x) > Q(@’) — Q(x) — (# — x)g(x) 
and 
[P(#’) — Q(#’)] — [P@) — Q(@)] > @’ — «)[@) — ¢@)]. 
Thus 
F(x’) — F(x) > (a — x)f(2). 
Similarly from p(u) —q(u) < p(x’) —q(x’), (u<x’), we find that 
F(x’) — F(x) < (« — x)f(v’). 
Since F(0) = P(0) —Q(0) =0, F=P—Q, is the required area function. 


Analytic Proof. To make the previous proof analytic we need to prove two 
results without an appeal to the figure. 

1. For fixed x, P(u) —P(x) —(u—x) p(x) is the area function for p(u) — p(x) 
which vanishes at u=x. The analogous statement for Q and qg immediately fol- 
lows. 

Proof. For xSu<u' sx’, p(u)(u’—u) <P(u’)—P(u) <p(u’)(u’—u). Add 
— p(x)(u’ —u) throughout. Then 


[p() — p(x) ](u! — u) < [P(u') — p(x)w’] — [P(@) — o(a)a] 
< [p(w’) — p@)](w’ — u). 
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If we add —P(x)+xp(x) within each of the central brackets, we have the re- 
quired result. 

2. Let r(u), s(u) and r(u) —s(u) be nonnegative and increasing on x Su <x’ 
and r(x) =s(x) =0, and let R(#) and S(u) be the area functions of r(u) and s(u) 
which vanish at u=x. Then 


R= R(x’) > S = S(2’). 


Proof. Subdivide [x, x’] into 2m intervals each of length Au=(x’ —x)/2n. 
On each subinterval [uz-1, uz | 


(3) R(uz) —_ R(uz-1) >Tr (1z—-1) Au 
and 
(4) S(ux) — S(tp-1) < 5(uyz) Au. 


Change the signs in (4) and add. Then 
(R — S) (we) — (R — S)(te-1) > [1 (a1) — 5 (te) Au. 


Summing from k=1 to k=2n, 


(R—S)(7’/) = R-S> | s r(urn) — > su) | Au 


1 1 


2n 


= > [r(uz) — s(un)|Au — r(x’)Au 
> > [yr (on) — s(ux)|Au — r(x’) Au 


x — x 
> [r(un) — 5 (Un) | a — r(x’)Au. 


co) safer (24) (EY) 


and take Au <(x’—x)d/2r(x’). Then R-—S>0O and R>S. 


Let 


5. Volumes. Let a solid be cut by a plane perpendicular to the x-axis at 
abscissa x(20). Let its cross-sectional area S(x) increase with x. If F(x) is the 
volume between the planes at 0 and x, and F(x’) the volume between the planes 
at 0 and x’, we have the double inequality 


(5) (x’ — x)S(x) < F(x’) — F(x) < (x — x)S(2’), a’ > x. 
For example, if the cross-section is a square of area x? 


(6) (x’ — x)x? < F(a’) — F(a) < (a — x)x’?. 
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This is the same inequality (1) that arose in connection with the area below 
the parabola. But in (6), F(x) is the volume of a square pyramid. Hence F(x) 
=4x2y = 3/3 and F(x’) =x’3/3. Therefore, (1) could have been solved by refer- 
ring to the square pyramid. The area under a parabola is just as elementary as 
the volume of a pyramid! 

It should be clear that problems which involve the distance for a given 
velocity, the work against a variable force and the like, are equally easy to set up 
and solve by a simple use of inequalities. 


6. Remarks. It is immediately clear that the ordinate function f is the de- 
rivative of what we have called the area function Ff. The method of this paper 
therefore gives a way of finding derivatives without the use of a limit process. 

When f is increasing on [a, b], the graph of y= F(x) is convex and the tan- 
gent is characterized by the fact that the curve lies above it except at one point. 
In fact, for a<c<xSb, (x—c)f(c) < F(x) — F(c), that is, 


F(x) > F(c) + fl — ¢). 


For aSx<c, F(c) — F(x) <(c—x)f(c) and F(x) > F(c)+f(c)(«—c). Thus F(x) is 
above y= F(c)+/(c)(x—c) for all xc on fa, db]. 

Similarly, if f decreases, F(x) < F(c) +f(c)(x—c) for «ec. 

It is easy to show that if F(x) has a derivative on (a, 0) its graph has no finite 
jumps. It follows that if f itself has a derivative, then f is unique. It is also the 
case that this method enables one to obtain results which closely parallel those 
of elementary calculus. 

It is frequently emphasized that inequalities should be studied in secondary 
school, but the applications customarily given do not convince most students 
of their importance. The fact that results traditionally found by calculus meth- 
ods can be obtained so easily from the algebra of inequalities immediately opens 
up significant applications of this algebra. Moreover, it enables the student to 
handle these applications without the subtleties of limit theory. This is a pos- 
sible answer to the problem of teaching calculus in secondary school. 

It is also our conviction that elementary calculus is now being taught in an 
oversophisticated way and that we are discouraging many talented students by 
refined theoretical considerations which are actually unnecessary. If mathe- 
matics is as important as we say it is, it is also important that students with 
modest theoretical appetite should understand it much better than they obvi- 
ously do. It is therefore incumbent upon us to make mathematics as simple as 
it can be made without sacrifice of accuracy and power. It is hoped that this 
paper will contribute to this end. 


GEOMETRICAL TRANSFORMATIONS OF VEBLEN- 
WEDDERBURN SYSTEMS 


ROY FEINMAN, Rutgers, The State University 


1. Introduction. The purpose of this paper is to generalize some of the fa- 
miliar geometrical transformations of the euclidean plane to the case of an affine 
plane coordinatized by a Veblen-Wedderburn system. The approach used is to 
start with (generalized) line reflections, as in [3], and consider the group G 
that they generate. Generalized dilatations (Cf. [1]) are also discussed, and a 
relationship is shown between them and the group G. Finally, it is proved that 
if the Veblen-Wedderburn system is actually the euclidean plane, the general- 
ized transformations agree with the usual ones. 


2. General definitions. A Veblen-Wedderburn system is defined as a linear 
ternary ring in which the additive loop is an abelian group and the law (a+))c 
=ac-+be is satisfied. Details may be found in [4]. The following notation is 
adopted here: (x, y) denotes a point of the plane, [z, c] denotes the line y=xn 
+c, [a] denotes the line x =a. Also, if ax=b, we write x =a\b; if xa =b, we write 
x=b/a. (a0). The lines {[0,a]}, {[a]}, {[1, @]} will be referred to as the x, 
y, and u bundles, respectively. They comprise the coordinatizing three-net of a 
plane [5]. 


3. Reflections. The mappings X,: (x, y) (x, 2c—y), Y.: (x, y)-(2c—x, y), 
U.: (x, y)—>(y—c, x«+c) will be called reflections. 


‘THEOREM 1. The reflections are tnvolutory collineations of the x and y bundles 
and generate a group G. Also, a reflection fixes pointwise a line in the coordinatizing 
net (i.e., in the x, y, or uw bundle). 


The fact that the reflections are involutory mappings with an invariant line, 
or axis, shows their similarity to euclidean line reflections, which also have these 
properties. They differ in not being collineations of the entire plane. 

Proof. By direct computation it may be shown that the image of a line in 
the x or y bundle under a reflection is again a line in the x or y bundle. For 
example, consider the image of a line [0, a] under X,. We have [0, a]X.= { (x, a)} 
X.={(x, 2c—a)}=[0, 2c—a], which is in the x bundle. Further, it is easily 
shown by computation that the reflections are involutory. Hence they generate 
the identity mapping and thus a group G. Fixed lines for X., Y., U. are [0, c], 
[c], [1, c] respectively. Thus [0, c]X,=[0, 2c—c] = [0, c] by the above, etc. 


THEOREM 2. Every element of G has a unique representation U'XiY*t, where 
U, X, Y are the reflections with c=0, 1,7, R=1 or 2, and t is a translation, t: (x, y) 
—(x+a, y+b). Further, the additive group of translations T is normal in G with 
index 2”, OSms3. 


Proof. Composing the reflections yields mappings (x, y)—>(-x+a, +y+0), 
(x,y) (49+), +x-+<a), which can be expressed uniquely in the given form; for 
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example, (x, y) ~ (—y + b, x + a) may be expressed as U1X?Y't, t: (x, y) 
—(x+b, y+a). If we write G= U‘X’Y"T, wesee that T is a subgroup of G, given 
by 14=j=k=2, and the index of T is 8 or a smaller power of 2. (In GF(2), for 
example, the index of 7 in Gis unity.) Also, it may be argued that each element 
of G has a unique representation tU‘X/Y*; the right cosets of T associated with 
this representation are easily seen to be identical with the corresponding left co- 
sets of T from the other representation, and thus J is normal in G. 


THEOREM 3. In a Veblen-Wedderburn system of addttive characteristic 2 
and with commutative multiplication, every translation 1s the product of at most 4 
reflections. (In the euclidean plane, a translation is the product of 2 reflections |3)). 


Proof. We show that f: (x, y)—>(«-+a, y+b) = X12X4 Vas2Va. Now (x, y)X0/2Xp 
VojoVa = (x, b/2 + b/2 — y)XsVaeVo. But b/2 + 6/2 = [(1 + 1)b]/2 = (2b)/2 
= (b-2)/2 = b, so that (x, b/2 + b/2 — y)XeVajeVa = (x, O— y)XnVaeVa 
= (x, y+D) VaVa(xta, y+d) = (x, yt. 

From this theorem it follows also that in the special case where multiplica- 
tion is commutative and the additive characteristic #2, every element of G is 
the product of at most 7 reflections; for if gEG, g= U‘x7Y*t, U, X, Y are reflec- 
tions, and ¢ is the product of at most 4 reflections. The corresponding theorem 
for the Euclidean plane states that every rigid motion is the product of at most 
3 reflections. 


4. Dilatations. Now we return to general Veblen-Wedderburn systems. We 
call the mappings D: (x, y)—>(xa+), ya+c), D: (x, y) > («/at+), y/a+c), a0, 
dilatations. It is easy to see that the dilatations are one-to-one mappings and 
that the inverse of a dilatation is a dilatation. For example, the inverse of 
D: (x, y)—->(xa+b, ya+c) is D-!: (x, y)>(x/a—b/a, y/a—c/a). Another inter- 
esting property, which can be checked by simple computations, is that a trans- 
lation transformed by a dilatation is again a translation [1]. 


THEOREM 4. The dilatations preserve the x, y, and u bundles and the bundle 
with slope —1. Hence they are collineations of the 4-net comprised by these bundles. 


Proof. Clearly every dilatation is the product of a dilatation preserving the 
origin and a translation. By direct computation, it can be verified that the theo- 
rem is true for dilatations preserving the origin and for translations; hence it is 
true in general. For example, a dilatation (x, y)—-(x/a+b, y/a+d) may be de- 
composed into Do: (x, y)>(«/a, y/a) and t: (x, y)—>(« +b, y+d). If, say, Do acts 
on the bundle with slope —1, we have: [—1, c]Do= { (x, —x+c)}Do= { (x/a, 
—(x/a)+c/a)} = { (2, —z+c/a)} by repeated use of the distributive law and 
by substituting z=x/a. Hence [—1, c]D)=[—1, c/a] for all c and so Dy pre- 
serves the bundle with slope —1. Similar calculations involving ¢: (x, y) 
—(x+b, y+d) complete the proof for this case, and the other cases as well. 


THEOREM 5. A dilatation transformed by an element of G is a dilatation. 
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Proof. Let D be a dilatation and g an element of G. Then we may write 
gDe = UX V*tDtr-" Y*XiU*, When the right-hand side operates on (x, y), x 
and y are not reversed and neither one is negated, since U, X, Y have even de- 
grees in the above expression (27, 2j7, 2k, respectively). So the only effect of 
gDg-' on (x, y) is to multiply or divide (on the right) each of x, y by the same 
element a (the multiplier or divisor in D) and to add some elements 7, s to the 
respective products (quotients). Hence gDg7 is a dilatation. 


THEOREM 6. In a right alternative division ring, Gis a collineation group of the 
entire plane. 


Proof. It suffices to show that U, X, Y and #, t any translation, are collinea- 
tions of the entire plane. By Theorem 1, these mappings are collineations of the 
y bundle. Hence consider the lines { [m, #]}. By using the distributive laws and 
the right inverse property (Rechtskiirzungsregel, [5]), it can be verified that 
U, X, Y are collineations of all these lines. Also, by using only the properties 
of a Veblen-Wedderburn system, we can compute [m, k|t=[m, k+b—am|, 
t: (x, y)->(x+a, y+). Thus the theorem is proved and we have as a corollary, 
by the last computation, that T is a collineation group of the plane in any 
Veblen-Wedderburn system. 

It remains to show that our reflections and dilatations become the usual ones 
in the euclidean plane. It can be checked algebraically that in the euclidean 
plane, the line reflections with axis in the x, y, or u bundle are in fact the map- 
pings X,, Y., U. respectively. Also, it is known that the dilatations of the 
euclidean plane about an arbitrary center are the mappings z—az-+d, 2 a com- 
plex variable, d a complex constant, a real, with reference to the Argand 
diagram. If we write z=x+7y, d=b+c1, we get x—-ax+b, y-ay+e, or (x, y) 
—(xa+b, ya+c). This is sufficient, for in a field, (x/a+od, y/a+c) 
=(x-1/a+b, y-1/at+c). 


The author wishes to thank Professor R. Artzy for his advice and encouragement. 
Work on this paper was supported by the Undergraduate Science Education Program of the 
National Science Foundation, Grants GE-97 and GE-1886. 
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The Old Professor was asked if there was a particular system of logarithms he preferred. Per- 
haps he was being redundant but certainly unambiguous in replying with a drawl, “Natural-ly.” 


MATHEMATICAL NOTES 
EDITED BY J. H. Curtiss, University of Miami 
INTEGRAL SOLUTIONS OF A SYSTEM OF LINEAR EQUATIONS 
M. S. CHEEMA, University of Arizona 
1. Introduction. There is an important class of problems in which solution 
vectors of a system of equations or inequalities are required to have integral 


components. In this note we present a method for solving such a system. In the 
following X stands for the vector (x1, x2, ++ +, Xn). 


2. An important theorem (see [2]) gives a sufficient condition for the exis- 
tence of an integral solution for a set of linear inequalities; in terms of linear 


forms it is 


MINKOWSKI’s THEOREM. Lei 


(1) LX) = Di aye, 185icn 

j=l 
be n linear forms with real coefficients a;; having A=det [a,;| 40. Suppose n posi- 
tive real numbers b1, +++, 0, are such that 


IL: 2 | Al; 


t=] 
then there exists an integral vector C such that L;,(C) Sb,, 1 Sin. 


It may be noticed that the theorem asserts only the existence of a lattice 
point (integral solution). Furthermore, the condition is by no means necessary. 
In the case of nonlinear constraints defining a set B the existence of an integral 
solution is provided if it is possible to find a convex set A centered at the origin 
with volume v>2”, contained in B. This is useful for nonlinear problems. 


3. Consider a single equation 
(2) Q1X1 -- QoeX2 -- eee -- anXkn = b. 


It is known that the necessary and sufficient condition for the solvability 
of (2) in integers is that the greatest common divisor of a; must divide b (see 
[1, 4]). In [4] an upper bound is also obtained for the least value, if any, of 
> 7.1 |x:| for the case b=1. 

Now we describe a method for solving a system of equations 


(3) > ayjrtjy = b;, 1 < t < mM, 
j=l 
where again A;, the greatest common divisor of da, +--+, @im divides 0; for 


1<ism. First the system (3) must be checked for consistency. 
We take first that one of the equations in which the maximum number of 
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a:;=0, 1S7Sn. Consider then the equation 
Q1%1 + GeX, + +++ + Antn = 5, 


where the a; are so arranged that a; is the smallest of all the a; in absolute value; 
we can assume @,>0 without loss of generality. Thus 
b — Ae%_— + + * = AnXn 
Ly = 
a 
and here the right side must be an integer. Reducing all a; mod a; and introduc- 
ing equivalence mod di, we obtain 


b — Q2%_2 — +++ — GnXn 0' — adage — + +> + — An Xn 
= n (integer). 
Qi ay 
Thus we have to consider the solution of afxe+ --- +a,/ x, =b'’—ma,=)1. By 


rearrangement let af be the smallest of a/ in absolute value; then 


by — Gg — +++ — On dn 
ce 
ag 


Again reducing mod a? and introducing equivalence we obtain an equation of 
the type 


i + an! Xp = — Ag Xo + bi = be, 


where a;2a/ 2a{’,1Sj <n. Therefore the process stops either when all integers 


a? reduce mod some a to zero except for one, or eventually 


(n—2) , (n—1) 
On-1 — Gn Xn n~-1 — Qn n . t 
£1 = OE = integer. 
. gin?) qn?) 
n—l n—l 
This gives x, in terms of an integral parameter and thus also %,1, ---, %1 in 


terms of n—1 parameters because at each stage we introduce an integral param- 
eter. For the system (3) we can substitute these in the remaining equations and 
now we have to solve m—1 equations in »—1 unknowns and we can continue 
the process by again picking up an equation from this system. 

We may first proceed to eliminate m—1 variables and start with the equa- 
tion in x —m-+1 unknowns thus obtained and thereby also obtain the m—1 vari- 
ables also in terms of the integral parameters. Solving inequalities one may 
introduce slack variables to convert these to equations. The following examples 
illustrate the method. 

Example I. Find integral X such that 


41 — X43 + 4a, = 3 
241 — X32 = 3 


3%1 — 2x2 —- x, = 1 Xe = —3 + 241 = 11. 
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Thus %1= (3-+m)/2 = (1+) /2 = me. 


Ny = 2n,. — 1 


41 = no + 1, Xo = 2N_. — 1 
x3 = — 3n.+ 14 
X4 = — no + 4. 


The general solution is (w2+1, 2m.—1, —3m2+14, 4—m,) and thus particular 
solutions are (5, 7, 2, 0), (2, 1, 11, 3), etc. This example is solved by the simplex 
method in [3] (see page 120). 

Example IIT. Solve in integers: 


5a -+ 7y + 82 = 11 
2x — 3y + 62 = 5. 
From the first equation 


32 
4 = OS ——_ = | (integer) 
1—2y—3z=5] or 2y+3¢=—51+1 

Z 
y= SO _——__ = k (integer). 


2 2 
Thus, z= —/—2k+-1, y= —14+3k—1, x=2+31—k. Substituting in the second 
equation and applying the same technique one obtains the solution 
x = 16-+ 667, y= — 3 — 14n, z= — 6 — 29n, 
where may be given any integral value. 


4, Using transference theorems [2, pp. 75-76], we can make information 
about the primal problem give information about the dual problem. Let | || 
stand for the distance from the nearest integer. Let 


(4) L(X) = oye, 18580 
f=a] 
be 2 linear forms in m variables and let 
(5) M,(U) = > Bitty 
be the transposed set of m linear forms in n variables. 
Using Minkowski’s theorem, we can show (see [2]) that: 


THEOREM. There 1s always an integral X30 such that 
(6) |Zi(X)] Ss C, (<j<n,|a| $X¥,15ism) 


for any x>1 and c=x-m!", 
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It can also be shown that if (6) is solvable with X 40 for some X and some 
C much smaller than X—”/, then the transposed set, 


(7) |(0)|| $ D, | U;| <U 


is solvable with U0 for some U depending on X and C and some D much 
smaller than the expected U-"/™, There is also a relation between the homo- 
geneous problem and the corresponding inhomogeneous problem of solving 


(8) || 250%) —_ cx, <s C1, | 2, | < X41 
with integral X for given a. 


The author wishes to thank the referee for his suggestions. This work was supported by Na- 
tional Science Foundation Grant GP24343. 
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ON THE COMPLETENESS OF THE TOTITIVES OF A NATURAL NUMBER 


V. O. S. OLUNLOYO AnD A. D, WErtss, University of Ife, Nigeria 


1, Introduction. Following Sylvester [1], the natural numbers<m and 
relatively prime to m are called the totitives of m. The others <m and not rela- 
tively prime to m are called non-totitives. It is natural to inquire as to which 
natural numbers m have the property that the totitives form a complete residue 
system mod ¢(m). Such numbers shall be referred to as admissible. That every 
prime # is admissible is trivial since ¢(p) = p—1, the totitives being 1, 2,---, 
p—1. The case m=1 is also, by convention, trivial. 

In this paper, we prove, employing no more than the Fundamental Theorem 
of Arithmetic, that 15 is the only composite admissible number. This property 
of 15 may thus be regarded as one furnishing an alternative characterisation of 
the primes. 

To be definite, any totitive ¢ of m may be written in the form t=q@(m) +r, 
g and r being natural numbers such that 0SrS¢(m) —1. t will then be said to 
represent residue class 7. For m to be admissible, every class must be represented 
exactly once. From now on we assume that m>2. 


2. THEOREM 1. Any m>2 is admissible only tf (m, 6(m)) =1. 
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Proof. If (m, 6(m)) 41, then (m, hé(m)) #1 for any integer h. This implies 
Class 0 will not be represented. 


CoROLLARY 1.1. m>2 is admissible only if m is odd. b(m) is even for m>2 
and so (m, d(m)) will be 22, if m is even. 


COROLLARY 1.2. A composite m is admissible, only if it is a product of distinct 
primes. 


For, if the canonical decomposition of m is 


k 
m= II 9; a,2 1, Pi23 and pi < pe, 


tac] 


then 


k 
a;—l 
o(m) = [I os (6: — 1). 
t=] 
Thus if for some 7, a;22, b:|o(m) and (m, ¢(m)) 2p;1. From now on we as- 
sume that 


k 
(2.1) m=] p,, 38 pi < pus. 
ix] 
3. We find it convenient here to define an arithmetic function, denoted by 
Nm, which we use in the course of the paper. 


Nm = 26(m) — m. 
THEOREM 2. m 1s admissible, only tf Nm>O, 7.e., 
(3.1) d(m) > m/2. 


Proof. If 26(m)<m, then by Theorem 1 and Corollary 1.1, (m, 26(m)) 
=(m, 2) =1. Thus 2¢(m) and ¢(m) would both be totitives congruent mod ¢(m) 
contrary to the necessity of class 0 being represented at most once. Also an ad- 
missible m cannot equal 2¢6(m) which is even. Hence Theorem 2, which in- 
cidentally implies the existence of at least one x such that m—d(m) Sx Sd(m). 


4, THEOREM 3. m 1s admissible only tf every x such that m—d(m) Sx<d(m) 
7s a@ totitive. 


Proof. We make a few preliminary general observations on the general dis- 
tribution of the totitives and non-totitives of any natural number. If ¢ is a 
totitive of m, so is m—t because in general (m, t)=(m, m—#), and if 1<t<m 
then 1Sm—i<m. Thus the totitives can clearly be partitioned in pairs ac- 
cording as to whether they sum to m. Also, if 2 is a non-totitive of m then so is 
m—n. For any admissible m, it appears that one of the two situations (i) and 
(11) below presents itself. 
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(i) There exists no x such that m—d(m) <x <¢(m). In this case V,=1 and 
m—o(m) and ¢(m) are consecutive totitives, and there is nothing to prove. 

(ii) There exists at least one x such that m—@(m) <x <¢(m) in which case 
Nm>1. In this case, x +6(m) >m and x—d(m) <0 «.x4y (mod d(m)), 1S ysm 
unless x=. Since x <¢(m) the necessity of representing class x demands that 
x be a totitive. Theorem 3 follows. 


COROLLARY 3.1. m is admissible only tf Nn<pi-—1. 

If Nu 2 pi—1, the consecutive numbers from m—¢(m) to ¢(m) inclusive will 
constitute at least p1 consecutive numbers and at least one of these, a multiple of 
pi in fact, would be non-totitive contrary to Theorem 3. The inequality would 
now be replaced by an equation. 


5. THEOREM 4. m 1s admissible only if d(m)+1=3(m+ 1). 


Proof. Since 1 is in general always a totitive, d(m) +1 must be a non-totitive 
if m is admissible. m—@(m) —1 must be a non-totitive too. We show first that 
o(m)+154(m+ 51). Suppose that m is admissible and $(m)+1>4(m+ >). 
Now 4(m+ 1) > 4m and m—d(m) <m/2 since by Theorem 2, d(m) >4m. Hence 
m—o(m) S4(m+ 51) S$¢(m). Since a i(m+1) we have a non-totitive x such 
that m—d(m) Sx <¢(m), contrary to Theorem 3. Suppose again that m is admis- 
sible and d(m) +1 <3(m+ >). Then m—¢(m) -—1>m—i4(m+ 1), i.e, m—d(m) 
—1>4(m—ph1). Since ¢(m)+1>m/2, and therefore m—d¢(m)—1<m/2; on 
combining the inequalities we have 


(5.1) a(m — pi) <m — o(m) —1< d(m) +1 <3(m + pi). 


But m—d¢(m)—1 and ¢(m)+1 are both non-totitive with at least one same 
common factor, say p;, in common with m. Their difference must therefore be 
= p;. From (5.1), however, their difference must be less than $(m--p1) —4(m — D1) 
=). Since every p;=p1 we arrive at a contradiction, and the proof is complete. 


Corotiary 4.1. m is admissible only if p1|¢(m) +1. 

Since 6(m) +1=4(m+ 1) and b1| i(m+h), this follows immediately. 
COROLLARY 4.2. m 1s admissible only tf Nn =p1—2. 

Since @(m) +1=4(m+ 1), 26(m) +2=m+)1 -. Nn =pi-—2. 

6. THEOREM 5. A composite number is admissible only tf it is a multiple of 3. 


Proof. li m=pipe +--+ pe, pi=3 then every number between 1 and $,;—1 in- 
clusive is a totitive and thus, in particular, p,;—2 is a totitive. We intend to 
show that ¢(m)+1—2 must be a non-totitive. It suffices to show that o(m) 
+p1—2 <M. Now 


m — py = prlpr-> ++ pe-1— 1) > pe(pi — 1)(p2 — 1) > - (be-a — 1) > Om); 
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hence ¢(m) +p,<m and, a fortiori, 6(m)+p1—2 <m. Moreover, 
o(m) + p1— 2 = o(m) + 1+ (p1— 3) = 2(m 4+ fi) + (f1 — 3) = (m + 31 — 6) 


by Theorem 4. Thus there exists a p;, 1Sj7 Sk such that b;| 4(m+3p—6); hence 
b;| 3(p1—2) and, since p; cannot divide »,—2, p;|3, whence p;=3 and, in- 
cidentally, 7=1. Theorem 5 follows. 


CoROLLARY 5.1. m 1s admissible only tf Na=1. 
This follows immediately from Corollary 4.2. 
7. THEOREM 6. A composite number 1s admissible only tf 1t 1s a multiple of 15. 


Proof. For m odd, 2 is always a totitive and therefore, if a composite m is 
admissible then ¢(m)-+2 must be a non-totitive. Then 


o(m) + 2 = 3(m + pi) +1 = 3(m + pi + 2). 


There exists a p; therefore, with 178k, such that b;|m+p14+2 and, since 
p;|m, b;| pi+2. Since 1 cannot divide ~1+2, p;>p1 and p;2p1+2. Since p; 
cannot be greater than p,+2 and divide it, p;=:+2. Thus, by Theorem 5, 
p;=3+2=5 must be a factor of m. Combining this result with Theorem 5 
yields Theorem 6. 


8. We now characterise admissibility. 
THEOREM 7. A composite number 1s admissible tf and only 1f Nm=1 and there 
exists no pair of non-totitives congruent mod d(m). 


Proof. To prove necessity, in view of Corollary 5.1, it remains to show that 
it is necessary that there exists no pair of non-totitives congruent mod $(m). 
If m is admissible, suppose that there exists at least one pair of congruent non- 
totitives a, b, where b=a+¢(m). But since m<2¢(m), class a will thus not be 
represented contrary to hypothesis that m is admissible. To prove sufficiency, 
given NV,,=1 and that there exists no pair of congruent non-totitives, suppose 
that m is not admissible. Then at least one class, say class a, will not be repre- 
sented. If 1Sasm—d¢(m) —1 then (a, m) #1 and also in particular (a+¢(m), m) 
1. But this gives rise to a pair of congruent non-totitives contrary to hypoth- 
esis. If, moreover, m—(m)Sa¢(m) and N,=1, then a=m—d(m) or 
a=o(m). If a=d(m) then (m, ¢(m)) #1, (m, m—d(m)) #1, and there exists 
p;=3 such that b;| Nm contrary to V,,=1. The same holds if a=m—d¢(m), and 
the proof is thus complete. 


THEOREM 8. There 1s no composite admissible number greater than 21. 


Proof. If m is admissible then N,=1 i.e. d(m) =4(m+1). Then d(m) +10 
=1(m+21), which is less than m if m is greater than 21. If an admissible m is 
greater than 21, then both 10 and ¢(m) +10 would be less than m. They are con- 
gruent mod ¢(m). Moreover, since 3| m and 3| b(m) +1 it follows that 3| b(m) 
+10 and so ¢(m)+10 would be a non-totitive. Again since 5|m and 5 | 10, 10 
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would be a non-totitive. Thus for a composite admissible m> 21, there always 
exists two congruent non-totitives which violates Theorem 7. This contradiction 
shows that there is no admissible composite number greater than 21. We thus 
come to the main result. 


THEOREM 9. The only composite admissible natural number ts 15. 


Proof. If a composite m> 2 is admissible then 15|m and m S21. Thus clearly 
mcanonly be15. It only remains to examine 15 for the property. (15) =¢(3) 6(5) 
= 8, the totitives being 1, 2, 4, 7, 8, 11, 13, 14. This is a complete residue system 
mod 8. Indeed the least nonnegative residues are 1, 2, 4, 7, 0, 3, 5, 6 respectively. 
This establishes the theorem. 

9. Since the only admissible numbers, apart from unity, are 15 and the 
primes, the notion of admissibility appears to be logically almost equivalent to 
that of primality. The idea of admissibility involves basically, however, only the 
ideas of relative primality and complete system of residues, both of which derive 
directly from Euclid’s algorithm. Certainly it need not involve the notion of 
primality directly. Excluding the unique admissible number which has admis- 
sible factors, we are left with the primes. Thus it becomes clear that with slight 
modifications the notion of a prime may be replaced with the idea of admissibil- 
ity. Although one cannot necessarily foresee any advantage in this line of action, 
it stands to be considered a potential alternative idea with which one could build 
a relatively consistent theory of numbers. The bearing of the theorem to the 
theory of the exponent to which a number belongs modulo m needs considera- 
tion. Also since the totitives of m form an Abelian group under multiplication 
mod m, there is some need to find out whatever may be peculiar about the group 
of the totitives of 15. These logical and algebraic implications, together with the 
bearing on other problems in number theory, would form the subject of a 
subsequent paper. 

Reference 
1. L. E. Dickson, History of the Theory of Numbers, Vol. 1, Chelsea, New York 1952, p. 124. 


THE DECOMPOSITION OF A RATIONAL PRIME IDEAL IN CYCLOTOMIC FIELDS 
G. BacuMan, Polytechnic Institute of Brooklyn 


In this note, we wish to give an alternate proof of the way a rational prime 
ideal decomposes in the ring of integers of a cyclotomic field (see Theorem 2 
below). This can be achieved along the lines developed, e.g. in [3] chapter 8, 
by using the ramification theory and determining first that it is those and only 
those primes dividing the field discriminant that ramify. The theorem can also 
be obtained in a more abstract manner, not making full use of the ramification 
theory, but just determining a finite set of primes from which the ramified ones 
must come, and by using the Frobenius automorphism (see, e.g. [5] chapter 
7). We wish to obtain the theorem in the valuation spirit of [1] and by using 
essentially local arguments, avoiding completely the ramification theory. 
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In order to achieve our goal, we shall make use of the following theorem (see 
e.g. [5] p. 58, [1] p. 118, and [2] p. 133). 


THEOREM 1. If K=k(a) isa simple separable algebraic extension of k and af || 
ts a rank one valuation of k, then there are as many distinct extensions of || to K 
as there are distinct irreducible factors of f(x) over k, where f(x) is the irreducible 
polynomial satisfied by a over k and where k is the completion of k. Moreover, the 
global degree of the extension 1s equal to the sum of the local degrees. 


Thus, using the valuation approach to ideal theory as presented, e.g. in [1] 
chapter 8, in order to see how () factors in the ring of integers of the cyclotomic 
field Q(f), we must consider the factorization of the cyclotomic polynomial 
®,(x) satisfied by ¢ over the p-adic field Qp. 

In order to achieve this we recall now some facts from algebra concerning 
the factorization of ®,(«) over GF(p), where we assume first that (m, p) =1. 
Consider first the polynomial x™—1 over GF(p). In order to determine the 
splitting field of this polynomial over GF(p), we must determine the smallest 
extension field E in which x™—1 has m distinct roots. These roots in E form a 
group, but E*¥=H— {0} is a cyclic group. Hence we must find the smallest ex- 
tension field E such that £* has a cyclic subgroup of order m. For E* to have a 
cyclic subgroup of order m, we must just have m| ord E*. Thus, we must find the 
smallest such that m| p*—1, and then GF(”) is the desired splitting field. 
We denote this ” by e,(m). Next, consider ®,(x) over GF(p). If we form the 
splitting field of @,,(x) over GF(/), then this field contains the primitive mth 
roots of unity and hence all the mth roots of unity. If we simply adjoin to GF() 
one root of ®,(x), then we clearly obtain the splitting field of x™—1. But, 
GF(p*7™) is the splitting field of «"—1. If g(x) is any irreducible factor of 
®,.(x) over GF(p), then adjoining a root of g(x) also yields the splitting field of 
x™—1; i.e. GF(p%™). Hence, deg g(x) =e,(m), and, since this is true for any 
irreducible factor of ®n(x), we get the following factorization of ®,,(x) over 


GF(p): 


(*) Su(x) = T] va,(2), 


t=] 


where /=¢(m)/e,(m) and where the degree of each Wa,(x) is ep(m). 
In case m and p are not relatively prime, we write m= pr, where (7, p) =1 
and then use the fact that 


,2,(x%) = B,(%)?O 


which follows readily from the relation ®,,(x) = [aim (x? —1)#(™/®, given in [4] 
p. 114. 

Now let us return to the problem at hand, namely, the factorization of 
®,,.(x) over Q,. Assume first that (m, p) =1. Over GF (p), ®,,(x) factors according 
to (*), where the a,(x) are distinct irreducible factors. Thus by Hensel’s lemma 
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(see e.g. [5] p. 45 or [4] p. 248), ®,,(x) factors into J irreducible factors over Qp. 
But the global degree, ~(m), is the sum of the local degrees, i.e. o(m) = >}, mi, 
and each n;=e.f:, where e; is the ramification index, and /; the residue class de- 
gree of the extension. But f;=deg Wa,(x) =e,(m). Thus, 


y(m) = €p(m) > Cy 


and if any e;>1, then o(m) >e,(m)!, contradicting (*). Thus each e;=1, and 


(p) = yiye My 


where the y; are prime ideals in the ring of integers of Q({), and where 
L=p(m)/e,(m). 

Finally suppose that (m, p) #1. Write m=p%m' where (~, m’)=1. Then, 
over GF(p), 


5,() = TI va,(xeo™ 


tan] 


where the degree of each Wa,(x) =e,(m’) and l’=g(m’)/e,(m’). Thus the residue 
class degree f;=e,(m’); whereas the local degree n; is, by Hensel’s lemma, cer- 
tainly less than or equal to e,(m’)o(p2), so es Sy(p"). If we can show that there 
exist precisely 1’ extensions of the p-adic valuation, then 


g(m) = > eifs = ep(m’) » e; 
t=1 s=1 
and if any e;<o(p2), then we get 
g(m) < ep(m’)l’e(p*) = o(m')e(p%), 


a contradiction. Hence each e; = ¢(p%), and it remains to show only that there are 
precisely /’ extensions. 

Consider then Wa,(x)®?” and let the corresponding polynomial given by 
Hensel’s lemma over the valuation ring V of Q, be h;(x). If 


h(x) = fale)» - + fea) 


where the f;(x) are distinct irreducible polynomials over V, then the image 
fi(x) must be a power of an irreducible polynomial in GF(p) [x]; whence, by 
the unique factorization theorem in GF(p) [x], we must have f,(x) =Wa,(x)%. If 
ixj, however, then there exist polynomials g;(x), g;(x) in V[x] such that 

1 = gi(x)fi(x) + gs(x)fi(~), 


so 


1 = g6(x)fi(x) + B:(x)fi(x), 
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or 
L = gs(x)Pa,(x)* FiBi(@)a,(a) %. 


Therefore, we must have t=1, and h;(x) =fi(x)™, which shows that there are 
precisely /’ extensions and completes the proof. We have established the follow- 
ing result. 


THEOREM 2. (a) If (p, m)=1, then in the cyclotomic field Q(£) of degree 
y(m), (pb) =y1y2 ++ + V1, where the y; are prime ideals of O(¢) andl=eg(m)/e,(m), 
where €p(m) 1s the smallest n such that p»=1 (mod m). 

(b) Tf (p, m) 1, let m=pem', (m’, p) =], then (p) = (12 7" yy), 
where the y; are primes and l’=o(m')/ep(m’). 
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ON TRAVERSING GRAPHS 
D. J. Troy, Ohio State University 


Let G=(V, U) be a finite graph, V its set of vertices, U its set of edges. 
For any x in V denote by d(x) the degree or valency of x, that is, the number 
of edges incident to x, loops counted twice. Denote by V(G, ) the number of 
vertices of degree n. Define a path of length k to be a (2k+1)-tuple of the form 
(Xo, €1, X1) €2) °° * » Xe) €x, Xz), Where, for 7=0, 1, 2,---, 2, x;is in V and, for 
1=1,2,---, 2k, €& is an edge incident to both x;_; and x;. A path is a cycle if 
x, =%Xo. Further, define a cycle to be proper if ¢;#6€:41for¢=1,2,---,k—iand 
€1, = Ep. 

In any finite connected graph there exists a cycle in which every edge ap- 
pears exactly twice, once in each direction [1, p. 41]. Obviously such a cycle 
can not be proper if V(G, 1)>0. It is not difficult to find a proper cycle with 
this property if G is a connected Euler graph having at least one vertex x such 
that d(x) >2. Define a covering of a graph G to be a proper cycle in which every 
edge appears exactly twice, once in each direction. A class of graphs for which 
no covering exists is given by the following result. 


THEOREM. Let V(G, n)=0 for all n24 and V(G, 3)=0 (mod 4). Then no 
covering of G exists. 


Proof. Let us first note the following: (A) Let d(x) =3 and e; 4@=1, 2, 3) be 
the edges incident to x. If a proper cycle P includes each of these edges exactly 


498 MATHEMATICAL NOTES [May 


twice, once in each direction, then these edges are distinct; that is, there is no 
loop at x. Further, if y; (¢=1, 2, 3) is the vertex connected to x by e;, then not 
both (y1, €1, %, €2, ye) and (ye, &, x, €1, yi) appear as subpaths of P. (B) Let d(x) 
= (d(y) =d(w) =d(z) =3, x, y, 2 and w four distinct vertices. Let x and y be con- 
nected by two edges a and wu. Let \ connect x and w and # connect y to gz. Then 
G=(V, U) has a covering if and only if G’=(V—{x, y}, U—{a, wu, A, B}) hasa 
covering. 

(A) should cause the reader little difficulty. To show that (B) holds, suppose 
first that G has a covering P. In order that both a and uw appear exactly twice, 
once in each direction, it is necessary that the paths X = (w, \, x, a, y, M, x, A, w) 
and X’=(z, B, y, a, x, u, y, 8, 2) or X and X’ with @ and yp interchanged appear 
as subpaths of P. By (A), the edge preceding X and the edge following X are 
distinct. Hence X and, by the same argument, X’ may be removed from P leav- 
ing a covering of G’. Into a covering of G’, X and X’ may be inserted to form a 
covering of G. 

We assume that G is connected and that V(G, 1) =0, otherwise the result is 
trivial. Let V(G, 3) =4k. If k=O, all vertices are of degree 2 and G is a simple 
closed path and not coverable. 

Let m>0 and assume that G has no covering if k<m. Now consider the case 
in which R=m and without loss of generality assume that V(G, 2) =0. 

If G has a separating edge o, then the graph Gt =(V, U— {c}) has two dis- 
joint components G’ and G’”’, where V(G’, 2)=V(G”, 2)=1 and V(G’, 3) 
+V(G", 3) =4m—2. A covering of G if considered to start with the edge o must 
cover one of G’ or G”’ before the second appearance of o and then cover the 
other. In G’, however, the vertices of degree 3 are the only vertices of odd de- 
gree. It is known that in any finite graph the number of vertices of odd de- 
gree is even [1, p. 10]; hence V(G’, 3) is even. The same argument applies 
to G’’. Therefore, one of V(G’, 3) or V(G’, 3) =0 (mod 4) and is less than 4m. 
It follows that not both G’ and G” are coverable; hence G is not coverable. 

Since d(x) =3 for all x and V(G, 3)=4m>2, any given pair of vertices can 
be connected by at most two edges. Let x and y be connected by two edges, 
and wand zg be respectively the other vertex connected to x and the other vertex 
connected to y; wz, for otherwise there is a separating edge. Using (B) and 
its terminology, G has a covering if and only if G’ has a covering. But V(G’, 2) 
=2 and V(G’, 3) =4m—4; hence G’ has no covering. 

It may now be assumed that G has no separating edges or multiple edges. To 
arrive at a final contradiction assume that P is a covering of G. Let k# be the 
smallest integer such that there exists an elementary cycle of length /# within 
P;hZ3. Let (x1, €1, X2, €2, %3, €, ° - * » €) X1) be such acycle. Let e€) be the third 
edge incident to x; and %o be the other vertex incident to ¢).. For7=1,2,---,h, 
xox; Consider P as starting with the directed edge (xo, €, x1) and ending with 
a directed edge (gq, 8, xo); let a be the third edge incident to x» and p the other 
vertex on 7; let 7 be the third vertex connected to x, by an edge J; let s be the 
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third vertex connected to x3 by an edge yu. P is then of the form 


(Xo, €0, V1, €1, 2, €2, %3, €3, °° * 5 En, V1, €0, Xo, 7, p, re) 
S, M, %3, €2, Ve, r, rot 4 |, B, X%0). 


Let M = (xs, €3, °° ° y €hy x1), N = (xo, T, Pp; ccs y Sy My x3) and OQ = (xe, r, Tye tty 
q, B, Xo); so that 


P = (Xo, €0, “1, €1, X25 €2, 3) + M + (1, €0, 40) + N + (x3, €2, X2) ++ QO. 


Let P’= (x1, G, %2) +Q+N+M. P’ is a proper cycle that includes neither of the 
edges €9 or €, but does include every other edge of G exactly twice, once in each 
direction. Hence the graph (V, U— { €0, €: ky, which has 4m —4 vertices of degree 
3, is coverable, and this is the contradiction sought. 

The author has found many examples of homogeneous graphs of degree 3 
with 4k-+-2 vertices which are coverable and examples of some that are not. 
None of his noncoverable examples are triconnected graphs. Biconnectedness is 
not sufficient but as can be seen from remark (B) triconnectedness is not neces- 
sary. 

Reference 
1, Oystein Ore, Theory of Graphs, Amer. Math. Soc. Colloq. Publ., 38 (1962). 


SIMILAR INVOLUTORY MATRICES (mod p”) 
JOEL BRAWLEY, Jr., North Carolina State University 


If A is an Xn matrix over the field GF(p*), where # is an odd prime, it is 
known that A is involutory (A2=J) if and only if A is similar to a canonical 
matrix J;=diag (J:, —In-1), OStSan, for some unique integer ¢ [1; p. 518]. In 
this paper we prove a corresponding result can be obtained for an involutory 
matrix over the integers taken modulo »”. This is the essence of Theorem 1. 
Using this result we obtain the number of involutory matrices modulo p” by 
the method of Hodges [1]. The number is seen to agree with that obtained by 
Reiner [3], and with a similar result of Levine and Korfhage [2]. 

All matrices considered below will be understood to have integral elements. 
When A = (a,,;) and B=(0;;) are such matrices, by A =B (mod gq) we mean that 
ai;=b;; (mod gq) for all 7, 7; ie, A=B-+qC for some integral matrix C. We say 
that A is involutory modulo q if A?=J (mod q), and by the statement “the 
matrix B modulo qg,” we mean the elements 0;; of B are taken so that 0Sd,; <q. 


THEOREM 1. If A is an nXn matrix with integral elements, and p is an odd 
prime, then A 1s involutory modulo p™ if and only if there exist matrices Q, P and 
a unique integer t (OStSn) such that 


(1) QP =I (mod 9”), (2) QAP = J; (mod p”), 
where J,=diag (I;, —In_:). 
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Proof. The sufficiency of the theorem is immediate for if (1) and (2) hold, 
then from (1) we have | Q| | P| =1 (mod p”) so that P has a (two sided) inverse 
modulo p”; namely P7!= | O | adj P. Multiplying both sides of (1) on the right 
by P~! we find that Q=P-! (mod p”); hence Q is the inverse of P modulo p”. 
Thus, 0P=PQ=I (mod ”) so that from (2) we have 4=PJ:O (mod p”) and 
A*=(PJ,0)(PJ,0) =PJ70=PIQ=I (mod p”). 

Conversely, let us assume that A is involutory modulo p”. Then A?—J 
=p™C for some C; hence for 1=1, 2, ---,m we have that A42=I (mod p%). In 
particular for 7=1, this implies the existence of matrices P,; and Q,; such that 
Q,P,;=I (mod p) and Q,APi1=J; (mod #) for some (unique) #. This is because 
the congruence relation taken modulo # yields a field. We make the induction 
assumption of the existence of matrices Pz_1, Q,1(25k=m) such that 


(3) Qr-1Pr-1 = I+ p**M =T (mod p*~?), 

(4) Op-1A Pr1 = Ji + phN = J; (mod p*), 

Then we let 0, =Qz1+p*"1X and P,=Pp1+p*'Y, with X arbitrary modulo p 
and Y defined by Y= —Pi1M—P,1XPx_1 (mod p). By direct multiplication 
(5) QO.P, =I (mod p*) 

and, using (3) and (4), we see that 

(6) O,AP,=JIit+ pPolN — IM — IX Py-1 + XAP,-1| (mod $*). 


Since A?=J (mod *) and Q,P,=P.0.,=I (mod p*), we have the identity 
(Q,A P,)?=TI (mod p*). This identity is true for arbitrary X in (6), and hence, 
by noting it for X =0, we find 
[J+ pe(N — JM)? = I (mod 9+), 
or equivalently, 
(7) JiN—-M=J,MJ;— NJ; (mod ). 
Thus, taking X=(r+1)[J:N—M]|Q;,-1 (mod p), where p=2r-+1, we use (7) in 
(6) to obtain 
OAPs = Ji -- pen — J:M — (7 -- 1)J(Ji.N — M)O,-1P r-1 
+ (r+ 1)(IiMI: — NI)Op1APr-1| 
=J,+ po[N —-J.M —(r+1)\(N—-J:M)+ (r+0)U0.M —N)] 
= J,+ pe [—(27 + 1)N + (27 + 1)J.M| = J; (mod *). 
Along with (5), this gives the desired result. Since A is similar to a unique 
J; modulo p, the same is true modulo p”. 
To count the number of involutory matrices modulo »”, we need the number 
N,.(m) of nonsingular x Xz matrices modulo p”. This number is readily obtained, 


for if R is nonsingular modulo p*-!, the matrices which are nonsingular modulo 
p* and congruent to R modulo p*~! are those matrices of the form R-+p*—-1S§ 
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wherein we get incongruent matrices by taking incongruent S matrices modulo 
pb. Thus N,(k) =p” N,,(R—1) and hence we find that 


Nr(m) = pr md "8ny 


with g, being the well-known number of Xz nonsingular matrices modulo p. 

Following the method of Hodges in [1] we let So(z, #) be the number of 
distinct (incongruent) ~ Xn matrices similar to J; modulo p”. As P runs through 
all nonsingular matrices (mod p”), P-!J,P runs through the S)(z, ¢) matrices 
similar to J:, each matrix being repeated the same number of times as J;. But 
the number of times J; is repeated is the number of nonsingular matrices which 
commute with J;, and this number is easily calculated to be 


Co(n, t) = Ni(m)Nn—i(m). 
Thus NV,(m) = So(n, )Ni(m)Nn—i(m), so that 


N,(m) print) (m—1) Ln 
— Ni(m)Nn(m) ent 


} 


So(n, t) 


and hence the number JN of involutory matrices modulo p” is 


n n pt (n—- t) (m—]1) 
N = >> So(n,t) = gan >), ——————-» where go = 1. 
t==0 t=0 £t8n—t 


1 referee has pointed out that Theorem 1 can also be obtained from the solutions exhibited 
in {3}. 

The author would like to point out that since this article was accepted, there has appeared 
(in Russian) a paper which contains his Theorem 1 as a special case; however the attack is com- 
pletely different. The paper is: D. A. Suprunenko, On the conjugacy of matrices over a ring of 
residues, Doklady Akademii Nauk, BSSR, 8 (1964)693-695. A review of this paper appears in 
the October 1965 issue of the Math. Reviews (R3102). 
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SOME APPLICATIONS OF THE INTERIOR MAPPING PRINCIPLE 
JosErH Kist, Pennsylvania State University 


One version of the interior mapping principle asserts that a one-to-one 
continuous linear mapping of one Banach space upon another is bicontinuous. 
The closed graph theorem, which is an important consequence of the interior 
mapping theorem, in turn leads to the following generalization of the interior 
mapping principle. 
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THEOREM 1. Let F be a Banach space. For each x 1n some nonempty set X, let 
F, be a normed vector space, and uz a continuous linear mapping of F into F;. 
Assume that the family {uz} is separating, 1.e., if f and g are distinct points of F, 
then there 1s an index x such that u.(f)¥uz(g). Then a linear mapping u of a 
Banach space E into F 1s continuous tf and only tf each of the compositions uzgtt: 
E—F, 1s continuous. 


Proof. The necessity is trivial. Let {f,} be a sequence in E such that f,—f 
and uf,—g. Then 
Uzt(fn) > Uet(f), 1€., telufn) — Us(uf), 


and us(ufrn)—ue(g) for each x in X. Thus, w,(uf)=u.(g) for each x in X, and 
since the family {u,} separates points of F, we have uf=g. By the closed graph 
theorem [4, p. 181], uw is continuous. 

That the above theorem is a generalization of the classical interior mapping 
principle is seen as follows. Let F and G be Banach spaces, and let v be a one-to- 
one continuous linear mapping of F upon G. Let wu be the inverse of v. In the 
above theorem, replace E by the space G, { F.} by the singleton {G}, and {u,} 
by the singleton {v}. Since vu is the identity mapping of G, the result follows. 

Theorem 1 is not new; it is essentially Theorem 7 on p. 58 of [1]. 

The object of this note is to show how the extended interior mapping prin- 
ciple can be used to prove several known results in the theory of Banach spaces 
and Banach algebras. In Section 1, it is shown that a recent result of Gil de 
Lamadrid is included in Theorem 1. Section 2 is concerned with a proof of the 
principle of uniform boundedness, and the final section is devoted to a proof of 
the continuity of homomorphisms between certain Banach algebras. 

For some applications, it will be convenient to have Theorem 1 in the follow- 
ing equivalent form. 


THEOREM 1’. For each x in some nonempty index set X, let F, be a normed vec- 
tor space. Let F be a Banach space which, as a vector space, 1s a linear subspace of 
the cartesian product P,exF, of the vector spaces Fz, and assume that the projection 
bz of Finto F,1s continuous for each x in X. Then a linear mapping u of a Banach 
space E into F is continuous tf and only tf the composition p,u: EF, ts continuous 
for each x 1n X. 


1. A result of Gil de Lamadrid. The following theorem is a recent result of 
Gil de Lamadrid [2]. 


THEOREM. Let E be a Banach space, and F a normed vector space under a norm 
| |1. Suppose that | |. is a second norm on F with respect to which F is complete 
and such that k| |2=| |1 for some R>O. Then a linear mapping u: E->(F, | |2) 
ts continuous uf and only tf u: E-(F, | 1) 1s continuous. 


Proof. In Theorem 1, let | F,} be the singleton (Ff, | 1), and {uz} the iden- 
tity mapping 7 of (F,| |2) upon (F, | |1). By hypothesis, 7 is continuous. Now 
apply Theorem 1. 
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2. The principle of uniform boundedness. A popular version of the principle 
of uniform boundedness reads as follows. 


‘THEOREM ON UNIFORM BOUNDEDNEsS. Let E be a Banach space. For each x 
in some nonempty set X, let F, be a Banach space, and u,z a continuous linear map- 
ping of E into F,. If sup | taf :xGX} is finite for each f in E, then sup | | 2 : 
xEX} is finite, where |uz| denotes the operator norm of uz. 


The usual proof of this result makes direct use of the Baire category theorem 
for complete metric spaces. The proof given here appeals to the closed graph 
theorem via Theorem 1’, and is similar to a proof of one version of the principle 
of uniform boundedness given by Taylor [4, p. 204]. 

In proving the above theorem, it is convenient to make use of the notion of 
the normed full direct sum of the family { Fe: xEX } of normed vector spaces 
F,. This is the set of all g in P,exF, for which 


|g| = sup {| g(x)|:2€ X} 


is finite, and is denoted by ZzexF;,. It is a linear subspace of P,F,, and is normed 
by the mapping g—>| g| ; if each F, is a Banach space, then so is the normed full 
direct sum. 

To prove the principle of uniform boundedness, and with the setting as in 
the statement of that theorem, let F=2,exF,. Then F is a Banach space, and 
it is obvious that each projection p,: FF, is continuous. Let u be the linear 
mapping of E into P,F, defined by uf(x) =u,f, f in E, x in X. The assumption 
that sup.| tef | is finite for each f in E means that u carries E into F. Now 
p.u(f) =uf(x) =u.f for each f in E, so by assumption, p,u =u, is continuous for 
each x. By Theorem 1’, there is a positive constant k such that | uf | <k| f | for 
each fin #. But 


| uf | = sup | uf(x)|, andso |«w,f| S k|f| 


for each x in X and f in E. Thus, sup, Ue | is finite. 

If Z and F are normed vector spaces, let B(E, F) denote the normed vector 
space of all continuous linear mappings of E into F. 

Let £ and | Fe! xeX } be Banach spaces. If g is in P,B(E, F,), define a 
linear mapping L, of £ into P,F, by L,f(x) =g(x)f, fin E, x in X. The principle 
of uniform boundedness asserts that if L, carries E into 2,F,, then it is continu- 
ous, in which case g is a member of 2,B(E, F,). Moreover, 


|L,| =sup{|Zf|:fE z |f| s 1} = sup sup | Lof(x) | 
= sup sup | e(x)f| = sup | (x)| =| ¢|. 


These remarks lead to the following representation theorem for continuous 
linear mappings between certain Banach spaces. For the case where all spaces 
F, are equal to a common Banach space, this result appears in [4, p. 216]. 
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THEOREM. Let EF and | Fe: xEX} be Banach spaces. For g in Z,B(E, Fz), 
let Lo f(x) =g(x)f, x in X, fin E. Then the mapping g—L, 1s a linear tsometry of 
x,B(E, F,) upon B(E, 2,F:). 


Proof. For f in Z, we have 
| Lof| =sup | Zof(e)| S [| sup [e(e)| = [sll 


so L,f is an element of 2,F;,. It is clear that L, is a continuous linear mapping 
of E into 2,F;. 

It is easily seen that the mapping g—>L, is linear, and the preceding remarks 
show that it preserves norms; thus, it is a linear isometry. To show that this 
mapping is onto, let u be an element of B(E, Z.F,). Put g(x) =p2u; then g isa 
member of P,B(E, Fz). We have 


Lof(x) = pou(f) = uf(2) 


for xin X, and fin £. Thus, L,f=uf for each f in Z. By the preceding remarks, 
g is a member of 2,B(E, F,). Now L,=u, and this completes the proof. 


3. Banach algebras. In this section, we use Theorem 1 to prove a known 
result from the theory of Banach algebras. For appropriate background, see 
[3], especially p. 75. In proving the result below, we make use of a special case 
of it, namely, that a homomorphism of a Banach algebra into the field C of 
complex numbers is continuous. 


THEOREM. A homomorphism u of a Banach algebra A into a semisimple com- 
mutative Banach algebra B 1s continuous. 


Proof. Let Z(B) be the family of all homomorphisms of B into C. Semisim- 
plicity of B means that 2(B) separates points of B. For each M in 2(B), the 
composition Mu is a homomorphism of A into C. Thus, Mu is continuous for 
each such M, and so by Theorem 1, the homomorphism uw is continuous. 


Added in proof: Since this article was accepted for publication, I have found that B. E. John- 
son (Proc. Cambridge Philos. Soc., 60 (1964) 171-172) has given essentially the same proof of the 
above result on continuity of homomorphisms. It has also come to my attention that Theorem 1’ 
is a special case of Theorem 1, p. 203 in A. Wilansky’s Functional Analysis, Blaisdell, New York, 
1964. 
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EXTREME POINTS OF THE UNIT BALL IN A SPACE OF 
REAL POLYNOMIALS 


A. G. KoNHEIM AND T. J. RIVLIN, 
IBM Watson Research Center, Yorktown Heights, New York 


If p(x) =ao+aix+ --- +a,x" and a,+%0, then we say p has degree . Let 
P,, denote the linear space of polynomials with real coefficients of degree not 
exceeding 2. The space P, is normed by putting 


(1) lal| = max | p(@)|. 


We call a pEP, admissible if ||p|| <1, and let A, denote the set of admissible 
polynomials in P,. Then it is easy to verify that A, is a compact convex set. We 
shall call pC A, an extremal if p is an extreme point of An, i.e., if p=3(pitd») 
with pi, p> An implies p = pi = pe. Let E, denote the set of extremals in A,. The 
purpose of this work is to characterize the (nonempty) set £,. 

Our result is contained in a theorem whose proof requires several lemmas. 
The proof of the first lemma is obvious and is omitted. 


Lemma 1. If p(x)GE, (resp. An) then the polynomials —p(x), p(—x) and 
—p(—x) are also in En (resp. An). 


LemMMA 2. Suppose that pCA, and p(xo) =1, where —1<x)<1. Then there 
exists a positive integer m such that 


p(x) = 1 — (w — a0)*"r(x), 
where r(x) 20 in [—1, 1] and r(x) >0. 
Proof. Since p(xo) =1 
1 — p(x) = (« — xo)*r(x), k= i 


with r(x) #0. If & is odd then (x—x»)* changes sign at xo, but r(x) has one sign 
in some neighborhood of x». Hence there are points in some neighborhood of 
Xo at which 


1 — p(x) = (w — %o)*r(x) < 0, 
which contradicts the assumption that pC A,. Hence k=2m and consequently 
r(x) 20 in [—1, 1]. 


LemMMA 3. Let p=43(pitpe) where pi, poCAn. Suppose that p(x) =e, p\ (xo) 
=0, R=1,2,---+, Bo—1, p(x) 40, where —1Sx)S1 and e=1 or —1. Then 
for 7=1, 2, pj(xo) =e and p(x») =0, R=1, 2,---, Ro—I. 

Proof. It suffices to consider the case e=1 by Lemma 1. Suppose first that 
—1<%*%,<1. In view of Lemma 2 


p(x) = 1 — (@ — %0)?"r(x) 
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with r(x) 20 in [—1, 1], r(x0) >0 and Ry =2m. Also, since p1, PCA, and 
(2) p= 3(p1 + po), 


we must have $1(%0) = po(%0) =1 and by Lemma 2, therefore, 
p(x) = 1 — (% — 2x0)?” r;(x) 
with r;(x) 20 in [—1, 1] and 7;(x») >0, j=1, 2. Equation (2) implies that 
(x — ao)?™r (a) = $f (x — 20)? r(x) + (2 — 20)?*ro(x) } 


from which we conclude that m;=m, j=1, 2. The lemma is proved for 
It remains to consider x)= +1, and it suffices (again by Lemma 1) to con- 
sider x)»=1. But this case is treated exactly as in the case of an interior point, 
except that the multiplicity kp of the 1 value need not be even. 
We are now in a position to characterize the extremals. Let N(p, y) denote 
the total multiplicity with which the value y is assumed by p(x) in [—1, 1]. Let 
N(p) = N(p, 1) +N, —1). 


THEOREM. If pCA, then pEE, if and only if N(p) >n. 
Proof. (4) Suppose that N(p) >n and 
(3) pb = (pi + 22) 


with pi, p2CA,. In view of Lemma 3 the polynomials ;—p, j7=1, 2, each have 
zeros of total multiplicity at least N(p) which together with p, f1, p2CP, implies 
p=hi=pa, and 10) pEE#y. 

(ii) Suppose that N(p)Sn. Let —1S%1<x.< +++ <x;S1 be all of the 
points in [—1, 1] at which | p(x)| =1 and m; the multiplicity of the zero of 
p(x) —p(x;) at x=x,. Set 


(—1)™ |] (@—-2x,)™ ifa,=1 and p(x) = 1 


ten] 


(4) py (2) = me 
Il (@—«)™ otherwise, 
t=z] 
p (a4 )==1 
t 
(—-1)™ [TT (—a«)™ ife,=1 and p(x) = —1 
tml 
(6) p-(#) = me 


t 

Il (@—-x«,)™ otherwise, 
ime 
p(zz)=—1 


and p*(x) = p%4. (x) p* (x). Hence if a20 then 


1966] MATHEMATICAL NOTES 507 


pi(x) = p(x) + ap*(x) 
p2(x) = p(x) — ap*(x) 
belong to A, provided that 
g min fm 1-2) 1+ Ho} 
a<smin< min ———— in —————~—>. 


i ~isesi1 p*(x) -iszs1 p*(x) 
But p(x) =1—p4.(x)r4(x) = —1+ 9% (x)r_(x), where r(x) >0, r_(x) >0in[—1, 1]. 
Thus 


min ’ n 
-isesi p*(x) ~is2s1 p*(x) 


{ 1 + p(2) mi 1 > 0 


and hence there exists an a>0 such that both 

pix) = p(x) + ap*(x) 
and 

pa(x) = p(x) — ap*(x) 
belong to A,. Since =4$(p1+ 2) the theorem is proved. 


CoROLLARY. If T, 1s the Chebyshev polynomial of order n (1.€., Tn(x) =cos 78, 
where x=cos 0, 0S0S7), and n21 then N(T,, 1)=N(Tn, —1) =2, and hence 


Tn © Fi, nik <2n—1, Tn CE Eon. 


Note that 7)(x) =1CE#, for OSm<o., 

ReMARK 1. If pEA, and N(p)=2z then p=+T,. If N(p) =2n—1(n21) 
then p(x) = +T7,(ax+b) for some choice of a, b such that ax-+b maps [—1, 1] 
into itself. 

REMARK 2. As A, 1s a compact subset of the (~-+1)-dimensional linear space 
P,, each element of A, is a convex combination of at most ~+2 extreme points 
of A, according to a well-known theorem of Carathéodory. 


SOME COMBINATORIAL IDENTITIES INVOLVING LATTICE PATHS 
V. K. Rowatel, University of Alberta, Edmonton 


An advanced problem proposed by Robert Breusch in this Montuty [1] 
was to find A, (2=0, 1, 2, ---) if for every nonnegative integer n 


4 5 (” - *) Le (nt ‘) 


The problem reduces to proving the identity 
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A REMARK ON A THEOREM OF M. A. KRASNOSELSKI 
M. EDELSTEIN, Dalhousie University 


If f: K--K is a continuous mapping of a closed convex subset of a normed 
linear space X into itself and f(K) is contained in a compact subset of K then, 
by a well-known theorem of Schauder, there exists an x©K such that f(x) =x. 
In general no method is available for the computation of such a point. If in 
addition, however, f satisfies the condition 


(1) If) —fO)| S$ |le-9] GE XK) 


and X is assumed to be a uniformly convex Banach space then Krasnoselski [2 | 
proved that any sequence of iterates { F(x) } under a “bisection” mapping 
F; K—K converges to a fixed point. Here F is defined by 


(2) F(x) = 3(f() + 2). 


(For an exposition in English of Krasnoselski’s results cf. F. F. Bonsall’s Lec- 
ture Notes [1].) 

It is the purpose of this note to show that the hypothesis of uniform con- 
vexity is unnecessarily stringent and, in fact, it suffices to assume that X is 
merely strictly convex; i.e. the unit sphere of X does not contain any line seg- 
ment. 


THEOREM. Let K be a closed convex subset of a strictly convex Banach space X; 
f: KK a mapping satisfying (1), and suppose f(K) is contained in a compact 
subset Ky of K. Then the sequence | F(x) } , where F: KK 1s the mapping defined 
by (2), converges to a fixed point for all xEK. 


Proof. The strict convexity of X combined with (1) imply that 


(3) [F() — 9] < lle — oll 
whenever f(y) =y and f(x) ¥x. 

Indeed the open line segment |x, f(x)| is contained in the open ball 
{ w| || —~y|| <||~—yl|} by the strict convexity of X; in particular its midpoint 
F(x) is in this open ball as asserted by (3). Also, since { F(x) } is a subset of the 
closed convex hull of KiU {x}, which is compact by the Mazur Theorem [3], 
we know that {F*(x)} contains a subsequence { F**(x)} which converges to 
some PEK. 

To prove our theorem it obviously suffices to show that f(p)=p. (That 
lim F(x) =p follows then immediately from (1).) Suppose that this is not so. 
Then no element of { F"(x)} can be fixed under f; for f(F*(x)) = F*(x) implies 


Feti(y) = F'(x), a=1, 2,--+, and the whole sequence | F(x) } converges to a 
fixed point (of necessity p). 
Thus (3) applies to all pairs (F"(x), y) m=1, 2, -- +, and we have 


(4) |Fe#4(0) — yl| < ||Fe@) — yl] (w= 1,2, +--+). 
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Let B(F(p), 7) = {w||lw—F(6)||<r} with r=4(||p—yl| -|| 7) —9]|). F being 
obviously continuous, an open ball B, centered at p, and of radius 7; S7, exists 
so that F(B,) CB. If now F*(x) CB, for some k then F*t!(x) EB. Using (4) we 
now get || 7x) —yl| <|| (6) —y|| +r =3(|F() —y|| +l -9]]). Hence, 
|F@) — al] = |F*@) — ») + & - all 

= |ly — all — |[F#*@) — | 

> |ly — al] — 3) F(®) — 9] + Ile — all) 
= 3(|2 — yl —lF@ — oll) = +, 
which is clearly incompatible with lim F(x) =p. Thus f(f) = and our theorem 
is established. 
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ON HIGHLY COMPOSITE CONSECUTIVE INTEGERS 


P. K. SUBRAMANIAN, Miami University and 
S. F. BECKER, Rutgers University 


It is well known that for any positive integer k, one can find k consecutive 
numbers which are all composite. The following question arose out of a problem 
which appeared in this Montaty [1]. 

“Is it possible to find sequences of consecutive integers each member of 
which is as ‘highly’ composite as desired?” 

The answer is in the affirmative. We state and prove the following: 


THEOREM. For any positive integers n and r, and any sequence { p. fiz of 
positive integers, there exists a sequence {k+-i}%=® such that for every integer (k+i) 


there exists a sequence {| c,;}4=1 where 


kt+i=O0OmodJ[_ei 1Sisn 


j=l 
and (¢:;, Cy.) =1 for 74k. Here j, R=1,2,---,7. 


In other words, suppose a positive integer z and any arbitrary finite sequence 
pi, Po, + + +, Py Of positive integers are given. Then, there exist infinitely many 
sequences of m consecutive integers, where each integer has as factors (besides, 
possibly others) 7 relatively prime numbers raised to any preassigned powers. 
These preassigned powers are members of the sequence 1, po, - + +, Dr 
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We construct a sequence {A;} of relatively prime integers and prove some 
properties of this sequence, that will be needed in the proof of the main theorem. 

Let g be any positive integer greater than unity. Consider the sequence {A} 
where 


Ay=q-—i1 
Ag = (2Ai + 1)? 


n 2 
4x = (271 A: +1). 


t==] 


We next prove four lemmas, three of which concern the above sequence. 
Lemma 1. For every 1%j, (A;, A;) =1. 
Proof. Without loss of generality we may assume that A;<A,. 


j-1 2 
A; = (2 [[ A, + 1) by construction 


k=1 


jel 2 jul 
= (2T1 4.) +4]] 4,+1 


k=1 k=1 
which implies A;=1 mod A,. 
LEMMA 2. For every positive integer n, [[*., As+1=0 mod g. 
Proof. We prove by induction. Obviously when x= 1 
1 
I] 4: +1= (¢@—1) +1=0 modg. 
i=l 


Assume that for x=1, []/_, A; +1=0 mod q; ie. []!_, 4s=Rq—1 for some . 
Now 


141 l l 21 
I] 4; = Ani [] 4: = Gu A, + 1) T] Ac = [2(&q — 1) + 1]?(Re — 1) 
t=1 ton] t==] t=] 
which implies | {jt} 4;=—1 mod gq, and the lemma is proved. 
LEMMA 3. For every positive integer n, An41=1 mod gq. 
Proof. 
n 2 
Anyi = 2 [J 4;+ 1| = [2(kq — 1) +1)? 
i=l 


for some k by Lemma 2. This completes the proof. 
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LEMMA 4. For all positive integers s, n, pi, po, + + + , pp and every positive integer 
q(>1), there exist positive integers b, Bi, --+-, B, such that G@) (B;, B;)=1 for 
ixj and (ii) bg—s=0 mod [J5_, BY. 

Proof. For B,, Be, ---, B, we may choose the first r members of the se- 


quence {A;} constructed above. (i) is obvious by Lemma 1. We now choose 


| I A; + | 
(1) b= 5 
q 
Since A;y=g—1=-—1 mod gq, it follows that Aj'=1 mod g if p; is even and 
Aii=—1 mod gq if p is odd. 
Case I. Let p; be odd. By Lemma 3, for all 222, 


A; =1modq= A; = 1 mod g. 


Hence 
TJ 43° = —1 mod gq. 


This implies q| [[i., A?-+1, which shows that b is an integer. 
Substituting the value of b from (1) in bg—s we have 


—s=5 TI ar | 
im] 
which implies bg-—s=0 mod [Ji_, A”. 

Case II. Let p; be even. Since p/ =:+1 is odd we may apply Case I to py. 
Since, if Ant| bq—s then so does Aj, then this proves Case II. Thus (ii) 
holds and the lemma is proved. 


Proof of the main theorem. Let r be given and fp, po, ---, py be the corre- 
sponding sequence stated in the theorem. We use induction. 
The theorem is true for 7=1, since we may choose 271372578 - - - ¢ for the 


required integer where #, is the 7th prime. 
Assume then, that the theorem is true for 7=1; that is, there exist consecu- 
tive integers 


(2) k+lk+1—1,---,k+1, such thatk+i=0 mod [[ c?, 1853 


j=1 


IIA 


l 


for some c,,’s such that (c;;, cx,) =1 for k4~j. Now, (2) implies that the sequences 
(3) mk+DI—(k+D, mk+DI— (R+I—1),---,mR+D!— (e+ 1); 


m=%1,2,---> 


also have the required property, since each member of the sequence (2) divides 
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the corresponding member of the sequences (3) for every m. 


If we set 
q=(k+)), 
s=k and 
B,= A; (isisyr) 


in Lemma 4, then there exists a positive integer m’ such that 


m'(k +1)!—k =0 mod JJ 4;’. 


i=} 


By setting m=m’ in (3) we have constructed a sequence of (J-+1) consecu- 
tive integers 


having the required property. This completes the induction. 
We have now proved that for every positive integer 7 there exist m consecu- 
tive integers with the properties stated in the theorem. 


For any such sequence k’+1, k’+2,---, k’+n, the sequences 
mk’ +n)! — (k' + 72), m(R’ +2)! — (R’ +2 —1),---, mk’ +n)! — (F' 4+ 1); 
mr 1, 2, me, 


also have the desired properties. Thus there are infinitely many such sequences. 
This proves the theorem. 
In proving the theorem we have not only shown the existence of consecutive 
integers with the properties required by the theorem but have also indicated a 
recursive algorithm for constructing such sequences. 


The authors gratefully acknowledge the suggestions and generous encouragement of Dr. 
Richard F. DeMar. 
The first author is now at Ohio State University, Columbus, Ohio. 
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FUNCTION SPACES OF INVERTIBLE SPACES 


S. A. NAIMPALLY, Michigan State University 


1. Introduction. Let S be a Hausdorff space and F the function space of all 
continuous self-mappings on S with the compact-open topology ({4] p. 221). A 
question naturally arises, “if S is invertible ([2]) is F invertible?” Although this 
question is still not resolved, we propose to present in this note a few partial 
answers in that direction. 

We recall a few basic definitions. 
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1.1. Sts an wnvertible space tf for each nonempty open subset U of S, there 
exists a self-homeomorphism h of S such that hiS—U)CU [2]. 


1.2. S 2s near-homogeneous at pES tf for each open netghborhood U of p and 
each point xCS, there exists a self-homeomorphism of S such that h(x)EU [1]. 


If in the above definitions U is an element of a sub-basis of S, then S will be 
called subinvertible and sub-near-homogeneous respectively. We first prove a 
useful lemma. 


1.3. Lemma. If h 1s a self-homeomorphism of a topological space S, then the 
induced self-map h* of F, defined by h*(f)=hof for fEF, 1s a homeomorphism. 


Proof. First, h* is well-defined and since h*(f) =h*(g) for f, g@ F implies 
f=g, h* is one to one. In order to prove that #* is continuous, consider a sub- 
basis element 


W={f|fEF, SC CU} CF, 


where C is a compact and U an open subset of S. Now h*-1(W) = {g|gEF, 
g(C) Ch-(U) } which is open in S since h-4(U) is open in S. This shows that 
h* is continuous. We can similarly show that h*—! is continuous which -proves 
that h* is a self-homeomorphism of F. 


2. Properties of F. Let S be an invertible Hausdorff space. 
2.1. THEOREM. F 1s sub-near-homogeneous at each of tts points. 


Proof. Let W be a sub-basis element of S as in the proof of Lemma 1.3. If 
g€F is an element of W the theorem is obvious. If g¢ W then g(C) CU. But 
g(C) is a compact and (since S is Hausdorff) closed subset of S. By a theorem of 
[2], there exists a self-homeomorphism h of S such that h[g(C)]CU. By Lemma 
1.3, h* is a self-homeomorphism of F and h*(g) CW. 

Question. Is F sub-invertible? 

Let MCF be the subset consisting of all constant maps. If an element of M 
maps the whole of S onto a point CS we denote this map by fp. We now prove 
some properties of M. 


2.2. THEOREM. M ts closed in F. 


Proof. Let g&F—M. Then g[S] consists of at least two distinct points x 
and y. Since S is Hausdorff, there are two disjoint open sets U and V containing 
x and y respectively. The function g belongs to the open set 


{flf@) EU} OUI fO) EV} 


which clearly does not meet M. This shows that F—M is open and so M is 
closed. 
The following lemma is obvious. 


2.3. LEMMA. If h is a self-homeomorphism of S, then h*(M)=M, where h* 
ts as tn 1.3. 
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2.4. THEOREM. F 1s near-homogeneous at each point of M. 


Proof. Let fpE M and let ff, (C;, Ui) be a basis element contained in any 
given open neighborhood of fp, where (C;, U;)= {gl gGF, g(C;) CU, Ci, U; 
being compact and open subsets of F respectively}. Clearly the open set 
U=i., U; contains p and if gE F then C=U2., g(C;) is compact and so closed 
in S. Since S is invertible there exists a self-homeomorphism h/ of S such that 
h(C) CU. Then h*(g) EN?, (C;, U;) and so F is near-homogeneous at fp. 


Conjecture. lf fEF—M then F is not near-homogeneous at f. 


Acknowledgment.The author wishes to thank Professors Doyle and Hocking for introducing 
him to this subject and for support from NSF grant GP-31. 
The author is at present at University of Alberta, Edmonton, Canada. 
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CLASSROOM NOTES 
EDITED BY GERTRUDE EHRLICH, University of Maryland 


A SIMPLE EXAMPLE OF A WEIERSTRASS FUNCTION 
A. A. BLANK, New York University 


The subject of nowhere differentiable continuous functions or Weierstrass 
functions has received a great deal of attention (see Singh [1]). In consideration 
of the relative abundance of such functions there is a remarkable dearth of 
examples which are both simple in conception and simple in the verification of 
their properties. A simple numerical example was given by Swift [2]. Here we 
give a geometrical example which demands no sophistication either in its con- 
struction or in its demonstration, and is easily visualized. 

We shall define a Weierstrass function as the limit of a sequence of polygonal 
approximations. Let (x1, y1) and (x2, ye) be consecutive vertices of an approxi- 
mating polygon where x1 <x2 and y.+#y,. Let h=3(x2.—%x1) and let R=A(y2—1) 
for a fixed positive \. To define the next approximating polygon we shall replace 
the segment joining (x1, yi) to (xe, ye) by a zigzag (Figure 1) joining the consecu- 
tive vertices 


(x1, v1); (x4 + h, y2 — k), (22 _ h, V1 + k), (x2, ya). 
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(x2, y 2) 


(1: +h, y2—-k) 7 


(x2 — h, 91 + &) 


(x1, ¥: 1) 


x 
Fic. 1 


The differences in ordinate of the successive vertices are 


(1 — A)(y2 — 91), (2A — 1) (ye — 1), (1 — A) (ye — 91). 


We choose d so that the greatest absolute difference in the successive ordinates 
is u|y2—91|, where 


(1) wm=1—-dA<1. 


As we shall see, this decrease in the absolute difference yields continuity in the 
limit. 

We denote the slope of the segment joining (x1, 1) to (2, ye) by m and obtain 
for the slopes of the three consecutive segments of the zigzag, in order, 


3(1 — A)m, 3(2X — 1)m, 3(1 — A)m. 


We choose \ so that the minimum steepness of absolute slope of the three seg- 
ments is v|m| where 


(2) y = 3(1 — 2A) > 1. 


As we shall see, this increase in steepness yields non-differentiability in the limit. 

To satisfy (1) and (2) we choose any \ for which 0<A<1/3. Observe that 
under conditions (1) and (2) the entire zigzag on the open interval (x1, x2) 
remains between the lines y=, y= Ye. 

For the construction of a Weierstrass function by successive approximation 
we fix \<1/3. We begin with the segment of the line y=x for OS x1. The first 
approximating polygon is the zigzag constructed by the above method. The 
second approximating polygon is obtained from the first by using the zigzag 
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construction on each third, 1/3 Sx S$ (4 +1)/3, @=0, 1, 2), of the interval. 
We iterate the scheme by applying the zigzag construction to each segment of 
an approximating polygon in order to obtain the next approximation. Figure 2 
shows the fourth approximating polygon for \=0.3. The abscissae of successive 
vertices of the mth approximating polygon are the ternary points x,,;=1/3", 
(t=0, 1, 2, - - - , 3") and since these vertices are vertices of all succeeding poly- 
gons, they will be points on the graph of the prospective Weierstrass function. 


1.0 
r= 0.3 
n= 4 
0.5 
0 
1/3 2/3 1 
Fic. 2 


This sequential construction yields a function f defined on all ternary points 
Xn,; and we shall define the Weierstrass function as the continuous extension of 
f to all points of the interval [0, 1]. 

First, we observe that our method of construction yields for the difference 
in function values at successive ternary points of order 1 


(3) | f(s) — fens) | Su, G=1,2,---, 34), 
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where p is given by (1). For the slope of the segment joining the corresponding 
vertices, the construction yields 


fas) — Omid. 


Xn,t — Xn i~1 


(4) G = 1, 2,°:-, 3”), 
where pv is given by (2). 

Given any real number 7 in the open interval (0, 1), we set @,=%n,s-1, 
b, =Xn,; where 2 is the unique index defined by 


Mni-1 Sr < Xn 


Clearly @n412@, and bn41Sb,. As we have already observed, f(@n41) and f(bn41) 
both lie in the closed interval [f(a,), f(b.) |. (The use of this notation for the 
interval is not meant to imply f(a,) <f(0,).) From (3) it follows that the nested 
set of intervals |f(a,), f(bn) | contains precisely one real number, and this is taken 


as the value f(r). 
Given a positive e we choose so large that 2u”<e and we take 6=4-. If 


|x—r| <6 and x<r then, by (3), 
|f@) —f0)| = |f@) -—F@)| + [f@) -fO)| S 2 <e 
Similarly, if |~«—r| <8 and x>r, 
lf) —fO1 S [f@) —F6.)| + [F6n) -f@| <e 
Thus continuity is established. 


(ny f(bn)) (Bns f(bn)) 
(r, 4) : 


© f@) 


(dn, f(@n)) (Gn, {(@n)) 
(a) (b) 


Fic. 3 


Nondifferentiability is established with equal ease. First, if 7 is a ternary 
point of order n, r=i/3", then r is a ternary point of every higher order: 
r=13%/3"+k, On any neighborhood of r it follows, from (4), that no bound can 
be placed on the steepness of the chords of the graph of f with one endpoint at 
(7, f(r)). Thus f is not differentiable at any ternary point. Next, if 7 is not a 
ternary point, we have strict inequality 


Qn <r<b, 


for all m. It is geometrically clear that the steepness of one of the two chords join- 
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ing (r, f(r)) to the points (dn, f(@n)) and (bn, f(bn)) is at least as great as the steep-. 
ness of the chord C joining (dn, f(@a)) to (bn, f(bn)). If, for example, f(an) <f(0,) 
then, if (7, f(r)) lies above C the chord to (an, f(a@n)) is steeper (Fig. 3a), if 
(r, f(r)) lies on C the chords are equally steep, and if (7, f(r)) lies below C the 
chord to (0a, f(bn)) is steeper (Fig. 3b). A similar argument holds if f(a.) >f(bn). 
Analytically, we can treat all cases simultaneously as follows. We have 


| (ba) — f(r) | n | f(r) — an | , | fbn) — £0) | + [40 — flan) | 


b, — 7 1 — Qn bn — Qn 


> |fG) = fol 


) 
bn — Qn 


where the last line follows from (2). It follows that at least one of the slopes 


f(b) — fF) f(r) — f(an) 
or 


bn —? Y—- an 
is absolutely greater than 4v". Again we see that no bound can be placed on the 
steepness of the chords with one endpoint at (7, f(v)) in any neighborhood of r. 
We conclude that f is nowhere differentiable. 
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ON DEPENDENCE IN ABELIAN GROUPS 
H. SCHWERDTFEGER, McGill University, Montreal 


Let G be an additive abelian group without torsion and %, y, %1, %2°°°, 
V1, Ya, °° its elements. Small Greek letters denote rational integers; m, n, r 
are natural numbers. 

We begin with a few well-known definitions: An element x is said to depend 
on (the elements of) a set X=(%,-°-+, Xm)CG if for suitable integral co- 
efficients a0, ay: 


ax = > ayt,; in symbols: x X. 
p= 
Also X Y=(41, +--+, ¥n) if for suitable a,+40 


(1) Ayty, = » BuvV> (u = 1,2,--+-,m). 


pan] 


520 CLASSROOM NOTES [May 


The set X (or its elements) is said to be independent if from any relation 


> ™_10.%,=0 follows that o,=0, +++, &n=0; otherwise X is dependent. 
LEMMA 1. If X depends on Y: XY, and Yt+Z, where Z=(2,---, 2) CG, 
then XZ. 


REMARK. It appears that this transitivity is usually taken for granted (cf. 
P. et M. L. Dubreil, Lecons d’algébre moderne, 2nd ed. p. 279; L. Fuchs, 
Abelian Groups, p. 32-33; A. G. Kurosh, The Theory of Groups, p. 139); since 
it is not entirely trivial, a proof is given in this note. 

Proof. According to the supposition we have (1) and 


(2) CvV> = > Yvpepy By al 0, (v = 1, 2, me fy n). 
Let B=L.C.M. [61,---, Ba] =6’B1=6"B2= +--+ =B™B,. Then by (1) and (2) 


Boyt, = » BwB™ By = » D, Bu + Yvp%p = » OupSp- 
vex] 


y=] p=1 p=1 
Thus, since Ba,+0, it follows that X} Z. 
DEFINITION. X 1s equivalent to Y, in symbols: X|I-Y, if 
Xt VY and VX. 
By Lemma 1 equivalence is transitive: If XI—lY and YI-1Z then X|—IZ. 
LEMMA 2. If X 1s independent and XY, then mn. 
Proof indirect. Assume that nm S$m—1 and therefore 


—1 
Cyt, = De Buns a, # 0 Qu=1,---+,m). 


pox] 


Integers &, -- + ,é&,, not all zero, can be found so that om £48 w = 0 (as solution 
of m—1 linear homogeneous equations in m unknowns) and hence 

™m 

a Eup, = 0. 

pol 


Since the x, are independent we conclude £,a, = 0, in contradiction to the assump- 
tion. 


Now follows easily the so-called 


STEINITZ REPLACEMENT THEOREM. Let XCG be independent and X\|-Y. 
Then msn and m of the elements y1, +++, Yn of Y can be replaced by the m ele- 
ments X1, °° + ,Xm of X whereby Y ts changed into a set Y™|—LY. 


Proof by induction. If m=1, x10 and ax1= 90%, By, a¥0, as nZ=1, at 
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least one 8,y,340; say B1yi10. Then 
B1y1 = 1X1 — >» BvYy3 
Pun? 


thus y1, and hence Yt (x1, yo, - + > , Yn). 
By Lemma 2, n 2m and we may assume that in (1) BnmVm 0. For the induc- 
tion we suppose that 


(3) YOm-l) = (41, + + +, Xm—1y Ymy Yn) FY. 
By (1); Bam¥m= —BmiYi— + + + —BmmAYm— 1 OmXn ~ Bmm1Imti— + + —Binnn 
where an~0 so that 
Ym (y+ Ymaty Xm) Ymtty ** + Yn) = Y! 
and x» really occurs. Further, by (3), (41, °° >, ¥m-1) EH Y“-»; therefore 
Y’ & (x1, © 2+ Xmy Vn) Vets °° > Vn) = y’ 


and also ym Y”’ other than by the trivial relation yn=ym whence 
Ym -- (x1, nen | Xm; Xm+1; ne | Vn) —= Yo), 


Thus Y’+ Y’+ Y™ and so, by Lemma 1, Y’F Y™, On the other hand 
Y}~Ye-D- VY’ so that YE Y’. Therefore Yk Y™, Since obviously Y™ - Y, 
the theorem is now proved. 


SOME EXTENSIONS OF THE INTEGRAL TEST 
G. T. Carco Syracuse University 


1. Introduction. It seems natural to inquire whether or not, in the Maclaurin- 
Cauchy integral test for the convergence of an infinite series, it is sufficient to 
assume that the function in question is of bounded variation instead of positive 
and decreasing. Some fifty-four years ago, G. H. Hardy [3, p. 127] proved that 
such a condition is, indeed, sufficient provided that the function possesses a 
continuous derivative. The main purpose of this note is to eliminate Hardy’s 
smoothness requirement, but we shall proceed toward this goal at a rather 
leisurely pace in order to acquire some historical and mathematical insight. 


2. Background. For the sake of completeness, we now prove Hardy’s theo- 
rem (in a somewhat modified form) as well as a closely related result due to 
R. W. Brink. 


THEOREM 1 (Harpy). Let f be a nonnegative function which ts defined and 
has a continuous derivative on [0, ©). Then ip, f(k) and {°f(t)dt converge or 
diverge together provided 


(1) J lrole< co 
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Proof. Denoting the greatest integer not exceeding ¢ by [t] and using ele- 
mentary properties of the Riemann-Stieltjes integral, we obtain, for each posi- 
tive integer 7, 


Sse) — f “soa =f soa — J soe 
= {road -8 


-- fl ]— 4} af 


- in (1 LA} @ a. 


Consequently, 
(2) Die) - foals [rola @=12---), 


which, in virtue of (1), completes the proof. We note, incidentally, that (2) is 
closely connected with the Euler summation formula (cf. [1, pp. 201-202)). 

In 1919 R. W. Brink [2, p. 42] observed that Hardy’s theorem is an im- 
mediate consequence of the following simple result. 


THEOREM 2 (BRINK). Let f be a nonnegative function defined on |0, ©) which 
is Riemann integrable over the interval [0, r] for each positive number r. Then 
> gui f(k) and [5 f()dt converge or diverge together provided 


(3) Dsup {|/@) -fO|:k-1stsk} <= 


= f° 4 =|> 


Sens) -sold— tee 


Proof. Since 


7) - f(} at 


(4) 


holds for each positive integer 2, the desired conclusion follows at once from (3). 

The interested reader should encounter no difficulties in proving that: (a) 
Theorem 2 implies Theorem 1; (b) Theorems 1 and 2 are, indeed, generaliza- 
tions of the integral test. 


3. An intermediate result. If one is willing to retain the assumption that the 
function is nonnegative, then it is easy to establish the desired extension of 
Hardy’s theorem. 
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THEOREM 3. Let f be a nonnegative function defined on [0, ©). Then > x.) f(R) 
and Jo f(t)dt converge or diverge together provided 


(5) sup {Vofin = 1,2,---} < 0, 
where Vof denotes the total variation of f on [0, |. 


Proof. Let ~ be a fixed positive integer, let e bea positive real number, and, 
for each integer k satisfying 1k Sz, select a point & in the interval [k—1, k] 
in such a way that sup} | f(2) —F(0)| ; k-1Stsk} <e/n+|f(R) —f (te) |. Then 
it follows from (4) that 


Dio - f "40 a <e+ O11) — 0) 


k==1 


<e+ > {1 fu) — fe -1)| + 17) — FH) |} 


Se+ Vof; 


since this inequality holds for each positive number e, we conclude that 


x 7k) J "p(d) dt 


kel 


<Vof (n=1,2,---:), 


(6) 


from which the desired result follows at once. 
If in Theorem 3 we also assume that f is continuous, then (6) follows from 
the fact that, for each positive integer n, 


Sve - f 4) dt| =| — J “(i — a ao! s vir 


al 
We now present still another proof of Theorem 3 which is connected with 
numerical analysis and may be of some interest to the reader. 
If a function f is Riemann integrable on a finite interval [@, b], then the 
sequence of Riemann sums 


“xs 


13 k=1 


2) (n= 1,2,-++) 


converges to the limit [?f(x)dx as m approaches infinity. It is meaningful to ask 
what are sufficient conditions on f in order that the sequence of Riemann sums 
converge with a certain specified rapidity (cf. [6, pp. 36-37 ]). That this question 
is related to extensions of the integral test is perhaps best seen by means of the 
following result due to Pélya (cf. [6, p. 37]): If a function g has finite total varia- 
tion V on [0, 1], then 


Lf se) ae = 1/m) 3 elb/m)| SV), wm 4,2,0°-) 
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Now, if f is a function satisfying condition (5), then 


J "H) dt — Sf) = 0 J f(nx) de — > 1) 


k=1 


off sx(a) de — (1/m) & galh/n) | 


ken] 
where g,(x) is, by definition, equal to f(nx) for all x in [0,1]. Since Vig, = V2, 
(6) follows from Pélya’s result. 


4, The final result. We now state and prove a sharpened version of Theo- 
rem 3. 


THEOREM 4. If f is a@ real-valued function defined on [0, ©) such that 
sup { Ver: n=1,2,-++}<0, then Di, f(k) and Jof(dt converge or diverge 
together. 


Proof. The plan of the proof is to express f in the form f1—f, where f,; and fp 
are nonnegative, nonincreasing functions on [0, ©), and then to prove that the 
difference 


(7) J "¢() dt — > 18), 


which we denote by d,, converges as ” approaches infinity. 

To this end, let P(x) and N(x) denote the positive variation and negative 
variation, respectively, of f over the interval [0, x], and denote 
sup {| V?f:n=1,2,--> \ by V. Then define fi and f, by the equations 


fila) = V + f(0) — W(x), 
fo(z) = V — P(x) 
if f(0) 20 and by the equations 
filx) = V — N(x), 
fax) = V — f(0) — P(x) 


if f(0) <0. The reader can easily verify that f=/,—f, and that f, and f. are both 
nonnegative and nonincreasing on [0, «). 

Next, suppose that g is a nonnegative, nonincreasing function defined on 
[0, ©), and let 


An = fe) t= Da (n = 1,2, +++), 


Since Anyi—An= nt 1(t)dt—g(n+1) 20, {An} is a nondecreasing sequence. 
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The obvious relation 


% n—1 k+1 n—1 
J g(t) dt = g(t) dt S >) g(k) 


k=0 k k==0 


implies that A, <g(0) —g(”) $g(0) (n=1, 2, +++), and, consequently, the se- 
quence {A,} converges. 
Writing (7) in the form 


{J na -Sn@} - 4 [poe > fe} 


k=1 


and letting fi and f, play the réle of g, we see that lim,..., d, exists. 
If fo f(t)dt converges, then so does 50, f(R) since 


LHe) = J 4 de ds (n= 1,2,--+-). 


Conversely, suppose that > 2%, f(%) converges. Since f=f,—fo where fi and f, 
are nonnegative, nonincreasing functions on [0, ©), lim;... f(#) exists and is 
equal to 0. This last fact, in conjunction with the existence of lim,... /?f(t)dt, 
implies the convergence of /{ff(t)dt, as desired. 


5. Conclusion. We observe that (2), (4), and (6) give bounds on the absolute 
value of the difference (7) which hold even in the event of divergence. A knowl- 
edge of such bounds is often important for applications. For an example of a 
situation in which an extension of the integral test is employed, we refer the 
reader to a recent paper of D. J. Newman and H. S. Shapiro [5, pp. 251-252]. 

In conclusion, let us note that we have not stated results in their most gen- 
eral forms (e.g., for complex-valued functions) and that we have studiously 
ignored the question of integral tests for double series (cf. [4, p. 111]). 


This work was supported by the National Science Foundation through Grant GP 1086. 
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AN URN PROBLEM RELATED TO THE BALLOT PROBLEM 
S. G. Monuanty, SUNY at Buffalo 


The urn problem. Let an urn be given which contains m cards, marked with 


nonnegative integers ki, ke, +++, Ra respectively where 2,-+2.+ -- - +k,=k 
and 0 $k<n. Suppose that all the cards are drawn without replacement from 
the urn. Denote by v; (j=1, 2, - - - , 2) the number on the card drawn at the jth 


draw. What is the probability that 
Vitvet--++y <r forr=1,2,---, n? 
It is shown in [6] that 
k 


(1) Pin trt- ++ +y <7 forr=1,2,---,n} =1—-—, 
nN 


a particular case of which is the classical “ballot problem.” The same result has 
been derived by elegant combinatorial approaches in [1] and [3]. We shall ob- 
tain (1) by an elementary lattice path representation of the problem. 


An interpretation. Let N{S} denote the number of elements in S. Then 


WY Dre <r for r= 12,0250 Dn = a 
i=1 i=1 
=) SS 1-1 for r= 1,2,---4n n= a 
i=1 i=l 
(2) ; n 
=} Xo G41) SO 1 for r= 1,2,---5 D+ 1) = + wh 
i=l i=1 


YS vf =ktat, 


t=1 


= NY Dol sr 1 for r= 1,2,--- 0 


t=] 


where v/ =p;-+1. 

When k=1n, the set is empty and hence we restrict our discussion to the case 
where OSk<n. Among nonnegative integers 1, ko, ---, Rn, let there be 1 
ZerOoS, Nz ones, and so on. Then > inii=k. It can be immediately seen from the 
definitions of compositions of an integer and the relation of domination defined 
on the compositions [5] that (2) is the number of n-compositions of m with 
given components of m1 ones, 72 twos, and so on, such that >on, =N, > ing =m, 
where nSmSX2n—1, dominated by the n-composition 


(1, 2, 2,--+,2) of 2n — 1. 
Nan pn 
n—1 


A lattice path representation. We provide below an alternative proof of (1) 
by using a correspondence between the urn problem and a set of lattice paths. 
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Let us represent the sequence (v1, v2, - - - , Yn) of numbers on the z cards drawn 
from the urn by a minimal lattice path in the following manner: (1) the path 
starts from the origin; (2) for every j, v; represents one horizontal unit followed 
by v; vertical units and the section of the path contributed by v; starts where 
the section of the path contributed by v;_1 ended. 

For instance, the path represented by (0, 0, 2, 1) is from A(0, 0) to P(3, 4) 
as shown in Figure 1. Note that the path from P to Q is a repetition of the path 
from A to P. 


A 


0,0) B eC 
Fig. 1 
It is obvious from the representation that the set "1 +pyo+--- +p, <r for 
r=1,2,---, n} is in 1:1 correspondence with the set of lattice paths from 


(0, 0) to (m, k) (where 


k= > >», and 0Sk S72) 
i=1 
with any order of (¥, v2, - + +, Yn) as vertical components such that no part of 
any path touches the line x= except at the origin. 

We use a method similar to that of the penetrating analysis described in [4] 
for determining the required probability. 

In the above example, any 7-unit segment path starting at either A or B 
or C or D represents a sequence of numbers which is a cyclic permutation of 
(0, 0, 2, 1). Think of the path A PQ as an opaque screen and imagine an infinitely 
distant light source in the positive direction of the line x =y. Then A is the only 
lattice point among A, B, C, and D which would be in the light and therefore 
the path starting from A is the only one which would not touch the line x= y, 

In general, the total number 7! of paths can be grouped into (7 —1)! classes, 
each consisting of ~ paths which are obtained by cyclic permutation of each 
other. Out of 2 points, which are the starting points of the m paths, obtained 
as cyclic permutations of each other, k points would be in the shade and conse- 
quently x—k points would be in the light. If k<n, each of these points is the 
beginning of an (~+)-unit segment path which will not touch the line x=y. 
Thus the probability is (n—k)/n. For k=n, the result holds trivially. 

Referring to the definitions of a cyclic set of random variables and an ex- 
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changeable set of random variables in [2], we remark that the above method 
helps us to prove (1) essentially for a cyclic set of nonnegative integer-valued 
random variables 11, v2, - - +, Yn. It is the same result as (1.3) in [2]. Since (1) 
is independent of the permutations of the random variables, it is therefore true 
for an exchangeable set of nonnegative integer-valued random variables v1, 
Vo, +++, Uns 


CoROLLARY. If wis a positive integer, and OSpk Sn, then 
r—i uk 
PHr beet sh <[ =] 41 for r= 12-0050 ={-——. 
be 


The proof is obvious by noting that 


— 1 
Piatt tes! |+ for r= 1,2,-++, nb 
Me 


l 


— 1 
Ploitmt stn) 3" [for r= 1,2, ++, wt 


v 
PluGQitve+t:-+++y») Sr—1 forr=1,2,---,n} 


k 
1——, since wor + ve tees bo) = 
n 
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NEW GEOMETRIC REPRESENTATION OF AN OLD INFINITE SERIES 
A. FEINGOLD, University of Missouri at Rolla 
A familiar infinite series is 
(1) 1—1/2+ 1/3 —1/44+ 1/5 —1/6+ —--- = log 2. 
From (1) follows 
(2) 1/2 + 1/12 + 1/30 + --- = log 2. 
The area bounded by the curve y=1/x, and the lines x=1, x=2, and y=0 


1966] CLASSROOM NOTES 529 


is therefore equal to the sum of the series 
1/24+1/12+1/30+---+ 


The terms in this series can be represented by rectangles having, respectively, 
areas 1/2, 1/12, 1/30, etc., as shown in Fig. 1. The line J’/ is drawn first, creat- 
ing the rectangle WJ’JZ of area 1/2. Then AJ’ is bisected at EH’, and the lines 
E'E and ET are drawn to form the rectangle J’E’ET of area 1/12. Now, two 
horizontal lines through G’ and C’ bisect E’J and AL’, respectively, leading to 
formation of rectangles QOGUT and C’CNE’ when GU and CW are drawn. The 
area of OGUT is 1/30 and that of C’CNE’ is 1/56. The bisecting can be repeated 
indefinitely, always proceeding upwards in the construction of the rectangles, 
and the result is easy to foresee. Fig. 1 shows the next step and is self-explan- 
atory. 


Y=1/X 
A(1, 1) 


“es ew ww ow 


_ H(16/9, 9/16) 
J(2, 1/2) 


W (i, 0) Z(2, 0) 
Fre. 1 


Proof that the areas of rectangles obtained in the above manner continue to 
represent the successive terms of series (2) indefinitely. 


Let us take a generic point on the curve y=1/sx. Let its coordinates be p/q 
and q/, p and g being mutually prime and p being equal to 2", while q is equal 
to 2”—m, where m and 7 are integers and m32*—'. This generic point is now a 
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corner of one of the rectangles formed in the manner explained above. The other 
three corners have coordinates 


(p/(q + 1), (¢ — 1)/9), 
(p/(q + 1), 9/2), 


respectively. The sides of this rectangle are p/g—p/(q+1)=/q(q+1) and 
qg/b—(q—1)/p =1/p. Thus the area is equal to 1/q(q-+1). A little reflection shows 
that the denominator g of the x-coordinate of our generic point goes through all 
the odd numbers as the point itself is made to coincide in Fig. 1 first with J, 
then with E, G, C, H, F, D, etc. Therefore the largest rectangle has the area 
1/1-2, the next largest 1/3-4, etc. 


aN B(9/8, 8/9) 


C(5/4, 4/5) 


a 
aN 


1 (15/8, 8/15 
EO HG 12) 


'W(1, 0) a Z(2, 0). 
Fic. 2 


A second representation of the same series is obtained using the subdivision 
shown in Fig. 2. The proof is similar to the one given above and is therefore 
omitted for brevity. 

Another well-known sum is 


r/4=1—-1/3+1/5 -1/7+1/9-1/l4 + —---, 


1966] MATHEMATICAL EDUCATION NOTES 531 


and therefore 
w/4 = 2/3 + 2/35 + 2/99 +.---., 


The author has not found to date any geometric representation of the second 
series along the lines demonstrated above. 
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All material for this department should be sent to John R. Mayor, 
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AN AFRICAN EDUCATION PROGRAM 
Huca P. BRADLEY, Educational Services, Inc., Newton, Massachusetts 


In 1965 Educational Services Incorporated initiated two new activities under 
its African Education Program. In February, in Kano, Northern Nigeria, a 
conference of African, American and British educators during a five day dis- 
cussion took the first steps in starting an African Elementary Science Program 
aimed at creating science units designed for use in African elementary classes. 
It was planned that the science teaching units should be suitable to the African 
economics and localities, and emphasize questioning and practical work and use 
of materials and “things” as opposed to the traditional rote learning from teach- 
ers and books. Later in the year, at Entebbe, Uganda, in July and August a 
similar multiracial group at a six-week Workshop produced—in various stages 
of teaching readiness, some twenty-two experimental units for trial teaching in 
African elementary schools. 

To supervise this local trial teaching and to assist in encouraging local 
adaptations of the Entebbe science units, the new African Elementary Science 
Program is co-operating with African Ministries of Education and Universities 
in setting up Science Centers which will undertake local control of the reform 
of the science curriculum. So far two Science Innovators, Mr. William S. War- 
ren, Jr., and Mr. Michael B. R. Savage, have been appointed to Science Centers 
in Nairobi and Nsukka respectively. Plans are well advanced for additional 
centers in Tanzania, Malawi and Mid-West Nigeria. It is anticipated that some 
ten or more of these centers will be set up in the next two years. 

In the meantime plans are progressing for a second Workshop to be held— 
in Dar Es Salaam, Tanzania—in the summer of 1966. 

In its second new venture, under its African Mathematics Program, E.S.I. 
is about to undertake the first main stage in making possible the full use of 
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modern mathematics in African elementary and secondary schools. The Ford 
Foundation has agreed to support a two-stage Institute which is aimed at mak- 
ing available to the countries participating in the Mathematics Program, a core 
of people knowledgable about modern mathematics, able to evaluate programs 
in modern mathematics, and capable of undertaking the training of other tutors, 
teachers and students in the content of modern mathematics courses and the 
activity methods involved in teaching them. Another aim of the institute is to 
make available materials which will enable this small group of key people to 
undertake the training of others at a lower level of mathematical ability. Each 
participating country is being invited to send to the Institute three senior 
mathematics tutors who will continue to be involved in teacher training work 
in the future, and one Ministry official likely to continue to be involved in the 
supervision of mathematics teaching in the schools. It is proposed to give these 
two sets of educators parallel courses beginning with a four-week course in July 
1966, continuing by means of correspondence work and seminars during 1966 
and 1967, and a second four-week course in July 1967, followed by more cor- 
respondence work into 1968. 

Ten African mathematicians from African universities have been invited 
to assist in the Institute as seminar and discussion leaders and as controllers 
of the on-going correspondence work in 1966/67/68. They will also be doing 
some research work in their own mathematical specialty in conjunction with 
Professor A. Gleason of Harvard University, who will be the main lecturer. 
Professor D. E. Richmond of Williams College, Professor B. J. Pettis of the 
University of North Carolina, Chapel Hill, and Dr. Grace Alele Williams of 
Lagos University, Nigeria, will be the other lecturers at the Institute. 

In the meantime the main program is continuing to produce experimental 
material for African elementary and secondary schools and for teacher training 
colleges. Last year at the Workshop held in Mombasa, Kenya, African and 
American educators and mathematicians wrote additional experimental text- 
books for the series which is being tried in nearly eight hundred schools in the 
ten participating countries. By the end of 1965 experimental textbooks were 
available for the first four years of the elementary and the first four years of a 
five-year secondary course, and three volumes for teacher training colleges. 
Evaluation materials for the secondary and primary classes have also been pre- 
pared and are at various stages of pre-testing. In addition, in 1965 an experi- 
mental textbook for the first year of a four-year secondary course was produced. 
Finally, the Mathematics Program has been organizing teacher training insti- 
tutes at which teachers are trained to use the experimental textbooks and super- 
visors are introduced to the “new” mathematics. Over the Christmas 1965 and 
New Year 1966 period, Institutes were held in Zambia, Tanzania (2), Nigeria 
and Liberia. 

A changing feature of these institutes is that local personnel are now becom- 
ing available to assist in the lecturing, and in two cases it has not been necessary 
to send lecturers from the United States. If this trend can be accelerated by the 
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ABC Institute the program will be able to devote its full energies to the larger 
task of assisting the countries to prepare their tutors and colleges for the train- 
ing of teachers for the full use of modern mathematics materials throughout the 
school systems. 


SECONDARY SCHOOL MATHEMATICS CURRICULUM IMPROVEMENT STUDY 
H. F. Feur, Teachers College, Columbia University 


Through a grant given by the U. S. Office of Education, Teachers College, 
Columbia University will inaugurate an experiment in curriculum construction 
in secondary school mathematics. A new detailed syllabus for a unified six-year 
program of mathematical education, grades seven through twelve, will be de- 
veloped. The construction is to be free of any restrictions of traditional content 
or sequence. The syllabus is to encompass all the mathematics that is now con- 
sidered essential through a first year university program, specifically the funda- 
mental structures of number systems and of algebra, linear algebra, probability 
and its applications, mathematics related to computers, and the calculus (anal- 
ysis). 

From the syllabus complete textual material will be written by mathe- 
maticians and well-informed educators for use in a small number of pilot classes 
where the experimental teaching will be done by scholarly teachers. It is pro- 
posed not only to create a practical curriculum, but also to determine the teacher 
education in mathematics and in pedagogy necessary for the successful teaching 
of the program, and to develop tests and testing techniques to determine the 
extent and depth of mastery of the materials that are taught. 

The experiment is under the directorship of Professor Howard F. Fehr, 
Teachers College, Columbia University. The major consultants for the program 
are Professor Marshall H. Stone, University of Chicago; Professor E. Ray 
Lorch, Columbia University; and Dr. Julius H. Hlavaty, National Council of 
Teachers of Mathematics. In June 1966, a group of eight outstanding mathe- 
maticians from the U.S.A., four distinguished European mathematicians, who 
have played a major role in creating modern, unified curriculums in their own 
countries, and four mathematical educators will meet to produce the proposed 
syllabus, based on a previously prepared position paper. During the summer of 
1966, the textual material for grade seven will be written, and twenty-five 
teachers will be given 100 hours of preparatory training—50 hours in basic 
mathematical theory and 50 hours in the pedagogy—of the proposed materials. 
During the 1966-1967 school year, ten pilot classes (seven seventh grades and 
three eighth grades) will be taught, each class having two teachers. During this 
period the entire program will be subject to testing and analysis. At the end of 
the first year of teaching, a detailed report will be given to the mathematical 
profession. 

It is the expressed hope to continue the experiment year by year throughout 
all high school grades. 
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ASSISTANCE FOR STUDENTS GIFTED IN MATHEMATICS 


Teachers of high school students extraordinarily gifted in mathematics fre- 
quently arrange conferences for these students with a mathematician at a col- 
lege or university in the vicinity. In communities where no college or university 
is easily accessible, teachers are invited to contact the School Mathematics 
Study Group Committee on the Extraordinarily Gifted Student for assistance 
in arranging individual study in mathematics for such students. 

Address requests to: Committee on the Extraordinarily Gifted Student, 
School Mathematics Study Group, School of Education, Stanford University, 
Stanford, California. 


BRIEF COMMENT 


Report on In-service Training for Teachers of Mathematics, issued by the 
Joint Mathematical Council of the United Kingdom, London, June 1965. 


The Joint Mathematical Council of the United Kingdom, a council of rep- 
resentatives from various British mathematical associations and societies, in an 
effort to improve the in-service training of school mathematics teachers, has 
issued this report. It is felt that although present efforts are laudable, they do 
not reach enough teachers, and an expansion of such a program on a more 
organized basis is necessary. 

With the understanding that the number of teachers who require immediate 
help is large, that all teachers of mathematics require such training throughout 
their teaching careers, that time must be provided to allow the teacher to pursue 
such programs, that there is a shortage of adequately trained people to organise 
and staff such in-service training programs, and that there should be constant 
interchange of information between teachers and organisers of these programs, 
the Council has made the following recommendations: 

“I. That as a matter of urgency facilities be provided within the school structure for serving 
teachers to develop their knowledge and efficiency, preferably by setting up Mathemat- 
ics Centres under Local Education Authorities. 

II. That each Institute of Education set up an Advisory Unit to assist all the agencies help- 
ing the in-service training of teachers of mathematics within its Region. 

Ill. That a permanent sub-committee of the Schools Council for the Curriculum and Exami- 
nations be set up to work for the development of in-service training facilities for teachers 
of mathematics. 

IV. That a National Information Centre be established to provide 
(a) a communication link between all people concerned with the teaching of mathematics 

in schools; 
(b) a source of information on all developments and publications in the field of mathe- 
matical education.” 


Copies of this report were distributed by The Mathematical Association, 22 
Bloomsbury Square, London, W.C. 1, England, as one of the constituent so- 
cieties of the council. 
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Emotional Perils of Mathematics, DoNALD R. WEIDMAN, Letter to the Editor 
of Science, September 3, No. 3688, 149 (1965) 1048. 


This is an unusually perceptive letter detailing some of the personal problems 
that mathematicians face when they devote themselves to mathematical 
research. The writer classifies the problems under four headings: the need for 
total involvement, frustration at obtaining no results, lack of appreciation, and 
self-dissatisfaction. He contrasts the problems that the research mathematician 
faces with problems that researchers in other fields face; and points out that 
the experimentalist has at least, as the results of his efforts, some data which 
have some meaning, whereas the mathematician may have nothing whatever 
after the expenditure of great effort. This letter ought to be required reading for 
graduate students who contemplate a career devoted to mathematical research. 


Basic Library List. Committee on the Undergraduate Program in Mathematics 
of the Mathematical Association of America, 1965. 


“This list of some 300 books, from which approximately 170 are to be chosen 
to form a basic library in undergraduate mathematics, is intended to do the 
following: 

1. Provide the student with introductory material in various fields of mathe- 
matics which he may not have encountered previously. 

2. Provide the student, whose interest has been aroused by his teachers, with 
reading material collateral to his course work. 

3. Provide the student with reading at a level beyond that ordinarily en- 
countered in his undergraduate curriculum. 

4. Provide the faculty with reference material. 

5. Provide the general reader with elementary material in the field of mathe- 
matics.” 

The list was produced over a period of several years through a combined 
effort, first by the Library Committee, and then by the Advisory Group on Com- 
munications of CUPM. It should be in the hands of every department chairman, 
and of such other faculty members as are interested in providing minimum 
library facilities in their field. Copies of the list are available at no cost from 
CUPM, P.O. Box 1024, Berkeley, California 94701. 


The Entebbe Mathematics Workshop Summer 1962, ONYERISARA UKEJE, 
in A Report of an African Education Program, Educational Services Inc., 
1965, 17-19. 


The aim of the workshop, as it evolved, was “to make available to African 
countries several new discoveries and new changes that have taken place re- 
cently both in the content and the method of teaching school mathematics. The 
emphasis in method was to be on discovery.” The workshop is an interesting 
and encouraging instance of cooperation among American professors and 
teachers of mathematics; British officials, professors, and teachers of mathe- 
matics; and African government officials, lecturers, and teachers of mathe- 
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matics. The production of the group encompasses material at both the primary 
and the secondary level and includes as well some objective testing material. 
“The Secondary and Primary materials are currently being tried out in several 
schools in West and East Africa with very encouraging reports thus far.” 


The Entebbe Mathematics Workshop Summer 1963, JoHN O. OvELESE, 
in A Report of an African Education Program, Educational Services Inc., 
1965, 20-24. 


The report details the efforts of a group of American, British, and African 
educators, officials and mathematicians to further the work of the 1962 Entebbe 
Workshop in producing materials for both primary and secondary grades, for 
testing, and for teacher training institutions. “For the first time an attempt was 
made to translate the Primary teachers’ guides into Swahili, the language used 
over a large area of East Africa. The important lesson learned from the transla- 
tion was that care should be exercised in writing the teachers’ guides, and that 
only words which do not present any conceptual difficulties should be used.” 

“Africa has been rather fortunate to have the Entebbe Workshops. We are 
in the forefront of experiments going on in various parts of the world in the 
teaching of the ‘New Mathematics.’ In the past our ideas for the development of 
education came to us through Britain; and although developments in the teach- 
ing of mathematics are being made in Great Britain at the present time, it 
would normally have taken several years for these new ideas to reach the En- 
glish-speaking countries in Africa. Now we do not need to lag behind; we can 
move forward together.” 


The Entebbe Mathematics Workshop Summer 1964, Cyrit N. Oxost!, in A 
Report of an African Education Program, Educational Services Inc., 1965, 
25-29. 


The report gives further information on the work begun by the 1962 and 
1963 Entebbe Workshops in developing material for use in African schools both 
at the elementary and secondary levels, as well as testing materials and teacher 
training materials. “The aim of Entebbe project has been to make mathematics 
teaching and learning in African schools more interesting and more meaning- 
ful.” Reports were also received on the use of the materials produced earlier in 
African schools. In general these reports seem quite favorable regarding the 
products of earlier workshops. For example, “it was hoped that in seven to ten 
years’ time Entebbe mathematics would be used throughout Tanzania.” Or 
again in regard to an institute held in January at Nsukka, Nigeria, “the insti- 
tute was a huge success.” Some difficulty seems to have developed in planning 
the secondary school geometry program, but agreement appears to have been 
reached on the direction this program should take. At this point three years of 
materials for primary grades, three years of materials for secondary grades, and 
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three volumes for teachers’ training schools are available as the result of the 
Entebbe Workshops. 


African Mathematics Program: Tutor and Teacher Training Institutes De- 
cember, 1963 to February, 1965, STANLEY D. WEINSTEIN, in A Report of an 
African Education Program, Educational Services, Inc., 1965, 36-46. 


This is “a brief report of fourteen courses conducted by Educational Services, 
Incorporated in tropical Africa between December, 1963, and February, 1965. 
The objective of these courses was to familiarize training college mathematics 
tutors and primary school teachers with the new approach to mathematics 
using as an example the textual materials written at the Entebbe Mathematics 
Workshops of ESI.” Comments from both participants and lecturers are given 
at some length, and the general flavor is one of considerable enthusiasm; the 
institutes seem to have generated considerable pressure in several African 
countries toward marked alteration in the school mathematics curriculum and 
for the early introduction of the “new mathematics.” Educational Services 
Incorporated is seeking funds in order to carry out a rather extensive program 
for further institutes of this kind in order to further re-education in mathematics 
in the shortest time possible in Africa. 


PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Bloomfield College 


COLLABORATING EDITORS: J. BARLAZ, Rutgers—The State University; L. CARLITz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. EvEs, University of Maine; 
A. E. LIVINGSTON, University of Alberta; and A. WILANsky, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, Bloomfield College, Bloomfield, N. J. 07003. Proposers of Problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to 
Professor Starke. 


ELEMENTARY PROBLEMS 


All solutions of Elementary Problems should be sent to A. E. Livingston, University of 

Alberta, Edmonton, Canada. To facilitate their consideration, solutions of Elementary 

Problems in this issue should be submitted on separate, signed sheets and should be mailed 

before September 30, 1966. 

E 1885. Proposed by D. E. Daykin and C. J. Eluezer, University of Malaya, 
Kuala Lumpur 


For which continuous functions f(x) do we have 


f(a1) fF (a2) fn) 
ay ae 7° * Gy 


IV 


1, 
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for all positive real numbers a, - - - , @, with product aja, - + -d,=1? 
E 1886. Proposed by W. M. Sanders, Lawrence University, Appleton, Wis. 


Show that if ax?-+by?+-cz?-+ 2fxy + 2g2x + 2hyz+2rx+2sy+2iz+d=0 repre- 
sents two distinct planes, then the matrix 


a fgr 

b hk 
g=|' ° 
g h ¢ ft 
y s t d 


is not the adjoint of any matrix. 


E 1887. Proposed by Simeon Reich, Hatfa, Israel 


Let I, O, H, M, respectively, denote the incenter, circumcenter, orthocenter, 


and centroid of an acute-angled triangle ABC. Show that 
AM?+ BM?+CM? AH-BH-CH <3 
AO? + BO? + CO? AI-BI-CI ~ 


with equality if and only if the triangle is equilateral. 


E 1888. Proposed by C. C. Lindner, Coker College, Hartsville, South Carolina 


Prove that if ~>2, then a(n) 3/2, where a(m) is the sum of divisors of x. 


E 1889. Proposed by Joseph Arkin, Spring Valley, N. Y. 


Prove: The sum of 2? squares (>.72, y2) can always be expressed (in an 
infinite number of ways) as the quotient (72, A?/>_™, x9) of two numbers, 
each of which is a sum of 2? squares (p=0, 1, 2,---). 

E 1890. Proposed by Emanuel Vegh, U. S. Naval Research Laboratory. 


If m and n are given integers greater than one, show that there exist positive 
integers Ni, Ne, - +--+, Nm—1 such that 


m—1 
J/m=14+ 0) (YN; — VN — 1). 
i=] 
E 1891. Proposed by A. E. Livingston, University of Alberta 


Let f be a number-theoretic function, and set 


F(n) = 2, HAfln/a) (n — 1, 2, 3, 7 ). 


If f is multiplicative (i.e., f(mn) =f(m)f(n) when (m, n) =1), it is easily verified 
that F is also multiplicative. Prove the conditioned converse: If f(1) =1 and 
F is multiplicative, then f is multiplicative. (Compare with the well-known 
Theorem 6-8 in W. J. LeVeque, Topics in Number Theory, vol. 1, p. 88.) 
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E 1892. Proposed by Melvin Hausner and Paul Magriel, New York Unver- 
sity. 

An experiment has 2 possible outcomes g;, each with probability p;>0, 
> pi=1. The experiment is repeated for as many times (IV) as necessary until 
all of the different outcomes occur. What is the expected value of WV? 


E 1893. J. H. Reid, Andover, England 


Imagine a square lattice with ab vacant holes each one unit distant from 
its nearest neighbors. There exists an unlimited supply of » different species of 
atom, which repel each its own kind, and they are indistinguishable from one 
another for the purposes of this problem. How many arrangements exist so that 
no two atoms of the same species have to occupy adjacent holes? 


E 1894. Proposed by K. E. Whipple, Auburn University 


A student thought that the inverse of a function is the same as the reciprocal 
of the function. Are there any functions for which this is true? Considering only 
real valued functions that are continuous everywhere except zero, characterize 
those functions f for which f-1=1//. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
E 1714 Returns 


E 1766 [1965, 315]. Proposed by Stanton Philipp, Long Beach, California 
For positive integers ~ and x define N(x) to be the number of positive 


integers d such that (1) d divides x and (2) xSd*?Sn?. Prove that as no, 
n-? >", Nn(x) approaches 3. 

Solution by T. M. Apostol, California Institute of Technology. Let S denote 
the set of lattice points (x, d) satisfying the conditions d| x,xS@’Sn’?,1SxSn’*. 
Then we have 


> N(x) = > 1. 
tal (x, d)ES 
Since d| x, for each (x, d) in S we can write x =qgd with 1<qSd, and we find 


n d n 1 
>» 1= Dd aw TN as m—> 0, 


(2,d)ES d=al g=1 d=1 2 


Note that if a weight f(x/d) is attached to each lattice point (x, d) in S the 
same argument gives 


n a n 
LX fe/d = 2 LF = 2, F(d), 


where F(d) = > 7_, f(g). Thus, for example, if T,,(«) denotes the sum of those 
integers d satisfying conditions (1) and (2) then f(q) =q, F(d) =d(d+1)/2, and 
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>o2_, F(d) =n3/6+n?/2+n/3, whence ar T(x) ~n3/6 as no. More gen- 
erally, if & is a nonnegative integer and if T,,.(x) denotes the sum of the th 
powers of those d satisfying (1) and (2), we find 


n? nkre 
Tr Snr —> ©, 
2 i (*) (h-+ 1(k + 2) as n 


Also solved by J. Beidler, G. Beumer (Netherlands), E.O. Buchman, G. E. Engebretsen, D. M. 
Hancasky, D. R. Hayes, Agnis Kaugars, R. L. Lipsman, Robert Maas, J. B. Muskat, W. M. 
Patterson & A. R. Wohlgemuth, Donald Quiring, R. L. Robinson, Robin Sibson (England), Guy 
Torchinelli, W. C. Waterhouse, R. C. Weger, and all the solvers of E 1714. 

The editors regret the error in filing which permitted this item to appear a second time. 


A Number-theoretic Sum 
E 1767 [1965, 315]. Proposed by H. W. Gould, West Virginia University 


If w is the Mébius function and ¢ is Euler’s totient function, show that 
> ain u(d)b(d) =0 if and only if 2 is even. 


Solution by E. S. Langford, U. S. Naval Postgraduate School. Let F(n) 
= vain u(d)p(d). Since w and ¢ are multiplicative functions, F is likewise. (See 
Niven & Zuckerman, An Introduction to the Theory of Numbers, p. 84 ff. Cf. also 
problem 5, p. 89.) If p” is the power of a prime, then F(p") =1—(p—1) =2—p. 
Therefore, in general, F(x) = | [,), (2—p), from which the result is evident. 


Also solved by A. N. Aheart, T. M. Apostol, Y. M. ben-David, Ralph Bennett, P. M. Berry, 
M. A. Bershad, M. G. Beumer (Netherlands), E. O. Buchman, J. P. Burling, J. A. Burslem, R. M. 
Caron, Gary Chartrand, M. Chowdhury (Germany), D. I. A. Cohen, G. E. Engebretsen, R. B. 
Eggleton, P. K. Garlick, A. H. Gioia, D. M. Hancasky, D. R. Hayes, Agatha Himmelfarb & H. N. 
Wilson, Mrs. E. M. Horadam (Australia), Bernard Jacobson, J. A. Joseph, Geoffrey Kandall, M. S. 
Klamkin, C. C. Lindner, Andrzej Makowski (Poland), D. C. B. Marsh, M. G. Murdeshwar, 
Robert Patenaude, Harsh Pittie, R. L. Robinson, P. J. Ryan, P. A. Scheinok, Robin Sibson 
(England), R. Sivaramakrishnan (India), Sidney Spital, Robert A. Smith, Guy Torchinelli, A. M. 
Vaidya, C. Van de Vyle (Netherlands), W. C. Waterhouse, R. C. Weger, Leonard Weinstein, 
C. F. Wells, Barbara A. Welsh, B. D. Wick, D. S. Zave, David Zeitlin, and the proposer. 

Editorial Note. Without appealing to multiplicative functions, the proof can easily be found 
as follows. #(d) is even for all values of d except 1 and 2, which implies that each term of p(d)¢(d) is 
even for d>2. n(1)(1)=1, w(2)¢(2) = —1. Therefore >> u(d)¢(d) is always odd except when terms 
for both d=1 and d=2 are included, i.e. when 2 is a divisor of x. 

Conversely, if d is an odd divisor of an even integer n, then ¢(2d)=¢(d), p(2d)= —y(d), 
p(4d)=0; whence p(2d)¢(2d)-+u(d)¢(d) =0. Thus, neglecting divisors of x which are multiples of 
4 (and contribute nothing to the sum) all other terms in the sum can be paired off so as to make 
the total sum =0. 


Identities for the Triangle 


E 1768 [1965, 315]. Proposed by Jean M. Quoniam, Saint-Etienne, France 


In the triangle ABC let D, E, F be the points of contact of the sides with the 
incircle of radius r. Let H be the orthocenter of the triangle DEF, s the area of 
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DEF, and TI its incenter. Prove that 
>) cos A = 3/2 — TH?/2r’, >) sin A = 2s/r?. 


Solution by D. C. B. Marsh, Colorado School of Mines. In the statement, I 
should be the circumcenter of DEF (the incenter of ABC). 


(angles of ABC are supplements of twice the 
angles of DEF) 


=4][cossD+1 (familiar identity for angles of a triangle) 


>, cos A = — > cos2D 


(§299, Johnson, Modern Geometry: ry being the 


= aro 4+ 4 radius of the circle inscribed in the pedal tri- 
Ro angle of DEF; Ro=r being the circumradius 
; of DEF) 
_ 3 Ro — 4roRo (algebraically identical to the preceding expres- 
2 QR? sion) 
TH2 
= 3 _ TH (§324, Johnson). 
2 2r? 
> sin A = >) sin2D (relation of angles in ABC and DEF) 
=4]]sin D (familiar identity for triangles) 
_ I[¢ (circumdiameter equals ratio of side to sine of 
 2R3 opposite angle) 
= 25/7? (product of sides equals 4 times product of area 


by circumradius; R)=7). 
Also solved by G. E. Engebretsen, Mrs. A. C. Garstang, and D. M. Hancasky. 


Coefficients of the Cyclotomic Polynomial 
E 1769 (1965, 315]. Proposed by I. J. Schoenberg, University of Pennsylvania 


Let F(x) be the cyclotomic polynomial, i.e. the monic polynomial whose 
zeros are the primitive mth roots of unity. Show that all coefficients of F,(x) 
are nonnegative if and only if 2 is a power of a prime. 


Solution by Sister Marion Beiter, Rosary Hill College, Buffalo, N. Y. 

If ~ is prime, F(x) =(*«"—1)/(«—1) = Don} xi, 

If n=p', p prime, F,(x) = F(x?’ ). 

Thus, if 2 is a power of a prime, the coefficients of F,,(x) are exclusively 0’s 
and 1’s. 

Now let n=pitp,® --- pi, r>1. Fr(x) has the term x*™, because it is of 
degree ¢(m), and has the constant term 1, the product of the primitive mth roots 
of unity. Furthermore, F,,(1) =1 when z has at least two distinct prime factors 
(See Nagel: Introduction to Number Theory). Thus F,(x) has two coefficients 


542 PROBLEMS AND SOLUTIONS [May 


equal to 1 while the sum of all coefficients is F,(1) =1, implying that F,,(«) has 
a negative coefficient. 


Also solved by D. M. Bloom, L. Carlitz, D. I. A. Cohen, V. H. Keiser, Jr., and the proposer. 


Radially Symmetric Region 
E 1770 [1965, 315]. Proposed by G. P. Graham and T. A. Porsching, Car- 
negie Institute of Technology 
Let C be a planar simple closed curve enclosing a region R which is starlike 
in point P. Then a necessary and sufficient condition that C be radially sym- 
metric in P is that every line through P divides R into subregions of equal area. 
Also, every line dividing R into equal areas passes through P. 


Solution by Werner Baron, Vienna, Austria. We introduce a polar coordinate 
system; the pole is P, the polar axis is an arbitrary fixed half-line issuing from 
P. The periodicity of ¢ implies r(¢) =r(¢+27). The planar simple closed curve 
C is starlike in P, therefore we have for every ¢ one and only one value 7(¢). 

(i) For every a let 


1 a+nT 1 a+r 
(1) — fr @)-d9-— [ @)-ds=0. 

2 a 2 ax 
This means that every line through P divides R into subregions of equal area. 
The derivative of (1) with respect to a must be zero for all a, too, because of 
the validity of (1) for all a. 


L772 (a — r) — (a) — P(a + 27) + r(a+ r)) = 0, 
ria +7) = r(a). 


This means that C is radially symmetric in P. 
(ii) Let C be radially symmetric in P, i.e. r(6+7)=r(¢). Substituting 
e=otm in Z/ay7 1G) -dp we get 


1 a+lr 1 atx 
—[ n@)-de=— [ rw-a 
2 at-« 2 a 


for all wa. This means every line through P divides R into two equal areas, com- 
pleting the proof. 

For the second part of the problem we give an indirect proof. Let g be a line 
which divides R into two subregions A and B with equal area but which does 
not pass through P. Let A be the subregion which contains P. There exists a 
line # parallel to g which passes through P. Let D be the subregion of R between 
h and g. (We can use the same letters for the subregions and for their areas.) 
P is an inner point of R and so the part of R between /# and g must be of positive 
area. Therefore D>0, 4=B and A—D=B+D, giving an evident contradic- 
tion. 


Also solved by E. O. Buchman, D. I. A. Cohen, Robert Connelly, G. E. Engebretsen, Neal 
Felsinger, D. M. Hancasky, E. S. Langford, K. W. Reed, Jr., and Robin Sibson (England). 
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Sums of Subsets of a Set of Integers 
E 1771 [1965, 316]. Proposed by Andy Vince, Stanford University 


Given a set of positive integers, a1, de, - --°, Gn, it is always possible to 
choose a subset of these integers such that the sum of its elements is divisible 
by 2. 


Solution by P. K. Garlick, New Mexico State University. All congruences are 
modulo x. Let 


Ss=Q+ade+:--+a4; @=1,2,-°-,n. 


If s;=s; for some 1>j, then s;—s;=@j41+ --- +a;=0. If not, then the s,’s 
form a complete residue system and there exists s,=a:-+ --- +a,=0. 


Also solved by T. M. Apostol, Robert Bart, Y. M. ben-David, Ralph Bennett, M. A. Bershad, 
Walter Bluger, D. A. Breault, J. L. Brown, Jr., E. O. Buchman, T. J. Burke, J. W. Cannon, Gary 
Chartrand, M. R. Chowdhury (Germany), Allan Chuck & Peter Goldstein, D. I. A. Cohen, Robert 
Connelly, J. C. Deel, L. E. De Noya, J. F. Dillon, G. E. Engebretsen, A. L. Epstein, N. J. Fine, 
J. H. Foster & K. M. Hunter, Wallace Growney, R. B. Hardin, Jr., R. H. Hines, Jr., W. Imrich 
(Austria), Bernard Jacobson, R. A. Jacobson, James Joseph, Geoffrey Kandall, J. H. B. Kemper- 
man, Charles McCracken, E. L. Magnuson, Andrzej Makowski (Poland), D. C. B. Marsh, Weston 
Meyer, J. E. Motzkin, J. B. Muskat, Sam Newman, R. J. Oberg, F. D. Parker, B. J. Parshall, 
Jagdish Prasad, Donald Quiring, Azriel Rosenfeld, Albert Schild, Robin Sibson (England), D. L. 
Silverman, Richard Sinkhorn, M. W. Sterling, M. V. Tamhankar (India), W. C. Waterhouse, 
R. C. Weger, J. C. Williams, and the proposer. 


Several solvers note that the restriction of positiveness is not necessary for the a,’s. Moreover, 
as shown in the proof, the selected subset can be required to have consecutive indices. 

D. C. B. Marsh offers the following more general phraseology for the problem: Let ai, a2 > + + Gn 
be the “product” of any ~ elements, not necessarily all distinct, of a finite group of order n, then 
some subproduct ajaj41 - - - ae (¢5j7 Sk Sn) is the group identity. This, as Makowski observes, is 
the substance of problem 4300 [1950, 47]. 


Co-Invertibility of Some Square Matrices 


E1772 [1965, 316]. Proposed by Henry Cox, David Taylor Model Basin, 
Washington, D. C. 


Let A and B be arbitrary matrices of dimensions mn and nXm respec- 
tively. Does the existence of [J,,+AB]-! imply the existence of [J,+BA |}, 
where J,, and J, are the identity matrices of dimension m and u respectively? 
If so, determine the latter in terms of the former. If not, give a counterexample. 


I. Solution by A. S. Householder, Oak Ridge National Laboratory. The de- 
terminants of the following three matrices are all equal, hence all are singular 
or all are nonsingular: 


(* *) In + AB I, + BA 
B Inf’ m ° 


II. Solution by K. L. Yocom, South Dakota State University. More generally 
if k is a nonzero scalar then AB—&I, has an inverse if and only if BA —RI, 
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has an inverse. To prove this, suppose det(AB—kJm) =0. Then & is an eigen- 
value of AB and there is a nonzero m-dimensional column vector x such that 
ABx=kx. Multiplying by B on the left, BA(Bx) =kBx. Now Bx 0, for other- 
wise A(Bx) =A(0) =O=kx, a contradiction. Thus Bx is an eigenvector of BA 
corresponding to the eigenvalue k, and det(BA —kI,) =0. A similar argument 
establishes the converse. 

Let C=AB—kI, and D=BA—kI, be nonsingular. Then BC=DB and 
D-'B=BC-!. Multiplying on the right by A and adding —kD-1, it follows that 
D-1BA—kD-!=BC-14A—kD“ or D-1D=BC A —kD“=T,. Hence 


1 1 
D-! = — BCA — — In. 
k k 


Setting k= —1, the desired result is obtained. 


Also solved by S. Baron, Joel Brawley, Jr., David Carlson, Yu Chang, D. I. A. Cohen, Peter 
Enis, N. J. Fine, D. R. Hayes, L. N. Howard, P. W. M. John, Geoffrey Kandall, P. G. Kirmser, 
Murray Lieb, D. C. B. Marsh, Dave Nixon, I. Olkin, Robin Sibson (England), M. V. Tamhankar 
(India), D. H. Underwood, W. C. Waterhouse, R. C. Weger, Alan Weinstein, Lenard Weinstein, 
R. E. Wheeler, T. A. Whitelaw (England), and J. Ernest Wilkins, Jr. 


Lenard Weinstein bases one solution on the following theorem on p. 105 of N. Jacobson: 
Lectures in Abstract Algebra: If A is an mXn matrix and B is an m Xm matrix, then the character- 
istic polynomial of BA is x*-™ times the characteristic polynomial of AB. 

John and Wheeler note that the result may be found in K. D. Tocher, The design and analysis 
of block experiments, J. Royal Stat. Soc., Series B, 14 (1952) 46. 


Triangles Whose Sides Are Consecutive Integers 


E 1773 [1965, 316]. Proposed by Michael Lieber, AVCO Corporation and 
Harvard University 


Let T bea triangle whose sides are consecutive integers and whose area is an 
integer. Prove that one of the altitudes divides the triangle into two Pythag- 
orean right triangles. Furthermore, this altitude divides the base into segments 
whose lengths differ by 4. (The 1-2-3 “triangle” and the 3-4-5 right triangle 
are the only degenerate cases.) 


Solution by M. V. Tamhankar and M. B. Suryanarayana, India. Let n—1, n, 
n-+1 be the lengths of the sides AB, BC, CA of T. The area is A= 4n~/(3n?—12) 
by Hero’s formula. Now z is even, otherwise A is not integral. Say n=2m, 
whence +/(3m?—3) is the (integral) length of the altitude AD. 

Also DC?=(2m+1)2—3(m?—1)=(m+2)2, giving DC=m+2 and BD 
=m—2. Finally, DC—BD=4 and, since all segments are integral, the triangles 
are Pythagorean. 


Also solved by A. N. Aheart, Nancy C. Baggs & Dorothy J. Stodola, Robert Bart, M. A. 
Bershad, M. G. Beumer (Netherlands), D. A. Blaeuer, W. Bluger, J. A. Burslem, L. Carlitz, 
Richard Chandler, Allan Chuck, Kay S. Clever, D. I. A. Cohen, Monte Durham, R. B. Eggleton 
(Australia), G. E. Engebretsen, Neal Felsinger, S. M. Gagola, Jr., Michael Goldberg, S. H. Greene, 
Louise S. Grinstein, Wallace Growney, Stephen Hoffman, Agnis Kaugars, Sam Kravitz, E. S. 
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Langford, Esther A. Linfield, D. C. B. Marsh, Gus Mavrigian, Norman Miller, Robert Patenaude, 
C. B. A. Peck, Harsh Pittie, K. W. Reed, Jr. & Nelda Viser & J. C. Jones, Simeon Reich, P. A. 
Scheinok, D. R. Shoemaker, Robin Sibson (England), Al Somayajulu, E. M. Stone, Adrian Struyk, 
Guy Torchinelli, Simon Vatriquant (Belgium), Van de Vyle (Belgium), M. C. Weinrich, Lenard 
Weinstein, Hazel S. Wilson, R. I. Winston & J. B. Small, K. L. Yocom, and David Zeitlin. 


Editorial Note. The problem has been given before. See Dickson, History of the Theory of 
Numbers, v. I, pp. 191-202, for many references to this and related problems. Note in particular, 
problem 4047 [1944, 102-104] where formulas are derived giving all values of 2. In fact, if 2; repre- 
sents the jth value in the sequence of all values of 2, we will have 


m= (2+ V3" +2 - V3), Mize = ANj41 — 13. 
The first few values of 2 (besides 2 and 4) are 14, 52, 194, 724. 
Monotonicity of log (ax+1)/log(bx-+1) 
E 1774 [1965, 316]. Proposed by Wayne E. Smith, University of California, 
Los Angeles 
Let 0<a<b. Prove that log(ax+1)/log(bx+1) is a monotonic increasing 
function for all x>0. 


I. Solution by P. M. Berry, Socony Mobil Oil Co., Dallas, Texas. After con- 
verting the derivative of the given function to a proper fraction, it is seen that 
the denominator is always positive and the numerator is 


g(x) = a(bx + 1) log (6% + 1) — b(ax + 1) log (ax + 1). 


Now g’(x) =ab log [(bx+1)/(ax+1)]>0. Therefore g(x) is strictly monotonic 
increasing on (0, «). As g(0)=0, it follows that g(x) >0 for x>0. Therefore 
the derivative of the given function is always positive so that log(ax+1) 
/log(bx-+-1) is strictly monotonic increasing. 


II. Solution by Ingram Olkin, Stanford University. We note the following 
more general framework, assuming the existence of the relevant derivatives. 
If g(x) =f(a, x)/f(b, x), a<b, then g(x) is monotonic increasing if and only if 
d log f(a, «) s d log (0, x) 
Ox Ox 


h(a, x) = = ht, x), 
which holds if and only if 0h/da<0. Thus g(x) is increasing if and only if 
(0?/dadx) log f(a, x) <0. 

For the present case f(a, x) =log (ax+1), 0<a, 0<x, 


0? log f(a, x) _ log (ax + 1) — ax 
0aox 7 (ax + 1)*[log (ax + 1)|? 


which is negative because log(1+~y) <¥y, y>0. 


Also solved by Y. M. ben-David, J. L. Brown, Jr., T. J. Burke, F. A. Butter, Jr., M. R. 
Chowdhury (Germany), D. I. A. Cohen, W. O. Egerland, G. E. Engebretsen, A. D. Fine, K. R. 
Goodearl, S. H. Greene, Harry Guess, D. R. Hayes, G. A. Heuer, Stephen Hoffman, R. A. Jacob- 
son, James Joseph, M. S. Klamkin, E. S. Langford, H. C. Lauer, Murray Lieb, D. C. B. Marsh, 
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Norman Miller, Dave Nixon, Robert Patenaude, J. R. Porter, B. E. Rhoades, L. A. Ringenberg, 
P, A. Scheinok, Robin Sibson (England), Al Somayajulu, G. P. Speck, Sidney Spital, M. V. 
Tamhankar & M. B. Suryanarayana (India), Simon Vatriquant (Belgium), W. C. Waterhouse, 
Lenard Weinstein, Barbara A. Welsh, and the proposer. 


Observations with Zero Dispersion 


E 1775 [1965, 316]. Proposed by George Purdy, University of Reading, Eng- 
land. 


Under what conditions do real x1, ---+, x, satisfy the equation 7+ -.-- 
ext = (ay ++ + +4n)?/n for n 21? 


I. Solution by J. M. Perry, Wells College, Aurora, N. Y. Denoting by # the 
mean of the numbers x;, the result follows immediately from the standard sta- 
tistical identity 


n n 1 n 2 

i=1 ras | N \ i=l 
Thus we have Six (>5x,)2/n only when >) (x;—#)?=0, which requires x;=% 
for all z; i.e., all of the numbers x; must be equal. 


II. Solution by F. A. Butter, Jr., California State College, Long Beach. If 
each x,>0, and G(t)=[n—(4,+ --- +24)]!/*, the given equation takes the 
form 7G?(2) =2G?(1), or G(1) = G(2). It is known that 0<G(a) S$ G(d) if 0<a <b, 
and G(a) =G(b) only if x; are constant. 


III. Solution by M. S. Klamkin, Ford Scientific Laboratory, Dearborn, Mich. 
The problem here is a special case of a well-known result for convex functions, 
i.e., if d(t) is convex in ¢20, then 


(A 2) ge Be ++ + b(4,) 


n nN 


(x;20), with equality only if the x,’s are equal or $(£) is linear. For the present 
case o(t) =? and we must have x1=%2.= +++ =Xnp. 


Also solved by A. N. Aheart, T. M. Apostol, R. A. Avelsgaard, J. H. Avila, Werner Baron 
(Austria), Robert Bart, M. A. Bershad, M. G. Beumer (Netherlands), W. J. Blundon, Joel Brawley, 
Jr., J. L. Brown, Jr., E.O. Buchman, Allan Chuck, D. I. A. Cohen, D. M. Cohen, Kenneth Dieter, 
G. C. Dodds, W. O. Egerland, G. E. Engebretsen, Peter Enis, A. L. Epstein, P. K. Garlick, Michael 
Goldberg, S. H. Greene, D. M. Hancasky, Carl Harris, D. R. Hayes, G. A. Heuer, Stephen Hoff- 
man, J. C. Hohman, Bernard Jacobson, R. A. Jacobson, James E. Joseph, Erwin Just, S. C. King, 
Richard Kowalski, E. S. Langford, Murray Lieb, B. V. Limaye, Charles McCracken, D. M. 
Mahamunulu, A. Makowski (Poland), D. C. B. Marsh, J. T. Mathis, Norman Miller, D. E. 
Moxness, R. J. Newman, Sam Newman, David Nixon & Dick George, Robert Patenaude, Harsh 
Pittie, J. R. Porter, Simeon Reich, J. P. Ruebsamen, Y. P. Sabharwal, (India), P. A. Scheinok, 
Robin Sibson (England), Richard Sinkhorn, David A. Smith, Mitchell Snyder, Al Somayajulu, 
Sidney Spital, R. E. Stockton, R. L. Syverson, M. V. Tamhankar & M. B. Suryanarayana (India), 
Guy Torchinelli, Simon Vatriquant (Belgium), Julius Vogel, W. C. Waterhouse, R. J. Weber, 
Lenard Weinstein, J. M. Wild, K. L. Yocom, D. E. Zave, David Zeitlin, and the proposer. 
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ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Uni- 
versity, New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be 
submitted on separate, signed sheets and should be mailed before November 30, 1966. 


5390. Proposed by D. W. Hight, Kansas State College of Pittsburg 


Is there a series ) 2, u(x) of functions continuous on a closed interval 
[a, | that converges absolutely and uniformly for which the Weierstrass M- 
test fails? 


5391. Proposed by J. H. Halion and M. Skibinsky, Brookhaven National 
Laboratory 


Give an explicit characterization of the convex hull of the arc from ¢=0 to 
t=1 of the twisted cubic x=1t, y=P, 2=#3. 


5392. Proposed by Hwa Hahn, Pennsylvania State University 


Let f(x) be the number obtained from a real x by reading the representation 
of x in the base p as the representation in the base g(1<pq). Evaluate 


Safla)de. 
5393. Proposed by A. A. Mullin, University of California, Livermore 


Does there exist an integer for which the Xn matrix whose elements are 
a3;= (4,7) is singular? (7, 7) is the greatest common divisor of the natural numbers 
zand j. 

5394. Proposed by P. J. O'Hara, Jr. University of Miami, Coral Gables, 
Florida 


Show that the functions, (1—z)/(1—2"), m=1, 2,---+, are uniformly 
bounded in modulus on the disk {z:|z—3] $2} in the complex plane; and that 
in fact for all ~ the bound is attained at z=0. 


5395. Proposed by Roy Westwick and W. A. McWorter, University of British 
Columbia 


Suppose G is a two-person game satisfying: 

(1) The players play alternately. 

(2) There is no draw. 

(3) There are at least one and at most N (<0) plays a player can make. 
Prove that either there is a strategy insuring a win for the first player, or there 
is a strategy insuring a win for the second player. 


5396. Proposed by Albert Wilansky, Lehigh University 

Find a set X and two normal (Hausdorff) topologies T and 7”, for X, such 
that every T compact set is T’ closed, but not every J’ compact set is T closed. 
(The proposer does not know whether this can be done with metrizable topol- 
ogies.) 
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5397. Proposed by R. E. Shafer, University of California, Livermore 
Show, for | Re(y) | <3 and | arg | <a, that 


ore) —t 


é€ 
K,(s) = e7*g” cos rf — {I,(t) dt 
(2) v t+3 (2) ’ 


0 
where J,, K, are Bessel functions. 


5398. Proposed by G. A. Heuer, Concordia College, Moorhead, Minnesota 


Let > an be a conditionally convergent series, S the set of its partial sums, 
and S’ the derived set (set of accumulation points) of S. As is well known, re- 
arranging the series >a, may alter S’. Consider all possible rearrangements of 
the fixed series }\a,. What are the sets S’ which occur? 


5399. Proposed by L. F. Shampine, Sandia Corporation, Albuquerque, N.M. 
Let p(m) be the largest spectral radius attained by any (0, 1) matrix with n 
nonzero entries. Prove p~+/n. 
SOLUTIONS OF ADVANCED PROBLEMS 
Classifying and Summing (d, 2/d) 
5290 [1965, 555]. Proposed by Daniel I. A. Cohen, Princeton University 


Let r(a) be the number of divisors of a, and let A(a@) be the number of dis- 
tinct prime divisors of a. Prove that 


(1) t(m) = Dy nik), 
k*In 

(2) De (d, m/d) = Dy kadai), 
d|n K\n 


I. Solution by C. S. Venkataraman, Sree Kerala Varma College, Trichur, 
India. If r is the total number of distinct prime divisors of , then the number 
of ways of expressing n as the product of two coprime factors is 27-1, Let d| N, 
(d, n/d) =k, d=kdi, n/d=kd>. Then (dy, de) =1, n=R2dids, and k?| n. 

Conversely, let k?| n, n=k*m. Then m can be factored into mym, with 
(m1, M2) =1 in 28-! ways, where s is the total number of distinct prime divisors 
of m. For each of these ways, 2 =k®mym2= (km) (km2) =(d)(n/d) with d=km, 
and 2/d=kmz. 

It follows that, for each k satisfying k?| n, there exist 2*-! and only 2*—! pairs 
of divisors d, n/d such that (d, n/d) =k. Thus, the total number of such divisors 
is 2-Qe-t = 28 = DMn/h?) 

The r() divisors of 2 can now be grouped into a finite number of mutually 
exclusive classes Ci, Co, +--+ such that C, contains the divisors d for which 
(d, n/d) =k, if k?| n; then the number of divisors in C; is plainly 2%*/*», [Note 
that C; is the empty class if #2/7.] It follows that 7(”) = Dorin 2/*), 

To prove (2) we use again the fact that there are QMalk divisors d for which 
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(d, n/d) =k, yielding at once 


>> (d, n/d) = D5 Re 2Mnlk?), 


dln k’|n 


Il. Solution by E. S. Langford, U. S. Naval Postgraduate School. Define the 
arithmetical function f by f(z) =2*™. It is not hard to see that f is multiplica- 
tive, and hence that F is multiplicative, where F(m) = > ijn f(n/k?). If p is any 
prime, F(p") =m+1=7(”) and (1) now follows from the multiplicative nature 
of r(7). 

Both sides of (2) are also multiplicative. Write G(m) = doa, (d, n/d) and 
suppose that (m, n)=1. Then if d| mn, d can be written as d=dd., where 
d,|m and d.| n, implying (d, mn/d) = (did2, (m/d1)(n/d2)) = (di, m/dy) (do, n/de). 
Therefore 


G(mn) = 2. (d, mn/d) = DY Dd, (ds, m/d1) (da, n/d2) = G(m)-G(n). 


d|mn dy|m doln 


Likewise we can establish that H(n) = i221, 22**/*) is multiplicative. 
If p is a prime, then 


G(p") = 2 (p , p-*) 
wx () 
_ {’ + 2p + 2p7 +--+ + 2pM/D—-1 4+ pl?) — (m even) 
LD Hap + apr te-- + ApoOr-ve (m odd). 


I 


(pn) fren + p-f(pr?) + ++ + pl-f(1)— (m even) 


1-f(b") + p for) +--+ + pe P?-f(p)  (m odd). 


Since f(p*) =2 when k21, and f(1) =1, it follows that G(m) =H(n) whenever 
n=p™, and the proof of (2) is complete. 


Also solved by B. N. Bajaj, Robert Breusch, E. O. Buchman, E. P. Emerson, A. E. Fekete, 
A. 5S. Fraenkel (Israel), Michael Greening (Australia), D. A. Hejhal, Edward Hook, C. C. Lindner, 
A. E. Livingston, Stanton Philipp, Harsh Pittie, Simeon Reich, Michael Rosen, S. K. Sehgal & 
V. C. Dumir, R. Sivaramakrishnan (India), E. W. Trost (Switzerland), D. A. Zave, and the 
proposer. 


Rosen observes that formula (1) may be found in Kronecker, Vorlesungen tiber Zahlentheorie. 
Fekete and Trost call attention to Liouville, Sur quelques fonctions numeriques, J. de Math. (2), 
2 (1857), p. 141 ff., where (1) appears—possibly for the first time, although Fekete observes that 
the problem may be originally due to Dirichlet who treated it in his 1840 Zahlentheorie. Other 
similar interesting formulas may be found in the Liouville paper. The methods of attack in these 
earlier works involved the multiplication techniques of Dirichlet series and generating functions— 
methods used by Emerson and Sivaramakrishnan in their solutions of 5290. 
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Variations of the Sum > 2"/n" 


5291 [1965, 555]. Proposed by D. S. Mitrinovié, University of Belgrade, 
Yugoslavia 


Establish the formula 
00 1 1 
yeep Je 
and generalize to )j2"/(m+1)"t1. 
I. Solution by Harsh Pittie, Swarthmore College. Noting that 


1 —yH 1 
i) (zx)™(log «)* dx = —*_f (zx)™(log «)"—! dx, 
0 m+1 v4 
we have a simple recursion: /}(2x)"(log x)"dx = (—1)"z"2!/(m-+1)"**!. Hence 


1 1 
| a? dy = f e~#t loge dy = x S ———— cc log x)" dx 
0 0 


n=0 


ve) gn 


-_ s_ (a + 1)*41 ; 


where the interchange of summation and integration is easily justified for all 
complex gz. 


II. Solution by Louis Comtet, Viroflay, France. Put 


F..e(2) = F(z) = f “exp fe (10¢ -)t dx, 


where a>0, 8>0, 2 (complex) are given. Clearly, F(z) =§ exp { +(x) i dx, 
where $(x) =x*(log 1/x)8, if,x«>0, and (0) =0. Further, since | b(x) | < (B/ae)é, 
for 0Sx 51, we can write 


F(z) = DD y=) f h(x) ash 
Now 


; ; 1 0 (én + 1) 
f g(x) dx = i) xon(—log x)8" dx = ef ent. fn df = ——_______. 
0 0 (an + 1)8+1 Sy (an + 1)ent 


Consequently: 


1 1\é oe 6 T(Gn+i1) 2 
rf on felt} ESE 
(z) exp 480" log — x 2 lan A DEH al 
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Putting ~a=6=1, we obtain 


1 00 gn 
F,,1(2) =f nt dy = » 
0 


na (n + 1)7+1 


Also solved by Om. P. Anand, Daniel Asimov, G. Baron & W. Imrich (Austria), Y. M. ben- 
David, Robert Breusch, E. O. Buchman B. J. Cerimele, J. A. Fancher, A. E. Fekete, W. D. 
Fryer, Edward Garelis, Mrs. A. C. Garstang, Rudolf Gorenflo (Germany), J. H. Halton, Eldon 
Hansen, Stephen Hoffman, A. S. B. Holland, R. A. Horn, James Kiefer, M. S. Klamkin, Ben 
Klein, A. G. Konheim, E. S. Langford, A. E. Livingston, J. R. McGregor, D. F. Mackie, D. P. 
Mather, Stanton Philipp, S. U. Rangarajan (England), H. J. Ricardo, Charles Ryavec, M. N. 
Sastry & B. V. Rao (India), Michael Schulz, Richard Sinkhorn, Sidney Spital, F. W. Steutel 
(Netherlands), Arun Verma (India), Benjamin Volk, L. E. Ward, Sr., and D. A. Zave, 

Notes. Rangarajan cites another formula which generalizes the question of the problem: 


_— 1\7,,- 5 PUtyty) FF 
J # (tog —) dx =D * Ge EDA 


Our contributors find many occurrences of the stated formula. See Pélya & Szegi, Aufgaben, 
v. 1, no. 160; Edwards, Integral Calculus, p. 135; Jolley, Summation of Series; Bierens de Haan, 
Tables of Definite Integrals; Ryshik & Gradstein, Tables; Douglas Aircraft Co. Report SM-14642; 
and the London B.Sc., B.A. Special Examination Papers of 1956. 


The Taylor Expansion of Arc sec x 
5292 [1965, 555]. Proposed by Eldon Hansen, Lockheed Missiles and Space 
Co., Palo Alto, California 


Obtain the Taylor series expansion for arcsec x about a point x =a. 


I. Solution by A. E. Fekete, Memorial University of Newfoundland. This is 
problem no. 11 on page 84 in Edwards, An Elementary Treatise on the Differential 
Calculus (London, 1921), where three terms of the expansion are given as 


2a2@— 1 (*x— a)? 
Arcsec x = Arcsec a -+- ———————- (« — a) — ———_——- ———— 
ax/(a? — 1) a?(a2 — 1)3/2 2! 
Clearly, the general term takes the form f™(a)(«—a)*+1/(m+1)! with f(x) 
=d Arcsec x/dx = (x4—x?)-"2, |x] >1. 
The problem thereby is reduced to finding f(a). This is possible by using 
the formula of Fa4 de Bruno: 


dg > n! itt: + +ing (2 ( 3)" (22)" 
dam ~ 18g, !2 Fi! - - mting, | dytttes tie Uda] \ de dx 


where the summation is to be extended to all partitions 14.+2%.+ +--+ +n1,=n 
with the convention 0°=1. 
In our case g=y~1/2, y=x'—x?, and 


rY —L ) 1 
dig a( . yint = (—1)6 (21)! 1 


dyt 1 227! grit] (42 — 1)uati 
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dy/dx = 2%(2x? — 1), d?y/dx? = 21(6x? — 1), 
d*y/dx® = 31(2?x), d*y/dx* = A}; d'y/dx' =Q fork 2 5. 
Thus only those partitions will give nontrivial contributions which have no sum- 


mand greater than 4, i.e., 12;-+272+323-+41, =x. Substituting into Fad de Bruno’s 
formula, we get 


f(a) = >» (—1)irtirtistis 
Ui j+2ig+3ig+-4igeen 
(Qiy + 2ie + 2ig + 2x)! 
(2a2 — 1)%(6a2 — 1) 


ee; sf ia| > 1. 
qiitriatist2tetl (G2 — 1) 1/2+sitsatiatte 


II. Solution by F. W. Steutel, Enschede, Netherlands. Changing the notation 
slightly we have 


{ (a + u)* — 1J-¥? = 


atu at+u 


ad ee) 
(1) —arcsec(a + u) = f e~ @t)tT (ft) dt. 
du 0 


(See e.g., Watson, Theory of Bessel Functions, 2nd ed., pp. 77 and 384.) Expan- 
sion of (a-+u)—!e—@+)t in powers of u yields 


d rs) n qk! 0 
— arcsec(a + u) = >> (—1)"u" >> f e~stkTo(t) dt, 
du n=0 k=x0 0 


and therefore ° 


co 1 u ntl on ak rs) 
(2) arcsec(a -+ u) — arcseca = >) (—1)* (=) — e~*tkT o(t) dt, 


n=0 n+1\a ko RIS 9 


which may be written in terms of hyper-geometric functions (cf., Watson, 
p. 385): 


1 < 1 u\rtl a k+1 k-+2 1 
arcsec(a -+ “) — arcseca = — > (=) »> Fs( »>———» I, =), 
2rnwown+i1ite k=0 2 2 a? 


An alternative form of (2) (see (1)) is 


u 


f e~otin—1 T(t) dt, 
n!} 0 


arcsec(a + “) — arcseca = > (—1)1 


nel 
where [o(#) = [oIo(x)dx. 


Also solved by J. M. Quoniam (France), and by the proposer. 
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Solving )'f@f(1/d) =1 
5293 [1965, 555]. Proposed by Martin J. Cohen, Beverly Hills, California 


Find a function f such that > f(d)f(n/d) =1 for every positive integer n, 
where the sum is taken over all d which divide z (including 1 and x). 


I. Solution by Richard Stanley, California Institute of Technology. More gen- 
erally, consider F(2) = > ain f(d)f(n/d), where F(n) is a given multiplicative 
function, i.e., F(mn) = F(m) F(n) when (m, n)=1. Then F(z) is determined by 
its value at p*, p prime. Of course, F(1) =1 always. Let F,(k) = F(p*). If f(1) = 1, 
then it may be proved that f(z) is also multiplicative, so that we need to solve 


FP) = Fy(@) = Sy HaIO*/A) = D Solfo! 3) 


for each unknown function f,. (The only other solution will be —f(z) corre- 
sponding to f(1) = —1.) 
Let G,,= Soo fp(t)x*. Then, formally, 


Gi () = ¥ flix = Gr, (2). 


t=O) 


In particular, if Gr,(x) represents a function analytic in some neighborhood of 
the origin, then the same is true of G;,(x) (since Gr,(0) =1). In this case we have 


a* 
fal) = RI (Gr, (x) 
x 


zen0 


Specializing to F,(k) =1 for all p yields 


Gr, (x) = ys “f= (1 — x)7, Gy,,() = (1 — x)-1/2 


t==0 


-> —1)6 ("es folk) = (7). 


(2): 
Other multiplicative functions F(~) which lead to simple values of f(z) are 
(i) F(m) =y(n), Gr,(x) =1—x, fo(k) =(—1)*(); 
(ii) F(n) =|u(n)|, Gr,(x) =1+2, fo(k) =); 
(iii) Fp(k) =1/R!, Gr,(x) =e*, fo(k) =1/(2*R!); 
(iv) F(n) =7r(n), Gr, (x) =(1—x)~%, fo(k) = 1. 
Note also that if F(x) = vain f(d)f(n/d), then 


Thus the solution to the stated problem is +f where: 


f(T = pe) = (H Aarts te (“*) - 


ay 
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F(n)n* = 2 FQ af(n/d)(n/d)*, 


so that, for example, if F(m) =u(m)n*, then fp(k) = (—1)*(2) p*. 
II. Solution by M. S. Klamkin, Ford Motor Company. The problem may be 
extended to find a function F such that 


Dd, F(d:)F(d:) --- Fd) = 1 


didg++ -dp=n 


for every positive integer m where the sum is taken over all d, which divide n 
(including 1 and x). 
Consider the formal product of r identical Dirichlet series: 


POY" 5 Ga) 
{Ey = 


n* n> 


[See Hardy and Wright, Theory of Numbers, p. 248.] Then, 


Gn)= 2) F(di)F(d:) +++ F(d,) = 1, 
dydg++ dean 
whence, 
F(n) 8)—l/r 
—— = ¢(s)"" = JJ {1 — 1/5} 
nN primes 
multiplied possibly by an rth root of unity. Let 
@)—l/r 1 a2 a3 
{1 — 1/p,} =1+—+ 0 Tae T ) 
then an, = (~2”). It now follows that if 
N= pay*Pa + * “Pay then F(n) = ads * > ax 


multiplied by a fixed 7th root of unity. The original problem corresponds to the 
special case r=2. 


Also solved by G. Baron & W. Imrich (Austria), W. J. Blundon, Robert Breusch, E. P. 
Emerson, R. C. Entringer, A. E. Fekete, N. J. Fine, W. D. Fryer, Michael Greening (Australia), 
R. P. Kelisky, James Kiefer, Donald Knuth, E. S. Langford, A. E. Livingston, O. P. Lossers 
(Netherlands), Stanton Philipp, S. K. Sehgal & V. C. Dumir, R. Sivaramakrishnan (India), M. W. 
Sterling, M. V. Subbarao, R. E. Walde, D. A. Zave, and the proposer. 


Notes: (1) By using the form 
20; 
af j 
TI (7) 


for the value of f() (see I above), Lossers gives the formula f(z) =(1/2)(3/4)4(5/6)%&---, 
where é; is the number of exponents a; which are 27 in the prime representation of n. 
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(2) Fekete notes that for the function f(z) in I we have the following relations: 
F(n) = Yf@ = (7 +3) (ed ee Ge 
d|n ay as a, 
7(”) = 2, fF (n/d). 


The functions f, F, 7 are special cases of 
Ata\ (ata dy +a 
ro = ODO) OL) 
ay ds Ar 
with a= —4, 4, 1 respectively, which may be found treated in L. Carlitz, Extended Stirling and 
Exponential Numbers, Duke Math. J., 32 (1965) 205-224. 


(3) Subbarao develops a theory of submultiplicative functions (f(mn) —f(m)f(m) is of constant 
sign, or zero, mand m coprime) from which the solution of the problem follows. 


Simultaneous Inequalities for Analytic Functions 
5294 [1965, 555]. Proposed by Frank Dean, Long Beach, California 
Let f and g be functions analytic at the point ». Show that the conditions: 


If) |? > [fo |, |e)? > | eee) | 
guarantee the existence of a point g such that: 


lf] > |f)| and | g)| > | g()|. 


Solution by James Kiefer, National Institutes of Health, Bethesda, Md. We 
shall show that for all 6 in a closed interval [a, a+7] there is a pp =po(0) >0 such 
that for all p<po, fp +pe**) | > | f(p) | . A similar situation obtains for g(z). Then 
the two closed intervals must have a common element modulo 27 and it follows 
ae ” all g on some line segment starting at p we have | f(@| >| f(p)|, | (@) | 
>| g(d)|. 

In the following, the function g may replace the function f. We note first 
that the hypothesis assures that f’(q) #0 (and g’(q) #0) in a neighborhood of p. 
If f(p) =0, then this is an isolated zero and we have a neighborhood of p in 
which | f(@| >0. Thus, to establish the assertion of the first paragraph we need 
only now consider the case f(p) #0. 

We write w(z)=f(p+ef(p)/f' (b))/f(p) =1+2+3c2"h(z) where c=f(p)f’’(p) 
/ lf (p) |?, | c| <i, ¢(0)=1, (z) analytic in a neighborhood of z=0. Letting 
z=te®, we find dw/di=e” at t=0 and it follows that for 6 in the open interval 

—3n, 37), with w=1+te%-+4ct2¢2%h(te*), we have | w| >1 for sufficiently small 
positive ¢. It remains to be shown that this is also true at the end points of the 
interval. 

With z=, w=u+iv=1+7t—4ct*p(t) we obtain, at t=0: 

dw dw dv | du du 


—=1, —=-¢=—-a-ip, —=it, —=0, —=0, 
dt dt? dt dt dy 


and from d?u/dt? = (d?u/dv*) (dv/dt)?+ (du/dv) (d2v/dt?) we see, further, that 
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ad*u 


dy? 


d*4 a*un 


dt? dv? <t 


or 


Thus in the case of the function w(z) we see that a vertical segment of the z- 
plane through the origin is mapped into an arc in the w-plane passing through 
w=41, with vertical tangent and with curvature less than 1. Thus the arc in the 
w-plane is locally exterior to the unit circle except for the point of tangency. 
The proof is now complete. 


Also solved by Robert Breusch, and by M. D. Mavinkurve (India). 
Note. Mavinkurve shows that the conclusion follows for all g in a set with positive two-di- 
mensional measure. 


Factors of the Number of Divisors of (f())! 
5295 [1965, 555]. Proposed by M. V. Subbarao, University of Alberta, Canada 


Let a and k be arbitrary positive integers, and }, c positive integers such that 
3b =5c. Let N= (kn*(ne+1))!. If ¢(V) denotes the number of divisors of NV, show 
that for all sufficiently large positive integers n, t(N) =0 (mod (1+2)?). 


Solution by Robert Breusch, Amherst College. More generally: Let a and k be 
arbitrary positive integers. Let f(z) be any strictly increasing number-theoretic 
function. Let N=(f(z))!. Then, for all large enough n, ¢(V) =0 (mod (1+2)?). 

Proof. A prime p with p>+/f(z) will be contained [f()/p]| times in N; 
thus it will contribute to ¢(N) the factor ([f(~)/p]+1). Now [f(x)/p]=& if and 
only if R<f(n)/p<k+41, that is, iff f(m)/(kR+1) <p Sf(n)/k. The prime number 
theorem implies that for every sufficiently large x, there will be at least a such 
primes, and again for m large enough, all these primes will be greater than 
V/f(n). Thus (NV) will contain a factor (1+2)*. 


Also solved by the proposer. 


Fitting the Weierstrass Polynomial 
5296 [1965, 555]. Proposed by J. E. Wetzel, University of Illinois 


The theorem of Weierstrass asserts that any continuous function f on an 
interval [a, b] can be uniformly approximated with arbitrary accuracy by a 
polynomial. 

(a) Let x, - °°, %, be distinct points of [a, 6]. Show that the polynomial p 
can be chosen to pass through all the points (x, f(x1)), + + +, (%a, f(%n)) in addi- 
tion to approximating f uniformly on [a, db]. 

(b) Let x1, +++, xX, be distinct points not in [a, b] and 1, - + + , y, arbitrary 
numbers. Show that the polynomial p can be chosen to pass through all the 
points (x1, 1), ° * *, (%n) Yn) in addition to approximating f uniformly on [a, b]. 


I. Solution by L. J. Wallen, Stevens Institute of Technology, Hoboken, N. J. 


(a) Let p be a polynomial with p(x;)=f(x,), t=1,--+, nm, and write f—p 
=f+—f- where ft and f- are the positive and negative parts of f—p. (Note: 
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ft(«:) =f-(«,) =0.) Pick polynomials gq, and 17, satisfying g,-(f+t)"™ and rf, 
—(f-)'/* uniformly. Setting 


n 


QO = [I la—(#)] and R,= [I lr, — n(x], 
im ix 
we have Q0,—f*, R,-f-. Finally p+Q,—R,—f and p(x:) +0,(«%:) — R.(x:) =f(x:). 
(b) This follows from (a) by extending f to an interval including the x; so 
as to satisfy f(x;) =+4;. 
II. Solutton by Benjamin Volk, Yeshiva University. Choose Q(x) so that 
| Q(x) —f(x)| <e for aSxSb. With \,=f(x.) —O(xx), 1Sk Sn, let 


R(x) = Sue] > and P(x) = O(s) + Rin). 


kel fend VE X% 


Then 
| R(x)| Se sup STE = = Ae, 
a<z<d feel ml Nig wm XG 
| P(x) —f() | = [O@) + Re) —f(m)| < |O@—-s@| + | R| 
< (1+ Aje, | 


which implies P(x,) =f(x,) and this completes the proof. 


Also solved by G. Baron & W. Imrich (Austria), Béla Bollob4s (Hungary), Robert Bowen, 
Jon Cole, Michael Golomb, Harry Guess, James Kiefer, A. G. Konheim, M. D. Mavinkurve (India) 
L. D. Meeker, E. A. Nordgren, V. L. N. Sarma (India), John Shaw, G. P. Speck, F. W. Steutel 
(Netherlands), and the proposer. 

Bowen, Meeker and Nordgren show that the result of the problem is an immediate conse- 
quence of an extension of the Stone-Weierstrass theorem: The uniform closure of the set of poly- 
nomials vanishing on a fixed finite set in [a, b| includes all the continuous functions of [a, b| which 
vanish on the given set. See M. H. Stone, A Generalized Weierstrass Approximation Theorem, p. 46 
in Studies in Modern Analysis, vol. I, of the MAA. 


Two Sided Ideals of a Regular Ring 


5297 [1965, 556]. Proposed by S. Lajos, K. Marx University of Economics, 
Budapest, Hungary 


Prove that any two-sided ideal J of a two-sided ideal J of a (von Neumann) 
regular ring R is again a two-sided ideal of R. 


Solution by E. P. Emerson, University of Minnesota. I is itself a regular ring, 
because if aC J, then axa=a for some xCR; now if y=xax, then yET and 
aya =ax(axa) =a. Let aE J andrER. It follows that raC€TJ and there exists 
x CTI such that raxra =ra. But raxr EI so ra€ J. The same argument shows that 
are J. 
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Also solved by Robert Bowen, K. S. Eldridge, Harry Gonshor, Mary Gray, Erwin Just, 
Geoffry Kandall, Irving Katz, T. P. Kezlan, Kwangil Koh, W. G. Leavitt’s class in Ring Theory, 
C. C. Lindner, Jiang Luh, R. K. Markanda (India), M. D. Mavinkurve (India), Barbara L. 
Osofsky, Harsh Pittie, J. R. Porter, A. Radhakrishna (India), Klaus Schmitt, E. A. Schreiner, 
Robert Shanny, R. P. Sullivan, and the proposer. 


Professor Leavitt's class offers the following generalization: If J is an ideal of an ideal I of a 
ring R such that J is von Neumann regular in R, then J is an ideal of R. 


When a Semigroup is a Group 


5298 [1965, 556]. Proposed by S. Lajos, K. Marx University of Economics, 
Budapest, Hungary 


A subsemigroup A is said to be an (m, z)-ideal of the semigroup S if A™SA*® 
CA, where m, nm are nonnegative integers and A” is suppressed if m=0. Prove 
that a semigroup S is a group if and only if it has no proper (m, )-ideal, where 
m, n are fixed positive integers. 


Solution by E. A. Schreiner, Western Michigan University. Let m, 1 be fixed 
positive integers. Assume that S is a group, A an (m, n)-ideal of S, a€ A. Then 
a™(a-™+)) qn =eCA. Thus for arbitrary sCS, e™se*"=sCA, and so A=S. 

Conversely, assume that S has no proper (m, )-ideals. For arbitrary aC S, 
aSa is a subsemigroup and since (aSa)"S(aSa)"CaSa, aSa is an (m, n)-ideal. 
Therefore aSa=S. Hence, for arbitrary a, )€S, the equations ax =b and ya=b 
have solutions x, yCS. This is sufficient to insure that S is a group. 


Also solved by Mary K. Bennett, D. R. Brown, Michael Greening (Australia), U. S. Kahlon 
(India), Irving Katz, Kwangil Koh, C. C. Lindner, A. E. Livingston, M. D. Mavinkurve (India), 
Barbara L. Osofsky, J. R. Porter, A. Radhakrishna (India), K. N. Sigmon, R. P. Sullivan, and 
the proposer. 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED By R. A. ROSENBAUM, Wesleyan University 
COLLABORATING EpiTors: K. O. May, University of California, Berkeley, and 
E. P. VANcE, Oberlin College 


Materials intended for review should be sent directly as follows: Books: R. A. Rosenbaum, 
Wesleyan University, Middletown, Conn. 06457. Programmed Materials: K. O. May, Uni- 
versity of California, Berkeley, Calif. 94704. Films: E. P. Vance, Oberlin College, Oberlin, 
Ohio 44074. 


Computer Programming: A Mixed Language Approach. By Marvin L. Stein and 
William D. Munro. Academic Press, New York, 1965. 459 pp. $11.50. 


In their preface, the authors state that the objective of their book is to pro- 
vide training for both the professional programmer and the user interested in 
the computer only as a device to help solve mathematical problems. To this 
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end, they discuss the machine languages, symbolic machine languages, and 
problem-oriented languages. 

Their exposition is clear, with several examples and exercises to assist the 
reader. A listing of the chapters will indicate the subject matter covered by the 
book: 1. Number Systems; 2. Machine Organization; 3. Elementary Coding; 
4, Fixed and Floating Point Arithmetic: Scaling; 5. Nonarithmetic Operations; 
6. Subroutines; 7. Input-Output; 8. Assembly of Complete Programs; 9. FOR- 
TRAN: Mixed Language Programs. 

I agree with the authors that this book properly belongs at the fourth year 
level. 

My only substantial criticism of this book is that it was written with the 
CDC 1604 digital computer as a reference. In fact, on occasion, the book reads 
like an instruction manual for this computer. I recognize that many ideas on 
languages can be explained only in the context of a specific structured computer. 
Still, I think the book could have been improved if the authors had indicated 
which comments applied to all machines and which related only to the CDC 
1604. A second factor which detracts from the book’s utility, particularly for 
the college student, is the almost total lack of a bibliography. The only reference 
I could find is imbedded in the text on page 230. 

To summarize, this is an excellent book on the languages of the CDC 1604. 
If the reader is interested in another computer, he can derive much information 
from this book if he notes where the concepts apply to his computer. 

LEON LEVINE, Scientific Data Systems 


Problems in Higher Algebra. By D. K. Faddeev and I. S. Sominskii. Translated 
by J. L. Brenner. Freeman, San Francisco, 1965. 498 pp. $3.95. 


This book consists of a compilation of approximately 1000 problems from the 
more classical parts of linear algebra and the theory of equations. Among the 
topics treated are the following: complex numbers, roots of unity, computation 
of determinants (some requiring mathematical induction), linear equations, 
matrices (a few of the matrix problems arose at the 1964 Gatlinburg Confer- 
ence), inequalities involving matrices and determinants, divisibility of poly- 
nomials, interpolation, location of zeros of polynomials, symmetric functions, 
resultants and discriminants, applications of the Jordan canonical form. Many 
of the problems are of routine drill variety, but a significant percentage require 
imagination and ingenuity and will test the better students. The problems 
usually are independent of each other. Hints for the tougher problems are given 
in a special section and answers to all problems are provided in another section. It 
is obvious that this book will be a valuable source of problems for any teacher 
or examiner. It could be a useful adjunct text in courses treating such topics. 

D. J. Lewis, University of Michigan 
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Computational Methods of Linear Algebra. By D. K. Faddeev and V. N. Fad- 
deeva. Translated by R. C. Williams. Freeman, San Francisco, 1963. xi+620 
pp. $11.50. 

This book is devoted to an exposition of computational methods for solving 
such basic problems of linear algebra as the solution of a system of linear equa- 
tions, the inversion of a matrix, the determination of eigenvalues and eigen- 
vectors of a matrix. There are a large number of numerical methods for solving 
these problems and the authors have grouped them about certain general points 
of view. 

There are two basic methods of approach. An exact method is one that gives 
a solution to the problem by use of a finite number of elementary arithmetic 
operations. The number of operations necessary for a solution depends only on 
the computational scheme chosen and the order of the matrix defining the prob- 
lem. If the coefficients are rational and the computations are carried out exactly, 
the solutions are exact. Historically, the first exact method was Gauss’ method 
for solving a system of linear equations by eliminating the unknowns. There are 
many different computational schemes for applying Gauss’ method and some of 
these are described in Chapter 2. An iterative method provides a means of de- 
termining an approximate solution, the solution being the limit of successive 
approximations obtained by iterating the same uniform process. Consequently, 
the rate of convergence plays an essential role in this process. No iterative 
method is universally effective in giving rapid convergence for all matrices. 
Usually the rule for the computational scheme for an iterative method is simple 
and convenient for actual computation. Iterative methods are seldom used in 
computing inverses of matrices. Various schemes for iterative solutions of a sys- 
tem of linear equations are given in Chapter 3. 

The usual exact method of determining eigenvalues is the determination of 
the characteristic polynomial (with a minimum of computation) and then de- 
termination of the zeros of that polynomial. On the other hand, the iterative 
process usually enables one to avoid computing the characteristic polynomial. 
Consequently, an iterative process is easier and is used frequently when deter- 
mining a single eigenvalue. An exact method is usually used when determining 
all the eigenvalues. Exact methods for the complete determination of eigen- 
values are discussed in Chapters 4 and 6. The methods in Chapter 6 are based 
on the idea of orthogonalization. Iterative methods applicable to determining 
special eigenvalues are discussed in Chapters 5 and 7. Applications of the itera- 
tive method (via high speed computers) to the complete eigenvalue problem are 
discussed in Chapter 8. In Chapter 9, universal algorithms are discussed. A 
universal algorithm is an iterative process which is carried out according to 
formulas whose coefficients are the same for large classes of matrices. 

Although this book is not encyclopedic it does contain a very large sample 
of the more useful algebraic methods applicable to these problems. Probabilistic 
methods, such as the Monte-Carlo methods, are not discussed. The various com- 
putational schemes are described with care, are theoretically justified, and are 


1966] RECENT PUBLICATIONS AND PRESENTATIONS 561 


illustrated with numerical examples which show how to set up the tabulation. 
A reader with a good acquaintanceship with linear algebra should be able to fol- 
low the discussion and apply the exact methods. He may need a small amount 
of elementary functional analysis to handle the iterative methods. The neces- 
sary background in linear algebra and in functional analysis is given in the open- 
ing chapter of 118 pages. The book concludes with an extensive list of references 
(59 pages) covering the years 1870-1959. 
D. J. Lewis, University of Michigan 


Some Properties of Polyhedra in Euclidean Space. By V. J. D. Baston. Pergamon 
Press, Oxford, 1965. xi+212 pp. $10.00. 


While the title of this book is faithful, it scarcely conveys the severe limita- 
tion of the book’s contents. The entire volume, which is essentially the thesis for 
Baston’s Ph.D. degree granted by the University of London, is devoted to a 
single, but very interesting, problem in 3-space. The problem arose from Crum’s 
Problem, which in turn had its origin in the extension to 3-space of the famous 
Four Color Problem of the plane and sphere. Crum’s Problem asks, “What is the 
maximum number of nonoverlapping convex polyhedra such that each pair has 
a common boundary of positive area?” It has been shown that there is no upper 
limit to this number, which proves that 3-space has no finite chromatic number. 
Now Crum ’s Problem has itself been extended in two ways: (1) by considering 
n-dimensional polyhedra in an n-dimensional space, and (2) by limiting the 
convex polyhedra in Crum’s Problem to polyhedra of some special type, such 
as to tetrahedra or to cuboids. Baston’s Ph.D. thesis problem was to investigate 
the question, “What is the maximum number of nonoverlapping tetrahedra 
such that each pair has a common boundary of positive area?” In a succession 
of 11 chapters, covering over 200 pages, Baston manages to show that the de- 
sired number is either 8 or 9. He actually constructs a set of 8 tetrahedra having 
the required property, but is unable to determine whether or not the number 
can be raised to 9. 

The work, which is written on the research level, is a tour de force employing 
a matrix representation of the geometric problem. In the course of the work the 
reader is introduced to a vast array of new terms, such as n-con, uno, unun, 
nodo, doun, notre, treun, dodo, dotre, tetre, naik, dhoat, thaik, daik, dopt, nopt, 
sipt, surplust, tredho, treno, tript, and chardho. The analogue of the problem in 
2-space is so very simple that one is surprised at the seeming complexity of the 
3-dimensional case. Simpler methods of attacking the problem may be dis- 
covered in the future, but at present there is a lack of any developed theory to 
cope with the type of problem involved. Also, there is present that often ob- 
served discrepant gap between a 2-dimensional problem and its extension to 
3-space. Thus, while the number sought in Crum’s Problem in 3-space is non- 
finite, the number for the 2-space analogue is easily shown to be the small finite 
number 4. 

HOWARD EVEs, University of Maine 
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Systems and Simulation. By D. M. Chorafas. Volume 14 of Mathematics in 
Science & Engineering Series. Academic Press, New York, 1965. 500 pp. 
$14.50. 


This book is an introduction to the computer simulation approach to solving 
problems in engineering and operations research. The philosophy of properly 
formulating and evaluating management problems is discussed at length; here, 
of course, mathematics is a minor aspect. More than thirty different applications 
of simulation are then described, ranging from hydrology to model changes in 
the automobile industry. The discussion on each example tends to be rather gen- 
eral, and it might have been useful to show in more detail the difficulties that 
can arise. There is no bibliography. 

J. J. FLORENTIN, Brown University 


Error Propagation for Difference Methods. By Peter Henrici. Wiley, New York, 
1963. vii +73 pp. $4.95. 


This book is a sequel and companion to the author’s earlier book [Discrete 
Variable Methods in Ordinary Differential Equations, Wiley, New York, 1962; 
this MontTHLy, 69 (1962) 935-936]. It extends the theory of linear multistep 
methods to systems of ordinary differential equations. However, the step from 
one dimension treated in the earlier book to several dimensions treated in the 
present book is not a mere exercise in easy generalization. Instead the treatment 
is essentially independent of the one-dimensional case and yields some new 
and unexpected results. 

After a brief introduction in Chapter 1, the basic definitions and concepts 
are given in Chapter 2. The main result of Chapter 3 is the proof that stability 
and consistency are together necessary and sufficient for convergence. Chapter 4 
presents a detailed study of the asymptotic behavior of the discretization error 
for small step sizes. In Chapter 5 round-off is considered and a statistical theory 
of the round-off error is given. 

An appendix written with Riley and Stafford applies the results of Chapters 
4 and 5 to the integration of two simple model problems each involving the 
integration of four simultaneous differential equations. Although the two solu- 
tions are the same, one problem is linear, while the other is not, and this leads 
to differences in error propagation between the two problems, and, in the non- 
linear problem between different methods of integration. Experimental cal- 
culations which verify these results are summarized at the end of the appendix. 

This little book is concise and carefully written. It should be of interest to 
all who are faced with the problem of integrating systems of ordinary differential 
equations. The reader who is willing to expend the effort necessary to read the 
book will be amply rewarded. 

J. G. HERRIOT, Stanford University 
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Géométrie et relativité. By J.-M. Souriau. Hermann, Paris, 1964. 512 pp. 54 F. 


The first part contains the fundamentals of geometry pertinent to the theory 
of relativity. With the aid of modern geometric methods the reader is introduced 
directly into the middle of differential geometry (variance theory, Riemannian 
geometry), matrix and tensor calculus, quaternions, Euclidean geometry, etc. 
In the second part there is a discussion of the fundamentals of the theory of 
relativity. Starting from a single variational principle the author derives the 
gravitational equation of Einstein and passes from general relativity to special, 
including derivations of the traditional concepts of space-time, and discussions 
of Newtonian mechanics and experimental verifications. The last part contains 
an exposition of the theory of relativity of five dimensions, elaborated in the 
past by Kaluza, Klein, Jordan, Pauli, and others, involving a unification of 
electricity with energy and impulse, light with gravitation, etc. A classical 
relativist will enjoy reading a book full of sophisticated geometric concepts and 
notions, regardless of how ideal the theory of relativity may be. But some re- 
marks are in order. Fock demonstrated that the Einstein theory of gravitation 
is actually a development of the theory of Galilean space, not in the sense of a 
widening or generalization of the notion of relativity, but, on the contrary, in 
the sense of a limitation of this notion. This is ignored by the author. The pres- 
ent day controversy centering around the non-constancy of the speed of light, 
different times (biological, etc.) subject or not to the relativistic concept, in- 
fluence of a neutrino flux upon the speed of light, time-dilatation dilemma, etc., 
is not mentioned. 

M. Z. v. KRzywosiLock1, Michigan State University 


Principles of Random Walk. By Frank Spitzer. Van Nostrand, Princeton, 1964. 
406 pp. $12.50. 


This book is devoted almost exclusively to random walks on finite (mostly 
1 or 2) dimensional lattices with spatially homogeneous transition probabilities. 
The most surprising thing about the book is that despite its length and high 
degree of specialization, it is written in such a style that it will hold the reader’s 
interest even if this is not his own field. The main emphasis is on the intercon- 
nections among probability theory, harmonic analysis, and potential theory. 
By limiting the scope to walks on a lattice, the author can illustrate this very 
elegantly without the use of difficult topological concepts. He is obviously try- 
ing to teach and not to overpower the reader with mathematical magic. The 
book contains a thorough discussion of the first passage times of various points 
or sets from a fixed origin, and the mean number of occurrences of various 
events, for recurrent or transient walks. Most of the results are of recent origin 
but originally written in a form for experts. There are numerous examples and 
exercises. 

G. F. NEWELL, Brown University 


564 RECENT PUBLICATIONS AND PRESENTATIONS [May 


The Theory of Groups: An Introduction. By Joseph J. Rotman. Allyn and Bacon, 
Boston, 1965. xiii +305 pp. $9.50. 


This is an excellent and also a very useful book. It is truly an introduction 
to group theory, avoiding, on the whole, very lengthy proofs and the buildup of 
elaborate machinery. But it is far from being elementary or primitive. Where 
the choice of topics was not a matter of necessity, the author has selected im- 
pressive results, frequently very recent ones, which may be considered as basic 
and characteristic for the whole complex of theorems to which they belong. The 
brief introduction to homological algebra and the presentation of the Novikov- 
Boone theorem on the unsolvability of the word problem will probably be par- 
ticularly welcome to many readers. 

Sectionsare preceded by lucid summaries. Motivation and clarity are stressed, 
on occasion even at the expense of brevity. 

There are numerous exercises and examples. The prerequisites are kept ata 
minimum; aids from other parts of algebra are briefly developed or at least sum- 
marized. 

List of chapters: Groups and homomorphisms. The isomorphism theorems. 
Permutation groups. Finite direct products. The Sylow theorems. Normal and 
subnormal series. Infinite abelian groups. Homological algebra. Free groups and 
free products. The word problem. Appendices. 

W. Maanus, New York University 


Counterexamples in Analysis. By B. R. Gelbaum and J. M. H. Olmsted. 
Holden-Day, San Francisco, 1964, 220 pp. $7.95. 


This book will cause a stir in the pedagogical community as professors choose 
between encouraging students to buy this excellent and enjoyable book and 
banning it from library and bookstore. Now everyone has easy access to the 
classical and unusual counterexample which we can use so effectively in the 
classroom to bring home a point. It is nonetheless worth any inconvenience to 
have this book available. Since only one counterexample per assertion is pre- 
sented, someone's favorite will be omitted; but at least there is one counterexam- 
ple. The authors have performed a valuable service in compiling a fairly com- 
plete list with explanations and, where appropriate, references in the literature. 
The following list of chapter headings will indicate the coverage: 1. The real 
number system; 2. Functions and limits; 3. Differentiation; 4. Riemann Inte- 
gration; 5. Sequences; 6. Infinite series; 7. Uniform convergence; 8. Sets and 
measure on the real axis; 9. Functions of two variables; 10. Plane sets; 11. 
Area; 12. Metric and topological spaces; 13. Function spaces. 

The book seems to be unusually free from misprints, although the list of 
special symbols at the end omits reference to A\B—the difference between sets 
A and B. The table of contents contains a full statement of each example, and 
seemed to be more useful than the index in locating particular examples. Such 
a book needs a kind of instant index for classroom emergencies. The theoretical 


1966] RECENT PUBLICATIONS AND PRESENTATIONS 565 


material is assumed known, but motivation is frequently supplied by careful 
and complete definitions of the terms, as well as by elucidating and elaborating 
remarks that go beyond the formal presentation of the example. 

This book must have been fun to write because it was fun to read. It amused 
this reviewer to open the book at some random page and to challenge his honors 
seminar to come up with the required counterexample. The publishers also 
deserve kudos for publishing a book that is obviously not a textbook. 


DAVID ROSEN, Swarthmore College 


Absolute Stability of Regulator Systems. By M. A. Aizerman and F. R. Gant- 
macher. English translation by E. Polak. Holden-Day, San Francisco, 


1964. 182 pp. $8.95. 


The problem of the “absolute stability” was first formulated by Soviet engi- 
neers Lur’e and Postnikov in 1944. The regulator without control is linear and 
the feed-back control contains a single nonlinearity whose characteristic lies in 
the first and third quadrant. Absolute stability means asymptotic stability in 
the large of the origin (zero error in control) for all such nonlinear characteristics. 
The problem has been studied extensively by mathematicians and engineers, 
particularly in the Soviet Union and the United States. This book presents the 
main results up to 1963 and includes those obtained by the Liapunov method 
and by the frequency method. More recent work on the relation for this problem 
between the two methods is presented in an appendix. 


J. P. LaSAtie, Brown University 


BRIEF MENTION 


Theorie und Anwendung der unendlichen Reihen, Finfte berichtigte Auflage. By Konrad 
Knopp. Springer-Verlag, Berlin, 1964. xii-+582 pp. DM. 48,00. 


Analysis and Synthesis of Linear Time-Variable Systems. By Allen A. Stubberud. U. of 


California Press, Berkeley, 1965. 108 pp. $4.75. 
Based on a Ph.D. dissertation in engineering. Emphasis is on synthesis, especially of 
feedback systems. A knowledge of linear ordinary differential equations is assumed. 


Mathematical Theory of Reliability. By Richard E. Barlow and Frank Proschan. Wiley, 


New York, 1965. 252 pp. $11.00. 
A research monograph which presents a survey of probabilistic models useful in solv- 


ing reliability problems. 


The Philosophy of Science. By Peter Caws. Van Nostrand, Princeton, N. J., 1965, 352 
pp. $6.75. 


Introduction to Basic FORTRAN Programming and Numerical Methods. By William 
Prager. Blaisdell, Waltham, Mass., 1965. 204 pp. $6.50. 
From lecture notes for a one-semester course for students of applied mathematics at 


Brown University. 
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Mathematics and Science, Last Essays. By Henri Poincaré. Translated by John W. 
Bolduc. Dover, New York, 1965. 121 pp. $1.25. 


Darstellende Geometrie, Zweite verbesserte Auflage. By Fritz Rehbock. Springer-Verlag, 
Berlin, 1964. (First edition in 1956) 235 pp. DM. 29,00. 


Dynamics-Particles, Rigid Bodies and Systems, Vol. I. By R. L. Halfman. Addison-Wesley, 
Reading, Mass., 1962. 379 pp. $8.50. 


Dynamics-Systems, Variation of Methods, and Relativity, Vol. II. By R. L. Halfman. 
Addison-Wesley, Reading, Mass. 1962. 230 pp. $6.75. 


Developments in Theoretical and Applied Mechanics, Vol. 2. Edited by W. A. Shaw. 
Pergamon, New York, 1965. 651 pp. $22.50. 
Proceedings of the Second Southeastern Conference on Theoretical and Applied 
Mathematics, Georgia Institute of Technology, March, 1964. 


Integral Equations, 2nd rev. ed. By S. G. Mikhlin. Pergamon, New York, 1964. 341 pp. 
$12.50. 


Three Dimensional Dynamics, 2nd ed. By C. E. Easthope. Butterworth, Washington, 
D. C., 1964. 424 pp. $14.50. 


The Groups of Order 2"(n <or=6). By Marshall Hall Jr. and J. K. Senior. Macmillan, 
New York, 1964. 225 pp. $15.00. 
These tables give for the first time the complete list of the 267 groups of order 64. 


An Introduction to the Mathematics of Servomechanisms. By J. L. Douce. Van Nostrand, 
Princeton, N. J., 1964. 240 pp. $4.50. 
This is a textbook for students of control engineering. It assumes only an elementary 
knowledge of calculus and emphasizes a practical approach rather than mathematical 
rigour. 


Computing and Data Processing Society of Canada, Proceedings of the Fourth Conference. 
Ottawa, May 1964. U. of Toronto Press, Toronto, 1964. 65 pp. $5.00. 


The Basic Laws of Arithmetic. By Gottlob Frege. Translated and edited by M. Furth. 
U. of California Press, Berkeley, 1964. 142-+42 pp. (editor’s introduction) $5.00. 
The editor introduces his translation of Frege’s classic with an extensive discussion of 

its central ideas and their relevance to later developments. 


Invariant Imbedding and Time-Dependent Transport Processes: Modern Analytic and 
Computational Methods in Science and Mathematics. Vol. II. By Bellman, Kagiwada, 
Kalaba and Prestrud. Elsevier, New York, 1964. 256 pp. $8.00. 

A Rand Corporation Research Study. 


The Concept of Matter in Descartes and Leibniz. By R. Catesby Taliaferro. U. of Notre 
Dame Press, Indiana, 1964. 33 pp. $2.00. 


Die mathematischen Hilfsmittel des Physikers. 7th ed. By Erwin Madelung. Springer- 
Verlag, Berlin, 1964. 536 pp. DM 49, 70. 


Analysis in Function Space. Edited by Martin and Segal. MIT Press, Cambridge, Mass., 
1964. 218 pp. $6.00. 


Probability and Information Theory with Applications to Radar. 2nd ed. by P. M. Wood- 
ward. Pergamon, New York, 1965, 136 pp. $5.00. 
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Discretus Calculus: A Vartable-Metric Approach to Physical Theory. By Herbert S. 
Ingham. Philosophical Library, New York, 1964. 197 pp. $6.00. 


Elementary Differential Equations, 6th ed. By Lyman M. Kells. McGraw-Hill, New 
York, 1965. 430 pp. $7.95. 
Extensively revised. 


Proceedings of the Conference on Complex Analysis, Minneapolis, December, 1964. A. 
Aeppli, E. Calabi and H. Rohrl, editors, Springer-Verlag, New York, 1965. 308 pp. 
$9.50. 


Random Negative Exponential Deviates, No. 27, Tracts for Computers. By V. D. Barnett, 
edited by M. S. Bartlett. Cambridge U. Press, New York, 1965. 90 pp. $2.25. 


Elements of Finite Probability. By J. L. Hodges and E. L. Lehmann. Holden Day, San 
Francisco, 1965. 230 pp. $5.25. 
Part I of the author’s book Basic Concepts of Probability and Statistics. 


Cybernetics: or Control and Communication in the Animal and the Machine. 2nd ed. By 
Norbert Wiener. MIT Press, Cambridge, Mass., 1964. 212 pp. $1.95. 


Coding Theorems of Information Theory, 2nd ed. By J. Wolfowitz. Springer-Verlag, New 
York, 1964. 156 pp. $6.75. 


Methods of Applied Mathematics, 2nd ed. By Francis B. Hildebrand. Prentice-Hall, 
Englewood Cliffs, N. J., 1965. 360 pp. $10.50. 


An Introduction to the Foundations and Fundamental Concepts of Mathematics, rev. ed. 
By Howard Eves and Carroll V. Newsom. Holt, Rinehart and Winston, New York, 
1965. 414 pp. $7.75. 


Statistical Theory and Methodology in Science and Engineering, 2nd ed. By K. A. Brown- 
lee. Wiley, New York, 1965. 590 pp. $18.50. 


Regulare Figuren. By L. Fejes Téth. Akademiai Kiado, Budapest, 1965. 316 pp. $8.50. 
A review of the English translation will appear in the MONTHLY. 


The Treasury of Mathematics. Henrietta O. Midonick, editor. Philosophical Library, 
New York, 1965. 820 pp. $15.00. 


Principles of Logic. By Josiah Royce. Wisdom Library, Philosophical Library, New York, 


1961. 77 pp. $2.75, 
A representative sampling of Royce’s logical essays. 


Nomography. By Edward Otto. Pergamon, New York, 1963. 313 pp. $10.00. 
This book is a manual for teaching nomography. It stresses the importance of geo- 
metrical transformations, especially projective transformations of the plane. 


Les Anneaux Normes Commutatifs. By I. M. Gelfand, D. A. Raikov, and G. E. Silov. 
Gauthier-Villars, Paris, 1964. 258 pp. 52 F. 
The English translation of this work will be reviewed. 


Principles of Coding, Filtering, and Information Theory. By Leonard S. Schwartz. 
Spartan Books, Baltimore, 1963. xiii+255 pp. $8.50. 


Pedal Lines, Orthopoles, Kantor Lines, Kantor Points, Deltoids and Poristic Polygons. 
(Study by the Method of Complex Coordinates). By Kesiraju Satyanarayana. 
Privately printed, Rajahmundry, Andhra Pradesh, India, 1964. 148-+-xii pp. R. 3. 


NEWS AND NOTICES 
EDITED By RAOUL HaILPern, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo ( Univer- 
sity of Buffalo), New York 14214. Items must be submitted at least two months before publica- 
tion can take place. 

PERSONAL ITEMS 


Professor E. M. Beesley, University of Nevada, represented the Association at the 
inauguration of Newton E. Miller as First Chancellor of the Reno Campus of the Uni- 
versity of Nevada on February 11, 1966. 

Professor J. N. Eastham, Queensborough Community College, represented the As- 
sociation at the installation of Dr. Allyn P. Robinson as Dean of Adelphi Suffolk College 
on March 6, 1966. 

Professor Mariano Garcia, University of Puerto Rico, represented the Association at 
the inauguration of Dr. Raymond B. Hoxeng as President of Inter-American University 
of Puerto Rico on March 6, 1966. 

Mr. M. N. Chase, formerly Director of the Combat Operations Research Group of 
Technical Operations Research, Arlington, Virginia, has been appointed Vice President 
of the Washington Area Activities. 

Dr. A. S. Householder, Oak Ridge National Laboratory, was awarded the degree 
Doktor der Naturwissenschaften Ehrenhalber by the Technische Hochschule, Munich, 
Germany, on December 2, 1965. 

Associate Professor J. N. Javaher, Stanislaus State College, has been promoted to 
Professor. 

Mr. J. C. Lanz, Harrisburg Area Community College, has been promoted to Pro- 
fessor. 

Mr. John A. Lushbough, Colorado State University, has been appointed to the staff 
of the Oak Ridge National Laboratory as a Programmer. 

Assistant Professor L. V. Quintas, St. John’s University, has been awarded an NSF 
Science Faculty Fellowship for a twelve month period of study in mathematics at the 
City University of New York. 

Associate Professor D. E. Varberg, Hamline University, has been promoted to 
professor. 


Professor Jesse Douglas, City University of New York, died on October 7, 1965. He 
was a member of the Association for 22 years. 

Professor Emeritus E. B. Stouffer, University of Kansas, died on November 24, 1965. 
He was a charter member of the Association. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


“FINDING EMPLOYMENT IN THE MATHEMATICAL SCIENCES” 
BROCHURE AVAILABLE 


The Mathematical Sciences Employment Register, which is sponsored by the Ameri- 
can Mathematical Society, the Mathematical Association of America, and the Society 
for Industrial and Applied Mathematics, has recently published a booklet entitled “Find- 
ing Employment in the Mathematical Sciences.” This booklet gives information to the 
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young mathematician, who is just entering the professional field, information on how to 
find employment best suited to his abilities and training. The role of the mathematician 
in teaching, academic and industrial research, computing, and government is discussed. 
The booklet, also, lists the sources of information available to the young mathematician 
who is seeking a position. There is no charge for this booklet, and it may be obtained by 
writing to the Employment Register, P.O. Box 6248, Providence, Rhode Island 02904. 


MATHEMATICAL SCIENCES EMPLOYMENT REGISTER 


The Mathematical Sciences Employment Register, established by the American 
Mathematical Society, the Mathematical Association of America, and the Society for 
Industrial and Applied Mathematics, will be maintained at the Summer Meeting at 
Rutgers—The State University, New Brunswick, New Jersey on August 30-31 and 
September 1, 1966. The Register will be open from 9:00 a.m. to 5:00 p.m. on each of 
these three days in Frelingheusen Hall, Level A. It is important that applicants and em- 
ployers register at the Employment Register Desk promptly upon arrival at the meeting 
to facilitate the arrangement of appointments. 

There is no charge for registration, either to job applicants or to employers, except 
when the late registration fee for employers is applicable. Provision will be made for 
anonymity of applicants upon request and upon payment of $5.00 to defray the cost in- 
volved in handling anonymous listings. 

Job applicants and employers who wish to be listed should write to the Employment 
Register, P.O. Box 6248, Providence, Rhode Island 02904, for applicants forms or for 
position description forms. These forms must be completed and returned to Providence 
not later than July 15, 1966, in order to be included in the listings at the Summer Meeting 
in New Brunswick. Position description forms arriving after this closing date will be 
charged $5.00 for a late listing. Those forms which arrive too late to be included in the 
printed list are taken to the meeting where they may be seen by interested applicants. 
The printed lists will be mailed to subscribers on August 5, 1966 and will be available for 
distribution both during and after the meeting. 

A subscription which includes all three issues (January, May, and August) of both 
the list of applicants and the list of positions is obtainable for $15 per year. The individual 
issues of both lists may be purchased in January, May, and August for $7.50. Copies of 
only the list of positions may be purchased for $3.00. 

Persons wishing either a year’s subscription or individual issues, should make checks 
payable to the American Mathematical Society and send them to the Mathematical 
Sciences Employment Register, P.O. Box 6248, Providence, Rhode Island 02904. 


MATHEMATICS FILMS 


Many of the Individual Lectures films produced by the MAA Committee on Educa- 
tional Media are now available for purchase or rental. Experimental versions of some 
of these films have been a feature of national MAA meetings for the past two years. 
Readers wishing to order such films, or further information, are urged to write not to 
the MAA, but to: Modern Learning Aids, 1212 Avenue of the Americas, New York, 
N. Y. 10036. 


MATHEMATICS ON TELEVISION 


Would persons who are aware of mathematical broadcasts on television, open or 
closed circuit, please drop a note to Phillip S. Jones, Mathematics Department, Univer- 
sity of Michigan, Ann Arbor, Mich. 48104, chairman of a subcommittee of the MAA 
Committee on Educational Media. 


570 MATHEMATICAL ASSOCIATION OF AMERICA 


NEW MAA PUBLICATION: HARMONIC ANALYSIS 


MAA is publishing a single volume edition of “Harmonic Analysis” by Lynn H. 
Loomis. This book of about 400 pages consists of notes by Ethan Bolker of lectures 
given by Professor Loomis at the 1965 MAA Cooperative Summer Seminar at Bowdoin 
College. 

In the preface the author states: “The principal theme of these notes is the develop- 
ment of the heavy machinery required to manipulate the Fourier Transform. Secondary 
themes are the consistent applications of norms of increasing diversity and complexity 
and the gradual introduction of weak methods, starting with the pairings of the classical 
Banach spaces and culminating with the introduction of distributions. .. . The nominal 
aim of the lectures is to prove in a modern way a few theorems about linear partial dif- 


ferential equations.” 


Copies will be ready about June 1, and may be purchased for $3.00 from: MAA, 
SUNY at Buffalo, Buffalo, N. Y., 14214. Payment is requested with your order. 


CALENDAR OF FUTURE MEETINGS 


Forty-seventh Summer Meeting, Rutgers, The State University, New Brunswick, 


New Jersey, August 29~September 1, 1966. 
Fiftieth Annual Meeting, Houston, Texas, January 26-28, 1967. 


é 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS 

INDIANA 

IOWA 

KANSAS 

KENTUCKY 

LouISsIANA-MIssissipPI, Jung Hotel, New Or- 
leans, March 4-5, 1967. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

MINNESOTA 

MIssouRI 

NEBRASKA 

NEw JERSEY 

NORTHEASTERN 


NORTHERN CALIFORNIA, University of Cali- 
fornia, Davis, February 4, 1967. 

OHIO 

OKLAHOMA-ARKANSAS 

PaciFric NORTHWEST, University of Victoria, 
Victoria, British Columbia, June 17, 1966. 

PHILADELPHIA, Villanova University, Villanova, 
November 1966. 

Rocky MOUNTAIN 

SOUTHEASTERN, Florida Presbyterian College, 
St. Petersburg, Spring, 1967. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, San Diego, March 18, 1967. 

SOUTHWESTERN 

TEXAS 

UprerR NEW York STATE 

WISCONSIN 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCEMENT 
OF SCIENCE, Washington, D. C., December 
26-31, 1966. 

AMERICAN MATHEMATICAL SOCIETY, Rutgers, 
The State University, New Brunswick, 
N. J., August 30—September 2, 1966. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Washington State University, Pull- 
man, June 20-24, 1966. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Ambassador Hotel, Los Angeles, August 
30—September 1, 1966. 

CENTRAL ASSOCIATION OF SCIENCE AND MATH- 
EMATICS ‘TEACHERS, Indianapolis, No- 


vember 24-26, 1966. 

INSTITUTE OF MATHEMATICAL STATISTICS, 
Rutgers, The State University, New 
Brunswick, New Jersey, August 30-Sep- 
tember 2, 1966. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Miami Beach, Florida, June 29, 
1966. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Jack Tar Hotel, Durham, N. C., October 
17-19, 1966. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, State University of New York, 
Stony Brook, September 12-14, 1966. 
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METRIZATION 
F. BURTON JONES, University of California, Riverside 


In the 1910’s and 20’s there was considerable interest in finding topological 
characterizations of metric spaces (see Chittenden’s summary in [4]). Some of 
these were the result of unsuccessful attempts to obtain topological generaliza- 
tions of metric spaces [7, 8, 15]. R. L. Moore was successful in obtaining such a 
generalization but in the process he also discovered a characterization but never 
published it. While this theorem has been referred to by various authors and 
even Moore pointed to its existence, I think that he probably felt it to be too 
simple a consequence of Chittenden’s theorem about the equivalence of écart 
and voisinage to warrant publication. Nevertheless, some of the rather simple 
consequences of Moore’s theorem do not appear to be so simple after all and 
are being rediscovered by Russian mathematicians. Hence, it seems to me to 
be worthwhile to discuss in some detail this little-known metrization theorem 
and some of its consequences. 


1. Moore’s Metrization Theorem. Let S be a topological space without con- 
tiguous points (1.e., a Ty-space). Suppose that there exists a countable family § 
of open covers of S such that 1f H is a closed subset of Sand p 1s a point of S-H, 
there 1s a cover Fin § such that no element of F containing p intersects any element 
of F containing a point of H (1.e., F*(p)(\F*(A) =). Then S ts metrizable 
[p. 21 in 11, 14, 16, 17]. 


While this is not precisely the form in which Moore stated the theorem, I 
am stating it in this form to emphasize the kind of uniform regularity (or 
normality) contained in the hypothesis that the sets, F*(p) and F*(A), are dis- 
joint open subsets of S containing » and H respectively. It is also easy to see 
why one would expect the theorem to be true. For suppose that S is metric and 
that F, is the collection of all open subsets of S of diameter 1/n or less 
(n=1,2,3,---). Clearly F, covers Sand if 1/n<d(p, H)/2, then F*(p) (1 F*(H) 
= @% by the triangle inequality for the metric distance function d. Furthermore, 
one cannot strengthen the hypothesis (in the obvious way) by requiring for dis- 
joint closed sets H and K that F*(AH)(\F*(K) = @ because, as the reader may 
verify, this is not true for some of the simplest metric spaces (e.g., the plane) no 
matter how § is defined. Of course, if d(H, K) were positive, the above argument 
would work and this would be the case if either H or K were compact. But for 
this situation a slightly stronger form of Moore’s Theorem is possible. 


2. The strong form of Moore’s Metrization Theorem. Let S be a regular 
topological space (=regular Hausdorff space). Suppose that there exists a countable 
family & of open covers of S such that 1f H and K are disjoint closed subsets of S, 
one of which 1s compact, there is an element F of & such that no element of F inter- 
sects both H and K (t.e., F*(A)OK = @ = F*(K)OA). Then S is metrizable. 
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This follows quickly (and indirectly) from Moore’s Metrization Theorem as 
follows: 

Let Fi, Fo, Fs, - ++ beasimple well-ordering of § and let Gi, Ge, Gs, +--+ be 
a sequence of open covers of S such that for each natural number n, G, is a com- 
mon refinement of Fi, Fo, - +--+, Fr (i.e., each element of G, is a subset of some 
element of F; for 177). Suppose that S is not metrizable; then the countable 
family {G,} must fail to satisfy the hypothesis of Section 1 when {G,} is sub- 
stituted for §. Hence there exist a closed set H and a point p of S-H such that 
for each n, Gi(p)(\G; (HA) ¥ ©. 

For each n, let p, denote a point in this intersection and let K denote the 
closure of the set of all these points. Since { p | isclosed and compact, the sequence 
bi, ba, bs, ++ + converges to p. Hence H and K-H are disjoint closed sets and 
K-H is compact; so there must exist a natural number 7 such that no element 
of F,, intersects both. Hence the same must be true of each of Gn, Gnii, Gata, ° °°, 
which is a contradiction because for z large enough for p; to belong to K-H, 
G*(H) obviously intersects both H and K-H. The theorem follows from this 
contradiction. 


3. Moore Spaces. In the introduction mention was made of the search for 
topological generalizations of metric spaces. The generalization discovered by 
Moore [13] is as follows (compare this with Section 2): 

Let S be a regular topological space (=regular Hausdorff space). Suppose 
that there exists a countable family § of open covers of S such that if Hisa 
closed subset of S and p is a point of S-H, then there is a cover F in § such that 
no element of F contains p and intersects H. Such a space is called a Moore 
space and § is called a development for the space. Quite clearly all metric spaces 
are Moore spaces, for as before, if F, is the collection of all open subsets of a 
given metric space of diameter 1/z or less (n =1, 2, 3, + - ), /, covers the space 
and the family {Fr} has all of the properties required of §. And it is easy to 
speculate that perhaps all Moore spaces are metric spaces. 

It is well known that in a great many situations what is true of closed and 
finite point sets is true of closed and compact point sets and conversely. So let 
us restate Moore’s strong metrization theorem of Section 2, substituting “finite” 
for “compact” as follows (again let S denote a regular Hausdorff space): 

Suppose that there exists a countable family § of open covers of S such that 
if H and K are disjoint closed subsets of S, one of which is finite, then there is 
an element F of § such that no element of F intersects both H and K (.e., 
F*(H)OK = @ = F*(K)(OH). Is every space of this sort metric (= metrizable)? 

The reader can readily verify that every Moore space is such a space for 
it is no loss of generality to suppose that the development § postulated to exist 
for a Moore space has a simple well-ordering, fi, Fe, fs, - - + and that F, refines 
F,; for i<n. Hence, K being a Moore space, for each point p of K there exists a 
cover F in & such that F*(p)\H=@. When K is finite this set of covers is 
finite and which ever one has the largest subscript (in the well-ordering) has 
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the required property—namely, no element of it intersects both H and K. Thus, 
one may see that every Moore space is a space of this (the above) sort. But not 
every Moore space is metric; so not every space of this sort is metric despite the 
strength of the “compact= finite” principle. 


4. Nonmetrizable Moore Spaces. The best-known example of a Moore 
space which is not metrizable is due to R. L. Moore. Let S denote the points of 
the plane on or above the x-axis and let regions (= basis elements) be of two types: 
(1) if a circle lies entirely above the x-axis its interior is a region and (2) ifa 
circle is tangent to the x-axis (from above) then its interior plus the point of 
tangency is a region. Let F, (n=1, 2, 3, - - - ) be the collection of all regions of 
diameter 1/z (here I am using the ordinary Euclidean distance). The family 
{Fr} has the properties demanded of § to make S a Moore space. Since no re- 
gion contains two points of S belonging to the x-axis, the x-axis has become a 
discrete point set. If S were metrizable, S would necessarily have a countable 
basis (the part of S above the x-axis is still separable just as it was in the plane) 
and every countable basis would leave uncountably many points on the x-axis 
uncovered. Hence S is not metrizable. 

Moore has in [12] another example of this sort (but harder to describe) 
which is connected (in fact, cyclicly connected), locally planar (basis elements 
are homeomorphic with open plane disks), globally planar (the Jordan curve 
theorem holds true), separable, but nonmetrizable. What is probably the most 
complicated and most nonmetric known example of a Moore space is due to 
M. E. Estill (Rudin) [6]. This Moore space has the property that every metric 
subspace is nowhere dense. 


5. Metrization of Moore Spaces. Since a Moore space is not necessarily 
metrizable, the question arises as to just how a Moore space differs from a 
metric space. Many years ago I thought that the property of normality was the 
only difference (and this is indeed the case if some countable set is dense in the 
space [10]). But despite the efforts of many investigators this problem is still 
unresolved. At present the best answer to the question is paracompaciness. That 
every paracompact Moore space is metric was first observed by Bing [3]. I 
give below a somewhat different argument. 

Suppose that S is a paracompact Moore space and that | Fn} is a develop- 
ment for S. Since S is regular let us assume that | Fr} has the property that not 
only does F,41 refine F, but that the collection of closures of elements of Friis 
does also (i.e., if f belongs to F,+1 then f is a subset of at least one element of 
F,). Since S is paracompact let us also assume that for each natural number 1, 
F,, is locally finite (i.e., if p is a point, there is an open set U which contains p 
and intersects only finitely many elements of F,,). Let H and K denote disjoint 
closed subsets of .S such that one of them, say K, is compact and for each n, 
let F,(K) denote the collection of all elements of F, which intersect K. Since 
K is compact and F, is locally finite, F,(K) is finite. Now if for each n, Ff(K) NH 
~@, there exists a sequence fi, fo, fa, -- + such that fiDfeofeofs fs» --- 
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and for each n, f, is an element of F,,(K) which intersects both H and K. Let p 
be a point of (\(K-f,). Then p is a point of K which for each belongs to fn. 
So for each n, F*(p)0H#@ contrary to the required behavior of a develop- 
ment for the Moore space SS. Consequently {Fa} has the properties of § required 
in Section 2 to make S metrizable. 


6. Spaces with a uniform base. Alexandroff recently introduced (in [1]) the 
notion of a space having a uniform base (not to be confused with a space having 
a uniform structure). A base B is uniform if and only if each infinite subcollec- 
tion of B() is a base at p for each point p in the space. Every metric space has a 
uniform base because paracompactness guarantees that for each natural num- 
ber 2 some locally finite subcollection of all open sets of diameter less than 1/n 
covers the space. On the other hand, not every space having a uniform base 
(even when the space is also regular) is metrizable. The nonmetrizable Moore 
space of Section 4 does not have a uniform base despite the fact that the comple- 
ment of the x-axis has the topology of the plane. However, something of a 
modification of it [due to R. W. Heath] does have a uniform base without be- 
coming metric. 

Let S denote the points of the plane on or above the x-axis and let regions 
(=basis elements) be of two types: (1) if p is a point above the x-axis then 1p} 
is a region (i.e., the portion above the x-axis is given the discrete topology) and 
(2) if a circle of radius one is tangent to the x-axis at p (from above) then an 
open interval of it (with p as the mid-point) is a region. Let F, (n=1, 2,3, +--+) 
be the collection of all regions of diameter 1/m or zero (again I am using the 
ordinary Euclidean distance). The family | Fr} is a development and S is a 
Moore space. Clearly UF, is a uniform base for S. But Sis not metrizable since 
Sis not normal. (The reader can quickly check this by observing that since the 
set H of all irrational numbers on the x-axis and the set K of all rational numbers 
are closed and disjoint, normality would require a cover Q of H by basis elements 
such that O* has no point or limit point in K. This means that the real function 
f which assigns zero to each rational number and the diameter of the element of 
QO containing it to each irrational number is actually continuous at each rational 
number and discontinuous at each irrational number. But no such function f 
exists. ) 

These spaces (those with uniform bases) have a very simple relation to 
Moore spaces. Specifically, in order that a regular Hausdorff space S have a 
uniform base it is necessary and sufficient that S be a point-wise paracompact 
Moore space. (This was called to my attention by Heath.) For suppose that § 
is a development for S. As before, one loses no generality in assuming that 
o= {Fa} where for each n, Fn41 refines F,. Now if S is assumed to be point- 
wise paracompact each of these covers F, has a point-finite refinement Fy which 
covers S (i.e., no point belongs to infinitely many elements of F,). Hence 
B=URF, is a uniform base. 

Conversely, suppose that the regular Hausdorff space has a uniform base B. 
Let Bi, Bs, +--+, B,, ++: bea well-ordering of B. The cover Fi is defined by 
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induction as follows: let the first element of Fi be Bi and each subsequent ele- 
ment of F; is the first element of Bi, Be, - + - to contain a point not in any pre- 
ceding element of F;. This process produces a point-finite cover of .S. In fact, let 
p be a point of S and let f be the first element of F; containing p. Since each ele- 
ment of F; which follows f in Fy contains some point of S-f, the collection of all 
such elements which contain p does not form a base at and (hence) is finite. 

Now Ff, is defined as follows. Let B! be the subcollection of B remaining 
after removing from B all of the nondegenerate terms of F;. Let the first term 
of F, be the first term of B! (in the well-ordering of B) and each subsequent ele- 
ment of F2 is the first element of B! (in the well-ordering of B) to contain a point 
not in any preceding element of Fy. This process may be continued in exactly 
this same fashion (letting B°=B and being certain not to delete the degenerate 
elements of F,; in B*! in producing B*) to define | Fn} which is a development 
® for S. 

To see that S is point-wise paracompact let G be an arbitrary open cover of 
S, let B’ be a subcollection of B which refines G and covers S and let F’ be 
selected from B’ in exactly the same way that Fi was selected from B. Then F’ 
is point-finite. 

So every regular Hausdorff space which has a uniform base is a point-wise 
paracompact Moore space. 

Here again we may ask how such a space differs from a metric space. Alexan- 
droff gives three answers (e.g., paracompactness) but these answers add noth- 
ing new to our knowledge because of the above connection with Moore spaces. 
And again we may ask: 

Is every normal Hausdorff space which has a uniform base metrizable? 
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“DECIMAL” EXPANSIONS TO NONINTEGRAL BASES 


L. C. EGGAN, Pacific Lutheran University AND 
C. L. VANDEN EYNDEN, Miami University 


1. Introduction. It is easy to see that for a>1 we can associate with each 
number £20 a “quasi-decimal” (cf. [1]) expansion to the base a of the form 


(1) E= > Ona", 
where the a, are integers such that a_, =0 for 7 sufficiently large, and 
(2) OS a,<a. 
For example, if §£<1, the sequence of a, defined recursively by 
fo =& dn = laksa, 
En = AEn_1 — An, 


(3) 


satisfies (2), and 


3 = >> Ana”. 
n=l 
For simplicity, we shall write the last equation as &= .a1a2 - - - , the base a being 
understood. If a=5/2 and €=6/7 the algorithm defined by (3) gives us 
(4) 6/7 = .200201---. 
By summing the geometric series, however, we note that also 6/7 =.121212 ---. 


Thus (2) is not a sufficient condition for the expansion (1) to be unique. 

If the sequence of a, is repeating except for some initial set of terms we 
shall call the expansion periodic. The periodic expansion .ai1° - + Qnbi- > - Ombs 
-+ +b, +++ will be abbreviated .a, -- -an(b1 - - - On); thus 6/7 =.(12) to base 
5/2. 
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If w is an integer the theory of the above expansions is well known; in what 
follows we shall assume, therefore, that a is greater than 1 and not an integer. 

In Section 2 we prove some simple preliminary results. In Section 3 we show 
that if a is rational, any number has at most one periodic expansion to base a. 
Thus the algorithmic expansion given in (4) above is not periodic, even though 
and € are both rational. In Section 4 we obtain some results on the number of 
expansions that a number can have and about the special role of the algorithmic 
expansion. Finally, in Section 5 we obtain necessary and sufficient conditions 
for a number to have a periodic expansion to a rational base and an algorithm 
for finding this expansion. 


2. Preliminaries. Without loss of generality we will restrict our attention to 
expansions in which a, =0 for <0. Recall that 1<a+#[a| by assumption. Set 


b= la]. 
Lemma 1. For any a, .1<.0(0). 
Proof. .0(b) =ba-?/(1 —a7) > (a—1)/(a? -a) =a! =.1. 


COROLLARY. For any a, there exist intervals in which each number has more 
than one expansion. 


For example, each number in the interval [.1, .0(b)] has at least two repre- 
sentations, one starting with 0 and one starting with 1. 


LEMMA 2. If a number has two different expansions to base a, then they differ 
first by exactly 1. 


Proof. lf a<2, then b=1 and the lemma is trivial. Suppose that a>2. If two 
expansions could differ first by more than 1 we would clearly have .2 $.0(b). 
This says 2a7'Sba~?/(1—a~), or 2(1—a7!) Sba!. But then 1=2(1—2-) 
<2(1—-a71) S$bag! = [ala <1, a contradiction. 


3. The number of periodic expansions. In this section we consider the num- 
ber of periodic expansions a number can have to a given base. If a= (1+ 4/5) /2, 
then .1=.011=.01011= ---, so that a! has infinitely many periodic (and, in 
fact, finite) expansions. For rational @ the situation is different. 


THEOREM 1. [f a 1s rational, then any number has at most one periodic expan- 
ston to base a. 


Proof. Let a=P/Q, where P>Q>1 and (P, Q) =1. Suppose & has two pe- 
riodic expansions. By subtracting them we obtain a periodic representation of 
zero, 


m k 
(5) 0 = Dd) cai + °a-™ DS djarA(1 + ot + an +...), 


j=1 j=1 


where |c,|, |d;| <b for all j, some ¢ or d is not zero, and m is minimal. If B is 
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zero, we have 


m 


0 = 3 oir, 
jel 
from which we see that P divides cm. But |¢m| S$6=[P/Q]<P/2, and so c,=0, 
contradicting the minimality of m. Similarly m0. 
Multiplying (5) by P”™(P*—Q*) yields 


m k 
0 = (Pt — Q*) 2) c,QiPr-i + Q™ D/ d,QUPF, 
j=l j=1 
from which we see that 0= —c,Q*t™+Ot*d, (mod P), Or Cm=d, (mod P). 
However, | dz —Crn| <P so that ¢,=d,, again contradicting the minimality of m. 
This proves the theorem. 


Theorem 1 shows that the algorithmic expansion in (4) is not periodic, even 
though a and &£ are both rational. In fact, we have the following result. 


CorROLLARY. For any rational a there exists a real number & such that — has a 
periodic expansion, but the expansion given by the algorithm 1s not pertodie., 


Proof. For any rational a, £=.0(b) is such a number. For a& =b/(a—1)>1, 
and so the algorithmic expansion starts with 1. By the theorem, this expansion 
cannot be periodic. 

Note that once we have one number with this property, it is easy to con- 
struct infinitely many. 


4. Results for general a. In this section we characterize those bases which 
admit numbers with unique expansions. We also investigate the algorithmic 
expansion. 


THEOREM 2. (a) If a>(1++/5)/2, then there exist infinitely many numbers 
with a unique expansion to base a. (b) If aS (1+-V5)/2, every positive number has 
infinitely many expansions to base a. 


Proof. (a) Suppose a> (1+-+/5) /2. 

CasE I. a<2. Here 0=1. We will show that £=.(01) has a unique expansion. 
Suppose £=.aia2 + - - is a different expansion. The inequality §<.1 shows a +1; 
suppose di=d,=0. Then £=.00a3 ---S.00(1). Subtracting .00(01) yields 
01 S.0(01), or 2.1. 

Case II. a>2. Here b2=2. Let €=.(1) and suppose it has another expansion 
.41a, > ++. We may as well assume a1. If a1=0, then .0(b—1)>.1, while if 
a,=2, then .0(1)>.1. But 


O11) S 016 — 1) =a (6 — 1)/(a-—1) < at = 41. 


In both cases it is easily seen that a—"& also has a unique expansion for any 
integer n 2 1. 
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(b) Suppose aS (1++/5)/2. We note that b=1 and define &* to be .(1) —é. 
Since interchanging the ones and zeros in any expansion of £ gives an expansion 
of &*; we see that & and &* have the same number of expansions. 

Case I. Any expansion of & is eventually constant. 

Suppose §=.a, - + + a:1. Then, by Lemma 1, &=.a1 - - - a,Obib, - - - , where 
the 6’s are not all zero. Thus & has an expansion where the constant part starts 
later. If an expansion of & is eventually 1, consideration of £* gives the same re- 
sult. Thus € has expansions where the constant part starts arbitrarily far out, 
so there must be infinitely many of them. 

Case IT. € has an expansion containing 100 or 011 infinitely often. 

Suppose there are infinitely many 100’s. Since .011 2.100, .a1 - - - a,100ai44 

- =.d1 ++ + @:0bib. - - + for some b’s. We can make this change in infinitely 
many places; each gives a different expansion. Applying this to &* takes care of 
infinitely many O11’s. 

Case II]. & has an expansion ending in 010101 --.-. 

Since §S(1++/5)/2 we have .1S.(01). Thus .(01) =.10.b3 - - - for some 0’s. 
We can make this change as far out in the expansion of £ as we like, again gen- 
erating infinitely many. 


THEOREM 3. For any a the set of numbers & having infinitely many expansions 
to base a 1s dense. 


Proof. Since .1<.0(b), there exists an m such that if a;=b, i=1,---, 2, 
then .1<.0a1 ---a,. Clearly any number with an expansion containing the 
sequence 0a - - + da infinitely often has infinitely many expansions. But any 


number may be approximated arbitrarily well by such numbers. 

We note that a number may even have uncountably many expansions. If 
a=(1++/5)/2, then .1=.011; and the number £=.(100) is seen to be an exam- 
ple of such a number. 

The last result in this section deals with the relation of the algorithmic ex- 
pansion of a number to its other expansions. We give the representations of a 
number &é to a fixed base a the lexicographic order. Thus if A: .aiag +--+ and 
B: .bybg + + + are two expansions of , by 4 >B we mean that if j is the smallest 
integer such that a;+b,;, then a;> bj. 


THEOREM 4. For fixed a the expansions to base a of a number £ form an ordered 
chain with greatest element. This greatest element is given by the algorithm (3). 


Proof. Since any two expansions are comparable, we have an ordered chain. 
Suppose .did2 +--+ is given by the algorithm and let .dib2 --- be any other 
representation of &. We may as well assume a1}. Then 


a1 = [at] = [b1 + bobs ~~ > |] = b1 + [bobs ~~~ |] = Br. 


Thus, in fact, a1>01 as required. 
When & has more than one finite expansion, however, the algorithm need 
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not give the shortest one. Even for rational a the algorithm may not give the 
finite expansion when one exists. A simple example is a = 5/2, & = .022 
= 10012 ---. In the next section we give a variation of the algorithm (3) 
which allows us to obtain effectively the periodic expansion of &, if one exists, 
when a is rational. 


5. Periodic expansions to rational bases. We first state and prove necessary 
and sufficient conditions for a number to have a periodic expansion to a rational 
base. We then describe an algorithm which will indicate whether a periodic 
expansion exists and give it, if it does. Our proof is quite similar to that of a 
theorem of Kober [1; Theorem 1], which gives necessary and sufficient condi- 
tions for the algorithm (3) to yield a periodic expression, the base being rational. 

If an expansion .aid2--- is periodic, the period x is defined as the least 
positive integer such that a,;,.=d, for all sufficiently large n, and yp is defined to 
be the least positive integer such that da4.,=d, for all n2u. 


THEOREM 5. Let a=P/O, where (P, Q) =1. A number & has a periodic expan- 
sion to base a if and only if tt ts rational, say E= R/S, with (R, S) =1, and is one 
of the numbers 


B K 
(6) » ajo F + oF > bya 51 +a fan +e -), 
j=l j=l 
where 0 Sa,;, b;S [a] and where utxs[SP/OQ(P—OQ)]. 
Proof. That the condition is sufficient is trivial. Suppose & has a periodic 


representation .aya2---. Clearly & is rational; let E= R/S, (R, S) =1. Define 
R, for n20 by 


(7) R,/SP” = 3 aja f= —§ — > aja4, 
jantl j=l 
Then OS Ra=SP* >) pings 20077 <SP%a-*/(1—a7!) = SPQ*/(P —Q), and 
(8) 0s R,/Q” < SP/(P — Q). 
Also, Ra/P*S+a,/a" = Rrza/P"1S, so that 
(9) Ra = Ra-r~P — anQ*S forn = 1. 


If we suppose now that £ has the form given by (5), we obtain 


m k 
Pm(P* — QH)R = so( 2s QF *Prs + Q™ Dy bP) 
j=1 j=l 
so that Q| R= Ro. With (9) this implies that Q] Ri. 
Now if we let Ri/OS=1/s1, (11, 51) =1, we see again that /s=aRi/PS has 
a periodic expansion, namely .aza3 - - - , so by the above Q| rn. Thus Q?| R,. 
Suppose we have proved that Q"| Ry-1. By (9) we have O"|R, also. If we 
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define r, and s, by 1n/Sa = Rn/Q*S, (fn, Sn) = 1, then 72/s, = a"R,/P*S 


= .0n410n42 ° + +, which is periodic. Thus Q|7,, and so Q"t!| R,. We have proved 
inductively that 
(10) O4/R,, n=0,1,--- 


Now let V,, be the nonnegative integer R,/Q"+!, let T=[SP/Q(P —OQ)], and 
consider the set VU = { Vj;:37=0,1,---, T}. If some element V, of VU is zero, then 
R,=0, and the expansion is finite of length no greater than n by (7). Thus 
u+KST, as claimed. If none are zero then two are equal, since by (8) none is 
greater than 7. Suppose that V,= Vy. By (9) 


(11) Ont1 = VizP/S — Vntz10/S. 


We note that VayiO/S=.dn4eGn4s > + + S.(b) <2, if a>2. Thus for a>2, day 
=|[V,P/S]| or [V,P/S]|—1; therefore, since V,= V4, 


(12) Apt1 = Agy1 + €, 


where e=0, +1. If a<2, b=1, and (12) is trivial. Thus (12) holds in any case; 
it and (11) yield 


VpP — Voy10 = VaP — Vori0 + 6S, 


or (Vo41— Vos1)Q =eS. But Q| R, so (Q, S) =1; thus Qle. Hence €=0, ap41=0o41, 
and, by (11) Vpi1=Va4i. By induction, Apin=Geyn for all ~21. Since p, gST, 
we see that the expansion is periodic and u+kKST. 

The question of when an expansion is purely periodic, i.e. w=1, is handled 
by the following corollary, which is practically a verbatim quotation of Kober’s 
Theorem 2. If we denote R,/Q" by W,, then the proof given by Kober also 
proves this corollary. 


CorROLLaRry. Let R/S have a periodic expansion to the base P/Q of the form (6). 

(A) The expansion is purely periodic, t.e. w=1, tf and only if (P, S)=1. 

(B) Let S*=S/(P, S). Then x is the smallest positive integer for which P*=O* 
(mod S*), and | p(S*), where o ts the Euler function. 

(C) The number pis the smallest positive integer for which (P#—1, S) = (P+, S), 
or for which s,1=S*. 


As our final result we obtain an algorithm for finding the periodic expansion 
when it exists. It is a variation of the algorithm given by (3) which relies on 
Lemma 2 and Theorems 1, 4, and 5 for the verification of its validity. 

Let £=R/S and a=P/Q as before. Set Ro=R and bi= [aé]. The proof of 
Theorem 5 shows that if a periodic expansion exists, then Q| R. Suppose this is 
so. We define a; as bi or bi 1, so as to make Ri = Ro P —aiQS divisible by Q? and 
Oa), again, if this is possible. Proceeding recursively, suppose that b,-1, 
Qn—1, and R,-1 have been defined. Then we define ba = [a(E—.a1 - - + dn_1) |, and 
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Gy, as b, or b, —1 to make R, =R,z«aP—a,Q*S divisible by O-+!, where 0 Sa, <b. 
Since (S, Q) =1, it is easy to see that there is always at most one choice for a,. 
Let V,=R,/QO"t}, 

We claim that it suffices to repeat this process T= [SP/Q(P—OQ)] times to 
determine whether & has a periodic expansion or not and what it is. If at any 
time the choice of a, is impossible, no periodic expansion exists. If T steps may 
be taken, however, then a periodic expansion exists if and only if two of the V, 
are equal, 2ST. 

If € has a periodic expansion, it is easy to see that the above process produces 
it; and by the proof of Theorem 5 some V,= Vy, where », gST. On the other 
hand, suppose the above algorithm produces a V,=V,, p<g. The conditions 
defining a, may be written a,=b, or b,+1, where b,=[PVp1/S] and Viz+P 
—@,5=0 (mod Q). Since this choice is possible for ap,1, and since V,= V,, the 
choice is clearly also possible for ag41, and dp41=@g41. This implies that Vp41 
= Vos; by induction we see the choice is always possible and dy4»=@gin for all 
n= 1. Thus the expansion is periodic. 


The first-named author was partially supported by National Science Foundation grants 05259 
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ARITHMETIC FUNCTIONS IN AN UNUSUAL SETTING 
L. CARLITZ, Duke University 


1. Introduction. Let F denote an arbitrary but fixed field. By an arithmetic 
function is meant a mapping from the integers into F; usually the arguments 
are limited to positive or nonnegative integers. If f, g are two functions the sum 
h=f-+g is defined by means of 


(1.1) h(n) = f(n) + g(n). 


There are, however, several products that are of interest. In the first place the 
ordinary product h=fg¢ is defined by 


(1.2) h(n) = f(n)g(n). 
The Cauchy product is defined by 


(1.3) hn) = Xf@)e(n — 1) 


r=(0 
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while the Dirichlet product is defined by 
(1.4) h(n) = 22 f(r)g(s). 


For the Cauchy product is restricted to nonnegative values while for the 
Dirichlet product x is restricted to positive values. For references see Bell [1]. 
We thus have three algebraic systems. The system based on (1.2) is a com- 
mutative ring that has zero divisors. On the other hand the systems based on 
(1.3) and (1.4), respectively, are domains of integrity. Moreover, the Cauchy 
system contains essentially a single prime, namely, the function defined by 


(1.5) fQ4)=1, fm) =0 #1). 


The Dirichlet system contains infinitely many primes; it has been proved re- 
cently [2] that the unique factorization theorem holds for this system. 

In the present paper we discuss a system based on another definition of 
product. This definition is based on the following result due to Lucas [4]. Let 
pb be a prime and put 


n=No+mptnepit:-:> (0 Sn; < 9), 
r=rntniptrnp+--- (OS 7; <p); 
then 


0 (YC) own 


In particular it follows from (1.6) that the binomial coefficient (7) is prime to p 
if and only if 


(1.7) O57; 3 1; (j= 0,1,2,---). 
We accordingly define the product h=f * g by means of 
(1.8) h(n) = DI" f(rg(n — 7), 
r=0 


where the summation is restricted to those r that satisfy (1.7). It may be ap- 
propriate to call the Lucas product of f and g. The domain of definition con- 
sists of the nonnegative integers. 


2. It is immediate from (1.8) that the Lucas product is both associative 
and commutative; also it is distributive with respect to addition as defined by 
(1.1). The function gz defined by 


(2.1) z(n) = 0 (n = 0,1, 2,---) 
is the identity for addition; the function u defined by 
(2.2) u(O) = 1, u(n) =0 (n> 0) 
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is the multiplicative identity for the product (1.8). 
A function f is singular provided f(0) =0; otherwise it is nonsingular. If 
f * g=u we call g the inverse of f. We now prove 


THEOREM 1. A function f possesses an inverse uf and only wf it 1s nonsingular. 


Proof. lf f* g=u then by (1.8) f(0)g(0) =1 so that f(0) #0. Conversely if 
f(0) #0, (1.8) can be thought of as a triangular system. Since the coefficient of 
g(2) is f(0), it follows that g(m) is uniquely determined in terms of g(r), where 
Osr<n and ¢ satisfies (1.7). 

A nonsingular function may accordingly be called a unit. Two functions that 
differ only by a unit factor are associates. 

If f x g=2, fx2, gz, where g is defined by (2.1), then f is a zero divisor. 

In order to discuss zero divisors it will be convenient to define certain func- 
tions that we shall call monomial functions. We first define ¢; by means of 


1 (n= fp’) 
(2.3) b(n) = | * 
0 (n= p), 
where j=0, 1, 2,---. If m=aot+taip+ --- +a,p", (0Sa;<p), we define the 
general monomial function 
(2.4) Um = 60 ¥O, #6 # OD, (m = 1, 2,3,--+-). 
It is understood that f* means f* ---*f, where the number of factors is 2B. 


Thus w,, is the characteristic function of {m}. 
Now it is evident from (1.8) and (2.3) that 


os ime om 
where 0Sa<b, while 
(2.6) ¢$=s (f=0,1,2,---). 
Thus by (2.4) we have 
(2.7) Wm=2  (m=1,2,3,---), 


so that every monomial function is nilpotent. 
It also follows from (2.4) and (2.5) that 


(2.8) Wms ** Wms — Wmytmy Or & 


according as the binomial coefficient ("4") is or is not prime to p. More gen- 
erally 


(2.9) Vy # Wm, = Wmiteertm, OF 2 


according as the multinomial coefficient 
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(m1 + m+ +++ +m)! 


mim! ‘ee my, | 


is or is not prime to ~. Clearly (2.7) is a special case of (2.9). 
Consider the function 


(2.10) f= fr ® bmp fe * Bs 


where the f; are arbitrary functions. Raising both sides of (2.8) to the c-th power 
we have by the multinomial theorem 

ch 2 Tk  ,Tk 
rats Wm, * + * fe * Wigs 
Tht 


f= Qu 
Pyfeee-btrp=e 1! . 8s 


For c>k(p—1) at least one r;2p and therefore by (2.7) we have fe=z. This 
proves 


THEOREM 2. If Wy ++) Wm, are monomial functions and fi,- +--+, fx are 
arbitrary functions then f, as defined by (2.10), 1s nilpotent. 


We remark that an arbitrary function can be exhibited as a series of mo- 
nomial functions in the following way: 


(2.11) f=fOut > fn) Vm. 


There is of course no question of convergence; for a particular value of the 
argument ” only one term on the right survives. We note also that if 


(2.12) g = g(0)u + 32 glm)Pms 


m=z=1 


then formal multiplication of (2.11) and (2.12) yields 
fxg = f0)g(0)u + x h(n Yn 
where by (2.8) 
h(m) = f(0)g(m) + f(m)g(0) + Lessin ~1). 


This is evidently in accord with (1.8). 


3. The characterization of zero divisors apparently depends on the char- 
acteristic of the field F. We shall prove the following ineorem for F of positive 
characteristic. 


THEOREM 3. Let F be of positive characteristic g. Then f 1s a zero divisor tf aud 
only if it is singular. Moreover every zero divisor 1s nilpotent. 


586 ARITHMETIC FUNCTIONS IN AN UNUSUAL SETTING [June-July 


Proof. lf fis a zero divisor it is evident from Theorem 1 that f must be singu- 
lar. We therefore assume in what follows that f(0) =0. Then (2.11) becomes 


3.1) f= > fom) n. 


It follows from the remark at the end of Section 2 and the fact that F is of char- 
acteristic g that f¢= >17_, (f(m)) 4. Repeated application of this formula 
gives 


(3.2) f= Dy) 7 =1,2,3,--°). 


m=1 


Now choose r so that g’2 p. Then, in view of (2.7), (3.2) reduces to f” =z. This 
evidently completes the proof of the theorem. 

Theorem 3 is certainly not valid for F of characteristic 0. We can show by 
exhibiting an example that a singular function need not be a zero divisor. Con- 
sider the function 


(3.3) f= Lidm; 
mr} 
alternatively this can be defined by 
3.4) fn = fe” 
. n) = 
1 (m= 1, 2,3,---). 
Assume that there exists a function gz such that 


(3.5) feg = Z. 


Then g is singular and we write 


(3.6) = Do gl. 


m=z1l 


It follows from (3.3) and (3.5) that 


(3.7) Y* g(r) =0 (m= 1,2,3,-**), 


ran] 


where the summation is restricted to 7 such that (;’) is prime to p. To simplify 
the discussion we take p=2. For brevity we put 


(jije see ge) = g(2i + 224 . +» + D5), 
where the j’s are distinct; also we shall use numerals in place of the 7’s. Thus, 


to begin with, (3.7) implies (0)-+(1) = (0) -+(2) = (1) +(2) =0, so that g(2“) =0 
for all j. Next, when k=3, we get 
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(01) + (02) + (12) = 0 
(01) + (03) + (13) = 0 
(02) + (03) + (23) = 0. 
Adding these equations we get (01)-+(02)+(03)=0. Hence we have also 
(01) +(02) + (04) =0 so that (03) = (04). It follows at once that (77) =0 for all 2, 7. 
When k=4, (3.7) gives 
(012) + (013) + (023) + (123) = 0 
(013) + (014) + (034) + (134) = 0 
(012) + (014) + (024) + (124) = 0 
(023) -+ (024) + (034) + (234) = 0. 


Adding we get 
[01234] = (012) + (013) + (014) + (023) + (024) + (034) = 0. 
Similarly [01235] = [01245] =[01345]=0. Adding these four equations and 
using [2345]=0 we get 
(012) + (013) + (014) + (015) = 0. 


Then as before (015) = (016) and therefore (zjk) =0 for all 2, 7, R. 
It is now clear how to complete the proof that g=z. If we put 


(3.8) o= 204; 
j==0 
then it is easily verified, when p=2, that 
g? = 21D) dbs, 


r<s 


¢* = 3! > PrP, * °° 


rst 


It follows that f as defined by (3.3) satisfies 


(3.9) 


2 1 

f= 2, — $3 = exp $ — 4. 
j=l J! 

Thus f and ¢ are associates. Moreover, it is evident from (3.9) that ¢ is not nil- 

potent. 

In the general case it seems plausible that, for F of characteristic 0, a func- 
tion is a zero divisor if and only if it is of the form (2.10). If this conjecture is 
correct it would follow that a function is a zero divisor if and only if it is nil- 
potent. As we have seen in Theorem 3 this is indeed the case for F of positive 
characteristic. 
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4. In the remainder of the paper we discuss briefly the L-analogs of certain 
well-known results. Let J be the function defined by means of 


(4.1) I(n)=1 (1 =0,1,2,---). 


Since I(0) 0 it follows from Theorem 1 that J possesses an inverse yp: 


(4.2) [ep = 4. 
Indeed if 
(4.3) n= a tapt--:-+a,p" (0 S a; < ), 
it is easily verified that 
. 1 (a = 0) 
(4.4) u(n) =] ula) and (45) wap) =4-1 (a= 1) 
= 0 (a>41), 


where 0Sa<b. 
We can now state the following 


THEOREM 4. If 
r=0 


(4.6) gn) = S*f) then (4.7) fn) = > ud fn— 2) 


and conversely. 


The proof is an immediate consequence of (4.2). We define 


(4.8) d(n) = DU* 1, 
r==0 

so that 

(4.9) d=f?=JxT, 


Then it is easily verified, with the notation (4.3), that 
(4.10) d(n) = [J (+ 1). 
j=0 
More generally we may define 
(4.11) d, = [k= [x---x«TJ, 
so that d=d, and 


n 


(4.12) dy(n) = > *dpa(n) (k=1,2,3,---). 


ral) 
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We find that 
r fa; t+k—i 
(4.13) d,(n) = TI (” + ). 
jo\ kR—1 
We recall that Dickson has proved [3] that the multinomial coefficient 
n\/(m ne! - >> me!), (W=m+m+ +--+ +); is prime to p if and only if 
m= Diaypi (OS a; <p) 
j 
n= Qiapi (O0Sa;<?) 
j 
and a;= > 3.144 (j=0, 1, 2,---). It follows that the number of k-nomial 


coefficients (with n fixed) that are prime to p is equal to d,(m). 
With n defined by (4.3) and m=botbit --- +0,p" (0Sb;<p) we define 


(4.14) (m, np =D pi min(ay, 8), 
(4.15) [m, n\» = > pi max (ay, bj), 


so that (m, n),-+[m, n|p=m-+n. 
A function f is factorable provided f(0) =1 and 


(4.16) f(m +n) = fim)f(n) — ((m, 2)» = 0) 


For example J, p, d are instances of factorable functions. We have the following 
result. 


THEOREM 5. If f is factorable and 
(4.17) g(n) = Do* f(r) 
r=0) 
then g is factorable. Conversely if g is factorable then f is factorable. 


The proof of Theorem 5 may be omitted. A more general result is the 
following. 


THEOREM 6. Let h=f * g. Then if any two of the functions f, g, h are factorable 
the third ts also. 


A function f is additive provided 
(4.18) f(m +n) = fim) + fin) — ((m, 2) = 9). 
If f is additive and g is defined by (4.17) we have 


elm +n) = S* #4) +4) = glm)d(n) + e(n)d(m), 


r=z:0 sxx 
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and therefore 

gm +n) _ elo) glo) 

d(m+n) dm) d(n) 
Thus g(n)/d(n) is additive. Now let g(n)/d(n) be additive so that g(m-+n) 
= g(m)d(n)+g(n)d(m), ((m, n)p=0). Then 


mtn 


2 (gm +m — 2) 


f(m + n) 


3+ * (nals) {em — dln — 5) + gla — s)d(m — 1)} 


= > ulr)e(m — 1) > u(s)d(n — s) 
4 > u(r)d(m — r) D* u(s)g(n — 5) 
= f(m) + g(n). 


This proves 


THEOREM 7. Let g(n) = > * f(r). Then f(n) is additive if and only if g(n)/d(n) 
is additive. r=0 


A straightforward computation leads to the following result. 


Turorem 8. Let f and g be additive functions and put h=f*g, f=I*f, 
g=I[« g. Then 


Re OME(ONO) 
d(n) d(n) d(n) 


1s also additive. 
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A TOPOLOGICAL APPROACH TO GEOMETRY 
M. C. GEMIGNANI, SUNY at Buffalo 


The purpose of this paper is to summarize a method by which at least cer- 
tain topological spaces can be characterized up to homeomorphism class. The 
method employs the notion of a geometry defined on a set by means of distin- 
guished subsets called k-flats which are generalizations of k-dimensional sub- 
spaces. The set theoretic axioms defining a geometry are intended to embody 
the essence of anything that mathematicians have ever called a geometry. If 
the set on which a geometry has been defined is also a topological space, then 
the topology and geometry may be axiomatically related in such a manner that 
the topology can be completely characterized. 

We shall concern ourselves in this paper primarily with characterizing R™ 
as a topological space using the properties generalized from the Euclidean 
geometry on R”. In R”, the usual Euclidean geometry, the standard metric, 
and the algebraic structure of R” as a vector space are tightly bound together. 
In our initial abstraction we do away with coordinatization, metrics, and the 
algebraic structure of geometries derived from linear manifolds. 

A geometry is defined as follows: Let X be a set. An element of X is called a 
point. We define G= {| FA, Foo. ee, Fe} to be a geometry on X if the following 
axioms are satisfied: 

1) F* consists of subsets of X, —1SisSn. An element of F* is called an 
1-flat, or merely a flat. 

2) The only —1-flat is the empty set, i.e. FU= {go}. 

3) F* consists of proper subsets of X, —1SiSn. 

4) Every set of 7+1 points not all contained in some k-flat, k <1, is con- 
tained in a unique 7-flat, —1S7Sn. 

5) The intersection of any two flats is again a flat. 

6) If R<z, then no 7-flat is contained in any k-flat. 

m is called the length of G and we write /(G) =n. 7 is called the dimension of 
F?, as well as the dimension of any flat f in F*; we write dim f=7. By G* we 
denote | FAA, see Fe, Fit} | where F’"ti= {xX}. X is then considered to be 
an “-+1-flat. 

The axioms defining a geometry are independent. The most trivial example 
of a geometry on a set X is where the 7-flats of X are subsets of X of cardinality 
t+1. Clearly the usual Euclidean geometry on R” is a geometry in our sense of 
length m—1. The great circle geometry on the 2-sphere S? is also a geometry 
on the set of points of S%. If welet F-1={@}, F°={ {x, y}|x is antipodal to y}, 
and F!= {C|Cisa great circle}, then G= { F', F°, F'} is a geometry of length 1. 

The length of any geometry is assumed to be finite throughout this paper, 
although this is not required for many results. 

Suppose now, and for the remainder of this paper, that X is a topological 
space on which a geometry of length m—120 has been defined. We need a con- 
cept which will act as a link between geometry and topology, and for this pur- 
pose we use a generalized notion of convexity. 
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A subset W of X is said to be convex with respect to G if the intersection of W 
with any flat of G* is connected; it follows that any convex set is connected. 

We now seek an axiomatic combination of the topology and geometry on X 
which will force X to “approximate” R”. The particular combination developed 
here gives what is called an m-arrangement. As the defining axioms are intro- 
duced, they will be assumed to hold in the sequel. All axioms introduced can 
easily be seen to hold in R”. The first axiom in the definition of an m-arrange- 
ment is 


Al: Each 0-flat consists of precisely one point, i.e. P= {{x}|xEx}. 


G is said to be topological if every flat is closed, and the intersection of any 
nonempty family of convex subsets of X is also convex. We assume 


A2: G ts topological. 


For any subset S of X, let K(S) be the set of all convex sets which contain 
S and define C(S), called the convex hull of S naturally enough, to be the inter- 
section of all sets in K(.S). Since G is topological, the convex hull of S is convex 
and contains S provided K(.S) is nonempty. The following axiom is equivalent 
to assuming that X is convex, hence it assures us that every subset of X is con- 
tained in its convex hull. 


A3: Every 1-flat in G* ts connected. 


If «yy, then the convex hull of 1%, yy} is written xy and is called the segment 
joining x and y. A subset W of X is convex iff given any two distinct points x 
and y of W, xyCW, exactly the criterion in R™. 

If TCX, let g(T) be the minimal flat in G* which contains T. g(T) is in fact 
unique. If dim g(T) =q, we may write g,(T) instead of g(T). 

The assumptions made so far are not sufficient to prevent “pathological” 
1-flats from appearing in our geometry. We therefore define X to be locally 
convex if every point of X has an open neighborhood basis consisting of sets 
convex with respect to G. Our fourth assumption 


A4: X ts locally convex, 


assures us that every 1-flat as well as X itself is locally connected. 
The following assumption prevents 1-flats from “branching”: 


A5: If x, y and z are distinct points of any 1-flat, then xy yz=xy, yz, and/or 
XE. 


{-flats now look very much like connected subsets of the real line. If the 
topology on a 1-flat has a countable base, then that 1-flat is homeomorphic to a 
closed, half-open, or open interval of the real line, depending on whether it has 
two, one, or no noncut points, respectively. 

So far the axioms have been directed at making 1-flats and segments behave. 
We extend our study to X as a whole using a generalized notion of simplex. 
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A set S of k-++1 points is said to be linearly independent if S is not a subset of 
any i-flat, 1<k. If S= { Xo, me, xp } is linearly independent, then C(S), the 
convex hull of S, is called a k-simplex. C(S— {x;}) is called the ith face of C(.S). 
We set dC(.S) equal to the union of all the faces of C(S) and intC(S) = C(S) 
—dC(S). The following four axioms complete the definition of an m-arrange- 
ment: 


A6é: If S= 1X0, mee, xp | ts linearly independent and k21, then C(S) is the 
unton of all segments joining a point in the Oth face of C(S) with xo. 


A7: If C(S) ts any k-simplex and f ts any 1-flat in g,(\S) such that f intersects 
the tntertor of any face of C(S) in a single point, then f contains at least one point 
an int C(S). 


A&8: If C(S) ts a k-simplex, then Fr C(S) i” gxS) Cd C(S). 


A9: If f and f’ are flats with nonempty intersection, then dim f+dim f’ 
=dim(fUf’) +dim(f/’). 

While this last axiom may appear a bit unjustified at first glance, it is easily 
seen to be true not only for geometries derived from linear manifolds, but also 
in the many geometries whose lattice of flats is modular. Nevertheless, for sev- 
eral reasons this last axiom is objectionable. The author shows in [2] that it 
can be replaced by two axioms which are more topological in nature. 

With A1—A9, things behave in X more or less as they do in R”. The ques- 
tion now is how much more we need assume so as to be able to say that X must 
be R™. 

We first impose a generalized parallel axiom. If f and /’ are k-flats, then 
f is said to be parallel to f’ if f=f’, or fAf/=@ and fVf' is a k+1-flat. G is 
said to be affine if given any k-flat f and any point y in X, there is one and 
only one &-flat which contains y and is parallel to f. An m-arrangement is said 
to be affine if G is affine if 1(G) 21, or if every point of X is a cut point of X if 
1(G) =0. We are now in a position to say that R” is the only topological space 
which has a countable base and which admits a geometry G such that the space 
and G satisfy the axioms for an affine m-arrangement. 

In [3] the author finds a similar characterization of the m-sphere. 

This paper is based on a talk of the same title given at the October, 1964 meeting of the In- 
diana Section of the MAA. The material presented is part of the author’s doctoral dissertation 


[1] at the University of Notre Dame, directed by Prof. Robert Clay. The thesis was published in its 
entirety in the January, 1966 issue of the Notre Dame Journal of Formal Logic. 
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GENERAL SOLUTION OF A CLASS OF ITERATED ORDINARY 
LINEAR DIFFERENTIAL EQUATIONS 


J. C. BURNS, Australian National University, Canberra 
1. Let Z be a linear differential operator defined by 
(1) Ly) = y¥™(#) + 2, dele) yO (a), 
r==] 
and let the iterated linear operator L™ be defined by the relations 
(2) Lsth(y) = L{L*(y)], s=1,2,-++-,m—1. 
For a certain class of operators L, it will be shown that, provided the general 


solution of the equation L(y) =0 is known, the general solution can be found 
for the iterated equation 


(3) L™(y) = 0. 


2. The particular class of operators LZ for which the solution of (3) will be 
found is suggested by considering the m equations 


L(y) = 0, L(y2) = ¥1; L(ys) == Va, °° * 4 
LYm—1) = Vm—2, L(y) = Ym-1. 


If these equations can be solved, then y will be a solution of (3). 
In [1], the solution of an equation of the form L(y.) =y1, where L(y) =0 is 
discussed, particularly when L(y) is of the form 


(4) 


a Qe Gn—1 
Liy) = ¥(x) +S ye) +S yor to. + yay 
x x an 


+ (==), 


x” pn 


(5) 


where the coefficients a; and uw are constants. For the remainder of this paper L 
will denote an operator of this form. 
It is shown in [1] that for any function u(x), 


(6) Lu) = O + n)L(u) + u/p, 

where (8) (x) =xu’(x). It is then deduced that if y=u is any solution of the 
equation L(y) =0, y=ydu is a particular integral of the equation L(y) =u. It 
follows that both uw and dz are solutions of the equation L?(y) =0. 


Let y=u,(x), R=1, ---+,n, ben linearly independent solutions of the equa- 
tion L(y) =0 so that the general solution is 


(7) y= > axm(2). 


k=1 
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Then the 2” functions uz, 0, are solutions of the equation L?(y) =0 which is of 
order 2n. It is shown later that these functions are linearly independent so 
that the general solution of L?(y) =0 is of the form 


1 on 1 n o oa 
(8) y= Vapiin(e) = OD ena’ (2). 
j=0 k=l j=0 k=1 
This solution of L?(y) =0 has been obtained by considering the first two of 
equations (4). The similarity of form of the remaining equations suggests that 
it should be possible to generalise (7) and (8) and obtain the general solution 
of the equation L”™(y) =0 when ZL is of the form (5). 


THEOREM. Jf L(y) is given by (5) and the general solution of L(y) =0 ts given by 
(7), the general solution of the equation L™(y) =0 is 


m—-l on m—-1l on 
; i) 
(9) y= >) Dd aphing(x) = OD Butt Ue, (x), 
j=0 k=1 j=0 k=l 


where the arbitrary constants aj, Bj. can easily be related. 
The proof depends on the following preliminary results. 
LEMMA 1. Jf L(u) =0, then, for s21, 

(10) L(ou) = { (8 + n)* — 9°} u/pn. 


Equation (6) gives the case s=1 and can be used to prove (10) by induction. 
Let ¢,(@) denote a polynomial in ? of degree n with constant coefficients. 


LemMMA 2. If L(u) =0, then, for any ¢,(0), 
(11) L[$.@)u] = ds1@)u for some ¢.1(0). 

This result follows at once from Lemma 1. 

LemMA 3. If L(u) =0, then, for sz=r-+1, 
(12) L'(8u) = s(s— 1) +++ (s — rt iyo tu + bs-1(u) 
for some bers). 


The case r=1 is simply a restatement of Lemma 1. The general result is ob- 
tained by induction making use of the case r=1 and of Lemma 2. 


Lemma 4. Jf L(u) =0, then, for s=1, 
(13) Li(d*u) = slu-*u. 
Equation (12) with r=s—1 gives 
LE (88u) = s(s ~— 1) + + + 3.2p-@-Y8u + dou, 


where @¢o is a constant. Since L(u) =0 and L(du) =u/p, operating with LZ on 
both sides of this equation gives equation (13). 
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LemMa 5. Jf L(u) =0 and s20, t21, 


(14) Lett(ssu) = 0. 

This comes at once from Lemma 4. 

LEMMA 6. If y=uz(x) (kR=1, 2, -- +, 7) are linearly independent solutions of 
L(y) =0, then the mn functions 0'u;,(x) (GG =0, 1,°---, (m—1);k=1, 2,---, 2) 


are linearly independent. 


Suppose, on the contrary, that there exist constants ¢;,, not all zero, such 
that 


m-l on 


(15) > » o 50-7, () =z (). 


j==0 k=l 


Operate on (15) with the operator Z”~!. Then, using (13) and (14), we get 


(m — 1) ly- » Tm—1,kUK(X) = Q. 


k=] 


Since the functions u;(x) are linearly independent it follows that the coefficients 
Om14 (R=1, 2,--:, ”) all vanish. If the process is now repeated with the 
operators L™-2, L™-3,--- in turn, it will be seen that all the coefficients o;, 
vanish. Since this contradicts the original assumption, the functions #’u;(x) are 
linearly independent. 


The proof of the theorem is now brief. For R=1, 2,---,, L(u,) =0 and so 
(16) L"(u,) = 0 (k= 1,2,---, 7%). 
Equation (14) with u=u, (k=1,2,--+,n) ands=j,t=m—jforj=1,2,---, 
m—1 shows that 
(17) L”"(h4u,) = 0 (j= 1,2,---,m—1;k =1,2,---, 2). 


(16) and (17) show that the mm functions J’u; are solutions of the linear equation 
L™(y) =0 which is of order mn. Lemma 6 shows that these functions are linearly 
independent so the general solution of the equation is an arbitrary linear com- 
bination of them. 

The alternative expression for the general solution follows at once from the 
well-known relation 


(18) xry@) = 3 — 1)\8 — 2)---e@-xn+1)%. 
4. The application of the theorem can be illustrated by solving a linear 


equation which arises in finding periodic solutions of the iterated equation of 
generalised axi-symmetric potential theory (see [2], for example). In this theory 
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the potential $(x, y) satisfies an equation of the form Z,(¢) =0, where Li(@) is 
defined by 


0°d = * k a¢ 
19 L.(¢) = —-+—-+— — 
(19) (@) = sat gat 


with x, y the axial and radial coordinates respectively. The corresponding iter- 
ated equation is L7(p) =0 (see [3]). 
Solutions of this iterated equation are obtained in the form 


(20) o(x, vy) = ¥(y) cos Ax 


if Y(y) satisfies the iterated ordinary linear differential equation 


(21) Ind) = 0, 
where Ly, is defined by 


ay ik dp 
(22) Ia(p) = ——+— — — dp. 
dy? y dy 
Ly is an operator of the form (5) so the theorem can be applied. Two inde- 
pendent solutions of Zz, (y) =0 are 


(23) v= yIp(y) and P= y?K,(Ay), 


where p=$(1—k) and J,(Ay) and K,(Ay) are modified Bessel functions of the 
first and second kind of order » with argument Ay. Application of the theorem, 
followed by some rearrangement of the solution using relation (18) and the 
relation 


(24) O(a"u) = «(0 -+ n)*u for s 2 0, 
gives the general solution of equation (21) as 
m—1 t 
(25) y= y? > y’ dy! { Ad p(Ay) + B.K,(y)} 
t==0 


for arbitrary A;, By. 
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THE SEMINATURAL NUMBERS 
SAMUEL T. STERN, State University College at Buffalo 


From the Peano axioms we can define the set of positive integers and opera- 
tions of addition and multiplication thereon. From these axioms the properties 
of the positive integers with which we are familiar can be proved [3]. In order 
to admit the operation of subtraction, the set of positive integers is imbedded 
in a larger system, whose elements are pairs of positive integers [2]. 

In this paper we shall begin with four axioms which define the seminatural 
numbers. The fourth axiom is the principle of transfinite induction [1]. We 
proceed to define operations of addition and multiplication on the set of semi- 
naturals and deduce various properties of the seminaturals from the axioms. 
The nonnegative integers will then represent a special case of the seminaturals. 
Addition and multiplication for the seminaturals will be associative and dis- 
tributive but not necessarily commutative. Finally, the seminaturals will be 
imbedded in a larger system, whose elements are pairs of seminaturals, in which 
a certain kind of subtraction is possible. 


DEFINITION. Let N be a set and < a binary relation on N. N 1s said to be a 
seminatural system «uf the following axioms are satisfied: 

AXIOM 1. N ts sumbply ordered with respect to <. 

AXI0oM 2. N 1s not the empty set. 

Axiom 3. If xEN, there exists yEN such that x<y. 

Axiom 4. If Gis a subset of N such that for every xEN, I(x) CG implies «EG, 
then G=N. By I(x) we mean {y| yEN and y<x}. 


Axiom 1 implies that for x, yEN exactly one of the following is true: x= y; 
YK; xX<Y. 

The consistency of the axioms is established by considering the nonnegative 
integers in their natural order, and also by considering the set 


P= {0,1,2,---,0',1/,2’,---,} 


whose elements are ordered as they appear, i.e. x<y if and only if « appears to 
the left of y in the above array. P is a well-ordered set, i.e. a simply ordered set 
such that every nonempty subset thereof has a first element. In fact, every 
seminatural system is well-ordered with respect to <. For if H is a subset of 
N without a first element, then for every CH there exists gq@H, where g <p. 
Let xCN such that [(x)CN—H. Then xCN—H, for if xCH then there 
exists yCH where’ y<x, and y&H. By Axiom 4, N—H=N and since N is 
nonempty, H must be. 
Because WN is well-ordered and nonempty we have the following theorem. 


(1) THEoREM. Every seminatural system has a first element. 
If x, yEN such that x<y and such that x<2<y for no sEN, we call y an 
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ammediate successor of x and x an immediate predecessor of y. Axiom 1 guarantees 
that every element x of N has at most one immediate successor and at most 
one immediate predecessor. Furthermore, x has at least one immediate succes- 
sor. For let NV’ = iylyvEN and x<yh. By Axiom 3, N’ is not empty. Since NV 
is well-ordered, WN’ has a first element a, which is an immediate successor of x. 
We denote the unique immediate successor of x by Sx. 

If an element p of N has no immediate predecessor, we say p is primary. 
(1) then assures us that NV contains at least one primary element. In the semi- 
natural system P above, 0 and 0’ are primary. 

We shall call the elements of N the seminaturals. The following theorems 
then hold for seminaturals x, y, g and primary >. 


(2) THEOREM. (i) If «<y then Sx < Sy. 


(ii) If Sx=Sy then x=y. 
(ii) If Sx< Sy then x <y. 
(iv) If «<p then Sx <p. 


Proof of (i). «<.Sx and y<Sy. If y<Sx then x<y<.Sx, which is impossible. 
If y= Sx then Sx<Sy, while if Sx<y, then Sx<y<Sy, and Sx<Sy. 

The binary operation +, called addition is defined on N by the following 
equations and induction (Axiom 4). 


(3) etp=x, «t+ Sy=S@+y). 

In the system P, addition may be demonstrated as follows: 
240=2; 241 =2+4+50 =S240) =3 
Y+0=27; W4+i=2%+450=S(2'+0) =3' 
24+0=2: 2+1=2+50 =S(2+0) =3 
yoae%, W441 =2%4S0 =S(2’ +0’) =3'. 

Addition in P is clearly not commutative, for 2+2’=4 while 2’4+2=4’. 

(4) THEOREM. «+ Sy=Sx-+y. 


Proof. Let G be the set of yEN such that «+ Sy=Sx-+y for all xEN. Let 
qEN such that J(g) CG. If ¢ is primary then x+Sq=S(x+q) =Sx=Sx-+q. If 
g=Sq* then since g*ClI(q), x+Sq=S(x+q) =S(x+Sq*) = S(Sx+q*) = Sx 
+ Sq* = Sx-+q. By Axiom 4, G=N. 


(5) THEOREM. (x+y)+2=x+(y+2) (associativity of addition). 
Proof. Induction on gz, using Axiom 4. 
(6) THEOREM. x+y+s=x+2+y. 


The last theorem implies that the left cancellation law “a+b =a-c implies 
b=c” need not hold in JN, for if it did addition would have to be commutative. 
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However, the right cancellation law holds. It is an immediate consequence of 
the following lemma. 


(7) Lemna. If x<y then x+2s<y-+a. 


Proof. Let G be the set of gE N such that x+z<y-+z. Let qEN such that 
I(q) CG. If g is primary then x+q=x, y+q=y; hence x+q<y+q. If g=Sq* 
then x+q=S(x+q*) and y+q=S(y+g*). But x-+q*<y-+gq*; hence S(x+q*) 
<S(y+q*), and x+q<y-+g. 


The next theorem is an immediate consequence of (7). 
(8) THrorem. (i) Jf x+s=y-+2 then x=y. 
Gi) If x+2<y+2 then x<y. 
(9) THEOREM. If x<p then x+y<b for any y. 
(10) THEorem. If 2 is not primary then y<y-+s. 


Proof. Let G=AUB, where A is the set of all primary elements of NV and 
B is the set of nonprimary z of N such that y<y-+2z for every yEN. Let qEN 
such that J(q) CG. If q is primary then gEG. If g=Sq* then if g* is primary, 
y=ytq* <S(y+q*) =y4+¢. If g* is not primary, g*EB and y<y+g9* <S(y+q*) 
=y-+g. Hence qEG. 

The binary operation of multiplication is defined on N by the following equa- 
tions and induction. 


(11) xp =p 
Sy = xy + x. 


Multiplication in the system P is demonstrated as follows: 
2:0 =0; 2:1 =2-S0! =2:07+2 =0'/+4+2 =72’ 
2’-0 =0; 2’-1 =2'-SO =2'-0+2' =0+2' =2 
2:0 =0; 2-1 =2:50 =2:0+2 =04+2 =2 
QO = 0; 21! = 2'-S0 = 2-0 42 = O49 = 2’ 
Multiplication, like addition is not commutative in P, for 2-1’=2' while 
1’-2=2. 


(12) THEOREM. (i) x(y-+2) =xy+xz (left distributive law). 
(i) (x+y)z=x2e+ye (right distributive law). 


(13) THEOREM. x(yz) = (xy)z (associativity of multiplication). 
(14) THEOREM. For every x, px 1s primary. 

(15) THEOREM. (Sp)x =x. 

(16) THEOREM. (Sx)y=xy+y. 
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Proof. (Sx)y=(S(x+p))y = (x+Sp)y =xy+ (Sp)y =xy-+y. 
(17) COROLLARY. y=py-+y. 
(18) THEOREM. (i) x-+yz=x-+2y, (i) xyz = yx. 


The last theorem shows that the right cancellation law: “ab=cb, b not pri- 
mary, implies a=c” does not have to hold in N. Otherwise multiplication would 
be necessarily commutative. However, the left cancellation law holds for multi- 
plication. It follows directly from (21). 


(19) THEoreM. If x<p then ex<p for every 2. 
(20) THEOREM. If 21s not primary then ax <2Sx. 
(21) Lemma. If 21s not primary and x <y then ax <zy. 


Proof. Let z be nonprimary and G the set of y such that x <¥y implies ax <azy, 
for all xE N. Let gEN, I(qg) CG, and x<q. If ¢g is primary then ex<q=ag. If 
g=Sq* and x«=q* then sx=2g*<2Sq*=2g. If however x#q* then either 
g*<x or x<q*. The first case is impossible since it implies g*<x<q. Thus 
x<q* and ax <2q* <2q*-+2=29. 


(22) THEOREM. If 2 is not primary and 2x =zy, then x=y. 

In the theorems which follow m, n are seminaturals and p is primary. 

(23) THeorem. If m=p-+n then n=q-+m for some primary q, namely pn. 
Proof. pn is primary by (14). But pn+-m=pn+p+n=pn+n=n, by (17). 
(24) THEOREM. For any seminaturals m, n, either m=x-+n or n=X--M. 


Proof. Let G be the set of m such that for every nCN, there exists some x 
such that m=x--n or n=x-+m. Let gqEN and I(g) CG. If qg is primary then 
n=n-+q. lf g=Sq* then g*=x'-+n or n=x'+ q* for some x’. In the first case 
g=Sx'-+-n. In the second case, if x’ is not primary, x’=Sx* and n=Sx*-+q* 
=x*-+g; while if x’ is primary, by (23), g*=p-+m for some primary p, and 
g=S(p-+n) = Sp-+n. 


(25) THEoREM. If a+d=c-+b and c+h=g-+d then ath=g+b. 
Proof. Induction on d. 

(26) THEroremM. If a+m=a-+n then n=p-+m for some primary p. 
(27) THEOREM. pb Sb. 


Proof. lf b is primary then b= pb. If b is not primary then pb<pb-+b=), by 
(10) and (17). 


(28) Lemma. If pb-+d=pd-+b then b=d. 
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Proof. Suppose b<d. Then 


pht+b<pd+d by (17) 

pb+b+ pbtd<pdtdt+pdt+b by (7) 
poh+b+d<pfdt+d+b by (14) 

pb < pd by (6) and (8) 

pot+ pht+d<pdt+pdt+sd by (7) 
ph+d<pdt+b by (14), 


contradicting the hypothesis of the lemma. 
The assumption that d<b leads to a contradiction in a similar manner. 


(29) THeorem. If ab-+-xd-+-ad=ad-+xb+ab and x 1s not primary, then b=d., 
Proof. Induction on a. 


Now we are prepared to imbed WN in a system D, in which the properties 
of WN are preserved, such that every element of D has a left additive inverse. 
Let M be the set of ordered pairs (a, b) of seminaturals and define a relation 


“—” on M as follows: 


(30) (a, 6) = (¢, d) if and onlyifa+d=ct+. 


Using the properties of NV previously proven, we can show (30) to be an 
equivalence relation [4| on M, i.e. (30) satisfies the conditions (i) (a, b) = (a, b); 
(ii) If (a, b) =(c, d) then (c, d) =(a, b); (iii) If (a, b) =(c, d) and (c, d) =(g, #) 
then (a, b) =(g, h). 

If we denote the equivalence class [4] containing (a, b) by K(a, b) we can 
then define addition and multiplication on the set D, of equivalence classes of 
M as follows: 


K(a, 6) + K(c, d) = K(a+c,b6+d) 
K(a, 6)-K(c, d) = K(ac + bd, ad + dc). 


(31) 


It can be shown that equations (31) uniquely define sum and product of 
elements of D. The associative properties of addition and multiplication and 
the distributive properties then follow. D contains right additive identities or 
zeros. These are elements of the form K(m, +m) or the form K(p-+n, n), p 
primary. D contains left multiplicative identities or unities, of the form K(S¢, q) 
where p and g are primary. Furthermore K(a, 6)+K(x, y)=K(c, d) + K(x, y) 
implies K(a, b) =K(c, d) (right cancellation law of addition) and if K(m, n) is 
not a zero then K(m, n)-K(a, b)=K(m, n)-K(c, d) implies K(a, 6) =K(c, d) 
(left cancellation law of multiplication). 

Finally, for every element K(a, b) of D there exists an element K(a*, b*) of 
D such that K(a*, b*)+K(a, b) is a zero. For if K(a, b) is of the form K(x-+), b) 
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we take for K (a*, b*) the element K (p, x); while if K(a, b) is of the form K (a, x-+a) 
we take K(p-++x, p). 

It is worthwhile to note the connection between seminatural systems and 
the arithmetic of ordinal numbers [1]. For every seminatural system is order- 
isomorphic to an initial segment of the ordinals without a last element. For 
example, the system P is order-isomorphic to the segment of ordinals determined 
by w-+w. This correspondence does not preserve the operations of addition and 
multiplication. Indeed, the conventional addition and multiplication for the 
ordinals [1] do not satisfy the right distributive law while the operations of (3) 
and (11) do. However, we can relate the usual operations of addition and multi- 
plication on ordinals (>0) to the operations of (3) and (11) respectively, by 
means of the following equations: 


x +s =a-+ (y — [y]) 
UG sV = (x ~ [x]) -y, 
where -++, and -, are the operations of (3) and (11) respectively, where +, —, - 


are the usual operations on ordinals, and where [x] is the largest limit ordinal 
(i.e. primary) less than or equal to x, or 0 if x <w. For 


e+,p=«%+(p—[p]) =e+(—p) =*#+0=4, 
* +, Sy = «+ (Sy — [Sy]) = «+ Sy — [y] = S(@+y — [y]) 
= S(v+.y), 
xp =(x—[x))p=np=p, O<n<a), 
x Sy = (x — [a])Sy = (x — [«])(y +1) = (& — [x] + (@ — [a]) 
= Ley te X. 


The author wishes to thank the referee for making the observations in the final paragraph. 
The author is grateful to Professor Harriet F. Montague for her assistance in the preparation 
of this paper. 
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Mathematical Swifties 


“Exactly what is Zermelo’s axiom?” asked Tom, choosing his words with care. 
“T’ll use Schwartz’ principle,” Tom reflected. 
“Those axioms aren’t self-contradictory,” said Tom consistently. 


MATHEMATICAL NOTES 
EDITED By J. H. Curtiss, University of Miami 
Address all correspondence to R. A. Rosenbaum, Wesleyan University, Middletown, Conn. 06457 
THE SOLUTION OF A CERTAIN RECURRENCE 
R. L. GRAHAM AND JOHN RIORDAN, Bell Telephone Laboratories, Murray Hill, New Jersey 


In 1954, P. Turan [3] gave a proof of the identity 


YEO) 

p z=0 \& 2p 
which he said appeared without proof in a book of the Chinese mathematician 
Le-Jen Shoo from 1867. This is equivalent to 


()) EG) GC, ) 


. (Jn Be('2) 


In one of the many successors to Turdn’s paper T. S. Nandjundiah [2] noticed 
that the Shoo identity is an instance of the following expansion of a product of 
binomial coefficients, namely 


2 OBC IC TIC 


(the upper limit of the sum is supplied by the convention that (%) is zero if 
a<0, b<0, or a<b). Let 


1 Glan 1 ("\("~*) 
rom ati om J\mt1)) m+tivnl)\ m J 


These numbers appeared in a study of a telephone traffic system with inputs 
from two sources made by John P. Runyon and are known locally as Runyon 
numbers; cf. J. A. Morrison [1]. It follows from (2) that 


m+ arm =(“)("~ Na nN NCEA 
or 


1 m+i1\ (/m—1\ fun+tek n+k 
3 am = —= m ) 
@) of SC, Co) Erm) 


604 
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a relation similar to (1). The natural question arising is: what is the general 
solution of 


(4) Sam = ps Xk (" + ‘). 


2m 
Since the recurrence (4) leaves x,, undetermined, this is the same as asking for 


the coefficient X,(n, m) in 


m 


(4a) nm = >, Xu(n, m) Xun 


k=0 


The answer is given by the following 


THEOREM. Jf n=0, 1, 2,---,m=0,1,---,, and 
m ntk 
(4) Lam = > ina ( ), 
h=0 2m 
then 
m 2k+1 n+k\ (fn—-1—k 
(5) nm = Dy, raat | )( ) a, form<n 
rxo Mtk+1i\mn+ek m—k 


with arbitrary Xe. 


For a proof of the theorem, notice first that when Xam =am, Xkk =x = Son, 
with 6,. the Kronecker delta; hence 


1 mW (n—1 
m-+t1\m m 


Next, suppose that 


2p+1 Gaus cane, 
vam ) p=i,2,-++,m. 
m+p+ti\ m—>p m+ p 


Then, by (2) 
2p+1 (m—-1—p\(/m+potl\ (rth 
tm = k—> enenlem 
7 2p+1 /m—-1—p\f/m+p\(n+k 
= pail k—p OCs, ) 


_ Zam" “( 


k=0 2m 


while x, =6,%; hence 
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2 1 —1i- 
X,(n, m) = —2 = (" Ne. p=0,1,--+,m 
mtpt1i\ m—p m+ p 


and the theorem is proved. 
The theorem leads to binomial identities whenever a particular solution of 


(4) (for which xp,%5pr, P=0, 1, ---+, m) is known. Thus in the first instance 
Xnm=Qnm yields 


n\* — 2k +1 n—-1—k nek m 
= ee _ x 
("" > ( aa) 2 z(”, ™) 


since Gun = 1. 
A direct proof of this identity is as follows. First 


3 2k +1 (aur eee 
0 mtk+i m— Rk m--+k 


ae Cee n-+k ) 
m m— k mt+k+1 


» 

0 nw 
a ined ee ( aon, 
7 0 nam m—k mtk+i 
-2y Mt *( aw 

0 n—m m—k mt+tk+il 
= fam Lnm 


Next we have 


2mt1i mf(n—-m+k-1 n+m—k 
jum = a Vom +t x) 
0 


n—m™ k 2m+1—k 

2m +12 /n—m+tk—-l\f/n+m—k 
-"—— > R ) ann 

2m+1i mH /(n—-mtk—-1\(/(n+m—k 
~ On — Im = ( k Gear — a 


2m +1 ( 20 ) (") 
In — Imn\2m +1 ~ \am 
(the next to last step uses one form of the Vandermonde relation). Also 


m /(n—1—k n-+k ™1/y—m+kh\ fn+t+m—-i-k 
nm = 2 = 2 
5 >>] aan | CE >( R )( 2m — k ) 
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Ga > eae | eee 
2m 7 0 R 2m — k 

™1/(y—~-m+kh (n+m—i-—k 

-=( R )( 2m —k ) 


>>) arenas | Gna 


0 k 2m — k 


; m (n—-m—I1+k n+m—k—I1 
= bton = 2 ( k Ke 2m — k 
+(e + +( n )+(")] 
2m —-k—1 m-+i1 m 
n 2 
m 


which proves the identity. 
Notice that 


(20m + 1)“Yfam = (2m »=(,") = 3 -——(" —1- ‘ (" + : 


2m m— Rk mt+k 


and 


which is equation (5) with x.,=(2k+1)—!; hence 


2 
Xam = (2m + »=( ") 
2m 


is a solution of (4) and 


1 (2") -§ 1 (“n(n 8) 
Im + 1\Qm/ “2k +1\22/\ 2m 


2-808 C89 
2m) “o\ak + 1/\ Im J 
A further result, which we do not take space to prove, is 
e) 7 a Co") 
2m } “o\ Qk 2m 


which is the xnm with x,,=2k-+1. Since sums and differences of solutions of (4) 


or 
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are also solutions, it follows that 


is the solution for which x,, =k. 
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ON THE TOTIENT FUNCTIONS OF JORDAN AND ZSIGMONDY 


J. E. SHockLey, University of Wyoming, AND R. J. Hursey, Madison College 


Introduction. K. Zsigmondy (see [2], p. 152) devised a function to deter- 
mine the number of elements of a certain order in a finite abelian group. 

In this note it will be shown that Zsigmondy’s function can be described 
completely by use of Jordan’s totient function (see [2], p. 147). The proof is 
elementary and is much simpler than the lengthy combinatorial proofs of the 
formula found in the literature (see, for example, [1)]). 


I. In order to translate the problem into number-theoretic concepts, we 
make the following definitions: 


DEFINITION. Let n and k be positive integers. A k-tuple { a1, Qo, * +, ax} of 
positive integers is called a prime sequence for n (of length k) provided 1 Sa;Sn and 
(Q1, do, +++, Gy, 2) =1 (the parentheses denote the greatest common divisor). 


DEFINITION. Jf n and k are positive integers, then J;,(n) denotes the number of 
distinct prime sequences for n, each of length k. Jo(n) 1s defined to be zero. 


DEFINITION. Let m, m1, 12,°°-+, Me be fixed positive integers. An s-tuple 
{@1, Qa + +, as} of positive integers is called a primitive sequence for m (with 
respect to m1, ++ -*, Ms) provided 
(1) 1Sa;Sn; G@=1, 2,°°°, Ss) and 
(2) mis the smallest positive integer such that ma;=0 (mod n;) (@=1,2, +--+, 5). 

DEFINITION. If m is a positive integer then ¥(m)=W(m; m1, M2, °° *, Ms) de- 
notes the number of distinct primitive sequences for m (with respect to m1, Ne, * + * , Ms). 

Thus if G is a finite abelian group with independent generators gi, 22, °:°,2s 
of order m, mo, - + +, %s, respectively, then ¥(m) is the number of elements of G 
of order m. 


II. THEOREM. W is a multiplicative function. 


1966] MATHEMATICAL NOTES 609 


Proof. Let a and bd be relatively prime positive integers, let { on, Oe, °°, a, } 
and { Br, Bo, °°, B.} be primitive sequences for a and b, respectively. Let y, 
be the smallest positive solution of 


x =a; (mod n,/(n;, 6)) 
x = B; (mod nil (ni; a)). 


Since (a, b) =1, it follows from the Chinese Remainder Theorem that ¥; is the 
unique solution of (3) in the range 1SxSl.c.m. |[n,/(mi, a), n:/(ni, b)] =n; If y 
is the smallest positive integer such that 


(4) YVi = 0 (mod ni) (4 = 1, 2, a) s) 


(3) 


then ySab since obviously aby;=0 (mod n,). From (3) and (4) we see that 
ya;=0 (mod x,/(m:, 6)). From the fact that yaw;=0 (mod n;) we see that 
you;=0 (mod ni/(ni, @)). Since lcm. [2./(ns, a), n:/(ni, b)|] =n, it follows that 
ya;=0 (mod n,;). But since {a1, a, +++, a,} is a primitive sequence for a, this 
implies that a divides y. Similarly, b divides y and thus y=ab, so that 
1Y1, Ya °°, v2} is a primitive sequence for ab. 

On the other hand, if we are given that {Yi 0, ve} iS a primitive se- 
quence for ab and we define a; and 8; by 


a;j= 7 (mod ni] (ni; b)), 1sa; ni] (Ni b) 


B: = yi (mod n./(m:, a)), 1< 6; S n./(n, a) 


it follows easily that { 1, Q2,°*¢, at, } and { Ba, Ba - +, B.} are primitive se- 
quences for a and 8, respectively, so that the above method yields all primitive 
sequences for ab. Thus w(ab), the number of primitive sequences for ab, is equal 


to (a) (0). 


THEOREM. If p 1s a prime, p* divides n; (t=1, 2, +--+, k) and p* does not di- 
vide n; (t=k+1, R+2,---+, 5) then 


v(p%) = Je(o) [[8:, where 5; = (p%, n.). 
k-+1 


Proof. We shall show that { a, G2, +++, de} is a primitive sequence for p° if 
and only if 
(5) {aip%/M1, G2p*/m2, ++, axp*/ M:} 
is a prime sequence for p*% of length 2 and 
(6) a; = 0 (mod n,/6,) G@=k+1,k+2,---,s). 

The proof will be in two parts. 

Part 1. Assume that {a1, a2, ---, a,} is a primitive sequence for p*. It is 
obvious that (6) holds. If (aip*/m, - +--+, axp%/nz, p%) = p8 (B21), then a,p2-* 


=0 (mod n,;) (¢=1, 2,---, &). Since p* does not divide n; ((=kR+1,-+-, 5), 
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if we let ps = max { p2-8, Shai, °° 5s}, then p<p* and a,;p'=0 (mod 2,) 
(a=1,2, +++, 5) which contradicts the fact that { a, Qo,***, a,} is a primitive 
sequence for »*. Thus (5) must hold. (A proof similar to the above shows that if 
k =0 then no primitive sequences exist for p*. In this case P(p*) = Jo(p%) - 6162 + + > 
6, =0.) 

Part 2. Suppose (5) and (6) hold. Then obviously p% is a solution of the sys- 
tem of congruences xa;=0 (mod n,) (@=1, 2, --+-+,5). If fis the smallest positive 
solution of the system, then obviously ¢S p*. Since (5) holds there exist integers 
1, Xe, °° * , X44 such that 


xy p/n + + + + + xan p/m, + Xeyip* = 1. 
But then 
xi p%(tar/m1) + e+ + 4+ xip*(tai/mi) + p%tirnsi = fb, 


which, since ; divides ta,;, implies that p* divides t. Thus ¢ = p% so that 
{ a4, Qo, +++, a,} is a primitive sequence for p*%. 
Since there are J;(p*) choices for the first k terms in a primitive sequence for 
b%, 6441 choices for the k-++-1-st term, etc., it follows that Y(p%) = Jx(p*) Ona + + + Se. 
The two theorems together imply that Jordan’s function J;(m) is a multi- 
plicative function. The well-known fact that J,(p*) =p*(1—1/p*) (see [2] 
p. 147) completes the evaluation of Zsigmondy’s function, y. 
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A SOLUTION OF A SINGULAR, MIXED PROBLEM FOR THE EQUATION 
OF EULER-POISSON-DARBOUX (EPD) 


B. A. Fusaro, University of South Florida 


Introduction. Let E= Di:+(R/t)-D:— Dez, 0<k, and consider the singular, 
mixed problem 


(1) E(u) = 0, O<x<7, 0<t; 
(2) u(x,0) =f), fEc", uw(e,0=0, OS%*es7m; 
(3) u(O, t) = u(m, t) = 0, 01. 


Of course f satisfies the boundary data (3), and the value of ¢ in the initial 
data (2) must be understood in the limiting sense t—0-+. 

Equation (1) is classical, and an exposition of its theory appears in Darboux 
[3]. The singular, initial value problem (1, 2) has been studied extensively in 
m space dimensions and for general 2k since A. Weinstein’s work in 1952 [4]. 
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In this note a series solution of the singular, mixed EPD problem (1, 2, 3) 
is found by elementary means, and the series is reduced to a closed form. This 
solution is shown to be unique. 

The solution is then expressed as the mean value of the initial datum f, 
taking the form of the known solution of the initial value problem (1, 2). 

A physical interpretation, and a regular, mixed problem are discussed briefly. 


A formal solution. Assume thereexists a solution of the form u(x, t) =X (x) T(t) 
and substitute it in (1) to get X”"/X =(k/i)T/T+T7/T. By a familiar method, 
a formal solution of the problem turns out to be 


(4) u(x, t) = Pd — p) > b, sin nx (nt/2)?J_»(nt), 2p=1-8, 


N=1 


where the 0’s are the Fourier sine coefficients of /: 
6, = (2/m) f f(x) sin nxdx, and J_»p(z) = > (—1)%(2/2)*-?/y;, 
0 j=0 


7;=TG+tDIGg—p-+1), the Bessel function of index — >. 

If R=0, then u(x, t)=I'(1/2) 07.4 b, sin nx(nt/2)}/2J_1).(nt). Substituting 
T(1/2) =< and J_12(2) =~/2/(az) cos 2 yields u(x, #) = >5°.1 bn sin nx cos nt, 
the known solution for the wave equation with data (2, 3). (See [1, 2].) 


The solution in closed form. The following integral relation [1, p. 482] will 
be needed: 


T(1/2)0(R/2) (2/2)?J_»(z) = 2 i) ™ cos(zg sin r) cos*~! rdr, 


absolutely and uniformly convergent for 0<k=1—2p. 

The formal solution (4) is well defined since the series is absolutely and uni- 
formly convergent for 0<t, O0Sx<7. This convergence follows from an applica- 
tion of the above integral relation and the absolute and uniform convergence of 
> ine1 bn sin nx =f(x), (fEC", by hypothesis). 

The series representation of f will now be used to extend f as an odd function 
of period 27. 

Substitute the integral relation in (4) and interchange the order of summa- 
tion and integration to get u(x, t) = (2/B)/*%” cos'-! 7 >", b, sin nx cos nst dr, 
where s=sin 7 and the Gamma functions have been replaced by the Beta func- 
tion B= B(1/2, k/2). Write 2 sin nx cos nst=sin n(x+st)-+sin n(«—st) and dis- 
tribute the sum in the previous expression for u to get 


aw /2 
(5) u(x, t) = (1/B) i) cos'-! r[ f(a” + st) + f(a — st)|dr, 5 = sint. 


It will be verified directly that (5) is a solution of the mixed problem (1, 2, 3). 
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That u(x, 0) =f(x) follows from writing 
w/2 w/2 
2 J cos'-! rdr = 2 f sin’-! 7 cos?"-1 rdr = Bie, v), 
0 0 


where o = 1/2 and y=k/2; and clearly u,(x, 0) =0, verifying the initial data. The 
boundary data are satisfied because f is odd (left point) and also periodic (right 
point). Finally, 


—tE(u) = t(ter — Ui — (R/t)u:) 


n/2 
= (f/B) i) t [f’ (x + st) + f'"(«% — st)| cos? r — ks /t[f’ (a + st) — f' (a — st)]} 
-cos*—! rdr 
aw /2 
= (1/B) i) elf’ (x +tsinr) + f’’(*% — tsinr)| cos*t! 7 
— kl f'(« + tsinr) + f’(« — tsin r)| cos*-'7 sin thdr 
nw /2 
= (1/B) J d/dr} [f'(« + tsinr) — f’(« — tsin r)] cos* thdr = 0. 


Uniqueness. An energy integral argument [2] will yield uniqueness for pos- 
sible solutions uw with the following properties: (i) wE@C’ for 0 S#; (ii) wEC” for 
0 <#; (iii) w behaves no worse than /+!, 0<6, at ¢=0,. The first two properties 
are the usual sort required in such arguments, while the third is necessary to 
induce convergence in an integral arising from the term peculiar to the EPD 
equation, k/t. The function wu defined by (5) clearly satisfies properties (i), (ii), 
(iii). 

Assume there exists another solution v and put w=u-—yv, so that w is a solu- 
tion of the completely homogeneous mixed problem. It will be shown that w=0. 

The following expression is integrated over the rectangle R= [0, r]x[6, T], 
0<b<T; 2w,H(w) = 2, (weet (R/t)wWi— Wee) = (we +w)i— 2(wzWs)2+ 2kw; /t. Ap- 
ply Green’s theorem to get 2/frwE(w)dxdt= — £ [(w?+w?)dx-+2w,w,dt| 
+2kf frw;/tdxdt. The line integral can be written as two ordinary integrals, 


[ele n +e, 0) fie, a + wil, Olax 


-- 2f “Twe(0, t)w,(0, 1) ~ we(a, t)wi(ar, t) | de, 
3 


the last of which vanishes since w;(0, t) =w,(7, f) =0, due to the homogeneous 
boundary data. Now taking the limit as 6-0 and noting that w2(x, 0) =w,(x, 0) 
=( due to the homogeneous initial data, there results 0=2/Jdt/*7w,E(w)dx 
= f3(uz+wdx+2kfodt {iwi /t dx. Clearly w.=w:=0, so that dw=0, or w=con- 
stant; and by the initial data, w=0. 
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The solution as a weighted mean value of f. The solution of the initial value 
problem (1, 2) is 


(6) u(x, t) = 2/B f(s — p?) EPR M (x, pt; f)dp, 


where M(x, o; f) =[f(x+o)+f(x—o) |/2 (see [4)]). 

This formula coincides with the solution (5), providing that f is interpreted 
as in the third section of this note, as can be seen after the change of variable 
p=sin 7. Beginning with (6) and a suitable interpretation of f, it could be veri- 
fied that (6) is a solution of the mixed problem by simply repeating the reason- 
ing of the third section. This observation, due to Prof. K. Stellmacher, suggested 
an extension to more than one space variable, and it is hoped that some results 
on this interesting generalization will soon be ready for publication. 


A physical interpretation. Equation (1) will be replaced by 
(7) ui + [R/(t + 8)|ur — uer = 0, 


yielding the regular, mixed EPD problem (1, 2, 3) which can be interpreted as 
the problem of a vibrating string with fixed end points and with a damping 
factor k/(t-+6); denote the solution of this problem by u(x, t; 6). It will be as- 
sumed that 1—2=k<1 to avoid integral and Neumann functions. 

Techniques similar to those indicated above will yield u(x, t; 8) = Dinu: bn 
sin nx- T(t; 6), where 


Tr(t; 6) = (7/5)? |Fs_-pJ p(n7) + J p—1J p(n) |/[J1-»J » + Tp-1J pl, 


7=t+6, and the J’s without arguments are evaluated at v6. It can be shown 
directly from the definition of the Bessel functions that as 6-0, u(x, t; 4) 
—u(x, t). 

Thus the original singular problem (1, 2,3) can be interpreted as a vibrating 
string with fixed end points and damping factor k/t, which is to say that the 
medium has an initially infinite viscosity. 


Presented at the Annual Meeting of the Southeastern Section on March 21, 1964, at Charles- 
ton, S. C., under a similar title. 
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SOLUTIONS OF LINEAR DIFFERENTIAL SYSTEMS SATISFYING 
MULTIPLE-POINT BOUNDARY CONDITIONS 


J. B. GARNER, Louisiana Polytechnic Institute 


I. Introduction. We consider the boundary value problem 
(1) 9 = A(x)y + B(x), y= col(yi), (x) = col(b.(x)), A(x) = (ais(x)) 
and 
(2) yiloi) = 61, Ym(o2) = Bm, Ynlas) = Br, m=2,-++,n—1, 


where A(x) and b(x) are continuous over [a, b], where a1, a2, a3 belong to [a, d], 
and where the @; are arbitrarily assigned real numbers. This is the same problem 
considered in [1], [2], and [3]. 

In the present note we establish additional results on the problem. The ap- 
proach is similar to that taken in [3] and, for this reason, some of the proofs 
are omitted. The results here imply the results of [3] for n even. Otherwise, these 
results neither imply nor are implied by the results of the preceding papers. 


II. The Multiple-Point Problem. For points a1, a, a3 of [a, b] such that 
Qt Sd, Sa3, with one equality holding if m =2, we define the following conditions: 

A. On (a1, as): a;;(x) =0 if 727, except that an120; ai, 20; a;;(x) 20 on 
(a2, a3) and does not change sign except possibly at as. 

B. For each fixed 7, 2SjSn—1, a,;(x)a¢,j41(%)a;,;41(«) SO for z=1, 2,---, 
j—1 and x€(a1, a). Identically vanishing products are considered for unique- 
ness to be nonpositive. 

C. For each fixed 1, 1371S, there exist segments (a,—56,, a) and (ay, 
a2+6;) on which a(x), - + +, @in(x) do not all have a common zero. 

Condition (B) is considerably less restrictive than the corresponding condi- 
tion of [3] since it, with (A), allows 2"-? different combinations of signs. Here 
the signs of any n»—2 functions determine uniquely the signs of the remaining 
functions. The difference in proofs of this note and those of [3] occurs in 


Lemma 1. Let (A), (B), and (C) hold for some cy, a2, o3 of [a, b| and let Y(x) 
be the nXn solution of 


(3) Y' = A(x«)V, V(ag) = E (the n X n identity matrix). 
Then, for h=1 or n, x =a 1s an tsolated zero of Yma(x), M=1,++-+,n; mAh. 


Proof. We give the proof for h=1; the proof for h=n follows in a similar 
manner. From (3), yu(ae) =1; hence y1(x) >0 on (a2—56, a+) for some 6>0. 
Thus 


ynr(%) = dni(x)yi1(%) > 0 — on (aa — Ens 2), (ata, 82 + En), 


where €,=min(6, 6,). Since Yai(ae) =0, Yai(x) <<O on (ae—€n, G2), Vni(x) >0 on 
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(ao, Ag-+e,). Since Yr—1,1(@2) =O and yr_1.1(%) = An—1,n(*) Yui(x), we now have, by 


(C), 
On—1,n(%)Vn—1,1(%) > 0 on (ae — €,—-1, aa), (a2, ae + En—1); 


where €n—1 = Min(€n, bn—1)- Thus, by (B), Ok, n—1(X%) Vn—1,1(%) and Cin (X) Yui (x) agree 
in sign over these segments for each fixed k, 1SkSn—2. Also, for k=n—2, 
(C) implies that the sum of these terms is nonzero in (@:—€n-2, G2) and (a, 
Ol -+€n—2), where €,—-2 = min(€,-1, 5,2). Now yr_2,1(x), thus ya—2,1(%), is nonzero in 
these segments. 

Assume that, by continuing in this manner, we find that ya(x)=0 over 
(Q2— Ep, 2), (Q2, e+e) and that 


(4) Bip (©) Vp41,1("), + + + 5 Gin(%) ni (x) 


agree in sign for each fixed 7, 1Si1<p, where p23. The equation from (1) for 
y',(x), together with (B) and (3), imply that aip(x)ypi(x) and @:,p41(%)¥p41,1(%) 
agree in sign. Hence, this with (C), (3), and (4) imply that y,-11(x) is nonzero 
over (a2—€p-1, G2), (2, G2+€p1), where €p1=min(€p, 6p-1). This implies that 
Vp-1,1(X) #0 over these segments since yp-1,1(@) = 0. 

Thus each yai(x), m=2,-+--+, ”, is either positive or negative to the im- 
mediate left and right of x =a», and x =ay, is an isolated zero of these functions. 


THEOREM 1. Let (A), (B), and (C) hold for some an, a2, a3 of [a, b|. Then there 
exists a unique solution of (1), (2). 


The proof is similar to the corresponding theorem of [3]. 
We let (A’) denote the set of weaker conditions obtained from (A) by replac- 
ing 127 by 17>], and give 


THEOREM 2. Let (A’), (B), and (C) hold for some a1, O2, a3 of [a,b]. Then there 
exists a unique solution of (1), (2). 


Proof. We employ a transformation used in [1]. Let 
z= F(x)y, F = diag(f:), fila) = exp [ — ai; (t)dt. 
ao 


Then (1) becomes 
(5) zg’ = D(x)z + Fb(x), D= F'F3+ FAF. 

Since d;;=0 and, for ij, di;=f;a:;/f;, the hypotheses here imply the hypotheses 
of Theorem 1 for the d,,;(x). Hence there exists a unique solution of (5) satisfying 
21(a1) = Bifi(a1), 2n(as) = Bnfn(as), 2m(2) = Bm m= 2,+++,n—1. 

This, in turn, gives a unique solution of (1), (2). 


CoroLuary. Let the a,;(x) satisfy (A’), (B), (C) over [a, a), (oc, b| for some 
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o2€ [a,b]. Then Theorem 2 holds without restricting o1, 03 further than requiring 
them to belong to [a, az], [ae, b|, respectively. 


Work on this paper was done while the author received support from NSF grant GP-1337. 


References 


1. W. J. Coles, Some boundary value problems for linear differential systems, Proc. Amer, 
Math. Soc., 14 (1963) 956—960. 

2. J. B. Garner and L. P. Burton, Solutions of linear differential systems satisfying boundary 
conditions in the large, Proc. Amer. Math. Soc., 12 (1961) 100-106. 

3. J. B. Garner, A multiple-point boundary condition for linear differential systems, this 
MontTuty, 70 (1963) 850-852. 


A SPECIAL POINT IN A QUADRILATERAL, OR HOW THE 
NINEPOINTCIRCLE BECOMES A TENPOINTCIRCLE 


Fr, FLor CArRTUYVELS, S.J., St. Xavier’s College, Ranchi, India 


Problems E 1739 and E 1740 in this Montruiy (71(1964) 1132) draw at- 
tention to the properties of the quadrilaterals formed by the incenters or the 
centroids of four concyclic triangles in a concyclic quadrilateral. We extend this 
here to the orthocenters and the centers of the ninepoint circles. Problem 
E 1740 is solved in Theorem III below. 

Notation. Triangle BCD has orthocenter Q4, center of its ninepointcircle 
Na, centroid Ga; sa is the Simson line with respect to it. Cyclic permutation of 
symbols gives analogical elements. 


DEFINITIONS. Quadrilateral: the four vertices and the six sides joining them 


two by two. 
Ortho-quadrilateral: the quadrilateral formed by the four orthocenters. In 
the same way we define a ninepoint-quadrilateral and a centro-quadrilateral. 
Orthopole: see infra; co-orthopolar are elements symmetric with respect to 


the orthopole. 


LeMMA la. If four points are such that one 1s the orthocenter of the triangle 
formed by the other three, then each of the four points has this same property. 


This follows from the interplay of sides and orthogonals in the triangles. (See 
points A, B, C, Qp on the figure.) 


Lemma 1b. The four possible triangles have the same ninepotintcircle. 
This follows from the definition of the ninepointcircle. 

LEMMA 1c. These four triangles have the same circumradius. 

This circumradius is twice the radius of the unique ninepointcircle. 


LEMMA 2. QpCDQ¢ is a parallelogram. The same 1s true for analogical figures. 
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Proof. CQp and DQe are obviously parallel. Moreover they are equal: 
trigonometry gives COp=AB cot ACB; and this is symmetric in C and D, for 
ABCD is concyclic. Hence COp = DQe. 


The orthopole. In parallelograms Qp7CDQc¢, QceBCQz, 234 BQ4, Q4DAQD, 
Qc¢ACQs, and QnBDQs, the point K is midpoint of the diagonals DQp, CQe, 
BQe, AQa, AQa, and BOs respectively. 

Hence K is the common midpoint of these six parallelograms. We propose 
to call it the orthopole of the quadrilateral. Pairs of points such as D and Qp 
are co-orthopolar. So are pairs of segments such as CD and QcQ>p. 

The following theorem is now established: 


THEOREM I. The ortho-quadrilateral 1s congruent with rts quadrilateral. A rota- 
tion over half a full turn around the orthopole makes the one coincide with the other. 


This theorem has the following rather long corollary. Let us call it 


THEOREM II. The following pairs of quadrilaterals are co-orthopolar with 
respect to the same orthopole K: 


pair(4) ABCD and QaQ—Q¢QD 
pair (2) A QDC Qe and QaD QGB 
pair (3) A QD Qa and AC AcB 
pair (4) A B QnQ and OQ4QRD C. 


Moreover the two members of each pair can be made to coincide through a 
rotation over half a full turn, around K: hence both members have the same 
orthopole. 

The two members of each pair are each other’s ortho-quadrilateral. This 
follows from Lemma la. 

This is clear enough for pair (1). For pair (2): points B, Q4, D, Qe are resp. 
orthocenters in triangles 


AQDC; QpCQz; CORA; QBAQp. 


The same can now be found for pairs (3) and (4). 
It is relatively easy to prove that all these quadrilaterals are concyclic quad- 
rilaterals. And all of them have the same circumradius. (Lemma ic.) 


THEOREM III. The ortho-, ninepoint-, and centroquadrilaterals are homothettc. 
Hence, they are similar and concyclic. 


This homothety arises in the pencil of the four Euler lines. The circumcenter, 
which is the common point to these four Euler lines, functions as homothetic 
center. The ratios of similarity follow from Euler’s theorem: 


ON4:004 = 1/2 and OG4:0Q4 = 1/3. 
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Each vertex of a concyclic quadrilateral has a Simpson line with respect to 
the triangle formed by the three other vertices. 
THEOREM IV. These four Simpson lines are concurrent at the orthopole. 


Steiner has proved the following theorem for triangle 4 BC, whose ortho- 
center is Qp: the Simpson line sp of a point D on its circumcenter passes through 
the midpoint of DQp. Hence with Lemma 2, our Theorem IV follows. 


Note 1. Simpson lines are auto-co-orthopolar, 1.e.: sp 18 Sap. 

Note 2. The same set of four Simpson lines are found for all the quadrilaterals 
of Theorem II. It can easily be seen when we complete the figure that sp is sz 
with respect to Q4DQc¢, and “co-orthopolarly,” so, is so, with respect to AQDC. 


THEOREM V. The four ninepotntcircles have a common point, which 1s the 
orthopole. 


This follows from a known property of the ninepointcircle. The ninepoint- 
circle can be considered as the locus of the midpoints of a radiusvector, with 
origin in the orthocenter, and endpoint on the circumcenter. 

It follows then that K, midpoint of QpD belongs to the ninepointcircle of 
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triangle ABC; similarly K belongs to the three other ninepointcircles. The four 
of them will then have K as their common point. 


COROLLARY. The orthopole is the circumcenter of the ninepoint-quadrilateral. 


The four ninepointcircles have the same radius, half the circumradius of the 
quadrilateral. Half the circumradius of the quadrilateral is also the circum- 
radius to the ninepoint-quadrilateral, according to our Theorem ITI. Its cir- 
cumcenter is therefore 4 R (R the circumradius of the quadrilateral) away 
from the points Ny, Ng, Nc, Np. And Theorem V here says that these four 
points are at that distance from K. 

Note 1. Two by two the ninepointcircles have a second common point, the 
4C,=6 midpoints of the sides of the quadrilateral. 

Note 2. K is not only common to the four ninepointcircles of the original 
quadrilateral ABCD, but also to the ninepointcircles of the ortho-quadrilateral. 
But the same must be said for all the pairs of quadrilaterals of Theorem II. 
Hence there would be 32 ninepointcircles, but Lemma ib reduces this number 
to one quarter of it: for the same ninepointcircle (as on the fig.) serves for four 
triangles, scattered over the four pairs. Hence there will be only eight ninepoint- 
circles, the original ones of pair (1). 

To summarize we can say that the ninepointcircle becomes a tenpointcircle 
thanks to an eightcirclepoint. 


The author wishes to thank the referee for valuable suggestions. 
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A NOTE ON LINEAR RECURRENT SEQUENCES MODULO m 
D. W. Rosinson, Brigham Young University 


A linear recurrent sequence of integers modulo m is periodic. (See for exam- 
ple [{1, 6].) The particular case of the Fibonacci sequence was discussed recently 
in this MONTHLY, (see [3, 5]). In this note we generalize the results of [3], using 
essentially the notation of [5]. 


Let (u#): to, U1, °* +, Un, ++ * be the Lucas’ sequence of degree 7 associated 
with the characteristic polynomial 


f(%) = a — art — +--+ —a,, 


where a1, - - - , @, are integers and a,0. That is, (w) is the sequence of integers 
that satisfy the linear recurrence 


Unter F A1Untr—1 7 ° + Arun 


for #20 with uw=0,-++, up.2=0, u,1=1. (For r=1 it is understood that 
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uy=1.) Also, let m be a positive integer which is relatively prime to a,. The 
least positive integer k such that u,=0, +--+, Uepp2=0, Uny,1=1 (mod m) is 
called the period k(m) of (uw) modulo m, and the least positive integer d such 
that uw¢@=0, +--+, Uayr-2=0 (mod m) is called the restricted period d(m) of 
(u) modulo m. (See for example [1, 6].) 

The existence of the period, and thus the restricted period, may be estab- 
lished as follows. Let 


0---0 a, 
7 1---0 aey 
0-1 a | 
be the companion matrix of f(x), and let U, be the row matrix [un, +++, Un4r—a], 
n=0,1,---.Clearly U,=U,A". Since the integers modulo m form a finite sys- 


tem, there exist & and m such that A*** is congruent (elementwise) to 4” modulo 
m with k-+n>n20. In fact, since det A =(—1)*—a, is a unit modulo m, A* is 
congruent to the identity matrix J modulo m. Consequently, U,=U» (mod m), 
which provides the conclusion, (see also [2, 4]). 

The results of this note depend upon the following 


LemMA. Let (u) be the Lucas’ sequence of degree r associated with the poly- 
nomial f(x) above, and let m be a positive integer which ts relatively prime to a,. Let 
k(m) and d(m) be the pertod and the restricted period of (u) modulo m, and let s(m) 
be the order of the unit (—1)"—a, modulo m. Then tacm)4r-1 15 @ unit modulo m of 
order k(m)/d(m), and k(m)/d(m) divides r-s(m). 


Proof. We first show that the period k(m) of (uw) modulo m is precisely the 
order modulo m of the matrix A above. Indeed, suppose U;,= Uy) (mod m) and 
let M, be the r-by-r matrix with U,,;-; for its 7th row. Since U;4;= U; (mod m), 
it follows that M, = M,A*=M, (mod m). But, since det My=(—1)""1, My is a 
unit and A*=J (mod m). That is, A*=J (mod m) if and only if U,= U) (mod m). 
Consequently, k(m) is the order of A modulo m. 

We may prove in a similar manner that A*=éI (mod m) if and only if 
Uaz=tU, (mod m), where t is some integer. Thus the restricted period d(m) gen- 
erates the ideal of all d such that A? is a scalar matrix modulo m. In particular, 
d(m)|k(m). Also, since Up=[0,---, 0, 1], if Uz=tUy (mod m) then t=uayr-1 
(mod m). Therefore, 


Atm zs Ud (m)pr—1b (mod m), 


and it follows that t#am)4,-1 is a unit modulo m of order k(m)/d(m). Finally, if 
s(m) is the order of det A =(—1)""!a, modulo m, then 


1 = (det A)s™-4™) = (det A?™)8(™) = (tacmyae—1)""*™ (mod m). 


That is, the order of ta¢m)i+-1 modulo m divides r-s(m). 
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We now extend the first theorem of [3]. 


THEOREM. Let the notation and conditions be as in the lemma. If p is a prime 
such that p{a,, then k(p*) =k(p) implies d(p*) =d(p). 


Proof. Since A*®)=J-+B for some matrix B, it is clear that 


Av 'k() = T (mod $°). 


That is, k(p*) | p?-1k(p). But it is obvious that k(p) | k(p*). Hence, k(p*)/k(p) is 
some nonnegative power of p. Similarly, d(p*)/d(p) is a nonnegative power of p. 
Also, since the unit group of integers modulo p is of order p—1, it follows by 
the first conclusion of the lemma that k(p)/d(p) divides p—1. Thus, p}k(p) /d(p) 
and the theorem is a consequence of the fact that 


dpe) Rp) _ RCo) BCD) 
d(p) d(p*) R(p) d(p) 


A corollary of these results is that if p/a, and k(p*) =k(p), then warp)4,-1 has 
the same order modulo p and modulo p*. Indeed, we have the following gen- 
eralization of the second theorem of [3]. 


COROLLARY 1. Let the notation and conditions be as in the lemma. If p is a 
prime such that pja, and e is a positive integer such that d(p*)=d(p), then k(p*) 
=k(p) if and only if wap) 4+r-1 has the same order modulo p and modulo p*. 


Furthermore, by the final conclusion of the lemma, it is immediate that we 
also have the following 


COROLLARY 2. Let the notation and conditions be as in the lemma and let 
d,= 1. If p 1s a prime such that pf2r, then k(p*)/d(p*) =k(p)/d(p) for every 


positive integer e. 


If a,=(—1)’~! in this corollary, then it is sufficient to require only p/r. This 
condition is necessary, however, as shown by the following example. If f(x) 
=x'—x?—x—1 and p=3, then k(3) =d(3) =d(3?) =13, but k(3?) =39. 


This paper was written while the author was on sabbatical leave at the California Institute of 
Technology, where he was supported in part by the National Science Foundation. 
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(4.1) dsye%duy = 0. 


According to the definition given in [1, 957], equation (4.1) represents the 
asymptotic line of the vector field e*. Consequently, we have 


THEOREM 4.1. The derived vector of the unit normal along the asymptotic line 
of a vector field in a surface ts orthogonal to the curve of the vector field. 


The above is a generalization of the classical theorem that the derived vector 
of the unit normal along a curve of a surface is orthogonal to the curve provided 
it is an asymptotic line of the surface. 
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SYMMETRY IN GEOMETRIC COMPLEXES 
P. H. Dove, Michigan State University 


A complex K will always mean a finite geometric simplicial complex. For a 
complex K we shall let G(K) be the group of homeomorphism of K onto K. For 
a vertex v of K, St(v) is the star of v. 

Following [2] we define for a simplicial complex K the set I(K) consisting 
of all points x in K such that for each open set U in K containing x there exists 
a homeomorphism k in G(K) such that k(K — U) CU; I(K) is called the invert 
set of K. 


LEMMA 0. Let K be a complex. If x and y are points lying tn the interior of a 
k-simplex o* of K, then there exists a homeomorphism k in G(K) and k(x) =y. 
Further, k may be chosen so that | K—Sto* 1s the tdentity homeomorphism and 
each simplex 1s tnvariant in K. 


Proof. If dim K =0, the lemma is clear. Suppose we have established Lemma 
0 for all simplicial complexes K for which dim K <n. We then assume dimension 
K=n and let K“~» be the (n—1)-skeleton of K. 

If x and y are points interior to an n-simplex of K the homeomorphism of 
Lemma 0 is at hand. Otherwise we may apply the inductive hypothesis to 
K“-») and extend a given homeomorphism on K“—» to all K. This completes 
the proof. 

A topological space X is rigid if the only homeomorphism of X onto X is the 
identity homeomorphism. 


CoRoLuaRy 1. The only rigid complex 1s a point. 


COROLLARY 2. If K is a finite complex and the conditions of Lemma 0 are 
met, x and y are equivalently embedded in K. 
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THEOREM 1. Let K be a complex with a fixed triangulation T. Then I(K) ts a 
subcomplex of K with respect to T. 


Proof. lf I(K)=(, there is nothing to prove. Then we assume J(K)#[]. 
Suppose that x is a point in J(K) that lies interior to a simplex o* of K under 7, 
By Lemma 0 and [2] it follows that Into*CJ(K). But since I(K) is closed. 
o* CI(K). It follows that [(K) is a union of closed simplices of K under T and 
Theorem 1 is proved. 

In what follows we need the notion of asuspension ring. If K is a finite sim- 
plicial complex in #”, euclidean n-space, imagine E”(C_£*!, If ai and by are 
points, one in each component of £”+!— #7, then the suspension of K, S(K), con- 
sists of the union of all segments aix and dix for x in K. If now we take the sus- 
pension of S(K) using points de, bg in E“+?, the resulting set D(K) is the double 
suspension of K with aya2\Vbea,\aeb1\/beb1 as suspension ring. 


THEOREM 2. If K 1s a complex then I(K) 1s null, a point, or a finite simplicial 
sphere that 1s a subcomplex of K under arbitrary simplicial subdivision. 


Proof. lf I(K)#(, then by [2] we observe that J(K) must be a sphere. By 
Theorem 1 J(K) is always a subcomplex of K. 


CoROLuLARY. Let K be a finite polyhedron. Then there 1s a simphicial subdivision 
of K containing I(K) as a subcomplex; namely, each simplicial subdivision of K. 


THEOREM 3. If K 1s an n-complex which 1s not a point, let I(K)#(). If K/I(K) 
is invertible, then K 1s a sphere or a cell if K is a manifold or has a free (n—1)-face. 


Proof. lf K/I(K) is a point, K is a sphere. So let K/I(K) be different from a 
point. 

This implies that J(K)#K and so if T is a triangulation of K, [(K) fails to 
contain a principal simplex o* of K under 7. But then K/J(K) must be an 2- 
sphere. Note that K —J(K) =E”. It follows that J(K) must contain an (n—1)- 
simplex of K. Thus J(K) is an (n—1)-sphere. 

Let o”~! be an (n—1)-simplex in /(K) and p a point of Int o—}. Since o”—! 
must lie on a face of some n-simplex o” in K, it follows that [(K) is locally col- 
lared in K. (o"~! can’t lie as a face of 2 n-simplices, for by the proof of Lemma 0, 
K=5S*). Then K must be an n-manifold with boundary and by [2], K is an n- 
cell. 


THEOREM 4. Let K be a simplicial complex and D(K) tts double suspension. If 
R ts the suspension ring, then RCI(D(K)). 


Proof. The vertices of the second suspension of K lie in J(D(K)) and R is 
homogeneously embedded in D(K). 

One can ask of D(K) in Theorem 4, if R#JI (D(K) what is [(D(K))? In this 
case it is clear that D(K)—R contains a point » of [(D(K)). Whence if S(K) is 
the first suspension of K we may assume that p lies in S(K)—R. But then we 
must have a point of K in J(D(K)). In this case [(D(K)) is at least a 2-sphere. 
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THEOREM 5. Let K be a triangulated compact n-manifold and D(K) tts double 
suspension. Then I(D(K))=R, unless D(K) is a sphere. Further, of I(D(K))=R 
then D(K)/I(D(K)) is locally an (n+2)-manifold except at one point. 


Proof. lf I(D(K))#R, D(K) is locally euclidean and so a sphere. 
If D(K)/I(D(K)) were locally euclidean, then by Theorem 3, D(K) would 
be a sphere or a cell. But we assume that D(K) is neither. 


Construction. Theorem 5 provides a scheme for constructing complexes with 
precisely one invert point. If K is a nonsimply connected compact n-manifold, 
then D(K)/R is precisely this type of complex. 


THEOREM 6. Let K be a connected complex of dim n and dim I(K)=n—1>0. 
Then K 1s an n-cell. 


Proof. I(K) =S"—1, Since K contains an n-simplex, we note that each (n—1)- 
simplex in J(K) must be on the face of an u-simplex and precisely one. Thus 
I(K) is locally collared. Whence K —I(K) is locally euclidean. It follows that 
K is an n-cell. 

A point x in K is a point of continuous invertibility if « lies in J(K) and 
inverting homeomorphisms for neighborhoods of x are isotopic to the identity. 


THEOREM 7. All points of a suspension ring are points of continuous inverirbil- 
ay. 

Proof. lf R is the ring of D(K), let 1, v2 be vertices of the 2nd suspension. 
If U is an open set containing v7 and if wi, we are vertices of the first suspension, 
there exists an isotopy &; pushing D(K) — U into a preassigned open set contain- 
ing ve with closure not meeting wi, we. There is then an isotopy pushing &i(D(K) 
—U) into any preassigned neighborhood of wi. Then a third isotopy takes 
giki(D(K) — U) into U. 

If K is a finite complex, H(K) is the number of equivalence classes of points 
under the relation of equivalent under elements of G(K). 


TuHroreM 8. H(S(K))SH(K)+1 and H(D(K)) SH(S(K)), where S(K) ts 
the suspension of K. 


In [1] a polyhedral homotopy 5-sphere is constructed by a double suspension 
of a 3-dimensional Poincaré manifold. The question of its invertibility is as yet 
unsettled. 

The general problems of classifying geometric complexes with nonvoid invert 
sets present some interesting challenges. Properties of such complexes are being 
investigated by Klassen [3]. In the case of a 1-dimensional complex K with 
exactly one invert point, it is a simple matter to prove the following. 


THEOREM 9. A 1-complex K with exactly 1 point in I(K) 1s a set of n simple 
closed curves meeting in a single point, but otherwise disjoint in pairs (an n-leafed 
rosé). 
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NECESSARY AND SUFFICIENT CONDITION FOR A CONVEX 
SET TO BE CLOSED 


HuBERT HALKIN, Bell Telephone Laboratories, Whippany, N. J. 


Introduction. The existence of solutions of many optimization problems is 
closely related to the closure of some convex sets in an n-dimensional Euclidean 
space E”. (LaSalle [1], Neustadt [2], Halkin [3].) Suppose that A is a bounded, 
non-empty convex set in &”. For any nonzero vector » in £” we define H(p) to 
be the supporting hyperplane of A which is normal to the vector # and we let 
G(p) = H(p) OA. In this note we shall derive a necessary and sufficient condition 
for the set A to be closed in terms of some properties of the sets G(p). We see 


Fic. 1.—Convex set A. 


immediately that a necessary condition for the set A to be closed is that the sets 
G(p) are closed and non-empty for any nonzero vector p. The preceding condi- 
tion is not sufficient, however, as we can see from the example in E? given by 
Figure 1. In that example we have A = 4,\\/A,.U/A3 where 


Ay = { (1, Xe): (1)? -+- (42)? < 1, | 22 | < 1} 
A, = | (x1, 2) : | ave | < 1, wi [-1, o]} 
A; = { (1, tai a, = — 1, m © [—1, +1]}. 
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The preceding example indicates clearly that we must add some requirements 
on the continuity of the dependence of the set G(p) upon the vector in order 
to have sufficient conditions for the set A to be closed. We define the distance 
d(G(p'), G(p")) between two sets G(p’) and G(p”) as the infimum of |a’—a”| 
where a’ €G(p’) and aE G(p”). In this note we shall prove the following result: 


THEOREM I. A necessary and sufficient condition for the bounded, nonempty, 
convex set A to be closed ts that (i) for every nonzero vector p the set G(p) 1s closed 
and nonempty; (ii) if pi, po, «+ + ts @ sequence of nonzero vectors converging to some 
nonzero vector p then limon d(G(p:), G(p)) =0. 


Proof. We shall first prove that the condition is necessary. Part (i) is ob- 
tained immediately. Let p1, po, - - + be a sequence of nonzero vectors converg- 
ing to the nonzero vector p. For every i=1, 2,°-- let a; be a point in G(p;) 
nearest to the set G(p); this point a; exists since the sets G(p,) and G(p) are 
closed and bounded. Let d; be the distance from a; to the set G(p). We conclude 
by proving, by contradiction, that lim;_.. d;=0. Let us assume that there is an 
n > Oand subsequence fi, ko, - - - of 1,2, -- + suchthatd,,2nforalle=1,2,---. 
The sequence of points a%,, dk, - + -° is bounded, hence, it has a subsequence 
Onyy Gm * * * Converging to some point a which does not belong to G(p). We 
have aGA since the set A is closed. We shall use a dot to indicate the scalar 
product of two vectors. For every xCGA we have 


a-p = lim (am,*Pm,;) 2 lim (%- pm,) = ¥°p 
i= 0 i=o 


which implies that a€@ H(p) and contradicts the assumption a¢G(p). 

Let us now prove that the condition is sufficient. Let aGdA. We shall prove 
that aC A. We know that a€@ H(p) for some nonzero vector p. Let us prove, by 
contradiction, that a€G(p). If aGEG(p) let b be the point of G(p) closest to a; 
the point b exists since the set G(p) is closed. Moreover 6a. For every e>0 
let p= p+e(a—b). There exists an €>0 such that 


|a— }| 

d(G(p), G(pz)) S re 

Let a* € G(pz) and b* € G(p) such that |a* — b*| < |a — b| /2. We have 
(p+ée(a—b))-aS(p+ea—b))-a* and p-a*Sp-a; hence (a—b)-(a*—a) 20. 
Since the vector a—b is an outward normal to a supporting hyperplane of the 
convex set G(p) at the point b and since b*€G(p) we have also (a—b) -(b—b*) 
>0. From the last two inequalities we obtain immediately (a—b)-(a*—b*) 
>(a—b)-(a—b) which implies |a*—d*| = la—b| and contradicts the relation 
|a*—b*| <|a—b| /2 assumed earlier. 


The author is presently at the University of California, San Diego. Research sponsored by 
the Air Force Office of Scientific Research, US Air Force, under AFOSR Grant No. 1039-66. 
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A NOTE ON MATRICES WITH ZERO TRACE 


FERGUS GAINES, California Institute of Technology 


1. Itis known that an Xn matrix A with elements in a field F can be writ- 
ten as a commutator X Y— YX over F, if and only if the trace of A is zero. This 
result was proved by Shoda [1] in the case that the field has characteristic zero 
and was extended by Albert and Muckenhoupt [2] to fields of arbitrary char- 
acteristic. In this note we consider Shoda’s result when F is the real or complex 
numbers and we also derive some results when A is hermitian or skew-hermitian. 

The author wishes to express his thanks to Dr. Olga Taussky for suggesting 
to him the results contained in the corollaries to Theorem 1. 


2. We shall make use of the following two results of W. V. Parker [3]. 


LemMMA 1. If A is an nXn matrix of complex numbers and trace A 1s zero, 
then there exists a unitary matrix U so that UA U* has all tts main diagonal ele- 
ments equal to zero. 


LEMMA 2. If A ts a real nXn matrix with trace zero, then there exists a real 
orthogonal mairix T so that TAT* has zero main diagonal. 


Our main result is the following: 


THEOREM 1. Jf A is an nXn complex matrix and trace A 1s zero, then there 
exist matrices X and Y so that A=XY—YX, where X is hermitian and Y has 
trace Zero. 


Proof. By Lemma 1 we can find a unitary matrix U so that UAU*=B= (b;;) 
has zero diagonal. Let D=diag(d, do, - - + , dn) where the d; are real and dis- 
tinct, and let Y1=(yi;) where y;;=0;;/(d;—d;) when 14j and y;,;=0, 2, j7=1, 2, 

-, n. Then B=DY,—Y,D and thus 4=XY—YVX where X=U*DU, 
Y= U* Y,U, and we see that X*=X and trace Y=0. 


CoroLuary 1. If, in addition, A +s hermitian, then +t can be written as XY 
— VX, where X 1s hermitian and Y 1s skew-hermitian. 


CoROLLARY 2. If A is skew-hermitian with trace zero, 1t can be written as X Y 
— VX where both X and Y are hermitian. 
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REMARK. If A is a real matrix with trace zero then Theorem 1 and its corol- 
laries hold if we replace “hermitian” and “skew-hermitian” by “symmetric” and 
“skew-symmetric,” respectively. Lemma 2 is used to prove these facts. 

If, in Corollary 1, we replace X by B = (1/+\/2)(X — Y) and Y by B* 
=(1/+/2)(X+Y), we get the following theorem due to R. C. Thompson [4]. 


THEOREM 2. If A 1s a hermitian matrix and trace A =0, then A can be written 
as BB* —B*B, 


It is also true that Corollary 1 follows from Thompson’s result on replacing 
B by (1/-/2)(X — Y) where X = (1/+/2)(B*+B) and Y=(1/+/2)(B*—B). 


This work was carried out (in part) under a grant from the National Science Foundation. 
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SOLUTIONS OF x!-+y!=2! IN 2X2 INTEGRAL MATRICES 


R. Z, Domtaty, Technische Hochschule, Graz 


A. Aigner [1] investigated solutions of x4+-y!=24 in quadratic domains. In 
this note, solutions are found in the ring I of 2X2 matrices with integer ele- 
ments. Let 0 and J be the zero and identity matrices respectively. 


THEOREM. There exist solutions of A*+B4=C‘, where A, B and C are inT 
and A*#0, B40, C*#0. 


Proof. Set 


0 a 0 ¢ 0 e 
A= | B= | C = | | 
b 0 d 0 f 0 
Then A‘=(ad)*J, and there are similar expressions for B‘4 and C*. Thus, 
A‘+B*=C* if and only if (ab)?-++ (cd)? = (ef)?. But using the well-known solution 


to the Diophantine equation x«?+-y?=2?, we can set b=d=f=1, and a=2mn, 
c=m'—n’?, e=m’*-+n’, obtaining 


h my 4 i m?> — "| i m? -- ") 
1 0 1 0 1 0 
Reference 


1. A. Aigner, Uber die Méglichkeit von x!+-y*=2! in quadratischen Kérpern, Jber. Deutsch. 
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A NOTE ON HIGHER COMMUTATORS OF BOUNDED NILPOTENCE 
T. P. KEZLAN, University of Texas 


A well-known theorem of Kaplansky, Herstein, and Kleinfeld states that if 
R is a ring for which there exists a fixed positive integer g such that (xy —yx)?=0 
for all x, y in R, then the nilpotent elements of R form an ideal [4, p. 29; 5]. 
It follows quite easily in fact that the commutator ideal of R is nil. For x, y 
in a ring R we denote the commutator [x, y] =xy—~yx by e1(x, y); the continued 
kth commutator is defined by ez(x, y) = [ex_1(x, v), y] for B>1. It is the purpose 
of this note to generalize the theorem stated above as follows: 


THEOREM. Jf R 1s a ring for which there exist fixed positive integers k, n, and q 
such that (e.(x, y"))%=0 for all x, y in R, then the commutator ideal of R ts nal. 


We first give two lemmas, the first of which is Theorem 4.4 of [2] and whose 
proof is omitted here. 


LEMMA 1. Let R be a semi-simple ring such that for all x, y in R there exist 
integers R=R(x, y) and n=n(x, y) such that e,(x, y")=0. Then R 1s commutative, 


LemMMA 2. Let R be a semi-simple ring such that for all x, y in R there exist 
integers k=k(x, y), n=n(x, y), and g=4q(x, y) such that (ex(x, y”))2=0. Then R is 
commutative. 


Proof. First if R is a division ring, then since R has no nonzero nilpotent ele- 
ments, R satisfies the hypothesis of Lemma 1 and hence is commutative. 

Now suppose that R is primitive. If R is not a division ring, then the ring 
A, of 2X 2-matrices over some division ring A is a homomorphic image of a sub- 
ring of R and thus inherits the property in the hypothesis of the lemma. But this 
cannot happen, as is easily seen by taking 


HC. 6) 


Hence R must be a division ring and therefore commutative by the first part of 
the proof. 

Finally if R is semi-simple, then R is a subdirect sum of primitive rings R,. 
Each R,, as a homomorphic image of R, satisfies the hypothesis of the lemma and 
hence is commutative by the above discussion. Thus R, being a subdirect sum 
of commutative rings, is commutative. 

Proof of the theorem. By a result of Herstein [3] it suffices to prove the 
theorem for the case in which R is an algebra over a field, so assume that this is 
the case. 

Let cE C(R), the commutator ideal of R. Then for some positive integer m 
and each 7 such that 17m, there exist elements 7,, 5;, 4;, ¥;, X;, and y; in R 
and integers g; such that, letting 2;=x.iy;—y.%;, 
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C= 


CEE + 14:%¢ + BS; + UsB:0;). 


% 


iMs 


Let S be the subalgebra of R generated by all 7;, 53, u:, vz, x:, and yz. S is finitely 
generated and satisfies the polynomial identity (e,(x, y"))?=0; thus by a result 
of Amitsur [1], the Jacobson radical J(S) is nil. The semi-simple ring S/J(S) 
satisfies the identity (e,(x, y”))?=0; hence by Lemma 2, S/J(S) is commuta- 
tive. Therefore all commutators of S are in JS) whence C(S)CJ(S). But now 
we have c©C(S)CJ(S) with JS) nil. Thus c is nilpotent, and since cE@C(R) 
was arbitrary, C(R) is nil. 
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A NOTE ON ORTHOSTOCHASTIC MATRICES 
D. Z. Dyoxovic¢, Belgrade, Yugoslavia 


Let M,(M,) be the set of all x by » matrices with complex (real) elements. 
By U,(Un) we shall denote the set of all x by ~ unitary matrices with complex 
(real) elements. A matrix A =(a;;)€M, is said to be doubly stochastic (d.s.) 
if and only if 


n 
aij 2 O, >, ay = 1, Dy ay = 1, 1S14jSn. 
j=1 t=] 


Let S, be the set of all d.s. « by 1 matrices. We define the mapping f: U,—S, 
by 


U = (uj) © On=>f(U) = (| uy |’). 


It is known [1] that f(U,) is properly contained in S, for n>2. The same is 
true for f(U,). Let us put O,=f(U,) and O,=f(U,). If O€O, we say that O is 
c-orthostochastic. If OC O, we say that O is orthostochastic (or r-orthostochas- 
tic). 

The set M, is a normed linear space with respect to the norm 


||| =tiaru*) (ME M,). 
If MEM, CM, this norm coincides with the euclidean norm. 


In [2, p. 332] Mirsky proposed the following problem: 
Is On everywhere dense, with respect to the euclidean norm, in Sy? 
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It is not difficult to see that the answer is negative. Moreover we shall prove 
that the answer is negative also if O, is replaced by O,. First we prove that U7, 
is closed in M,. Indeed, let lim,...4z,=A, AzGU, (R=1, 2,--:+). Then we 
have also lim,.,. 4; =A* and 


AA” = (lim A,)(lim 4;) = lim (A, Ap) = I, 
k—- 0 E> 0 E—- 0 
ie. AE U,,. Further, O, is compact, for U,, is compact and f is continuous. Hence, 


O, is not everywhere dense in S,. 
It is also possible to prove that O, and O, are arcwise connected. 


I wish to express my thanks to Prof. L. Mirsky for encouragement in preparing this note. 
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PATHS OF MINIMAL LENGTH WITHIN A CUBE 


R. A. JAcosson, Houghton College, anp K. L. Yocom, South Dakota State University 


It is often customary to discuss extremum problems by employing calculus 
in an entirely analytic context. However, there are certain classes of problems, 
not often mentioned, that are more readily attacked from a different viewpoint 
[1-5]. In this note, we consider several problems of this type, develop a rather 
general method of attack, and point out some of the difficulties which might 
still be encountered. In particular, we shall seek to find closed paths of minimal 
length within a cube that touch certain faces in specified or arbitrary sequences. 

Let QO be the cube, Figure 1a, with faces A, B, C, D, E, F, lying in planes x =0, 
x=2, y=0, y=2, =0, z=2, respectively; and consider the following: 


Problem 1. Find the shortest closed path which begins at point p(0, 1, 1) on 


face A and touches the faces in the sequences (a) C-D-B-F-E; (b) C-B-F-D-E; 
(c) C-D-F-E-B. 
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Problem 2. Find the shortest closed path which begins at point p and touches 
each face of the cube at least once. 


Fic. 1 


In order to emphasize the complexity of the problem when attacked with 
calculus, we pause to consider problem 1a in an analytic setting. Letting 
(x1, 0, 21), (X2, 2, 22), (2, ya, 23), (4, ys, 2), (Xs, Ys, 0) denote five points on faces 
C, D, B, F, E, respectively, one would seek to minimize the function 


L= JV(@, — 0)? + 0 — 1)? + (1 — 1)? + Vee — am)? + 2 — 0)? + (Hy — 2)? 
+ V(2 = 22)? + (ys — 2)? + (83 — 22)?-+ Vea — 2)? + (ya — 9a)? + (2 — 28)? 
+ V (x5 = 4)? + (ys — ys)? + (0 — 2)? + VO = a5)? + = ys)? + T — 0)? 


in ten variables where the domain for each variable is [0, 2]. Proceeding form- 
ally, one would seek values for the ten variables which would simultaneously 
render each of the ten first partial derivatives equal to zero. Such an attack, 
as well as being formidable, is indeed hopeless since no such set of values exist 
for the specified domain. This fact becomes apparent later in the note. 

Before discussing the proposed problems, we find it beneficial to consider 
a somewhat simpler problem. In particular let us connect the points (0, 1, 1) 
and r(1, 2, 0) with the path of minimum length that touches face B, figure 1a. 


Solution. Let qg be a point on face B. Reflecting cube Q in face B we obtain 
the cube Q,, figure 1b, with faces Ai, Bi, C1, Di, Ei, Fi lying in planes x =4, x=2, 
y=0, y=2, 2=0, 2=2, respectively. Since length is invariant under reflection, 
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the length of the paths p-g-r and p-q-r (3, 2, 0) are identical. Thus the straight 
line, pri, reflected back into cube Q will indicate the shortest route. In particular, 
the path connects the points p, g(2, 5/3, 1/3), and +. 

The original problems will be handled in a similar manner; that is, cube O 
will be successively reflected through appropriate faces in a given sequence, 
thus generating a particular polyhedron. We then seek the path of minimum 
length lying entirely within the polyhedron that joins the original point and 
its final image. 


Problem 1a, Solution. Reflecting Q consecutively through faces C-D-B-F-E 
leads to the polyhedron composed of cubes Q, Q1, Qe, Q3, Qa, Os, figure 2a; where 
the final image of p is point p;(4, —3, 5) on face As. 


Fic. 2 


It is apparent that the shortest path connecting p and p, within the poly- 
hedron is composed of the two line segments, each of length +/14 units, from 
p to s (2, —2, 2) andfrom s to ps. This path when reflected back into the original 
cube connects the points: p; (2/3, 0, 4/3) on C; (2, 2, 2) on D, B, and F; (2/3 
4/3, 0) on E; and p; in that sequence, figure 2b. 


Problem 1b, Solution. Reflecting QO consecutively through the faces C-B-F- 
D-E, figure 3a; we seek the shortest path within the region connecting p and 
p(4, —3, 5). 

Although the final solution is not immediately obvious, one can see that 
the path will consist of two line segments lying in plane H; and H2 determined 
by points p, s, #(2, —4, 2) and ps, s, #, respectively. Revolving plane Hy about 
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line sé until it is parallel to Hz, we find that the straight line joining p and 5, 
figure 3b, gives the shortest distance, ~/34-+2+/65 units. When reflected back 
into cube Q this line becomes the path connecting points: p; [(5-++/65)/10, 0, 
(25-++/65)/20] on C; [2, (/65—7)/2, 2] on B and F; [(13+4+/65)/26, 2, 
(34/65 —13)/52] on D; [2/3, (19—+/65)/6, 0] on E; and 9; figure 3c. 


Fic. 3 


Problem 1c, Solution. Reflecting Q consecutively through faces C-D-F-E-B, 
figure 4a; we see that the shortest path will lie in planes Hz and H, determined 
by points p, s, u(0, —2, 2) and ps, v(2, —2, 4), w(2, —4, 4), respectively. 

This observation seems to be all we can readily determine geometrically. 
Thus we employ calculus to conclude the solution. 

Let X be a point x units from point uw on line us. Referring to figure 4b, it 
is evident that the shortest path through X connecting p and >; is 


L(x) = 10 +? ++ V14 — 4e +0? +2f58—-4ae+ 2%, OS<n4852. 


Minimizing L(x), we find that x=1.21 correct to two decimals and this path 
when reflected back into cube Q connects the points p; (.40, 0, 1.33) on face C; 
(1.21, 2, 2) on faces D and F; (2, 1.51, 0) on faces E and B; and ); figure 4c. Al- 
though the solution of problem 1c eventually employs calculus involving a func- 
tion of one variable, the geometric attack certainly simplified the virtually im- 
possible problem of minimizing a function of ten variables arising from a purely 
analytic viewpoint. 
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Fic, 4 


Sy 


Fic. 5 


Problem 2, Solution. From the preceding discussion, it becomes apparent that 
any sequence of reflections through each of the five faces will put ps; at one of the 
four points (4, 5, 5), (4, 5, —3), (4, —3, 5) or (4, —3, —3), all of which are 4/3 
units from the point p. Thus if some sequence of reflections produces a poly- 
hedron such that and p; can be connected by a straight line lying within the 
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region we would certainly have the shortest path. Indeed, the sequence C-F-B- 
D-E produces such a polyhedron, figure 5a, and the desired path connects points: 
b; (1, 0, 2) on faces Cand F; (2, 1, 1) on face B; (1, 2, 0) on faces D and E; and 
b; figure 5b. 

It should be noted that this solution is not unique. In fact, there are four 
possible straight line solutions giving two distinct minimal paths. Furthermore, 
a more irregular polyhedron could very well have the final image of point p 
at various distances from p. Thus, in general, one must investigate all possible 
paths to determine the shortest path. 

In conclusion, we point out that although this paper was restricted to closed 
paths within cubes, the method of attack can be readily employed to simplify 
a variety of problems involving paths of minimal length within quite general 
polyhedrons. 
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MATRICES OVER A FINITE FIELD 


S. D. FisHEer, University of Wisconsin and M. N. ALEXANDER, Cornell University 


This paper is concerned with matrices over the field of g elements, where, 
of course, g=p*%, pa prime and JN a positive integer. 

Theorems 1-5 are computations of the orders of certain subsets of these 
matrices while Theorem 6 describes some of the properties of the matrices them- 
selves. Theorems 1 and 2 are well-known results but the proof of Theorem 2 
appears to be new. 

Some of the proofs make use of orbits and stabilizers. We give the basic 
definitions and theorem below; additional details may be found in Chevalley (2). 

Let H be a group, S a set, and Gg the group of one-to-one functions from S$ 
onto S. H acts on S if there is a homomorphism, f, from H into Gg. If this is the 
case, the orbit of a fixed s in S is the set of all elements of S of the form f(h)(s), 
for kh in H. The stabilizer of a fixed s in S is the set of all 2 in H such that 
f(2)(s) =s. In the case when # is finite, we have the following relationship: the 
order of the orbit of s is the quotient of the order of H and the order of the sta- 
bilizer of s. The proof of this theorem is obtained by noting that the function 
which associates with each left coset, hH,, of the stabilizer of s in H the element 
f(h)(s), in the orbit of s, is both one-to-one and onto. 
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We denote by F,, the vector space of ~ Xm matrices and by G, the group of 
nm Xn nonsingular matrices over this field. 


THEOREM 1. The order of Gn is [[#29 (q"—@"). 


Proof. Given s nX1 vectors, there are g* linear combinations of them and 
hence q”—gq* nX1 vectors linearly independent of them. A 


THEOREM 2. The number of nXm matrices of rank k 1s 


k—-1 k—1 
(g” — 94) JT @ - ¢") 
jz=0 j=0 
re 
(q* — q’) 


j 


Proof. Amatrix A has rank kif and only if A is equivalent to the m Xm matrix 


I, O 
#=[0 ol 
0 0O 
where J; is the k XR identity. 
Let Gr®Gm, the direct sum of G, and Gy, act on M, the set of 2 Xm matrices 
of rank k, by (gn, 2m) A—enAgn for gnC€Gn, 2m Gm, and ACM. The orbit of H 
under this action is all of M7. Hence, to find the order of MZ we need only find 
the order of .S, the stabilizer of H. 
Suppose U=(ui;) and V=(v;;) and (U, V)ES. Then UH=HYV and conse- 


quently we find 
W iI W 0 
U = | | and V= | | 
0 II III IV 


where W is kXk and W, I, NH, III, IV are arbitrary, provided only that U and 

V are nonsingular. By Theorem 1, W may be formed in [ [52}(q*—gq‘) ways. 
Once W is formed it follows that the remainder of U may be formed in 
tz (Q"—@*) ways so that U is nonsingular. Similarly, the remainder of V 

may be formed in []! (q—q*) ways making V nonsingular. Therefore, the 


order of S is 


n—-1 m—t1 


I (q* — q’) I (q" — gq) I (q™ — q?) 


and the conclusion follows from Theorem 1. & 
The proof of the next theorem is immediate and is therefore omitted. 


THEOREM 3. Let v be a nonzero fixed element of Fm. Let So= { TE Fim| Tv=0 i? 
Then Faum/So ts tsomorphic to Fri as groups; hence, tf wE Fri, then the number of 
TC Fam such that To=w ts qr», 
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THEOREM 4. Let v be a fixed nonzero element of Fi1. The number of TCG, such 
that Tv =v 1s tke gq" —q"); hence, each nonzero v in Fry induces a decomposition 
of Gn into q"—1 disjoint subsets, S»={T|Tv=w}, each of order 


a (q" — @*), 


k=} 
where w ranges over the nonzero elements of Fr. 


Proof. Let G, act on the nonzero elements of Fri by T—Tv. Then the orbit 
of v is all of these elements and therefore the order of the stabilizer of v is the 
order of G, divided by the order of F,1. & 

Let T be an Xm matrix. We say that the 7th row of T has character R if 
>, tiz=k. If each row has character k, then T is a matrix of character k. Note 
that T has character k if and only if T@0=k@, where @ is the column vector of all 
1’s. 


THEOREM 5. (1) The number of nXm matrices with n, rows of character k, 


where > sri np=n, ts [m!/mo! ++ + mgallgro-. 
(2) The number of nonsingular matrices with n, rows of character k, where 
tno te=M, 18 [w!/no! - » - meal | [Uri (@*—¢*). 
Proof. There are [2!/mo! - + + mg1!| elements of F,1 with exactly R’ s. Con- 


clusions (1) and (2) now follow from Theorems 3 and 4, respectively. B 


THEOREM 6. (1) If T ts nonsingular and has character k, then T~* has char- 
acter k-! (note that tt 1s impossible that k=0). 

(2) If A has character nk and B has character mk, then A+B has character 
(n-+-m)k. 

Hence, the nonsingular matrices of character k', t an integer, form a subgroup 
of Gy which by Theorem 5 has order 


n—l 
€k II (q" _ q’), 
j=1 
where €, 1s the number of distinct powers of k (mod q); the matrices of character sk, 
s an integer, form a subgroup of Fam of order neq’ —» where ny 1s the number of dis- 
tinct multiples of k (mod q). 


Proof. The proof is immediate by noting the effect of multiplying 6 by the 
prescribed matrices. JJ 


This paper was written while the authors were employed for the summer at the Office of Re- 
search and Development, United States Patent Office. 
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THE OUTER AUTOMORPHISMS OF Sz 


P, J. Lorrmer, University of Canterbury, Christchurch, New Zealand 


1. It is a well-known fact of group theory, that the symmetric group 5S, is 
complete if m 23, 16. See, for example, [1] p. 92. The group Ss has 720 outer 
automorphisms which form a single coset of the group of inner automorphisms. 
It is the purpose of this paper to give these automorphisms explicitly in terms 
of a set of generators of Sg. 


2. According to [2] p. 64, Ri=(12), Re=(23), Rs=(34), Rs=(45), and 
Rs; = (56) generate Ss, and we have the following defining relations: 


Dt. Ro=1 18i85 
D3. (R:R,)? = iSk—-2. 


3. From the usual proof of the completeness of S,, 724 ({1] p. 92) it is clear 
that any outer automorphism of Ss must map a transposition (ab) onto a prod- 
uct of three disjoint transpositions. We denote the set of these products 
(cd) (ef)(gh)(c, - ++, h all different) by C3, and the set of all transpositions by 
C,. Thus, whereas an inner automorphism maps C; onto itself, an outer auto- 
morphism maps Ci onto C3. 

We first exhibit a particular automorphism of this type. 


PROPOSITION 1. 
Ty = (12)(34)(56) 
T2 = (35)(61) (24) 
= (12) (36) (45) 
= (34)(61)(25) 
Ts = (12)(35) (46) 
ave a set of generators of Sg. 
Proof. It is easily shown that 
(12) = [1 3 5] 
(23) = [24](45) 
(34) = [1354534] 
(45) = [15231 2 5](34)[2 3125] 
(56) = [1 4 5 3 4] 


”“” 


where [1 3 5]| stands for the permutation 717375; etc. 


PROPOSITION 2. 71 +--+ T¢ satisfy the relations: 
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2 
D1. T;=1 18i85 
D2. (TT 41)? = 1 1 < 1 < 4 
D3. (T ;T;,)? = 1 1 < R — 2. 


This proposition is an immediate consequence of: 


Lemma 1. If a and B are permutations from C3, then (aB)?=1 tf and only tf a 
and B have a transposition in common. Otherwise (aB)*?=1. 


Proof. If «= (ab) (cd) (ef) and 6 = (ab) (ce) (df) then a = (cf) (de). If a= (ab) (cd) 
(ef) and B=(ac)(be)(df) then af = (ade) (bfc). 

It is clear that all cases come under one of these two categories. 

From Propositions 1 and 2 it can now be seen that the mapping R;—-T;, 
i=1.--+-5, induces an outer automorphism of Seg. 


4. We now show that there are exactly 720 ways in which the permutations 
Ti - + - Tg¢can be chosen so that they generate S, and satisfy D1, 2, 3. We recall 
that 7; -- - Zs must be permutations of C;. 

(i) We first choose 7y. This can be done arbitrarily from Cs; and hence may 
be chosen in 15 ways. 

(ii) Suppose 7; is chosen. By D2 we must have (717,)?=1 and hence, by 
Lemma 1, 72 and 7; can have no transposition in common. T, can be chosen in 
8 ways. 

(iii) By Lemma 1 and D2, D3, it can be seen that 7; must have a transposi- 
tion in common with 7; but no transposition in common with T». 73 can be 
chosen in 3 ways. 

(iv) T4 must have a transposition in common with 7; and 7», but no 
transposition in common with 73. 7, can be chosen in 2 ways. 

(v) Ts is determined uniquely by 71--- 14. 

Thus 7; - +--+ 7s; can be chosen in 720 ways, each satisfying D1, 2, 3; and 
it is clear that each of these choices, together with the mapping R,—T, deter- 
mines an outer automorphism of Sg. 


5. The group of inner automorphisms maps C; onto itself. We can choose as 
generators of Ss, the transpositions U1= (ab), U2= (bc), Us=(cd), Us= (de) and 


Us = (ef), where 
(| 2 3 4 5 ‘) 
abede f 


is any permutation of Ss. Then the mappings R;->U; (@=1.--- 5) induce the 
group of inner automorphisms of Ss. There are clearly 720. 
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PROJECTION OF A QUADRANGLE INTO A PARALLELOGRAM 


W. H. RicHarpson, Wichita State University 


In [1], problem 2 on page 9 reads “Show that any quadrangle may be pro- 
jected into a parallelogram.” The solution of this problem usually goes as fol- 
lows: Let PORS be the given quadrangle with exterior diagonal points T and U. 
Let O be any point not in the plane of PORS and join the points P, O, R, S, T, U 
with O. See figure 1. Now if the set of lines OP, OQ, OR, OS are cut by a plane 
a parallel to the plane OTU we get points P’ on OP, Q’ on OO, R’ on OR and 
S’ on OS, which when joined form a parallelogram. 


Fic. 1 


The purpose of this note is to investigate the case in which O is in the plane 
of PORS. More precisely, given a quadrangle PORS and a point O in its plane, 
construct a line X1X_2 such that there is a parallelogram P’Q’R’S’ which is per- 
spective with PQRS from the point O and also from the line X1X2. See figure 2. 


Fic. 2 


If O is in the plane of PQRS, the construction is as follows. Join O with the 
vertices P, Q, R, S and the diagonal points T and U. On the line OP pick a 
point P’ and construct lines P’X1 and P’X, parallel to OT and OU, respectively. 
P’X, meets OO in a point Q’ and P’X_2 meets OS in a point S’. Join the points 
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X, and X>. The line X1X_ meets ST at X3 and QU at X.. Join the points X3 
and .S’ which meet OR at R’. Join Q’X4. This line intersects OR at R’ and the 
figure P’Q’R’S’ is the required parallelogram. 

Proof. Triangles OP’Q' and UX2X, are perspective from the line PQ. By 
Desargues’ Theorem, these triangles are perspective from some point. By con- 
struction, P’X is parallel to OU. Therefore, the center of perspectivity is an 
ideal point, and thus Q’X4 is parallel to P’X2. Since triangles OP'S’ and TX1iX3 
are perspective from the line PS, we see, by a similar argument, that S’X; 
is parallel to P’X,. All that remains to prove is that Q’X4, S’X3 and OR are con- 
current at R’. 

Suppose S’X3 meets OR at R’. Triangles OR’S’ and UX1X, are perspective 
from the line RS, and therefore they must be perspective from a point. Line 
S'X. was constructed parallel to OU; therefore R’X4 is parallel to OU. On the 
other hand, it has already been established that Q’X4 is parallel to OU. Since 
one and only one line can be drawn parallel to a given line through a given 
point, R’ is on line Q’X,. Therefore, lines OR, Q’X4, S’X3 are concurrent on R’. 

It is worth noting that if O is chosen to be on the circle with diameter TU, 
the parallelogram P’Q’R’S’ will be a rectangle. An interesting problem 1s to de- 
termine the positions of O, on this circle (if there are any), for which P’Q’R'S’ 
is a square. 
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A CHARACTERIZATION OF A PARTIAL-BOUNDARY SET FUNCTION 


J. E. Josern, Howard University 


Frank Reese Harvey [1] and Hyman Gabai [2] present derived set, ex- 
terior and boundary operator axioms which characterize a topological space. In 
this paper the term partial boundary of a set will mean the intersection of the 
set and the closure of the complement of the set, and a topological space will be 
characterized by partial-boundary operator axioms. The following example 
shows that the boundary and partial boundary of a set do not coincide in gen- 
eral. 


EXAMPLE. Consider the reals with the usual topology and let A= [0, 1). 
Then the boundary of A is {0, 1} and the partial boundary of A is {0}. 

The reader can easily verify the following relationships between the bound- 
ary and partial boundary of a set. 

I. The boundary of a set is the union of the partial boundaries of the set and 
its complement. 

II. The boundary and partial boundary of a set are equal if and only if the 
set is closed. 
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DEFINITION. A partial boundary operator on a nonempty set X 1s a function, 


0, which maps the subsets of X into the subsets of X and which satisfies the following 
statements: 


(PB1) d0X=¢. 
(PB2) d[cd(cA)| C A for each ACX (cA denotes the complement of A in X). 
(PB3) O(AMB) =(ANOB)U(BOOA) for each ACX and BCX. 


The following shows that boundary satisfies PB1—PB3 in a space for each 
ACX and BCX. Let A*=partial boundary of A=AN)\cA. 


(PB1) X*=XNcKX =XN¢= 4. 
(PB2) [c(cA)*]* = c(cA)* M\ (cA)* 
= ¢(cA(\ A)N\ (cA (\ A) 
C(AUCA)N CANA) = ANCACA. 
(PB3) (AC) B)* = (AM B)Oc(ANB) = (AN B)N (cA UcB) 
= (AM B)O (cA UcB) = (AN BN\cB)U (AN CAN B) 
= (A) B*)U (BN A®). 
The following lemma will be used in proving the main result. 
Lema. Jf 0 1s a partial boundary operator on X, and AC X, then OACA. 
Proof. If in PB3, A=B, then 0(AMA) =AQOA implies 0A CA. 


THEOREM. If 0 1s a partial-boundary operator on a nonempty set X, there exists 
a unique topology, O, on X such that for each ACX, 0(A) =A*. 


Proof. Define a map k of the subsets of X into the subsets of X by k(A) 


=A\W0(cA) for each ACX. The following shows that & satisfies Kuratowski’s 
axioms: 


(K1) k(O) = PCUIX = WUD = @. 
For each A, BCX, 
(K2) k(A) 2 A, 
(K3) R(R(A)) = AU O(cA) U O(CA NC cO(CA)) 
= AU (cA) U [cA N 0(cd(cA))] U [a(cA) A cd(cA)] 
= k(A), 
(K4) (AU B) = (AU B) Valc(A U B)| = (AU B) U 0(cA 1 cB) 
= (AU B)U [cA NM 0(cB)| U [cBN a(cA)] 
= (AU B)U [cA NcBN 0(cB)| U [cBN cA N 0(cA)], 
by the lemma. 
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R(A U B) = (AU B)U [cA NcBN (d(cA) U a(cB))| 
= AU BU [a(cA) U a(cB)] 
= [AU a(cA)] U[BU d(cB)| = R(A) U R(B). 


k induces a unique topology, 0, on X such that for each ACX, R(A) =A. 
In (X, 0), A*=ANCA=ANR(cA)=AN[cAVIOA]=ANOA=0A for each 
ACX. 

The following proof of uniqueness of k is due to the referee. Suppose that k’ 
is another closure function on X such that 0A = A(\k'(cA) for every AG X and 
k'xk. Then for some A, k(cA)#k'(cA). Then, there exists a point, say x, in 
k(cA) but notin k’(cA) (or vice versa). This « must be in A. Hence, xG AM R(cA), 
x AMNk' (cA). But ANR(cA) =ANR'(cA) which is a contradiction. 


The author is indebted to the referee for his suggestions. He pointed out the similarity of 
PB3 to the formula for the derivative of a product in differential calculus and to the behavior of 
the boundary operator in algebraic topology. 
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MODULES OVER COMMUTATIVE RINGS 
NEAL H. McCoy, Smith College 


Let R be an arbitrary commutative ring with unity and M a unitary R- 
module. Elementary proofs have been given in two recent notes ([1], [2]) 
that if M has a basis of n elements, then every basis of M contains exactly n ele- 
ments. The following is still another comment on the proof of this result. 

In [3] there is defined the concept of rank of a matrix over R (coinciding 
with the classical definition in case R is an integral domain) and it is proved that 
a system of linear homogeneous equations over R has a nontrivial solution in R 
if and only if the rank of the matrix of coefficients is less than the number of un- 
knowns. In particular, a system of linear homogeneous equations over R with fewer 
equations than unknowns always has a nontrivial solution in R. Precisely as in the 
case of a vector space over a field, this result shows that if M is generated by a 
elements, any n-+1 elements of M are dependent. The stated theorem then fol- 
lows immediately. 
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GEOMETRIC INTERPRETATIONS OF POLYNOMIAL APPROXIMATIONS 
OF THE COSINE FUNCTION 


E. R. HEINEMAN, Texas Technological College 


The polynomial approximations obtained from the power series expansion 


(1) cost=1—-—+—-—-—+... 


y = cosx 
w= 1 

x2 
wala 

x? x4 
43 1 arr 

x? = x4 x8 
vee or ar” 6L 


x? x4 x8 x8 
ej tS 
¥ ata Ol Bl 


= 


& 
D0 mma. 
*eece 


It is interesting to notice that if y;(x) is the 7th polynomial approximation 
obtained from (1), then 
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d*y; 

ie = —~ Ji-1, 
which shows that the inflection points of the graph of y; have the same abscissas 
as the x-intercepts of y;1. 

In one sense, it is clear that the successive approximations become “better.” 
The student, however, must be warned against the pseudo-truth: “Every time 
you add another term, the approximation gets better.” The horizontal line 
y1= 1 is a shabby approximation for the cosine curve, but it is never in error by 
more than 2, which is more than can be said about the later approximations. 

The addition of another term to y2 gives y3, which is a better approximation 
for cos x, but only if | «| <+/124+1/96 ~4.67. For x>2./3+-/6, the three-term 
polynomial y; is a worse approximation than the two-term polynomial yp. 

The addition of two terms to y2 produces 4, which is a better approximation 
for cos x, but only if |x| <+/30. The graph of + intersects that of yz at (4 V30, 
— 14). For | «| > 4/30 it can be shown that ys<‘e, the graph of 4 lies below that 
of yo, and 4 is a worse approximation than 4». 


BINOMIAL DIVISIBILITY BY PRIME POWERS 
Martow SHOLANDER, Western Reserve University 


We give a slight extension of remarks on divisibility in [1] and [2]. By ex- 
panding v?=(kp"—u)? and examining terms, we readily establish the following 


THEOREM. If p is an odd prime not a factor of u, and r21, then u+v=0 
(mod p') implies u?-+v?=0 (mod p*t!). Further, ut+v40 (mod p**!) wmplhes 
uP +v? £0 (mod p’t?). 


COROLLARY. 
“u-+v=0 (mod #1) & uw + 0? =0 (mod pt) &--- 
2 uP + ye = 0 (mod p'**), 
Similar implications, in one direction at least, also hold for any odd modulus. 


References 


1. L. M. Court, A divisibility theorem, this MonTHLY, 71 (1964) 300-301. 
2. Lincoln LaPaz, Chains of factorable binomials, this MONTHLY, 72 (1965) 58-59. 


MATHEMATICAL EDUCATION NOTES 


EDITED BY JOHN R. Mayor, AAAS and University of Maryland 
COLLABORATING Epirors: JoHN D. Baum, Oberlin College and 
Joun A. Brown, University of Delaware 


Address all correspondence to R. A. Rosenbaum, Wesleyan University, Middletown, Conn. 06457. 
ALGEBRAIC GEOMETRY FOR HIGH SCHOOL PUPILS 


S. S. WILLouGHBY, New York University 


Geometry as a school subject has been under attack since J. J. Sylvester 
wished publicly for the interment of Euclidean Geometry “‘deeper than e’er 
plummet sounded’ out of the schoolboy’s reach.” Dieudonné’s more recent 
pronouncement that “Euclid must go” was simply a stronger version of what 
some mathematicians had been saying for many years. 

Assuming Euclid does go, what shall we use to replace him? There has been 
considerable pressure, of late, to replace Euclid with a more algebraic kind of 
geometry, and even some tendency to replace all references to geometry by 
topics which most teachers do not consider to be geometry at all [1]. In con- 
sidering the matter of what materials ought to be taught in the time tradi- 
tionally allotted to Euclidean geometry, there are two distinct questions to be 
answered. The first of these is: “Can the material in question be taught to 
high school pupils?” The second is: “Ought the material to be taught to high 
school pupils?” Presumably, the set of materials for which the second question 
is answered affirmatively is a proper subset of the set for which the first question 
is answered affirmatively. 

An experiment which was carried out in Greenwich (Connecticut) High 
School during the 1958-59 academic year, and a subsequent follow-up study 
may throw some light on both the question of what can and what ought to be 
taught to tenth grade mathematics pupils. 

The material used for the course was highly algebraic and began with the 
geometry (or algebra) of the line. An affine geometry was developed, and many 
theorems were proved before Euclidean restrictions were placed on the geom- 
etry. There were no pictures in the text although the teacher provided many 
pictures in the classroom. It seemed to the teacher that geometric intuition 
played a lesser role in the pupil’s understanding of the course than algebraic 
intuition. All of the usual topics of a traditional geometry course were covered 
in the course, though some received less emphasis than is customary, needless 
to say. There was also a substantial introduction to trigonometry. 

The experimental class consisted of nine boys and fourteen girls with Otis 
I.Q. scores ranging from 106 to 127. All members of the class had been in a ninth 
grade course which was based on material prepared by the University of Illinois 
Committee on School Mathematics which covered much the same material as 
the usual ninth grade course with somewhat more emphasis on understanding 
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and thought by the pupil rather than manipulation of symbols and formulas. 
It also included a section on graphs and ordered pairs which fitted into the 
geometry course nicely. 

Soon after the course began, it became clear that the algebraic background 
of the pupils was not sufficient. In order to achieve real understanding of the 
proofs it was often necessary to detour first into topics of algebra which the 
text assumed. Although these excursions were undoubtedly of value to the 
pupils, they tended to interfere with the continuity of thought and to delay 
progress with the geometry. A group of students with a stronger algebraic back- 
ground would have been able to concentrate more energy on the geometry. 
Considering the recent trend toward teaching some algebra to accelerated 
groups before the ninth grade, it will probably not be difficult to obtain such 
classes in the future. 

During most of the course the text was followed quite closely, and the 
pupils quickly learned to appreciate the beauty of the proofs and the need for 
them in a mathematical structure. Near the end of the course, it was necessary 
to move more rapidly in order to finish, and plausible inductive reasoning often 
took the place of the deductive proofs of the last four chapters. 

At the time, the enthusiasm of the pupils was great. Undoubtedly, part of 
the reason for this was the uniqueness of their situation and the novelty of the 
entire experiment. The opportunity to see and talk with the author of the text 
materials clearly impressed the pupils greatly. Also, the knowledge that they 
were the first class ever to see some of the material was thrilling to many of the 
group. Much of the enthusiasm, however, was obviously generated by an inter- 
est in the material and the challenge which it offered. There was a clear desire 
on the part of the pupils to learn more of this fascinating subject—mathematics. 
In this respect, it is interesting to note that every member of the class chose to 
continue to take mathematics the next year. 

Two good students, who were taking standard geometry courses, asked for 
permission to change into this class (having heard good comments about it from 
members of the class). Each managed to study enough on his own, with help 
after school, to pass tests on the material the class had studied, and were thus 
allowed to change. One joined the group after six weeks and the other after 
twelve weeks. At the end of the year, both assured the teacher that they thought 
if was easier because it dealt more with big ideas than with details. 

At the end of the year the students took the Cooperative Plane Geometry 
Test. Scores on this test ranged from 52 to 76. (The National mean is 50 and 
the standard deviation is 10.) These scores are particularly surprising since 
much of the test involved a knowledge of, or an ability to figure out, proofs 
from a usual plane geometry course. Presumably, a test on the material of this 
course for a group from a regular course would have been useless, since they 
could hardly be expected to know enough of the material to write anything in- 
telligible about it. 
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Follow-up study. It has become commonplace for educational experiments 
to demonstrate that remarkable things can be done in teaching young pupils 
concepts which seem difficult to adults. The results above supply further cor- 
roboration. A more interesting question is whether or not the material ought to 
be taught to the pupils. 

At least part of the answer to the question of desirability should come from 
the pupils themselves. After several years (six in this case, giving individuals 
a chance to complete substantial college work), what do they think of the 
course, how do they think it has changed their lives, do they believe it was a 
more worthwhile experience than they would have received otherwise? 

Of course, there are problems in collecting this sort of data. How does a 
pupil know what his reactions might be to another course? Will he blame a 
course unfairly for his subsequent failures or credit it unfairly for his success? 
Will he forget significant facts? Will the teaching or the experimental nature 
of the course affect unduly the judgment of the pupil? All of these difficulties 
exist and must be considered when evaluating the following information. Even 
considering these factors, however, we can draw some interesting tentative con- 
clusions. 

A questionnaire was sent to all participants in the course asking the following 
four questions: 


1. What courses in mathematics have you taken since tenth grade geometry? 
What were your grades in these courses (if you remember)? 

2. What courses (such as physics, engineering, etc.) which are closely re- 
lated to mathematics have you taken since tenth grade? What were your 
grades in these courses (if you remember)? 

3. In your opinion, what effects, good or bad, resulted from your taking of 
the special geometry course rather than the usual course? (That is, did 
it affect your desire to take other courses, did it affect your performance 
in other courses, did it affect your life and activities outside of school, 
etc. ?) 

4. Make any further comments about the course which you think might be 
of interest. Use the other side of this sheet if necessary. 


Unfortunately, some of the pupils had moved or did not respond for other 
reasons. Four of the 25 pupils could not be located and their questionnaires were 
returned by the post office, unopened. Two of the pupils simply did not respond 
for reasons unknown to the author. 

Of the 19 who responded, one was violently opposed to the course. It is inter- 
esting to note that she is presently married to one of her college mathematics 
instructors. Three others felt that the course did them more harm than good, but 
were not as violent as the young lady mentioned above. Five of the respondents 
were either neutral or rather vague. Seven generally approved of the course and 
thought it had helped them substantially. Three were as violent in their praise 
of the course as the first young lady was in her condemnation. 
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There are many interesting questions one can ask regarding the kinds of 
reasons the students may have had for reacting as they did. For example, did the 
grade in the course affect opinions? It happens that the two people with the two 
lowest grades thought the course had hurt them more than helped, but future 
success in the course had been predicted from previous grades and teachers 
Opinions, and there was no obvious correlation between opinions and how the 
pupils had done relative to expectations. 

Does I.Q. affect the respondent’s opinion? Apparently it does, but in a rather 
unexpected way. The people who expressed strong opinions (either way) had 
consistently high I.Q.’s (average above 125) while the people who were moder- 
ately favorable towards the course had the lowest I.Q.’s—an average of almost 
ten points lower. This fact may be entirely independent of the course under dis- 
cussion. 

Some of the comments made by the respondents were enlightening. The most 
common complaint was that the course did not help on the College Entrance 
Examinations; another rather common comment was that the course did help 
in college mathematics courses. Only two people said the course helped on the 
College Eritrance Examinations while two others said that the regular geometry 
course would have been more useful in later courses in science or mathematics. 

There was some tendency to comment on the actual teaching of the course 
rather than the content, but for the most part it was the content that was dis- 
cussed. Several of the objections derived from the fact that the text material 
used was still in a developmental stage and there really were not enough exer- 
cises; thus the pupils were not given as much homework practice as they might 
normally expect. On the other hand, several commented on the emphasis on 
thinking and concepts rather than on “busy work”—this also may have derived 
from the lack of available practice material. Several people suggested that the 
course would be more worthwhile if it had come later in their formal education 
and been integrated more closely with the other mathematics courses they took. 
This undoubtedly is true. 

In evaluating the program, we must take into consideration the probable 
Hawthorne Effect, and the likely desire of the individuals to say something that 
they thought would please their former teacher, as well as the apparent suc- 
cesses of the program in terms of standardized tests and attitudes. Taking all of 
these things into consideration, and weighing them as best I can, itis my opinion 
that this was a very interesting experience for both pupils and teacher but that 
there is no real evidence that this course, or one like it, should replace the stan- 
dard tenth grade geometry course. On the other hand, there is limited evidence 
that some pupils benefit from a more algebraic course, and perhaps the Wes- 
leyan experiment described by Mr. Sitomer will throw more light on the subject. 


The experiment was funded by the Marcell M. Holzer Fund, and directed by Howard Fehr 
of Teachers College. Howard Levi wrote the materials, and the author of this article taught the 
course. 

A course based on the same material was discussed in this section by Harry Sitomer in this 
Montaty, 72 (1965) 416-417. 
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1. Dieudonné’s remarks in his “Euclid must go” speech in New thinking in school mathematics, 
JEEC, Paris, 1961. 


A CASE FOR APPLICATIONS OF LINEAR ALGEBRA AND GROUP THEORY 


R. K. Jarvis, Groton School, Massachusetts 


This is an appeal for help. Briefly, I am a physicist with the usual sort of 
background in mathematics, but teaching mathematics extensively at the high- 
school level. I make no claims as a mathematician, nor many as a physicist, but 
I have had extensive experience in teaching mathematics and science to high- 
school students and college freshmen. 

My problem concerns the applications of mathematics in general, but in par- 
ticular the applications of linear algebra and group theory. To particularise 
still further, it is especially the application of matrices in linear algebra which 
concerns me most. It is a matter of the utmost concern to me, in whatever I 
teach, to show the power of mathematics in addition to its inherent fascina- 
tion and beauty, and I am always very grateful to hear from any professional, 
whatever may be his field, of some new and interesting way in which he has 
put some mathematics to work. Many of the applications most commonly ex- 
hibited at the school level are certainly dated and new ones are badly needed. 

In linear algebra, especially matrices, which has just begun to creep down 
into the schools in a significant way, I have been unable to find more than a very 
few significant applications which do not require extensive training in other 
disciplines in order to be appreciated. Perhaps I am asking too much and it is 
indeed impossible to satisfy the requirements of real significance and compre- 
hension without extensive extra-mathematical training, but I hope not. There 
are a great many very bright men and women in science and applied mathe- 
matics, and matrices are extensively used. I have been encouraged to think by 
one university professor, who unfortunately does not have the time to work on 
this himself, that such applications as I could make use of in teaching bright 
high-school students are available. My question is, “Where?” 

Two or three mathematicians I have spoken to think I am too concerned 
with the applications. “The subject stands on its own feet.” It is not that I do 
not appreciate this point of view, but there are high-school and beginning college 
students, too intelligent to be ignored, for whom “pure mathematics is to ap- 
plied mathematics, as crossword puzzles are to literature.” A mathematician 
may disagree with this attitude, but it cannot be proved wrong. I recently at- 
tended a set of undergraduate lectures and it was clear both during class and 
from conversation afterwards, that a large percentage of the audience were left 
untouched, were baffled and frustrated by what for them was not meaningful 
or useful and purely academic. I have been approached by a few undergraduates 
and some of the boys I teach, all of them doing linear algebra, with the same 


1966] MATHEMATICAL EDUCATION NOTES 655 


complaint; “So what?” I think that the fact has to be accepted that not all 
students are inspired by linear algebra per se and their lack of appreciation is 
not overcome by the all too numerous purely abstract presentations of the sub- 
ject in current texts. If I may quote one professor, albeit talking of some pre- 
sentationsof the calculus: “Too much purity does not lead to fertility.” There are 
many potential users of mathematics passing through teachers’ hands, who need 
to see mathematics work if they are to apply it. I reject the idea that if any 
student cannot appreciate the linear algebra of itself then that is his own bad 
luck. Mathematicians who insist on the “pure Approach” and the pure approach 
alone for their recommendations as to what should be taught, particularly at 
my level, are, in my opinion, doing this country a great disservice which could 
have tragic consequences. There always will be more users than creators of 
mathematics and using mathematics does not simply come naturally once a 
student has some mathematics. He needs to be trained. To be sure he should 
understand what is mathematics and what is not in any application, but that is 
another problem. Men and women with a real command of mathematics, 
whether their viewpoint is pure or applied, are too valuable for us to reject any, 
simply because they are asking for a different point of view. 

Perhaps people may ask “Why worry with linear algebra at the high-school 
level anyway?” My reason comes from a few very able students, now on their 
way to degrees and graduate degrees in science who insist that I should teach 
some. They claim that an early introduction to it would have been a great help 
to them. Who am I to argue? They are a part of the new generation of scientists, 
applied mathematicians and engineers and they ought to know. 

You may ask what I regard as a significant application of mathematics. I 
draw the following from physics for obvious reasons but I have no prejudice as 
to field of application, scientific or otherwise. This example does not need ex- 
tensive preparation in another field. A simple harmonic motion is not difficult to 
understand nor to demonstrate. Most twelfth grade students have dealt with 
Newton’s law in their physics, or even if they have not, F=ma is not difficult to 
accept on an intuitive basis, particularly at this age. It needs no detailed ex- 
planation to describe how the equation of a simple harmonic motion follows 
from here with a little integration, but that is not all. One of the best devices 
in the teaching of mathematics is prediction, and consideration of a point moving 
subject to two such motions superposed at right angles allows one to predict its 
paths given certain changes in amplitude, frequency and phase. Now show pre- 
cisely this using an oscilloscope and, judging by reactions I have had, this is a 
really significant application. There is some excitement, there is some suspense, 
there is a sense of accomplishment. 

And so I make an appeal to anyone who can find a moment, to do a little 
hard thinking and come up with some problems they have dealt with, particu- 
larly ones where matrices were used, which will show the power of the mathe- 
matics. The problems should be easy to introduce without extensive digression 
into other fields (it would be unrealistic to expect that no digression will be 
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necessary) and, if possible, should create some excitement. Matrices, one tells the 
student, are indispensable in many fields to avoid a quagmire of symbols. Can 
this be shown in any reasonably easily understood application? How can I 
convey to the beginning student in linear algebra that, beautiful as it is mathe- 
matically, the algebra of matrices is much more than an interesting mental 
exercise, indeed more than one of the foundation stones of mathematics? Ref- 
erences to sources would be useful, but better still, something from a person’s 
own work, maybe just a small piece of something much larger, but thought out 
in some detail as to introduction, significance and possible presentation. I hope 
that this is not so much of a chore that no one will feel inclined to undertake it. 
Will anyone help? 


AN EXPERIMENT IN TEACHING MATHEMATICS AT THE COLLEGE LEVEL 
BY PROGRAMMED INSTRUCTION 


T. A. Davis, DePauw University 


The experiment reported here was concerned with comparing the effective- 
ness of programmed instruction with that of the traditional lecture and textbook 
approach in certain portions of our beginning course in analytic geometry and 
calculus. 

The report is divided into five sections: (1) the reason we felt the need for 
programmed material, (2) the contents of the program, (3) the method of con- 
ducting the comparison, (4) the results, and (5) the conclusions drawn from 
the experiment. 

(1) Many high schools now offer a course in analytic geometry or precalculus 
mathematics, but others do not. Hence the students taking analytic geometry 
and calculus at the college level have a wide range of previous training. If the 
traditional lecture and discussion technique is used to review this material, 
many of the best prepared students become bored and lose interest, while those 
with little or no preparation become lost and discouraged. 

It was our hope that the students could learn this pre-calculus material 
more efficiently by using programmed instruction since the program would allow 
each student to spend as much time on each topic as he needed. 

We also hoped that the use of the program would free valuable class time for 
topics in calculus. 

(2) The program contained the material usually found in the first 50 to 60 
pages of college textbooks on analytic geometry and calculus: coordinates, in- 
equalities, absolute values, directed distance, distance in the plane, midpoint 
formula, slope of a line, parallel and perpendicular lines, the angle between two 
lines, graphs and equations, intercepts, symmetry and asymptotes, and the 
equations of the straight line. 

The program was written by the author pursuant to a contract with the 
United States Office of Education, Department of Health, Education and Wel- 
fare. 
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(3) The experiment was conducted during the first semester of the 1964-65 
academic year. Five sections of our beginning course in analytic geometry and 
calculus and three teachers were involved. The sections were not chosen at ran- 
dom. Each student signed up for whichever section he preferred. But there was 
no appreciable difference between the mean of the scholastic aptitude test scores 
of the programmed and nonprogrammed groups. (See Table I.) Three of the 
sections, 2, 4, and 5, each with a different instructor, had lectures and discussion 
as usual over the material covered by the program. The other two sections, 1 
and 3, began immediately with functions and limits. At the same time, these 
students began working through the program on their own. 

Since we planned to take three or four weeks of classroom time to cover the 
material in the program, we required the two sections using the program to 
complete it in four weeks. And, since the programmed sections were doing about 
one-fourth of the semester’s course work on their own, they met only three days 
a week during the semester, while the other three sections met four days a week. 

Each of the five sections was given a pretest on the programmed material 
on the first day of the semester. Four weeks later, each was given a posttest. 

In addition to the common pretest and posttest, another hour test on topics 
in calculus and the final examination in the course were given in common to all 
five sections. The students were classified as A, B, C, D or F students on the 
basis of this common semester total. 

(4) A summary of the results is given in Table I below. 


TABLE [ 

Section 1 2 3 4 5 

Program Program 
Number of students 25 26 27 29 21 
SAT Verbal 589.4 583.5 575.6 566.0 601.2 
Mean 
SAT Math 667.3 684.8 680.9 657.9 695 .6 
Mean 
Pretest 31.2 34.9 36.5 31.6 38.4 
Mean 
Posttest 88.3 87.3 91.7 86.0 84.3 
Mean 
Gainscore* 57.1 52.4 55.2 54.4 45.9 
Mean 
Semester Average 76.6 77.1 78.9 70.1 76.2 
Mean 


* Gainscore = Posttest — Pretest 
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TABLE II (Semester Scores vs. Posttest Scores) 


100% 
A 3 5 1 5 4 
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1 §.D.;—————|- | ——— | — | — | — |} — | |__| ___ 
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P (16.7%) | (8.3%) | (25.0%) (30.4%) | (17.9%) | (33.3%) | (36.4%) | (40.0%) | (61.5%) 
O 
S ee eee 
T 48D /2—|—_] — | ——_—_| |__| |__| | 
r ee 
E 
S Cc] 2 5 3 11 14 1 5 1 1 
T (33.3%) | (41.7%) (25.0%) | (47.8%) | (50.0%) | (11.1%) | (45.4%) | (10.0%) | (7.7%) 
S ee eee 
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(50.0%) | (33.3%) | (75.0%) | (33.3%) | (4.4%) | (21.4%) 
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Program prog. Prog. prog. Prog. prog. Prog. prog. Prog. prog. 
0 F —15S.D. D —iS.D. C 45.D. B 1S.D. A 100% 


SEMESTER SCORES 


(5) Conclusions: 

(a) The program achieved the desired results. That is, the sections that used 
the program did as well as those who had the usual lecture and discussion ap- 
proach. In fact, the program people did slightly better. 

(b) The use of the program also enabled the students to save a considerable 
amount of time. We asked the students to keep a record of how long they took 
to work through the program. The time spent ranged from 8 to 20 hours with an 
average of 12 hours. 

On the other hand, the non-programmed sections spent from 12 to 16 class- 
room hours on the same material. And, if it is assumed that the time spent on 
homework was up to two hours a day, a non-program student could have 
spent as much as 48 hours. 

(c) The mean X, for the semester averages was 75.94 with a standard de- 
viation of 12.18. For convenience we divided the students into five categories. 
A students were those with scores above 1 S.D., B students had scores between 
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1 S.D. and 1 S.D., C students had scores between +3 5.D., D students had 
scores between —1S.D. and —4S.D., and F students were those with scores 
below —158.D. 

Similarly the posttest scores were divided into 5 classes using the mean 
X,=87.79 and the standard deviation 8.12. 

Table II gives the performance of the A, B, C, D and F students for both 
the programmed and non-programmed sections. 

For example, of the 23 C-students who used the program, 3 of them or 13% 
did A work on the Posttest, 30.4% did B work on the posttest, 47.8% did C 
work, 4.4% did D work, and 4.4% failed. 

On the other hand, of the 28 C students in the control groups, none did A 
work on the posttest, 5 or 17.9% did B work, 50% did C work, 10.7% did D 
work, and 21.4% failed. 

We can make the following observations from Table II. 

(i) The F and D students are unpredictable, but of the two groups, program 
and non-program, a higher percentage of the non-program students did better 
on the posttest than for the semester as a whole. Thus it would appear, on the 
basis of this small sample, that an F or D student has a better chance of doing 
well if he does not use the program. 

(ii) On the other hand the C, B and A students who used the program did 
better as a group on the posttest than they did for the semester as a whole, while 
the control group did less well. Thus the A, B and C students seem to profit from 
using the program. 

(d) While most of the program users did as well or better than their non- 
program counterparts, there were one or two of them who did not want to 
use programmed learning and who did badly when asked to use it. 

(e) In summary, we find that the program teaches this preliminary material 
more efficiently than can be done by the traditional classroom approach. 


A MATHEMATICS FILM SERIES 
FRANCIS SCHEID, Boston University 


The preparation of 120 mathematics films for the Harvard Commission on 
Extension Courses has now been completed. This work was sponsored by the 
Special Projects Division of the U. S. Navy and was done at the WGBH-TV 
studios in Boston. The films have been used primarily by the crews of Polaris 
submarines while on patrol [1], but are now being presented to selected units 
of the surface fleet. The films have also been broadcast over various educational 
TV channels. Of eight units, seven were prepared by the author and one (Sta- 
tistics) by Prof. Gottfried Noether, also of the Boston University faculty. The 
policy in preparing each unit was to try to be futuristic. As a result the first 
three units are currently being presented to selected ninth grade students of the 
Latin schools in Boston, as an educational research project, to be reported later 
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under the title “Towards a Ninth Grade Calculus.” Descriptions of the last six 
units follow. Descriptions of units 1 and 2 appear in [1]. 


3. Introduction to calculus. The principal objective of this series is to-show 
how calculus grows directly out of arithmetic, both being parts of the same 
“same of numbers.” The central idea is, therefore, number, and all other ideas 
presented are developed in terms of number. The series opens by introducing 
the idea of function as a set of X, Y number pairs. Starting with simple functions, 
involving only a few number pairs, it is shown how the physical idea of speed 
and the geometrical idea of steepness led earlier mathematicians to more sophis- 
ticated functions, and to the idea of derivative. Newton’s original work on de- 
rivatives, and Berkeley’s criticisms of its logical honesty, are compared with a 
modern treatment. This serves to emphasize the importance of logical honesty 
in mathematics, and also helps to clarify what is basically a sophisticated idea. 
The constant, linear, and quadratic functions then receive special attention. 
Their theory is developed and numerous applications are offered. The series 
presupposes a modest understanding of algebra and coordinate geometry, and 
since it focuses on the relationship between arithmetic and calculus, will be of 
interest to teachers at all levels as well as to prospective engineers or scientists. 


4. The power functions. This series focuses on the idea of mathematical 
power, its theory and application. This is a famous and useful part of the “game 
of numbers.” Here the algebra and calculus of the power functions are developed 
simultaneously. After the simplest integral powers (1, 2, 3, etc.), polynomials 
are studied and applied to problems of bending, smoothing, trajectories, etc. 
Reciprocal powers and rational functions (quotients of polynomials) come next. 
The crucial idea of inverse functions is then introduced. It is first illustrated by 
the square-root function, but then becomes the path to a more sophisticated 
power concept. A logarithm function is defined, and “powers of e” enter in the 
inverse of this logarithm function, followed by a general definition of “X to 
power P.” The use of the word power in this broader sense is then justified by 
showing that the main theory of simple, integral powers remains true for the 
more sophisticated powers also. Applications to problems of population growth, 
pursuit, atmospheric drag, and numerous other fields are included. The series 
presupposes a brief introduction to calculus. 


5. The trigonometric functions. This series offers an overall view of “trigo- 
nometry,” from its ancient origins to the modern theory. It begins with Thales’ 
alleged computation of the height of the Great Pyramid and Erathosthenes’ 
computation of the radius of the earth. Problems of this sort led our mathe- 
matical ancestors to such ideas as angle, triangle, sine, cosine, tangent, arc of 
circle, arcsine and so on. Important problems of the same sort arise today and 
are solved in the same way. The emphasis in such applications is on the geometry. 
Sines and cosines are thought of as quotients of side-lengths of triangles. But 
sines and cosines are also numbers, and the question of how they could be given 
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strictly arithmetical definition and made honest, logical parts of the game of 
numbers was eventually raised. This proved to be a difficult question, but a 
breakthrough was finally achieved through a study of the rate at which angles 
and sines change relative to each other. But rates of change suggest calculus, 
and calculus definitely dominates the action from this point onwards. An 
“arcsine function” is defined as an integral. Sines then appear in the inverse 
function, and cosines and tangents easily follow. The modern theory of the 
trigonometric functions is then based on this strictly arithmetical approach. 
Though details of proofs are frequently omitted, the path to honest logic is 
mapped with care, so that the theoretical structure of this part of the game of 
numbers can be clearly seen. The fact that this theory is useful is made evident 
by the increasing complexity of the applications treated, chosen mainly from 
the fields of geometry and physics. Theory also leads to increasingly powerful 
methods for computing approximations of sines and cosines, as well as of the 
number pi which is so heavily involved. The theme of the series is “how trigo- 
nometry grew from ancient geometrical origins to an honest, logical part of the 
game of numbers, and how much its area of application expanded in the process.” 


6. Introduction to statistics. Statistical testing and estimation from a non- 
parametric or “distribution free” point of view are emphasized. The course in- 
cludes elementary discussions on populations and samples, the idea of the “prob- 
ability of an event,” and the concept of independent and dependent events. The 
binomial and normal distributions are introduced both for their intrinsic value to 
classical statistics and because of their usefulness in non-parametric statistics. 
Point and interval estimation are considered for the binomial distribution, and 
this leads to the development of statistical tests and point an interval estima- 
tion procedures which are not dependent on the underlying probability distribu- 
tions. Some such tests and estimation procedures considered are the sign test, 
the Wilcoxon tests, the x-test for goodness of fit, and Kendall’s 7 for 
association. The course assumes a background in high school algebra, and is 
aimed at those unacquainted with statistical tehniques as well as those who 
have had some classical statistics and are interested in seeing non-parametric 
alternatives to classical methods. 


7. Introduction to modern algebra. The main objective of this course is to 
point out the nature of both abstract and applied mathematics. For this purpose 
two algebraic structures are compared. The first is Boolean algebra. It is pre- 
sented axiomatically, several of its major theorems being proved. It is then ap- 
plied in the three classical ways, to set theory, to the logic of statements, and to 
electrical machines. The second structure studied is the field. Its axioms and 
theory are compared with Boolean counterparts. Finite fields are applied to 
problems of experimental design. Finally binary symbols are used to connect 
the two structures, and a Boolean machine is designed capable of computing 
field sums. A typical program for such a machine is analyzed in detail and com- 
pletes the unit. 
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8. Probability. This course begins with a careful treatment of combinatorial 
problems, emphasizing the enumeration of arrangements, combinations and 
partitions. The tree method is the principal tool, but recursions are also intro- 
duced whenever suitable. Probability is then presented as a mathematical ab- 
straction, with axioms and theory. The tree method is again emphasized. Ap- 
plications of various origins are presented, including biological, economic, 
gambling and military. 


References 


1. Preliminary report, “The Polaris Mathematics Program,” this MONTHLY, 71 (1964) 422- 
424. 

2. For units 1 to 4 mimeographed materials are available. Publication will follow. 

3. For units 7 and 8 see “Elements of Finite Mathematics” by Scheid; Addison-Wesley. 
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BRIEF COMMENT 


The Immutable Ph.D., EVERETT WALTERS, Saturday Review, January 15, 1966, 

No. 3, 49 (1966) 62 ff. 

This article treats of some of the problems confronting the graduate schools 
and the Ph.D. degree. “Despite a century of criticism, and of dramatic change 
in other facets of education, little change has been made in the Ph.D. pattern 
since 1861 when Yale awarded the first academic doctorates in the United 
States. American graduate schools still hold to the traditional requirements for 
the degree in the face of new demands for doctors as research scientists, college 
teachers, business leaders, government officials, and continued criticism of the 
programs that lead to the degree.” A degree intermediate between the Ph.D. 
and the MA is suggested, the notion being similar to the Doctor of Arts degree 
suggested in recent years by some members of the mathematical community. 
However, “it seems safe to say that the Ph.D. pattern, and such other doctoral 
patterns as education (Ed.D.), business (D.B.A.), and music (Mus.D.), will be 
held to with only minor genuflections to the problems of college teaching. And 
it appears that despite the greatly increased number of doctors turned out by 
the nation’s graduate schools, there will not be a sufficient number for all insti- 
tutions. Obviously the major universities and the affluent colleges will be able 
to attract the doctors, but the small four-year colleges and junior colleges will 
not be so fortunate. The latter must be content with masters and bachelors.” 


The Case of the Lingering Degree, FREDERIC W. NEss, Saturday Review, January 

15, 1966, No. 3, 49 (1966) 64 ff. 

This article discusses some of the problems, both academic and social, of 
the student who has completed all his work toward the Ph.D. except for the 
dissertation. This group of students seems to fall into three categories: the pro- 
fessional graduate student, the perpetual part-time graduate student, and the 
student who through force of economic necessity has had to interrupt his gradu- 
ate study at this crucial point. 
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The author stresses the need for creative solutions to the problems of the 
ABD (“All But Dissertation”) student and urges that graduate faculties attack 
these problems, for “the regrettable fact is that when a problem with serious 
social implications cannot be solved from within, it will be solved from without, 
often with some less desirable result. For example, there has just been intro- 
duced to the California Legislature a bill calling for a new type of doctorate to 
meet the state’s need for teachers in its burgeoning system of higher education. 
Legislators will act if educators will not, where the public interest is involved.” 


Analysis of Research in The Teaching of Mathematics, KENNETH E. Brown 
AND THEODORE L. ABELL, Superintendent of Documents, U. S. Government 
Printing Office, Washington, D. C. 1965 (Catalog No. FS 5.229:29007-62) 
vii +99 pgs, 45 cents. 

A review of research in the teaching of mathematics at all levels—elemen- 
tary, Junior and senior high school, and college—which was largely undertaken 
in the years 1961-1963. Besides giving detailed descriptive listings of the in- 
dividual research projects, many of which are either doctoral or masters disser- 
tations, the report organizes the individual studies into groups as they have 
bearing on specific questions of mathematical education. For example, such 
questions as “To what extent can mathematics concepts be developed in the 
elementary grades?,” “Do manipulative materials increase achievement?”, “Is 
programed instruction effective?”, “Does study of calculus in high school affect 
achievement in college calculus?”, “Is televised instruction effective?”, and 
“How can success in college mathematics be predicted?” are mentioned and the 
studies bearing upon them cited. A list of as yet unanswered questions for pos- 
sible future studies is given, and it is recommended that crucial problems in 
mathematical education be identified, that they be treated by teams of research- 
ers rather than individuals, and the results be clearly reported and that the 
reports be given wide dissemination. 


Advanced Symmetry Concepts in Grade 6, JEAN M. MILLIREN, Programed 

Instruction, 5 (1965) p. 1 ff. 

This is a report of a project in teaching notions of geometric symmetry to a 
group of seven sixth-graders via programmed material. The main interest of 
the report can be gleaned from the following: “As we reviewed concepts, I took 
an active part in providing repeated opportunities for the students to express 
their new knowledge. Far from feeling supplanted by a programmed teaching 
sequence, I feel that my own role gained in importance. It was a most success- 
ful way to bring enrichment to an accelerated group.” “Creativity did not suf- 
fer.” “Within the group I sensed an augmented desire to discover new ideas, 
to experiment and to inquire.” 

All this suggests that with appropriate use of programmed material some 
of the fears associated with such material may never be realized. It is frequently 
mentioned that teachers do not like programmed material because they fear 
being replaced by a machine and that programmed material is dehumanizing— 
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that it leads to a stifling of creativity. It appears that with skillful use of pro- 
grammed materials, exactly the opposite can occur. 


The Teaching of Sets in Schools, K. R. McLEAn, London, 1965, viii+46 pgs. 


This pamphlet was sponsored by the Modern Trends Sub-committee of the 
Teaching Committee of the Mathematical Association and was published by 
the Mathematical Association. The table of contents lists among other chapters, 
the following: Sets, Logic, Circuits, Boolean Algebra, Sets and Elementary 
Probability, The Idea of a Function, and The Use of Set Language in Algebra 
and Geometry. The material in these sections is detailed and indicates some of 
the things that may be done with sets and set theory at the school level. All the 
material has been tried at schools in Britain and various difficulties as well as 
possibilities have been included. The introduction contains a discussion of the 
advisability of introducing the notions of set theory at the school level and gives 
some reasons for so doing. 

For the secondary school teacher in this country interested in introducing 
such material in his classes, the pamphlet should be valuable in giving him some 
ideas already used successfully elsewhere. 


PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE 


COLLABORATING EpDITors: J. BARLAZ, Rutgers—The State University; L. CarLitz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Eves, University of Maine; 
M.S. KLAMKIN, Ford Scientific Laboratory, A. E. Livincston, University of Alberta; and 
A. WILANSKY, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, N. J. 07060. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to Pro- 
fessor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to M. S. Klamkin, Ford Sct. Lab., P.O. Box 
2053, Dearborn, MI 48121. To facilitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitted on separate, signed sheets and should be matled before 
October 31, 1966. 


E 1895. Proposed by A. A. Gtota, Texas Technological College 


Let a complex-valued arithmetic function f be called 

(1) additive if f(a+b) =f(a)+/(d), 

(2) weakly multiplicative if f(ab) =f(a)f(0) whenever (a, b) = 1, 
(3) strongly multiplicative if f(ab) =f(a)f(d). 
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Prove that if a function is additive and weakly multiplicative, then it is 
strongly multiplicative. 


E 1896. Proposed by David Singmaster, University of California, Berkeley 


For every prime ~ show that 


”") =n (mod p?), 


E 1897. Proposed by F. P. Callahan, Blue Bell, Penna. 


A bug is crawling on the edges of a regular dodecahedron. Each time it comes 
to a vertex it chooses with equal probability one of the two edges which end in 
that vertex distinct from the one by which it reached the vertex. What is the 
expected distance it covers in order to get from a vertex A to any other vertex 
B? (A =B is not excluded.) On starting, the bug can go in any of the three direc- 
tions. (Cf. E 1752 [1966, 200].) 


E 1898. Proposed by T. L. Saaty, U. S. Arms Control and Disarmament 
A gency 

Give an elementary proof that the volume of the region in E, enclosed by 
3 4,20, k=1,---, 20, |x;| $3,i=1, +--+, mis given by (—1)*(~!”). 

E 1899. Proposed by C. R. Knapp, University of Kansas 


Let a; =e"! ¢= (—1)1/2, Further, let a, be any primitive mth root of unity. 
Prove that 
pf (2 )—1 ; 
ak = 41; gul,2,---,n, 
where ¢() is the Euler totient function. 


E 1900. Proposed by D. R. Rao, Secunderabad, India 


Find the solution of the system X+ Y=Z+U=W?, X2+ Y?=Z?— U2 where 
X, Y, Z, U, W are positive integers. 


E 1901. Proposed by Richard Laatsch, Miami University, Oxford, Ohio 


Let AABC have unit area. Construct AA’B’C’ such that each of A, B, C 
is an interior point on a different one of its sides. (Label so that A and A’ are 
on opposite sides of BC, etc.) Find the supremum and infimum of the product 
of the areas of AA’BC, AAB’C, and AABC’ if: 

1. Two sides of AABC are parallel to sides of AA’B’C’: 

2. One side of AABC is parallel to a side of AA’B’C’: 

3. No parallelism restriction is made. 


E1902. Proposed by David Shelupsky, the City College, New York 
Let s(x) = orig x2"41/1-3 --- (2m+1). Prove that for all nonnegative x 
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the inequality 
e-2"I2s() < (Ar)? 


holds, and that as x—»-+ the left-hand side is monotone increasing with the 
right-hand side as its limit. 


E 1903. Proposed by George Eldredge, El Cerrito, California 
Let an n-ladder of twos, Ln, be defined as follows: 


2 


2 
2 
[yn = 2 


where there are n twos. Let NV, be the number of distinct integers that can be 
obtained from L, by the appropriate insertion of a set of unambiguous nested 
parentheses. For example, N3=1; N4=2. Find Np. 


E 1904. Proposed by D. L. Silverman, Beverly Hills, California 
Solve in positive integers: x-+y+2=xy2(x-+2y—2z2—2). 
SOLUTIONS OF ELEMENTARY PROBLEMS 


On the Representation of Integers 
E 1776 [1965, 420]. Proposed by Carolyn C. Styles, San Diego Mesa College 


For any even integer m, m>2, there is an infinity of odd integers not the sum 
of a prime and a positive power (>1) of m. 


I. Solution by D. I. A. Cohen, Princeton University. With k>0, the odd num- 
ber m(m—1)*+1 may not be written as +m, p a prime, b=1. Recalling that 
m> 2, it follows from m(m—1)*+1=p)-+m? that p=1 (mod m) and that (m—1) 
divides p, i.e., p=m—1, an impossible situation. 


II. Solution by R. B. Eggleton, Avondale College, Cooranbong, N.S.W., Aus- 
tralia. More generally, we show that for any integer m= 3, there is an infinity 
of integers of parity opposite to that of m, which cannot be represented as the 
sum of a prime and a positive power of m. 

Proof. Let a be the smallest odd divisor (>1) of m if m is odd, or of m—1 
if m is even. With r=2, let b(s, k) =m'’"—m'+(2k+1)a, where k( 21) satisfies 
(2k+1)a<m"(m—1) and s(21) satisfies b(s, k) >0. This implies 1SsSr. Also 
a| b(s, k) since m(m —1)| (m*—m*), and since b(s, k)>a it follows that a is a 
proper factor of b(s, k). That is, b(s, k) is composite; clearly it is also odd. Thus, 
c(r, k) =m"+(2k-+1)a can only be expressed in the form m*++b with composite 
b, and there is an infinity of such numbers c. 


Also solved by J. L. Brown, Jr., E. O. Buchman, D. M. Hancasky, D.C. B. Marsh, Robin 
Sibson (England), and Guy Torchinelli. 
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{ (a, C) | a,c > 0, an! > cnn} 


E 1777 [1965, 420]. Proposed by Horvath Séndor, University of Technology, 
Budapest, Hungary 


For which positive values of a and ¢ is a"!>cn" true for every positive 
integer n? 


Solution by Walter O. Egerland, Edgewood Arsenal, Md. The proposed in- 
equality is true for every positive integer n for all positive @ and c which 
satisfy aZe and c<a. To see this, put s,=a"~"n! (n=1, 2,---); then 
Sa=@7(1+1/n)"sayi. If a Ze, s, increases monotonically so that s,>c holds for 
every positive integer if and only if s;=a>c. If 0<a<e, s, decreases mono- 
tonically for ~2N(a) and converges to zero by Stirling’s formula so that 
Sn >c>O0 cannot hold for any a. 


Also solved by A. N. Aheart, J. W. Baldwin, Y. M. ben-David, P. J. Campbell, D. I. A. 
Cohen, David Cohoon, R. B. Eggleton (Australia), J. A. Faucher, Robert Feinerman, N. J. Fine, 
Michael Goldberg, P. L. Gore, D. M. Hancasky, Erwin Just, E. S. Langford, D. C. B. Marsh, 
D. E. Nixon, C. B. A. Peck, J. M. Perry, P. A. Scheinok, Ralph Schreiber, Robin Sibson (England), 
Al Somayajulu, Sidney Spital, Gomer Thomas, Rory Thompson, W. C. Waterhouse, B. D. Wick, 
J. M. Wild, Jr., and K. L. Yocom. 


The Radii of a Triangle 


E1778 [1965, 420]. Proposed by Hiiseyin Demir, Middle East Technical 
University, Ankara, Turkey 


If R, 7, 11, r2, 73 are the circumradius, inradius and exradii of a triangle, 
prove that 


1 1 1 1 12R 
a ee 
A sn {a a ae a 


Solution by Ralph Schreiber, Warsaw High School, Warsaw, Ind. Denote by 
A the area of triangle ABC, by s the semiperimeter, by 7, the exradius corre- 
sponding to side a, and so forth. We recall familiar identities: 


A =1s =1n(s — a) = 1n(s — 6) = 7,(s — 6) = Vrrersre = abc/4R. 
Thus 


© FT fs a) — 6 — 8) —  — 
———-— -— = — |s?— (s— a)? — 6 — 0)? — (s — 
An (nn 7; nr Oy At 


= 3abc/A® = 12R/A? = 12R/rrarsre. 


Also solved by A. N. Aheart, Leon Bankoff, W. J. Blundon, D. I. A. Cohen, Ragnar Dybvik 
(Norway), Mrs. A. C. Garstang, Michael Goldberg, Louise S. Grinstein, D. M. Hancasky, E, S. 
Langford, Ruth S. Lefkowitz, F. Leuenberger (Switzerland), Andrzej Makowski (Poland), D. C. B. 
Marsh, F. R. Prieto, J. M. Quoniam (France), S. Bhaskara Rao (India), Simeon Reich (Israel), 
P. A. Scheinok, Klaus Schmitt, R. Sivaramakrishnan (India), Sidney Spital, Sister M. Stephanie, 
M. V. Tamhankar & M. B. Suryanarayana (India), Simon Vatriquant (Belgium), C. S. Venkatara- 
man (India), William Wernick, and the proposer. 
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The Altitudes and Exradii of a Triangle 


E 1779 [1965, 420]. Proposed by Hiiseyin Demir, Middle East Technical 
University, Ankara, Turkey 


If h; and r; are the altitudes and exradii of a triangle prove that 


I. Solution by D. C. B. Marsh, Colorado School of Mines. Since 2/h;=1/1; 
+1/r, for 1, 7, R a cyclic permutation of 1, 2, 3 (R. A. Johnson, Modern Geom- 
etry, p. 189; or use the identities in E 1778 above together with 1/r=1/n+1/re 
+-1/rs) it follows immediately that > )(7:/h:) =4 liz; (7:/7;) 24(6) =3, since 
(x/y) + (y/x) 22 for positive x, y. Moreover, equality obtains only if 1.=72.=75, 
i.e., the triangle is equilateral. 


II. Solution by H. Guggenheimer, University of Minnesota. We may generalize 
by securing the inequality >)(7;/h,"=3, n2=1. Actually more is true: Let ¢; 
be the lengths of the angle bisectors of the triangle. Since ¢;2h;, the proposed 


inequality is weaker than 
3 1; m 
» (“*) =>3 m>0 


which we now prove. 

Let s be the semiperimeter of the triangle, a; the sides. Leuenberger has 
proved (Elemente Math., 17 (1962) 45-46; see also 16 (1961) p. 129) that 
i; [s(s—a,) ]/2. Hence 


2. () . x beer acerrreeal 


1 
= | [(s — 0) (s — ay) 92. 


[(s — a1)(s — a2)(s — as) |” jy 


IV 


The desired result now follows from the geometric-arithmetic mean inequality, 
and again equality holds only for the equilateral triangle. 


Also solved by A. N. Aheart, Leon Bankoff, W. J. Blundon, D. I. A. Cohen, Mrs. A. C. 
Garstang, Michael Goldberg, H. Guggenheimer, D. M. Hancasky, E. S. Langford, F. Leuenberger 
(Switzerland), Andrzej Makowski (Poland), F, R. Prieto, J. M. Quoniam (France), S. Bhaskara 
Rao (India), Simeon Reich (Israel), P. A. Scheinok, Ralph Schreiber, R. Sivaramakrishnan (India), 
Sidney Spital, Sister M. Stephanie, M. V. Tamhankar & M. B. Suryanarayana (India), P. D. 
Thomas, Simon Vatriquant (Belgium), C. S. Venkataraman (India), and the proposer. 

Makowski’s student, Tadeusz Figiel observed that the required inequality is equivalent to the 
fact that the area of an orthic triangle is not greater than one-quarter of the area of a given 
(acute-angled) triangle. [Proof: Let ABC be an orthic triangle of A1BiC;. Then A1, Bi, C; are the 
centers of ex-circles and the ratio of areas of ABC, and ABC is equal to the ratio of altitudes on 
the common side AB, i.e., rs/hs. | 
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Solution of a Trigonometric Equation 
E 1780 [1965, 420]. Proposed by Norman Brenner, Harvard University 


Find all pairs (a, 8) of real numbers which satisfy the equation 


sin 2a _ sin 26 
sin(2a + 8) 7 sin(26 + a) 


Solution by D. C. B. Marsh, Colorado School of Mines. Let a+6=2s and 
a—®=2d, transforming the given equation into 


sin(2s + 2d) — sin(2s — 2d) 


(1) : =— 
sin(3s + d) sin(3s — d) 


Clear of fractions in (1), expand by sum and difference formulas and simplify, 
to obtain 


(2) sin 2s cos 3s sin d cos 2d = sin 3s cos 2s sin 2d cos d. 
Product-to-sum formulas, with simplification, now produce 

(3) sin s sin 3d + sin 5a sind = 0. 

Finally, multiple-angle formulas reduce (3) to 

(4) sin s sin d(cos? d + cos s cos 3s) = 0. 


Examination of the factors in (4) enables us to list all real pairs (a, B) 
which satisfy the original equation: 

I. From sin d=0: (6-+27, o) where x is any integer and ¢ any real number 
except integral multiples of 7/3 (to avoid 0 denominators); 

II. From sin s=0: (—$+2nz7, $), 7 integral and @ any real number except 
integral multiples of 7; 

Il]. From cos? d++cos s cos 3s=0: (s-+d, s—d), where s acts as parameter 
and may be chosen as any real number in the intervals (1/6+2kr, 51/6+2km), 
(71 /6+2kr, 117/6+2kr) with k integral, excepting s an odd integral multiple 
of 1/6, 7/4 or 7/2; d=arccos (++/(—cos s cos 3s)). 


Also solved by E. S. Langford, and Simon Vatriquant (Belgium). 


Continuous Functions with a Common Value 
E 1781 [1965, 421]. Proposed by Ray Redheffer, University of California, Los 
Angeles 
On an interval (a, b) let f and g be continuous, and f or g monotone. Suppose 
that some sequence {x,} satisfying f(x.) =g(%,-1) has a limit point on (a, b). 
Prove that then f(x) =g(x) has a solution on (a, b). 


I. Solution by Sidney Spital, California State Polytechnic College. Either 
{%n} is monotone, or it is not. If it is not, let f be monotone. Then f(x,) — £(Xn) 
=f(%n) —f(%n41) must undergo sign changes between some members of {xn}. 
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The requested result then follows from the continuity of f and g. 

If {x,} is monotone its limit point on (a, b) becomes its limit. The desired 
result is now shown by taking the limit of f(x,) =g(xn_1) and again using the 
continuity of the two functions. 


II. Solution by T. J. Burke, New Jersey. The conclusion follows without 
assuming the monotonicity of f or g. Suppose that f(x) g(x) for all xE(a, b). 
Then (without loss of generality) assume that f>g on (a, b). (The alternative 
that g>f on (a, b) can be handled by considering the functions —f and —g.) 
Let x» be a limit point of {x,}, xo€(a, 6). Then there is a subsequence {x,,} 
such that %»,—-%o. From g(%o) <f(xo) it follows that there is an integer » such 
that, for any ki, kk2=p 


(*) g(tnp,) <n) 


Now for some positive integer m, t5:1=,+m; but 


f (%ny+1) = § (%np4i—1) <f (Xnpsi—1) 
= 8 (Xnpt1—2) < Ff (%np41—2) <r F(®np41—(m—1)) = g(Xn,); 


which contradicts (*). Hence the assumption f>g on (a, b) must be false and 
the proof is complete. 


Also solved by J. M. ben-David, E. O. Buchman, I. A. Cohen, N. J. Fine, D. A. Hejhal, 
James Humphreys & Ben Klein, James Joseph, Erwin Just, E. S. Langford, D. C. B. Marsh, J. D. 
Morrison, J. M, O’Neil, Paul Sontag, R. A. Struble, Gomer Thomas, and Maynard Tomer. 

Several solvers assumed the convergence of {xn} without giving justification. 


Coloring a Chessboard 


E 1782 [1965, 421]. Proposed by V. V. Menon, Indian Statistical Institute, 
Calcutta 


Given an Xz chessboard, a coloring of the board with & colors is defined 
as an assignment of & colors to the cells of the board such that (a) each cell is 
assigned a color, and (b) no two cells which are assigned the same color lie in 
the same row, same column, or same diagonal. What is the minimum number of 
colors required for a coloring? 


Partial Solution by Michael Goldberg, Washington, D. C. Let k be the mini- 
mum number of required colors. Since there are n colors in any row, then k=. 
If k=n, then the cells of any single color constitute a solution of the problem 
of m queens on an ” Xz board. See Ball and Coxeter, Mathematical Recreations 
and Essays, pp. 165-171; also Kraitchik, Mathematical Recreations, pp. 247-255. 
If the location of each queen can be obtained by a motion of (1, v) from another 
queen (where v is prime to 7), the solution is called regular. If the solution is 
regular (Kraitchik, p. 251), then the other colored sets can be obtained by 
changing the origin of the lattice. Regular solutions are always obtainable if 
and only if # is not a multiple of 2 or 3. Hence, if #=1, 5 (mod 6), then k=x. 


1966] PROBLEMS AND SOLUTIONS 671 


If n=0, 4 (mod 6), then k=2-+1, since from each regular solution of an 
(1+1) square in m-+1 colors, one can obtain an m square in m-+1 colors by re- 
moving a row and column associated with a corner cell. 

If 7=3 (mod 6), then »<kSn-+2, since a square of side 6a-+3 can be ob- 
tained by removing two rows and two columns from a square of side 6a-++5. 

Similarly, if n=2 (mod 6), then n<kSn-+3, since a square of side 6¢-+2 
can be obtained by removing three rows and three columns. 

Undoubtedly, individual and general results will improve these latter values. 
For example, if #=8, then only 9 colors ABCDEFGHYJ are needed as shown by 
the solution in which colors in the 8 rows are ADHCFGBE, BEFGHCAD, 
CGBAEDHF, DHEFCAGB, ECDJGBFA, FAGBDHEC, GBCEAFDH, 
HFADBECY. 


Also solved (partially) by Paul Sontag. 
Area Bisectors of a Plane Convex Figure 


E 1783 [1965, 421]. Proposed by V. V. Menon, Indian Statistical Institute, 
Calcutta 


A figure is a compact convex set with nonempty interior in the Euclidean 
plane. A bisector of a figure is defined to be a straight line which divides the 
figure into two portions of equal area. Given n(n 23), does there exist a figure 
such that through some point in it there pass exactly 1 (and no more) bisectors 
of the figure? 


J. Solution by D. I. A. Cohen, Princeton University. Let A1, Ao, ++ +-, Aa, be 

4n equally spaced points on a circle. Draw line segments AomAoms1 for m=1, 2, 
-+,m and Aom1A)m for m=n-+1,---+, 2n. Draw circular arcs Aom-14om for 
m=1,-++, 2 and AomAomiy for m=n+1,-++, 2n (Adagi=A1). Consider the 
figure C whose boundary consists of the 2” segments and 2n arcs just described. 


Cis then the 2n-gon AiA3A5- + + Aan_1 surmounted by 2n congruent “caps.” 
(C will have the diagonal A1Aen41 as its only axis of symmetry.) Now we can 
prove that through the center of the circle the only lines that bisect the area of 
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C are the n diagonals of the 27-gon. Any other line through the center will have 
n~—1 caps and half of the 27-gon on each side but will cut two caps unequally. 
(See figure drawn for 7=2. Note that line / is not a bisector.) 


II. Solution by Michael Goldberg, Washington, D. C. Yes. In my note On 
Area-Btsectors of Plane Convex Sets, this MontTHLY, 70 (1963) 529-531, it is 
shown that every regular polygon of 2k-+1 sides, or any closed convex non- 
circular curve which has 2k-+1 axes of symmetry which pass through the center, 
has the desired property. There is a central region in which every point has 
exactly 2k-++1 bisectors through it. Every point on the boundary of this central 
region (except the cusps) has exactly 2k bisectors through it. 

Also solved by E. O. Buchman, H. Guggenheimer, and Andrzej Makowski (Poland). 


Makowski cites an example given by E. Piegat (Wiad. Mat., 7 (1963) 51-56) which is essen- 
tially the same as I above. 


Multiple Solutions of a Differential Equation 


E 1784 [1965, 421]. Proposed by A. W. Hales, Institute for Defense Analyses, 
and G. R. Sells, University of Minnesota 


Consider the first order differential equation dy/dx =f(y), where f is con- 
tinuous in a neighborhood of yo. Assume that the solutions through yo are not 
unique, that is, assume that there are two solutions ¢:1 and dz such that ¢:(0) 
=(0) =yo and that di and ¢» differ in every neighborhood of 0. Prove that 


f(yo) =0. 


Solution by N. J. Fine, the Pennsylvania State University. Suppose f(yo) ¥0. 
There is a neighborhood V of yo on which f(y) is bounded away from 0. Let W 
be a neighborhood of 0 such that di:l[W] CV and ¢.[W] CV. For «EW, define 


o2(z) g 
(1) ae) = J a 


If di(x) ¥¢2(x) for some xC W, then H(x) 0. But for all xEW, 


4) | 
f(o2(x)) — f(or()) 
by (1) and the differential equation. Therefore H is constant on W. Since H(0) 
=0, H(x)=0, (x€@W). This contradiction completes the proof. 
Also solved by Y. M. ben-David, E. O. Buchman, W. G. Dotson, Jr., D. A. Hejhal, M. E. 
Muldoon, Sidney Spital, R. A. Struble, D. M. Yasnyi, and the proposers. 
Number of Elements in a Set of m-tuples 


E1785 [1965, 543]. Proposed by Robert Bowen, University of California, 
Berkeley 


Let 7,= { (as, ++, Gm): a; is a positive integer, di=1, a;S31+maxrgs ax}, 
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and t(m) be the number of elements in T,,,. Set go(x) =1 and gais(x) = (x—1)92(x) 
+gn(x-+1). Show that t(m)=gm(1). [Note correction in original statement: 
gi(x) =1 is replaced by go(x) =1. |] 


Solution by E. O. Buchman, University of California, Los Angeles. We prove 
the 


THEOREM. The set Smin = { (a1, +, Om): a; positive integers, aiSn, a; 
Smax(1-+-maxz<i,dxz, n)} has gn(n) elements. 


Proof by induction on m. When m=O, the theorem is true if it is assumed 
that there is a unique null-sequence of length 0. When m=1, there are 7 se- 
quences of length 1 in Si,,; and gi(x) =x, so gi(”) =n. 

For the case m=j+1, we assume the theorem for m= 7. Then 


% nh 
: (s) 
Sirim = U {ai +++, O42) © Syrian: a1 =i} = U Spam 
If «<n, the possible sequences for (a2, - - +, a;41) come from the set S;,n, so 


there are g;(m) elements in S\/,,. If =n, the possible sequences for (a2, ---, 
a;41) come from the set S;,,41, so there are g;(n-++1) elements in S‘”,,,. Therefore 
Sjii. Contains g;(m)-+g;(m) + ++ - +2;(2)+g;(n+1) elements, or (2#—1)g;(n) 
-+g;(7-+1) elements. By definition of g, Sji1.. contains gj:1(m) elements. The 
theorem follows by induction. The proposed problem specializes this result to 
n=1. 


Also solved by D. C. B. Marsh, and by Stanton Philipp. 


A Pavement of Tetrominoes 
E 1786 [1965, 543]. Proposed by Robert Spira, Duke University 


A rectangle can be made up of T-shaped tetrominoes (made of unit squares) 
if and only if each side of the rectangle is divisible by 4. (The simplest case is the 
4X4.) 

Editorial Note: Since the announcement of this problem, an independent proof by D. W. 


Walkup has been printed. See this Montuty [1965, 986-8]. 
Also solved by D. M. Hancasky. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz. Ruigers-The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be sub- 
mitted on separate, signed sheets and should be mailed before December 31, 1966. 


5400. Proposed by W. C. Waterhouse, Harvard University 


Find, or disprove the existence of, two (totally) ordered fields which are 
isomorphic as fields and isomorphic as ordered sets, but not isomorphic as 
ordered fields. 
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5401. Proposed by Charles Wells, Duke University 


Let € be a primitive zth root of unity. Define a matrix A = (dy.) by dy, = €” —€? 
for r, s=1, 2,---,n. Find the rank of A. 


5402. Proposed by David Shelupsky, The City College, New York 
For N>-—1 let the functions f and g be defined by the expansions 


00 yimtN+1 
= —| TO eee g 
fa) = L(- (2m + N+ 1)!Qm +1)! 
x 2mtN 


oe 
g(x) = 2 (—1)"——_____— 
mad (2m + N)\(2m)! 
which somewhat resemble the expansions of the trigonometric functions. Prove 
that each of these functions has, in common with the trigonometric functions, 
an infinite number of distinct real zeros. 


5403. Proposed by Kwangil Koh, North Carolina State University 


It is known that a simple ring is not necessarily primitive. Prove that if R 
is a simple ring such that for each right (or left) ideal J of R, JR=I(RI=]J), 
then R is primitive. 


5404. Proposed by George Grossman, Board of Education, New York City 


By an almost-Pythagorean triangle we mean one whose sides are natural 
numbers satisfying a?+0?=c?+1. Derive formulas for determining a, b, c. In 
particular, show that if (a1, b1, c1) is a solution, then there are infinitely many 
solutions (a, b, c) with a/c=a;/q, and infinitely many with a/b =a1/by. 


5405. Proposed by A. A. Mullin, University of California, Livermore 


Let ¢ be Riemann’s zeta function. Define ¢?=¢(¢()) and higher “powers” 
recursively. Prove that the set of all complex s for which limy.,.. ("(s) exists is 
precisely countably infinite. Does there exist a nonreal s for which lim,... £"(s) 
exists? What is the greatest real value of s for which lim,..,, ¢"(s) exists? 


5406. Proposed by C. C. Lindner, Coker College, Hartsville, S. C. 


Prove that a finite group of order 2” which contains an element of order 
has at least 7(m)-+1 normal subgroups. r(z) is the number of divisors of n. 


5407. Proposed by S. W. Golomb, University of Southern California 


Let f(m) be a function with both range and domain the positive integers, and 
define g(7) to be the number of values of m such that f(m) =n. If f(m) is mono- 
tone nondecreasing and satisfies f(m) =g(m) for all , then f() is uniquely de- 
termined. Find an asymptotic expression for f(m) as no. 


5408. Proposed by Thaddeus Dankel, Princeton Unwersity 


Let C be any infinite collection of distinct Lebesgue-measurable subsets of 
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[0, 1] each having measure e, where € is a fixed positive number <1.Show that 
there exists an infinite subcollection Cy C C of distinct sets E such that 
m(Nzec,£) >0. 


5409. Proposed by R. A. Melier, Unwwersity of Massachusetts 


Let k be a square-free positive integer greater than 1 and let R be a subring 
of the complete direct sum of an arbitrary number of copies of J;, the ring of 
integers modulo k. Show that R is the direct sum of a finite number of p-rings. 
(A p-ring is a ring in which the identities px =0 and x? =x are satisfied for all x 
and for some positive prime >.) 


SOLUTIONS OF ADVANCED PROBLEMS 
Coregular Matrix Example 


4538 [1953, 336]. Proposed by Albert Wilansky, Lehigh University 
Given }°| | <0, must there exist a constant M such that whenever {x,}, 
nm=1,2,-+--+,18 a convergent sequence satisfying 


n—1 
> bi.X7, + Xn-~1 — Xnl< 1 


k==1 
for all 2, then |lim x,| <M? 


Remark by the proposer. No solution to this problem was ever submitted to 
the Montuiy. Because of this, the problem was published in the Research 
Problems section of the Bull. Amer. Math. Soc., 67 (1961) p. 355. Three solu- 
tions are now known to have been given. One, unpublished, by Lawrence Shepp, 
one by W. K. Hayman and A. Wilansky, Bull. Amer. Math. Soc., 67 (1961), 
pp. 554-555, and a generalization, by C-S Hsii, Proc. Amer. Math. Soc., 13 
(1962) pp. 979-981. 


On Finitely Generated Torsion Free Modules 
5273 [1965, 323]. Proposed by T. J. Head, Iowa State University 


Show that for a commutative integral domain R to have the property that 
each of its finitely generated torsion free modules is free it is necessary and 
sufficient that each finitely generated ideal of R be principal. 


Solution by Gomer Thomas, University of Illinois. 

Necessity. Let J be any finitely generated nonzero ideal of R. Since R has 
no zero divisors, J is a torsion free R-module and hence is (module) isomorphic 
to a direct sum of copies of R. Each of the summands of J is an ideal in R. No 
two nonzero ideals in RK can intersect trivially, since then R would have zero 
divisors. Hence there is only one summand in J; i.e., J&R (as R-modules). It 
follows that J is principal. 

Suficiency. Let M be a torsion free R-module generated by m1, m2, ++ +, Mn, 
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and proceed by induction on 2. If 7=1, then M=RmcZR. If n>1, let S be the 
pure submodule of M generated by m,; i.e., S= {mEM: rm =tm, for some 
Y, tER}. Then M/S is torsion free with »—1 generators, so by the induction 
hypothesis M/S is free. M/.S is then projective, so M=S@ M/S, and it is now 
sufficient to show that Sis (module) isomorphic to R. As a direct summand of a 
finitely generated module, S is finitely generated, and the generators can be 


written (symbolically) as (41/11)Mn, (t2/r2)Mn, +++ y (tn/tn)Mn. Then rire - + + tS 

is generated by tf mn, tf Mn, +++, th Mn OF Nf, ++ + ty S=JmMy,, where J is the 

(principal) ideal in R generated by if, t##,---, td. The result follows, since 
ne + ty SS Im,=Rm,SR. 


Also solved by V. C. Cateforis, E. R. Gentile (Argentina), Michael Rosen, P. J. Ryan, K. G. 
Wolfson, and the proposer. 

Editorial Note. Cateforis and Gentile use theorem 2.4, p. 131 of Cartan-Eilenberg, Homological 
Algebra, to obtain an immediate proof of sufficiency, for which Wolfson cites the proof of the 
theorem that any finitely generated module over a commutative principal ideal domain is the 
direct sum of cyclic modules (p. 44 of I. Kaplansky, Infinite Abelian Groups). 


Nilpotent Divisors of Zero 
5277 [1965, 323]. Proposed by Kwangil Koh, University of North Carolina 


It is known that in a Noetherian ring every irreducible ideal is primary (see, 
e.g., N. H. McCoy, Rings and Ideals, Carus Monograph No. 8, p. 200). Let R 
be a ring (not necessarily commutative) which satisfies the ascending chain con- 
dition on right ideals. Prove that if S is a two-sided ideal in R such that it is 
irreducible, in the sense that if J;, 7=1, 2, is a pair of right ideals such that 
J;)DS then Ji'\J2 5S, then each left divisor of zero in the ring R/S is nilpotent 
(where > means “contains strictly”). 


Solution by Roger A. Abelsgaard, Bemidji State College, Minnesota. Suppose 
there is a divisor of zero in R/S, say aE R/S, BER/S and Ba=0=S with a¥S 
and 8')S for 7=1, 2,---+. Then if we represent a as a+ and B as D+ S, we 
havea, D}) ES, j7=1,2, -+-.Formright ideals B;= 12] bix ES} ,4=1,2,°°°; 
since & has the ascending chain condition on right ideals, there exists a positive 
integer z such that B, = Bry. 

Consider now the right ideal A = {b*r| rER}. Let (S, A) and (S, a) be the 
ideals generated by SUA and SU {a} respectively. SC(S, a) since aS, and 
SCS, A) since b*t1€A and 0*t!€.S. We next show that S=(S, a)M(S, A). 
We already have SC(S, a)M(S, A); suppose xE(S, a)M(S, A). Now x«E(S, a) 
implies that x can be written in the form x =o-+-ar-++am, where G5, rE R, and 
m is an integer. Thus bx =bo+bar-+bam is in S. Similarly xE(.S, A) means that 
we can express x in the form x=o’+b"r and in turn we obtain bx =bo’-+b"+17, 
b rE S, rE Basi=B,. Therefore b*ry€ S and xC.S. Hence S is reducible, con- 
trary to the original assumption. We conclude that every left divisor of zero in 
R/S is nilpotent. 


Also solved by the proposer. 
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Metrizable Spaces 
5279 [1965, 324]. Proposed by S. M. Robinson, Union College 


Let X be a completely regular space, X* its one-point compactification, and 
C[X] its ring of continuous real-valued functions. For each compact subset F 
of X, consider the ideal 0r = {fEC[X]: f is constantly zero in the neighborhood 
of F}. Show that X* is metrizable if and only if there exists a sequence {f,: 
nm=1,2,---: } contained in C|X], such that each ideal Or is generated by a 
subset of {f,} and each function f, belongs to no free ideal of C[X]. (An ideal 
I in C[X| is free if there exists no point «© X with the property that f(x) =0 
for all fET.) 


Solution by the proposer. For any function hE C[X |, let Z,= {xEX =h(x) = 0} , 
and let us assume first that X* is a compact metric space. Then X is a locally 
compact separable metric space, and we may assume it has a countable base 
{U;:i=1, 2,- +--+}, where cl U; is compact for each 7. Let hn(x) =d(x, cl U,), 
and let {fn:7=1, 2, +--+ } be the collection of finite sums of members of {hn}. 
Since Z;, is compact, so is Z;,. It follows, therefore, that f, belongs to no free 
ideal of C[X]. (See Lemma 4.10, Gillman and Jerison, Rings of Continuous Func- 
ttons.) We shall prove that for each compact set F, Or is generated by the mem- 
bers of f, contained in it. If g€0r, then F Cint Z,; hence, there are sets cl Un, 
cl Uw, +--+, cl Uin such that FC UP, U;,, FOC URL, cl Ui; C int Z,. If 
fn= Dei heyy we observe that Z;, Cint Z,, and this implies that g is a multiple 
of fa. (See Rings of Continuous Functions, p. 21, 1D.) 

The sufficiency of the condition is now established by showing that X is a 
locally compact separable metric space. For each n, let U,=int Z;,, and let 
{Vi:i=1, 2,- ++} be the family of finite intersections of members of {U,}. 
Now, let U be an arbitrary open set and «CU. Since X is completely regular 
there is an element g of C[X] such that xCint Z,CZ,CU. Now, 1x} is compact 
and g€@0Q;,} so that our hypothesis assures us of functions m1, m2, -- +, mM, in 
C[X]| and members fi, fo, - + * , fn of the sequence such that g= >0%, mif;, and 
fiC Ory. Now, (pei int Z;,CZ,, so that we have xG@V;GZ,CU, where V; 
=(\;-, U; This proves that the countable collection {Vn} is a base, and the 
proof will be completed by showing that for each x€X, the collection {cl Vai 
*x€V,} is a base of compact neighborhoods of x. In fact, all we need show is 
that the sets cl V, are compact. Since f, belongs to no free ideal of C[X], we 
see that cl U,=Z;, is compact (see Rings of Continuous Functions, p. 61, 4E) 
and this implies that cl V, is compact. 


Sequential Topologies 
5299 [1965, 556]. Proposed by S. Baron, McGill University, Montreal 
Find a set of necessary and sufficient conditions on a topological space 


(X, 3) such that for any topological space (Y, 3’) and function f: XY, f is 
continuous if and only if x,—>x in X implies f(x,)—f(x) in Y. 
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Composition of Solutions by Solomon Leader, Rutgers—The State University, 
and the proposer. Given a topological space (X, 3) the topology 3 induces a 
topology 3, called the sequential topology, consisting of all sequentially open sets 
U: UE35 if and only if every sequence converging to a point in U is eventually 
in U. Clearly 3C35 and both topologies yield the same convergent sequences. So 
3=5. 5 is called sequential if and only if 5=3, that is, every sequentially open 
set is open. We contend that this is a solution to the problem. 

(1) Sequential continuity of f: (X, 3)-(Y, 3’) is equivalent to continuity 
of f: (X, 3)-(Y, 9’). 

Proof. Given sequential continuity, let UE3’, xEf-1U, and x,-x*. Then 
fxeEU and fx,—fx. Since U is open, fxE U eventually. That is, x,G@U even- 
tually. So f-!1UC5. The converse holds because continuity implies sequential 
continuity, and sequential continuity is the same for both 3 and 3. 

(2) o and 3 are identical topologies in X if and only if they admit the same 
continuous mappings on X. 

Proof. Given the latter condition, the identity on (X, a) into (X, 3) is con- 
tinuous since it is continuous on (X, 3) into (X, 3). Hence, 3Go. Similarly, 
o€3. (The converse is trivial.) 

Now from (1) and (2) we get the equivalence of: 

(i) Continuity on (X, 3) is equivalent to sequential continuity. 

(ii) 5 and 5 admit the same continuous mappings on X. 

(iii) 5=35. (5 is sequential.) 

REMARKS. Every first countable space is sequential, but the converse is false, 
a counterexample being the one-point compactification of an uncountable dis- 
crete space. S. P. Franklin, Spaces in which sequences suffice, Fund. Math., 57 
(1965) 107-115, proves that (iii) is equivalent to each of the following: 

(iv) X is the quotient of a first countable space. 

(v) X is the quotient of a metric space. 

(See also R. M. Dudley, On sequential convergence, Trans. Amer. Math. Soc. 
112 (1964), 483-507.) 


Also solved by H. J. Biesterfeldt, Jr. 


Differences of Square-Free Integers 
5300 [1965, 673]. Proposed by A. M. Vaidya, Texas Technological College 


Prove that every positive integer can be expressed as a difference of two 
square-free integers. Compare E 1627 [1964, 686]. 


I. Solution by D. L. Silverman, Hughes Atrcraft Company, Los Angeles, Cal. 
If a positive integer 1 existed such that every pair of positive integers (k, n+) 
contained at least one member with a square factor, then the relative frequency 
of square-free integers would be asymptotic, if at all, to some number 7 $3, in 
contradiction to the well-known value 6/7*. (See, e.g., Niven and Zuckerman, 
An Introduction to the Theory of Numbers, p. 226. Th. 11.5.) 
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II. Solution by Bob Prielipp, University of Wisconsin. Let k be a positive 
integer. Then by Advanced Problem 5286 [1965, 429], there exist infinitely 
many primes p for which p++k is square-free. Since k= (p-+-k) —p and > is obvi- 
ously square-free, we have the desired result, moreover, in infinitely many ways. 


Also solved by W. R. Becker, M. G. Greening (Australia), R. L. McFarland, Ivan Niven, 
C. B. A. Peck, Charles Ryavec, E. G. Straus, K. S. Williams (England), and the proposer. 

Editorial Note. C. B. A. Peck has observed the results of the problem in W. Sierpinski, Ele- 
mentary Theory of Numbers, Warsaw, 1964, p. 34. See also Sierpinski’s note, Sur une propriété des 
nombres naturels, Revue de Mathématiques Elémentaires, v. 19/2, 1964, 27-28. The following the- 
orem is found in this note: 

Let £ be a set of positive integers with upper density >4. Then every integer may be repre- 
sented as a difference of elements in £ in infinitely many ways. 

The note also contains a reference for the following generalization given in 1922 by M. T. 
Nagell: 

If the elements aj, 6; of the number pair (a:, ;) are not simultaneously divisible by the square 
of a prime number, :=1, 2, 3, then aiv-+bj, aax-+be, a3x-+b3 are all square free for infinitely many 
positive integers x. 

The results above now correspond to the special case a1=a2=1, b:=0, 52 an arbitrary integer. 


Normal Subgroups of a Finite Group 


5301 [1965, 673]. Proposed by Hermann Simon, McGill University 

Let H be a subgroup of the finite group G. Let g be a prime which divides 
the order of G but does not divide the index of H in G. Show that A is an in- 
variant subgroup if and only if the index of the normalizer of H does not exceed 
g and, for every xCG, H(\(x—'Hx) is either {1} or H, 


I. Solution by E. M. Dieckmann, Washington University, St. Louis, Mo. If 
H is normal in G, the conditions are clearly satisfied. Conversely, suppose that 
the stated conditions are satisfied. It follows that the index |G: N(H)| of 
N(fZ), the normalizer of H, is strictly less than g because |G: H| = | G: N(H)| 
| NE): H\, and hence for each yGG there exists an r<g such that y" is in 
N(#H). In particular, let y be an element of H of order q (since g divides the 
order of H), let x€G, and choose r<q so that (x~!yx)r is in N(H). Since x~!yx 
is of order g and (q, r) = 1, it follows that x—1yx isin N(H). But then x~'y~x is in 
Hf, since otherwise the group N(H)/H would have an element of order g, which 
is impossible since g does not divide | N(H): H | . Hence x 1 Hx(\H = { 1 } so that 
x Hx(\H =H or H=xHx. This shows that H is normal in G. 


II. Solution by J. J. Martinez, University of Pittsburgh. If H is invariant the 
two conditions are immediate, so we assume the conditions and prove H invari- 
ant. 

Let ¢Sq be the index of the normalizer of H and so also the number of dis- 
tinct conjugates of H in G. Sq will represent a g-Sylow subgroup of G, and there 
exists at least one Sg in H. Each of the g-Sylow subgroups of G, since they are 
all conjugate in G, is in a conjugate of H. 

If H is not invariant, 1<tSq, and g cannot divide t—1. But by Sylow’s 
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theorem and because no Sq is contained in distinct conjugates of H, (1-+kq)t 
=1-++k’g, which gives t—1=q(k' —tk), a contradiction. 


Also solved by D. M. Bloom, J. R. Durbin, E. W. Ewing, C. C. Lindner, M. D. Mavinkurve 
(India), C. E. Olson, C. S. Queen, Preston Stein, C. P. Seguin, Gomer Thomas, and the proposer. 
Non-complementable Manifolds 
5302 [1965, 674]. Proposed by Pat Garrett, New Mexico State University 


Show that the null manifold of a compact linear operator on a Banach space 
need not be complemented, i.e., need not be the image of a continuous projec- 
tion on the domain. 


I. Solution by L. J. Wallen, Stevens Institute of Technology. lf o(x) EL, [0, 27), 
define the linear operator T by 


—1 


Qn = , 
T¢(x) = >» Tale eins if (x) ~~ >» a,err, 
T¢=0 if and only if a, =0, 2=—I1, —2,---,1e, 6C Ai. T is compact, for if 


FED 2, are and || f||,< M, then Tf EC, and 


d T{® 
dx ~ 


<M >) 1/n?. 
1 


io.) 


But it is a well-known result of D. J. Newman that Hi is not complemented 
in Z,. (See K. Hoffman, Banach Spaces of Analytic Functions.) 


II. Note by Joseph L. Ercolano, I.B.M., Yorktown Heights, N. Y. The ques- 
tion was originally posed by Banach in his classic work, Théorie des Opérations 
Linéarires, for spaces L? and /?, 1<p2. It has been answered in the negative 
by several writers who have constructed subspaces of /? which are not topologi- 
cally complementable. References follow. 


1. F. J. Murray, On complementary manifolds and projections in spaces Ly, and ly, Trans. 
Amer. Math. Soc., 41 (1937) 138-152. 

2. A, Sobczyk, Projections in Minkowski and Banach spaces, Duke Math. J., 8 (1941) 78-106. 

3. , Projections of the space (7) on its subspace (co), Bull. Amer. Math. Soc., 47 (1941) 
938-947. 

4. H. Komatuzaki, Sur les projections dans certains espaces du type (B), Proc. Imp. Acad. 
Tokyo, 16 (1940) 274-279. 

5. , Une remarque sur les projections dans certains espaces du type (B), Proc. Imp. 
Acad. Tokyo, 17 (1941) 238-240. 

6. R. S. Phillips, On linear transformations, Trans. Amer. Math. Soc., 48 (1940) 516-541. 


Also solved by the proposer. 


Mean Value Theorems in EF, 
5303 [1965, 674]. Proposed by H. S. Shapiro, University of Michigan 


Let p be a finite measure on the Borel sets of E, (Euclidean k-space) such that 
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p(F,) =1, and which is rotation-invariant: p(Z) =p(TE) for every Borel set £ 
and every orthogonal transformation T. Show that, if w(x) is harmonic in F; and 
{|u| |dp| <0, then u(0) = fu(x)dp. 


Solution by L. J. Wallen, Stevens Institute of Technology. Let G be a compact 
group acting continuously and transitively on the compact Hausdorff space X 
and let dg denote the (normalized) Haar measure on X. Then it follows im- 
mediately from the Riesz theorem that there is a unique regular Borel measure 
on X satisfying 


[renae= [fou sex 


and p is invariant under G. In case G=O(n), the rotation group in £,, and 
X =rS,-1, the sphere of radius 7 about 0, then »=4,, the ordinary normalized 
Euclidean measure on 7S,—1. 

Now let a= fudp. Then, since p is invariant, a= fz,u(RE)dp(é) and 


“~ Foro J wRedecoar 7 Ji. J at RDARIO® 


- { f u(n) die) (n)dp() = u(0) 
E, VY \|&8 


nal 
by the usual mean value theorem for harmonic functions. 


Also solved by the proposer. 


Self Generating Runs 


5304 [1965, 674]. Proposed by William Kolakoski, Carnegie Institute of 
Technology 


Describe a simple rule for constructing the sequence 
12211212212211211221211212211211212212211 ---. 
What is the mth term? Is the sequence periodic? 


Solution by Necdet Ucoluk, Clarkson College of Technology. Let {Xn} be a 
sequence not eventually constant. One can consider a sequence of blocks over 
{xn} by grouping all consecutive equal numbers in the same blocks. The lengths 
of these blocks will give a sequence {#%,} associated with {x,}. The given 
sequence {an} can be defined as follows: a1=1, a,=1 or 2, and {an} ={én}, for 
allw=1,2,---+.So {an} is constructed uniquely. Indeed, a1=1, so d,=1, hence 
the first block of { an} is of length only 1, therefore a21, so a2=2. Since 
@,=d2=2, the second block in {a,} will consist of two 2’s, so a and then ds 
equals 2. Since the third block in {a,} must start with 1, it will consist of two 
1’s, because é;=2. Therefore a,=as=1. Continuing in this fashion, {a,} is 
constructed recursively. If {s,} is the sequence of partial sums of )J4,, then 
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On =4(3+(—1)”) with Sy1<255m, since consecutive blocks contain different 
numbers, odd-numbered blocks contain 1’s while the others consist of 2’s. 

{a,} cannot be periodic. If {a,} were a periodic sequence, say after n= 10, 
with the minimum period N, then {é@,} would be periodic after m) with the 
period N. The periodicity of {dn} would induce another period Ni> WN for {an} 
after a certain index m, (actually my) <1 <2). But N<Ni<2N, since {an} can 
have only blocks of length one or two, therefore a segment of {an} having NV 
elements produces a segment in {an} of length more than N but less than 2N. 
This contradicts the fact that N is the minimum period for {a,}. But Ni must 
also be a multiple of N, and the non-periodicity of {a,} now follows from this 
contradiction. 


Also solved by Walter Bluger, H. Brandt Corstius (Netherlands), Paul Cull, Jack Dix, R. F. 
Jackson, Norman Miller, Julius Nadas, C. E. Olson, C. B. A. Peck, J. R. Purdy, Donald Quiring, 
and Judith Richman. 

Nadas generalized the given problem by considering sequences as above but using r integers, 

Miller observed that the first 42 digits in the given sequence of 1’s and 2’s is obtained when 
each vowel is replaced by 1, each consonant by 2 in the following: 

Indian and Ethiopian, Syrian, Israeli, Arab, Persian. 
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Introductory Real Analysts. By M. E. Munroe. Addison-Wesley, Reading, Mass., 
1965. viii +198 pp. $8.50. 


Here is a carefully written introduction to real analysis which can be profit- 
ably used at the advanced undergraduate level. The book contains seven chap- 
ters entitled: 1. Logic; 2. Real Numbers; 3. Limits; 4. Series; 5. Metric Spaces; 
6. Uniformity; 7. Calculus. As one might guess by glancing at the chapter head- 
ings, such terms as “differentiable function” or “integral” are not considered 
until Chapter 7. The first six chapters bring the reader to the point where he 
can handle the concepts of calculus in a rigorous manner. 

The book is written with the student in mind. When a difficult concept or 
theorem is considered, the author takes time to show the student what is going 
on. For example, in Chapter 6 one finds, among other things, proofs of the 
Moore-Osgood Theorem and the Stone-Weierstrass Theorem. These proofs are 
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followed by short intuitive arguments which should help the student understand 
the idea behind the proof. 

The quantifiers VW and 3 are introduced in Chapter 1 and are used through- 
out the book. Munroe takes pains to make it clear from the beginning just how 
these quantifiers are used and, whenever appropriate, stresses the importance 
of writing the quantifiers in the proper order. A comment about the format is 
perhaps in order here. Some mathematicians find statements written in logical 
notation unpleasant to read. At the price of space, many statements of this type 
are broken into quantified components, each of which is displayed. This display 
is somewhat more pleasing to the eye. 

A word about Chapter 7. This chapter provides an introduction to differen- 
tial and integral calculus from the modern viewpoint. After a discussion of mani- 
folds, the author defines “differentials” in terms of functions on tangent bundles. 
He then proceeds to consider integrals, line integrals, multiple integrals and 
surface integrals, ending with a proof of Stokes’ Theorem. As the author dis- 
tinguishes between “advanced calculus” and “real analysis” and considers this 
book to be of the latter type, such topics as Fourier Series, Stieltjes integration 
and the like are not considered at all. 

Munroe takes the trouble to use logically correct notation for limits. Whether 
one finds this an advantage or disadvantage is probably more a matter of taste 
than anything else. (Some students might find his notation a bit confusing at 
first. To some extent, the author admits this when in the latter part of the book 
he frequently reverts to the more standard notation.) 

The sections end with a collection of exercises. These exercises contain many 
counterexamples and should be looked upon as an essential part of the book. 

ANDREW BRUCKNER, University of California, Santa Barbara 


Functions of Several Variables. By Wendell H. Fleming. Addison-Wesley, Read- 
ing, Mass., 1965. 337 pp. $9.75. 


This book is a clear and concise treatment of the usual material in an ad- 
vanced calculus course with a strong emphasis on presenting definitions and 
proofs in a coordinate-free manner. Noteworthy for what is intended to be an 
undergraduate course are the following: distinction is maintained between an 
n-dimensional euclidean space and its dual; the exterior algebra and the calculus 
of exterior differential forms are used; a fairly complete treatment for the 
Lebesgue integral (including convergence theorems and the L? spaces); and 
manifolds are presented early. The book concludes with an extensive discussion 
of integration of forms on manifolds, presenting such material in the manner 
of modern differential geometry. The book omits none of the usual advanced 
calculus material, such as the implicit function theorem, extrema, Jacobians, 
etc. Prerequisites include linear algebra and some elementary topology of 
euclidean 2-space; most of this is included in the appendices. The exercises are 
numerous and suitable for undergraduates. 

R. T. Harris, Duke University 
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Languages with Expressions of Infinite Length. By Carol R. Karp. Studies in Logic 
and the Foundations of Mathematics. North Holland Publishing Co., 
Amsterdam, 1964. xix+183 pp. $6.75. 


This is a research monograph that gives for the first time a connected and 
detailed report on some of the important work done by the author, Tarski, 
Hanf and Scott on logics for languages with infinitely long expressions. Such 
languages arise in a natural way by extending the language of first-order logic 
in order to be able to express such notions as archimedean order, torsion, well- 
order, well-foundedness and the like. Among the central problems that arise 
from such extensions are the following: (a) to give a satisfactory mathematical 
framework in which to develop the syntax of systems of infinitely long expres- 
sions (including in particular a treatment of the notion of substitution into such 
formulas); (b) to define formal deductive systems for such languages which 
allow, ideally, to deduce all valid sentences of the language; (c) to investigate 
whether and how the major results of finitary logic can be generalized. 

The main results in this work are centered around these questions. In par- 
ticular, a rather complete picture is given for question (b) both for infinitary 
propositional and predicate logics for an extensive class of such languages. Also 
the cross connections to Boolean Algebra which were so illuminating in the 
finitary case are made and again are found quite fruitful. 

The style of writing is concise but lucid and should make the book readily 
accessible to a student moderately versed in mathematical logic and modern 
algebra. Two preliminary sections (on set theory and Boolean Algebra) make 
an excellent frame of reference. 

ERWIN ENGELER, University of Minnesota 


Lectures on Elliptic Boundary Value Problems. By Shmuel Agmon. Van Nos- 
trand, Princeton, N. J., 1965. 291 pp. $3.95. 


The first part (Secs. 1-9) deals with the existence of solutions to the Dirichlet 
problem for an elliptic equation of any order, and with differentiability proper- 
ties of the solutions of elliptic equations. These two different topics are dealt 
with by the same tools of 4 priori estimates, weak derivatives, etc. After giving 
(Secs. 10-12) some results on general coerciveness and some special boundary 
conditions (other than the Dirichlet conditions), the author proceeds (Secs. 
13-16) to solve eigenvalue problems in a setting which is applicable to general 
boundary conditions, both for self-adjoint and non-self-adjoint elliptic oper- 
ators. The asymptotic behavior of the eigenvalues and expansion theorems are 
derived. This treatment of the eigenvalue problem is an original contribution 
of the author. 

Prerequisite: Real and complex variables, and Hilbert space. To be well 
motivated, the reader should be familiar with second order elliptic equations. 

A. FrrepMAN, Northwestern University 
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Monte Carlo Methods. By J. M. Hammersley and D. C. Handscomb. (A Meth- 
uen Monograph.) Wiley, New York, 1964. 178 pp. $4.75. 


This monograph maintains the excellent standards of the Methuen Mono- 
graph series, being written by two of the most successful users and developers 
of the Monte Carlo technique. After a brief introductory chapter and a rapid 
survey of some probability and statistical theory, the authors turn to a detailed 
discussion of random number generators and quasirandom sequences. A short 
and somewhat unsatisfying chapter on simulation follows; references are given 
to some fifty applications. (The bibliography contains in all about 300 items.) 
I feel the authors could have placed more emphasis on the possibility of experi- 
mentation in simulation studies, and on the statistical problems it raises. 

Two pivotal chapters describe the main variance-reducing techniques; sev- 
eral other devices are mentioned in later chapters. The efficiencies of the main 
“swindles” are compared numerically in the case of a simple one-dimensional 
integral; it is a pity the same treatment was not afforded a less trivial problem. 

In the second half of the book various applications are described in detail. 
These expositions are uniformly excellent. Not the least valuable aspect of the 
book is its documentation of the authors’ comment that “Monte Carlo methods 
constitute a fascinating, exacting, and often indispensable craft... .” Emphasis 
on the last word, please. 

C. L. Mattows, Bell Telephone Laboratories 


The Fourter Transform and us Applications. By Ron Bracewell. McGraw-Hill, 
New York, 1965. 381 pp. $11.75. 


As the author points out, this is not a text for a mathematics course on the 
Fourier integral; it is designed for a course given to electrical engineers at the 
first year graduate level. The terms function and waveform are used inter- 
changeably, as are the terms Fourier transform and spectrum; few theorems are 
proved and other important theorems are discussed but not carefully stated 
even for special cases (the Fourier inversion theorem, the central limit theorem). 
Many interesting applications of Fourier transforms to electrical engineering 
problems are given. 

The first five chapters are devoted to background material needed for the 
study of Fourier transforms. Convolution is discussed at length and its im- 
portance is properly emphasized throughout the text; Lighthill’s development 
of generalized functions is outlined and waveforms are then taken to be gen- 
eralized functions in this sense. 

In Chapter 6 the basic theorems for operations with Fourier transforms are 
given; Plancherel’s theorem is called Rayleigh’s theorem, and Parseval’s theo- 
rem is called the Power theorem. Chapter 7 and Chapter 8 give some interesting 
examples of using transforms. Chapter 11 discusses the Laplace transform and 
some of its applications; in Chapter 12 a special case of the Hankel transform 
(v=0), the Mellin transform, the z transform, the Abel transform, and the 
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Hilbert transform are defined. The remaining chapters are given to applications. 
The chapter titles are: 9. Electrical waveforms, spectra, and filters; 10. Sampling 
and series; 13. Antennae; 14. Television image formation; 15. Convolution in 
statistics; 16. Noise waveforms; 17. Heat conduction and diffusion. Chapters 18 
and 19 are tables. 

The text is written in a readable style and the typography is excellent. The 
author states in the introduction that the book started out to be a pictorial 
dictionary of Fourier transforms. This book must obviously be compared to 
Zemanian’s Distribution Theory and Transform Analysis, McGraw-Hill, 1965. 
Zemanian’s book is mathematically well founded and the engineering applications 
can be understood by any senior mathematics student. Bracewell’s book shows 
no interest in the mathematics per se but is very effective in his viewpoints and 
in his applications. To understand the applications a student needs to know 
some antenna theory. For the type of course for which this book is designed it 
should and probably will become a standard text. Mathematically it should be 
supplemented by something like Distributions, Complex Variables, and Fourter 
Transform, Hans Bremermann, Addison-Wesley, 1965. 

T. K. BoEHME, University of California, Santa Barbara 


Introduction to p-adic Numbers and Valuation Theory. By George Bachman. 
Academic Press, New York, 1964. 173 pp. $3.45 (paper), $6.50 (cloth). 


The first two chapters of this book are a leisurely introduction to rank one 
valuation theory and are written for a reader with a minimum of prerequisites. 
Special attention is paid to the p-adic field Q,; and p-adic analysis, the structure 
of Q,, and the roots of polynomials over Q, are discussed. 

The remaining three chapters go more deeply into the subject and thus re- 
quire more sophistication on the part of the reader, but a course in algebra 
through Galois theory should suffice. The pace is still leisurely and many exam- 
ples and exercises are given to illustrate what is proved. In Chapter III the con- 
cepts of place, valuation, and valuation ring are introduced and tied together; 
a proof of the place extension theorem is given; and an application to the con- 
cept of integral closure is presented. In Chapter IV the author digresses to the 
theory of normed linear spaces in order to prove the Gel’fand-Tornheim theorem 
(a little spectral theory is given). In Chapter V he proves the standard results 
concerning the existence and number of extensions of a given valuation. Finally, 
an appendix is given outlining the results that are needed from algebra. 

Throughout this book one senses the influence of E. Artin both in the style 
and in the presentation. In fact, the author mentions that he based a large part 
of Chapter III on some notes of Artin’s. On the whole the book makes very nice 
reading, but there is an occasional tendency on the part of the author to intro- 
duce unnecessary words and concepts; e.g., he proves the Hahn-Banach theo- 
rem for sublinear functionals instead of norms, in a book on valuation theory. 
Also, on occasion, the statement of a result or a proof could be handled both 
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more conceptually and more elegantly. Both these faults are only minor intru- 
sions in the book. 

The scope of the book is limited (the author does not even mention the con- 
nection between the valuations of a number field and the ideal structure of its 
ring of integers), but the book should prove to be a useful addition to the liter- 
ature on the subject. It gathers together various topics in valuation theory not 
easily accessible on an elementary level and offers a fine introduction to the 
subject. 

W. W. Apams, University of California, Berkeley 


Mathematical articles in the Encyclopaedia Britannica, Chicago, 1965. 


Here is a counterexample to the bromides that encyclopaedias contain noth- 
ing of interest to mathematicians and that the eleventh edition of the Britannica 
in 1910 was the last good one. Among some 400 quarto pages devoted to mathe- 
matics (including about 100 substantial articles, over 100 biographies, and many 
shorter entries) any mathematician is likely to find some that interest him, and 
the current edition reflects contemporary mathematical thinking far better than 
the eleventh. For this happy state of affairs congratulations are due the present 
mathematical editor, Eldon Dyer, and his predecessors Irving Segal and Edwin 
Spanier, who managed over a period of years to secure an impressive number of 
high quality expositions. Among these we single out the following for combining 
up-to-date information with insights and historical perspective. 

Algebra (A. P. Mattuck); Algebra, History of (O. Ore); Algebraic Geometry 
(W. Hodge); Algebras, Linear (D. Zelinsky); Analysis (S. Bochner); Analysis, 
Abstract (G. W. Mackey); Calculus of Variations (C. B. Morrey); Fourier 
Series (A. Zygmund); Functions, Analytic (E. Hille); Geometry (H. Freuden- 
thal); Groups, Transformation (L. Zippin); Integration and Measure (M. 
Loéve); Lattice Theory (G. Birkhoff); Logic, History of Modern Logic (A. 
Church); Mathematics, Foundations of (S. C. Kleene); Operators, Theory of 
(R. V. Kadison); Tensor Algebra (I. M. Singer); Topology, Algebraic (W. S. 
Massey); Topology, General (R. L. Wilder). 

The list could be more than doubled without significantly decreasing either 
the distinction of the authors or the quality of the exposition. The major articles 
include several high level technical surveys such as Differential Geometry (S. S. 
Chern) and Manifolds (P. A. Smith). Generally elementary mathematics fares 
less well, topics being treated in a rather pedestrian and sometimes old-fashioned 
way. Besides major articles there are some fine briefer pieces such as Binomial 
Theorem (L. Carlitz), Metatheory (J. C. Kemeny), and many on logic by 
A. Church. Most of the short articles, however, especially those on geometry, 
might better have been incorporated into bigger ones. The biographies are well 
done (Ore being the biggest contributor), but mathematicians get too little 
space compared with minor literary, political, and religious figures. 

In such an enormous work, which has been subject to “continuous” (annual) 
revision since 1936, uneven execution is to be expected. The article “Mathe- 
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matics, Articles on” is a good idea, but out of date. Indexing and cross-referenc- 
ing are inadequate. For example, “cobordism” appears in two articles but not 
in the index. There are overlaps and inconsistencies. For example, in his article 
on Analysis Bochner indicates the importance in topology of the Kronecker 
integral, but articles on topology do not mention it. No doubt specialists can 
find faults in articles in their fields, and the non-specialist may notice such 
weaknesses as the semantic confusions in Binary Numbers and the failure to 
deal separately with heuristic, graph theory, linear programing, and probability. 
But one may expect continued annual additions and improvements. 

The Britannica deserves a place in mathematical literature. By suggesting 
appropriate articles, the teacher can put his students in direct communication 
with leading mathematicians and perhaps give them some notion of the living 
mathematics that is often so poorly reflected in our arid texts. Graduate students 
would find the survey articles helpful for orientation or cramming. Mature 
mathematicians may find useful introductions to unfamiliar fields and interest- 
ing commentary on their specialties. 

KENNETH O. May, University of California and Carleton College 


Methods of Real Analysis. By R. R. Goldberg. Blaisdell Publishing Company, 
Waltham, Mass. 1964. 353 pp. $9.00. 


One of the problems in the undergraduate curriculum in many schools has 
to do with a suitable transition from elementary calculus to a solid course in 
real variables. If this problem has been intensified in the past by a lack of ap- 
propriate textbooks, the situation has now changed. The material in this book 
is quite simple at the beginning but still sufficiently advanced in the latter 
chapters to be an excellent transition from elementary calculus to a course in 
real variables. It contains many of the usual topics of an advanced calculus 
course, but the treatment is up-to-date throughout. New topics, definitions, and 
theorems are well motivated before being precisely stated. There is a wealth of 
well graded exercises as well as illustrative examples. The author writes in a 
refreshing style. At times it is almost conversational. It should be easy for 
students to read and to want to read. 

The selection of material and organization has been given a lot of thought. 
Chapter 1 begins very simply with the elementary notions of sets and functions, 
some properties of the real numbers, and the least upper bound axiom. Chapters 
2 and 3 contain a thorough but elementary treatment of sequences including 
summability of sequences, and the usual material on infinite series. Summation 
by parts, some material on real numbers, and decimal expansions are topics 
covered in Chapter 3. 

In Chapter 4 the concept of limits and metric spaces are introduced. Chapter 
5 is a study of continuous functions on metric spaces and Chapter 6 deals with 
connectedness, compactness, and completeness. The Baire category theorem is 
included. In these chapters a thorough study is made of limits and continuity, 
and the fundamental ideas for many topics in the rest of the book are presented. 
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Chapter 7 begins with an excellent treatment of the Riemann integral fol- 
lowed by the theory of derivatives, and as one would expect, the fundamental 
theorems of calculus that link together the concepts of the integral and the 
derivative. The final topic in this chapter is that of improper integrals. The ele- 
mentary functions are treated in Chapter 8. They are all defined by integrals 
and their equivalence to these functions obtained by the more common defini- 
tions is established. The usual material on Taylor and Maclaurin series and 
L’Hospital’s rule is also in Chapter 8. The next chapter covers the notions of 
sequences of functions, uniform convergence, and Abel summability. 

In Chapter 10 the metric space C[a, b] of continuous functions on a closed 
bounded interval is defined and the following theorems about this metric space 
are proved: (1) The space Cla, b| is complete; (2) The Weierstrass approxima- 
tion theorem; (3) The Picard existence theorem for differential equations; (4) 
Arzela’s theorem. 

In Chapter 11 a careful but readable theory of measure and the Lebesgue 
integral is developed. The metric space L?[a, b] is defined and it is proved that 
the set of continuous functions on [a, b] is dense in L?[a, b|. The Riesz-Fischer 
theorem is proved, and Lebesgue integrals on (— ©, ©) and in the plane are 
treated briefly. 

Chapter 12 contains a brief development of the elements of Fourier series 
including the L? theory of Fourier series and orthonormal expansions in L?[a, b]. 

The author of this book has attempted to write an introductory text on the 
theory of functions of real variables for a course that will replace the traditional 
course in advanced calculus. This goal has been accomplished. Some who are 
inspecting the book with the intention of possibly adopting it for their courses 
might criticize the fact that there is no multi-dimensional calculus included, but 
a thorough knowledge of the material that is included will prepare a student 
well for advanced courses in analysis. 

RALPH L. SHIVELY, 
Oak Ridge National Laboratory, and Lake Forest College 


Oeuvres de Camille Jordan, 4 vols. 1961-1964. Tome I, 498 pp., 1961; II, 556 
pp., 1961; ITI, 554 pp., 1962; IV, 610 pp., 1964. Gauthier-Villars et Cie, 
Paris. 


After groping developments in the theory of groups by Ruffin, Lagrange, 
Cauchy and others, Abel and particularly Galois clarified the basic importance 
of group theory in the problem of solving algebraic equations by means of ex- 
pressions involving a finite number of rational operations and extraction of 
radicals performed on the coefficients of the equation. After Abel’s proof of the 
impossibility of solving algebraically the general irreducible equation of any 
prime degree =5, further progress was blocked by lack of knowledge of the 
structure of groups connected by Galois’s research with the general irreducible 
equation of any given degree n. 
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Present-day mathematicians, excepting the French, may easily think of 
Camille Jordan (1838-1922) essentially in connection with his important work 
in this direction. For this there would be considerable justification since in the 
Oeuvres, the first two of the four large volumes are devoted to these topics. The 
remaining two volumes contain in over 1000 pages, hisimportant contributions 
to many branches of mathematics (Jordan curve, J. integral, J. content, etc.). 

His famous 7raité des Substitutions, which has been available in many edi- 
tions and translations, and which was indispensable for algebraists through the 
last third of the 19th century, and his well-known Cours d’ Analyse are not in- 
cluded in the Oeuvres which contain, in about 130 articles, all the other mathe- 
matical work of Jordan, written between 1861 and 1922. 

The outstanding importance of Jordan’s work in algebra and the theory of 
groups is characterized by eulogies by Gaston Julia, Jean Dieudonné, Em. 
Picard and Henri Lebesgue, short passages from which are translated below. 

Julia, vol. I, Preface: “It is well known that, after Galois, Jordan was the 
first and for a long time almost the only one to add basic new results to those 
bequeathed us by Galois... . For a long period Jordan worked in what amounted 
to practically complete isolation. Rare indeed were those able to appreciate the 
true value of his work. Today his articles seem more actual than when they 
were composed; we see them in their true light and in their fundamental scope, 
and Jordan now appears to us, together with Galois and Sophus Lie, as one of 
the three great creators of general group-theory.” It should be remembered 
that these words were written a few years after the end of the first world war, 
and an objective appreciation of German mathematicians can hardly be ex- 
pected. This prejudicial attitude shows clearly in some other places of the vari- 
ous orations included in the Oeuvres. It may be mentioned that Jordan lost in 
battle in the years 1914-16 three sons and his eldest grandson. 

Dieudonné, vol. I, p. XVII: “At the time Jordan commenced publishing 
(from 1861 on, to 1922) group theory was still in its infancy; indeed, it only 
acquired the status of an autonomous discipline with the publication of the 
Traité des Substitutions in 1870.” 

Lebesgue, vol. IV, p. XX: “In his determination of groups of motions which 
were applied immediately by students of crystallography, we find... . the first 
study of a group of transformations. Here he also introduces the basic notion 
of the fundamental region of a group.” 

Picard, vol. IV, p. VIII: “However, it is chiefly in the theory of substitutions 
and algebraic equations that Jordan has left his deepest imprint. In his Trazté 
des Substitutions he has made a profound study of the ideas of Galois, adding 
fundamental results on primitive groups, transitive groups and composite 
groups, leading in particular to the composition-factors of a group. These 
studies permitted Jordan to solve the problem, proposed by Abel, of determining 
the equations of a given degree which are solvable by radicals (in the classical 
sense), and of recognizing whether a given equation does or does not belong 
to this class.” 
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For over-all orientation in the four volumes one may suggest the following: 

vol. I: Julia, Préface, pp. V-VII. 
Dieudonné, pp. XVII-XLII, Notes relatives a la théorie des groupes finis. 
vol. III: Dieudonné, pp. V-XX, Notes relatives a l’algébre linéaire et multi- 
linéaire et & la théorie des nombres. 
vol. IV: Julia, Préface, pp. V-VI. 
Lebesgue, Notice sur la vie et les travaux de Camille Jordan, X-~X XIX 
(particularly XIX-XXVI). 
C. Jordan, Notice sur les travaux de M. Camille Jordan (1881). Rédigé 
par M. C. Jordan a l’apput de sa candidature al’ Académie des Sciences. 
pp. 553-581. 

Here Jordan gives his own analysis of his mathematical work up to the time 
ot his admission to the Académie in 1881 (age 43), and outlines what amounts to 
his life’s work in mathematics. At the Mathematical Congress after the first 
world war at Strasbourg in 1920 (not counted as International Congress because 
mathematicians from enemy countries were excluded), Jordan was by acclama- 
tion elected Honorary President. 

The mathematical articles in the “Oeuvres” are “reproductions photoméca- 
niques” of the original papers. 

Edited by Gaston Julia, Jean Dieudonné and René Garnier, these important 
volumes represent a debt of honor paid to an outstanding mathematician and a 
great man. 

A. J. Kempner, Boulder, Colorado 


Theory of Functions as Applied to Engineering Problems. Edited by R. Rothe, 
F, Ollendorff and K. Pohlhausen. Dover, New York, 1961. 189 pp. $1.35 
(paper). 

This work was first published in Germany in 1931 by Julius Springer, Berlin, 
under the title, Functionentheorie und ihre Anwendung in der Technik. This new 
Dover edition is an unabridged and corrected republication of the English trans- 
lation published by the Massachusetts Institute of Technology in 1933. The 
book is based on a series of lectures delivered at the Berlin Institute of Tech- 
nology, in its Winter Session of 1929-1930. The purpose of these lectures was to 
acquaint a group of electrical engineers with the fundamentals of the theory of 
functions and with some of the technical applications of the theory. 

The first part of the volume consists of eight introductory lectures by Dr. 
Rothe. The second part consists of five lectures delivered by five eminent theo- 
retical engineers. The mathematical introduction is a model of brevity and clar- 
ity. Starting with the fundamental definitions and concepts of complex quan- 
tities, Dr. Rothe develops the concepts of the line integral, integration in the 
complex plane, Laurent series, residue theorems, the use of function theory in 
the solution of linear differential equations with constant coefficients, and con- 
formal transformations including the Schwarz transformation. 
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The second part of the book is devoted to applications of the general theory 
of functions to problems of primary interest to electrical engineers such as the 
construction of two-dimensional electric or magnetic fields by means of source- 
line potentials, the determination of the electric field at the edge of a plane 
capacitor, the determination of the magnetic field of a slot, the solution of elec- 
trical and thermal transient problems, the spreading of electro-magnetic waves 
along the earth, and the solution of two-dimensional flow problems involving 
ideal incompressible fluids. 

In the opinion of the reviewer, this book is still one of the best short accounts 
of the theory of functions and its application to two-dimensional field problems 
despite the fact that it was first published in 1931. With minor changes in nota- 
tion, the section on transient problems can easily be translated into the modern 
Laplace transform language and it gives the student several clear examples of the 
computation of inverse Laplace transforms by the use of contour integrals in- 
volving branch-points and branch-cuts. 

L. A. Prpges, U.C.L.A. 


Basic Concepts of Geometry. By Walter Prenowitz and Meyer Jordan. Blaisdell, 
Waltham, Mass. 1965. 373 pp. $7.50. 


The main objective here is to present various geometrical systems, to show 
their interrelations, to characterize them according to their respective postulate 
systems, and, finally, to offer a treatment of Euclidean geometry which meets 
current standards of rigor. This objective is neatly and effectively accomplished 
through the basic unifying concept of Incidence Geometry, because each of the 
well-known geometries (except spherical geometry) is an incidence geometry 
which is further characterized by some additional postulates concerning parallel- 
ism, order, congruence, continuity. Following the introduction of six incidence 
postulates, about twenty-five models of the theory of incidence are exhibited. 
Among these are both finite and infinite models, models to satisfy the parallel 
postulates of Euclidean, Lobachevskian, and Riemannian geometries, projective 
and affine geometries, and algebraic models. 

Part I is designed as preparation to make the reader aware of the necessity 
to bridge the gap between the classical and modern treatments of Euclidean 
geometry. Part II contains the abstract development. Although the treatment of 
the geometry is formal, the entertaining lively style with which the logical prin- 
ciples are discussed adds much in the way of pedagogical advantage. The exer- 
cises are ample and carefully selected. This stimulating book should be re- 
quired reading for all teachers of geometry. The authors do an excellent job of 
making Euclidean geometry respectable, although they do not propose their 
approach for use in the high school. It is one thing to prepare the teacher prop- 
erly for teaching geometry, and quite another to select the appropriate subject 
matter and standard of rigor for a given level of students. 

C. E. SPRINGER, University of Oklahoma 
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Functions of a Complex Variable and Some of their Applications. By B. A. Fuchs 
and B. V. Shabat. Pergamon Press, New York, 1964. xvi+431 pp. $10.00. 


This is a revised and expanded version of an English translation of the 1959 
second edition in Russian. The book is written for Science and Engineering stu- 
dents whose background in vector and real analysis includes such material as 
line integrals, Green’s Theorem and advanced calculus material on real series. 
There is a short introduction to complex numbers. The approach to complex 
analysis is through mappings, multiple valued functions and Riemann surfaces, 
and conformal mapping appears as early as the second chapter. 

The use of examples and references is basic to the author’s style of presenta- 
tion of the theoretical subjects. In most cases he gives the basic theorems, mathe- 
matical examples, references to more extensive coverage and closes with non- 
trivial applications. Simple or straight forward proofs are given and the more 
complicated proofs are outlined with references for the complete proof: e.g. 
for Cauchy’s Theorem, the partial derivatives are assumed continuous. The 
extensive theoretical work is in series and analytic continuation with a good 
discussion of natural boundaries, singular points and the point at infinity. A 
lengthy chapter on the theory of residues includes brief discussions of Mittag 
Leffler’s theorem and infinite products. 

At least one half of the book is given to good examples and applications to 
science and engineering problems. An entire chapter is devoted to stationary 
plane vector fields and potential theory and most of another to examples of con- 
formal mapping. The chapter on mapping of polygonal domains consists pri- 
marily of applications of the reflection principle and the Schwarz-Christoffel 
integral. There are also brief discussions of Dirichlet’s problem, elliptic integrals 
and elliptic functions and the Laplace transform. The inclusion of references 
for further study, an index, problems, and a complete set of answers make this 
a good text for the appropriate student. 

A. H. Cayrorp, University of British Columbia 


Elements of Mathematical Logic. By P. S. Novikov. Translated from the Russian 
by Leo F. Boron. Preface and notes by R. L. Goodstein. Addison-Wesley, 
Reading, Mass., and Oliver and Boyd, London, 1964. xi+296 pp. $7.95. 


According to the author’s foreword, this book is designed as a: text which 
will be less concise than Hilbert and Ackermann’s Principles and more ele- 
mentary than Kleene’s Metamathematics. The first five chapters succeed very 
well in fulfilling this goal. Standard material in the propositional calculus and 
in the first order predicate calculus is covered, and proofs are given clearly and 
in detail. 

In Chapter I the propositional calculus is introduced using truth tables. 
This is followed by its axiomatization in Chapter II; this chapter includes an 
interesting section on the independence of the eleven axioms. In Chapter III 
first order predicate logic is introduced via informal set theoretic interpretations. 
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The decidability of predicate logics containing only predicates of one variable 
is demonstrated, and the chapter ends with a proof of the Lowenheim Theorem 
using Skolem functions. The predicate calculus is axiomatized in Chapter IV, 
and Skolem normal forms and Maltsev’s Compactness Theorem (for countable 
sets of formulae) are used in the proof of Gédel’s Completeness Theorem. In 
Chapter V axioms for formal arithmetic are given. The notion of a recursive 
term in formal arithmetic is introduced and used to define primitive recursive 
functions. General recursive functions are defined, but no theorems about them 
are given, nor are partial recursive functions mentioned. 

Chapter VI gives an interesting new finitary proof of the consistency of 
formal arithmetic without the axiom schema of induction and also, using the 
same methods, a proof that thereis noconsistent finitely axiomatizable extension 
of this restricted arithmetic in which the schema of induction is provable. Stu- 
dents will probably find this final chapter considerably more difficult than most 
of the earlier material. An introduction of twenty pages, largely concerned with 
a description of finitary methods and their role in foundations, is perhaps best 
read in conjunction with this chapter. 

In spite of the book’s general clarity, there are occasional lapses. For exam- 
ple, on page 114 the unsolvability of the full predicate calculus is linked with the 
Fermat problem in a puzzling fashion, and on page 220, in a discussion of prim- 
itive recursive functions, it appears that members of the range are chosen arbi- 
trarily when in fact the results of the preceding section are to be utilized. 

Other than an occasional proof left as an exercise, there are no problems, nor 
is there a bibliography. 

This book should be a good text for courses designed to give students 
a good technical background for more advanced studies in logic. With the ex- 
ception of arithmetic, however, no attempt is made to show connections be- 
tween logic and other branches of mathematics. Because of this, many persons 
will prefer a text with greater emphasis on applications to other areas of mathe- 
matics, but even these people will find this book an excellent reference for mate- 
rial either omitted from or treated briefly in other books or in class. 

PAUL YounG, Purdue University 


Integral Equations and Partial Differential Equations. By V. I. Smirnov, Addi- 
son-Wesley, Reading, Mass., 1964. 811 pages, $17.50. 


This book, Volume Four of a course of Higher Mathematics, was trans- 
lated from the Russian by D. E. Brown and edited by Prof. I. N. Sneddon of 
the University of Glasgow. The subject matter of this volume is the basic theory 
of classical mathematical physics. 

Chapter 1, entitled Integral Equations, is devoted to the study of orthogonal 
systems of functions and the general theory of Fredholm equations. It contains 
almost two hundred pages and covers the subject matter well, including the 
classical theorems and various classes of kernels. 

Chapter 2, entitled The Calculus of Variations, is the shortest of the four 
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chapters, covering the subject matter in approximately one hundred pages and 
containing quite a few examples and applications. 

Chapter 3, entitled Fundamental Theory of Partial Differential Equations, 
is divided into three parts. The first part contains the theory of equations of 
first order, both linear and non-linear, and the associated theory of character- 
istics, and includes the Cauchy-Kowalewski theorem. The second part is con- 
cerned with the fundamentals of second order linear equations. The third part 
deals briefly with systems of quasi-linear first order equations and second order 
systems, with several examples originating from physics. 

Chapter 4, entitled Boundary Value Problems, is the largest of the chapters 
and is divided into three parts. The first part deals with boundary value prob- 
lems for ordinary differential equations with the accompanying theory of the 
Green’s function and eigenvalue theory. The second part deals with elliptic 
equations and the related Dirichlet and von Neumann Problems, with emphasis 
on the Laplace equation. The third part deals with hyperbolic and parabolic 
equations. 

It is difficult to describe in a limited space the vast amount of material 
covered in this excellent text. The author goes to great lengths in trying to 
motivate the reader. The theorems are nicely stated and the proofs are done 
very clearly. Furthermore, the author supplies quite a bit of background and 
his examples are well chosen and clearly done. 

The organization of the volume is a weak point. The author often refers to 
material in his previous volumes to start his development rather than giving 
general bibliographical references. This presupposes possession of the previous 
volumes. No organized bibliography is given, and the index is incomplete. 

MurRAY WACHMAN, General Electric Co. 


Equations of the Mixed Type. By A. V. Bitsadze. Translated by P. Zador. Trans- 
lation edited by I. N. Sneddon. Pergamon Press, New York, 1964. xi11-+160 


pp. $8.50. 


Partial differential equations are classified into various types according to 
the values of the coefficients. The problems which are appropriate and the gen- 
eral behavior of the solutions depend upon the type. When the equation belongs 
to different types in different parts of the domain, the equation is of mixed type. 
The first fundamental studies of equations of mixed type were made by Fran- 
cesco Tricomi in 1923. It has become an increasingly active area of research, 
especially in the last twenty years. 

The book is a translation from the Russian original of 1959. It is a self con- 
tained study, for various mixed equations, of questions such as existence, unique- 
ness, and construction of solutions. Conditions on the coefficients and boundary 
curves which would be sufficient for the correctness of particular problems asso- 
ciated with an equation are also studied. A helpful feature is the discussion of 
generalizations and open questions at the end of each chapter. 
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After a discussion of canonical forms in the first chapter, the next four chap- 
ters study specific equations and problems. Chapter II takes up second order 
hyperbolic equations with initial data given along the lines of parabolicity. 
Chapter III considers elliptic equations with a boundary curve of parabolic 
degeneracy. Chapters IV and V are on the Tricomi problem and other mixed 
problems. 

The references to the bibliography are very helpful. There is also a short 
index. 

A. M. Wuite, Harvey Mudd College 


Définition des Fonctions Eulériennes par des Equations Fonctionnelles. By Jean 
Anastassiadis. Gauthier-Villars, Paris, 1964. 78 pp. 16 F. 


This book inevitably invites comparison with Artin’s well-known mono- 
graph on the Gamma-function; unfortunately, while containing a good deal of 
information, it is neither as smoothly written nor as well motivated as Artin’s 
book. Examples: (1/2) =+/z is used before it is proved. The function p(x) 
=log I(x) —(«—1/2) log x+x—1/2 log 27 is introduced without any motiva- 
tion and at a time when the 1/2 log 27 particularly seems a whim of the author. 
After a detailed proof that Euler’s constant C=limy..( > zen 1/k—log 1) exists, 
a nonobvious integral expression for C is quoted from Whittaker and Watson 
for future use, but without any indication of proof. The author defines the 
Gamma-function by Gauss’ formula 

n\n? 
T(x) = lim ————_________ 
nro “(% + 1) se (~ + n) 
and convergence is proved; later he finds it necessary to introduce ad hoc and 
prove separately the existence of the Euler integral. (Starting with the Euler 
integral instead as definition, Gauss’ formula follows from Artin’s proof of the 
Bohr-Mollerup Theorem). 

The material which is novel as compared with Artin is primarily due to the 
author and generally consists in theorems and characterizations in which the 
Bohr-Mollerup condition “ F(x) is logarithmically convex for x2x)>0” is re- 
placed by the (non-equivalent) condition, “(e/x)*F(x) is nondecreasing for 
x 2x,>0” or a similar one. 

The first chapter, in addition to standard material on convex and logarith- 
mically convex functions, contains two tests for logarithmic convexity due to 
Montel, and the definitions and basic properties of semi-monotone and semi- 
convex functions. An appendix at the end of the book gives without proof some 
results of Krull on solutions of g(x-+1) —g(x) =(x). 

Despite the inelegancies of style, this monograph might well be read with 
profit as “enrichment” by an undergraduate who possessed the requisite knowl- 
edge of French. 

S. L. SEGAL, University of Rochester 


NEWS AND NOTICES 
EDITED BY RAouL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo (Unt- 
versity of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


The following mathematicians have been elected to membership in the National 
Academy of Sciences: Professor A. M. Gleason, Harvard University; Professor Irving 
Kaplansky, University of Chicago; and Dr. S. M. Ulam, Los Alamos Scientific Labora- 
tory. 

Professor Emeritus Richard Courant, New York University, has been named a 
member of the Academy of Sciences of the U.S.S.R. 

Professor Ralph Donnell, Union University, represented the Association at the 
inauguration of J. D. Alexander, Jr., as President of Southwestern at Memphis on 
May 3, 1966. 

Professor C. M. Lindsay, Coe College, represented the Association at the Dedication 
of the Science-Classroom Building, West Residence Hall, and Maintenance Center of 
Clarke College on March 19, 1966. 

Professor J. E. Maxfield, University of Florida, represented the Association at the 
inauguration of J. E. Champion as President of Florida State University on March 15, 
1966. 

Queen's University: Associate Professor A. H. Lightstone, Carleton College, has been 
appointed Associate Professor; Professor H. A. Still, Alfred University, has been ap- 
pointed Associate Professor; Dr. Norman Rice, California Institute of Technology, 
has been appointed Assistant Professor. 

Assistant Professor E. N. Howell, Wisconsin State University, River Falls, has been 
promoted to Associate Professor. 

Assistant Professor E. M. Hughes, Chadron State College, has been promoted to 
Associate Professor. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


MATHEMATICS IN BIOLOGY 


A task committee representing the Committee on the Undergraduate Program in 
Mathematics (CUPM) and the Committee on Undergraduate Education in the Biologi- 
cal Sciences (CUEBS) is engaged in an effort to collect examples of meaningful applica- 
tions of mathematics at all levels in the solution of biological problems. This effort is 
stimulated by the recognition that the coming years will see a striking increase in the 
quantity and quality of mathematics taught to and used by biologists. The immediate 
objective of this effort is to place before the scientific community a collection of examples 
which (1) will add meaning and motivation to mathematics courses attended by biolo- 
gists and (2) will be cross-referenced according to the field of biology involved for use 
in biology instruction. Among the long-range objectives is the stimulation of two-way 
research interchanges between mathematicians and biologists. 

Members of the mathematical community who are interested in being kept abreast 
of these developments are requested to write to the Committee on the Undergraduate 
Program in Mathematics, P. O. Box 1024, Berkeley, California 94701. Names of other 
persons who are interested in this information will be welcomed. 


697 


698 MATHEMATICAL ASSOCIATION OF AMERICA [June-July 


SUMMER DUES PAYMENTS 


In common with all other organizations charging dues on an annual basis, MAA is 
faced each year with a great overload of work at the end of the year when nearly all 
members try to pay dues simultaneously. 

It would help spread the work of the Buffalo office if some members would pay dues 
in advance. May we suggest, therefore, that some (but not all) plan to pay 1967 dues 
during the present summer. Member’s annual dues are still $6. Payments should be sent 
to: Mathematical Association of America, SUNY at Buffalo (University of Buffalo), 
Buffalo, N. Y. 14214. 


CALENDAR OF FUTURE MEETINGS 


Forty-seventh Summer Meeting, Rutgers, The State University, New Brunswick, 
New Jersey, August 29—September 1, 1966. 


Fiftieth Annual Meeting, Houston, Texas, January 26-28, 1967. 
The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS 

INDIANA 

Iowa 

KANSAS 

KENTUCKY 

LouIsIANA-MissIssippPl, Jung Hotel, New Or- 
leans, La., March 4-5, 1967. 

MARYLAND-DIsTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEw YorRK 

MICHIGAN 

MINNESOTA 

MISSOURI 

NEBRASKA, University of South Dakota, Ver- 
million, May 6, 1967. 

New Jersey, Rutgers, The State University, 
New Brunswick, November 12, 1966. 
NORTHEASTERN, Trinity College, Hartford, 

Conn., November 26, 1966. 


NoRTHERN CALIFORNIA, University of Cali- 
fornia, Davis, February 4, 1967. 

OHIO 

OKLAHOMA-ARKANSAS, Northeastern State Col- 
lege, Tahlequah, Okla., March/April, 1967. 

PaciFic NORTHWEST 

PHILADELPHIA, Villanova University, Villa- 
nova, Pa., November 19, 1966. 

Rocky MountvAIN 

SOUTHEASTERN, Florida Presbyterian College, 
St. Petersburg, March 31—April 1, 1967. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, San Diego, March 18, 1967. 

SOUTHWESTERN 

Texas, Austin College, Sherman, April 14-15, 
1967. 

Upper NEw YorRK STATE 

WISCONSIN 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Washington, D. C., 
December 26-31, 1966. 

AMERICAN MATHEMATICAL SOCIETY, Rutgers, 
The State University, New Brunswick, 
N. J., August 30-September 2, 1966. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 


TION, Michigan State University, June 
19-23, 1967. 


ASSOCIATION FOR CoMPUTING MACHINERY, 
Ambassador Hotel, Los Angeles, August 
30—September 1, 1966. 


CENTRAL ASSOCIATION OF SCIENCE AND MATH- 


EMATICS TEACHERS, Indianapolis, Novem- 
ber 24-26, 1966. 

INSTITUTE OF MATHEMATICAL STATISTICS, 
Rutgers, The State University, New 
Brunswick, N. J., August 30—September 2, 
1966. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Houston, Texas, January 28, 1967. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Jack Tar Hotel, Durham, N. C., October 
17-19, 1966. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, State University of New York, 
Stony Brook, September 12-14, 1966. 


HARMONIC ANALYSIS 
by 


Lynn H. Loomis 


Notes by Ethan Bolker from the 1965 MAA Cooperative Summer 


Seminar at Bowdoin College. About 400 pages. Paper cover. 


From the author's preface: ‘“The principal theme of these notes is 
the development of the heavy machinery required to manipulate the 


Fourier Transform. Secondary themes are the consistent applications of 


norms of increasing diversity and complexity and the gradual intro- 
duction of weak methods, starting with the pairings of the classical 
Banach spaces and culminating with the introduction of distributions. 
... The nominal aim of the lectures is to prove in a modern way a 


few theorems about linear partial differential equations.” 


Copies at $3.00 each postpaid may be ordered from: 


MATHEMATICAL ASSOCIATION OF AMERICA 
SUNY at Buffalo (University of Buffalo) 


BUFFALO, NEW YORK 14214 


THE SLAUGHT MEMORIAL PAPERS 


The Herbert Ellsworth Slaught Memorial Papers are a series of brief ex- 
pository pamphlets (paper bound) published as supplements to the American 
Mathematical Monthly. The following numbers have been published recently: 


3. Proceedings of the Symposium on Special Topics in Applied Mathe- 
matics. Nine articles by various authors. iv + 73 pages 


4. Contributions to Geometry. Eight articles by various authors. iv + 75 
pages 

5. The Conjugate Coordinate System for Plane Euclidean Geometry, by 
W. B. Carver. vi + 86 pages 

6. To Lester R. Ford on His Seventieth Birthday. A collection of fourteen 
afticles. vi + 106 pages 


7. Introduction to Arithmetic Factorization and Congruences from the Stana- 
point of Abstract Algebra, by H. S. Vandiver and Milo W. Weaver. iv + 53 


pages 

8. Elementary Point Set Topology, by R. H. Bing. iv + 58 pages 

9. A Contemporary Approach to Classical Geometry, by Walter Prenowitz. 
vi + 67 pages 


10. Computers and Computing. Twenty-one articles by R. W. Hamming, 
D. H. Lehmer, et al. 11 + 156 pages 


11. Papers in Analysis. Twenty-three articles by Kac, Piranian, Berberian, 
Hildebrandt, et al. iv + 157 pages 


Copies at $1.50 each postpaid may be ordered from: 


MATHEMATICAL ASSOCIATION OF AMERICA 
SUNY at Buffalo (University of Buffalo) 
BUFFALO, NEW YORK 14214 


GEORGE BANTA COMPANY, INC., MENASHA, WISCONSIN 
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HIGHER CURVATURES OF CURVES IN EUCLIDEAN SPACE 
HERMAN GLUCK, Harvard University 


1. Introduction. It is the object of this note to point out a simple algorithm, 
based on the Gram-Schmidt orthonormalization process, for computing the 
curvatures of a curve in Euclidean n-space. This algorithm has a number of 
agreeable features. There is just one formula involved for all the curvatures, 
and it is very simple. There is no duplication of effort, in the sense that if one 
calculates the Frenet frame associated with a curve at a given point, then the 
various curvatures can be obtained immediately from the by-products of this 
calculation. Finally, the entire procedure is no more involved if the parametriza- 
tion is not by arc length. 


2. The Frenet frame and the curvatures. Let J be an interval in R! and 
F: J—R" a C*-parametrization by arc length. This means that the arc length 
along the curve from F(si) to F(se) 1s | 51 —59| , or equivalently that | F’ (s) | =] 
for all sE J. Suppose that for each s€/J, the vectors 


F'(s), F's), ++ FUN) r<k 


are linearly independent. Applying the Gram-Schmidt orthonormalization pro- 
cess to these vectors, one obtains an orthonormal r-tuple of vectors, 


(Vi(s), V2(s), me Ny V,(s)), 


called the Frenet r-frame associated with the curve at the point F(s). V;(s) is 
easily seen to be of class C*—*. 

Formulas for the derivatives V/(s) can be obtained by first differentiating 
the orthonormality relations V;(s)-V;(s) =6.;, to get 


Vi (s) Vals) = — Vi (8) -ViG). 
Combining this with the fact that, for 1S7:S7r—1, V{/(s) is a linear combination 
of Vi(s), Vo(s), «++, Vigi(s), one concludes that 


Vi (s) Vis) = 0, 


except possibly for j=i—1 and j=i+1. The derivative formulas can therefore 
be written 


Vi(s) = Ri(s)Va(s) 


Vi(s) = — Ry1(s)Vi_a(s) + Bils) Viai(s) 2Sisr-i. 
There is a bit of a problem with V; (s), since there may be no V,4:(s). Given 
so€l, if Fl+4](s9) is linearly independent of F’(so), F’(s0), +++, Fll(so), then 


this will also be true in some neighborhood of sy in J. For s in such a neighbor- 
hood, V,41(s) can be defined as above and one will have 


Ve (s) = — R,-1(8)V>-1(s) + (5) Vr4a(s). 
699 
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If Fl+11(s9) happens to be linearly dependent upon F’(so), F’’(so), + + , Fl (so), 
then 
Vy (s0) = — Rr—1(S0) V>—1(S0). 
The coefficients appearing above, ki(s), Re(s), - - + , k,«z(s), are the curvatures 


associated with the given curve at the point F(s). The rth curvature, k,(s), may 
be defined similarly when Fl*+4](s) is independent of F’(s), F’’(s), +--+, F'l(s), 
and to be zero in the dependent case. It turns out that k,(s) >0 for 1S7S7—1, 
and k,(s)20. For 1SiS7—1, k,(s) will be of class C*-*1. k,(s) will be of class 
C*--1 wherever it does not vanish, but overall can only be guaranteed to be 
continuous. There is a standard way out of this dilemma in the special case 
r=n—1, for then there is a natural choice for V,41(s). We do not go into details, 
but simply remark that the corresponding &,(s) will then be of class C*-"~! on 
all of J, but will not necessarily be a positive function. 


3. The algorithm for parametrizations by arc length. The Gram-Schmidt 
process is actually carried out as follows. Let 


Ex(s) = F’(s) and Vi(s) Fx) 
1 = 1 = TT 
| Fi(s) | 

If Vi(s), Ve(s), - ++, Ve-as(s) have already been determined, let 

Ex(s) = Fl (s) — Dises[FM(s) -V5(8) ]Vi(5) 
and 

E; 
v(o) = EO. 
| E:(s) | 

This works for 7=2, 3, +--+, 7. The process can actually be carried a half step 


further by computing 
E,yi(s) = FUN (s) — Doi<rt LF Yt (s) -V;(s)]V5(s), 


since r<k. On the other hand, there is no guarantee that E,4:(s) #0, so in gen- 
eral we can not form V,4:(s). The vectors Fi(s), Ee(s), > ++, E,y4i(s) are con- 
veniently referred to as the excess vectors, since E,(s) is nothing but the com- 
ponent of F!(s) orthogonal to the subspace spanned by F’(s), F’'(s),- °°, 
Flt11(s), 

The algorithm for computing the curvatures derives from the following 


THEOREM 3.1. &;(s) =| Essi(s)|/| E.(s)| for 1SiSr. 
First assume 1<7. Then 
E;(s) 


k;(s) = V/ (s) + Vgsi(s) = (op) 
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| BGs) | (sEpy) Vers(9). 


Now £,(s) and V;41(s) are orthogonal, so the second term on the right above is 
zero. Hence 
Ei (s) + Vitis) 
| E(s) | 
To verify the theorem, we must show that E} (s)- Vigi(s) = | Eisi(s)|. 
Differentiating the equation E,(s) = Fl4l(s) — do j<; [Fll(s) + V;(s) ] Vi(s) yields 
Ej (s) = Fl1(s) — Sijes[ Fs) -Vy(s) Vis) — QiscslF (8) Vi) Vi (9). 


Every vector on the right hand side of this last equation, except for Fl*11(s), 
is a linear combination of Vi(s), Ve(s), +--+, Vs(s), and these are all orthogonal 
to Viii(s). Therefore 


ki(s) = 


Ej (s)-Visi(s) = FUN(s) -Viz1(s). 
But Essa(s) = FU (s) — Dijciga [FI (s) - V5(s) ] Vi(s), 80 
FUtH (5) -Vari(s) = Eita(s) -Virr(s) = | Fi+1(s) | ) 


completing the proof in the case z<r. 
If ¢<=r7 and Ej41(s) ¥0, the same proof works. If Ei4i1(s) =0, so is k,(s) =0, 
and the theorem is then certainly true. 


4, The algorithm for arbitrary parametrizations. If F*: [*—R® is a C*- 
immersion (i.e., F*’(é) 0 for all t€J*) which is not necessarily a parametriza- 
tion by arc length, the situation is only a trifle more involved. As before, we 
suppose that for each tC J*, the vectors 


FRG), FRG), + + + FRING) r<k 


are linearly independent. As in the preceding section, the Gram-Schmidt process 
yields the orthogonal excess vectors 


EF (), EF (), se Ny E(t), E,i1(0) 
and the orthonormal frame vectors 
Vi), Ve (2), my Vi (). 


Let J be an interval in R! and h: [->I* an orientation-preserving C*-diffeo- 
morphism such that F=F*h is a C*-parametrization by arc length. Such a 
change of parameter always exists. Evaluating the various derivatives of F in 
terms of those of F* via the chain rule, one easily sees that for 1 Sir, 


F'(s), F''(s), +++, FUM(s) and F*(e(s)), FYE), + +, PFM)) 
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generate the same subspace of R”. In particular, F’(s), F’’(s), +--+, Fll(s) are 
linearly independent for all s€J, so weare in a position to calculate the orthog- 
onal excess vectors 


Fx(s), F2(s), er) E,(s), E,+1(s) 
and the orthonormal frame vectors 
Vi(s), V2(s), my V,(s) 
for the parametrization F. Looking carefully at the chain rule formulas for the 
derivatives of Fin terms of those of F* leads one to the following conclusions. 
THEOREM 4.1. For 1SiSr+1, E,(s) = Ej (t(s)) (dt/ds)* and therefore | E.(s)| 
=| Ef (t(s))|/| Ef (t(s))|*. For 1SiSr, Vils) = Vi (e()). 
Let Ri (#) denote the 7th curvature of the curve defined by F* at the point 
F*(#). Then from Theorems 3.1 and 4.1 we immediately get 


THEOREM 4.2. 


for 181 


IIA 


k#(t) _ ; | Ex+i(t) | r. 


EX() | | EX | 
This gives the algorithm for computing the curvatures in the case of a 


parametrization not necessarily by arc length. 


5. An example. Let p and g be real numbers, 0<p<g. Consider the curve 
given by F: R!—R‘, where F(é) =(cos pi, sin pt, cos gt, sin gi). This curve lies 
on the torus 


T = { (21, Xo, %3, 4) 2 a + ae = |, a, + v4 = 1} 


in four-space. The curve will be closed if and only if p/g is rational. Given any 
two points on the curve, there is an isometry of R‘ onto itself which takes the 
curve onto itself and takes the one point onto the other. Thus the various 
curvatures are the same at all points of the curves. They may be calculated 
according to the algorithm given by Theorem 4.2, as follows. 


F’(0) = (0, p, 0, g) F’'(0) = (0, —p°, 0, —g") 
F’'(0) = (—#*, 0, —4?, 0) Fiv(0) = (p*, 0, g4, 0). 
Beginning the Gram-Schmidt process, we get 
E,(0) = (0, #, 9, 4) 
| 2:00) | = Ve? + 9’) 


1 
Vi(0) = ————_—— (0, #, 0, q). 
Viet ® | BO 
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Next stage: 
F2(0) = (—p’, 0, —@q’, 0) 
| E,(0)| = Vet + 44) 


1 
V.(0) = ————— (— p?, 0, —q?, 0). 
= Tet OP 
Third Stage: 
pa(?? — f°) 
E3(0) = be (0, g, 0, —#) 
(7? — p’) 
| zo) = 224 P 
V (p? + @) 
1 
V3(0) = ————— (0, q, 0, —#). 
Opp? 
Final stage: 
pag? — p”) 
E,(0) = ———————-_ (—-¢, 0, p?, 0 
(0) var (—q?, 0, 6°, 0) 
27292 — 2 
| z,0)| = 22% p*) 
V (p* + 9°) 
1 
V.(0) = —_————- (—, 0, #?, 0). 
= oe gy 
The curvatures are then given by: 
20) <-_2Ol _—-_ vette) vate 
[| AO@| [20 e+ 147 
where r=p/q, and hence 0<r <1. 
(0) = [E0)| pg? — or) 
9 nD 
LAO||2O| @+AaVvet+q A+trva+r4 
E:(0 
(0) = 28 pq r 


[z0)|[E0O| Vetta) Va+r)_ 


6. Miscellany. Several nice formulas follow easily from Theorems 3.1 and 
4.2. We give them here only for parametrizations by arc length and leave the 
derivation of the corresponding formulas in the general case—actually no more 
difficult—to the reader. 

Denote by v;(s) the hypervolume of the parallelepiped with “leading edges” 
F'(s), F’'(s), +++, Fll(s), so that 
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vi(s) = | Ex(s) | | E2(s) | vee | E;(s) | . 
Since k,;(s) = | Ez4a(s)| /| Ex(s)], we have | E.(s)| =Ri(s)Re(s) - + + R;4(s). Hence 
vi(s) = [ha(s) ]**[ho(s) ]*-? - - » [Re—2(s) ]?[4s-1(5)]. 
Also, since | E,(s) | =9;(S)/v;1(s), we get 
Pi41(s)Pia1(S) 
[v<(s) ]? 


This last equation is essentially the same as formula (6.2-17) in J. C. H. Ger- 
retsen, Lectures on Tensor Calculus and Dzifferential Geometry, Noordhoff, 
Groningen, 1962. 


k,(s) = 


The author holds an Alfred P. Sloan Research Fellowship. 


THE KURATOWSKI CLOSURE PROBLEM IN THE 
TOPOLOGY OF CONVEXITY 


WILLIAM KOENEN, Highland Park High School, St. Paul, Minnesota 


Topologies are usually given in terms of open sets, but it is common also to 
speak of a topology associated with a closure operator. For example, see Kelley 
[6] page 43. Hammer [2, 3, 5] has extended the notions of topology and has 
defined an extended topology to be a pair (M, g), where M is some space and g 
is an expansive function defined on subsets of M. By expansive, we mean that 
for all A and B, subsets of M, ACgA and gAUgBCg(AUB). An expansive 
function g leads to a unique closure function [2] of a general type to be defined 
below. We could thus speak of an extended topology associated with a closure 
operator. In this manner, every situation in one extended topology suggests 
an analogue in another. Such is the case with Kuratowski’s problem which is 
the subject of the present investigation. The usefulness of Hammer’s functional 
notation is also illustrated. Whenever two closure operators act in the same 
space, as in this problem, the conventional notations are clumsy. 

We shall consistently use M for the space and JN for the null set. For AC M, 
the complement operator c is defined by the pair of equations, cA(\A =N and 
cA\VL/A = M; cA is called the complement of A in M. Any operator k which satis- 
fies the following four conditions [6] is called a Kuratowski closure operator. 


THE KURATOWSKEI CLOSURE Axioms: For A, BC M: 


1.kN=N; 3. k®=k, where k®?A =k(kA); 
2. ACkRA; 4, R(AVUB) =RAUEB. 
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For SCM, we define 
Ci(k, S) = {S, BS, chS, kchS, chchS, kekckS, +++}, 
C2.(k, S) = 10S, koS, ckoS, kckcS, ckcRkcS, +: - I 


and @(k, S)=@i(k, S)\U@e(k, S). Observe that @o(k, S)= i(k, cS); hence the 
structure of @, will be revealed in the study of @y. 

It is possible to show that for a Kuratowski closure operator k, the infinity 
of symbols representing the elements of ©,(k, S) actually name only a finite 
number of distinct objects [4]. In fact, the cardinal number of @(, S$), which 
we denote by | e(R, S)||, is at most fourteen, and by taking M to be the real 
line EH} and & to be the usual closure operator of topology, one can find [1] 
SCM for which || e(z, S)|| = 14. 

Hammer has shown that || CCR, S)|| <14 is a consequence of the weaker set 
of conditions [4] given below. 


THE CLOSURE PROPERTIES: For A, BC WM, 


2. ACCRA; 

3. k?=k; 

4a. RAVRBCR(AUB). 

The condition 4a is sometimes stated in one of the following equivalent 
forms: 

4b. R(ANB) CRAB; 

4c. AC B=>>kACKRB. 

Any operator which satisfies the weaker set of conditions is called simply a 
closure operator [2]. 

The convex hull operator h is defined by 


hS = (\ {X:SCXCM= E"; and X convex}. 


The symbol /S is read the convex hull of S. 

Henceforth we shall use # for the convex hull operator and & for the usual 
topological closure operator in M/=E”. The operator h is a closure, but not a 
Kuratowski closure operator, while k is both. 

Since there are examples with ||@(z, S)|| =14, it is natural to seek examples 
with ||@(z, S)|| =14. Such a set S cannot be found. 


THEOREM. If M=E* and SCM then ||@(h, S)|| $10; moreover, there is a set 
S*CE? for which ||e(h, S*)|| =10. 


The proof of the above theorem rests upon several preliminary results. 

An open half-space in E” is a set expressible in the form, H = { (x1, 2, %3, +++ 
Xn)i Go a a;<0; a; real and not all ai, ae, a3, +: + , Gn are zero}. If His an 
open half-space, then kH is a closed half-space, and any set D for which HCD 
CH is a half-space. Among the half-spaces, the so-called semi-spaces [5] are of 
special importance in the theory of convexity. A semi-space is a maximal convex 
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set which excludes a certain point. For example, if pC M=E?, let A be an open 
half-space whose face contains p; in the face of A, let B be an open half-plane 
whose edge contains p; and along the edge of B, let C be an 1 open half-line whose 
origin is p. Then AUBUC is a semi-space. 

The boundary operator b is given by bS=kS(\kcS for SCM, and DS is called 
the boundary of S. The interior of S is defined by 1S, where 1 =ckec. 

The direction of a half-space is an outward normal unit vector. Half-spaces 
are equally directed if they have the same direction, oppositely directed if their 
directions, d; and de, satisfy di-+d.=0. 

We shall make use of the following results. 


Lemma 1. If Dis a half-space, then hD, RD, and iD are half-spaces with the 
same direction, while cD 1s a half-space with opposite direction. 


LemMA 2. If a union of equally directed half-spaces is not M, then it ts a half- 
space. If an intersection of equally directed half-spaces is not N, then it is a half- 
space. 


LEMMA 3. A maximal convex set excluding pC M—1i.e., a semi-space—is a 
half-space. 


THEOREM 1. Jf D, and Dy, are two unequally directed half-spaces in M=E”, 
then h(D,WD,) = M. 


Proof. Let did: be the directions of D, and D, respectively. If DijUD,= M, 
then h(D,\./D:2) = M. On the other hand, if Dii/D.# M, then there is a point 
pEcD(\cD2. Any ray from p in the direction q=di—d2+0 will contain points 
of 1D, because q has a positive component towards iD,. Also, a ray from p in 
the direction —q=d.—d, will contain points of 7D,. Since p lies between points 
of D,UDaz, pEh(DWD,). Therefore h(D,\Dz,) = 


THEOREM 2. If Di and Dy, are two unequally directed half-spaces in M=E", 
and if SCD,ND,, then || @i(h, S)|| $5. 


Proof. From closure properties, ASCh(DiOD2) ChDyNhDaz. 

Complementing, chSDchDiVUchD2. Since chD, and chD, are unequally di- 
rected half-spaces, and in view of Theorem 1, hchSDh(chDi\WchD2) = M. There- 
fore hchS = M; chchS=N; and €@,(h, S) = 1S, hS, chS, M, N}. If all five element 
symbols name distinct objects, the cardinality is five. In any case || @:(h, S)|| $5. 


THEOREM 3. If S res in no half-space of M, then | Ci(h, S)|| <3. 


Proof. Since SChS, hS is a convex set which lies in no half-space. Hammer 
has shown [5] that this guarantees that hS=M. Hence @(h, S)={5S, M, N}. 
In view of Theorems 2 and 3, it is apparent that if || @:(z, S)|| is to exceed 
five, S cannot lie in the intersection of two unequally directed half-spaces, nor 
can it fail to lie in at least one half-space. The possibility remaining is that S 
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lies in a half-space of direction d, but in no half-space of another direction. In 
this case, it lies in a family of half-spaces of direction d. 


THEOREM 4. If S lies in a half-space of direction d, but in no half-space of a 
different direction, then hS 1s a half-space. 


Proof. Hammer has shown that 4/5 is the intersection of a family of semi- 
spaces [5]. Each of these semi-spaces contains .S; hence each has direction d. 
Therefore 1S is a half-space. 

Observe that if S satisfies the conditions of Theorem 4, then 1S, chS, hchS, 
chchS, etc., are all half-spaces, and whether or not they differ depends on those 
points in b/.S. Notice also that bhS is E”-}. The sets 1S, chS, hchS, chchsS, etc., 
in &” differ exactly when the sets ASO OAS, chSOohS, hchSQCbhS, chehSObobhsS, 
etc., in H”—! differ. 

We have shown that the cardinality of @:(h, S) depends on the situation in 
a space of one less dimension if it is to exceed five. We shall use the reduction 
of dimension in an induction. 


THeoreM 5. If SCM=E}, then ||@i(h, S)|| $5. 


Proof. In view of Theorems 2 and 3, we need only to consider the case 
where 5S is a subset of a positively directed half-line but not a subset of any 
half-line in the opposite direction. In this case, /.S is a half-line and so is chS. 
Further application of the operators h and c merely reproduces the same two 
half-lines. Therefore || @:(Z, S)|| in this case does not exceed three. In any case, 
the cardinality could not exceed five. 


THEOREM 6. For SCM=Er", ||e:(h, S)\S|| S4. 


Proof. As a direct application of Theorem 5, the assertion is true for n=1. 

Suppose 5S lies in a half-space of direction d, but in no half-space of another 
direction, and suppose also that the assertion is true for n»—1. Then all elements 
of @:(h, S)\S are half-spaces which are distinguishable only by the configuration 
of points in bhS=E"—'. But by assumption, the cardinality for EH"! cannot 
exceed four. The theorem follows by induction. 


THEOREM 7. For SCM=E", || @i(h, S)|| $5. 
THEOREM 8. For SCM=E", ||e(h, S)|| S10. 
Proof. C(h, S)=@i(h, S)\Ue2(h, S) = ei(h, S\UCi(A, oS). 
EXAMPLE. Let M=£?, and let S* = { (0, LULL, y): yS0; ery? sé 0}, 
Then 
hS* = {(0, 1)} U {(@, yy < 1h; 
chS* = {(x, y):y B 1; 42+ (y— 1)? #0}; 
hchS* = {(x, y):y = 1}; 
chchS* = {(x, y):y < 1}. 
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Also 


oS* = {(0, 0)} U {(x, 9): 9 > 0; « + (y — 1)? 4 0}; 
hoS* = {(0, 0)} U { (a, y): 9 > 0}; 
choS* = } (x, yiy Ss 0; 22+ y? ~ Of; 
hcheS* = { (x,y): y SO}; 
chchcS* = { (x, y):y > 0}. 


The above sets are distinct. 


The writer wishes to thank the referee for his suggestions, and Preston C. Hammer for his help 
in constructing the above example, and for suggesting the investigation into E* and E”. 

Work on this paper was supported by the NSF through the University of Wisconsin Research 
Participation Program, directed by Donald H. Bucklin. 
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POLYNOMIAL REMAINDER SEQUENCES AND DETERMINANTS 
G. E. COLLINS, IBM Watson Research Center, Yorktown Heights, N. Y. 


Introduction. Let P: and Pe: be polynomials over an arbitrary Gaussian do- 
main g with deg(P:1) =deg(P2) >0, where deg(P) denotes the degree of P. We 
consider the sequence of polynomials Py, Ps, P3,-+- in which P;4, is the re- 
mainder obtained when P; is divided by Piz: by means of the Euclidean algo- 
rithm. We will show that, to within a constant factor, the coefficients of the 
P;,1>2, can be expressed as certain determinants in the coefficients of P; and 
P,. A formula is obtained which relates the polynomial remainders defined by 
the determinants to those obtained by means of the Euclidean algorithm. This 
formula reveals that, in the typical case, the Euclidean algorithm systematically 
introduces extraneous constant factors. The computational problem of eliminat- 
ing such factors, in case J is the domain J of the integers or a polynomial domain 
I[x1, - + + , %n| over J, is briefly discussed. 
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Definitions. We adopt the standard terminology that polynomials P and Q 
over J are associates in case aP =bQ for some a, D€IJ with a0, 040. Also, P 
is primitive in case any common divisor of its coefficients is a unit in 9. Deg(P) 
will denote the degree of P. 

Let P(x) = >-™, a? and Q(x) = >0”., b.x? be polynomials over 9 of degrees 
mand n. If m=n and QO, define p(P, Q) = R where R(x) =dnP(x) —Gnx"-"QO(x). 
If m<n or if O=0, define p(P, Q)=P. Define p°(P, Q) =P and inductively 
p*1(P, 0) =p(p*(P, Q), Q). The Euchdean algorithm for the remainder R(P, Q) 
obtained by dividing P by Q is expressed by the formula R(P, Q) =p*(P, Q), 
where & is the least nonnegative integer such that p**'(P, Q) =p*(P, Q). The 
integer k so defined will be called the rank of P over Q and will be denoted by 
r(P, Q). 

Clearly @(P, 0) =P if O=0 or if deg(P) <deg(Q), and R(P, Q) =0 if deg(Q) 
=0 and 00. Thus the only case of interest is deg(P) 2deg (Q) >0. In this case 
aP=QS+R for some nonzero a€g (a=b*, where 0 is the leading coefficient of 
Q and k=r(P, Q)) and some polynomial S over 9, where R=@(P, Q) and 
deg(R) <deg(Q). We generalize this situation and say that (P, Q, R) is a poly- 
nomial remainder triple in case deg(P) 2deg(Q) >deg(R) and aP=QS+5R for 
some a, bE IJ, aX0, 00, and some polynomial S over 9g. It is easy to verify that 
if (P, Q, R) is a polynomial remainder triple and P’, Q’ and R’ are respective 
associates of P, Q and R, then (P’, Q’, R’) is a polynomial remainder triple. 
Also, if (P, 0, R) and (P’, Q’, R’) are polynomial remainder triples and P’ and 
Q’ are respective associates of P and Q, then R’ is an associate of R. 

A polynomial remainder triple (P, Q, R) such that R= R(P, Q) will be called 
Euclidean. A sequence of polynomials Pi, Pe,---, P. (Rk 2 3) such that 
(P;, Pisi, Piste) is a (Euclidean) polynomial remainder triple for 1Si:Sk—2 
will be called a (Euclidean) polynomial remainder sequence. 

For the convenient statement and proof of our theorem we need also the 
following definition. Let M be a matrix over J with m rows and n columns, 
m <n. We associate with M a polynomial P= @(M), deg(P) Sn—m, as follows. 

For 0Sisn—m let M; be the m by m square submatrix of MV consisting of 
the first m—1 columns of M followed by the (m-+1)-th column of M. Let a; be 
the determinant of M;. Then P(x) = 0700" awr-™4. 


Let Pi, Po, --+, P, be a Euclidean polynomial remainder sequence. Let 
n;=deg(P;) for 1 Sisk. Then m2ne>ns> +--+ >n,20. We define the follow- 
ing matrix M, where Pi(x) = > 72, a;x', Po(x) = ar b;x7, m=, and n=Nn.. 

Om Am-1 Am—2 ree a O 0O-:-- 0 
0 am am—1 Gi a O 0 
0 0 Gm Om—-1° °° oo fe fe ee ao 
= | bn Ona bee b 0 O 0 
0 bn bn-1 by bo 0 0 


710 POLYNOMIAL REMAINDER SEQUENCES AND DETERMINANTS [September 


The matrix M consists of n—n,1+1 rows of P; coefficients a; and m—n4_1 
+1 rows of P2 coefficients 0; The number of columns of M is m+n—n,1+1. 


We will refer to M as the associated matrix of P1, Po, +--+, Pr. 
The Main Theorem. 
THEOREM 1. Let Pi, Po, - ++, P. be a Euclidean polynomial remainder se- 


quence and let M be tts associated matrix. Then P, and @(M) are associates. More 
specifically, let n;=deg(P:) and let c; be the leading coefficient of P;, for 1Si<k. 
Let r,=17(Pi-2, Pi) for 3S51Sk. Let p=nyi—1. Then 


7 Me—-1—-NG41\ Nk-2—-P 7 Tr. 41(%i—p) 
(M1 ) i - Pi = + (Me )-0an. 
t=2 t==2 

Proof. The essence of the proof is that all the computations required to com- 
pute P;, can be translated into successive elementary row operations performed 
on the matrix M. And any elementary row operation performed on M results in 
anew matrix M’ such that @(M’) is aconstant multiple of @(M). Ultimately one 
obtains from M a matrix M* one of whose rows consists of the coefficients of 
P,. Evaluation of ®(M*) leads to the above formula. 

We begin by multiplying each row of P; coefficients a; by b,. The result is a 
matrix M, such that 


(M1) = b, -@(M) = co’ ’-@(M), 


since there were n—p=n.— p rows of P, coefficients. Next we subtract a» times 
the ith row of P, coefficients from the zth row of coefficients in M4, for 1<72 
<n—p. The result is a matrix M2 which consists of »—p rows of coefficients of 
p(P1, P2) followed by m—> rows of coefficients of P2 Also, 0( M2) =@(M1). We 
note that the leading coefficient of p(P:1, P2) in the first row of M2 occurs in the 
column 1+(m—deg(p(P1, P2))), with leading coefficients of p(P1, Pe) in succes- 
sive rows occurring in successive columns. 

If r3=r(P1, Pe) >1, then a similar transformation is applied to Me, producing 
a matrix M, whose first »—p rows contain coefficients of p?(Pi, P2). This time 
however the rows of coefficients of Pz multiples of which are subtracted are the 
(1+ (m—deg(p(P:1, P2))))-th row and the following n—p—1 rows of P2 coeffi- 
cients. The result is a matrix M, such that 


P(M,) = C2 -@(M2) = oo -P(M). 

Repeating this process 7; times one finally obtains a matrix M2,,= M, con- 
sisting of n—p rows of coefficients of P; followed by m—p rows of coefficients 
of Ps, such that 0(M®) =c3-”. P(M) =cB™- - P(M). 

If k>3, then the process which produced M® from M is repeated, with 
slight changes, to obtain a matrix M™ containing coefficients of P.. Specifically 
M™® will consist of n—~p rows of P3, followed by m1—1n3 rows of Pe, followed by 
n3— p rows Of Pa, the first 1 —n3 rows of P2in M“®) being left intact. And we have 
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°(M ) — cf -P(M®), 


If k>4, then the last n4—p rows of P3 coefficients are transformed into rows 
of P; coefficients by a similar process, using some of the rows of P, coefficients. 
The result is a matrix M® consisting of m.—m4 rows of Ps; coefficients, 14—p 
rows of P; coefficients, m1 —1n3 rows of P, coefficients, and ns—p rows of P, coeffi- 
cients, in this order scanning from top to bottom. 

Again, 0(M®) =co™-”). e( MM), 

In general, as one may verify by induction on 7, M@* will consist of m2—14 
rows Of Ps, m41—m, rows of Ps, + - + , Mo;4—Mei_2 rows Of Po,3, Na-2—p rows of 
Par, N1—N3 FOWS of Pa, N3—-Ns, TOWS of P, - 88 5 Nea—3—Neaj-1 FTOWS of Poi-2; 
N2:1—p rows of P2; in this order, for 2i<k, while M@**» will consist of n2—m,4 
rows of Ps, m4—1, rows of Ps, - + + , Mo-2—M2; rows Of Po;-1, Nop rows Of Posi, 
Ni1—N3 TOWS of Po, Nn3—Ns TOWS of P, s 99 5 Neji—-3— Nej-1 TOWS of Poi-2, Ny-2—P 
rows of P2; in this order, for 2i+1<k. For 7Sk we have 0(M™) = i GaA-?) 
-O(M»), Combining all these equations we obtain 


k—-1 
(1) @(M’) — ( Il qe) -@(M). 
t=2 
By a suitable rearrangement of the rows of M’ we obtain a matrix M” such 
that the first nonzero element of each row, which is the leading coefficient c; of 
some polynomial P; is on the diagonal of M’’. Hence by the definition of @, 
we have 
k—2 
(2 ou") = (Tat) arp, 
i=2 
Combining (1) and (2) together with @(M”) = +@(M’) produces the con- 
clusion of the theorem. 


A special case. One may suppose that ordinarily deg(p(P, Q)) =deg(P) —1, 
if deg(P) =deg(Q) and 00; hence that r(P, 0) =deg(P) —deg(R(P, Q)). Ac- 
cordingly let us call a polynomial remainder sequence Pi, Pe, - - +>, Px regular 
in case 7iz2=;—Nise for 1SiSk—2, where the n; and 7; are defined as in 
Theorem 1. For a regular sequence clearly nj41—ni42=1 for 1SiSk—2. Hence 
we have 1,1—Ni41=2 for 3515k-2, m—ng=m—no+1, n;-—p=k—7 for 
2S1Sk—1,7;=2 foriS4Sk, and r3=m—n.+1. Making all these substitutions 
in the formula of Theorem 1 we obtain, after simplification: 


COROLLARY 1. Let Pi, Po, +--+, Py bea regular Euclidean polynomial remain- 
der sequence. Then, tn the notation of Theorem 1, 


k—2 
(ny—no+1) (k—3) 2(k—i—1) 
P= tea - (I « ) eae) 


t=3 


In particular we see that in the regular case, with R24, @(M) is a proper 
divisor of P, (unless cz is a unit), in the sense that P,=a-@(M) where a is not 
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a unit. However, in the nonregular case it is easy to obtain a counter example to 
this assertion, even with k=4. In fact, one can construct an example for which 
P,is a proper divisor of @(M). 

REMARKS. Our study has been motivated by the problem of computing 
polynomial remainder sequences in the case that g is I[x, +--+, xn] (or, with 
n=0, I), I being the integral domain of the integers. Such a problem arises, for 
example, in the application of Tarski’s decision method for the elementary 
theory of real-closed fields [3]. The problem also arises in computing the great- 
est common divisor of two polynomials. In this connection the reader may be 
interested in [4]. One would like to compute a polynomial remainder sequence 
P,, Po, +++, Px such that each P; is primitive, and at the same time reduce as 
far as possible the amount of computing required. 

The computing of the polynomials @(M) from the definition of the deter- 
minant function would be impractically laborious. On the other hand the com- 
puting of these determinants by the method of elimination amounts essentially 
to using the Euclidean algorithm followed by application of the formula of 
Theorem 1, a method which also requires too much computation. 

The best algorithm which seems to be suggested by Theorem 1 is the follow- 
ing. Compute P; and P, by the Euclidean algorithm. Then divide P, as often 
as possible by co, and denote the result by Pz. Compute Ps;= R(Ps, Pz) by the 
Euclidean algorithm. Divide P; as often as possible by each of c. and c3, and 
denote the result by P;. Continue in this manner. 

Another possibility would be to ignore Theorem 1 almost completely and, 
in the algorithm above, compute P; as a primitive associate of P; by computing 
the greatest common divisor of the coefficients of P;. However, the only pres- 
ently known practical method for computing such a greatest common divisor 
itself involves polynomial remainder sequences if the coefficients are polyno- 
mials, and the method soon becomes too laborious. 

The special case of Corollary 1 obtained when one takes k such that R( Px, Px) 
=(, and takes 9 to be the field of real or complex numbers, has appeared previ- 
ously in the literature, with the restriction that the factor relating P;, and @(M) 
has not been explicitly given. See, for example, [2], pp. 134-139 and [1], pp. 
197-198. 
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SOME BOMBING PROBLEMS 
D. C. GILLILAND, Michigan State University 


1. Introduction. Suppose that in Euclidean n-space a target ZT (assumed 
measurable) is to be attacked with a point bomb. Assume further that the 
bomb impact density is spherical normal, variance unity, about the aim point 
A. The problem is to aim the bomb so as to maximize the probability v4(T) 
of an impact within the target (a hit). In [1] it is shown that if T consists of 
two nonoverlapping hyperspheres of equal radii centered within two units of 
each other then y4(T) is maximum if and only if A coincides with the midpoint 
of the line segment between the centers. In the following this result will be re- 
ferred to as (R). This paper reports extensions of (R) to more general symmetric 
targets. The following problem is also considered. If the center of the spherical 
normal density is fixed, how should & hyperspheres of equal radii be placed so as 
not to overlap and so as to maximize the probability measure of their union? 
For 2-space this has been referred to as a cookie cutter problem. Given a sheet 
of dough with thickness proportional to the circular normal density, how should 
one punch out & circular cookies so as to get the greatest amount of dough? If 
the no-overlap constraint is removed the problem is more difficult. In this case 
graphs for determining the optimal placement of two disks (spheres) have been 
published by Marsaglia [2]. 

In what follows O denotes the origin, P a generic point, and | PO| the 
Euclidean distance between P and O. The probability of hitting a hypersphere 
of radius 7 centered a distance z from the aim point is given by 


r 


g(z) = gi (/2)n exp{ —4,2} J pl2)n exp|{ — 142} T 1 /2yn-1(2t) dt, 
0 

where J, denotes the modified Bessel function of the first kind and order y [4]. 

Throughout this paper the term hypersphere is to mean nondegenerate hyper- 

sphere. 


2. Target symmetric about a point. 

PROPOSITION 1. If a target T consisting of nonoverlapping hyperspheres centered 
an the region | PO | <1 is symmetric about O, then va(T) 1s maximum «+f and only 
uf A=O. 


Proof. The hyperspheres not centered at O must occur in symmetric pairs. 
By (&) the contribution to v4(T) from each such pair is maximum if and only if 


A =O. 


PROPOSITION 2. If a target T contained in the region | PO| <1 1s symmetric 
about O, then va(T) is maximum if A=O. 

Proof. Let 5>0 be given. There exists an open set HDT such that p(H—T) 
<6 where » denotes Lebesgue measure. Consider H* the intersection of H and 
| PO| <1. Apply the Vitali covering theorem [3, p. 69] with the cover $ consist- 
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ing of all closed hyperspheres contained in H* to obtain a set S=U; S; (a dis- 
joint union with {S,} CS) such that p(H*—S)=0. Since v4(B) Spy(B) for any 
measurable set B and any point A, 


0 S va(S) — va(T) S va(A) — va(T) S wW(A — T) <6. 


S can be constructed to be symmetric about O by working with one orthant at 
a time and reflecting through O. By Proposition 1 v4(S) is maximum if and 
only if A =O. Hence v4(T) is maximized when A =O. 


3. Target symmetric about a line. 

PROPOSITION 3. Let T consist of nonoverlapping hyperspheres centered at the 
points P; and let C denote the convex hull of the P;. Suppose T 1s symmetric about a 
line L. If | PP;| + | PP;:| <2 for all PEC and P;, Py the centers of hyperspheres 
symmetric about L, then the aim point A that maximizes va(T) must lie on L. 


Proof. (The author is indebted to the referee, whose remarks led to the 
formulation of this proposition.) The monotone property of g indicates that 
va(T) is maximized for some ACC, the closure of C. Since T is symmetric 
about L those hyperspheres not centered on ZL must occur in pairs symmetric 
about L. For P; and Py, the centers of any such pair and AGC—L let | AP,| 
+ |AP.2| =a. On the ellipsoid | PP,| +|PP,| =a the contribution to vp(T) from 
the hyperspheres at Pi and P; is maximum if and only if | PPi| =|PP,| since 
a<2. This follows from the argument given in [1] for P constrained to the line 
segment (degenerate ellipsoid) between P; and P,. Thus given any point 
ACC—L the projection A’ of A on L will yield greater probability of a hit, 
1.€., va(T) >va(T). 

We state a corollary which will be needed in the next section. 


Coro.uary 1. If T consists of three nonoverlapping hyperspheres of equal radu 
centered at the vertices of an equilateral triangle of perimeter no greater than three, 
then va(T) 1s maximum tf and only 1f A coincides with the center of the triangle. 


Proof. T is symmetric about the medians so v4(7) is maximum if and only if 
A coincides with their intersection. 

We note that Proposition 3 obtains with L a subspace and that this strength- 
ened version can be extended to measurable targets. 


4, Hyperspheres free to move. Now let us suppose that k hyperspheres of 
radii 7 are free to move, the center of the probability distribution is fixed, say 
at O, and the arrangement of nonoverlapping hyperspheres that maximizes the 
probability measure of their union is sought. 


PROPOSITION 4. If rS1 the probability measure of the union of two nonover- 
lapping hyperspheres 1s maximum tf the hyperspheres are tangent at the point O. 


Proof. The proof follows directly from (R). 
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PROPOSITION 5. If rS1/2, n>1, the probability measure of the union of three 
nonoverlapping hyperspheres is maximum if the hyperspheres are located at the 
vertices of an equilateral triangle of perimeter 6r centered at O. 


Proof. Clearly an optimal arrangement will have each tangent to the other 
two. The proof is completed by an appeal to Corollary 1. 


PROPOSITION 6. In 2-space if r 1s sufficiently small the probability measure of 
the union of four nonoverlapping disks ts maximum if the disks are centered at the 
corners of arhombus with diagonal lengths (2r, 2+/3r) and the center of the rhombus 
ts at O. 


Fic. 1 


Proof. An optimal arrangement results when the disk centers are at the 
corners of a rhombus with side length 27. By Proposition 1 the center of the 
rhombus must be at O for sufficiently small 7. From Figure 1 we conclude that 
the probability measure of the disks is given by 


f() = 2g) + WV 4r — 2), rS28 V3, 
where g is as previously defined with n=2. Thus 
2¢/(2) Ft (ay? — 2) 
/ — / _ = y2— 2 
f= 20) - Tes 


and from [1] g’(z) = —r exp { —3(r?+2?) \ T1(rz). Using the series expansion of J 
[5] we can write 


(1) f' (2) = 2r exp{ —3(r? + 2°) | h(z), 


where 


re) 27 


h(z) = 2 GED! [(4r? — 2?)7 exp{z? — 272} — 224], 
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Now 
(2) h'(2) = 22 exp{ 2? — 2r?} 
* 2zr?4 
+ >) ———— [(47? — 2) 147? — 2? — j) expfa? — 2r2} — jz22], 


j= 4471(7 + 1)! 


It is easy to show that the series in (2) is bounded in absolute value by 37° 
exp {4} for 0<rSzsSrvV3 and sufficiently small 7. Therefore, it follows that 


(3) h'(z) = 2r exp {—1?} — 3r3 exp {r'}; 

and hence h’(z)>0 for 0: <r<2<rvV/3 and sufficiently small 7. But h(r+/2) =0 
so h(z) <0 for rSz2<rv/2, h(z)>0 for r>/2<2Srv/3. Since the sign of f’(z) is 
the sign of h(z) we see that f(z) is maximized at the end points of the interval 
r<zSrv/3, and the proposition is proved. 


Fic. 2 


These results give a solution of the cookie cutter problem for k =1, 2, 3, or 4 
circular cookies and small 7, Figure 2 depicts optimal arrangements for each of 
these cases. 

Many of the results reported in this paper depend upon the underlying 
probability measure only through (R). Loosely speaking, similar results hold 
for any measure for which (R) or a similar property obtains. 


This work was supported in part by the National Science Foundation, Grant No. GP-6035. 
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A NOTE ON THE GAME OF DOTS 
J. C. HOLLADAY, Institute for Defense Analyses 


The game of dots along with tick-tack-toe is a part of the lore of childhood 
although it may also be of interest to adults. Tick-tack-toe may be analyzed 
within a few hours and so, for many adults, it does not offer a sufficient challenge 
to maintain interest. The skills commonly developed for the game of dots are 
easily attained. Unlike tick-tack-toe, however, this game is known not to be 
trivial. The purpose of this paper is to present some results which are important 
for a better understanding of the game of dots. 

The game of dots is played with a rectangular array of dots that form the 
vertices of congruent square cells called squares. Thus, if there are mn dots ar- 
ranged in m rows and n columns, there will be (m—1)(~—1) squares. The game 
is played by two players alternately connecting adjacent pairs of dots. When 
three sides of a square are filled in, however, the player whose turn it is must 
fill in the fourth side of the square, and then make another play. When all the 
squares are completed, the game is finished and the player who completes the 
greatest number of squares is the winner. 


. 


i 


Fic. 1.—A typical position for which there are no “free” connections. 


As the game is generally played, each player follows a strategy in which he 
tries to make connections, called free connections, that do not permit his op- 
ponent to complete squares. A player who is inept at finding such plays may find 
himself unnecessarily giving his opponent opportunities to score. If two players 
follow the above strategy, they will eventually arrive at a position (of which that 
of Figure 1 is typical) where there are no more “free” connections available. A 
player who is unskilled with this elementary strategy is generally one who be- 
lieves that this stage of the game is reached before it has in fact been reached. 
When this second stage of the game arises, the players try to recognize the con- 
nections that offer the fewest squares for completion. 

The unfilled squares in positions allowing no “free” connections are seen to 
be arranged ina way to suggest corridors. It is of interest to discuss these cor- 
ridors in a manner that ignores both their lengths and their bends, in other words, 
topologically. To do this, let the center of each unplayed connection and the 
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center of each adjacent square be connected with a line interval. The lines 
formed by this process applied to Figure 1 are shown in Figure 2. The lines of 
Figure 1 are reproduced in Figure 2 as dotted lines. 

The pattern of Figure 2 falls into six connected parts, called components. 
Two of the components are, topologically, circles, two are line intervals, and the 
other two are trees; i.e., connected line figures that, although having branch 
points, have no subsets that are circles. One of the trees has a three-branch 
point, and the other has both a three-branch point and a four-branch point. 


Fic. 2.—The topological nature of Figure 1 illustrated with solid lines. 


Consider the not uncommon situation where the components of a position 
are all either circles, lines or trees. Then if a player on a given play sets up a 
collection of squares for his opponent to complete on his next move, the collec- 
tion of squares will consist of either a line of squares or a circle of squares. Each 
end of such a line of squares is either unattached or leads to a branch square. 

Any remaining collection of squares that may be immediately set up after 
a collection is filled in is the same as before but for the following exception: 
Whenever a line of squares has a three-branch square at the end of the line, the 
branch square ceases to be such a branch square and its two branches are there- 
by connected into a single line. Therefore, if a player, required to set up a col- 
lection of squares to be completed, sets up the smallest collection possible, any 
remaining collection to be set up will be at least as large. Let this situation be 
referred to as the monotonicity result. 

If in such a position a player is assured of getting the last turn, he may ob- 
tain at least a draw (and more likely a win) if at each turn he sets up the least 
possible number of squares for his opponent. Which player goes last depends on 
which player goes first and whether there is an odd or even number of turns to 
the game. Let P be the number of plays (i.e., connections) to be made, and let 
S be the number of squares. Then the total number of turns is 


P—number of replays in turns 

= P—(number of plays that complete at least one square —1) 
= P—S-+1-+number of plays that complete two squares 

= P—S-+1+the number of circles in the topological pattern. 
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Therefore, which player gets the last turn depends entirely upon whether 
the number of circles is even or odd. 

If a position does not consist topologically only of circles, lines or trees, the 
analysis may become more complicated. Whenever a connection is made that 
sets up squares to be completed, the connection has two possible directions of 
influence. The completion of squares that occur in the next turn as a result of 
this play may be made by first progressing in one direction from this connection 
until no more squares may be thus completed, and then progressing in the other 
direction. The progression of completing squares may be described inductively 
as follows: 

A direction from a newly made connection will satisfy exactly one of the 
following four cases: 

A. There is an adjacent square there and 1t has exactly one remaining connection 

to be made on 1t. 

B. There is a square there with more than one remaining connection to be made. 

C. There 1s no square there. 

D. There is a square there with no remaining connection, so the square has just 

been completed. 

When Case A arises, the square is completed next and the other direction of 
the connection thus formed is studied in turn, and so the inductive process con- 
tinues. When either Case B or Case C arises, no more completions are possible 
from this progression. If the other direction has not yet been studied, it is then 
likewise followed in this inductive manner. 


Fic. 3.—Four squares that, although capable of forming a circle, may be filled in as a line. 


If at any prior stage of the game an opportunity was presented for comple- 
tion of a square, it had to be completed at that time. Therefore, if Case D 
arises, it can only mean that one of the other sides of the square was completed 
by the original connection. In this case, no more squares are available for com- 
pletion and a circle of squares has been completed. For the other cases, where the 
terminations of completions are accomplished by Case B or C or both, the 
process may be referred to as making a line of completions. As an example of 
such considerations, if the lower left connection of Figure 3 is made, a circle is 
formed. However, if some other connection is made, the four squares will be im- 
mediately filled in as a line. Such a “sacrificial” play might be made by a player 
wishing to maintain an even or odd number of circles. 

When a general topological pattern is considered, the monotonicity result is 
not always valid. For instance, consider a component of squares topologically 
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like the letter P. Let the tail of the P represent more squares than the loop and 
branch square together. If the squares of the loop are set up for completion at 
this stage, then all of the squares of the whole P will be completed at once as a 
line. Therefore, in order to set up the least number of squares at this stage, the 
tail must be set up. After the squares of the tail are completed, the squares of 
the remaining circle contain fewer squares than the tail did. 

Circles, lines and trees are not the only topological configurations for which 
the monotonicity result is valid. For each of the topological patterns of Figure 4, 
the monotonicity result is valid. Furthermore, for each of these configurations, 
no matter in what order their squares are completed, one and only one circle of 
squares will be completed. The properties of these patterns stem from the fol- 
lowing characteristics which they have in common: both ends of each line lead 
to branch points, and no pattern contains two disjoint circles. 


BA hy 


Fic. 4.—Topological patterns for which the monotonicity result 
is valid and that always lead to exactly one circle. 


The prior results of this paper may be easily generalized to other games of a 
similar nature. For instance, instead of using rectangular arrays of squares, 
one could use regular arrays of equilateral triangles, regular hexagons, or even 
cubes. The cells do not even have to have equal numbers of sides. The require- 
ments appear to be simply that there be two types of entities called, say, cells 
and sides. Then for each cell there are at least two sides associated with it, and 
for each side there are at most two cells with which it is associated. 

Consider, however, structures of the following type, of which the previously 
cited arrays of squares, triangles or hexagons constitute examples: Let there 
be given a finite number of points in the plane called dots, and let the sides 
consist of admissible line intervals between the dots. Let no interval intersect 
any Other interval except at its end points, which are dots. Let all of the finite 
polygonal components of the plane thereby formed be the cells. 

If the sides and dots are connected, then a well-known theorem due to Euler 
says that (with # meaning “the number of”) 


# dots = # sides — # polygonal cells + 1. 


Therefore, the total number of moves in the game equals the number of dots 
plus the number of times that cells are completed as a circle. So if the number 
of dots is even, the first player should seek an odd number of circles, but if the 
number of dots is odd, he should seek an even number of circles. 


ON COLORING THE nxn CHESSBOARD 
M. R. [YER anp V. V. MENON, Indian Statistical Institute, Calcutta 


1, Introduction. We consider the Xn chessboard; that is, 2? cells arranged 
in a square array of 2 rows and z columns. 


DEFINITION 1. Given a piece (the Queen, say), two cells are called adjacent if 
the piece can go from one cell to the other in one move. 


Thus one can look upon the chessboard as a graph whose vertices correspond 
to the cells (on the board) accessible to a given piece, two vertices being joined 
by an (unoriented) edge if, and only if, the corresponding cells are adjacent. 


DEFINITION 2. For the piece P, the above graph is called the graph of P’s move. 


DEFINITION 3. A coloring of the graph G, of P’s move is an assignment of m 
colors (m 21) to the vertices of Gp such that two vertices which are joined by an edge 
do not have the same color. Equivalently, it is the assignment of m colors to the cells 
of the chessboard such that two adjacent cells do not get the same color. 


For example, if we assign different colors to all the cells, we obtain a coloring. 


DEFINITION 4. Consider the graph G, of P’s move. The chromatic number 
k(n; P) of Gp is the minimum number of colors required for a coloring of Gp. 


In this paper, we are concerned with the 


PROBLEM. Determine the chromatic number of the graph G,, when P is, 
respectively, a Knight, a Bishop, a Rook, a Queen, and a King. 


The problem is naturally the most interesting when P is the Queen; for this 
case a partial solution is obtained. The other pieces are included for the sake of 
completeness. 

The coloring of the graph of the Queen for n=8 with 9 colors (Fig. 2) was 
discovered by the first of the authors. She also suggested the Color Scheme 4 
with r=2 (this is also given in [1]). The generalization of it and the remainder 
of the paper are due to the second of us. 


2. Notations and preliminaries. We name the cells of the chess-board, and 
hence the corresponding vertices of Gp, as follows: the cell in the 7th row and 
jth column is denoted by the pair (7, 7), 157, Sn. 

DEFINITION 5. Two cells (1, 7) and (1’, j’) are said to be in the same diagonal if 
t+j=0' +7’, or of i—j=i'—]7’. 

In the following we will refer also to the natural coloring of the chess-board; 
in this, all the cells (¢, 7) with 7+j7 an even number are colored white, the re- 


maining being black. Thus the cell (1, 1) is white, and along rows and columns, 
cells are white and black alternately. 
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DEFINITION 6. A clique of the graph G, 1s a subset S of vertices such that any 
two of vertices of S are adjacent to each other (are joined by an edge). 


The following are immediate consequences. 


LemMaA 1. In the graph Gy, consider a clique S. In the coloring of Gp, all vertices 
of S receive different colors. 


LEMMA 2. Given a coloring of the graph Gy for the n Xn board (n= 2), we obtain 
a coloring for the (n—1)X(n—1) board (for the same P) by taking only the (n—1)? 
cells in the first (n—1) rows and the first (n—1) columns. 


3. Results. In each of the following cases, we shall determine the chromatic 
numbers as follows: first, we shall determine a clique with k vertices say, and 
using the Lemma 1 above, we will see that at least k colors will be needed in 
any coloring; secondly, we will exhibit a coloring with k colors. These two facts 
will give k as the chromatic number. 

The coloring for the graph G, and the corresponding coloring for the chess- 
board, these two are used interchangeably in the following, depending upon 
convenience. Also, we number the colors 0, 1,2,3---. 

Naturally, the cases of interest are 22. For, when n=1, the chromatic 
number is 1 in all cases. 


(1) The graph of Knight's move. 
This graph consists of n? vertices, corresponding to the n? cells of the board. 
The cell (2, 7) is adjacent to each one of the set 


1si’ Sn, 1857’ Sn; 
S47) = 14,7.) |and either #7’ =i2t1,77 =7 42 
or e=it2,7 =7 +1) 


and to no other cell. 

Obviously, if m=2, no two cells are adjacent, and therefore just one color is 
sufficient to color the whole board. 

Color Scheme 1. If n>2, at least one pair of adjacent vertices (a clique with 
two vertices) exists. On the other hand, in the natural coloring, assigning the 
color i+j (mod 2) to cell (2, 7) of the board, two adjacent cells (for the Knight’s 
move) have different colors. Hence the chromatic number is 2. 

RESULT 1. k(n; knight) =1 if n=2; =2 if n>2. 

(2) The graph of Bishop's move. 

For the White Bishop, the vertices of the graph are the cells (z, 7) for which 
i+ 7 is even, whereas for the Black Bishop, the vertices are the cells (4, 7) for 
which 7+7 is odd. In either case, two vertices (cells) are adjacent if, and only 
if, they are on the same diagonal. 

The graphs of the bishops are shown in Fig. 1 (a) and (b), for »=3. (The 
permissible cells on the board are shown on the left with the numbers of the 
cells, and the graph on the right, in each case.) 
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(1,1) (1,3) (1,2) 


(2,2) 
(2,3) 
(a) White Bishop (b) Black Bishop 

Fig, 1 

6 2 7 3 1 5 0 4 

0 1 5 8 4 7 3 2 

5 4 0 1 3 2 6 8 

2 7 3 4 6 1 5 0 

3 6 2 5 7 0 4 1 

7 5 1 0 2 3 8 6 

1 0 4 7 8 6 2 3 

8 3 6 2 0 4 1 5 
Fig, 2 


When 1 is even, the graphs for the two Bishops are the same (isomorphic). 

All the cells in a diagonal obviously form a clique. In particular, the cells in 
the longest diagonal (that containing the largest number of cells) form a clique. 
Let ] be the number of cells in this diagonal. Of course, 


1=n-—41_ for the Black bishop when xz is odd, 


= otherwise. 


We now exhibit a coloring with ? colors. 

Color Scheme 2. Assign color i—1 to cell (z, 7), 1S7iSn—1. The cells in the 
nth row receive the color 0 if 2 is odd and the Bishop is Black; in all other cases 
they receive the color n—1. (This scheme colors the board in / colors such that 
no color repeats along a diagonal.) 

Hence / is the chromatic number in this case. 

RESULT 2. k(n; White Bishop) =1; k(n; Black Bishop) =” —1 if m is odd, =n 
if m is even. 

(3) The graph of Rook’s move. 

This consists of 2? vertices (corresponding to the n? cells of the board), two 
vertices being adjacent if, and only if, the corresponding cells are in the same 
row or the same column. 

The cells in the first row form a clique so that the chromatic number 1s at 
least nm. On the other hand the following supplies a coloring with colors. 

Color Scheme 3. Assign the color | —j | to the cell (7, 7), 1S7SjSn, and the 
color j—i-+n to the cell (z, 7), 1Sj<iSn. Thus, only the cells along a diagonal 
can have the same color. Therefore, 1 is the chromatic number for this graph. 
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RESULT 3. k(n; Rook) =n. 

(4) The graph of Queen’s move. 

The vertices of this graph are all the m? cells of the board, two vertices being 
adjacent if, and only if, the corresponding cells are in the same row, same col- 
umn or the same diagonal. 

Clearly the cells in the first row form a clique, so that the chromatic number 
is at least n. 


Color Scheme 4. Assign the colors 0, 1, 2,---+, #—1 to the cells (1, 1), 
(1,2),---,(1, 2), (along the first row) respectively. Take an integer 7, 1<r<n. 
Then the color assigned to the cell (+1, 7+7 (mod z)) is the same as that for 
the cell (2, 7), 1Si<n,1SjSn. 


LemMA. The color scheme 4 colors the board for the Queen’s move tf each one of 
r—i1,r,r+1 is prime to n. 


Proof. Take any two cells (2, 7) and (2’, 7’), «S2’, having the same color. 
From the construction it follows that 7<7’, and 7’=j+(2’—z)r (mod 2). It is 
easily verified that 77’ (the cells are not in the same row), 7’ +7 (the cells are 
not in the same column), 7+/7+72’+7’ and 1—j#¥2'—/j’ (the cells are not in the 
same diagonal). The last assertions follow because 7, r+1 are all prime to n. 

Hence, if there exists an integer 7 such that r, r+1, are all prime to u, then 
we can color the board with u colors. Notice, however, that out of the integers 
r,r+1, at least one is divisible by 2 and one by 3. So we can re-state the lemma 
(with r=2) in the following form. (This result is given in Kraitchik [1] also.) 


THEOREM. Jf n ts not divisible by 2 or 3, the chromatic number of the graph of 
Queen's move 1s n. 


We can now use the Lemma 2 of section 2 for obtaining an upper bound for 
the chromatic number when z is not of the above form. For example, if 1 is 
divisible by 6, then n+-1 satisfies the conditions for the theorem, so that we can 
color the (n+1) X(~+1) board with ~+1 colors, and hence the x Xz board by 
na+1 colors at most. Now out of the numbers n, m+1, n+2 and n-+3, at least 
one must satisfy the condition of the theorem. Therefore, we obtain 

RESULT 4. k(n; Queen) =x if 1 is not divisible by 2 or 3; Sn+1 if n+1 is not 
divisible by 2 or 3; Sn+2 if m is an odd number divisible by 3; Sn+3 other- 
wise. 

In all cases, k(n; Queen) 2n. 

Counterexamples exist to show that this is not the best possible coloring, 
e.g. 8=2 (mod 3) requires only 9 colors. See Figure 2. This only gives an upper 
bound to the number of colors that may be required. 

(5) The graph of King’s move. 

This graph consists of all the 2? cells as vertices; two different cells (7, 7) 
and (z’, 7’) are adjacent if, and only if, 
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|i—7| =Oori, and |j—j’| =0 or 1. 


Obviously the four cells (1, 1), (1, 2), (2, 1) and (2, 2) form a clique. Hence 
k(n; King) =4. 

We can, on the other hand, color the graph with four colors as follows. 

Color Scheme 5. Assign color 0 to (1, 1), 1 to (1, 2), 2 to (2, 1) and 3 to (2, 2). 
Then assign the color of the cell (z, 7) to all cells (z, 7’) with 7=7’ (mod 2), and 
to all cells (z’, 7) with z=’ (mod 2). 

RESULT 5. k(n; King) =4 for n22. 


4, Remarks. 

(1) In a graph, an independent set is a subset S of the vertices of the graph, 
such that no two of the points of S are adjacent. The independence number 
(see [2]) is defined as the maximum possible number of elements in an inde- 
pendent set, and the corresponding independent set is called a maximal inde- 
pendent set. Scheid [3] has found the independence numbers of the various 
graphs dealt with in the previous section. 

A related problem will be: what is the maximum number of mutually dis- 
joint maximal independent sets in the graph of a piece P? 

We notice that in our coloring problem, the vertices which receive a par- 
ticular color form an independent set. Thus it is easy to give a solution to the 
above problem (using our color schemes) in the case of Knight, Bishop, Rook 
and King. For example, one can verify that for a Rook we can have nm and no 
more of mutually disjoint maximal independent sets; our theorem can be re- 
stated: “if m is not divisible by 2 or 3, we can find ” and no more of mutually 
disjoint maximal independent sets for the graph of the Queen.” 

(2) One may verify that k (2; Queen) =4, k (3; Queen) =k (4; Queen) =5, 
and k (6; Queen) =7. 

(3) All the maximal independent sets, in case of Queen, for n=8 are well 
known. If k (8; Queen) =8 it will mean that there are 8 mutually disjoint such 
sets, which we do not expect. The first of us has succeeded in obtaining a color- 
ing with 9 colors. We can conjecture that k(8; Queen) =9. 

(4) It is interesting to note that in the basic construction when n is nota 
multiple of 2 or 3, the nxn chess-board is treated as a torus; but this is not the 
case with the special construction of Figure 2 for »=8. In Figure 2 there isa 
broken diagonal with two 0’s and two 2’s. It begins with a 0 in column 1 and a 
2 in column 2 and continues with 6, 7, 2, 0, 5, 8. 

(5) More generally, one can expect that nk (n; Queen) <n+1 for n>3. 
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THE WILLIAM LOWELL PUTNAM 
MATHEMATICAL COMPETITION 


J. H. McKAY, Oakland University 


The following results of the twenty-sixth William Lowell Putnam Mathe- 
matical Competition held on November 20, 1965, have been determined in ac- 
cordance with the regulations governing the Competition. This competition is 
supported by the William Lowell Putnam Intercollegiate Memorial Fund left 
by Mrs. Putnam in memory of her husband and is held under the auspices of 
the Mathematical Association of America. 

The first prize, five hundred dollars, is awarded to the Department of Mathe- 
matics of Harvard University, Cambridge, Massachusetts. The members of the 
team were Daniel Fendel, Roger Howe and Barry Simon; to each of these a 
prize of fifty dollars is awarded. 

The second prize, four hundred dollars, is awarded to the Department of 
Mathematics of Massachusetts Institute of Technology, Cambridge, Massachu- 
setts. The members of the team were William Ackerman, Michael R. Rolle and 
Robert Wolf; to each of these a prize of forty dollars is awarded. 

The third prize, three hundred dollars, is awarded to the Department of 
Mathematics of University of Toronto, Toronto, Ontario. The members of the 
team were Stephen A. Marion, Richard L. Penner and Lon M. Rosen; to each 
of these a prize of thirty dollars is awarded. 

The fourth prize, two hundred dollars, is awarded to the Department of 
Mathematics of Princeton University, Princeton, New Jersey. The members of 
the team were James Baker, Daniel Cohen and Robert Weber; to each of these 
a prize of twenty dollars is awarded. 

The fifth prize, one hundred dollars, is awarded to the Department of 
Mathematics of California Institute of Technology, Pasadena, California. The 
members of the team were Frederic A. Ferdman, Stacy G. Langton and Vern 5. 
Poythress; to each of these a prize of ten dollars is awarded. 

The five persons ranking highest in the examination, named in alphabetical 
order, are Andreas R. Blass, University of Detroit; Robert Bowen, University 
of California, Berkeley; Daniel Fendel, Harvard University; Lon M. Rosen, 
University of Toronto; Barry Simon, Harvard University. To each of these a 
prize of seventy-five dollars is awarded. The William Lowell Putnam Prize 
Scholarship at Harvard has been awarded to Mr. Andreas R. Blass, University 
of Detroit. The value of this scholarship is $2500 plus tuition at Harvard. 

The six persons ranking second highest in the examination, named in alpha- 
betical order, are Roger Howe, Harvard University; Neal I. Koblitz, Harvard 
University; Michael R. Rolle, Massachusetts Institute of Technology; Richard 
P. Stanley, California Institute of Technology; Charles R. Zarnke, University 
of Waterloo; and Derek A. Zave, Case Institute of Technology. 


The following teams, named in alphabetical order, won honorable mention: Brown University, 
Providence, Rhode Island, the members of the team being Roger M. Firestone, John R. Hall, Jr. 
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and Carl B. Pomerance; University of Colorado, Boulder, Colorado, the members of the team 
being Charles N. Johnson, Theodore S. Martner and Paul R. Sparks; University of Illinois, Urbana, 
Illinois, the members of the team being Paul H. Cox, Hugh L. Montgomery and Stanislav L. 
Vrscaj; Michigan State University, East Lansing, Michigan, the members of the team being 
Allen J. Beadle, William A. Webb and Neil L. White; Swarthmore College, Swarthmore, Penn- 
sylvania, the members of the team being Mayson Lancaster, Robert MacPherson and Stephen B. 
Maurer. 

Honorable mention is given to the following twenty-four individuals, named in alphabetical 
order: Frank Bernhart, University of Oklahoma; Fred L. Bookstein, University of Michigan; 
Charles Brenner, University of California, Los Angeles; Marshall Buck, Harvard University; 
Douglas Burke, Harvard University; Sylvain Cappell, Columbia University; Teddy Chang, 
Massachusetts Institute of Technology; David Chu, California Institute of Technology; Glenn E. 
Engebretsen, California Institute of Technology; Irwin Gaines, Harvard University; Kim K. 
Gibson, California Institute of Technology; David Haynor, Harvard University; B. L. Keyfitz, 
University of Toronto; Robert MacPherson, Swarthmore College; Sidney Marshall, Dartmouth 
College; Theodore S. Martner, University of Colorado; Hugh L. Montgomery, University of 
Illinois; Carl B. Pomerance, Brown University; Vern S. Poythress, California Institute of Tech- 
nology; Gary Russell, University of Rochester; Neil L. White, Michigan State University; Terry 
A. Winograd, Colorado College; and Robert Wolf, Massachusetts Institute of Technology. 


A total of two thousand sixty-seven contestants from two hundred forty- 
seven colleges and universities entered the Competition. One thousand five 
hundred ninety-six contestants from two hundred thirty-five colleges and uni- 
versities participated in the examination on November 20, 1965. 

A listing of the top five hundred contestants may be obtained from the 
Director. The list, which includes addresses and expected dates of graduation, 
may be helpful to departments of mathematics in selecting graduate students. 

Those participating in the competition were given the following problems 
to solve: 


Part A 


A-1. Let ABC be a triangle with angle A <angle C<90° <angle B. Consider the bisectors of the 
external angles at A and B, each measured from the vertex to the opposite side (extended). 
Suppose both of these line-segments are equal to AB. Compute the angle A. 


A-2. Show that, for any positive integer n, 
eye \* — 2r (”) ‘ 1 (Cn 2 
=— , 
r= n r n\n—-—1 
where [x] means the greatest integer not exceeding x, and (;) is the binomial coefficient 
“n choose 7,” with the convention (5) =1. 


A-3. Show that, for any sequence a1, a2, + + » of real numbers, the two conditions 
— eléar) +L elias) . . . L eléan) 
(A) lim —————___"—"_ — = 
R70 nN 
and 
. e (#1) + e (tas) + eee + e(tan”) 
(B) lim ——————____——- = a 
n—00 n? 


are equivalent. 
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A-4. Ata party, assume that no boy dances with every girl but each girl dances with at least one 
boy. Prove that there are two couples gb and g’b’ which dance whereas b does not dance with 
g’ nor does g dance with B’. 


A-5. In how many ways can the integers from 1 to ” be ordered subject to the condition that, 
except for the first integer on the left, every integer differs by 1 from some integer to the 
left of it? 


A-6. In the plane with orthogonal Cartesian coordinates x and y, prove that the line whose 
equation is ux-+vy=1 will be tangent to the curve x™+y"=1 (where m>1) if and only if 
ut+u%=1 and m+n 71=1. 


Part B 
B-1. Evaluate 


1 1 1 
lim f f sae f cost | (ent aat ++ ae) dada ++ + dn 
dd 0 0 0 2n 


B-2. In a round-robin tournament with players P1, Po, +++, Pp (where »>1), each player 
plays one game with each of the other players and the rules are such that no ties can occur. 
Let w, and /, be the number of games won and lost, respectively, by P,. Show that 


nm 2 nr 2 
> we = Do Ie. 
fun ras] 


B-3, Prove that there are exactly three right-angled triangles whose sides are integers while the 
area is numerically equal to twice the perimeter. 


Oe OeQer 
(") «(B+ (fer 


where n is a positive integer. Express f(x, #-+1) rationally in terms of f(x, 2) and x. Hence, 
or otherwise, evaluate limy..., f(x, 2) for suitable fixed values of x. (The symbols (*) represent 
the binomial coefficients. ) 


B-4. Consider the function 


F(x, 2) 


B-5. Consider collections of unordered pairs of V different objects a, b, c,- ++, k. Three pairs 
such as be, ca, ab are said to form a triangle. Prove that, if 4E S$ V’, it is possible to choose E 
pairs so that no triangle is formed. 


B-6. If A, B, C, D are four distinct points such that every circle through A and B intersects 
(or coincides with) every circle through C and D, prove that the four points are either collinear 
(all of one line) or concyclic (all on one circle). 


Solutions. Part A 


A-1. Suppose the bisector of the exterior angle at A intersects line BC at X 
and the bisector of the exterior angle at B meets the line AC at Y. The assump- 
tion that C is between B and X contradicts the fact that ZB> ZC so we may 
assume that B is between X and C. Similarly, we conclude that C is between 
A and Y because ZA < ZC. 
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If Z is a point on line AB with B between A and Z, we have from triangle 
ABY that ZZBY=2A. Hence, ZBXA= ZABX= ZZBC=2ZZBY=A4A, 
and the angle sum of triangle ABX is 90°—44+8A. Thus, A =12°. 


Comment: The only thing that takes this problem out of the category of a simple high school 
exercise is the “justification of the figure” or more precisely the consideration of all cases. Most 
contestants who essentially solved the problem were very lax in explicitly using the hypotheses 
to justify the betweenness relations which they implicitly assumed. 


A-2. Substituting s=n—r in the given summation reveals that twice this 
sum is equal to: 


Er 
-2(-22)()-2() 220 H2Q0) 
nN r 
n—1 
“(rE +4EC ) 
2n —1 2n — 2 2n — 2 
(9-2) CCD 
ann =) n—1) (2n —2 _ 2 (n-2 
a ~4 tn 1) "a aa): 
Comment: This solution assumes the well-known identities 
E(Y=C) ot £6508 
which may be proved by comparing coefficients in the expansion of 


(1b am (1-f a) = (1 a), 


A-3. That (A) implies (B) follows from the fact that subsequences of a con- 
vergent sequence converge to the limit of the Sequence. We simplify the nota- 
tion by setting c,=exp za, and S(f)=citce+ --- +c; Note that | c,| =1 and 
| S@-+k) — S(t)| Sk. Suppose now that (B) holds and write m=n?-+-k, where 
OSkS2n. 


a S(n?) ec | S(m) S(n?) +| S(n?) S(n?) 
m n? | | om m n* m 
Rk (- ~) k+m—n* Qk An 
<s—-+7 — = = 
m n* m m m n 


We conclude that limn ...(S(m)/m— S(n?)/n*) =0 or that S(m)/m converges to a. 


A-4, Let 6 be a boy who dances with a maximal number of girls (i.e., there 
may be another boy who dances with the same number of girls, but none dances 
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with a greater number). Let g’ be a girl with whom 6 does not dance, and 0’ 
a boy with whom g’ dances. Among the partners of b, there must be at least one 
girl g who does not dance with 0’ (for otherwise 6’ would have more partners 
than 0). The couples gb and g’b’ solve the problem. 


Comment: The contestants submitted at least four solutions which were more or less distinct. 
Some were in graph theoretic terms and some in matrix form. 


A-5. On the basis of the first few cases we conjecture the answer is 2"-! and 
proceed by induction. 

We first show (also by induction) that an n-arrangement ends in 1 or n. 
Note that when z is deleted from an n-arrangement, the result is an (n—1)- 
arrangement. If an n-arrangement does not end in 1 or n, deletion of m produces 
an (n—1)-arrangement ending (by induction) in (n—1). This implies the n- 
arrangement ended in m because » cannot precede (n—1). 

For any n-arrangement (a, d2,---, a,) there is another n-arrangement 
(ai,az,°°++,a,),wherea/ = n+1—a,. If one of these ends in 1, the other ends 
in 1 and consequently exactly half of the n-arrangements end in n. 

All of the m-arrangements which end in ” can be obtained by adjoining an n 
to the end of all (7—1)-arrangements, and by induction there are 2-2 of these. 
Hence, there are 2"~! n-arrangements. 


Comment: Several counting techniques were used by the contestants and many were quite 
ingenious. 


A-6. The problem is not well set being true only under rather heavy restric- 
tions on the x, y, uw and v. For example, all is in order if they are nonnegative. 
However, if m is rational with odd numerator and odd denominator there are 
tangent lines to the curve for which u*+v">1, while if m is rational with odd 
numerator and even denominator then n is rational with odd numerator and 
odd denominator and there are solutions (u, v) of u*+v"=1 such that the line 
ux-+-vy =1 is not tangent to the curve x™+y"=1. 


No contestant, however, noted any of these facts explicitly and major credit was given for a 
solution covering the case where x, y, u, v are positive. 


Let (xo,¥o) be a point on the curve x™-++-y"=1. The tangent to this curve is 
xo x+yo y=1. If this line is ux+vy=1, then w=x™-! and v=y""! with both 
u and v nonnegative. The relation 1/m+1/n=1 gives m/(m—1) =n and we ob- 
tain u*+vu" =x -+y5 =1. 

Conversely, let m+-n-!=1 and let u and v be nonnegative and such that 
u*-+-v" =1. Define xo and yo by the equations x)= u"/™ and yo =v"!/™, Then xo and 
Yo are nonnegative and x¢-+yo =u"+v"=1. Thus, (xo, yo) is on the curve 
x™-+-y™ = 1 and the line ux+vy =1 is the tangent to the curve by the calculation 
above. 

In this solution we use the fact that for nonnegative a and positive r and s 
(ar)® = qr, 
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Solutions. Part B 


B-1. The change of variables x,-1—x, yields 


1 1 1 T 
{ f sf cost J (ay ae toss hag) b dads ++ dy 
0 Yo 0 2n 
1 1 1 T 
-{ f vf Se aC 
0 40 0 2n 


Each of these expressions, being equal to half their sum, must equal 4. The 
limit is also 4 


B-2. Clearly w,+],=n—1 for r=1, 2,---, and >(?w,= >-"1,. Hence, 


1 


Se P= w&—Wle +h) = 2-1) Sh) = (—1)-0=0. 


B-3. All Pythagorean triples can be obtained from x =)\(p2—q?), y=2Abq, 
z=)(p?+q") where 0<q<b, (p, g) =1 and p#q mod 2, Xd being any natural 
number. 

The problem requires that $xy =2(x-+y+2z). This condition can be written 
\?(p? —q”) (bq) = 2X(p? —q?-+2pq-+h?+ g") or simply A(p—g)g=4. Since p—q is 
odd it follows that p—g=1 and the only possibilities for g are 1, 2, 4. 


If g=1, p=2, \=4, x=12, y=16, z=20. 

If q=2, p=3,\=2, x=10, y=24, z=26. 

If g=4, p=5, \=1, x=9, y=40, 2=41. 

Comment: Many contestants recalled the form of the primitive Pythagorean triples, which 
omits the \ in the above expressions for x, y, and z. For this particular problem, they were 


led to the correct triangles but the reasoning is clearly incomplete. Somewhat more than 
half credit was allowed for this effort. 


The most satisfying solutions were those which proceeded from first principles foregoing any 
reliance on the known formula for Pythagorean triples. 


B-4. Since 


n+1 n n (x, n) + x 
r r r—1 f(x, n) +1 
If x is such that f(x, m) converges when n tends to infinity, the limit F(x) must 
satisfy F(x) = (F(x) +x)/(F(x) +1), F2(«) =x. The convergence to +/x is obvious 
when x =0 or 1. To show this convergence for any positive x we first note that 
ww + Vx)" + (1 — Vx)" 
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When 0<x <1, write a=(1—~/x)/(1++/x); then 0<a<1 and 
1 + a” 
1 — a” 
When x>1, write b= («/x—1)/(V/x+1); then 0<d<1 and 
1+ (—6)” 
—_—-_____ —) 
1 — (—6)" 


f(x, n) = Vx > /x. 


The limit fails to exist for negative values of x; but for all other complex num- 
bers the limit exists and is that square root of x which lies in the right half plane. 


Comment: Full credit was given for a complete analysis of the real case. 


B-5. Divide the objectsinto two subsets | G1, 2, a +, Om} and {1 be, a -, bn}, 
where m-+n= V. Then the mn pairs (a;, bx), where j=1,2,---, mand k=1, 2, 
- +. m, obviously contain no triangles. If V is even, take m=n=V/2, and if 

V is odd, take m=(V+1)/2, n=(V—1)/2. Then mn2 V?/42E. 


B-6. Suppose A, B, C, D are neither concyclic nor collinear. Then p, the 
perpendicular bisector of segment A B, cannot coincide with qg, the perpendicular 
bisector of segment CD. If the lines p and q intersect, their common point is the 
center of two concentric circles, one through A and B, the other through C and 
D. If instead » and g are parallel, so also are the lines AB and CD. Consider 
points P and Q, on p and g respectively, midway between the parallel lines AB 
and CD. Clearly, the circles ABP and CDQ have no common point. 

Comment: This was a difficult problem to grade. There were many awkward but essentially 


valid solutions presented and many more that, despite much circumlocution, failed to be 
convincing. 


Acknowledgement 


The Director would like to acknowledge the assistance of H. S. M. Coxeter and L. M. Kelly 
in drafting the above solutions and acknowledge the service of the following persons, who were 
graders for the competition: H. R. Atkinson, J. M. Calloway, D. W. Crowe, J. W. Dettman, 
J. A. Eagon, R. A. Gambill, S. I. Goldberg, N. D. Kazarinoff, L. M. Kelly, M. S. Klamkin, 
E. B. Leach, W. S. Loud, E. A. Nordhaus, E. T. Wong. 


ME 

I am not, as a general rule, averse to Work, 
but I do, I fear, have Moments of Inertia. 
I go around in circles with a Torque, 
and in beyond my depth with Liquid Pressure. 

While the bulk o’ me is levity, 

I have a Center of Gravity. 

KATHARINE O’BRIEN 


MATHEMATICAL NOTES 
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ON THE UNIFORM LIMIT OF MULTIPLE BALAYAGE OF VECTOR INTEGRALS 


HUBERT HALKIN, University of California at San Diego 


Introduction. Let f be an integrable function from [0, 1] into an n-dimen- 
sional Euclidean space. The vector I= /jfdu represents the average of the func- 
tion f on the interval [0, 1]. The vector I is also the value at t=1 of the func- 
tion g(t) = /ofdu. If we consider the estimation of the average I as a continuous 
process then the vector g(t) may be regarded as a certain approximation of the 
fraction tI of the average vector I. This continuous estimation process is not 
very accurate if the function f fluctuates greatly. Instead of basing our estima- 
tion on a single balayage of the interval [0, 1] we could consider a simultaneous 
balayage of each of the intervals [0, $] and [4, 1] and introduce a function g,(t) 
defined over [0, 1] by the relation: 


t/2 1/2+¢/2 
al) = i) fant [fd 
0 1/2 


as an approximation of the fraction tI of the average vector J. Intuitively we 
could hope that the fluctuations of the function f on the intervals [0, 4] and 
[3, 1] will compensate each other and that g,(é) will be a better approximation 
of tI than g(t). This process may be refined further: for each integer k we parti- 
tion the interval [0, 1] into 2* consecutive intervals of equal length 1/2* and 
we consider the function g;(t) defined over [0, 1| by the relation: 


(i—1+t) / 2k 


ok 
g(t) = Do fdp 
t=1% (4-1) /2% 
as the kth order approximation of the fraction tI of the average value I. In this 
paper we prove that these estimations are becoming more and more accurate 
as k increases. More precisely we shall prove the following result: 


THEOREM I. The function g,(t) converges uniformly to the function tI as k 
tends to infinity. 


Theorem I is closely related to Lyapounow’s Theorem on the range of a 
vector integral [1, 2, 5, 6, 7| and has some useful applications in the theory of 
optimal control [3, 4]. 

Proof of Theorem I. We shall first assume that the integrable function f is 
real valued and bounded. We have then f€ £2([0, 1]) and there exists a sequence 
of real numbers do, a1, G1, do, 2», - - - such that 


f®) =~ ao + >> (a; cos int + a_;sin 2imt), 


4==] 
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where “=” stands for £2? convergence, and 


dy = f soa 


Let T be a linear operator from £?([0, 1]) into £2([0, 1]) defined by 
rn() = +(4(+) +2(+ +5) 
2 2 2° 2/) 


(Tf) (t) = do + D> (ano cos 2nmt + a_nok sin 2urt), 


n=1 


Jim ( J 7 (T*f) (t) — ao at) = 0, 


It is a trivial matter to verify that g,(t) = /9(T"*f)(7)dr. We have then 


We have then 


which implies that 


1 
| w() — aot| S i) | (T*f) (7) — ao| dr. 
0 
By Hélder’s inequality we obtain 


1 1 1/2 
J | (T*f) (7) — ao| dr S (f | (Lf) (7) — aa|tdr] 


We have already proved that the right side of the previous inequality tends 
to 0 as k tends to infinity. This concludes the proof of Theorem I in the case of 
a real valued bounded integrable function f. 

We shall now prove Theorem I in the case of a real valued integrable func- 
tion f which is not necessarily bounded. 

For every positive integer m let 


S(n) = {tt € [0, 1], |f@| > x}, 
and let f, be defined over [0, 1] by the relations 
fd =0 if |fM| > and yu(S(x)) = 0 


=~ S@) if u(S(z)) #0 and lf | >n 


=f if |fO| Sx. 
We have then I= fUf(é)dt = fofn(t)dt for n=1, 2, 3, ---, and 
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2k (t—1+1) / 2k 


» fr(r)dr — It]. 


t=1¥Y (i—1)/2% 


ja— nl sf (sel art 


The first term on the right side of the previous inequality can be made 
arbitrarily small by taking m large enough. For a fixed n the second term tends 
uniformly to zero as k tends to infinity since we have already proved Theorem I 
for a bounded real valued integrable function. It follows then that g;(t) tends 
uniformly to Jt as k tends to infinity. This concludes the proof of Theorem I in 
the case of a real valued integrable function f. 

In the case of an n-dimensional vector valued integrable function f the 
previous result can be applied to each component. Hence each component of 
the sequence of vector valued functions gi(t), g(t), -- - converges uniformly 
to the corresponding component of the vector valued function tl. Since the 
number of components is finite it follows that the sequence of vector valued 
functions gi(t), g(t), - - - converges uniformly to the vector valued function fT. 
This concludes the Proof of Theorem I. 


Final remarks. It is also possible to prove Theorem I with the help of the 
Martingale Theorem, a result in the theory of stochastic processes. The proof 
given here, however, is based upon mathematical tools, namely elementary 
results in Fourier Analysis, which are simpler and more widely known than 
Martingale theory. I am very grateful to Professor D. L. Burkholder for having 
pointed out the relation between Martingale theory and the present paper, and 
to Dr. W. L. Roach, Jr., for his valuable help in analysing this relation. 


Research sponsored by the AFO of Scientific Research Office of Aerospace Research, US Air 
Force under AFOSR Grant No. 1039-66. 
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COMMUTING MAPPINGS AND COMMON FIXED POINTS 


GERALD JUNGCK, Bradley University 


As stated in [1], the question as to whether or not two continuous commut- 
ing mappings of the unit interval J into itself have a common fixed point re- 
mains unanswered except in certain special cases. Our intent is to offer some 
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new special cases which may be of interest to those attacking the problem. 

To avoid repetition, we assume throughout this note that f and g are con- 
tinuous mappings of J into itself such that f(g(x)) =g(f(x)) for «EI. Since our 
approach focuses attention on the points of intersection of f and g, the following 
lemma is necessary to guarantee that such points do exist. 


Lemma 1. The set A= {x€I: f(x) =g(x)} is not empty. 


Proof. lf A is empty, the continuity of f and g permits us to assume without 
loss of generality that (1) f(x) > g(x) for xEI. Since g(0) 20, the set S= \xEl: 
g(x) >x} is not empty. Thus, since S is closed, S has a maximum element c. 
Clearly, c=g(c). Hence f(c) =f(g(c)) =g(f(c)), so that f(c)ES. Consequently 
floc) Sc=g(c). Since f(c) S$ g(c) contradicts (1), the assumption that A is empty is 
false, proving the lemma. 

Now suppose that «CA. Then f(x)=g(«) and, hence, f(f(x)) =f(g(x)) 
=g(f(x)) and g(f(x)) =f(g(x)) =g(g(x)). Thus if «EA, f(x), g(x) EA. The proof 
of the following lemma appeals to this fact. 


Lemma 2. If f and g have no common fixed point, there exist a, bEI such that 
(a) f(a) =g(a) 2b>a2f(d) =g(d), 
(b) g(x) f(x) for x«E(a, 6). 


Proof. The set A of Lemma 1 is closed and hence has a minimum element 
and a maximum element which we denote by c and d respectively. Since cGA, 
f(c)EA so that f(c) 2c; ie., g(c) =f(c) 2c. But c is not a common fixed point by 
hypothesis; therefore 


(1) fl) = g(c) >. 
Like reasoning yields 
(2) f@) = g@) <d. 


Now (1) asserts that the set S= {x CI: f(x) =g(x) =x} is not empty. More- 
over, the continuity of f and g assures us that S is closed. Consequently Shas a 
maximum element a (<d), where f(a) =g(a) 2a. As above we conclude that 


(3) f(a) = g(a) > a. 
In view of (2), similar reasoning yields a minimum point b€[a, d] such that 
(4) f(0) = g(b) <b. 


Clearly a <b. 

The designations of a and 0 force the conclusion that A(\(a, b)=@, and 
(b) of the lemma is proved. Since (4) asserts that f(b) is an element of A less 
than b, A(\(a, b) = implies that f(b) Sa. Similarly, (3) implies that f(a) =b. 
Thus f(a) 2b>az2f(b) so that (3) and (4) imply the conclusion (a) and the 
lemma is proved. 

One result proved by DeMarr in [1] is that f and g have a common fixed 
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point provided | f(x) —f(y)| <|x—y]| for x, yEI. The following theorem yields 
a less stringent restriction of similar form. We should note that in the proof of 
this theorem we use the fact that f(a) is a fixed point of g whenever a is a fixed 
point of g. (This fact was actually verified in the proof of Lemma 1.) 


THEOREM 1. f and g have a common fixed point provided there exists a real num- 
ber a>0O such that 


| f(z) — f%)| Sal ef) —gfy)| + ]e—yl, fora, yEL. 


Proof. Suppose that f and g have no common fixed point. Lemma 2 then 
yields points a, DEI such that: 

(a) f(a) =g(a) 2b>aZf(b) =g(b), and 

(b) f(x) ¥2(x) for xE(a, bd). 

As a consequence of continuity, (b), and the symmetry in (a), we can assume 
without loss of generality that g(x) >f(x) for xE(a, b). Since g(a) 2b >aZz2/(b), 
g has a fixed point and hence a minimum fixed point d€(a, b). But g(d) =d im- 
plies that f(d) is a fixed point of g. Since f(d) <g(d) =d, the minimality of d and 
property (a) demand that f(d) <a<f(a). Thus 3x€ (a, d) such that f(x) =a, and 
hence a maximum element ¢€(a, d) such that f(c) =a. It follows that (1) f(x) <a 
for xE(c, d]. 

Now since f(c) =a, g(f(c)) = g(a) =f(a); and since 


(*) f@26>d 


we conclude that gf(c)>d. On the other hand, g(d)=d implies that g(f(d)) 
=f(d); hence gf(d) <d since f(d) <a <d (see (1)). We thus have gf(c) >d>gf(d), 
and we can pick a point y€(c, d) such that (2) gf(y) =d. Moreover, the inequal- 
ity f(c) =a<d<f(a), see (*), yields a point x€(a, c) such that f(x) =d. Hence 
(3) gf(x) =g(d) =d. 

We now complete the proof. First note that since y€(c, d), (1) demands 
that f(y) <a, and since f(x) =d we can write f(x) —f(y) >d—a. Buta<x<y<d 
implies that (d—a)>(y—x)>0, so that |f(x)—f(y)| > lx—y|. Since gf(x) 
= gf(y) by (2) and (3), 


| fe) — fy) | > a] gf@) — gf&)| + |«- | 


for any positive real number a. We thus have the anticipated contradiction. 
We conclude with two results by-passed in the process of proving Theorem 1. 
First consider the points a and d. We have: 


f(a) = g(a) > gd) =d>a>fO, 


so that | f(a) — f(@|> | g(a) — g(d)| + | a—d|. Since this inequality is the conse- 
quence of the assumption that f and g have no common fixed point, we have 
proved: 


THEOREM 2. If | f(x) —f(y)| <| g(x) —g(y)| +|x—y| for x, yETI such that 
(f(x) —g(x)) f(y) —g(y)) =0, then f and g have a common fixed point. 
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Secondly, consider (3) in the proof of Theorem 1. We have gf(x) =d, where 
f(x) =d and x€(a, c). Thus f(x) = gf(x) >x, since x<c<d. But xE(a, c) C(a, b) 
implies that g(x) >f(«), which yields 


g(x) > f(x) = gf(x) > «. 
This inequality permits our final assertion: 
THEOREM 3. If there exists a positive real number a such that 
|* — g(a)| Sa gfe) —f@)| + |e -f@| 
for xEl, f and g have a common fixed point. 
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ON A CONJECTURE BY THORP 
C. W. Burritt, New York University 


1. Introduction. In [1] Thorp obtained two expressions for the probability 
of a certain event. With a change of notation these were 


1 1 1 

1 m(X1,° °°, Xm) = x —_—_ — won ————-.- | 
ene ‘| 2 xo + Xx, ovin Bob baw 
and 

fm (%1, + + + 5 Xm) 

2 1 

2) = 8 Lm  ———_ 
8 (20 + %e(1y) (Xo + %e1) + Xe2y) + + (40 +s HX acm)) 


where the sum is over all permutations of the integers 1 to m and where 0Sx, 


(k=0,--+,m) and xo+ --+-+%_2S1. Thorp proved the equality of (1) and 
(2) in case x1= +--+ =x, and conjectured that 
mM\%4 ++ + Xm m\y™ 
(3) ———____———- S fin", + + +) tm) S$ —---—__ 
(xo + mw) - ++ (xo + mp) (wo + mw) + + + (40 + mp) 
where mu=X1+ +--+ +m. It is the purpose of this note to prove that (1) and 


(2) are equal in the general case and to prove (3). 


2. Equality of f, and gn. The basic tool we shall use is the fact that 


1 m 
» Crfm—1(%1, Tt ty Net, hod, °° y Xm) « 


Xo tt Ht Xm k= 


To verify this, observe that the right member equals 


(4) IEACZE a) Xm) 
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X1° °° Xm m 1 
6) ———_—_ 22. 
Kot ++ + Xm ka1 (xo + %o(1)) ce (xo + %eay bee Xo(m—1)) 
where the second sum is over all permutations of the integers 1,---, k—1, 
k+1,---,m. This may be written 


m 1 
(6) Wy + Xm Dy Dy Qo 
k=1 o (xo + Xo(1)) ss (Xo Fe + Xo(m)) 
where o(m) =k. The validity of (4) follows from the observation that each term 
of (2) appears once and only once as a term of (6). 
Next we prove that g,, satisfies a similar equation. To this end, consider 


1 
atta > Cekm—1 (1, St ty Me—-1y Why °° * Xm) 
Sas » 
(7) = Xr (— 1)? a 
Xo sss + Xm k=l j=0 ki<+++<hkjgsmkigek OT Le, t+ + Hf Xe; 
x me Vesay ott t HK Lk 
_ 0 (— 1) >. ky+1 k , 
KoA tt + Xm j=0 ky<+++<kjsm %0 -F Vix a be Xk 5 
where ki, +--+, Rm are all of the integers 1, - - - , m. Thus the expression of (7) 
is equal to 
1 1 
wo (9 |= -_____| 
>> ky<es<hggm L%0 TP Mey ott eR, = Lo tt Hm 
m—1 1 
(8) = 4% > (—1)/ >» So 
j=0 ki<+++<kjsm %0 + 4, bees + Ue: 
-~—*__§§(") 
X0 +: > + Xm j=0 
Since 


> -1(") = (-1)™4, 
j=0 J 
it follows that 
(9) gm(%1, °° * ym) = aed em (41, °° * y ety Veety ** * y Xm): 
Since fi = gi, it follows by induction from (4) and (9) that fn =gm for all m. 
3. Proof of (3). First let us prove that 
m! 1 


10 TT m\V1, ° ° ° 4 im) = lm ly * °° 5 Wm); 
(10) Gaba) tmp = peg in 2m) (x Xm) 
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where mu=X1+ +++ +%Xm, which will establish the lower bound of (3). This 
holds trivially for m=1; assume it to be true for m—1. 
From (4) it follows that 


1 m 
(11) lm (21; a) Xm) — » Itm—1(*1, "8 8 5 Ne-1y Vk41, ° °°, Xm) « 
Xo MM k=1 
Hence 
(12) Im(x1, my Xm) = >» b(“x), 
Xo + MM p= 

where 
(13) (a1) vn = 

xX = eee 

: [vo + we] - - - [xo + (Cm — 1)ma 


and (m—1)u,.=mp—x;,. It is easy to verify that ¢’’(x,) >0, hence ¢ is a strictly 
convex function in the interval [0, my]. 

Now suppose that the minimum of > @(x;) occurs at #S +--+ Sm. (Clearly 
the minimum exists since the function is continuous on a compact set.) If 
%,<m, then from the strict convexity of ¢, 6(%) +(&m) >6(x7) +6(x*), where 
xt = 0% =4(%,+8m). Thus we could obtain a smaller sum by replacing #, and Z,, 


with x* and x7. We conclude that at the minimum #,= --- =%, =p. Hence 
mo) 
(14) lim (X1, rn 5) Xan) = 
xo + mp 


which yields (10). 
To prove that 
m\p™ 


bt tm) Sa 
(15) Fux 2m) Gaston)» (wo hmmm) 


seems to require more care. Clearly (15) holds for m=1; assume it to be true 
for m—1. Then from (4) 


1 m 
(16) fm(“1, ++ Xm) S >, v(x), 
xo + MM =I 
where 
(m —1) len, 
17 a 
ep ve) [xo + me] > + [ao + (om — 1)ma] 


and (m—1)y,=mp—xp. If xo =0, W(x.) = (m—1) lx, which leads immediately to 
(15). Hereafter we suppose xo >0. 
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Employing logarithmic differentiation we find that W’(x;) =W(x1)a(xz), where 


1 1 1 1 m —1 
(18) a(m) = ——— | — ep), 


Nk Mk m— i Xo Mk Xo + (m — 1) pr 


Examination of a’(x,) reveals that it attains its largest values at x)» =0, and 
from this it follows that a’ (x,) S$ —1/x%; hence a(x;) is strictly decreasing. For 
small values of x:, a(xz) is positive, but it must assume some negative values 
since fy’ =wWa and W(0) =W(mpu) =0. We conclude that a has exactly one zero in 
[0, mu]; call this point p. Since a(u) >0, we observe that p>yp. Note, too, that 
y is increasing in [0, p| and decreasing in [p, mu]. 

Next, consider p/’(%,) =W(xx) fa’ (xx) + [a(xx) |?}. For x2Sp, o(x,) 20 and 
from (18) we see that a(xz) <1/x,z. Hence a’(x,) + [e(x,) |? is negative in this 
region. By continuity there is some g>p such that this function, and hence 
y'’(xx), remains negative for x,.<q. Thus y is concave in [0, q]. 

Now let the maximum of }'y(xz) occur at #,S +--+ S# and assume that 

=q. Then necessarily #,<y and hence, for sufficiently small «>0, W(%) 
eva +e) and (Xm) <W(#m—e€). Clearly this is impossible; hence #,,<q. Since 


%, °° +, £m all fall in an interval where y is concave, a variation of the earlier 
argument shows that the maximum occurs at #;= -++ =£,=u. Hence 
1 
(19) Fn(%1, my Xm) = ————— mp (un) 
xo + mp 


from which (15) follows. 
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JACOBI ENDOMORPHISMS 
B. M. PuTTASWAMAIAH, Carleton University, Ottawa 


An endomorphism o of an arbitrary group G will be called a Jacobi endo- 
morphism if o satisfies the Jacobi identity 


((ab)°c)*((be)°a)*((ca)*b)? = 1 


for all elements a, b and c in G, where a’ is the image of a under o. For a given 
group G, there always exists at least one Jacobi endomorphism, namely the zero 
or trivial endomorphism given by a°=1 for all a in G. A group G which admits 
a nontrivial Jacobi endomorphism will be called a Jacobi group. In the following 
we show that G is a Jacobi group if and only if G is a semi-direct product of a 
normal subgroup and an abelian group of odd exponent. It is also shown that if 
Gis an abelian group of odd exponent, then there exists a Jacobi automorphism. 

If o and p are two endomorphisms of G, we mean by the sum o-+p the func- 
tion which maps an element a of G onto a’a’. The function o+p is an endo- 
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morphism of G if and only if G* and G* are elementwise commutative [1]. If ¢ 
is any function of G into itself, we write n|@ to mean that n is a factor of ¢. 

A group G is said to be a semi-direct product of a proper normal subgroup H 
and a subgroup K if and only if the elements of K may be taken as the coset 
representatives of A in G. 


Lemna 1. A group G has a Jacobi endomorphism o if and only if 
(1) n|2o2?+o and ab” = ba" 
for all a, b in G, where n 1s the exponent of G*. 
Proof. If ¢ is a Jacobi endomorphism of G, then by definition 
((ab)°c)*({bc)"a)"((ca)*b)? = 1 
for all elements a, b and c in G, which can also be written in the form 
(2) a’ b"c°b" c" ac" a" bY = 1. 
In (2), set a=c=1, obtaining b2"+°=1 for all b in G, which implies n| 207+. 
On the other hand, letting c=1 in (2), we obtain a°0°b"a°’a"b’ =1 which in 
view of n|202-++c, can be written as 
a” ba" b= 1 or ab" = ba” 
for all a and 0 in G. This proves the first part of the Lemma. 
Conversely let the conditions (1) hold. Then by repeated use of (1), we have 
((ab)°c)*((bc)*a)*((ca)2b)* = ab" cb" c* a%c" a" b 
= a’ bb" (c°C"'c"’) ava’ b% 
= ah? h (670276?) aba” 
= ab" b" aba" 
= a7 ar(b" b" b°) a” 
= garg” 
= 1 
and thus o is a Jacobi endomorphism of G. 


CorRo.uary. If ¢ 1s a Jacobi automorphism of G, then G is abelian. 


THEOREM 1. If o 1s a Jacobi endomorphism of a group G then (i) G* 1s abelian, 
(ii) o 1s an automorphism of G*, (ili) G 1s of odd exponent, and (iv) G ts a semi- 
direct product of G° and the kernel of o. 


Proof. Since o is a Jacobi endomorphism of G, we have from (1) that a”b’a-” 
=b for all a and 0d in G. This implies that G” lies in the centre of G*. But the 
centre is abelian and therefore G” is abelian. 

If x is an arbitrary element of G’, then x= (y~!)"°=y~ for some y in G. Since 
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n| 2o02--o, we can also write x=y-"=y2" =(y?)”, which implies that x belongs 
to G”. Thus G°=G"’ and so G" is abelian, and o is an automorphism of G’. 

Further the relation |20?-++o implies that G2”=G-*=(G"1)"=G°=G". 
Hence G’ does not contain an element of order 2; and thus G is an abelian 
group of odd exponent. Finally G’ is isomorphic to the factor group G/ker(c) 
implies that G is a semi-direct product of G* and ker(a), thus proving the theo- 
rem. 

In order to prove the converse, we require the following 


Lemma 2. If Gis an abelian group of odd exponent, then there exists a Jacobi 
automorphism. 


Proof. Let 2n+1 be the exponent of G. Then a2"+!=1 for all ain G. Define a 
mapping o of G into itself by a” =a” for all a in G. Since G is an abelian group, 
the mapping ¢ is an endomorphism. The integers 2n and 2n-++1 being relatively 
prime, the relation a*=1 for any a@ in G implies a=a2"+!=1, so that the kernel 
of o consists of the identity only. Thus o is an automorphism. Since o is non- 
trivial, it is an outer automorphism. 

Also 262-++-¢0 =2n?+n=n(2n-+1), so that 2n+1| 2o02+o. Therefore it follows 
from Lemma 1, that o is a Jacobi automorphism and G is a Jacobi group. 

Example. As an illustration consider the additive group Zo,41 of integers Z 
modulo 2m-++1, where u is any positive integer. If we now define a mapping in 
Zon4i by a’ =ka where a is in Zon41 and k& is in Z, then it is easily seen that o is 
an automorphism if k=n. Since 2n?++-n=n(2n-+1), the automorphism o satis- 
fies the hypothesis of Lemma 1. Hence Zon41 is a Jacobi group. 


THEOREM 2. If G is a semi-direct product of a normal subgroup H and an 
abelian group K of odd exponent, then G is a Jacobi group. 


Proof. Since H is a normal subgroup in G, the factor group G/H is well de- 
fined. Let v be the natural homomorphism of G onto G/H given by a’ =aH. Also 
let 1 be the isomorphism of G/H onto K. Since G is a semi-direct product of H 
and K, every coset of H in G contains exactly one element of K. Then this iso- 
morphism 7 can be described by (aH)‘=a’, where a’ is the common element of 
K and aH. Let 2n+1 be the exponent of K. The mapping p of K into itself 
defined by a’? =a’ is a Jacobi automorphism (see the proof of Lemma 2). 

If we set o=pip, then we shall show that o has the desired property. We have 


(ab)* = (ab)"*° = ((ab)’)* = (abH)* = ((aH-bH)*)* = ((aH)*(bH)*) = (a'b')? 
= a'eb!» = ((aH)*)*((bH)')* = (aH) (BH) = (a) i#(b») i? = ariebri = rhs, 


so that o is an endomorphism. Also 
ger +e — a” a” a" — gq! q!n — g!2n*+n — gq! n (n+l) — 1, 
so that 2n-+1| 2o7-++o. Finally the equations 


2 2 2 2 2 
arb” = q'nh'™ = f'n q'n and b” ar = b/"q'" 
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imply ab” =ba* for all a and b in G. From Lemma 1, it follows that ¢ is a 
Jacobi endomorphism and so G is a Jacobi group. 


THEOREM 3. If Gis a Jacobi group under an inner automorphism oa of G, then 
G is a direct product of cyclic groups each of order 3. 


Proof. Let ¢ be the element of G which causes the inner automorphism o. 
Then the Jacobi identity takes the form 


(t-*abtct) (t-*bctat) (t-2catbt) = 1 


for all a, b and c in G. In this identity if we let a=#, b=c=1, we obtain #=1, 
while b=c=1 gives tat-1!=a~?, Finally c=a-! gives ab=ba for all a and 0 in G. 
Thus G is an abelian group in which a =a~? for every a in G. Hence G is a direct 
product of cyclic groups each of order 3. 

REMARKS. In (1), the equation n| 207-++-¢ has at most two solutions. There- 
fore a group G has at most two Jacobi endomorphisms, one of them being the 
zero endomorphism. 

The Jacobi identity can be expressed in a slightly different form. An endo- 
morphism p of G may be called Jacobi endomorphism if 


((ab)*¢)((bc)*a)((ca)%b)° = 


for all a, b and c in G, where o is a fixed endomorphism of G. Then the conditions 
(1) take the form 


n|2op+p and athe = bear 
for all a, b in G and where n is the exponent of G*. 
Finally, I would like to thank the referee for his suggestions. 
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SOME RELATIVES OF MINKOWSKI’S THEOREM FOR 
TWO-DIMENSIONAL LATTICES 


JosErH HAMMER, University of Sydney 


Introduction. Minkowski’s Theorem states that any convex domain of area 
greater than four which is symmetric about a lattice point, contains at least 
two more lattice points. 

M. E. Ehrhart [2] has generalized it in the following way: any convex do- 
main of area greater than 4.5 of which the centre of gravity is a lattice point, 
encloses at least two more lattice points. 

E. A. Bender [1] has proved that any convex domain whose area is greater 
than half its perimeter, contains a lattice point. 

In this note, we shall show certain relations between these theorems and 
generalize them. 
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All theorems are understood to be valid in two-dimensional space. The first 
theorem is a relation between Minkowski’s and Bender’s theorems. 


THEOREM 1. Any convex domain whose perimeter 1s not greater than tts area 
and symmetric about a lattice point, contains at least four more lattice points. 


To prove this we shall use the following lemma. 


LEMMA 1. Any convex domain whose perimeter P 1s not greater than tts area, 
that 1s 


A2zP 


can be divided into two convex domains, such that each area 1s greater than the 
corresponding half perimeter. 


The statement of this lemma is a special case of the lemma in [3] if we take 
n=2. The only difference is that the condition “the area is greater than the 
perimeter” has been extended to “the perimeter is not greater than the area.” 
The proof, with the extended condition, is identical with that in [3], since the 
domain is convex. 

To prove the theorem, let us take a chord through the centre of the domain. 
This bisects the area, since it is central-symmetric. By Lemma 1, the area of 
each part is greater than the corresponding half perimeter. Applying Bender’s 
Theorem we find that each part contains a lattice point. Now we have two 
cases: either these two points are not symmetrically located with respect to the 
centre, in which case it is clear that each lattice point has its symmetric counter- 
part; or, they are symmetrical points, in which case the chord through them goes 
through the centre and bisects the area. Since the area of each part is greater 
than the corresponding half perimeter, each part encloses a new lattice point. 

Now, in Theorem 2, we will have a relation between Ehrhart’s and Bender's 
theorems. 


THEOREM 2. Any convex domain whose perimeter is not greater than its area 
and whose centre of gravity is a lattice point contains at least two more lattice 
points. 


This theorem is a special case of the following theorem: 


THEOREM 3. Any convex domain whose perimeter 1s not greater than its area, 
encloses at least three lattice points. 


To prove this, we use the following lemma: 


LEMMA 2. Through any point in a convex domain, a chord can be drawn which 
bisects the area. 


Proof. Take a chord through the point. Suppose that this chord divides the 
domain into two unequal parts, A, and A2; suppose that A1—A2>0. As the 
chord does a half turn around the point, A; and Az vary continuously with the 
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angle of rotation, to exchange their magnitude, yielding 41: —A2<0. By Bolzano’s 
Theorem on continuous functions, for one position at least, 4;=A2, what we 
wished to prove. 

To prove the theorem, it is plain by Bender’s Theorem that the domain 
encloses a lattice point. By Lemma 2, there exists an area bisector through this 
point. By Lemma 1, each area is greater than the corresponding half perimeter, 
thus each contains a lattice point, which differs, of course, from the lattice point 
lying on the bisector chord. 

Now we prove a more general theorem. 


THEOREM 4, Any convex domain whose area ts greater than or equal to 2"-times 
its perimeter P, that 1s 


(1) A = 2P, 
where r is a positive integer, contains at least 2°t?—1 lattice points. 


We prove it by induction. Theorem 3 is the case when r=0. Supposing it is 
true till y=n—1, we show it for r=n. 

Let us bisect the area by a chord which goes through a lattice point. From 
(1) for each half, we can write 


A/2 = A’ 2 2™'P. 
But, since the domain is convex, it is clear that 
A’ = 2-1p > 27 1p’, 


where P’ is the perimeter of the half domain. Thus by the inductive hypothesis, 
each half contains at least 2"t!—1 lattice points, and the domain contains 


2(2°t? — 1) +1 = 272-1 
lattice points. 
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ON THE ZEROS OF SOLUTIONS TO BESSEL’S EQUATION 


F. T. METCALF AND MILOS ZLAMAL, University of Maryland 


Consider Bessel’s equation 
1 yp? 
(B) a(é) + 7 £(t) ++ (1 — ~) a(t) =0, O<4, 


where pv is a real parameter. A classical theorem on Bessel functions states: 
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whenever 7, <i<7>2. Integration between 7; and TJ, then gives the results con- 
tained in the second statement of the theorem. 
Suppose now that 0<7S7,<T72, where 7?>v?—4}. Then 
yr — 4 <6(t), yp? < G, 
= cos? 6(t) 0 ; 
T? > 6(2), y? > &, 


—1+ 


whenever 7,<t<T>. Since T?>v?—4, the left-hand side of each of the above 
inequalities is negative. Hence, 


Tv 
ft {G7 -— b/ Pe} 
_ i dp | >-(n-T), <3, 
+rj2 1 — { (v? — 4) /T?} cos? < — (T: — T)), v> ft, 


which yields the desired results. 


The research of the first author was supported in part by the Air Force Office of Scientific 
Research under Grant AFOSR 400-64; while the research of the second author was supported by 
the National Science Foundation under Grant GP 2067. 
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A RODRIGUES’ FORMULA FOR THE LAGUERRE POLYNOMIALS 


L. R. Brace, Case Institute of Technology 


In this note, we will be concerned with the development of a version of the 
Rodrigues’ formula for the generalized Laguerre polynomials. This formula, 
which doesn’t seem to appear in the literature, is given by 


(a) (—1)/ 


(1) Lj (7°) = 2235 fer Adare" f, 7=0,1,2,---: 


Here, Ao(at1) =D? + [(2a+1)/r|D,, D,=0/dr, and this reduces to the usual “ra- 
dial” Laplacian operator when n=2(a-+1) is a positive integer. The interest in 
the above formula is twofold: (a) it is a generalization of the form of the Rod- 
rigues’ formula for the Hermite polynomials ([3], p. 189) only involving the 
operator Ao(a41) and (b) it serves as a good starting point for easily deriving a 


number of basic formulas for these polynomials. For example, if we select a= —34 
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and A,=D? in (1), we obtain the connection between the Hermite polynomials 
H.,(r) and the Laguerre polynomials L; /*(r?). On the other hand, the choices 
a=0, r=x?+23, and A,=Di+ D3 in (1) along with an application of the bi- 
nomial theorem leads to the relation 


joss 

Lj (01 + 23) = Dy (-)) Hany) Hal), 
2739) k=0 R 

a result first announced by Feldheim [1]. 

Our development of (1) is based upon an elementary semi-group property 
for solutions of the heat equation and a generating function related to the source 
solution of this equation. A modification of this method can also be used to 
derive the Rodrigues’ formula for the Hermite polynomials. The result (1) can 
also be derived directly from the basic recurrence relations for the Laguerre 
polynomials ([3]| p. 202), but we omit the use of these here. 

Let us consider the initial-value generalized heat problem 


\" Ui(r,t) = AwUG,t), w= 2atl)>0 
(b) U(r, 0) = o(7). 
It is not assumed that wu is an integer. Nevertheless, we can attach to this prob- 


lem a symbolic solution operator exp(tA,) (see Chapter 8, [2] when u=1) such 
that the analytic solution of (2) is given by 


(3) U(r, t) = exp(A,) -$(7), 


provided that ¢(r) satisfies suitable growth conditions (the Goursat conditions). 
It is frequently necessary to restrict the time variable ¢ in order that (3) be 
meaningful. These restrictions then define a domain D(U) of validity of (3). It 
will be assumed here that if (7, 4), (7, &), and (7, t:+¢é) are any three points of 
D(U), then we have the semi-group property 


(4) exp{t,A,}-U(r, to) = U(r, t1 + te). 


(2) 


Further, let S(r, £) = (4mt)~#/2e-7"/4t, the so-called source solution of (2a). If 
U(r, t) is a solution of (2a) in D(U) and (r/t, —1/t) ED(U), then we define the 
Appell transform U(r, t) of U(r, t) by 

(5) U(r, t) = S(r, DU(r/t, —1/2). 

Then U(r, £) also satisfies (2a). 


Let us now observe that if (r) =e” in (2b), then the corresponding solution 
of (2) is 


U(r, t) = (1 — 4at)-4”? exp{ ar?/(4 — 4ai)t, 


provided 1—4at>0. If we select T=4at and X=-—r?/4t in this, its right- 
member reduces to the generating function for the Laguerre polynomials 
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L*?-)(X) ({3] p. 202) and we have 


(6) Uale, ) =D PLR) = D ADL(—1/aa! 


Upon forming the Appell transform of both sides of (6), we obtain 
S(r,t+ 4a) = U,(r, t) 
(7) 


(a) 


= S(r, t) > (—4/8)4L;" (r2/48) a8. 


But since S(r, ¢-+4a) =exp(4aA,)-S(r, £) by (3), it follows, if we choose {= in 
(7), that 
(8) exp(4aA,)-S(r, 4) = Sr, 8) Do (—16)5Z;" (al. 

j=0 
Finally, if we evaluate the jth derivative of this with respect to a at a=0, we 
obtain 


(4A,)7-S(r, 4) = (—1)9144S(r, HL," (7?) 
and this is just (1). 


The research in this paper was supported by the National Aeronautics and Space Administra- 
tion Grant No. NsG-544. 
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Editorial Note. In a private communication to Mr. V. K. Rohatgi, Professor 
H. W. Gould has pointed out in connection with Rohatgi’s note, “Some Com- 
binatorial Identities Involving Lattice Points,” this MONTHLY, 73(1966), 507— 
508, that more general results than formula (3) in this note are given in the 
paper of Gould referred to in the note. Also he remarked that formula (3) holds 
for all real or complex numbers. 


CLASSROOM NOTES 
EDITED BY GERTRUDE EHRLICH, University of Maryland 
Send manuscripts to R. A. Rosenbaum, Wesleyan University, Middletown, Conn. 06467. 
UNIQUENESS THEOREMS FOR A DIFFERENTIAL EQUATION 


J. B. Garner, Louisiana Polytechnic Institute 
In a recent paper [2] the existence of at least one C? solution of 


was established by imposing certain conditions on F(t, x). The uniqueness of 
this boundary value problem was established in [1]. The purpose of this note is 
to present to the student of differential equations elementary uniqueness theo- 
rems for similar systems. 

We first establish uniqueness for a solution of a one-point boundary value 
problem. 


THEOREM 1. Let 

(A) F(t, x) be continuous in (t, x) for xE[a, b|, t€[0, c], 
(B) F(t, x)>0 for xE[a, b|, t€[0, cl, and 

(C) to F (te, x) >i F(t, x) for xe la, b| and Ost, <le<c. 


Then there exists at most one C? solution of 


(1) y’ + yF(y, x) = 0 

satisfying 

(2) y(@) =f, y'(a)=B, yx) >0, «EC, d], 
where (,, 62 are nonnegative real numbers, both not zero, and 

(3) Bi + (6 — a2 Sc. 


Proof. Let (x) and y2(x) be two distinct solutions of (1), (2). Then, since 
these are C? solutions, we may assume 


(4) yi(x) = yo(x), 2 € [a, th] and yo(x) > wile), # & (A, be) 

for some hh, ft of [a, db]. If a=h, yd (h) =i (4) by (2). If a<h this equality fol- 
lows from the continuity of y/ — y/ and the first condition of (4). Hence, 

(5) yet) = sis), ye) > oi), «%€ Gh, és) 


for some ?¢3 with t3 Sto. 
From (1) we have 


Eo 


(6) yi (x) = (hh) — | y(u)F(y, u)du. 


ty 
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On writing (6) for y; and ye and making use of (5), we find 
(7) yf (®) — yf (0) = fbn) FOr, «) — nw Fn, w)Ja. 
ty 


From (B) and (1) we have yy’ <0 for y+#0. Hence all solution curves of (1) 
are concave toward the horizontal axis. Thus, if y(x) does not change sign in 
[a, b], the curve y=y(x) must lie between the x-axis and the tangent to the 
curve at any point of the interval. We now have, by (3), 


yi(x) S6i+ (x ~ a) Be Sc HE [a, b], 


and can use (C) and (4) to conclude that the right member of (7) is negative for 
x =%X1, 4 <x1<t3. But, by (5), the left member is positive. 

We now have a contradiction to the assumption (x) #y2(x) and the theorem 
follows. 

Proved in a similar manner is 


THEOREM 2. Let F(t, x) satisfy (A), (B), (C). Then there exists at most one 
C* solution of (1) satisfying 


y(b) = Bi, 9(0) = B,, = (*) > 0, & E (a, 8) 
where 0<Pi Sc. 


We now consider uniqueness for solutions of some two-point boundary value 
problems. 


THEOREM 3. Let F(t, x) be continuous in (t, x) for xE [a, b| and OSt< © and 
satisfy 


(C’) toF (to, x) < tyF (ts, x) *€ fla, b],0<t<te < ow. 
Then there exists at most one C? solution of (1) satisfying 

(8) y(2) = Br, y'(6) = Br, (x) > 0, « E (a, 8], 
where B,, B20 and both not zero. 


Proof. Assume yi(x) and ye(x) satisfy (1), (8) and are distinct. Then there 
exists at least one subinterval (4, é2) of (a, b) in which y,(x) ¥y2(x). Also, by (8), 
we may choose t; and tf, such that 


(9) yt (t1) S ye (i), yt (te) B ye (te), a(x) > u(x), & E (ha, te). 


From (6) we obtain 


(10) 982) = 9f ) = 98) — of) + fbi) FOr, 8) — FOr, de. 
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We use (C’) and (9) to conclude that the right member of (10) is positive. But 
(9) implies that the left member is nonpositive. Hence, we must have (x) 
= yo(x). 

Proved in a similar manner is 


THEOREM 4. Let F(t, x) satisfy the hypotheses of Theorem 3. Then there exists 
at most one C* solution of (1) satisfying etther 


(i) y’(a) =i, y(0) = Br, 
(ii) y(@) =f, yO) =B2, or 
(iii) y’(@) =B1, y’(b) = Ba, 


where, in each problem, y(x)>0 on (a, b) and Bi, B22 with both not zero. 


This work was done during the course of research sponsored by NSF grant GP-1337. 
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THE REAL ROOTS OF THE EQUATION (x—1)*=xe41 
D. A. Smiru, Duke University 


1. Introduction. There do not seem to be many examples of applications of 
the basic theorems of the calculus, such as the mean and intermediate value 
theorems, which are both accessible to the first-year student and illustrative of 
the power of these theorems. Some of the Sturm theorems for differential equa- 
tions (e.g. if f and g are real linearly independent solutions of a second order 
linear homogeneous differential equation, then the zeros of f and g occur alter- 
nately) have simple proofs based on the mean value theorem, but there is the 
problem of explaining exactly what the statements mean. On the other hand, 
the error estimate for Simpson’s rule is simply stated, but the student has diff- 
culty following the details of the proof. 

This note presents a simply-stated, nontrivial problem and some answers 
which are interesting in their own right and also readily accessible to the student 
of calculus. In addition to the mean and intermediate value theorems, we use 
the properties of monotone functions, approximation by early terms of a series, 
and other elementary ideas. The notation of number theory is used in places as 
a shorthand device, but this can be avoided. 


2. The problem. For a given positive integer k, how large must x be so that 
(x —1)*>x*-1? Since we are asking for the largest root of the equation 


(1) (x _ 1)* = ot}, 


we may as well ask for all the roots. One quickly finds that there are two roots for 
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CLOSURE CONTINUITY 


D. R. ANDREW, University of Southwestern Louisiana, AND ELAINE KiRLEY WHITTLESY, 
Iowa State Teachers College 


In this note we compare a type of function, which we shall call a “closure 
continuous” function, with a continuous function. We show that in one sense 
continuity is a stronger property than closure continuity (Theorem 1) while in 
another sense it is not (Example 2). Conditions are obtained under which 
closure continuity is equivalent to continuity. 

The notation “f: X—X*” will mean that f is a single-valued function from 
the topological space X to the topological space X*. 


DEFINITION 1. A function f: X—>X* 1s closure continuous atxCX if and only 
af for every open set G* in X* such that f(x) EG*, there is an open set G in X such 
that x EG and f(cG) Cc*G* (c and c* denote the respective closure operators). 


DEFINITION 2. The function f: X—>X* is closure continuous (on X) if and 
only if f 1s closure continuous at every xX. 


THEOREM 1. If f: X—>X* 1s continuous on X, then f: X-—X* ts closure con- 
tinuous on X. 


Proof. Suppose that f: X—X™* is continuous on X. Let x CX and let G* be 
any open set for which f(x) €G*. Since f is continuous, there is an open set G 
such that x©G and f(G)CG*. Hence c*f(G)Cc*G*. By the continuity of f, 
f(cG) Gc*f(G). Hence f(cG) Cc*G* and f is closure continuous on X. 


EXAMPLE 1. f: X—X* may be closure continuous on X while discontinuous 
at every xX. Let X(X*) be the unit interval with topology consisting of the 
empty set together with all sets whose complements are finite (countable). Let 
f: X->X™* be the identity transformation. Then f is closure continuous since for 
every nonempty open set G* in X*, c*G* = X*., It is clear that for every xECX, 
f is not continuous at x. 


THEOREM 2. Let X* be a regular space. Then f: X->X* is closure continuous 
on X tf and only if f: X—>X* is continuous on X. 


Proof. Suppose that f: X-—>X* is closure continuous on X. Let xCX and 
let G* be any open set in X* such that f(x) EG*. Since X* is regular there is an 
open set Gj in X* such that f(x) GT and c*GfCG*. There is an open set G 
in X such that x€G and f(cG) Cc*Gf. It follows that f(G)CG*. Hence f is 
continuous on X. 

If f: X—X™* is continuous on X, then it is closure continuous on X by 
Theorem 1. 


Coro.iary 1. If X* is regular and f: X->X* is closure continuous at xEX, 
then f 1s continuous at x. 


1966] CLASSROOM NOTES 759 


EXAMPLE 2. Given a point xCX, a function f: X—~X* may be continuous 
at x and not closure continuous at x. Let X = \a, b, c} with topology consisting 
of ia}, \a, b}, X,and @. Let X* = a, b, c} with topology consisting of a, b}, 
\c}, X*, and &. Define f: X—>X* to be the identity mapping. Clearly f is con- 
tinuous at 0. That f is not closure continuous at 0 follows from a consideration 
of G*¥= {a,b} in X*. 

It follows from Theorem 1 that the function in the previous example cannot 
be continuous at both a and c. In fact we have the following 


THEOREM 3. If f: X—~X™* ts continuous at x CX but not closure continuous at 
x, then every open set containing x has a limit point which is a point of discon- 
tinurty of f. 


Proof. Let x be a fixed point of X and suppose that f: X—>X* is continuous 
at x but not closure continuous at x. 

There exists an open set Gj such that f(x) Gf and for every open set G 
for which xGG, f(cG) Ec*Gf. Since f is continuous at x, there is an open set Gp 
such that x GG, and f(G.) CG. 

Let G; be any open set such that x CG; and define G3=G,(\G>. Then x GGs, 
f(Gs) GY, and f(cG;)£c*Gf. Hence there exists yGX such that y is a limit 
point of G; and f(y) Ec*Gf. Since y is a limit point of Gs, y is a limit point of Gy. 

We show now that f is not continuous at y. The set G; = X* —c*G? is open 
in X* and f(y) EG}. Let G be an arbitrary open set in X such that yGG. There 
is a point z€G; such that z€G. Hence f(z) Gf and this implies f(z) €G* and 
therefore {(G) EG}. This completes the proof. 


THEOREM 4, Let X bea regular space. If f: X—>X* is continuous atx CX, then 
f: X—X* 1s closure continuous at x. 


Proof. Suppose f: X—X™* is continuous at x and that G* is any open set con- 
taining f(x). There is an open set G such that x€G and f(G) CG*. Since X is 
regular, there is an open set G, such that x©@G, and cG,CG. Hence f(cG;) 
Cc*G*, and f is closure continuous at x. 

The following example shows that the converse of Theorem 4 does not hold. 


EXAMPLE 3. Let f: X—-X™* be as in Example 2. X* is regular, and the func- 
tion f—': X*—»X is closure continuous on X* since for every nonempty open set 
Gin X, cG=X. But f—! is not continuous at the point aC Xx*. 

We conclude with the following theorem which is an immediate consequence 
of Corollary 1 and Theorem 4. 


THEOREM 5. Let X and X* be regular spaces and x EX. Then f: X—X* is 
closure continuous at x tf and only if f: X—X* 1s continuous at x. 


Reference 


1. William J. Pervin, Foundations of General Topology, Academic Press, New York, 1964. 
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ON THE CONVERGENCE OF THE BINOMIAL SERIES 


AUGHTUM Howarp, Eastern Kentucky University 


The binomial series, 1+ Di. (™)x", m0, 1, 2, - + - ,is the Maclaurin series 
representing the function (1+x)”. It is easily shown to be convergent for 
| «| <1. The elementary calculus, however, usually gives only limited considera- 
tion to the question of convergence or divergence at x = +1. Here the series be- 
comes a function of m alone and is well known to be convergent for m>—1 at 
x=1and for m>0 atx=-—1. 

This note gives an elementary proof of the convergence of the series for 
—1<m<i1 atx=1 and for 0<m<i1 at x=—1. The method is a generalization 
of that used in [1] for m= —1/2, x=1. We shall need the 


Lemma. [(a—1)/a]?<a/(a+p), a>1, p any integer 21. 
Proof. Using only the first two terms of the binomial expansion, we have 


Pp 1 P 
( "ay = (1+ y 21+ Posy p Ph att tg, 
a—1 a—1i 1 a 


a— a 


The lemma follows by inverting this inequality. 
Now, for 0<m<1, there exists an integer p22 such that 1/p<™m. For this p, 


we have 
1—m)---(m—-1- 1 1\ 1 
em (1) vs (w- 1 - YS 


@ 


n} p/n! 
p—-12p-1 (n—1)p-1 1 © 1 
7 p 2p (n — 1)p nH 
By the lemma, 
2 — | 
(dp)? < i a a 
2p—1 3p-—1 np — 1 
p 2p - (x — 1)p p-!} i 


p—-12p-1 (n—1)p—1 np—1 an 


) 


Since 1/n}+@/») is the nth term of the well-known p-series, and 1+(1/p) >1, we 


( ) 
nN 


n=1 


Hence, @, <1/n'/? and 


< 1/nitClp), 
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is convergent at |x| =1 for 0<m<1. 
For x=1, —1<m<0O, we give the usual test for convergence of an alternat- 
ing series. For this range of m, it is easily shown that 


i l<iG) 


( ) 
nN 


_(-—k)2-k) +++ m-1—k) n—k 
7 (n — 1)! na 


lim = (), 


n- © 


Let —m=1-—k, 0<k<l1. Then 


() 


By an argument similar to that used above for 0<m<1, there is an integer p =2 
for which the first factor on the right <1/n'/". Hence 


( ) 
nN 


1. G. E. F. Sherwood and A. E. Taylor, Calculus, Prentice-Hall, Englewood Cliffs, N. J., 
1954, chapter XVI. 
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REAL PERIODIC FUNCTIONS 
R. H. Cox ann L. C. Kurtz, University of Kentucky 


The purpose of this note is to give an elementary application of group theory 
to the theory of real periodic functions. 

We will denote by ® the real number field, and by § the set of functions 
f: RR. For each fEs, let G= {P| pER, f(it+p)=f(4) for all tee}. It is 
clear that 0O©G; for each fES. If pEG, and gEG,, then 


ft+pep—9) =ft-9 =ft-—qt+O =f 


so that p—q€Gy. Thus G; is an additive subgroup of ®. We will call G; the group 
of periods of f. 


DEFINITION 1. A function fES 1s satd to be periodic 1f Gy contains more than 
one element. 


It is a well known (and easily proved) theorem that every nontrivial additive 
subgroup G of @ is one of the following types: 

(A) There exists a least positive element p>€G and G=|po|, the cyclic 
group generated by po. 
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(B) The subgroup G is dense in ® (in the usual topology). 


DEFINITION 2. A function fE§ 1s said to have principal period py tf f is peri- 
odic, Gy 1s of type A, and po 1s the least positive element of Gy. 


THEOREM 1. If fE¥ ts periodic, and if there exists a point thE R such that f is 
continuous at to, then either f is a constant function or f has a principal period. 


Proof. Suppose that f has no principal period, so that G; is dense in @. If 
e>0, there exists 6>0 such that | f(t) —f(to)| <e when |4—to| <8. If Ea, we 
may express ¢=f)+t’+2’’, where t’CG,; and | 2" | <6, since G; is dense in ®. Then 


lf) — ft) | = | foe +e”) — f(to) | = | fo + 2”) — flr) | <e. 


This shows that f(t) =f(to), and f is a constant function. 

The “converse” of Theorem 1 is false. An example is the function f given by 
f() =0 (¢ rational) and f(#) =2-+cos 27t (¢ irrational). This function has prin- 
cipal period 1 but is everywhere discontinuous. 

We now turn our attention to the functions of type B. Suppose that G is a 
subgroup of @, and consider the factor group @/G. If f is a function from @/G 
to ®, we may use f to induce a function fE¥ whose period group is G by defining 
f@® =f(t+G). In particular, if G is the subgroup R of rationals, it is clear that 
the cardinality of ®/R is N. In this case we may choose f as a 1-1 mapping of 
R/R onto &, and the resulting function f is of type B and assumes uncountably 
many values. This construction will easily yield a periodic function whose graph 
is dense in the plane. As a final remark, we observe that there exist uncountable 
proper subgroups of ®, and hence there exist non-constant periodic functions 
with uncountably many distinct periods. 
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A DILEMMA IN DEFINITION 
C. P. NicHoias, United States Military Academy 
An unfortunate tendency of today’s textbooks on calculus is to place the 
student in a quandary over the term “function.” The definition of this term 
which had long commanded professional and academic acceptance is being 


supplanted in recent texts by substitute versions which—although heralded 
as improvements in precision—fail notably on grounds of consistency. The re- 
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sult is an ambiguity which even the most careful mathematical writers are 
unable to avoid. There is danger that the new definitions are producing an ir- 
reconcilable conflict with'a meaning long established in the literature of science 
and engineering. If this tendency continues, a student’s first course in calculus 
seems destined to become a bewildering encounter with inconsistent language 
and overly elaborate symbolism. 

In order to discuss the problem in specific terms, it will be helpful to state the 
conflicting definitions and assign corresponding marginal references. The defini- 
tion of function that was widely accepted until about ten years ago appeared in 
substantially the following terms: 

(A) A function ts a variable so related to another variable that to each value of 
the latter there corresponds uniquely a value of the former. 

In contrast, the definition tending to prevail in the most recently published 
calculus texts would be as follows: 

(B) A function is a set of ordered pairs, no two of which have the same first 
component. 

Still another view regards a function as a rule of correspondence. There are 
many ways of stating this, but the following paraphrase is sufficiently explicit 
for later reference: 

(C) Given a set of ordered pairs such that no two have the same first component, 
the rule of correspondence which associates each second component with the cor- 
responding first 1s called a function. 

Certain variants of these definitions could be added to the list, but it will 
suffice to focus attention on (A), (B) and (C). 

Now, under all three definitions the symbol f(x) is customarily used to de- 
note what is called the value of the function. Further, if we let (x, y) denote an 
ordered pair in the sense of (B) and (C), then under all three definitions it is 
customary also to consider y as the value of the function. Thus y and f(x) are 
given the same meaning, so that in all three systems it is acceptable to write 
y=f(x). Regardless of which definition is chosen, therefore, the symbolism 
prevalent in science and engineering may be used whenever one’s only concern 
is the function-value corresponding to a selected argument-value. Accordingly, 
if the only purpose of mathematical education were to prepare the student for 
stereotyped problems, one might say that the fundamental conflict of language 
between (A), (B) and (C) is of small consequence. But to take this attitude 
would be to revive the cookbook approach that the recent reforms have been 
intended to remedy. 

If each of the definitions (A), (B) and (C) be reduced to the essential single 
word, we find that (A) calls a function a variable while (B) calls it a set, and 
(C) calls it a rule. These three meanings are not logically equivalent; and be- 
yond that, (B) and (C) are at variance with the meaning of function most widely 
accepted in applications of calculus to science and engineering. By this I do not 
mean to belittle the concepts defined in (B) and (C); I am fully aware that these 
are important objects of interest, and that each deserves a standard term in 
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mathematical literature. My only point is that neither of these should be 
referred to as a function, since this terminology conflicts not only with a previ- 
ously accepted mathematical definition but also with a fundamental meaning 
established in the English language by prolonged good usage. 

As to what terms I would propose instead for (B) and (C), well suited words 
are available, but there is little point in discussing these unless teachers first 
agree that the overthrow of definition (A) is neither necessary nor desirable. 
Definition (A) is fully adapted to a precise treatment of calculus, and the usage 
implied by that definition is so deeply imbedded in the literature that it is not 
likely to vanish in our lifetime. Agreement on these points would make it clear 
that the term “function” cannot reasonably be applied to (B) or (C), if calculus 
is to be kept free of ambiguity. The problem would then reduce primarily to 
that of choosing an acceptable name for the concept denoted by the symbol f 
when used separately from f(x). A reasonable solution to this problem was sug- 
gested as far back as 1953 by J. Barkley Rosser, whom I shall now quote. In 
his admirable Logic for Mathematicians, (McGraw-Hill, 1953), Rosser offers on 
page 309 the following suggestion: 


Actually, a perfectly good name for the notion f is available, namely “transformation.” In 
algebraic geometry, a careful distinction is usually made between a “transformation” f and a 
“general value” f(x) of the transformation. Thus, one way out of our impasse would be always to 
refer to f as a transformation and to reserve the term “function” to refer to f(x). 


This suggestion in Rosser’s book occurs in the course of an illuminating dis- 
cussion of the dilemma which is the subject of the present article. Pointing out 
that f and f(x) are different and that it is confusing to apply the term “function” 
to both, he continues as follows: 


One should definitely decide to call one by the name “function” and then devise a new name 
for the other. The present trend in higher mathematics is to reserve the name “function” for f, 
but even those who advocate this are usually inconsistent in their use of the word “function.” 


Rosser proceeds from this point with a description of certain difficulties 
raised by calling f(x) a function, but after close study I am persuaded that the 
problem is a minor one whose solution requires no more formidable remedy than 
careful English. Moreover, Rosser shows convincingly that symbolic logic pro- 
vides adequate machinery for considering f(x) a function and treating it in 
that sense with complete precision. 

After describing various alternatives, Rosser reaches the point where a deci- 
sion is necessary in order to proceed with the treatment of functions in his own 
pages. For this purpose he accepts the emerging practice of calling f the function, 
and in order to preserve consistency he is careful thereafter to refer to f(x) as 
the function value. He points out that the procedure thus adopted is not highly 
satisfactory, but seems most nearly in accord with the present trend of mathe- 
matical thought. 

In order to illustrate the growing dilemma I shall cite a few examples of more 
recent date and at the same time try to clarify the nature of the problem. An 
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important source of trouble is doubt in the minds of certain writers that the 
concept of a variable can be made precise. A person who does not know what a 
variable is would, of course, not understand definition (A). Some authors try to 
avoid the variable concept altogether, a case in point being the writer of a 
prominent introductory treatment of functions published in 1960. At one stage 
he remarks, “For the purposes of this book it is unnecessary to attempt to de- 
fine ‘a variable,’ and we shall neither define nor use this word.” Later on, how- 
ever, he freely uses the verbs “increase” and “decrease,” and he does not hesi- 
tate to state that certain functions are increasing or decreasing. Thus he has 
used the zdea of a variable while avoiding the word. This in itself might be re- 
garded as not serious, except for the fact that he had previously defined a func- 
tion as a set of ordered pairs. Thus, he seems to be saying that a set of ordered 
pairs is increasing or decreasing. 

I do not believe, of course, that he meant this, nor would an experienced 
mathematician insist on this literal interpretation. His book is intended for 
readers who have completed at least a course in calculus. Nevertheless, even 
at the level for which he was writing, the need to discuss functional behavior 
in intelligible language forced him to revert to the forms of speech which treat 
a function as a variable. Moreover, it is clear that he was aware of the language 
problem, for shortly afterward he comments that the function whose value at x 
is log x would usually be called “the function log x.” Proceeding then to the 
function whose value at x is log(sin x), he states: 

Here we are forced into a certain amount of awkwardness if we are to avoid the possibly mis- 


leading “the function log (sin x).” The same problem arises when we want to talk about functions 
that are so simple that they have no generally accepted names. 


In view of the unconcealed conflict of language in this treatment, a student 
who reads it would be left in serious doubt as to whether such entities as x?, 
sin x, log(sin x), and so on, may properly be referred to as functions. 

Several modern authors have been frank to acknowledge the dilemma, and 
after defining a function in accordance with the new vogue, they revert openly 
to the variable concept in order to provide intelligible discussion. Thus the 
preface of a certain text on calculus published in 1964 includes the following 
confession: 

The notation f(x) is defined with complete propriety as the image of the function f for a given 


pre-image x: that is, y=f(x)@(x, y)Ef. But to avoid too great a clash with tradition and with 
the bulk of mathematical literature, we later slip into the (bad?) habit of calling f(x) a function. 


The text then proceeds, commendably in my opinion, to refer to such entities 
as x2, x3, sin x, and so on, as functions. 

There are other authors who have gone to great lengths to avoid such overt 
inconsistency, but the inevitable consequence is excessive symbolism and cir- 
cumlocution. This is well illustrated by a textbook on calculus written by two 
prominent authors and published in 1962. These writers define a function to be 
a set of ordered pairs no two of which have the same first component, and asa 
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typical symbol they employ the letter F. Their preface introduces the following 
conventions for distinguishing between F and F(x): 


If F denotes a function, and if (x, y)© F, we call y the correspondent of x under F, and we denote 
this correspondent by F(x). We most commonly specify a function by writing 


F= {(x,9)|y = F(x)}, 
and if (a, F(a))E F, we call F(a) the value of F(x) at a. 


This device enables its authors to avoid the logical inconsistency of first 
saying that a function F is a set, and then saying that F(a) denotes a value of 
the function (literally, a “value of the set F”). Instead, they say that F(a) is a 
value of the correspondent, thus ascribing to the latter concept the intrinsic char- 
acter of a variable. 

While I admire the sincerity with which these authors have insisted on 
consistency, I feel nevertheless that they have demanded of the student too 
high a price. The student who uses this book will be dealing, not only with func- 
tions, but also with correspondents; and not only with derivatives of functions, 
but also with derivatives of correspondents; and not only with antiderivatives 
of functions, but also with antiderivatives of correspondents. As for notation, 
in cases where educated men have long felt that the display 


sin x 


denotes a function, the student of this 1962 text will be required instead to 
denote the function by the display 


sin = {(a, y)| y = sin x}. 


Since a function is a set of ordered pairs, this student may not say that a func- 
tion is capable of increasing or decreasing or having an extreme value. 

Now, without discussing the mathematical merits of these dual conventions, 
I must view them with regret from the standpoint of good teaching. Calculus 
can be made simpler than this without impairing either its rigor or its precision. 
Moreover, a student who masters these conventions may find himself in a strange 
and conflicting world of applications. His physics teacher will probably persist 
in calling sin x a function, and may also insist that the distance traveled by a 
falling stone is a function of the time elapsed since the stone was released. The 
latter observation may cause the student to ponder how a distance can pos- 
sibly be a set of ordered pairs. Such conflicts between mathematical fiat and the 
established terms of science and engineering are not likely to advance the cause 
of mathematical education. Rather, it seems to me, calculus is in danger of be- 
coming esoteric, and those of us who teach it are in danger of being considered 
a cult if we allow eagerness for modernization to do violence to correct usage and 
accepted terminology. 

The mathematician may treat usage with scorn, of course, as did Humpty 
Dumpty in his imperious reply to Alice: “When J use a word, it means just what 
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I choose it to mean—neither more nor less.” But I am not convinced that mathe- 
maticians in the aggregate wish to carry this privilege to extremes. At the high- 
est levels of research it may be that a writer can expect tolerance from his col- 
leagues if his preoccupation is so intense that his language becomes a law unto 
itself. Nevertheless, a book that flouts the prevailing language of science and 
engineering does not constitute good text material. The student will find that 
functions are not exclusively in the province of mathematicians, but pervade 
also the business of the laboratory and the market place. 

The fact of the 1960's is that mathematicians, physicists, engineers, and in- 
creasing numbers of people in the behavioral and management sciences, are ac- 
customed to making certain types of assertions with regard to functions, such 
as the following: 


“This function always increases.” 
“This function changes always at the same rate.” 
“This function takes only positive values.” 


Under these circumstances, a definition which states what a function is should 
be such that the essential predicate nominative may be substituted for the word 
“function” in each of the above sentences. In all three cases the term “variable” 
fits logically, whereas the term “set of ordered pairs” does not, nor does the 
term “correspondence,” or “rule of correspondence,” or “mapping.” Either we 
must adhere to the concept that a function is a variable, or else we face the long 
and difficult battle of uprooting established forms of speech. In such a battle 
the first casualty, in my opinion, will be the reputation of calculus as a reason- 
able academic discipline. 

As for those who doubt that the concept of a variable can be made precise, 
I suggest that teachers should explore this problem in a fundamental way, rather 
than accept a dictum. It is widely agreed, I assume, that a major purpose of 
calculus is to create effective models of physical situations. If it is now becoming 
a status-symbol to profess doubt as to what a variable is, nevertheless nature 
continues to go about the business of variation with carefree abandon. Antelopes 
run, birds fly, rockets accelerate, apples fall, nuclear bombs explode, and in 
general the universe seems in a state of incessant change. The invention of cal- 
culus resulted from an effort to model certain variations of nature, notably the 
variations of distance and velocity in a system where a body in orbit is subject 
to a gravitational force directed toward a center of mass. 

Accordingly a characteristic task of calculus is to create a model of some- 
thing that varies, and any mathematical entity that may serve this purpose 
(even if not so used) is properly characterized by the term “variable.” More- 
over, it is not difficult to define this term in a way that is compatible with the 
language of sets and at the same time provides a foundation for definition (A). 

The language which calls f(x) a function and considers it a variable proves 
indispensable whenever mathematicians are confronted with practical affairs, 
and this is noticeable at the most authoritative levels. Thus in the Report of the 
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Cambridge Conference on School Mathematics (Educational Services Incor- 
porated, 1963), one finds on page 59 that a certain differential equation with a 
side condition “determines a unique function f(x).” On page 61 the same report 
suggests the use of Taylor’s series to obtain the series for “the standard functions 
such as log(1+) and (1+-x)?.” In 1964 the William Lowell Putnam examination 
set the stage for a problem with the command “Let f(x) be a real continuous 
function defined for all x,” and in another problem the competitor was required 
to find “all continuous functions f(x), for 0 <x <1, such that....” If this is to 
be the language of professionals, why should we exclude it from the classroom? 

When viewed in retrospect, the campaign to overthrow definition (A) seems 
an exercise in futility. The fact remains that f(x), whatever one may call it, 
stands indispensable as the center of interest in calculus. It still has the prop- 
erty that educated people attribute to a variable. It is still true that, under 
suitable specifications, every assignment of a value to x determines uniquely 
a value of f(x). It is still true that the English language regards a function as 
“any quality, trait, or fact so related to another that it is dependent upon and 
varies with that other.” It is still true that usage, and history, and etymology, 
as well as the vast weight of established literature, regard f(x) as a function. 

Under these conditions, if the teachers and authors of calculus are supposed 
not to call f(x) a function, then we are confronted with three (shall I say need- 
lessly self-imposed?) problems. First, it will be necessary to find a generally 
accepted new name for f(x); second, the established literature of science and 
engineering will have to be readjusted to a fundamental change in terminology; 
and third, we shall have to agree on what it is that shall finally be called a func- 
tion. With regard to this third problem, those who would deprive f(x) of its 
long-enduring name are not in agreement as to where to bestow the prize. Some 
would give the title to a set of ordered pairs, others to a correspondence, others 
to a rule of correspondence, others to a mapping. But none of these candidates 
(all admittedly important concepts) can reasonably be called a function, if the 
language we speak and derive from established literature is to play its proper 
role in mathematical education. 


A STUDY OF WAYS OF HANDLING LARGE CLASSES 
IN FRESHMAN MATHEMATICS 


V. D. Turner, C. D. ALDERS, F. HATFIELD, HARVEY CRoy, CHARLES SIGRIST, 
Mankato State College, Minnesota 


Increased enrollments along with a desire to maintain personal contact be- 
tween student and instructor make it highly desirable to explore ways of han- 
dling large classes. 


The problem. Research indicates that learning in large lecture classes is not 
generally inferior to that in smaller lecture classes if one uses traditional achieve- 
ment tests as a criterion, but experiments suggest that fewer students raise 
questions or interpose comments in large classes than in small. There may not 
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be the interaction between instructor and student necessary for a successful 
lecture. In view of the fact that colleges are facing doubling enrollments in the 
next few years, it seems imperative that research be conducted with large classes. 


Experimental procedure. The study was conducted with students in Funda- 
mentals of Mathematics (A General Education Course) and College Algebra 
during the winter quarter, 1963-64, at Mankato State College. A similar study 
was conducted with College Algebra and an integrated course of Analytic 
Geometry and Calculus I during the spring, 1964. 

During the winter quarter, all students enrolled in Fundamentals of Mathe- 
matics and College Algebra were assigned at random to a control or to an ex- 
perimental section. The control sections consisted of about fifty students each 
and were taught using a lecture-discussion method for each class day (four days 
per week for Fundamentals of Mathematics and five days per week for College 
Algebra). Students in the Fundamentals of Mathematics experimental section 
were taught by a lecture-discussion method for two days, those in College Alge- 
bra were taught by a lecture-discussion method for three days. For the remain- 
ing two class meetings, the experimental sections were randomly placed in 
smaller groups to receive one of three treatments. The treatment for Group I 
consisted of having students work together in groups of three students each 
with one student in the group acting as leader. The instructor in charge of the 
lecture was present but did a minimum of talking to the group. Group IT was 
formed by placing the students in groups of five to six students each, with an 
undergraduate mathematics major in charge of each group. The undergraduate 
mathematics major was instructed to use a variety of methods to instruct the 
students. Group III was taught by a graduate assistant using a variety of meth- 
ods of instruction. 

During the spring quarter, the experiment was continued with College Alge- 
bra and Analytic Geometry and Calculus I. The control sections were taught 
as during the winter quarter (lecture-discussion for five days per week); how- 
ever, the treatment for the experimental sections was modified as follows: The 
class received a lecture-discussion by the regular instructor for three days. For 
the remaining two days, the class was divided into small groups of twelve to 
twenty students with a senior mathematics major acting as a teaching assistant 
and in charge of each group. These small groups were further divided into groups 
with three students working together. The mathematics major was instructed 
to use a variety of teaching methods. The regular instructor was free to move 
from group to group working with individuals as he felt necessary. 

For the experiment, control and experimental sections were scheduled during 
consecutive adjoining hours and were taught by the same instructor. The same 
text was used by both sections and the same tests were given each group. 


Experimental results. A simple randomized design was used to test the null 
hypothesis of equal means for the control and experimental groups. The “F” 
test statistic in all classes indicated no significant differences at the 5 per cent 
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level. Tables showing the means of the different groups are included. The 
scores are those obtained on a final examination. Each row in the first table 
represents a different teacher who gave his own tests; hence, there is no compar- 
ison in the scores between these rows. The columns headed I, II, and III are 
the three groups as explained earlier. The letter 1 stands for the number of stu- 
dents in each group. 


TABLES OF MEAN SCORES OBTAINED ON A FINAL EXAMINATION 
DURING THE WINTER QUARTER 1963-1964 


Fundamentals of Math 


Variance 
Control Group I Group II Group III Estimate 
Teacher A n=31 n=9 n=9 n=9 357 
76 77.5 72.7 84.2 
Teacher B n=52 n=18 n=17 n=18 341 
71 65.7 66.5 75.6 
College Algebra 
Variance 
Control Group I Group II Group III Estimate 
n=54 n=13 n=17 n=17 787 
55.9 60.1 58.8 61.88 


TABLES OF MEAN SCORES OBTAINED DURING THE SPRING QUARTER 1964 


College Algebra 


Control Experimental Variance Estimate 
n=42 n=48 975 
€= 126 #= 133 
Calculus 
Control Experimental Variance Estimate 
n=50 n = 38 205 
&= 74.3 &=75 2 


Conclusions. On the basis of the analysis and within the limitations of this 
study, the following conclusions were drawn: 

1. The results of using the various treatments indicated no significant differ- 
ences in achievement. 

2. Teachers participating were able to cover the material in the experimental 
sections using three of five days for lecture-discussion. They were rushed in try- 
ing to cover material in two days with the four hour course. 

3. The use of small groups and the use of mathematics majors as teaching 
assistants allowed for individual help and for active student participation. 

4. The opportunity for experience provided senior mathematics majors as 
teaching assistants was very much worth while. 
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FLORIDA STATE UNIVERSITY SELECTED AS CENTER FOR RESEARCH IN 
COLLEGE INSTRUCTION OF SCIENCE AND MATHEMATICS 


Professor Robert T. Lagemann of Vanderbilt University, Chairman of the 
Interim Organizing Committee (IOC) for the establishment of a Southern 
Center for Research in Science and Mathematics Instruction at the College 
Level, has announced the selection of Florida State University as the site for 
the regional center. The IOC has also set up a Board of Governors consisting 
of scientists from eighteen universities located in the southern United States, 
which will supersede IOC and direct the general affairs of the center. 

The Interim Organizing Committee was set up at a conference attended by 
several dozen scientists and mathematicians which was held in New Orleans in 
February, 1964. This conference was sponsored by the Commission on the 
Undergraduate Program in Mathematics, the Commission on College Physics, 
the Advisory Council on College Chemistry, and the Commission on Under- 
graduate Education in the Biological Sciences. IOC was charged with making 
preliminary plans for the center, selection of a host institution, and establish- 
ment of a governing board. IOC has held a series of meetings at which these 
matters were considered and made the selection of the host university at its 
final meeting on March 8, 1966. The selection was made from a list of nine 
universities which had expressed an interest in serving as the host institution. 

The center will engage in a variety of activities including the conduct of 
investigations in science and mathematics instruction; the development of 
new instructional materials, methods, and courses; implementation of action 
programs; and testing, evaluating, and disseminating its products. There will 
be a resident staff, and in addition, the center will make its facilities available 
to college and university faculty members who wish to take a leave of absence 
for a summer or for a year or two for conducting a specific investigation or de- 
velopment program. 

The southern center is one of several which are being projected for establish- 
ment in various regions of the country. The centers will differ from the various 
Commissions on college science and mathematics, supported by the National 
Science Foundation, in that they will be engaged primarily in research, develop- 
ment, production and implementation rather than in planning and policy 
making. 


BRIEF COMMENT 


The Low Achiever in Mathematics, LAUREN G. WoopBy, Editor, Superin- 
tendent of Documents, U. S. Government Printing Office, Washington, 
D. C. 1965 (Catalog No. FS 5.229:29061) vi+96 pgs. 35 cents. 


This is a report of a conference held in Washington, D. C., March 25-27, 
1964, sponsored jointly by the U. S. Office of Education and the National 
Council of Teachers of Mathematics. The report contains papers by a variety 
of people from the fields of mathematics, psychology, education and industry 
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on such topics as Motivation for Low Achievers, Implication of Psychological 
Research, Responsibilities of School Administrators, and How Can Business and 
Industry Cooperate With Schools on the Problem of Low Achievers in Mathe- 
matics. There is also a group of papers on current promising practices in this area. 

The recommendations made by the conference are (a) to establish a National 
Commission of Mathematics for Low Achievers, (b) to establish research and 
development centers, (c) to extend the research effort—some specific directions 
for such research is mentioned—and (d) to develop inservice programs for 
teachers. Each of the above four recommendations is spelled out in some detail 
with specific roles and activities mentioned for the organizations whose estab- 
lishment is recommended. 


Guidebook to Departments in the Mathematical Sciences in the United States 
and Canada, The Mathematical Association of America, Buffalo, 1965. 


This guidebook, prepared by the Committee on Advisement and Personnel 
of the Association, “is intended to provide in summary form information about 
the location, size, staff, library facilities, course offerings, and special features 
of departments in mathematical sciences in four year colleges and universities 
in the United States and Canada. Its purpose is to assist prospective students 
in these countries and abroad, in high school, junior college, or in college, and 
their counselors and parents in obtaining comparable information about many 
institutions so that the selection of a proposed place of study may be narrowed 
down to a few from which more detailed information may be sought on an in- 
dividual basis.” 

The purpose of the guidebook is praiseworthy. It is unfortunate that of the 
1300 questionnaires sent out only 720 were answered, since as aresult the guide- 
book leaves unmentioned quite a few institutions. Among others, the University 
of Pennsylvania, Columbia University, Harvard University, and New York 
University are not represented. It is to be hoped that future editions of the 
guidebook will be more comprehensive. 

Copies of the guidebook are available from the offices of the Mathematical 
Association of America, SUNY at Buffalo, Buffalo, N. Y., 14214, for fifty cents 
each. 


Scientists and Engineers in Colleges and Universities, 1961, Surveys of Science 
Resources Series, NSF, Superintendent of Documents, U. $. Government 
Printing Office, Washington, D. C. (Catalog No. NSF 65-8) xi+125 pgs. 
65 cents. 


“This report summarizes the final results of the National Science Founda- 
tion’s survey of scientific and engineering personnel employed in institutions of 
higher education in the United States in 1961. The Foundation has published 
preliminary findings of this survey as well as final reports on two previous 
surveys covering employment of such personnel for the academic years 1953-54 
and 1957-58.” 
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“The employment of scientists and engineers in 1712 institutions of higher 
education covered in this report totaled 175,600 in March 1961. Of these, 108,100 
were faculty members, 35,000 were employed graduate students, and the remain- 
ing 32,500 were listed as other professional personnel. The field-of-science dis- 
tribution of scientists and engineers was as follows: 36 percent in the life sci- 
ences, 28 percent in the physical sciences, 16 percent in engineering, 15 percent 
in the social sciences, and 5 percent in psychology.” Of the 175,600 individuals 
covered by the report 14,800 were mathematicians; of these 10,490 were faculty 
members, 2780 employed graduate students, and 1530 were other professional 
personnel. 


Mathematics in Colleges and Universities—A Comprehensive Survey of Gradu- 
ate and Undergraduate Programs (Final Report), CLARENCE B. LINDQUIST, 
Superintendent of Documents, U. S. Government Printing Office, Washing- 
ton, D. C. 1965 (Catalog No. FS 5.256:56018) xi+104 pgs. 60 cents. 


“The survey of mathematics programs reported here was the most compre- 
hensive depth study of programs within a discipline ever undertaken in the 
United States. A total of 877 colleges and universities granting bachelor’s or 
higher degrees, or about 82 percent of the 1069 to which questionnaires were 
sent, responded. Both undergraduate and graduate programs were surveyed, and 
information was solicited on curriculums, degrees, course offerings, enrollments, 
credit requirements, examination requirements, special features, innovations, 
and trends.” 

The report contains narrative material and numerous charts giving statistical 
data. To give a notion of the sorts of material included there follows a partial 
list of section headings: Entering Freshman Levels in Mathematics, Character- 
istics of Curriculums for the Mathematics “Major,” Course Offerings and En- 
rollments, Prerequisite Instruction, Required Admissions Examinations that 
Included Mathematics, Placement Examinations in Mathematics, Programs of 
Advanced Standing in Mathematics, Undergraduate Honors Programs in 
Mathematics (including a detailed account of programs at Carleton, Wesleyan, 
Dartmouth, and the University of Maryland), and so on. There is also some 
study of activities designed to stimulate interest in mathematics such as mathe- 
matics clubs, nonstandard teaching techniques, inservice education of mathe- 
matics teachers, and library organization and computers at colleges and univer- 
sities. 


Mathematics Curriculum: New Study, E. G. BEGLE, Letter to the Editor of 
Science, February 11, No. 3711, 151(1966) 632. 


Despite the innovations in school mathematics introduced in the last eight 
years since the founding of SMSG in 1958 it is suggested in this letter that 
“longer-range planning and experimentation should be started before present 
materials become frozen into a newly orthodox pattern that will require another 
upheaval a few years hence.” The board of SMSG “has, therefore, decided to 
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convene a group to design a new sequential curriculum for grades 7 to 12 and to 
plan appropriate experimental materials. Major emphasis is to be given to the 
design of courses which exploit recent progress and to a sequential curriculum 
which will be responsive to the rapidly developing needs for mathematics in 
our society.” Panels will be convened to carry out the above decision, and a list 
of questions which the panels will consider is given. 

An article in the Sunday New York Times for February 20, 1966, on page 92, 
‘New Math Fears it is Growing Old,’’ by Harry Schwartz, reviews the above 
letter. 


PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STARKE 


COLLABORATING EpiTors: J. BARLAz, Rutgers—The State University; L. Cartitz, 
Duke University; H. S. M. CoxETEer, University of Toronto; H. Eves, University of 
Maine; M. S. Kiamxin, Ford Scientific Laboratory; A. E. LivInGston, University of 
Alberta; and A. WiLansky, Lehigh University 


All problems (both elementary and advanced) proposed for inclusion in this Depariment 
should be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, N. J., 07060. Proposers of 
problems are urged to enclose any solutions or informaiton that will assist the editors. Ordi- 
narily, problems in well-known textbooks and results in generally accessible sources are not 
appropriate for this Department. No solutions (except those accompanying proposals) 
should be sent to Professor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to M. S. Klamkin, Ford Scientific Labora- 
tory, P.O. Box 2053, Dearborn, Mich. 48121. To facilitate their consideration, solutions for 
Elementary Problems in this issue should be submitted on separate, signed sheets and should 
be mailed before January 31, 1967. 


Editorial Announcement. We regret that we cannot be responsible for any solution to any Ele- 
mentary Problem, submitted on or after October 1, 1966, unless it was directed to M. S. Klamkin 
at the foregoing address. 


E 1905. Proposed by R. L. Graham and L. A. Shepp, Bell Telephone Labora- 
tories. 

Let *1=%, Xn41=x for n=1,2,---.Ifa>e'/*, prove there is a y for which 
limMysco Yn/Qn41 exists and is a positive number. Is y unique? 


E 1906. Proposed by Erwin Just, Bronx Community College 
Prove that 


n 


> r(k) — do [2n/k] = n, 


k=1 
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where 7(n) is the number of divisors of n and [x| is the greatest integer not ex- 
ceeding x. 


E 1907. Proposed by Sidney Spital, California State Polytechnic College 


Steffenson’s method for solving the equation x=f(x) consists of forming 
recursively a sequence {x,}, using 


___@) = el? 
FFCGn)) = 2f en) + ar 


which (hopefully) converges to a solution s. Show that if f is twice continuously 
differentiable and if f’(s) 1, then the errors e, =x,—s satisfy the following con- 
dition of quadratic convergence: 


_ fF) 
2(f’(s) — 1) 
E 1908. Proposed by Edgar Karst, University of Oklahoma 


Four equal spheres are inscribed in a hemisphere of horizontal base such that 
each sphere touches two others and is tangent to both the hemisphere and its 
base. A radial section of the figure is now made by a vertical plane passing 
through the center of the hemisphere and the center of one of the inscribed 
spheres, and in this section a radius is drawn tangent to the circular section of 
the inscribed sphere. We now have a circular sector with its inscribed circle. 
Prove that the little circles inscribed in the corners of the sector and externally 
tangent to the inscribed circle are equal to one another. 


E 1909. Proposed by C. C. Lindner, Coker College, Hartsville, S. C. 


Prove that the center of a group is properly contained in every maximal sub- 
group having composite index. 


Xn+1 = Xn 


e, + Olen). 


Cn+1 


E 1910. Proposed by R. L. Graham, Bell Telephone Laboratories 


Show that there exists a sequence a1<a2< --- of integers such that every 
positive integer occurs uniquely as a difference a;—a; for some 7 and j. What 
can be said about the growth of such a sequence? 


E 1911. Proposed by B. R. Toskey, Seattle University 


Suppose du, di, * + * , Qin are given integers whose greatest common divisor 
is 1, and suppose m= 2. Is it always possible to find a matrix (a;;) with the given 
integers in the first row and all a,,; integers such that det(a,;) =1? 


E 1912. Proposed by R. E. Williamson, Dartmouth College 


Prove the following generalization of the Pythagorean relation. Let P be a 
parallelotope spanned by & vectors in R”, kSn, that is, the set of combinations 
aiVit-+-+-+a,Vz, where Vi,---, V; are the given vectors and the a; satisfy 
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O<a;S1, i=1,---,k. Let {P;t, j=1, 2,---+, G), be the projections of P 
into the k-dimensional coordinate flats of R”, () in number. Then 
(7) 


Vi(P) = Le Vi(P,), 


where V; is k-dimensional volume in R”. 


E 1913. Proposed by R. A. Jacobson, South Dakota State University 

Given the set of 2” integers { +a1, ta,-++, +a,} and a positive integer 
m <2". Show that it is always possible to select a subset S such that (i) +a; are 
not both contained in S; (ii) the sum of the elements in S is divisible by m. 

E 1914. Proposed by Don Redmond, Fremont, California 

Prove that the mth roots of unity constitute the only set of mth roots of a 
complex number which is a group under multiplication. 

SOLUTIONS OF ELEMENTARY PROBLEMS 
VY’ = XCC'X’ 

E 1787 [1965, 544]. Proposed by Kenneth Kloss, National Bureau of Stan- 
dards 

Prove the identity 


k+1 tert tb tn\? 
eee 


lsisjan k=1 2k 
I. Solution by D. A. Zave, Case Institute of Technology (student). For 1S, 
it is easily seen that the coefficient of x,x; in the kth term of the right member is 
0 if i<k, 
(k + 1)/2k if t= 7=h, 
1/2k(k + 1) if kR<t=47, 
1/k if kR=i<j, 
1/k(k + 1) if kR<t<7. 


Hence, the coefficient of x7 in the sum on the right is 


i-l 1 i+1 1/1 1 a+1 
4 — — ———_ = 1, 
2» het 24 T= G a)t 2% 


while the coefficient of xx; (i<j) is DU} 1/(k(R+1))+1/i=1. 


II. Solution by D. C. B. Marsh, Colorado School of Mines. Treating the prob- 
lem as a linear transformation and employing matrix notation, we let 
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X = (x1, N2, ° 8 8 y Xn) Y= (1, Ya, °° fy Yn) and 
(-“)"( 7 ir me) 
Ye = | —— ty + 
2k k+1 
for R=1, 2,---+,n. The right-hand expression may thus be written as YY’ 
=(XC)(C’X’), where C=(c,;) is given by 
0 if i<j, 
4 + 1 1/2 
Cy = 24 
pt A\le 4 
(=) —— if i>dj. 
43/7 jr 


By routine matrix multiplication we compute CC’ = P = (;,;): For 1>j (and, by 
symmetry of CC’, for 1<j), 
jot 1 1 1 


j 
pis = Dy Cute = DY ————- + — = —; 
t=1 


j—1 
by = > 1/2e(t +1) + G4+1)/23=1, fori =j. 
t=1 


Thus, the right-hand expression is equivalent to X PX’—the desired left-hand 
quantity. 


III. Solution by R. E. Maas, University of Santa Clara. Denoting the right- 
hand side of the purported equality by R,, we have for n>1, 


R, — Rot _ avi 2 n—1 “== |(a Cea so amy 
k=. 22 k+1 
_ (: 4 i i cs Tae) 
’ k+1 
ari 2 


mI k+l Xn \? 
Qn > 2k (535) 


2 
n+1 x, 7! n—1 Xe 
-"Ft yy eF_t 4,55 
2n slat "fet B 


n—2 n—-1 . 
Xj 


+ %m 2 DU 


k=1 j=k+1 R(R + 1) 
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n—l1 


+m 5 2425045 — 
= Xn Xn —_— Xn X; -_- 
ma joan R(R + 1) 


nr 
Xn » Xe = » Lit; — » XiXjy 
k=1 


lstsjsn lsisjsn—l 


where we have used the equality >0{71 1/k(k+1)=1—1/r. The desired result 
now follows by induction. 

Also solved by A. N. Aheart, Tim Betts, E. O. Buchman, Orin Chein, W. O. Egerland, Simon 
Green, S. H. Greene, D. M. Hancasky, Stephen Hoffman, Edward Hook, E. S. Langford, Agnis 
Kaugars, M. S. Klamkin, Richard Loebl, Gus Mavrigian (2 solutions), Y. Mayer ben-David, 
Robert Patenaude, C. B. A. Peck, B. V. Rao (India) (2 solutions), Simeon Reich (Israel), B. E. 
Rhoades, P. A. Scheinok, Klaus Schmitt, P. S. Schnare, Michael Sheridan, Al Somayajulu, Sidney 
Spital, Guy Torchinelli, Elias Toubassi, W. C. Waterhouse, D. R. Wilder, David Zeitlin, and 
the proposer. 


A Curious Subset of (0, 1) 
E 1788 [1965, 544]. Proposed by Joel Pitcairn, Bryn Athyn, Pa. 


Let J be the open interval {¢:0<t<1}. We call a subset of J a C-set in case 
it contains 1—? and ts whenever it contains ¢ and s. 

(1) Let E be a C-set. Prove (a) if EF is nonvoid, then E is dense in J; and 
(b) if int(Z) is nonvoid, then E= J. 

(2) Write ¢’ for 1—t. Suppose X is a real vector space, A CX, and f a real- 
valued function on A. (a) Let E be the set of all those GJ such that x, yEA 
implies tx-+t/yCA. (Thus A is midpoint convex iff 1/2€E.) Prove that E isa 
C-set. (b) Suppose A is convex, and let E be the set of those :G@J such that 
x, CA implies f(tx+t’y) Sif(x) +0f(y). Prove that E is a C-set. 


Solution by G. P. Speck, U. S. Naval Academy, Annapolis, Md. (1a) Suppose 
tG@H. Then (1—/*)"CE for n=1, 2,3, +--+ andm=1,2,3,---+.Thiscollection, 
{(1—1")™}, is easily seen to be dense in J. 

(1b) If (s, t) CE, then (s", ¢”) CE and hence (1—?", 1—s") CE. From this 
we see that for any r@ J there exists (a, b) CE such that r<a. Now from (1a), 
there exists x CE such that r/b<x<r/a; i.e., xa<r and xb>r. Therefore, there 
exists cE (a, b) such that xc=r, and hence rCE. 

(2a) Consider x, yCA. Then ty+(1—)xCA if tC, which implies 1—iCE. 
Also, ix-+(1—d)y, yEA if tC E. Thus, if sC#, then s(tx+(1—)y)+(1—s)yvEA; 
1e., ste-+(1—st)yC€A, which implies stCE. 

(2b) We are to show that s,tCE implies 1 —?, stC E. Consider x, yA. Then 
f(l —)x+ty) =f(w+(1—-)x) Sty) +(1—-)f(x), which implies 1—1CE. Also, 
since yCA and, by convexity, tx-+(1—t)yCA, then: 


fis(ta + (1 — Dy) + 1 — 5)y] S sfte@ + 1 — dy) + A - DSO) 
S s[if(~) + (1 — )fO)] + A — 5)fO) 


og = sif(x) + (1 — st)fQ), 
which implies stCE. 
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Also solved by E. O. Buchman, N. J. Fine, E. S. Langford, and the proposer. Partial solution 
by D. M. Hancasky, 
A Special Case of a Theorem of H. Whitney 
E 1789 [1965, 544]. Proposed by R. A. Bell, Kansas City, Mo. 


Suppose that g(x) has its first ~-+1 derivatives defined and continuous in 
[—1, 1]. Define y(x) =g(x)/x for x0 and y(0) =g’(0). If g(0)=0, prove that 
y™ (0) =dy/ dx”| 7-0 exists and equals g@+(0)/(n+1). 


I. Solution by W. O. Egerland, USA Nuclear Defense Laboratory, Edgewood 
Arsenal. For x0 we have 


sy(a) = g(a) = feat or ys) = fe ewau 


Since g’(xu) is (n—1) times continuously differentiable with respect to x in the 
rectangles Rif[OSuS1, 0<x1SxS1] and R.[OSuS1, —1S5x%Sx_.<0], we ob- 
tain by Leibniz’ Rule 


1 
yon(n) = fw tg(eu)du — (# x6 0) 
0 


so that 


g—[g((t) — g™ (0) ]dt 
J reo — 6 @)ae 


1 
— (P(e) = g(0)/n) = = ¥(0) 


as x 0+ or x-0—, by L’Hospital’s Rule. 
The proof shows that only the existence of g@*(«) at x=0 is needed to 
establish the assertion of the problem. 


Il. Solution by M. S. Klamkin, Mathematical and Theoretical Sciences Scien- 
tific Laboratory, Ford Motor Company, Dearborn, Michigan. Let 


D"| g(x) /x] = F(x) /x™, 
so that DF)(x)=D{xD° [g(x)/x]} =Dg(x) =x"Deg(x). Assume that 


(*) DF,,(x) = x™D"+1g(x). 
Then 
Fist) gy 8) _ Fal) _ #DEFa(e) — (m+ Fal) 
ym 2 x amt t ymr2 


whence Fmii(x) =xD Fin(x) —(m+1) Fin(%) and 
DF nryi(x) = *xD?Fim(x) — (m + 1) DF a(x) 
x D| 2" D1 9(x)| — (m + 1)x™Dm*1g(x) 


amt Dirtig (x) . 


780 PROBLEMS AND SOLUTIONS [September 


It follows by induction that (*) is true for all nonnegative integers m. 
By L’Hospital’s Rule, limz.) D*[g(x)/x] will exist if lim. [DF,(x)/Dx+"] 
exists. By (*), this latter limit is g™(0)/(n-+1). 


Ill. Comment by L. E. Pursell, Grinnell College. This problem is a special 
case of a theorem proved by Hassler Whitney, Differentiabtlity of the remainder 
term in Taylor’s formula, Duke Math. J., 10 (1943) 153-158, concerning the de- 
rivatives of the “remainder quotients,” Ry»s(x)/x", where Ry_i(x)=g(x) 
— 9077) g(0)x*/k!. Professor Whitney also extends his results to functions of 
several variables. Whitney’s theorem for functions of one variable also appears 
as a problem in Watson Fulks, Advanced Calculus: An Introduction to Analysis, 
Wiley, 1961, p. 140, problem C1. 

I devised a proof similar to that in Solution I above several years ago after 
encountering the integral transform Jog’(«#)dt in K. Nomizu, Lie groups and 
differential geometry, Math. Soc. of Japan, 1956, p. 7. A similar proof for a 
slightly different theorem appears in Sigurdur Helgason, Differential Geometry 
and Symmetric Spaces, Academic Press, 1962, pp. 9-10. 


Also solved by E. O. Buchman, J. L. Gieser, Richard Gisselquist, D. M. Goldschmidt, R. W. 
Hansell, Stephen Hoffman, S. C. King, E. S. Langford, J. C. Lazzara, D. C. B. Marsh, Y. Mayer 
ben-David, Norman Miller, J. M. Perry, Simeon Reich (Israel), Al Somayajulu, Sidney Spital, 
H. H. Wong, and the proposer. Partial solutions by P. J. Campbell, G. A. Fisher, D. M. Hancasky, 
J. C. Hickman, D. R. Lehman, N. T. Sheth, R. Sivaramakrishnan (India), K. L. Yocom, and 
David Zeitlin. 

Some of those listed as partial solvers obtained y™(x) by differentiating Taylor’s Formula 
throughout but forgot that the ¢ in the remainder x*1¥g(@+))(¢)/(n+1)! is also a function of x. 
Others assumed that xyt)(x) has limit 0 as x0. 


A Family of Catenaries and Its Envelope 
E 1790 [1965, 544]. Proposed by Alvin Hausner, City College of New York 


For what real numbers m, n0 do there exist functions y=f(x), positive and 
having continuous derivatives for all real x, such that the mth power of the 
length of arc of the curve y=f(x) between any two points is proportional to the 
nth power of the area under the curve between these points? Determine the 
functions in those cases where they exist. 


Solution by Louis Padulo, Student, Georgia Institute of Technology. This is a 
special case of the 

PROBLEM. If F(x, v1, yo, ° + *, Ye) and G(x, 1, yo, +++, Ye) are continuous 
and positive for a<x<b and —x<y;< 0 (2=1, 2,---, Rk), for what real 
numbers m and m and functions y=y(x) with continuous &th derivatives is 


(*) | f F(t, ¥) y’, my yy *)) a | = A | f Gt, y, y", so 9 )at 


for a<a<x<b and A a positive constant? 
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SOLUTION. If m<n, divide by («—a)™ and let x-a+. By the Fundamental 
Theorem of the Integral Calculus, the left member has limit 


Fi, y; y' my y )) | ma 


and the right member, zero... . contrary to F’s being positive. Thus, m =n and, 
similarly, m<n. Consequently, we must have m=n and {%Fdt=Bf%Gdt with 
B=W7¥A. Differentiating with respect to x, y must satisfy the differential equa- 
tion F(x, y, y’,---, y)=BG(x, y, 9’, +--+, y®). 

For the problem posed, k=1, f(x, y, y.)=/S/(1+y’”), and G(x, y, y’) =y, and 
the corresponding differential equation is known to have the solutions 


y = Bl cosh B(x —c) and y= 1/B. 


That these are indeed solutions of (*) is easily verified. 


Also solved by E. O. Buchman, P. J. Campbell, Michael Goldberg, M. S. Klamkin, E. S. 
Langford, D. R. Lehman, D. C. B. Marsh, Sidney Spital, and the proposer. 


The Cardioid as a Union of Circles 


E 1791 [1965, 544]. Proposed by R. G. Buschman, State University of New 
York at Buffalo 


(a) Consider the set S of circles such that (i) the center of every circle of S$ 
is interior to the unit circle and (ii) the point (1, 0) is not interior to any circle 
of S. Show that the union of the interiors of the circles of the set S is the interior 
of a cardioid. 

(b) Consider the set S’ such that (i) holds and (ii) is replaced by (ii’) none 
of the points representing the mth roots of unity are interior to any circle of S’. 
What figure replaces the cardioid of (a)? 


Solution by D. C. B. Marsh, Colorado School of Mines. 


(a) We let (a, b) vary over the interior of the unit circle and find all (x, y) 
satisfying (x —a)?+(y—b)*S (a—1)?+5?. The desired region is bounded by the 
envelope of the maximal circles of this set. This envelope is routinely computed 
to be (x?+y?—1) =2{(w—1)?+-y?}1/2 which becomes, for x—1=r cos 6 and 
y=r sin 0, r=2(1—cos 6)—a cardioid. 

(b) If we label the origin as O, the point (1, 0) as U, and the points (cos @, 
sin 0) as Ps, the circle with center at P, and radius P,U cuts the line through U 
and parallel to OP, in a point P;(# U) which is on the aforementioned cardioid. 
Circles drawn with centers (a, b) and radii extending to U will not include any 
of the other mth roots of unity iff (a, b) is within the circular sector bounded by 
arc P_yjnPxjn and radii OP_,»;, and OP,;,. Let us label as C the corresponding 
section of the cardioid: P* ,,UP*,. The region sought in (b) has boundary con- 
sisting in part of arcs congruent to C, symmetric about the lines OPozsjn 
(k=0, 1,---, m—1), concave towards O, and with cusps at Pore; the end- 
points of consecutive arcs are necessarily joined by circular arcs with centers at 
P op—1)r/n, Yadii of 2 sin (7/2n) and concave towards O. 
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Also solved by E. O. Buchman, Michael Goldberg, M. S. Klamkin, Robert Patenaude, 
J. M. Quoniam (France), and the proposer. 


Continuity from the Darboux Property and the Closedness of g-1(r) 
E 1792 [1965, 544]. Proposed by A. M. Gleason, Harvard University 


Let f be a function from the reals to the reals, differentiable at every point. 
Suppose that, for every 7, the set of points x, where f’(x) =r, is closed. Prove 
that f’ is continuous. 


Solution by N. J. Fine, Pennsylvania State University. It is well known that 
an everywhere existing derivative possesses the Darboux (Intermediate Value) 
Property: 

1. For every r, of g(x)<r<g(y), there is a 2 between x and y such that g(z) =r. 


The stated result is therefore a corollary of the following 


‘THEOREM. Let g be a function from the reals to the reals satisfying (1) and 
2. For every 1, fx: g(x) =r} 1s closed. Then g ts continuous. 


Proof. Let yz—xo, with g(xo) <r<g(y,). By (1), there is a sequence 2,—x9 
with g(z,) =r. Thus x is in the closure of fx: g(x) =r}, By (2), g(xo) =7, a con- 
tradiction. Hence lim g(y,) $g(%o). Similarly, lim g(yn)2g(xo), so lim g(y,) 
= g(x), and g is continuous. 

Note that (1) and (2) need only be assumed for the same dense set of r’s. 

Also solved by E. O. Buchman, B. J. Cerimele, O. W. Dixon, W. G. Dotson, Jr., Vlaicu Drilea 
(Nigeria), W. B. Galvin, D. M. Goldschmidt, Harry Guess, R. W. Hansell, Horst-E. Lahmann 
(Germany), Joe Lipman, Y. Mayer ben-David, W. J. Pervin, Al Somayajulu, G. P. Speck, Ben- 
jamin Volk, W. C. Waterhouse, K. L. Yocom, D. S. Zave, and the proposer. 

Pervin calls attention to C. H. Rowe, Bull. Amer. Math. Soc. 32, (1926) 285-287. Drilea points 
out that the result here is a special case of problem 18, page 131, in H. L. Royden, Real Analysis. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State Uni- 
versity, New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should 
be submitted on separate, signed sheets and should be mailed before March 31, 1967. 


5397 [1966, 548]. Correction. Replace I,(t) by I_,(t). 
9410. Proposed by H. W. Guggenheimer, University of Minnesota 


Prove that x*¥1y(x—-*) = y(x), *«>0, has no analytic nontrivial (y(x) ¥x) solu- 
tion for k#1. (This functional equation was proposed by John Bernoulli in 
1696, but no valid discussion seems to have been given.) 


9411. Proposed by Azriel Rosenfeld, University of Maryland 


Let G be a group every subgroup of which is a direct factor of G. Prove that 
G is a direct product of cyclic groups of prime orders. 
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5412. Proposed by Paul Erdés, University of Illinois 


Let a1<a.< --- be an infinite sequence of integers. Put A, for the least 
common multiple of ai, a2, +++, @n. Prove that A, > % ’e", but that there 
is a sequence a;<a2.< +--+ so that A, <n lo¢ toe”, 


5413. Proposed by J. L. Selfridge, Pennsyluama State University and the 
University of Illinois, and Paul Erdos. 


Let a1<a.< +--+ be an infinite sequence of integers. Denote by A® the 
least common multiple of an, @ny1, °° *, @n4e-1. Prove that the number of in- 


dices » for which A® <x is less than cx!/4, 


5414. Proposed by L. Carlitz, Duke University 


Show that 
1 pl r(a))4 
(1) J J ((1 = a(t — y(t — sty} Hdedy = SO 
f- » (4 — y8)(1 + atyd) teddy = J PO) VY? 
(2) Jf (a-a-s90 + 299) rdady = oh 


5415. Proposed by R. D. Driver, Sandia Corporation 
The ordinary differential equation 
«'(f) = 1 — g(x) + gf for ¢ > O with «(0) = 0 
has a solution x(t) =¢. Is the solution unique (locally) if g(¢) is continuous for 
> 
The proposer has a partial solution: There is no such g(¢) for which there 


exists a solution x(t) <t for £>0 with x’(#) nonincreasing. The complete solution 
is desired.) 


5416. Proposed by W. J. Leahey, University of Illinois 


Let K be a number field and 6 a primitive element for K/Q, i.e. K=Q(8), 
where Q is the field of rational numbers. Let f(X) be the minimal polynomial of 
§ over Q and denote by f’(X) the derivative of f(X). Is f’(@) necessarily a primi- 
tive element for K/Q? 


5417. Proposed by M. V. Chari and John Slivka, State Uniersity of New 
York at Buffalo 


Show that f---fs(y—2)dm +++ dx,=m—n, where y=min,;{m, x:+}}, 
Z=max,;)n, %;—3+, n<m, and 


S = (1,5 + +, %)in—F< uj <m+y for alli(a@ = 1,-+°+,7) and 


max,{ at} —min,{ ag} < 1} . 
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5418. Proposed by A. A. Mullin, University of California, Livermore 
Let ¢ be Riemann’s zeta-function and p a positive prime number. Determine 


the value II,¢(). (Hint: 2.05 <II,¢(p) <2.08.) Let ¢ be a positive composite 
number and determine II,¢(c). 


5419. Proposed by F. D. Faulkner, U. S. Naval Postgraduate School 


Let Ann be a real, symmetric, positive semi-definite matrix. Let A,, be the 
matrix obtained from An, by omitting the last n—p rows, and A,, be obtained 
by omitting the last »—p columns of A»,. Prove that rank A,,=rank A pp. 


SOLUTIONS OF ADVANCED PROBLEMS 
Zones of Equal Thickness and Equal Area 


5305 [1965, 674|. Proposed by Frank Dapkus, Seton Hall University, South 
Orange, N. J. 


Is it true that of all surfaces of revolution only spheres and circular cylinders 
have the property that areas of zones of equal thickness are equal? 


Solution by Michael Goldberg, Washington, D. C. In the statement of the 
problem, the inclusion of the cylinder implies that the zones are to be taken as 
normal to the axis of the surface of revolution. 

If the area of a zone is dA, and its thickness is dy, then dA/dy is constant. 
If the radius is x, then 


dA = Iwx(dx® + dy2)2, dA/dy = Inx((dx/dy)? + 1)42 = R, 
(dec/dy)? = (Rk? — Awa?) /Aa2x?. 


1966] PROBLEMS AND SOLUTIONS 785 


\4 


a 751 


Fic. 2 


If k?—47’x?40, then 
dy = 2mxdu/(k? — 42x?) 2 = xdx/((k/2r)? — x?) 1/2, 


Hence y=(R?—x?)!/2+-¢, where R=k/2z7, or x?+(y—c)?=R?. This is a circle 
of radius R, and it generates a sphere. 

However, if k? —472x?=0, then x?= R?, and this generates a cylinder. 

If permissible surfaces of revolution include nonconvex surfaces and surfaces 
of higher genus, then we may have combinations of co-axial cylinders, spheres, 
and pairs of similar cones as shown in Fig. 1. 

A more general class of solutions is obtained by the use of a set of n—1 
arbitrary curves, to which is added an uth curve satisfying the equation 


2m (xydsy + %edSq + - + + 4+ %n-1dSn_1 + Xnd5n) = kdy, 


as shown in Fig. 2. 


Also solved by P. N. Bajaj, J. S. Haines & G. G. Goethals, D. A. Hejhal, Norman Miller, 
C. E. Olson, E. J. F. Primrose (England), Fred & Judith Richman, Simon Vatriquant (Belgium), 
and the proposer. 

Sidney Spital points out that the solution in the instance of a surface of revolution generated 
by a continuously differentiable function may be found in Mathematics Magazine, v. 38, no. 3, 
p. 183. 


Infinitely Many Roots for sin (x) =y(x) 
5306 [1965, 674]. Proposed by Fred Gross, National Bureau of Standards 
Let d(x) and W(x) be any two entire functions with ¢(x) nonconstant. If 
W(x) is of finite order and in particular of order less than k whenever $(x) is a 


polynomial of degree 2, then sin ¢(x) =¥(x«) must have infinitely many solutions. 
(Compare 5102 [1964, 564].) , 
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Solution by the proposer. We use the following theorem of Borel (see e.g. E. 
Borel, Lecons sur les Fonctions Entiéres, 1921, Ch. V): Let a,(z) be an entire 
function of order at most p, let g;(z) also be entire and let g;(z) —g,;(z) (447) be 
a transcendental function or polynomial of degree higher than p. Then 


n 
» a;(z)e%) = ao(z) 
t=1 


holds only when the following conditions are satisfied 
ao(z) = ay(z) = +--+ = aa(z) = 0. 


Assume that sin @(z) —(z) has at most a finite number of solutions. We may 
then write 
eid(2) ib (2) 


sin ¢(z) — ¥(z) = aU v(z) = O(zje™, 


where O(z) isa polynomial and y(z) is entire. If neither 76(z) +7(z) nor 76(z) —y(z) 
is a polynomial then our conclusion follows from Borel’s theorem. Otherwise, 
assume that i6(z)-+(z) is a polynomial; we need only consider the case when 
it is of degree less than or equal to the order of ¥(z). Dividing by e7 we get 


e2o (2)—7 (2) e716 (z)—7 (2) 
$e gye7V2) = Zz). 
F ¥ v(2) Q(z) 
Since $(z) cannot be a polynomial of degree less than or equal to the order of 
W(z), Borel’s theorem again applies, and it follows that 76(z) —y(z) = —y(z) +e, 
where c is a constant. This renders #(z) a constant contrary to the hypothesis. 


Real Functions Arbitrarily Defined on a Countable Set 
5308 [1965, 674]. Proposed by Louis Comtet, Boulogne, France 


Let A={ai, a2, +--+}, B={di, bs, +--+ } be two sequences of real numbers 
with the a, all different and the 0;#0. Define the function f(x) by f(x) =), if 
x =a, and f(x) =0 if «G&A. (1) Show that f(x) is of class <2 (of Baire). (2) Is it 
true that the two following conditions are equivalent? 

(i) lim,.. bn, =0, 

(ii) f(x) belongs to class 1. 


Solution by Robert Bowen, University of California, Berkeley. Define f, by 
fx(adn) =b, for nSk and f(x) =0 otherwise. Clearly the f, are of class 1; as 
f=lim fi, f is of class $2. Suppose lim 6, =0. Then 


sup | f(x) — fe(x)| = sup {| b,/:2 > k} 0 ask; 


fr—f uniformly, and thus f is of class 1. On the other hand (ii) does not imply 


1966] PROBLEMS AND SOLUTIONS 787 


(i) for if a, =n, then f has only countably many discontinuities and is of class 1, 
but b, may be chosen so that 0, does not approach zero. 


Also solved by Béla Bollobus (Hungary), M. D. Mavinkurve (India), Necdet Ucoluk, and 
the proposer. 


Ascending Chain Condition in Home (M, M) 


5309 [1965, 674]. Proposed by E. H. Feller, University of Wisconsin, Mil- 
waukee 


Let M be a finitely generated unitary right R module, where R satisfies the 
ascending chain condition for right ideals. Find an example to show that the 
collection of all R-homomorphisms from M to M does not satisfy the ascending 
chain condition for right ideals. The elements of Homz(M, M) are written on 
the right. 


Solution by A. G. Heintcke, University of British Columbia. Let R be a ring 
with an identity, and set =R, considered as a right R-module. The mapping 
of Home(R, R) into R, where f€@Home(R, R) maps to (1)f, is easily seen to be 
an anti-isomorphism onto the ring R. Thus we may use any ring which has an 
identity and which satisfies the ascending chain condition for right ideals, but 
not for left ideals. For one example see Cartan and Ejilenberg, Homological Alge- 
bra, p. 16. 


The Number of Permutations Written with Prescribed Cycles 


5310 [1965, 794]. Proposed by S. W. Golomb, University of Southern Cali- 
fornia 


Represent each of the m! permutations on x letters as a product of disjoint 
cycles, and let 7; be the number of such permutations for which the longest 
cycle has at most k letters. Show that 


k kl k 
Tat = Dy (m)iT ns; 
j=0 


where (n);=n!/(n—j)!. 


I. Solution by C. A. Church, Jr., West Virginia University. It is immediate 
that 7,=T{=1 and 77*” =T* for m20. We take the permutations from among 
the first ~++1 natural numbers. For k=2 the occurrences of n-++1 fall into the k 
mutually exclusive cases: m-++1 occurs in a cycle of length j+1, 7=0,1,---, 
k—1. The number of distinct cycles of length j-+1 in which »+1 occurs is (); 
and the complementary cycles are precisely T;_; Thus each case accounts for 
(n);T;,-; selections. Summation over j from 0 to k—1 gives the result. 


The solution is also contained in equation (5), p. 70 of J. Riordan, An Intro- 
duction to Combinatorial Analysis, Wiley (1958). 
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II. Solution by L. Carlitz, Duke University. The number of permutations with 
r, unit cycles, rz 2-cycles, - - - , r, k-cycles is equal to 


n! 


1%7,!2727,! -. - Brky,! 


’ (ry + 2ro +--+ + hn =n). 


(See Riordan, loc. cit., p. 67.) Thus 


nN} 
T, = >) 
177,!2775! -- + Brey, | 
summed over all ri, 72, - + + , 7, such that 71+27.+ --- +kr,=n. It follows that 
yrs ( pe 4 +=) 
naw = Ox x — ‘ee — 4? 
n=0 n| P 2 R 
so that 
a) i an a) i ayn 
La Tri = (Lt ate +o) OT, - 
n=0 nN! n=0 n! 


Equating coefficients, we get the proposed formula. 


Also solved by I. N. Baker (England), Harley Flanders (England), S. Gobel (Netherlands), 
D. A. Hejhal, M. G. Greening (Australia), Edward Hook, C. C. Lindner, P. A. Morris (Jamaica), 
Ralph Parris (Jamaica), and the proposer. 


The Integral of a Normalized Polynomial with Real Roots 


5311 [1965, 794]. Proposed by D. Z. Djokovié, University of Belgrade, Yugo- 
slavia 


Let x1<x.< +++ <x, be real numbers and 
f(x; My °° 8 y Xn) = (x — x1) (% — 9) se (x — Xn) 5 
M= max | f(a; ay, . +, an) |, 
Z<2<2, 


1 pm 
b(x1, 2 Xn) an f(x; My * 8 8 y Xn) dx. 


Prove (or disprove) the inequality (—1)*(0¢/0x;) >0. 


Editorial Note. Dennis A. Hejhal, a student at Lane Technical High School, Chicago, shows 
that the inequality is untrue even for 7 =2. For then f(x; x1, x2) =(x—x1)(x—%2), M=(x1—x2)2/4, 
and ¢ is easily computed. We have ¢(x1, x2) =2(*1—x2)/3, so that 0¢/dx1>0 and 0¢/dx2<0. 

No other solutions or comment have been received. 

From a reexamination of the original proposal there is reason to think that the inequality 
should have been stated as 


( — 1)"+-#(9¢ /dx,) >0. 
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A Vandermonde Operator 


5312 [1965, 795]. Proposed by D. S. Mitrinovié, University of Belgrade, 
Yugoslavia 


Prove (or disprove) the equation 


{ 1 --- 1 1 1 ---. 4] 
0 0 0 
—— _——- eo ee e v1 x2 oe @ Xn 
Oxy OX OXn = 1!2!--- ml. 
gn} gn-l gn} _ _ not 
co ee x1 Xo Xn 
Ox) Oana! Onn} 


Solution by D. G. Kabe, Northern Michigan University. The result is correct. 
Let us put >) (+)xjix? - - - x’ for the (right-hand) determinant and > (£)070? 
- ++ 0” for the (left-hand) Vandermonde operator, where 0;=0/0x;, etc., and 
(71, f2, °° +, Yn) is a permutation of 0, 1, ---, (n—1), and the ambiguous sign 
is determined by the usual procedure of expanding a determinant. Each summa- 
tion contains m! terms. 
We see that there are exactly 1! terms which do not vanish in the procedure 
of differentiation, i.e. 


1 1 1 1 1 
O71 O02 On XY X2 Xn 
n—1 n—1 n—1 n—1 n—1 n—1 
O71 Oo On V1 v2 Xn 
T1 12 Tr 1 12 Tm 
= > 01 02 On X1 X29 Xn 


where the summation is carried over m! permutations of the integers 71, 72, °°: , 
r,. Lhe equation follows because each term in the expansion is 0!,1!, 2!,---, 
(n—1)! in some order. 


Also solved by R. A. Adams, W. T. Bailey, P. N. Bajaj, V. K. Batra (India), L. Carlitz, 
Yu Chang & Sidney Spital, G. W. Dinolt, L. O. Ferguson, Harley Flanders, B. L. Foster, Philip 
Fung, Sylvan Greene, Stephen Hoffman, D. A. Hejhal, R. R. Jani¢ (Yugoslavia), R. F. Jessup, 
D.C. Kay, P. G. Kirmser, P. V. O'Neil, E. A. Parent, C. B. A. Peck, J. R. Purdy, Kenneth Rogers, 
J. T. Rosenbaum, J. J. Schaffer (Uruguay), Donna J. Seaman, M. J. Sheridan, Kao-Hwa Sze, 
J. 1. Thornby, C. A. Tsonis, C. Van de Vyle (Belgium), Simon Vatriquant (Belgium), A. Weinmann 
(England), and P. H. Young. 


Editorial Note. Several solvers interpreted the problem differently and proceeded to effect 
a multiplication of the determinants. Such procedure is considered invalid because the result is 
dependent on the manner in which the multiplication is effected. 
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On Circumcenters and Orthocenters 
5313 [1965, 795]. Proposed by J. M. Quoniam, Saint-Etienne (Loire), France 


If ABC is a triangle with circumcenter O, orthocenter H, circumradius R, 
and area A, prove that 


(1) 2A + cos 2B + cos 2C On" 3 
cos cos cos = —_— 
2R2 2~ 
(2) sin 2A + sin 2B + sin 2C = 2A/R?. 


Solution by Wiliam W. Willson, Cheltenham Grammar School, England. 


Write OA =a, OB=b, OC=c. Then if OX =x=a+b-++c, we have (x—a)-(b—c) 
=b?—c?=0, so that AX is perpendicular to BC. Thus, by symmetry, X is the 
orthocenter, A. 


Now (atb-+c)?= > a?+ > /2b-c. That is (since ¢BOC=2 A) 
OH? = 3R? + 2R2(cos 2A + cos 2B + cos 2C). 


Again (c—b) X(a—b) =bXc+cXa+aXb, whence 2A= R*(sin 2A+sin 2B 
+sin 2C). 

Also solved by A. N. Aheart, D. P. Ambrose (Basutoland), P. N. Bajaj, V. K. Batra (India): 
W. J. Blundon, Robert Breusch, R. Buckley (England), L. Carlitz, P. Carragher, Ragnar Dybvik 
(Norway), Mrs. A. C. Garstang, M. G. Greening (Australia), Louise S. Grinstein, W. E. Hoff, 
Stephen Hoffman, Mrs. M. R. Iyer (India), R. R. Janié (Yugoslavia), D. G. Kabe, F. Leuenberger 
(Switzerland), Norman Miller, Q. G. Mohammad & M. L. Tikoo (India), G. L. N. Rao (India), 
Simeon Reich (Israel), H. A. Robinson, H. Simpson (England), R. Sivaramakrishnan (India), 
Sidney Spital, Al Somayajulu, Kao-Hwa Sze, P. D. Thomas, C. H. Tsonis, A.Vandeghen 
(Belgium), C. Van de Vyle (Belgium), Simon Vatriquant (Belgium), C. S. Venkataraman (India), 
and the proposer. 


Iterates of a Holder Function Transformation 


5315 |1965, 795]. Proposed by G. A. Heuer and R. G. Lee, Concordia College, 
Moorhead, Minn. 


If f is a function integrable on [0, 1], let Af=A'f be the function defined on 
(0, 1] by 


Ag(a) = (1/2) [ fOdt; —Af(0) = 0. 


Let A**+!f=A(A*f) for n=1, 2, -- - ; obviously if f has a limit at 0, so does Af. 

(1) Find a function fy) bounded and continuous on (0, 1], such that fy does 
not have a limit at 0 but Af, does. 

> (2) Find a function f;, bounded and continuous on (0, 1], such that Af, does 

not have a limit at 0. 

(3) Does there exist, for each positive integer n, a function f,, continuous 
and bounded on (0, 1], such that A*f has no limit at 0? 

(4) Is there a continuous bounded function f on (0, 1] such that for every 
positive integer n, A”f fails to have a limit at 0? 


1966] PROBLEMS AND SOLUTIONS 791 


I. Solution by J. T. Rosenbaum, State University of New York at Buffalo. 
Part 1. Let fo(x) =e*/*(0<x $1). fo has no limit at 0 but 


(Afo) (x) = inet? — (i/s) | tel'dt—O0 as x«—>0. 
0 


Parts 2—4. It suffices to show that part 4 should be answered in the affirma- 
tive. This follows immediately from the fact that f(x) =exp(z log x) (0<x 1) is 
an eigenfunction of A corresponding to the eigenvalue 1/(1-+2). 


Il. Remark by Roy O. Davies, The University, Leicester, England. Signifi- 
cantly, we are not asked for a bounded continuous f on (0, 1| such that for 
some positive integer n, A”f does not have a limit at 0 but A"*'f does. Nonexis- 
tence of any such f follows from the observation that if f is bounded and con- 
tinuous, then for n21, xA*f(x) satisfies a Lipschitz condition 


| wAnf(x) — yArf(y)| S ke |e —9I. 


We may then apply the following Tauberian 

THEOREM. If | cb(22) — yb(y) | <k- jx—y| for 0<xSySil and Ad(x)—l as 
x—0+ then o(x)—-1 as x0". 

Proof. We may take 1=0. Suppose that lim sup ¢(x) > 6>0. Then there exist 
arbitrarily small x’>0 for which $(x’) 24, that is x’¢(«’) 2x’d. It can easily be 
deduced from the Lipschitz condition that x@(x) 2 «(46) for x’ Sx S x” 
= | (k+6)/(R+46) kx! and therefore R(x’) =[1/(x«" —x’) | [%)'b(x)dx 2146, con- 
tradicting the fact that R(x’) = [x’’/(«” —x’) |Ad(w”) — [x’/(x’’ —x’) |A¢(x’) 0 
as x’—>0". 

Also solved by D. R. Anderson, I. N. Baker (England), Dennis A. Hejhal, J. G. Mauldon 
(England), A. Meir & A. Sharma, Donald Schaefer, and Sidney Spital. 

Baker also notes that A*f(x)—1, »>1 implies that Af(x)— if f(x) is bounded and Lebesgue 
integrable. See Hardy & Littlewood, Solution of the Cesaro summability problem for power serves 
and Fourier series, Math. Zeit., 19 (1923) 67-96. 


Characteristic Roots of Products of Semi-definite Hermitian Operators 


5316 [1965, 796]. Proposed by J. T. Fleck and Carl Evans, Cornell Aero- 
nautics Laboratory, Buffalo, N. Y. 

Show that if A and B are nonnegative definite Hermitian matrices of order n, 
the characteristic roots of AB are real and nonnegative. 


I. Solution by L. N. Howard, Massachusetts Institute of Technology. A and B 
both have nonnegative definite square roots. Let x be any eigenvector of AB: 
ABx=)x. If B1/2x=0, then \=0. Otherwise 


N| Bi2e |? = \akBa = o*BABa = | AN?2BiU 2% [2 
Thus \20. 
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Il. Solution by D. Topping, University of Washington. We prove, more gen- 
erally, that if A and B are positive semidefinite bounded Hermitian operators 
on a Hilbert space, then the spectrum of AB is real and nonnegative. First note 
that in any ring with identity, existence of (1—xy)—! implies existence of 
(1—yx)—!; in fact, (1—yx)-'=1+y(1—xy)-x. This implies that spo(AB) 
=sp (BA), where spo(A) denotes the spectrum of A with zero adjoined. (In the 
finite-dimensional case, 0 is an eigenvalue of both AB and BA, or of neither.) 
Hence spo(AB) =spo(A!/2BA"/?) and since A‘/?BA1/? is positive semidefinite, 
the result follows. 


III. Solution by Sidney Spital, California State Polytechnic College, Pomona. 
We form the positive definite Hermitian matrices A(e) and B(e) respectively 
by adding any positive e to each diagonal element of A and B. The inverse 
A-(e) therefore exists and is also Hermitian positive definite. Under these cir- 
cumstances it is known that: (a) the eigenvalues, {d,(e)}, of A(e)B(e) are the 
same as those obtained from the zeros of det[B(e) —xA-(e) ]; and (b) the latter 
are all real and positive. [See F. B. Hildebrand, Methods of Applied Mathe- 
matics, Prentice-Hall, (1952) pp. 74-79.| Hence all \,(e) are real and positive. 
Since characteristic roots are continuous functions of their matrix elements and 
since the elements of A(e)B(e) are (at most quadratic) polynomials in e, it 
follows that \,(0), the eigenvalues of AB, satisfy \;(0) =lim,.o A;(6) 20 (and of 
course are real). 


IV. Note by J. Wesley, Union College, Barbourville, Ky. The theorem in prob- 
lem 5316 was given in Carlson’s solution of E 1677 [1965, 189]. 

The case of positive definite matrices, is Theorem 11.15, p. 92, Faddeev and 
Faddeeva, Computational Methods of Linear Algebra, Freeman, San Francisco, 
1963. 


Also solved by R. A. Adams, C. G. Cullen, Roy O. Davies (England), Harley Flanders 
(England), J. A. Hejhal, D. G. Kabe, Marvin Marcus & Henryk Mince, O. J. Nikolai, R. F. Rine- 
hart, Murray Schechter, H. Simpson (England), R. C. Thompson, J. F. Watters & A. Weinmann 
(England), J. P. Williams, and the proposers. 


A Theorem in algebra with sociological implications. Kernel Homomorphism decided to 
get his group together and form Equivalence Classes, but a diversionist, the Natural Isomorphism, 
induced the Equivalence Classes to march off to the Homomorphic Image. 

J. E. Sparks, University of Texas 
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Materials intended for review should be seni to Prof. May, Amer. Math. Monthly, Dept. of 
Math., University of Toronto, Toronto 5, Ont., Canada. 


Knot Groups. By L. P. Neuwirth. Princeton University Press, Princeton, N. J., 
1965. 111 pp. $3.50. 


This excellent research monograph is Number 56 in the Annals of Mathe- 
matics Studies. It is concerned with the fundamental group of the complement 
of tame polygonal knots in the 3-sphere. Topics discussed include a combina- 
torial covering space theory for 3-manifolds, subgroups and the Alexander 
matrix, representations, automorphisms, and the problem of characterizing such 
groups by their algebraic properties. One chapter is devoted to the construction 
of a group of groups which is given a categorical setting in an appendix by S. 
Eilenberg. 

The book is clearly and lucidly written. In particular, the geometric exposi- 
tions are done very pleasantly, with good figures and a few excellent pictures 
of knots. Many new results are proved here, while for previously known theo- 
rems the proofs have frequently been omitted. The last chapter is a collection 
of research problems. 

R. P. JERRARD, University of Illinois 


Integration of Equations of Parabolic Type by the Method of Nets. By V. K. 
Saul’yev. Pergamon, New York, 1964. Translated from the Russian edition 
published by Fizmatgiz, Moscow, 1960 by G. J. Tee. Translation edited by 
K. L. Stewart. xvii+346 pp. $12.00. 


This work is divided into two parts. Part I is devoted to the construction 
of net equations (difference equations) approximating a parabolic equation. The 
emphasis is mainly on the one-dimensional heat equation (113 pages). There is 
a very clear and thorough study of the stability and the accuracy of many 
methods, both classical and new. There is also a table summarizing the advan- 
tages and shortcomings of each method. Methods for solving the heat equation 
in higher dimensions are also examined carefully (46 pages). Finally, 33 pages 
are devoted to more general parabolic equations. 

Part II of the book (the final 1/3) is devoted to practical numerical solution 
of implicit net equations. This is essentially an elliptic problem because the time 
is held constant. Again the discussion is clear and thorough. 

The book is written for a wide audience. The author assumes that the reader 
knows linear algebra and has some familiarity with the heat equation. The 
translation is smooth and accurate, and the translator’s notes are helpful. The 
publisher is to be commended for offering this worthwhile book. 

G. W. HEpstrom, The University of Michigan 
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Ideale Rander Riemannscher Flichen. By C. Constantinescu and A. Cornea. 
(Ergebnisse der Mathematik und threr Grenzgebiete), Springer Verlag, Berlin- 
Gottingen-Heidelberg, 1963. viii244 pp. DM 68.00. 


This book gives a unified and self-contained treatment of the theory, which 
has developed over the last fifteen years, of harmonic functions on open Rie- 
mann surfaces, especially that of the classes HB and HD. It begins by consider- 
ing subharmonic functions, the lattice of positive harmonic functions, the 
Dirichlet problem (4 la Perron and Wiener), potentials of mass distributions 
with the Green’s function as kernel, and energy and capacity in the Frostman 
fashion. 

From here on the book centers around the concept of compactification: a 
compactification of an open Riemann surface R is a compact Hausdorff space 
R* which contains R as a dense open subset. The difference A= R*~R is called 
the ideal boundary for the compactification. One wants to construct compactifi- 
cations for R so that various classes of functions on R admit of extensions to R* 
in some sense and so that it is meaningful to consider boundary value problems 
(say for harmonic functions) with data prescribed on A. 

If Q is a class of continuous functions on R, then a Q-compactification R* 
= RG of R is a compactification such that each function in Q can be extended to 
a continuous function on R* and these extended functions separate the points 
of A. Using standard structure theory, one can show easily that for each Q there 
is a unique Q-compactification. If we take for Q all bounded continuous func- 
tions, then R% is the Stone-Cech compactification of R. If Q consists of all 
differentiable functions on R such that df has compact support (i.e., df =0 out- 
side a compact set), then RG is the Kerékj4rtd-Stoilow compactification of R. 
These two compactifications depend only on the topology of R and are the 
largest and smallest compactifications which have certain natural separation 
properties. Useful compactifications for potential theory on R are obtained by 
making suitable choices of Q between these extremes. 

The authors call a function f on a hyperbolic surface harmonizable if the 
supremum of those subharmonic functions which are less than f except on a 
compact set is the same as the infimum of the class of superharmonic functions 
which are greater than f except on a compact set. A continuous function f on a 
Riemann surface R is called a Wiener function if for each hyperbolic subdomain 
G of R the restriction of f to G is harmonizable and | f | has a superharmonic 
majorant on G. A continuous function f is called a Dirichlet function if it has a 
differential (in the weak sense) which is square integrable. The authors call the 
Q-compactification of R the Wiener compactification if Q is the class of continu- 
ous Wiener functions on R and the Royden compactification if Q is the class of 
all Dirichlet functions on R. Much of the first half of the book is devoted to the 
construction and properties of these compactifications. 

The former of these compactifications is intimately connected with the 
theory of the class HB of bounded harmonic functions on R, and the latter 
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with the class HD of harmonic functions with a finite Dirichlet integral. Bound- 
ary value problems and connections with potential theory are explored at some 
length. 

By their very definition these compactifications are well suited to the study 
of the structure of the classes HB and HD. Unfortunately, they are fairly large 
compactifications, and one often wants smaller ones. For example, if R is the 
interior of the unit circle, then the Wiener compactification does not just add 
the circumference but instead adds the Stone space of the bounded measurable 
functions on the circumference. This “defect” leads to the consideration of two 
other ideal boundaries. The first is the Martin boundary obtained by adding 
points corresponding to the minimal positive harmonic functions. In the case 
that FR is the interior of the unit circle, then the Martin boundary is the unit cir- 
cumference. The idea of this boundary goes back to the work of Martin in 1941 
who used such a construction to regularize the Dirichlet problem for regions in 
three-dimensional space. It has received much attention by the modern French 
school of potential theory, and this book gives a thorough discussion of it in so 
far as Riemann surfaces are concerned. The Martin boundary is related to the 
space of positive harmonic functions, and of bounded harmonic functions. The 
Kuramochi boundary plays a similar role for the space HD of harmonic func- 
tions with a finite Dirichlet integral. Much of the last half of the book is devoted 
to the properties and application of the Martin and Kuramochi boundaries. 

HALsEY RoypDEN, Stanford University 


Problems in the Sense of Riemann and Klein. By Josip Plemelj. Interscience, 
New York, 1964. vii+175 pp. $8.00. 


This is a book about one aspect of classical analysis written by a man who 
played an important part in its development. The problem of Klein is con- 
cerned with the mapping properties of the ratio of two linearly independent 
solutions of a Fuchsian differential equation. That of Riemann seeks the deter- 
mination of m functions analytic in a given domain with limit at the interior 
side of the closed boundary equal to a linear combination of the exterior limit 
values of m given functions analytic in the exterior. The solution of these prob- 
lems leads to certain results in the theory of integral equations. 

Part I considers the theory of ordinary linear differential equations with 
analytic coefficients. There is a detailed investigation of the hypergeometric 
equation and of the second order Fuchsian equation. Klein’s theorems about 
the behavior of solutions and a short chapter on oscillation conclude this part. 

Part II treats integral equations, in particular the Fredholm equation. The 
book concludes with a presentation of the Riemann problem in which the func- 
tions concerned have a pre-assigned monodromy group. 

There are no exercises. 

STEPHEN HOFFMAN, Trinity College 
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Algébre, M. G. P. et Spéciales A. By Michel Queysanne. Collection U, Série 
“Mathématiques.” Directed by André Revuz. Librairie Armand Colin, 
Paris, 1964. 608 pp. 51,00 F. 


This is the first volume of a projected three volume work on mathematics; 
later volumes, by other authors, will treat analysis and geometry. It is a big 
book, intended to cover thoroughly the algebra required in two programs leading 
to certification of mathematics and science students in France. Up-to-date in 
style, it will be welcomed for its clear presentations of many of the topics which 
have become traditional in “modern algebra” and for its excellent sequences of 
exercises. 

The first three chapters are on sets, mappings and relations, the natural 
numbers, and composition laws. Here the author presents the basic terminology, 
occasionally using simple commutativity diagrams. Properties of finite sets and 
elementary facts of combinatory analysis are developed in the language of injec- 
tions, surjections, and bijections. In his choice of terms and notations the author 
follows Bourbaki: he speaks of internal and external composition laws, neutral 
elements, and stable subsets; he stresses the notion of an equivalence relation 
compatible with given operations; he includes remarks on the notion of a struc- 
ture. 

The next three chapters deal with groups, rings and fields, and the complex 
numbers. A look at the chapter on groups may give some idea of the general 
depth of the treatment. It includes material on subgroups, Lagrange’s theorem, 
quotient groups, the canonical decomposition of a homomorphism, direct sums, 
generators, cyclic groups, permutation groups, and Cayley’s theorem. It does 
not include material on semigroups, on the isomorphism theorems or the 
Jordan-Hélder-Schreier theorem, on the Sylow theorems, on free groups, or on 
exact sequences. 

Chapters 7, 8, 9 and 10 discuss vector spaces, matrices, determinants, and 
linear equations in that order. Modules are not treated, except in two exer- 
cises. The determinant is defined as a certain n-linear alternating form; exterior 
algebra and tensor product are not mentioned. 

Polynomials, rational fractions, and algebraic equations are the subjects of 
Chapters 11, 12 and 13. Along with a study of the polynomial rings K[X] and 
K[Xi,---, Xml, where K is a commutative field, these chapters contain sec- 
tions on symmetric polynomials, on partial fractions, and on elimination, re- 
sultants and discriminants. 

The final two chapters concern characteristic values and vectors of an endo- 
morphism, the reduction of matrices to diagonal and triangular forms, and 
symmetric bilinear and hermitian forms. 

A most valuable feature of this text is its collection of 559 exercises, which 
enable the reader to test and to strengthen his comprehension; some of these 
introduce new concepts or advance the theory beyond what is explained in the 
text. Considering these exercises, as well as the uniformly high quality of the 
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exposition, one does not hesitate to recommend speedy translation of the present 
book into English. We may also look forward to seeing the other volumes of this 
series. 

G. N. RANeEy, University of Connecticut 


Symbolic Logic and Language, a Programmed Text. By James Dickoff and Patri- 
cia James. McGraw-Hill, New York, 1965. iv-+390 pp. $6.95. 


This book is mistitled. Its 390 pages are devoted solely to the propositional 
calculus. The authors promise us a sequel, Symbolic Logic and Systems, dealing 
with the predicate calculus and the study of formal systems. 

By numerous examples the authors try to explain the meaning of logically 
valid argument. Then they develop a natural-deduction system F which is a 
classical form of an intuitionistic system of Fitch. The completeness of system F 
is mentioned, but not proved. Indeed, it could hardly be proved, since the au- 
thors never give a precise definition of logically valid. It is true that in an ap- 
pendix they sketch the ideas of truth tables and tautologies, but they never indi- 
cate that this approach yields the most natural definition of logically valid argu- 
ment. A Hilbert-type system (due to Lukasiewicz) is also introduced in the ap- 
pendix and it is stated that this system, the approach via truth tables, and sys- 
tem F give essentially the same results. 

No interesting metamathematical properties of the system F are studied. In 
fact, if we except proofs that certain specific formulas are provable in F, there 
is not one proof in the whole book. The shallowness of the text seems to be a 
consequence of its method, that of a learning program. This works well when 
simple matters have to be taught so thoroughly that even a moron can under- 
stand. But it would be a miracle if someone were able to explain deep mathe- 
matical results using this technique. In addition, after the novelty has worn off, 
any adult above the moron level will become exasperated by the repetition of 
obvious points. 

There are two minor details which need correction. First, in the body of the 
text the system F is provided with only five statement letters. This situation is 
corrected in Appendix A, where an unlimited number of letters is allowed, but 
the authors characterize this as a “trivial extension of F.” The second point 
concerns the translation of “A unless B” as “A if and only if not-B.” The in- 
accuracy of this translation is revealed by one of the authors’ own examples: 
“Napoleon was defeated at Waterloo unless history deceives us.” Surely history 
could deceive us even though Napleon was defeated at Waterloo. A more ac- 
curate translation of “A unless B” seems to be “If not-A then B” (or, equiva- 
lently, “If not-B then A”). 

The good points of this book should not be overlooked. It has very thorough 
drill on translation from English into the symbolism of F and on the invention 
of proofs in the system F. 

ELLIOTT MENDELSON, Queens College 
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Algebra of Mairices. By Malcolm F. Smiley. Allyn and Bacon, Boston, 1965. 
xii+258 pp. $8.75. 


This book is a well organized, neatly executed, rapidly paced text, the out- 
growth of a one semester course taught for a number of years by the author at 
the State University of Iowa and the University of California, Riverside. 

The scope of the text is indicated by the chapter headings: Rings and 
Matric Rings, Determinants, Polynomials, Matric Polynomials and Func- 
tions of Matrices, Vector Spaces, Rank and Linear Equations, Finite Games, 
Linear Transformations and Matrices, Similarity of Matrices, Euclidean Spaces, 
Unitary Spaces, Quadratic Forms and Witt’s Theorem. An appendix on set 
theory is also included. 

Each chapter begins with a short statement summarizing the content of the 
chapter and how it is related to the overall development of the subject. Exer- 
cises, of which there are over 300 of various degrees of difficulty, are grouped at 
the ends of chapters. No answers to exercises appear in the text. There are am- 
ple illustrative examples. 

The author works in a more general framework than that found in most 
introductory texts on the subject. Where possible, scalars are elements of a divi- 
sion ring and occasionally this restriction is weakened or modified. 

The author assumes “that the reader has already had a good course in cal- 
culus.” Knowledge of calculus is not really necessary (the few sections in which 
calculus is used may be omitted without any critical loss), but the level of 
mathematical maturity reached by successfully completing a good calculus 
course is necessary to read the text profitably. For the audience for whom the 
author writes, this book should prove to be an excellent text. 

E. A. Mater, University of Oregon 


Group Theory. By W. R. Scott. Prentice-Hall, Englewood Cliffs, N. J., 1964. 
479 pages. $10.50. 


A wide variety of topics in many important areas of contemporary group 
theory is offered. The basic facts for each topic are stated concisely and proved 
in full, and deeper results are often given. Despite the author’s essential clarity, 
reading is somewhat difficult in places because of the extensive use of special 
notation and symbolism. The reader must often translate masses of compressed 
data into English in order to see what is going on (page 111, for instance). 
Nevertheless, the effort is well worth it, and the book should prove useful to a 
wide variety of readers. The many exercises, ranging from the trivial to the 
challenging, help the text along and aid the student in filling in gaps in the 
theory. As a reference book its value is beyond question, especially for anyone 
who wishes to get into the field. As a text, it should be teachable, containing 
as it does more than enough material for a one-year course; but the instructor 
will have to prepare well in order to help his students through the high density 
regions. 

FRANKLIN Hatmo, Washington University 
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Operations Research: Process and Strategy. By David S. Stoller. University of 
California Press, Berkeley, 1964. 159 pp. $5.00. 


This book is divided into three parts; a short history and description of 
Operations Research, a reasonably extensive treatment of queuing theory, and a 
detailed presentation of zero-sum two person matrix games and solution meth- 
ods. The chief prerequisite is a reasonable command of elementary probability 
and function concepts. On the whole, this book is well written, but the reader 
must be prepared to read through a good deal of symbolism and equations, 
even when only elementary concepts are involved. The only major disappoint- 
ment is the treatment of the gradient-simplex method, which mentions none of 
the elegant bookkeeping schemes available for this algorithm and erroneously 
presents it as a process subject to indefinite repetition rather than as a process 
that can be made to converge nicely after a finite number of steps. 

In summary, this book is too detailed to be recommended as a popular ex- 
position and too narrow to be used as an exclusive text, but it does a good job 
on its limited objectives with the exception noted above. 

R. E. STEARNS, General Electric Research and Development Center 


Regular Figures. By L. FejesTéth. Macmillan, New York, 1964. xi+339 pp. $12.00. 


This is in many respects a most charming book. It is in two parts, which are 
likely to be of interest to rather different types of readers. Part I deals with the 
geometry of the regular figures and their groups of symmetry, and is extremely 
lucid and well illustrated with figures. The first of its five chapters deals with 
plane crystallography, describing and illustrating the seventeen groups, as well 
as the point groups, and those that leave a line invariant. Here there are three 
extremely fine colored plates, of Egyptian, Arabic, and other ornamental de- 
signs. The next two chapters deal with similar questions on the sphere (including 
the 32 point groups of crystallography) and in the hyperbolic plane; and the 
other two with regular and semi-regular polyhedra, and with polytopes in higher 
space. The three dimensional figures are admirably illustrated in a series of 
anaglyphs (stereographic figures in two colors, with colored eyepieces provided) 
which are separate in a pocket at the end of the book. 

Part II deals with all kinds of extremal problems, such as close packing and 
covering by spheres and other figures, maximum and minimum areas and vol- 
umes, and so forth, whose solution involves regular figures in some way; the 
maximal density of the hexagonal packing of circles, and the minimal area of the 
honeycomb, are typical. It is in five chapters, corresponding in scope to those of 
Part I, namely the Euclidean plane, the sphere, the hyperbolic plane, three di- 
mensional space, and higher space. This part of the book seems to be, for the 
author, its main raison d’étre, and it includes many original results, as well as 
much up-to-date work of others. For this reviewer it is much harder to read than 
the first part, but it will undoubtedly be of great interest and value to special- 
ists in this field. 

PATRICK Du VAL, University College, London 
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Finite Permutation Groups. By Helmut Wielandt. Academic Press, New York 
and London, 1964. x +114 pp. $2.45 paper, $5.50 cloth. 


Anyone who wishes to learn about the explosive, new theory of finite groups 
would do well to start with this book as a background. After an easily readable 
introductory chapter, one goes on to a discussion of multiple and half transitiv- 
ity. Chapter III is concerned with the structure of the permutation subgroup 
which fixes a given member of the permuted set. In Chapter IV, a group is 
looked upon as a permutation group on the set of one of its own subgroups, 
and subrings of the group ring are treated. Further, certain abstract finite 
groups which force the primitive permutation groups which extend them to be 
doubly transitive are likewise discussed here. The last chapter, on representa- 
tion theory, acts as a unifying conclusion. Among the topics here are the cen- 
tralizer ring, a vector space, the elements of which commute with the permuta- 
tion matrices; matrix reduction; and primitive groups of degree 2p (p, a prime), 
where 2p#a?+1 for any integer a. 

The text abounds with historical hints, and references are brought up to 
1962. Those interested in the history of group theory in the United States will 
note that the contributions of W. A. Manning to the subject are documented on 
virtually every page. It would, perhaps, have been better, had the author ex- 
panded this slim volume somewhat so that proofs of some results, either totally 
suppressed or highly abbreviated here, could have been given in full. Neverthe- 
less, no serious student of the subject should be without this book. 

FRANKLIN Harmo, Washington University 


NEWS AND NOTICES 
EDITED By RAouL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo 
(University of Buffalo), Buffalo, New York 14214. Items must be submitted at least two 
months before publication can take place. 


PERSONAL ITEMS 


Professor George Best, Phillips Academy, represented the Association at the Con- 
vocation in observance of the One Hundredth Anniversary of the founding of Dean 
Junior College on May 14, 1966. 

Professor J. W. Cell, North Carolina State University, represented the Association at 
the Centennial Convocation and the inauguration of James E. Cheek as President of 
Shaw University on April 16, 1966. 

Professor J. N. Eastham, Queensborough Community College, represented the Asso- 
ciation at the inauguration of John S. Toll as President of the State University of New 
York at Stony Brook on April 16. He also represented the Association at the inaugura- 
tion of George Ferguson Chambers as President of Nassau Community College on May 7. 

Professor N. G. Gunderson, University of Rochester, represented the Association at 
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the inauguration of Albert W. Brown as President of State University College at Brock- 
port on May 19, 1966. 

Professor F. B. Jones, University of California, Riverside, represented the Associa- 
tion at the inauguration of John M. Pfau as President of California State College at San 
Bernardino on May 4, 1966. 

Professor V. V. Latshaw, Lehigh University, represented the Association at the Engi- 
neering-Science Centennial Convocation at Lafayette College on April 15 and 16, 1966. 

Professor E. P. Starke, Bloomfield College, represented the Association at the Bi- 
centennial Convocation of Rutgers, The State University on September 22, 1966. 

American University of Betrut: Mr. Robert Fraga, American University in Cairo, and 
Dr. David Singmaster, University of California at Berkeley, have been appointed As- 
sistant Professors; Associate Professor Edward Batho, University of New Hampshire, 
has been appointed Visiting Professor; Associate Professor Amin Muwafi, Chairman of 
the Mathematics Department, will be on sabbatical leave as Visiting Professor at the 
University of Florida. 

Iindenwood College: Mr. R. W. Murdock, Principia College, has been appointed 
Chairman of the Mathematics Department; Professor S. Louise Beasley will be on sab- 
batical leave for 1966-67 as a participant in a Scandinavian Seminar. 


Assistant Professor G. H. Andrews, Oberlin College, has been promoted to Associate 
Professor. 

Mr. C. R. Conniff, Wisconsin State University at La Crosse, has been granted a year’s 
leave of absence to attend the University of Minnesota. 

Mr. G. R. Costello, Aerospace Corporation, San Bernardino, California, has been 
promoted to Head of the Guidance Technology Department in the company’s Tech- 
nology Division. 

Mr. E. B. Davis, Stanford University, has been appointed Assistant Professor at 
Lawrence University. 

Assistant Professor D. L. Kreider, Dartmouth College, has been promoted to Asso- 
ciate Professor. 

Professor Chia-Chiao Lin, Massachusetts Institute of Technology, has been named 
Institute Professor. 

Professor K. O. May, on leave from Carleton College as visiting scholar at the Uni- 
versity of California at Berkeley, has been appointed Professor at the University of 
Toronto and the Ontario College of Education. 

Lt. Col. R. K. Moorhead, U. S. Air Force Academy, has been promoted from Associ- 
ate Professor to Tenure Associate Professor. 

Dr. Jordan Rosenbaum, State University of New York at Buffalo, has been ap- 
pointed Assistant Professor at the University of Pittsburgh. 

Mr. R. L. Shubert, University of Kansas, has been promoted to Assistant Professor. 

Dr. J. L. Sieber, Shippensburg State College, has been promoted from Acting Chair- 
man to Chairman of the Mathematics Department. 

Dr. F. J. Weyl, formerly of the Office of Naval Research, has been appointed as a 
Special Assistant to the President of the National Academy of Sciences. 

Assistant Professor John W. Wyman, Pasadena College, has been awarded an N.S.F. 
Science Faculty Fellowship at the University of Southern California. 


Professor Emeritus G. A. Bingley, St. John’s College, died on February 27, 1966. He 
was acharter member of the Association. 

Mrs. Tempie R. Franklin, Arlington County Public Schools, Virginia, died on Janu- 
ary 28, 1966. She was a member of the Association for six years. 

Professor Alexander Wittenberg, York University, died in December 1965. He was a 
member of the Association for seven years. 
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THE UNIVERSITY OF TEXAS—FIFTH ANNUAL SYMPOSIUM ON BIO- 
MATHEMATICS AND COMPUTER SCIENCE IN THE LIFE SCIENCES 


The Division of Continuing Education of The University of Texas Graduate School 
of Biomedical Sciences at Houston is pleased to announce the Fifth Annual Symposium 
on Biomathematics and Computer Science in the Life Sciences, which will be held at the 
Shamrock Hilton Hotel in Houston, Texas, in March 1967. The theme of the symposium 
is MEpiIcaL UsEs oF MAn-MACHINE SysTEms. The topics for the sessions of the sympo- 
sium are: ‘‘The Engineering and Mathematical Simulation of Artificial Organs,’’ ‘“Com- 
puter Data Editing Display and Graphic Systems,’ ‘‘Patient Monitoring,” ‘Radiation 
Treatment Planning,” ‘“‘Research Laboratory Automation,” ‘‘Medical Applications of 
Computer Hardware and Software Systems,”’ ‘‘Training Program in Biostatistics, Bio- 
mathematics, Computer Sciences, and Bioengineering.”’ 

Those interested in submitting abstracts should contact the Office of the Dean, Divi- 
sion of Continuing Education, The University of Texas Graduate School of Biomedical 
Sciences at Houston, 102 Jesse Jones Library Bldg., Texas Medical Center, Houston, 
Texas 77025. Abstracts will not be reviewed for inclusion in the program after November 
30, 1966. 


EAI ANALOG COMPUTER EDUCATIONAL USERS GROUP 


The EAI Analog Computer Educational Users Group has been formed in order to 
meet the needs of those desiring to use analog computers in the teaching of physics or in 
their research. This nonprofit organization issues a Newsletter and Application Notes on 
a regular basis. One of the recent Application Notes dealt with the compound pendulum 
and how it could be simulated on an analog computer. Further information about this 
Group and samples of its publications may be obtained by writing to EAI Analog Com- 
puter Educational Users Group, P.O. Box 90626, Los Angeles, Cal. 90009. 


MATHEMATICAL ASSOCIATION OF AMERICA 
Oficial Reports and Communications 


NEW SECTIONAL GOVERNORS OF THE ASSOCIATION 


The following have been elected Governors of the Association for the three year term 
July 1, 1966 to June 30, 1969, by a mail vote of the Association in the Sections indicated: 


Allegheny Mountain A. F. Strehler, Carnegie Institute of Technology 
Indiana G. N. Wollan, Purdue University 

Kentucky L. L. Scott, University of Louisville 

Metropolitan New York Abraham Schwartz, City University of New York 
Nebraska D. W. Miller, University of Nebraska 

Northern California D. W. Blakeslee, San Francisco State College 
Oklahoma-Arkansas R. B. Deal, Oklahoma State University 

Rocky Mountain F, M. Stein, Colorado State University 
Wisconsin C. J. Vanderlin, Jr., University of Wisconsin 


The highest percentage of voters was 51% in the Nebraska Section, followed by the 
Oklahoma-Arkansas Section with 39%, 
Raou. HAILPERN, Assoctate Secretary 
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FEBRUARY MEETING OF THE LOUISIANA-MISSISSIPPI SECTION 


The forty-third annual meeting of the Louisiana- Mississippi section of the MAA was 
held in Baton Rouge, Louisiana, on February 18-19, 1966 with Louisiana State Univer- 
sity as host institution. There were 243 persons registered including 110 members of the 
Association. 

The general session on Friday afternoon was presided over by Chairman S. R. Knox 
and included the welcome by Provost Cecil Taylor of Louisiana State University and the 
response. The regular Committees were appointed. Professor Gail Young presented a 
paper entitled ‘‘The General Mathematics Curriculum Proposals of CUPM.”’ 

The technical papers were presented in two concurrent sessions with Professor W. E. 
Koss, Vice-Chairman, and Professor Virginia Carlton, Vice-Chairman, presiding. 

The following officers were selected for the coming year: Chairman, Robert C. Brown, 
Southeastern Louisiana College; Vice-Chairman for Mississippi, Donald A. King, Mis- 
sissippi State College for Women; Vice-Chairman for Louisiana, Fred B. Wright, Tulane 
University; Secretary-Treasurer, Virginia Carlton, Centenary College. 

The invited speaker for the meeting was Professor E. E. Moise, Harvard University. 
Dr. Moise spoke at the Friday evening banquet on the subject ‘‘Puzzles, Platonism, and 
Extroversion.”’ His talk at the Saturday general session was entitled: ‘‘The Idea of a 
Concrete Deductive System.” 

Professor Peter Dembowski of the University of Wisconsin and the University of 
Frankfort presented an hour colloquium lecture; ‘‘Finite Geometries and Their Groups.” 

The following papers were presented: 


1. A knot projection has four small complementary domains, by D. E. Penney, Louisiana State 
University, New Orleans. 


2. Remarks on the category of Boolean algebras and related topological categories, by P. S. 
Schnare, Louisiana State University, New Orleans. 


3. Modern mathematics for parents, by M. P. Berri, Tulane University; Dennis Nead, Louisiana 
State University, New Orleans; and Sr. Mary Robert Von Wolff, O. P., St. Mary’s Dominican 
College. 

During the spring semester of 1965, a noncredit seminar entitled Modern Mathematics for 
Parents was offered as a cooperative effort by members of mathematics departments of five 
Colleges and Universities in New Orleans. The seminar was intended to acquaint parents with 
some of the new topics being introduced into elementary and junior high school mathematics 
instruction. 

Some details of the work of the committee and the conduct of the seminar are included in 
this paper. An evaluation of the effort and a summary of results as determined by a questionnaire 
distributed to participants are also included. 

It is hoped that this will be of help to other groups interested in such a form of community 
service. 


4, A generalization of the Rayleigh probability density functions, by A. M. Johnson, Louisiana 
Polytechnic Institute. 


5. Some results pertaining to inversion with respect to real central conics in the complex plane, 
by N. A. Childress, University of Mississippi. 

In the complex plane, the point P’ can be defined to be the image of a point P in an inversion 
with respect to a real conic with center O if P’ lies on line OP and OP-OP’ equals the square of 
the distance from O to the point of intersection of line OP with the conic. The image of O is the 
ideal point, and conversely. This definition and its results can be used to define the polar of a 
point P with respect to a real central conic as a line passing through the inverse of P and having 
a certain slope. Some results of these definitions are examined. 
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6. A conjecture on addition chains, by C. T. Whyburn, Louisiana State University. 


7. A generalization of some trigonometric identities using differential equations, by A. J. Zettl, 
Louisiana State University. 


8. A theorem on factorization of quaternions, by Gordon Pall, Louisiana State University. 

Let m and x be nonnegative integers not both even, and let v=vo+iv1+jve+kv, be an integral 
quaternion (i.e. with integral components v9, - - -, v3) of norm mn. Then the number of factorizations 
y=tu, asa product of integral quaternions 5, u of respective norms m and 2, is equal to 7,(e), where 
€=(Vo, V1, V2, V3, Mm, 2), and 7r,(e)=the number of representations of e as the sum of four squares. 


9. On the interchangeability of 2-links, by W. C. Whitten, Jr., University of Southwestern 
Louisiana. 

Let L=Ki+K, be an oriented link of two components tamely imbedded in S?. In this note 
several interchangeability invariants of L are given, one of which is noted here. Assume that Ke 
is a torus knot, and let T= {7} denote the collection of all unknotted tori on each of which 
Ke lies. Let C(Ki(\ Tz) denote the cardinality of Kif\ Ta for any Tg in T. Define 
Tx, (K2)=min {C(Ki\Ta)| ToT} /2. Tx, (Kz) shall be called the torus linking number of Ky 
with Ky. Clearly, Tx, (K2)=Tx, (K1), if L is interchangeable. 


10. The cluster points of the Riemann-Stieltjes sums, by A. C. Pierce, Louisiana State University. 

If f and g are real-valued functions on an interval [a, 6], the approximating sums for the 
Riemann-Stieltjes integral form a net on the partitions of [a, b]. Let S2fdg denote the cluster 
points of this net. Then if f:+f2 is g-integrable on [a,b], then Sf idg= { [2 fitfedg } — S°fodg. 
For any f, g defined on [a, b], Sefdg= {f(b)g(b) —f(a)g(a) } — S?odf. In neither of these equations 
may the subtracted terms be transposed to the left side. 


11. On unconditional bases in Banach spaces, by J. R. Retherford, Louisiana State University 


12. Spaces of finite subsets of a topological space, by R. M. Schori, Louisiana State University. 
Z. L. LOFLIN, Secretary-Treasurer 


FEBRUARY MEETING OF THE NORTHERN CALIFORNIA SECTION 


The annual meeting of the Northern California Section of the MAA was held in 
Dwinelle Hall, University of California at Berkeley, on February 5, 1966. Program chair- 
man was D. F. Coulter, Jr., of Hartnell College, Salinas. One hundred thirty persons 
attended the meeting, of whom one hundred were members of the Association. 

A selection of books of interest to the Association was displayed during the morning. 
Three talks were given as follows: 


1. Mathematical foundations for national economic planning, by David Gale, Brown University. 


2. The Heawood map-coloring conjecture, by J. W. T. Youngs, University of California at 
Santa Cruz. 


3. Sets of constant width, by G. D. Chakerian, University of California at Davis. 


At a final session in the afternoon, R. H. McDowell addressed the section on the 
CUPM “General curriculum in mathematics for colleges.’’ This was followed by a dis- 
cussion; the chief contributors were M. Dreyfus of San Jose City College and L. Henkin 
of the University of California at Berkeley. The point was made that, at present, some 
courses cannot be taught in junior colleges until several universities classify the course 
substance as lower division material. 

J. L. BRENNER, Secretary 
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MARCH MEETING OF THE KANSAS SECTION 


The fifty-first annual meeting of the Kansas Section of the MAA was held at the 
University of Kansas, Lawrence, Kansas, on March 26, 1966, in conjunction with the 
annual meeting of the Kansas Association of Teachers of Mathematics. There were 371 
persons registered including 83 members of the Section. Chairman Gilbert Ulmer pre- 
sided at the morning and afternoon sessions. 

The following officers were elected: Chairman, Jimmy Rice, Fort Hays State College, 
Hays; Vice-chairman, Sister Mary Paul Buser, Marymount College, Salina; Secretary- 
Treasurer, Helen Kriegsman, Kansas State College, Pittsburg. 

A presentation on ‘‘The CUPM Report on a General Curriculum in Mathematics for 
Colleges” was given by G. S. Young. The following papers were presented: 


1. The close-to-convexity and univalence of an integral, by W. M. Causey, University of Kansas. 

Let S be the class of functions f regular and univalent in | z| <1 and normalized by f(0)=0, 
f'(0)=1. Define F by F(z)=/$(f(t)/t)*dt. Suppose fES is close-to-convex with respect to g, 
g(0)=0, then F is close-to-convex with respect to G defined by G(z)=/o(g(t)/t)“dt for any a, 
0Sa 1. Also if fE S and a is any complex number 08 | | <(/5—2)/4 then FCS. For any a, 
1 <q <1, there exists a function fC S such that F cE S. 


2. Some misconceptions in mathematics, by R. D. Bechtel, Kansas State University. 
Two examples of inconsistent arguments commonly found in materials for elementary school 
mathematics were presented. Related general questions were discussed. 


3. Preservation of pseudo-metrizability by quotient maps, by C. J. Himmelberg, University of 
Kansas. 

Let f be a function from X onto Y where X is a pseudo-metric space with pseudo-metric d. 
TuHeoreM: If Y has the quotient topology relative to f, then Y is pseudo-metrizable iff for each open 
subset G of Y there exists a family { e(y)| yEG} of positive reals such that New (fMy))CfUG) for 
all yEG, and d(f-y), f-(z)) 2 ey —& for all y, €G. To prove this theorem, the author obtains a 
proposition relating the quotient topology and the quotient uniformity on Y. 


4. Some results in the theory of near-rings, by R. E. Williams, Kansas State University. 

The definitions of D. W. Blackett [Proc. A.M.S., 4(1953) 772-785 | are used with the exception 
of the radical of a near-ring, which is defined by G. Betsch [Math. Z., 78 (1962) 86-90]. Blackett’s 
result that a simple near-ring is a direct sum of minimal right ideals is compared to the correspond- 
ing result in ring theory. We give an example of a simple near-ring which is the direct sum of non- 
isomorphic minimal right ideals. We prove that if IJ is a minimal right ideal of a near-ring N with 
J(I)¥I and if I contains a nonzero right distributive element, then I/J(I) is a near-field. We 
conjecture that J[=J(I) if N is a simple near-ring. 


5. Trigonometric sums and a method of Selberg, by J. Chidambaraswamy and S. M. Shah, 
University of Kansas. 

If the partial sums S,(x) of a trigonometric series > 7, cos (nx-+cn) are nonnegative over 
[0, a] and if c,’s satisfy some conditions, then it is shown that }_7,/n* is convergent. Here c is a 
constant depending on {c,}. A general theorem is also proved in which cos y is replaced by a 
bounded integrable function. If 7,=1 when 7 runs through a given sequence of values and 0 other- 
wise, an inequality is obtained for the minimum of the corresponding S,(x). These results extend 
recent results of Chowla. A technique for calculating the Fresnel-type integrals involved inin- 
equalities for c, is also given. 

HELEN KRIEGSMAN, Secretary-Treasurer 


MARCH MEETING OF THE SOUTHEASTERN SECTION 


Emory University was host to the 45th annual meeting of the Southeastern Section 
of the MAA, March 25-26, 1966. Professor J. E. Maxfield, retiring Chairman of the 
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Section, and Professor Trevor Evans, Chairman of the Mathematics Department of 
Emory University, presided at the general sessions. The following one-hour invited 
addresses were scheduled for the general sessions: ‘‘Dilation Theory,” by P. R. Halmos 
(Visiting Professor, University of Miami) and ‘‘Finite Fields,’’ by Leonard Carlitz, 
(Duke University). 

Total registration for this meeting was 340, including 72 non-members of the Associa- 
tion. The following officers were elected: Chairman, C. V. Aucoin (Clemson University) ; 
Vice-Chairman, A. D. Wallace (University of Florida). The invitation from Florida 
Presbyterian College to act as host to the 1967 meeting was reaffirmed and an invitation 
from East Carolina College, Greenville, N.C. to act as host to the 1968 meeting was 
accepted. 

At the business meeting the following resolution was passed. ‘‘It is the sense of the SE 
Section that the Board of Governors continue to consider and explore the desirability and 
feasibility of playing a role in graduate mathematical education.’”’ There was also con- 
siderable discussion about the question of partitioning the Section, particularly with re- 
spect to the possible formation of a separate Florida Section of the MAA. The Secretary 
was relieved of the responsibility of conducting the poll voted at the previous meeting of 
the Section until the question of partition has been resolved. 

The following charter members of the Association were recognized by name: Helen 
Barton, J. W. Lasley, Jr., Mrs. Mayme I. Logsdon, Eugenie M. Morenus, E. J. Moulton, 
A. R. Wapple, Fredrick Wood, K. B. Patterson. 

The following contributed papers were presented: 


1. An expansion technique, by O. R. Ainsworth, University of Alabama. 

A purely formal method of deriving the Neumann expansion without recourse to the O,(t) 
polynomials is presented. The method is used to obtain the allied expansions > bnpf”4/2Jn41/2(at). 
The same method is used to obtain the expansion > b,L,(at) without using the orthogonal integral 


S2fltje*L,(t)dt. 


2. A note on a theorem of Simonsen-Dubreil, by A. R. Bednarek and A. D. Wallace, University 
of Florida. 

The purpose of this note is to expose a new proof and an “extension” of a theorem of W. Simon- 
sen (Sur les Correspondances Multivoques entre deux Ensembles Abstraits, Acta Math., 81 (1949), 
291-297) and (independently) M. L. Dubreil-Jacotin (Applications Multiformes et Relations 
d’équivalence, C. R. Acad. Sci., Paris 230 (1950), 906-908). Actual and potential applications of 
these theorems are considered. 


3. Enumeration of canonical sets by rank, by J. V. Brawley, Jr., Clemson University. 

Let F=GF(q) denote a finite field of order g, and let F, denote the nXn matrices over F. 
By a canonical set for F, is meant a subset C of F, with the property that each AG F, is similar 
to one and only one member of C. In this paper a formula is obtained for the number M(r:n, g) 
of matrices in C with rank r (OSrSn). 


4. Higher degree recurrence relations, Mrs. Barbara F. Chambers, University of Alabama. 

A technique for obtaining recurrence relations among products of functions of the simple 
polynomial, hypergeometric type is developed. An assumed form of a higher degree recurrence 
relation is constructed with undetermined coefficients, which this technique then determines with 
great facility. The results can be used to evaluate integrals of products of functions, and this tech- 
nique is applied to three typical polynomial sets; Legendre, Laguerre, and Hermite. 


5. A sequence of inclusion disks for a normal matrix, by D. H. Clanton, Furman University. 
This paper presents, for a normal matrix A of order ”, an algorithm for the development of 
a sequence of normalized vectors gM (J=0, 1, 2,- +--+ ). Associated with each vector g™ is an in- 
clusion disk whose center is the Rayleigh quotient, g¥ Aq (the superscript H signifies the transposed 
conjugate), and whose radii form a decreasing sequence of vector norms. The sequence of norms 
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converge to zero and the sequence of Rayleigh quotients converge to a characteristic root of A 
with one exception. If a disk has two or more characteristic roots on its boundary, then the al- 
gorithm will not yield a new vector. 


6. Idempotents in group rings, by D. B. Coleman, Vanderbilt University. 

It is well known that if R is a ring of algebraic integers, and if G is a finite group, then the 
group ring RG has no idempotents except 0 and 1. It is not difficult to prove the following generali- 
zation of this result. THEOREM. Let R be an integral domain (with 1) and let G be a group of order n. 
Then the group ring RG has a nontrivial idempotent tf and only if some prime divisor of nis a unit in R. 


7. Polynomials defined by a certain class of generating functions, by Russell Cowan, University 
of Florida. 

Several relations are obtained from the generating function defining the set of polynomials. 
Explicit expressions are obtained for the polynomials by solving a set of linear first order differential 
equations. The final form for a general polynomial is established by mathematical induction. 
The polynomials reduce to generalized Laguerre polynomials if the constants arising are chosen 
to satisfy certain simple conditions. 


8. A theorem on action by a continuum semigroup, by Jane M. Day and A. D. Wallace, 
University of Florida. 

Let T be a Bing (continuum semigroup) acting on X, a continuum with dense open half-line, 
W. Let C denote x\w, the limit continuum in X, and suppose that cardinal C>1. Suppose also 
that T acts unitarily (x@ Tx for each x@ X). Then either the action is trivial on some continuum 
properly containing C, or else C is the unique minimal 7-ideal of X and X admits an abelian bing 
having the endpoint of X as its unit and C as minimal ideal and a group. 


9. Positive commutative semigroups on the plane, by R. W. Farley, University of Tennessee. 

A real semigroup is a topological semigroup containing a closed sub-semigroup R isomorphic 
to the multiplicative semigroup of real numbers, embedded so that 1 is an identity and 0 is a zero 
[J. G. Horne, Jr., “Real commutative semigroups on the plane,” PJM, Vol. II (1961), pp. 981- 
987]. A positive semigroup is a topological semigroup containing a closed sub-semigroup N iseo- 
morphic to the multiplicative semigroup of nonnegative real numbers, embedded so that 1 is an 
identity and 0 is a zero. Throughout, S is a positive commutative semigroup on the plane with 
no nilpotent elements. Necessary and sufficient conditions are given for S to be a real semigroup. 
If S is not a real semigroup, H(1) must be connected. If S is the union of connected groups S has 
either two or an odd number of idempotents. There exist examples having any odd number of 
idempotents greater than or equal to five. The example with five idempotents is unique. 


10. Derivative relative of a vector about a system of reference oblique, non-rigid and moving, 
by R. M. Fiterre, University of Alabama. 

The formula gives geometrical interpretation to each of its four terms. Each term expresses 
the rate of change of the vector; 


1st: About the system, when it is considered rigid and fixed. 

Znd: When it is produced by the change of measures of the basis é1, é2, €3, about the reciprocal 
vectors e}, e”, e. 

3rd: By the instantaneous rotation of the system, when it is considered rigid. 

4th: By the specific instantaneous rotation of each of the axes of (0 x y 2). 


11. Newtonian analogues of the trigonometric and exponential functions, by Tomlinson Fort, 
Emory University. 
Let « =x(4—1)(4—-2) ++ + («—n+1); x=1. Then let 


a) (8) bes ¢(2n-1) 
t —— nn eee — | ri LL! 
sinte = gp be EOD Gait 
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cost « = —- ——-+ --- + (—1)”>!—__—__+ «-- 
oO! 2! ‘ (2n — 2)! 
4¢(0) (1) x (n~1) 


t = —~ —_—_— —— eee 
epte= or ray be basa t 
A detailed study is made of the functions defined by these series. It finally turns out that 
% x 
sint x = 2/2 sin 7 cost x = 27/2 cos 7 » exptx= 2%. 


12. The Cooperative College-School Science Project in Conecuh County, Alabama, by W. L. 
Furman, Spring Hill College. 

Schools of Conecuh County, Alabama, have been assisted in mathematics for four years 
through the programs of the Alabama Academy of Science. An NSF grant to Spring Hill College 
for a cooperative project with the county for 1966-67 provides for courses in the structure of the 
real number system, algebra, and geometry during the summer and academic year for twenty-five 
secondary school teachers. Most of the teachers in the county lack adequate preparation in mathe- 
matics. The project is designed to make a total impact on a rural county school system attempting 
to modernize its curriculum. 


13. A classification of partial differential equations via Riemannian geometry, by B. A. Fusaro, 
University of South Florida. 

The notion of associating a Riemannian space R™ with metric ds?= g;;dx‘dxi and the operator 
Ao= giiVV; via (g7) = (g;;)—1, and employing such concepts as characteristic cones goes back perhaps 
to Beltrami (1892). This was used extensively by Hadamard (1923) and M. Riesz (1949); more 
recently A. Douglis (1954), and others, have re-emphasized this geometric approach. The dif- 
ficulties encountered in the study of corresponding equations with variable coefficients such as 
(*) Asu=0, often leads to a study of the special case of constant coefficients so that covariant 
differentiation reduces to ordinary differentiation, V;=0;, and g‘?#=6*, yielding (**) Au=0. The 
device of letting geometric subspaces supply a natural ordering to study problems like (*) does 
not seem to appear in the literature. With this point of view, (*) can be said to be in R”, and 
(**) in HE; intermediate cases of variable coefficients are given by the harmonic spaces H” of 
Copson and Ruse (1939) and spaces of constant curvature. 

This geometric classification of equations has been applied by the author (1965, Md.U. Ph.D. 
thesis). For example, a mean-value theorem of Asgeirsson (cf. Courant-Hilbert, “Math-Physics,” 
vol. II) hitherto valid only in E”, has been extended to H™. 


14. A generalization of the Laplace integral, by M. O. Gonzalez, University of Alabama. 

The author calls generalized Laplace integrals those of the form {7 e-*F(s, ¢)dt, where s is a 
complex parameter and ¢ is real. Under certain assumptions concerning the function F(s, ¢), a 
number of properties of the generalized Laplace integral are established which are similar to the 
well-known properties of the ordinary Laplace integral. 


15. Sets that are unions of two star-like sets, by W. R. Hare, Jr. and J. W. Kenelly, Jr., Clemson 
University. 

In this paper a condition is given which characterizes the closed subsets of a topological linear 
space which are the union of two star-like sets. This result answers a question posed implicitly 
in Valentine’s Convex Sets. 


16. Concerning rational number bases, by Reginald Mazeres, Tennessee Technological 
University. 

This paper gives definitions and the arithmetic for rational bases. The author develops an 
algorithm for recognizing integers. 
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17. The suggested impact of computer applications on the undergraduate mathematics curriculum 
—Report of Two Symposia, by E. P. Miles, Jr., Florida State University. 

Participants from industry, government, foundations and 45 collegiate mathematics depart- 
ments met at Florida State University on March 14, 1966 to discuss curricular changes suggested 
by computer applications. Sponsored by ACM and SIAM, panelists Wm. F. Atchison, Wallace 
Givens, Herman Goldstine, Nat Macon, and F. J. Murray proposed and defended revised mathe- 
matics offerings appropriate for today’s undergraduates. Then panelists Wm. Duren, John 
Hamblen, Russell Poor, and Leland Shanor commented on means of accomplishing the proposed 
curricular goals including implementing project TACT (Teaching Aids for Computer Techniques) 
through the Southern Center for Improved Instruction in Undergraduate Science and Mathe- 
matics being established by cooperative regional effort on the F.S.U. Campus. 


18. A plea for the terminology “ Flexpoint,” by Rev. T. F. Mulcrone, S.J., Spring Hill College. 

The reasons which have induced the petroleum and chemical industries to discourage the use 
of the word “inflammable” and have brought about the legislation that explosive fluid carriers 
be labeled “Flammable” instead were applied to indicate the advantages of using some form of 
the root “flex” instead of “inflection” in mathematics. Ten authors were cited who have used 
“flexpoint,” “flex-point,” “flex point,” or “flex” to designate points at which the slope of a curve 
attains local extrema, and reasons were given why of these the terminology “flexpoint” would seem 
the preferable form. 


19. On integrability of vector fields, by M. Z. Nashed, Georgia Institute of Technology. 

The purpose of this paper is to point out the connection between a corservative vector field 
and the symmetry of the (Fréchet) derivative of the operator inducing the field and to discuss 
an elementary derivation of the integrability condition in terms of bilinear functionals. A simple 
procedure for numerical integration of such fields using a scalar quadrature is obtained as a by- 
product. The procedure does not utilize any coordinate representation of the field and is useful in 
situations where only a discrete representation of the vector field is given. 


20. A Markov limit process involving Fibonacci numbers, J. D. Neff, Georgia Institute of 
Technology. 
The two stage Markov transition matrix 


P=(_ | ) 
Na 1-a 


has fixed probability vector a= (a1, a2), where a; are limiting expected values. Deleting all branch 
probabilities from the tree diagram, analogous limits are found, using the limit of the ratio of 
consecutive elements of Fibonacci sequence. If a= (./5—1)/2, both sets of limits are the same. 


21. A case of illogic, by C. G. Phipps, Tennessee Technological University. 

In the proofs usually given for establishing the law of cancellation and the uniqueness of the 
additive inverse, it is found that one of these theorems is needed to establish the other. Hence, 
unless one of them is taken as an assumption, the reasoning is circular. The same situation exists 
in the treatment of cancellation and the multiplicative inverse. 


22. On submodules (subspaces) which determine certain linear (continuous) mappings, by J. C. 
Pleasant, East Carolina College. 

The topological part of the following statement appeared in this MONTHLY as a problem 
proposed by A. Weinstein (5232, (1965, 923)): Hausdorff spaces (torsion-free modules over a com- 
mutative integral domain A) are characterized as spaces (A-modules) Y satisfying (P). For any 
topological space (A-module) X, two continuous (A-linear) functions from X into Y which agree 
on a dense subset (an essential submodule) of X are equal. 

Simple examples show that dense subsets and essential submodules are not characterized by 
(P). Those submodules which are characterized by (P) are discussed and a generalization of the 
algebraic part is given. 
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23. Certain differential equations with a family of almost periodic solutions, by T. G. Proctor, 
Clemson University. 

This paper gives a theorem which guarantees the existence of a family of almost periodic solu- 
tions for the vector differential equation y=éf(t, y) when e¢ is sufficiently small, where f(t, y)= 
—f(—t, y) is analytic and almost periodic with base of frequencies {wi, w2,--+, wa} and 
| Do Thses| 2K/( 3 ee )**1 for some K>0 and all integral vectors (Ri, - ++, kn) <0. 


24. Numerical experiments in mini-max approximations, by R. G. Selfridge, University of 
Florida. 

The main problem in mini-max approximations of more than one independent variable is that 
the algorithms work reliably only when quite close to a final solution. This paper describes some 
numerical experiments in such approximations. 


25. The bound-one projection property for hyperplanes, by Robert Silber, Clemson University. 

This presentation was a preliminary report of work on the following problems. Say that a 
Banach space X CP, if it has the property that, for each normed linear superspace Z_) X in which 
X has codimension 1, there exists a projection p of Z onto X having bound 1. The space XC Pi if 
there is a projection of bound 1 onto X from every Banach superspace Z_)X;a separable XC 5S, 
if there is a projection of bound 1 onto X from every separable Banach superspace Z. If XE Pt, 
then must it be true that XC P)? If X is separable and XC, then does it follow that XC P1? 
(Sobczyk proved that the space (co) does not have the projection property, but that it is true that 
(co) E Sz.) 


26. The relative-logarithmic transformation, by H. Slaughter, Jacksonville State College. 

Data (6000 dart throws and 5000 weather temperatures) showed that it was possible to dis- 
prove the identity transformation («=v), which is the normal distribution independent variable, 
and the log-normal transformation (x=In v), but it was not possible to disprove (at the 99% con- 
fidence level) the relative-logarithmic transformation (x=In [(In v—In vo)/(In v_—In v) |), where 
v is a physical measurement (absolute temperature, dart reading from center of target), and vp and 
Um are the lower and upper limits. This transformation fits over 50 distributions of real data, and 
it suggests that space may be apparently relative-logarithmic to the observer. 


27. Initial stresses in a cylindrically aeolotropic material, by C. B. Smith, University of Florida. 

A method of determining initial stresses in a cylindrically aeolotropic material is developed. 
The applicability of the method to a pole consisting of the entire section of the trunk of a tree 
lacking a small circular cylinder containing the longitudinal axis is discussed. The initial stresses 
in the pole are produced by a change in moisture content. 


28. An algorithmic approach to finitely generated abelian groups, by D. A. Smith, Duke 
University. 

An algorithm is given for computing the structure, as a direct sum of cyclic groups, of a 
finitely generated abelian group given by generators and relations. The algorithm is used to give 
constructive proofs of all the standard theorems about these groups: the basis theorem, invariance 
of rank, canonical and primary bases. Examples of both hand and machine computations are 
included, and the algorithm is given as an ALGOL procedure. 


29. Graph coloring and combinatorial numbers, by Andrew Sobczyk Clemson University. 

For a discussion of the Ramsey numbers N(p, g, 2), see Ryser’s Carus Monograph, pp. 38-43. 
In this paper, several new combinatorial numbers are introduced, and their values are determined. 
For example, the three-color number M(, gq, 2) is the smallest integer such that if n= M(Q, q, 2), 
the 2-configuration is sure to contain either a one-colored p-tuple, or a two-colored g-tuple. It is 
shown that: M(p, 3, 2)=5, p23; M(3, 4, 2)=8<N(3, 4, 2)=9; M(3, 5, 2) =14= N(3, 5, 2); 
M(3, 6, 2)=17S N(3, 6, 2). Greenwood and Gleason determined that N(3, 6, 2) is 17, 18, or 19; 
in this paper it is shown that N(3, 6, 2) is 17 or 18. 
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30. Maximal connected topological spaces, by J. P. Thomas, The University of North Carolina 
at Charlotte. 

The principal result is THEOREM 4: Let (X, 71) be a topological space where X has at least 
two elements and 7; is such that every intersection of open sets is open. Let I be the set of all iso- 
lated points of (X, Ti) and lett J=X—TI. If xG@J let Vx be the smallest neighborhood of x (i.e. the 
intersection of all open neighborhoods of x). Then in order that (X, T1) be maximal connected it 
is necessary and sufficient that all of the following three statements be true: 


(i) User Vn =X. 
(ii) If xx’, x and x’G J, then Vxf \Vx' has at most one point. 
(iii) If a, b&(X, T1) then there exists exactly one simple chain from a to b of open sets Vx. 


31. Stress distribution of a rotating epitrochoid of two semi-cusps, by J. L. Tilley, Mississippi 
State University. 

Formulae are derived for the calculation of the stress components of a rotating plate of 
isotropic material in the form of an epitrochoid of two semi-cusps about an axis through its center 
perpendicular to the plane of the plate. 


32. A theorem on semigroups, by A. D. Wallace, University of Florida. 

A new and simpler proof is given of a theorem of Aczel-Wallace, which generalizes a theorem 
of Hosszu. Let TX X-—>X be a continuous function whose value at (¢, x) is denoted by tx and let 
T and X be nonvoid Hausdorff spaces. If the condition ¢(¢’x) =?’ (tx) holds for all ¢, ’€@_T and all 
xe X, if Ta={taltCT}=X for some aC X, and if each of T, X is compact or discrete, then 
there is a continuous associative and commutative operation o on X such that t(x 0 y)= (ix) oy 
for alltG@ T and all x, yO X. Moreover a is a unit for o. 

HENRY SHARP, JR., Secretary-Treasurer 


MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The forty-sixth meeting of the Southern California Section of the Mathematical 
Association of America was held at Occidental College, Los Angeles, California, on 
March 12, 1966. The registered attendance was 148, including 132 members of the Asso- 
ciation. Professor T. M. Apostol, Chairman of the Section, presided at the morning and 
afternoon sessions. 

At the business meeting Professor P. A. White, Chairman of the Nominating Com- 
mittee, reported the election of the following officers to serve for the year beginning July 
1, 1966: Chairman, Professor V. C. Harris, California State College at San Diego; Vice- 
Chairman, Professor F. A. Valentine, University of California, Los Angeles. The Secre- 
tary is completing the second year of a three-year term which ends in June of 1967. The 
following members of the Program Committee for the 1967 meeting were also elected: 
Professor E. I. Deaton, San Diego State College, Chairman; Professors C. B. Tompkins 
and H. G. Tucker. 

Professor R. C. James reported as Governor for the Section, giving details of some 
actions taken by the Board of Governors at the January, 1966, meeting. A report of ac- 
tivities of the High School Mathematics Contest Committee was submitted by the chair- 
man of the committee, Dr. J. M. Huffman. Participation on the part of high schools and 
high school students increased about 40% from 1965 to 1966. 

Awards were made to twelve students from colleges in the Section who placed high in 
the list of winners of the two most recent William Lowell Putnam Examinations; winners 
included the first-prize team in the 1964 Contest, from California Institute of Technol- 
ogy, and individual winners from Cal Tech, Pomona College, and U.C.L.A. 

The following program was presented: 


1. A generalized Bairstow algorithm, by Thomas Robertson, Occidental College. 
An algorithm of Bairstow type is defined which produces a factor P2—aP1—£Pp for a linear 
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combination of polynomials P,(x*) which satisfy a three-term recursion. A theorem is established 
indicating that the convergence of the successive approximations is normally quadratic. Applica- 
tion of the algorithm to root finding and to the eigenvalue problem for arbitrary tridiagonal 
matrices is discussed. 


2. Solvable and unsolvable problems, by Yiannis Moschovakis, University of California, Los 
Angeles, introduced by the secretary. 

In this expository talk, Hilbert’s tenth problem (to determine whether an arbitrary Diophan- 
tine polynomial has integral roots) is discussed at some length, since it is the most outstanding 
open problem which is conjectured to be unsolvable. The emphasis is on explaining the nature of 
unsolvable problems, through a discussion of recursive functions and Church’s thesis. An outline 
is given of S. C. Kleene’s proof of the Gédel Incompleteness Theorem, a proof which depends on 
the existence of some unsolvable arithmetical problem. 


3. The notion of random process, by Julius Bendat, Measurement Analysis Corporation, a 
lecture presented jointly by the SIAM and the MAA. 

This paper presents many aspects of random processes. The treatment includes a discussion 
of fundamental probability and statistical considerations underlying random data. Details from 
practical analog and digital computer techniques for measuring basic parameters of stationary and 
nonstationary data are given. Recent results are noted concerning various advanced data processing 
procedures and associated error analyses. Material for this paper is taken from a new book by 
J. S. Bendat and A. G. Piersol, Measurement and Analysis of Random Data, Wiley, New York, 1966. 


4. Theory of distributions and generalized functions, by Bernard Gelbaum, University of 
California, Irvine, introduced by the secretary. 

An exposition of the basic theory of distributions and generalized functions and their appli- 
cations to the theory of partial differential equations. 


5. A role for the computer in a liberal arts college, by John Ferling, Claremont Men’s College. 

Assuming that a liberal arts college wants to prepare its students to take a place of responsi- 
bility in society, the author of this paper affirms that this preparation should include some under- 
standing of digital computers. The computer is rapidly becoming an integral part of our civilization 
and produces changes comparable to those produced by the wheel and the steam engine at their 
time. The veil of mystery surrounding the “electronic brain,” a name which is misleading in itself, 
can be dispelled for the liberal arts student by a sequence of selected programs displaying the 
strengths and weaknesses of the computer. 

R. B. HERRERA, Secretary 


APRIL MEETING OF THE KENTUCKY SECTION 


The forty-ninth annual meeting of the Kentucky Section of the Mathematical Associ- 
ation of America was held at the University of Kentucky, Lexington, Kentucky on Fri- 
day and Saturday, April 29 and 30, 1966 with Professor J. H. Wells presiding. 

There were 108 people registered for the meeting. 

An invited address was given Friday afternoon by Professor B. E. Rhoades of Indiana 
University. Professor Rhoades spoke on ‘‘Background for the General Curriculum for 
Mathematics in Colleges (GCMC) Report.’’ Also, at the Friday afternoon session, 
Brother Emeric, St. Xavier High School, Louisville, discussed the effects of the GCMC 
Report on high school mathematics. On Saturday Professor Donald Babbitt, of the 
University of California at Los Angeles and Indiana University, spoke on “‘The Corres- 
pondence principle viewed as a problem in differential calculus.” 

The following officers were elected for 1966-67: Chairman, M. G. Carman, Murray 
State University, Murray, Kentucky; Secretary-Treasurer, J. C. Eaves, University of 
Kentucky; Contest Chairman of the Annual High School Mathematics Contest, Leland 
Scott, University of Louisville. 


1966] MATHEMATICAL ASSOCIATION OF AMERICA 813 


The following papers were presented at the Saturday session: 


1. Matrices all of whose powers lie close to the identity, by R. H. Cox, University of Kentucky. 

If A is an »Xn matrix of complex numbers, then regard A as a linear transformation from 
the set of 2-tuples of complex numbers into itself and define ||A|]=sup tz1g1 | Ax]. If I denotes 
the xXx identity matrix, then we have the following theorem: If a is a number in (0, 1) and A 
is an 2 Xx matrix such that, for each positive integer #, ||4?—I|| <a; then A is I. 


2. The probability of winning a series, by John Mack, University of Kentucky. 


3. On a question concerning curvature and arc length, by H. G. Robertson, University of Ken- 
tucky. 

Let K,, be a disc of positive radius M, centered at the origin with circular boundary C,, and 
I be a smooth curve of length / such that: (i) at its initial point T is tangent to C,,; (ii) T has 
minimum radius of curvature m. THEOREM. If 1<mz, then I does not intersect Km, and if }>mz, 
I may intersect Km. 


4. Strictly solvable groups, by T. K. Seo, University of Kentucky. 


5. The correspondence principle viewed as a problem in differential calculus, by Donald Babbitt, 
University of California at Los Angeles and Indiana University. 

This was an expository talk discussing the impossibility of assigning differential operators 
(quantum observables) to classical mechanical observables in such a way as to preserve the usual 
bracket formalism. In this talk the author limited himself to preserving brackets between the Hamil- 
tonian and a rather limited set of observables. 

W. C. Royster, Secretary-Treasurer 


APRIL MEETING OF THE MICHIGAN SECTION 


The annual meeting of the Michigan Section of the Mathematical Association of 
America was held on Saturday, April 2, 1966 at Wayne University, Detroit, Michigan, in 
conjunction with the meeting of the Michigan Academy of Arts and Letters. Professor 
Paul Zwier of Calvin College presided at the sessions. A total of 101 persons attended the 
meeting. 

At the business meeting, the following officers were elected: Professor J. H. Powell, 
Western Michigan University, Chairman; Professor Beauregard Stubblefield, Oakland 
University, Vice-Chairman; Professor L. H. Serier, Central Michigan University, Secre- 
tary- Treasurer. 

Professor K. J. Folley of Wayne University gave a report of the activities of the 
Board of Governors. The report of the 9th Annual Michigan Prize Competition was 
given by Professor J. H. McKay, of Oakland University. A copy of the report is on file 
with the Secretary. 

Professor McKay moved that $1000 of the mathematics prize money receipts be 
allocated to the administration of the Mathematics Prize Competition under the advise- 
ment of the board of directors; the motion was seconded and carried. 

Professor McKay was commended for his excellent work in administrating this 
project. 

Professor Powell moved that the annual dues be made $1.00 per year; this was also 
seconded and carried. 

The following papers were presented: 


1. A general curriculum in mathematics for colleges, by Ralph Boas, Northwestern University. 


2. Computer science in the Undergraduate Curriculum, by Walter Hoffman, Wayne State 
University. 
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3. Statistics in the Undergraduate Curriculum, by Leo Katz, Michigan State University. 


4. Applied mathematics in the Undergraduate Curriculum, by Robert Thrall, The University 
of Michigan. 


LESTER H. SERIER, Secretary-Treasurer 


A NEW SERIES OF MATHEMATICS FILMS 


A new series of mathematics films, entitled MatHematics Topay, is now available. 
It consists of films produced by the Individual Lectures Project of the MAA’s Committee 
on Educational Media, the films produced by the earlier MAA Committee on Production 
of Films, and three television programs on mathematics produced by the ‘Science and 
Engineering TV Journal’? and WNDT in New York. 

All films are 16 mm. sound films, many in color. Each film can be leased for a long 
period or rented for a short period. For the special convenience of mathematics clubs and 
similar organizations, a series of any ten or more films may be rented at a special reduced 
rate for screenings one each week on a fixed day. 

The series MATHEMATICS Topay consists of the following films at present: 


Basic Films—little or no mathematical knowledge required 


Let us Teach Guessing: A Demonstration with GEorGE Potya. (Color, 60 minutes) 

Mathematical Induction: A Lecture by LEon HENKIN. (Color, 60 minutes) 

Mr. Simplex Saves the Aspidistra, with FRANK KocHer, LEoN HENKIN, and JuLius H. 
Huavaty. (Color, 30 minutes) 

Theory of Limits (Part I—Limits of Sequences): A Lecture by E. J. McSHane. (B&W, 34 
minutes) 

Topology, with Raout Bott and Marston Morse. (B&W, 30 minutes) 


Collegiate Films—for the undergraduate & teacher 


Challenge in the Classroom: The Methods of R. L. Moore. (Color, 55 minutes) 

Challenging Conjectures: A Lecture by R. H. Bina. (B&W, 40 minutes) 

Differential Topology: Three Lectures by JoHN MILNoR. (B&W, 60 minutes each) 

Fixed Points: A Lecture by SOLOMON LEFSCHETZ. (Color, 60 minutes) 

Gottingen and New York—Reflections on a Life in Mathematics—RICHARD Courant. (Color, 
43 minutes) 

The Kakeya Problem: A-Lecture by A. S. BEstcovitcu. (Color, 60 minutes) 

Pits, Peaks, and Passes (Part 1). A Lecture on Critical Point Theory by Marston Morse. 
(Color, 49 minutes) 

Predicting at Random: A Lecture by DAvip BLACKWELL. (Color, 42 minutes) 

The Search for Solid Ground: A Panel Discussion with Marx Kac, JOHN KEMENY, HARTLEY 
RoGERs and RAYMOND SMULLYAN. (B&W, 60 minutes) 

Theory of Limits (Parts II & I1J—Limits of Functions and Limit Processes and The Cauchy 
Criterion for Convergence): A Lecture by E. J. McSHane. (B&W, 38 minutes) 

What 1s an Integral? A Lecture by Epwin Hewitt. (B&W, 60 minutes) 

What is Mathematics and how do we Teach it? A Panel Discussion with Lipman BERS, SAMUEL 
EILENBERG, ANDREW GLEASON, HENRY POLLAK, and LEo Zippin. (B&W, 45 minutes) 


Advanced Films—for the mathematician 


Applications of Group Theory in Particle Physics: A Lecture by FREEMAN Dyson. (B&W 
60 minutes) 

Can you Hear the Shape of a Drum? A Lecture by Marx Kac. (Color 47 minutes) 

Can you Hear the Shape of a Drum? (Complete Version). A Lecture by Marx Kac. (Color, 
65 minutes) 
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The Classical Groups as a Source of Algebraic Problems: A Lecture by CHARLES CURTIS. 
(B&W, 60 minutes) 

Pits, Peaks, and Passes (Part II). A Lecture on Critical Point Theory by Marston Morse. 
(Color, 26 minutes) 


Additional films are expected to be available in the fall of 1966. All films listed above can be 
obtained for purchase, lease, or rental from MopERN LEARNING Alps, 1212 Avenue of the Americas, 
New York, N. Y. 10036. 


ANNOUNCEMENT OF L. R. FORD AWARDS 


At its meeting on January 27, 1965, in Denver, Colorado, the Board of Governors 
authorized a number of awards, to be named after Lester R. Ford, Sr., to authors of 
expository articles published in the MoNTHLY and the MatTuHeEmaTics MAGAZINE. A 
maximum of six awards will be made annually; each award is in the amount of $100. The 
articles are to be selected by a subcommittee of the Committee on Publications appointed 
for this purpose. 

The 1966 recipients of these awards, selected by a committee consisting of R. P. Boas, 
Chairman; C. W. Curtis, and R. P. Dilworth, were announced by President Wilder at the 
Business Meeting of the Association on August 30, 1966, at Rutgers—The State Univer- 
sity. The recipients of the Ford Awards for articles published in 1965 were the following: 


C. B. Allendoerfer, Generalizations of Theorems About Triangles, Matu. Maa., 38(1965) 
253-259. 

P. D. Lax, Numerical Solution of Partial Differential Equations, MoNTHLy, 72(1965), 
Part II (Slaught Paper No. 10) 74-84. 

Marvin Marcus and Henryk Minc, Permanents, MontTHLY, 72(1965) 577-591. 


Henry L. ALDER, Secretary 


THE 1966 WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 


The twenty-seventh annual William Lowell Putnam Mathematical Competition will 
be held on Saturday, November 19, 1966. This competition, made possible by the trustees 
of the William Lowell Putnam Intercollegiate Memorial Fund left by Mrs. Putnam in 
memory of her husband, is under the sponsorship of the Mathematical Association of 
America. Colleges and universities in the United States and Canada are eligible to 
register undergraduates in the competition. 

Application blanks will be mailed about October 1 to the mathematics department 
chairmen of the schools on the regular mailing list. If an application blank is not re- 
ceived by October 15, one may be secured by writing the director, James H. McKay, 
c/o Department of Mathematics, University of California, Berkeley. Your application 
should be filed with the director not later than October 24, 1966. Further details are 
provided in the announcement which is mailed with the registration forms. 

Reports of the previous competitions and the examination questions may be found 
in the MonTHLY for May 1938, 1939, 1940, 1941, 1942; October 1946; August-Septem- 
ber 1947; December 1948; August-September 1949, 1950, 1951; October 1952, 1953, 
1954, 1955; December 1956; August-September (announcement of winners) and No- 
vember (questions and solutions) 1957; August-September 1958, 1959; January (ques- 
tions and solutions for the eighteenth, nineteenth, and twentieth competitions) 1961; 
August-September 1961; October 1962; August-September 1963; June-July 1964; 
August-September 1965; and this issue pages 726-732. 
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CALENDAR OF FUTURE MEETINGS 


Fiftieth Annual Meeting, Houston, Texas, January 26—28, 1967. 
Forty-eighth Summer Meeting, University of Toronto, Toronto, Ontario, Canada, 


August 28-30, 1967. 


ALLEGHENY Mountain, West Virginia Uni- 
versity, Morgantown, West Virginia, May 
6, 1967. 

Iutinois, University of  [llinots, 
May 14-15, 1967. 

INDIANA, Purdue University, Lafayette, No- 
vember 5, 1966. 

Iowa, Drake University, Des Moines, April 21, 
1967. 

Kansas, Fort Hays State College, Hays, 
April 22, 1967. 

Kentucky, Murray State University, Murray, 
Spring 1967. 

LOUISIANA-MississiPPI, Jung Hotel, 
Orleans, Louisiana, March 4-5, 1967. 

MARYLAND- DISTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEw YORK 

MICHIGAN 

Minnesota, University of Manitoba, Winni- 
peg, Manitoba, Canada, October 29, 1966. 

Missourl, Northeast Missouri State Teachers 
College, Kirksville, April 29, 1967. 

NEBRASKA, University of South Dakota, 
Vermillion, May 6, 1967. 

New JERSEY, Rutgers, The State University, 
New Brunswick, November 12, 1966. 


Urbana, 


New 


NORTHEASTERN, Trinity College, Hartford, 
Connecticut, November 26, 1966. 

NORTHERN CALIFORNIA, University of Cali- 
fornia, Davis, February 4, 1967. 

OHIO 

OKLAHOMA-ARKANSAS, Northeastern State Col- 
lege, Tahlequah, Oklahoma, March-April, 
1967. 

Paciric NORTHWEST, University of Montana, 
Missoula, June 16-17, 1967. 

PHILADELPHIA, Villanova University, Villa- 
nova, November 19, 1966. 

Rocky MOuUNTAIN 

SOUTHEASTERN, Florida Presbyterian College, 
St. Petersburg, Florida, March 31-April 1, 
1967. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, San Diego, March 18, 1967. 

SOUTHWESTERN 

Texas, Austin College, Sherman, April 14-15, 
1967. 

UprER NEw York STATE, State University 
College, Plattsburgh, May 20, 1967. 
WISCONSIN, St. Norbert College, DePere, 

May 6, 1967. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Washington, D. C., 
December 26-31, 1966. 

AMERICAN MATHEMATICAL SOCIETY, Houston, 
Texas, January 24-27, 1967. 

AMERICAN SOCIETY FOR ENGINEERING EpvU- 
CATION, Michigan State University, June 
19-23, 1967. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Sheraton-Park, Washington, D. C., Au- 
gust 29-31, 1967. 


ASSOCIATION FOR SyMBoLic Loaic, Houston, 
Texas, January 23-24, 1967. 


CENTRAL ASSOCIATION OF SCIENCE AND MATHE-~ 
MATICS TEACHERS, Indianapolis, Novem- 
ber 24-26, 1966. 


NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Houston, Texas, January 28, 1967. 
OPERATIONS RESEARCH SOCIETY OF AMERICA, 


Jack Tar Hotel, Durham, North Carolina, 
October 17-19, 1966. 


eoevoeea 
eeegeoeeece 


A new title in a 
THE NEW (2 
MATHEMATICAL 

LIBRARY 22>": 


Group, that makes important mathematical ideas 
understandable to interested laymen and students. 
Paperbound, $1.95 each. 


FIRST CONCEPTS OF TOPOLOGY 


THE GEOMETRY OF MAPPINGS OF SEGMENTS, CURVES, CIRCLES, AND DISKS 


By W.G. CHINN and N.E. STEENROD 


San Francisco Public Schools Princeton University 


A unique series, spon: 


us book is an invaluable introduction to the point-set-theoretic foundations 

of analysis. The authors develop the concepts of compactness and con- 

nectedness and use them to prove that a real-valued continuous function defined 

on a closed interval has a maximum, a minimum, and assumes all values between 

these. The analogous theorem in dimension two is carefully worked out via the 

necessary generalizations of the one-dimensional tools and concepts. #18 in 
the series. 


Previously published: 


1. Nummenrs: RATIONAL AND IRRATIONAL 10. Grarus AND THEIR UsEs by Oystein Ore 
by Ivan Niven 11. HunGARIAN.PROBLEM Boox I, based on the 
2. Wuat Is Catcurvs Asout? by W. W. Sawyer Edtviés Contests, 1894-190 
3. AN InrropucTiIon To INEQUALITIES 12, HuncARIAN ProBieM Boox II, based on the 
by E. Beckenbach and R. Bellman Eétvés Contests, 1906-1928 


13. ErrsopEs From Tre EArty History or 
MATHEMATICS by Asger Aaboe 
14. Grours AND THEIR Grapus by Israel Grossman 


4, GEOMETRIC INEQUALITIES by N. D. Kazarinoff 
5. Tue Contest Prositem Boox I: Hicu ScHootr, 


ConTEsT PROBLEMS OF THE MATHEMATICAL ° 

ASSOCIATION OF AMERICA, 1950-1960. 15 and Wilhelm Magnus 

Compiled by Charles T. Salkind ° ATHEMATICS OF CHOICE (How To Counr 
6. Tor Lore or LARGE NumBeErs by Philip J. Davis Wirnour Countinc ) by Ivan Niven 


16. From Pyruacoras To ExnstTemn 


7. Us&s or InFinrry by Leo Zippin by K. O. Friedrichs 
8. GEOMETRIC TRANSFORMATIONS by I. M. Yaglom 17, THe MAA ProsiEem Boox IT: 1961-1965. 
9. CONTINUED Fractions by C. D. Olds Compiled by Charles T. Salkind 


a a eee ana rena  eee Y 


Now at your bookstore, Published by RANDOM HOUSE, INC. 
For complete information on the New Mathematical Library, write to 
L. W. Singer Co., 249 West Erie Blvd., Syracuse, N. Y. 13201. Singer 
publishes a special edition for high school teachers and students, 

9¢ per volume. Reinforced cloth binding available at $2.95 through 
Random House School & Library Service, 457 Madison Ave., New 
York, N. ¥. 10022 
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_ALLYN AND BACON, INC. 


THE ALLYN AND BACON SERIES IN ADVANCED MATHEMATICS 
Consulting Editors: Irving Kaplansky, University of Chicago 
and Charles DePrima, California Institute of Technology 


mi TOPOLOGY by James Dugundji, University of Southern California. As- 
sumes a knowledge of differential and integral calculus on the part of 
the student. For use at junior, senior or graduate level as a sound 
preparation for further work in a broad variety of mathematical disci- 
plines. Excellent reference for the more advanced mathematician. 
includes a wealth of examples, illustrating nearly every definition. A 
generous amount of optional material is included. 1966. 6x9. 447 
pp. $12.95. 


Mm THE THEORY OF GROUPS: AN INTRODUCTION by Joseph J. Rotman, 
University of Illinois. Designed as an introduction to group theory for 
the senior or first year graduate student. The text contains chapters on 
simple groups, homological algebra, and word problems. Self-con- 
tained for students who have had an introduction to modern algebra 
and are familiar with matrices and vector spaces. 1965. 6x9. 305 
pp. $9.95. 


SOLLVINZHLVIN NI SLXAL INIGVS1 


m A SURVEY OF MATRIX THEORY AND MATRIX INEQUALITIES by Mar- 
vin Marcus and Henryk Minc, both of the University of California, Santa 
Barbara. Chapter | can be used as the basis for a course in matrix 
theory at the junior-senior level. The remaining Chapters II and III are 
appropriate for a more specialized course on matrix inequalities at 
the senior-graduate level. A good source of reference for those al- 
ready in the field. 1964. 6x9. 180 pp. $8.95. 


1966 publications— 


CONCEPTS AND METHODS OF EXPERIMENTAL STA- 
TISTICS by H. C. Fryer, Kansas State University. 1966. 
6x9. 602pp. $12.50. 


CONTEMPORARY MATHEMATICS by Julian D. Mancill 
and Mario Gonzalez, both of the University of Alabama. 
1966. 6x9. 590 pp. $9.50. 


ELEMENTARY MATRIX THEORY by Howard Eves, Uni- 
versity of Maine. 1966. 6x9. 325 pp. $8.95. 


ALLYN AND BACON, 


paperbound series— 


THE ALLYN AND BACON SERIES, TOPICS IN 
CONTEMPORARY MATHEMATICS: 


ALGEBRA THROUGH PROBLEM SOLVING by A. P. Hill- 
man, University of New Mexico and G. L. Alexanderson, 
University of Santa Clara. 1966. Paperbound. 554 
x83. 129 pp. $2.95. 


SETS WITH APPLICATIONS by Peter W. Zehna, United 
States Naval Postgraduate School. 1966. Paper- 
bound. 6x9. 153 pp. $2.95. 


INFORMAL LOGIC by John W. Kenelly, Clemson Uni- 
versity. Fall, 1966. Paperbound. 554x8%. _ Est. 
128 pp. Tent. $2.95. 


a proven success— 


CALCULUS WITH ANALYTICAL GEOMETRY, THIRD 
EDITION by Richard E. Johnson, University of New 
Hampshire and Fred L. Kiokemeister, Mount Holyoke 
College. 1964. 614x9. 798 pp. 95. 


recently published— 


ADVANCED CALCULUS: AN INTRODUCTION TO APPLIED 
MATHEMATICS, Volumes One and Two by Arthur E. Danese, 
State University of New York at Buffalo. 


mi A recent publication in two volumes, the text presents 
mathematical topics beyond the elementary calculus. Pro- 
vides the necessary mathematics background for mathema- 
ticians, engineers and scientists. The material is treated in a 
complete manner within a modern framework, yet the author 
has also kept in mind limitations of students at this level. 


m Contents: VOLUME ONE: Summary of Elementary Mathe- 
matics. |. Vector Analysis. Il. Complex Analysis. III. Fourier 
Analysis. IV. Special Functions. VOLUME TWO: Summary of 
Elementary Mathematics. V. The Calculus of Variations. VI. 
Operational Analysis. VII. Partial Differential Equations and 
Boundary Value Problems. 


m 1965. 6x9. Volume One: 558 pp. $10.75. Volume 
Two: 373 pp. $8.25. 


INC. 
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RECENT MATHEMATICS TEXTBOOKS 


Modern University Algebra 
By Marvin Marcus and Henryk Minc, both of the University of California, Santa 
Barbara 


The book is a rigorous presentation of new and exciting ideas in algebra at the ele- 
mentary level. Abstract and contemporary topics such as the Frobenius-Konig theorem, 
the Minkowski inequality, and the basic theorem for symmetric polynomials are now 
accessible to anyone who has completed high school courses in algebra and trigo- 
nometry. 1966, 244 pages, $6.95 


Topics in Modern Mathematics 
By Howard M. Nahikian, North Carolina State University, at Raleigh 


This text offers an innovative introduction to finite mathematics to students of 
physical and social sciences. It includes discussion of such essential topics as ele- 
mentary set theory, predicate calculus, and probability theory, as well as applications 
of these topics. 1966, 262 pages, $7.50 


Fundamentals of Mathematics, thira Edition 
By Moses Richardson, Brooklyn College of The City University of New York 


This Third Edition of the well-known text for college students whose major interests 
are in the arts and social sciences has been completely revised and includes new 
material on electronic computers, information theory, and linear programming. Also 
included is a new chapter on vectors, matrices, and linear systems. 


1966, 544 pages, $7.95 
The Theory of Numbers 
By Neal H. McCoy, Smith College 


Written for the student who has some understanding of the simple properties of the 
system of integers, this text is a clearly written statement of number theory. The 
text offers such topics as divisors and prime numbers, quadratic residues, continued 
fractions, and fundamental properties of congruence. 1965, 150 pages, $4.95 


Introduction to Probability 


and Statistics, Second Edition 
By B. W. Lindgren and G. W. McElrath, both, University of Minnesota 


This extensive revision provides a readable, teachable introduction to basic ideas of 
statistical inference and probability—one which gives students a good understanding 
of the scope and significance of statistical reasoning. The elements of probability and 
the ideas of statistical inference are introduced as a way of thinking rather than a 
hasty survey of methodology. Reorganization makes the Second Edition adaptable 
for use in courses which require only algebra as a prerequisite. 

966, 288 pages, $7.95 


Applied Complex Variables 
By John W. Dettman, Oakland University 


Professor Dettman discusses, in this modern, rigorous treatment of applied complex 
variables, such topics as complex analysis, asymptotic expansions, ordinary and 
partial differential equations, Fourier and Laplace transforms, boundary value prob- 
lems, and integral equations. 1965, 481 pages, $9.95 


Write to the Faculty Services Desk for Examination Copies 


THE MACMILLAN COMPANY 
866 Third Avenue, New York, N.Y. 10022 


Outstanding Mathematics Texts 
from HOLT, RINEHART and WINSTON 


A FIRST COURSE IN ABSTRACT 


ALGEBRA 
HIRAM PALEY and 
PAUL M. WEICHSEL, 
both of the University of Illinois 


Designed for the undergraduate course in 
abstract algebra, this book includes: naive set 
theory; elementary number theory with 
modular arithmetic; the elementary theory 
of groups and rings; and a carefully selected 
list of special topics in groups and rings for 
special assignment and advanced reading. 


April 1966 334 pp. $8.50 


FUNCTIONAL ANALYSIS: 


Theory and Applications 
R, E. EDWARDS, 
Australian National University 


Some of the more recent and exciting de- 
velopments in functional analysis are ex- 
amined in this rewarding volume, which 
gives abstract theory and concrete applica- 
tions equal consideration. 


1965 800 pp. $25.00 


TOPOLOGICAL STRUCTURES 
WOLFGANG J. THRON, 
University of Colorado 


A unique feature of this book is the descrip- 
tion of the historical development of the 
various topics. Besides the usual theory, a 
number of advanced subjects are discussed: 
lattice theory aspects of point set topology; 
detailed accounts of both net theory and filter 
theory and the relationship between these 
theories; and proximity spaces. 


March 1966 240 pp. $9.00 


A FIRST COURSE IN INTEGRATION 


EDGAR ASPLUND, 
University of Stockholm 
LUTZ BUNGART, 
University of California, Berkeley 


A basic text for a one-semester course in the 
theory of Lebesgue integration. Develops 
the technique of integrating functions as a 
means of approaching the Lebesgue theory 
earlier than usual in the course. 


February 1966 489 pp. $10.50 


ELEMENTARY ALGEBRA 
EUGENE D. NICHOLS, Florida State University 


An introductory text in modern algebra, this work is for beginning college students who have 
not had an algebra course in high school, or for those who have had a strictly traditional high 


school algebra course. 
April 1966 


466 pp. $7.95 


Latest additions to the Athena Series... 


SN 


SQUARE SUMMABLE POWER SERIES 


LOUIS pe BRANGES and 
JAMES L. ROVNYAK, 
both of Purdue University 
By emphasizing formal power series meth- 
ods, this work presents a new derivation of 
fundamental theorems of analytic function 
theory. 


June 1966 112 pp. $3.95 


A SHORT COURSE IN 
AUTOMORPHIC FUNCTIONS 
JOSEPH LEHNER, University of Maryland 


Elaborates the theory of discontinuous 
groups by the classical method of Poincaré 
and develops automorphic functions and 
forms via the Poincaré series. 

March 1966 144 pp. $5.00 


APPROXIMATION OF FUNCTIONS 
G. G. LORENTZ, Syracuse University 


Provides an introduction to the approximation of real functions at full depth 
up to very recent (1963-64) results. 


200 pp. 
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August 1966 


$5.00 tent. 


“and Winston, Ine. 


383 Madison Avenue, © 


- New York, New York 10017 _ 


the Fall? 
Or just browsing for a personal reference? 


(In either case, WILEY has a book tailored to your needs.) 


WV Still looking for that special text for 


ANALYTIC GEOMETRY: with an Introduction to Vectors and 
Matrices. By Davy C. Murpocn, University of British Columbia. Offets a new 
alternative to both the traditional geometry course and unified calculus-geometry 
course, by co-ordinating analytic geometry and elementary linear algebra. 1966. 
294 pages. $6.95. 


ELEMENTARY PROBABILITY. By Epwarp O. THorp, University of 
California, Irvine. A brief introductory text that stresses the conceptual development 
of the subject by showing how discrete probability is a natural outgrowth of finite 
probability, and how continuous probability is suggested by facets of the discrete 
theory. 1966. 152 pages. $4.95. 


ELEMENTARY STATISTICS, 2nd Edition. By Paut G. Hozt, Uni- 
versity of California, Los Angeles. Improves further upon the popular first edition 
by: expanding and revising the chapter of probability; giving more emphasis to 
sample distributions; and treating new topics like combinatorics, Bayes formula, 
multiple regression, and nonlinear regression. 1966. 351 pages. $7.25. 


ELEMENTS OF ABSTRACT ALGEBRA. By RICHARD A, DEAN, Cali- 
fornia Institute of Technology. Proceeds from a thorough study of groups to rings, 
integers, fields, Euclidean domains, polynomials, vector spaces, field extensions, 
finite fields, and finite groups to the final chapter and goal of the development— 
Galois theory. 1966. 324 pages. $7.95. 


ELEMENTARY ALGEBRA: Structure and Skills. By IRVING Drooy- 
AN, WALTER HADEL avd FRANK FLEMING, all of Los Angeles Pierce College. A 
modern treatment of elementary algebra that features an emphasis on structure and 
unifying ideas, a clear introduction to proofs and theorems, and use of a second 
color for emphasis in figures. 1966. 358 pages. $5.95. 


DIFFERENTIAL AND DIFFERENCE EQUATIONS. By Louts 
BRAND, University of Houston. Systematically develops the far-reaching analogies 
between linear differential and difference equations, showing a close correspondence 
not only in basic theorems but in methods of procedure. 1966. Approx. 628 pages. 
Prob. $11.95. 


APPLIED COMBINATORIAL 
MATHEMATICS. Edited by Epwin F. 


BECKENBACH, University of California, Los 
Angeles. Special attention to problems in 
the biological, social, physical, and mathe- 
matical sciences. 1964. 608 pages. $13.95. 


ERROR IN DIGITAL COMPUTA- 


TION: Proceedings of an Advanced 
Seminar Conducted by the Mathematics Re- 
search Center, United States Army, at the 
University of Wisconsin, Madison. Volume 
II—April 26-28, 1965. Edited by L. B. RALL, 
Onersity of Wisconsin. 1965. 288 pages. 
6.75. 


ANALYSIS OF NUMERICAL 
METHODS. By EucEne IsAAcson and 
HERBERT B. KELLER, both at New York 
University. Treats methods used in applied 
mathematics problems from linear systems 
through partial differential equations. 
1966. 541 pages. $11.95, 


MEASUREMENT AND ANALY- 
SIS OF RANDOM DATA. 

By Juuius S. BENDAT and ALLAN G. Pter- 
SOL, both of Measurement Analysis Cor- 
poration. Translates the various theoretical 
concepts into practical techniques for mea- 
surement analysis. 1966. 390 pages. $17.75. 


AN INTRODUCTION TO THE 
THEORY OF NUMBERS, 2nd Edi- 
tion. By IvAN NIVEN, University of Ore- 
gon; and HERBERT ZUCKERMAN, University 
of Washington. Improves further upon the 


leading introductory text in number theory. 
1966. 280 pages. $7.95. 


DISCRETE AND CONTINUOUS 
METHODS IN APPLIED MATHE- 
MATICS. By J. C. Matuews, Iowa 
State University; and C. LANGENHOP, 
Southern Illinois University. Extends the 
traditional material to include finite models 


and the social, biological, and managerial 
Sciences. 1966. 525 pages. $10.95. 


THE ELEMENTS OF INTEGRA- 
TION. By Roserr G. BARTLE, Univer- 
sity of Illinois. A brief but thorough treat- 
ment of Lebesgue integration in full gen- 
erality. 1966. 129 pages. $6.95. 


Pure and Applied Mathematics: 
A Series of Texts and Mono- 
graphs 

COMBINATORIAL GROUP THE- 
ORY: Presentation Theory of Groups. 
By WILHELM MacGNnus, New York 
University; ABRAHAM KaARRASS and 
DONALD So.irar, both of Adelphi Uni- 
versity. 1966. 444 pages. $15.00 
(Vol. 13) 

ASYMPTOTIC EXPANSIONS ‘FOR 
ORDINARY DIFFERENTIAL EQUA- 
TIONS. By WoLrcANG Wasow, Uni- 
versity of Wisconsin. 1966. 362 pages. 
$14.00 (Vol. 14) 


INFORMATION THEORY. 


By RoBert B. AsH, University of Illinois. 
A thorough treatment of: analysis of chan- 
nel models and proofs of coding theorems; 
construction of error-correcting codes; and 
statistical properties of information sources. 
1965. 339 pages. $13.50. 


VARIATIONAL PRINCIPLES. 


By B. L. MOISEIWITSCH, Queen's Univer- 
sity of Belfast. A broad view of the way in 
which variational principles have been ap- 
plied to fundamental problems in theoreti- 
cal physics. 1966. 310 pages. $14.00. 


MATHEMATICS FOR ELEC- 
TRONICS TECHNICIANS. By Paut 
Evans, Foothill College. Presents the mathe- 
matics needed for analysis of AC and DC 
circuits, reviewing basic algebraic and trig- 
Onometric principles. 1966. Approx. 376 
pages. Prob. $7.00 


COMMUNICATIONS on PURE and APPLIED MATHEMATICS 


A Journal Issued Quarterly by The Courant Institute of Mathematical Sciences, New 
York University 


Editorial Board: R. COURANT, L. Bers, K. O. FRIEDRICHS, J. J. STOKER. Managing Edi- 


tor: Fritz JOHN. Technical Editor: NATASCHA BRUNSWICK. Devoted chiefly to con- 
tributions in applied mathematics, mathematical physics, and mathematical analysis, in- 
cluding highly significant technical reports of research organizations of the United 
States Army, Navy, Air Force, and Atomic Energy Commission. An Interscience Publi- 
cation. Current annual subscription rates: $12.00. Foreign postage $1.00. Back volumes 


on request. 


JOHN WILEY & SONS, Inc. 
605 Third Avenue, New York, N. Y. 10016 


APPLETON-CENTURY-CROFTS 


is pleased to announce that 
DR. JOHN M. H. OLMSTED of Southern Illinois University 
and DR. FRED B. WRIGHT of Tulane University have joined 
DR. RAYMOND W. BRINK, Professor Emeritus of the 


University of Minnesota, as editors of the 


ACC Mathematics Series 


DIVISION OF MEREDITH PUBLISHING COMPANY 


440 Park Avenue South, New York, New York 10016 


HARMONIC ANALYSIS 


by 
LYNN H. LOOMIS 


Notes by Ethan Bolker from the 1965 MAA Cooperative Summer Seminar 
at Bowdoin College. About 400 pages. Paper cover. 


Copies at $3.00 each postpaid may be ordered from: 


Mathematical Association of America 
SUNY at Buffalo (University of Buffalo) 
Buffalo, New York 14214 


J istrand 


MATHEMATICAL STUDIES SERIES 


Edited by Paul R. Halmos and 
Frederick W. Gehring, both of the 
University of Michigan. 

LECTURES ON BOOLEAN ALGEBRA. 
By PAUL R. HALMOS, University of Michigan; 
147 pages; $2.95. 

LECTURES ON ELLIPTIC BOUNDARY 
VALUE PROBLEMS. By SHMUEL AGMON, 


Hebrew University of Jerusalem; 289 pages; 
$3.95. 


NOTES ON DIFFERENTIAL GEOM- 
ETRY. By NOEL J. HICKS, University of Mich- 
igan; 183 pages; $2.95. 

TOPOLOGY AND ORDER. LEOPOLDO 
NACHBIN, University of Rochester; 128 pages; 
$2.50. 

NOTES ON SPECTRAL THEORY. 
STERLING K. BERBERIAN, University of lowa; 
121 pages; $2.50. 

NOTES ON LOGIC. ROGER C. LYNDON, 
University of Michigan; 103 pages; $2.50. 
LECTURES ON CHOQUET’'S THEO- 
REM. ROBERT R. PHELPS, University of Wash- 
ington; 130 pages; $2.50. 

EXERCISES IN SET THEORY. |. £. 
SIGLER, Hofstra University; 144 pages; $2.75. 
LECTURES ON THE THEORY OF 
FUNCTIONS OF A COMPLEX VARI- 
ABLE. GEORGE W. MACKEY, Harvard Uni- 
versity; 275 pages; $3.95. 

LECTURES ON QUASICONFORMAL 
MAPPINGS. LARS AHLFORS, Harvard Uni- 
versity; 156 pages; $2.75. 

SIMPLICIAL OBJECTS IN ALGE- 
BRAIC TOPOLOGY. J. PETER MAY, Yale 
University; about 156 pages; Probably $2.75. 
THE UNIVERSITY SERIES IN 
HIGHER MATHEMATICS 

Edited by Marshall H. Stone, Chicago University, 
L. Nirenberg, Courant Institute, New York Uni- 


versity, and S. S. Chern, University of California 
at Berkeley. 


UNIVERSITY SERIES OF 
UNDERGRADUATE MATHEMATICS 
Edited by John L. Kelley, University of Califor- 


nia, Berkeley, and Paul R. Halmos, University of 
Michigan. 


A MODERN INTRODUCTION 
OF GEOMETRIES 


by ANNITA TULLER, The City University of New 
York, Hunter College 


Through the study of geometry as a body of 
theorems deduced from a set of axioms and geom- 
etry as the study of the invariant theory of a 
transformation group, the student is brought to 
an awareness of the new vistas in geometry 
opened up after the discovery of non-Euclidean 
geometry. @ FEATURES INCLUDE: Material se- 
lected to give a feeling of unity of presentation; 
early introduction of analytic as well as syn- 
thetic methods; gradual emergence of the familiar 
properties of Euclidean geometry as special cases 
of the more general geometries; suggestions and 
references in the text and exercises for student 
reports on the basis of independent study; many 
problems of varying difficulty at the end of each 
section; and answers to selected problems. ® 
Recommended for a one-semester course. @ Ap- 
proximately 200 pages, Probably $6.00, Late Fall, 
1966. 


LINEAR GEOMETRY 


by K. W. Gruenberg, Queen Mary College, 
and Alan J. Weir, University of Sussex. 


Designed for advanced undergraduate or first-year 
graduate students, LINEAR GEOMETRY aims to 
explain, in suitably rigorous language, the in- 
tuitively familiar concepts of Euclidean, affine 
and projective geometries and to study the rela- 
tions between them. The method of exposition 
is purely algebraic and includes most of the 
topics normally included in a first course in 
linear geometry. @ Little mathematical knowl- 
edge is presupposed at the outset, but the stu- 
dent will find that the style changes to keep pace 
with his growing mathematical maturity. @ This 
text has been thoroughly class tested and is 
recommended for a one semester course given 
either during the winter quarter of spring semes- 
ter. © Approximately 250 pages, Probably $7.50, 
Late Fall, 1966. 


CALCULUS WITH ANALYTIC 
GEOMETRY 

Volume II, Vector Calculus and 
Differential Equations 

by Albert G. Fadell, State University of New 
York at Buffalo. 

Designed for the second year course of the tra- 
ditional two-year sequence in integrated calcu- 
lus and analytic geometry. ® Tentative Table of 
Contents. Vectors. Vector Functions. Differential 
Calculus of R™. Multiple Integrals. Line Integrals. 
Infinite Series. Advanced Concepts in Infinite 
Series. Improper Integrals and Integrals with 
Parameters. Introductory Differential Equations. 
Linear Differential Equations. The Laplace Trans- 
form. Series Solutions. Fourier Series. @ Available 
ng 1967. Approximately 500 pages, about 
8.75. 


D. VAN NOSTRAND COMPANY, INC. 


120 Alexander Street, Princeton, New Jersey 08540 


"McGraw-Hill 
. Books In 


_ Mathematics 


REAL AND COMPLEX ANALYSIS. 
By WALTER RUDIN, University of Wisconsin. 
Combining real and complex analysis, this 
new text departs from the conventional 
approach to teaching analysis at the grad- 
uate level. It demonstrates the interplay 
between various parts of analysis, includ- 
ing some of the basic ideas from func- 
tional analysis. Basic techniques and 
theorems of analysis are developed for a 
one-year course. 

412 pp., $10.50 (Text Ed.). 
UNBOUNDED LINEAR OPERATORS: Theory 
and Applications. 
by SEYMOUR GOLDBERG, 
University of Maryland. 
Offering a fresh approach to unbounded 


linear operators, this text provides the 
most extensive and up-to-date coverage 
of theory yet published. Proofs and defi- 
nitions are well motivated and numerous 
examples are given. Each chapter is self- 
contained with the exception of the last, 
“The Dirichlet Operator.” 

224 pp., $10.50. 
SHEAF THEORY. 
By GLEN E. BREDON, 
University of California, Berkeley. 
This text for an advanced course in mathe- 


matics treats sheaf theoretical cohomology 
theory. It includes the Borel-Moore 
homology theory, relative cohomology. 
theory, and more. A large part of the the- 
ory is developed without the use of the 
theory of spectral sequences. December. 


RANDOM-PROCESS SIMULATION 
AND MEASUREMENTS. 
By GRANINO A. KORN, University of Arizona. 
Meeting ‘a long-felt need for a unified 
treatment of the subject, this book de- 
scribes modern techniques utilizing analog, 
digital, and hybrid analog-digital com- 
puters for random-process studies. Instru- 
mentation and computing procedures as 
well as theory are described. 

234 pp., $12.50. 


MODERN NONLINEAR EQUATIONS. 

By THOMAS L. SAATY, U. S. Arms Control 
and Disarmament Agency. 

An outstanding text-reference at the grad- 
uate level, this book widely covers equa- 
tions of classical analysis, primarily of 
the nonlinear type. After discussing basic 
concepts and techniques, it deals with such 
specifics as functional equations, delay- 
differential equations, integral, stochastic, 
and other types of equations. Fall. 


INTRODUCTION TO 
APPROXIMATION THEORY. 
By E. W. CHENEY, University of Texas. 


Containing material previously available 
only in research papers, this text is for a 
first course in approximation theory. It is 
essentially theoretical in approach, but 
emphasizes topics useful in computer ap- 
plications such as uniform approximation, 
algorithms, computing procedures, and 
more. 272 pp., $10.95. 


INTRODUCTION TO 
LINEAR ALGEBRA. | 
By the late ALLAN D. MARTIN and VICTOR J. 


MIZEL, Carnegie Institute of Technology. 
Teachability and readability at the sopho- 


more level are emphasized in this text on 
linear algebra. It includes fundamentals 
of real finite dimensional vector spaces, 
theory of linear operators on finite dimen- 
sional vector spaces, and the spectral the- 
orem for symmetric operators. 

. 475 pp., $8.95 
MODERN INTRODUCTORY 
MATHEMATICS. 
By WENDELL G. JOHNSON, Hiram College; 
and LUKE N. ZACCARO, Worcester 
Polytechnic Institute. 
Prepared for students not majoring in the 
sciences or in mathematics, this text 
blends traditional and modern approaches 
to mathematics. It emphasizes funda- 
mental concepts while underscoring the 
importance of problem-solving and per- 
formance of routine manipulations. 

576 pp-, $8.50. 


‘Examination copies available on request. 


McGRAW-HILL BOOK COMPANY % 
_ 330 West 42nd Street. - 


P NewYork, N.Y.10036 


New and Recent from 


Blaisdell 


LECTURES ON RINGS AND MODULES 

Joachim Lambek, McGill University 

Designed for use at the advanced undergraduate and graduate levels, this book dis- 
cusses associative rings and their modules, with emphasis on the “ring of quotients"’ 
concept. The text includes selected results in the case of Boolean and other commutative 
rings, the classical structure theory of associative rings, injective modules, and offers 


an introduction to homological algebra. 
1966. 192 pages. prob. $8.50 


ALGEBRAIC EXTENSIONS OF FIELDS 


Paul J. McCarthy, University of Kansas 

For students who have completed a course in abstract algebra, this text contains basic 
material concerning algebraic extensions of fields, and provides sound preparation for 
further study in the theory of fields, especially in algebraic number theory and classical 


field theory. 
1966. 176 pages. prob. $8.50 


BASIC CONCEPTS OF GEOMETRY 


Walter Prenowitz, Brooklyn College 

Meyer Jordan, Brooklyn College 

In this book geometry is presented as a branch of contemporary mathematics involving 
the interrelated study of many specific geometrical systems, and within this framework, 


Euclidean geometry is treated according to current standards of rigor. 
1965. 350 pages. $7.50 


DIFFERENTIAL EQUATIONS 


Shepley Ross, University of New Hampshire 


Part | of this introductory, undergraduate text presents the classic methods, theory, and 
application of differential equations. The basic theory, including the Sturm-Liouville 
theory and the methods of Kryloff-Bogoliuboff comprise Part Il. The final chapter is 
devoted to an introduction of partial differential equations. 

1964. 594 pages. $10.50 


Blaisdell Publishing Company 


A Division of Ginn and Company 
275 Wyman Street, Waltham, Massachusetts 02154 


NEW FROM ADDISON-WESLEY 


By EDWIN E. MOISE, Harvard University 


Intended for a first-year course in elementary calcuius, this book treats exponentials, logarithms, and trig- 
onometric functions, and assumes some prior knowledge of these topics. Nearly all ideas are introduced 
intuitively before being formalized, and figures are used freely in the exposition. The text will be followed 
by a second volume treating the calculus of several variables. 498 pp., $8.95 


INTRODUCTION TO LINEAR ANALYSIS 


By DONALD L. KREIDER, Dartmouth College, ROBERT G. KULLER, Wayne State University, DONALD R. OST- 
BERG, Indiana University, FRED W. PERKINS, Dartmouth College 


This book, which assumes a background in calculus, is designed to serve as an introductory text in applied 
analysis for students of science and engineering. It treats much of the traditional material, however, it also 
treats topics which are of importance in present day mathematics. The concept of linearity is emphasized 
and used as the unifying thread which ties together the treatment of topics often presented in an isolated 
manner. 773 op., $12.50 


LINEAR ALGEBRA 


By SERGE LANG, Columbia University 


The present book is meant as a text for a one-year course in aigebra at the undergraduate level during the 
sophomore and junior years. It starts with the basic notion of vectors in Euclidean space, setting the gen- 
eral pattern for much that follows. Examples and special cases ara worked out in abundance, and abstrac- 
tions are developed slowly. 294 op., $8.95 


A FORTRAN IV PRIMER 
By ELLIOTT 1. ORGANICK, University of Houston 


This text is designed for courses in computer programming utilizing the FORTRAN iV language. The book 
treats introductory concepts of computers, algorithms, flow charts, input-output, and real and ‘integer arith- 
metic. It contains a thorough description of FORTRAN IV for Univac Ill and 1107, Philco 2000, CDC 1604 
and 3600, Honeywell 1800, GE 635, SDS 9300, and all IBM processors. 263 pp., paperbound $4.95 


GEOMETRY: A MODERN INTRODUCTION 
By MERVIN L. KEEDY and CHARLES W. NELSON, Purdue University 


This text presents an elementary introduction to the foundations of geometry. Designed for prospective 
elementary teachers and requiring two years of high school mathematics, it covers non-metric concepts, and 
considers the practical aspects of measurement. Use is made throughout of developmental exercises. A 
Teachers’ Commentary is available. 324 pp., $7.95 


TECHNICAL CALCULUS WITH ANALYTIC GEOMETRY 


By ALLYN J. WASHINGTON, Dutchess Community College 


This book is designed as a text for students taking technical programs at two-year colleges and institutes. 
Elementary topics in calculus, and certain advanced topics, are chosen with applications in mind. Basically 
intuitive and non-rigorous, the text allows instructors a wide choice of topics. Prerequisites are college 
algebra and trigonometry. 440 pp., $8.95 


A ADDISON-WESLEY PUBLISHING COMPANY, INC. 
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TOPOLOGICAL ASPECTS OF SYLVESTER’S THEOREM 
ON THE INERTIA OF HERMITIAN MATRICES 


HANS SCHNEIDER, University of Wisconsin, Madison 


1. A set of mXn matrices with complex elements has a natural topology 
associated with it. One may therefore look for a topological interpretation of 
some results in the theory of matrices. We shall show that Sylvester’s classical 
theorem on the inertia (signature) of Hermitian matrices concerns the con- 
nected components of the space of all Hermitian matrices of fixed rank r. 

Most of the arguments used in the proof of our theorem are elementary and 
familiar. Yet our result does not appear in the literature. The reason may well 
be that matrix theorists tend to use “continuity properties” as they arise, with- 
out formalizing them, while topologists do not usually study equivalence rela- 
tions on matrices. This note is offered as an illustration that even on a fairly 
elementary level, something is gained by looking for inter-connections between 
different mathematical fields. 


2. Let n be a positive integer and let w= (a, pv, 6) be an ordered triple of non- 
negative integers with m+v+éd=n. Let FE, be the diagonal matrix EF, 
=diag (1,---,1, —1,---, —1,0,---+,0) with m diagonal elements 1, p di- 
agonal elements —1 and 6 elements 0. Sylvester’s theorem ([7| p. 100, [3] 
p- 83) on the inertia of Hermitian matrices asserts that for each n Xn Hermitian 
matrix H there exists just one matrix /, for which there exists a nonsingular 
matrix X such that X*HX =E,. 

But can we pick out the triple w that occurs in Sylvester's theorem, without 
use of that theorem and directly in terms of the matrix H? One possibility, 
which we mention merely because of its intrinsic interest, is to proceed geomet- 
rically. Let V be the space of all positive n-tuples and associate with H the 
quadratic form A: (x, x) =x*Hx. If it should happen that for some yEYV, 
(y, y) >0 then also (x, x) >0 for x=ay if a0. Thus we have found a subspace 
W of V of which (x, x) >0 for all x0. In other words, A is positive definite on 
W. Now suppose that 7 is the dimension of a subspace W of largest dimension 
on which A is positive and similarly suppose pv is the dimension of a subspace W’ 
of largest dimension on which A is negative definite (i.e., (x, x) <0, if04xCW’). 
If 6=n—7-—y, then it may be proved that w=(m, v, 6) is the w of Sylvester’s 
theorem, (see [1] pp. 148-150). 


3. We shall use an entirely different approach. Since H is Hermitian all its 
eigenvalues are real. We shall define z, v, 6 in terms of the eigenvalues of H. 


DEFINITION 1. Let r(H) = be the number of positive eigenvalues of H, v(\H) =v 
the number of negative eigenvalues of H, and 6(A) =6, the number of zero eigenvalues 
of H. Then the ordered triple w= (a, v, 6) will be called the inertia of H. We shall 
write w=In H. 
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DEFINITION 2. Two Hermitian matrices H, K are tinertially equivalent if 
In H=In K. We shall write HLK. 


The next definition is standard. 


DEFINITION 3. (e.g. [6] p. 99, p. 84). Two Hermitian matrices H and K are 
conjunctive (conjunctively equivalent) if there exists a nonsingular X such that 
X*HX=K. We shall write HK. 


It is evident that 4 and ££ are equivalence relations on any set of Hermitian 
matrices. 


4, Our next two equivalence relations are of a different kind, since they may 
be defined on any topological space. 

If E is a topological space, the space is called connected if the empty set 
and E are the only subsets of EZ which are both open and closed (see [5] p. 117). 
A subset U of E is connected if and only if it is a connected space in the topology 
induced on U by £. Thus U is connected if and only if, for any set FC E which 
is both open and closed, either UC F or UC E\F, the complement of F in E. 
This motivates 


DEFINITION 4. Let E be a topological space. We call x, yEE connectable in E 
af for every open and closed set Uin E both x, yEU or both x, yEU. We shall write 
Nw. 

An arc in a topological space E is a continuous image of the interval (0, 1) 
on the real line in the space E ([5] p. 139). 


DEFINITION 5. Let E be a topological space. We call x, yEE arc connectable 
in FE of there exists an arc in E joining x, y,1.¢., uf there exists a continuous function 
f from the unit interval (0, 1) on the real line into E with f(0) =x and f(1)=y. We 
shall write xX. 


The following lemma is a restatement of a well-known result (see [5] p. 
141). 


Lemma 1. If Eis a topological space, then x.y wmplies that xX. 


Proof. Let U be any open and closed set containing x and let f be a continu- 
ous function of (0, 1) into E with f(0) =x and f(1) =y. Then f-!(U) is an open 
and closed subset of (0, 1) which contains 0, and the only such set is (0, 1) itself. 
Thus y=f(1)€U and so xX. 


5. Let S be any set of ~Xz matrices. We can norm S in many ways. For 
example we can put |||] =max,,; |a:;| for 4S. To turn S into a topological 
space we choose as the open sets arbitrary unions of finite intersections of all 
cubes N(A, €) ={ BES: max, |b.;—a.;| =||B—A|| <e}, with AGS and e>0. 
Thus a subset T of S is open if and only if for 4 ET we can find on e=0 such 
that N(A, €) CT. Observe that S need not be a linear space, nor will our topo- 
logical space S necessarily be complete. 
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In this section, we shall consider the space N of all nonsingular complex 
matrices normed as above. 


LEMMA 2. For all A, BEN, A 1s arc connectable to Bin N. 


Proof. It is enough to prove that for all AGN, ALI, the identity matrix. 
Choose o so that eA has no negative eigenvalue, and set f(t) =e*'A, OStS1. 
If A belongs to N, so does e**A and clearly f is continuous. Thus AC. Next 
set g(t) =(1—4)C+2/, 0StS1. Evidently g is again continuous, and since the 
eigenvalues of g(t) are of the form y(t) =(1—)y+? where y is an eigenvalue of C 
and here ¥ is not negative, it follows that y(¢) #0 and so g(¢) is nonsingular. Thus 
CLI. Hence AJ, and this completes the proof. 


6. We now require a lemma of a different type. Usually it is expressed by 
asserting that the eigenvalues of a matrix are continuous functions of the elements 
of the matrix. We shall state the result precisely: 


LEMMA 3. Let A be a matrix with distinct ergenvalues ay, +--+, O, of multt- 
plicities m1, - + - , M, respectively. Let €>0 and let I'(a:, €) be the circle with center 
a; and radius ¢. Then there 1s a positive o, such that every matrix B, for which 
||B—Al| <o, has exactly m; eigenvalues in the circle Ta, €). 


Proof. Let p(t) =A"+ pr-rvN™ 1+ + + + +h0, and g(t) =A”! +¢qn-N7 1+ + + ++ Go. 
We use a theorem on the zeros of a polynomial (see [4], p. 3). If the zeros 
of p(A) are a; with multiplicity m;,, 7=1,---, 5s, a;¥a;, if 447, and if (¢;—p,;) 
<n, j7=0, 1,---,n-—1, where 7 is sufficiently small, then m; zeros of q(t) lie 
in the circle I'(a;, €). Now the eigenvalues of A and B are simply the zeros of the 
characteristic polynomials det (AJ—A) whose coefficients are sums of products 
of elements of A, and similarly for B. Since addition and multiplication of com- 
plex numbers is continuous, we deduce that for sufficiently small «>0, || B—A|| 
<o, implies that l|gi— bi <n, j=0,---,n-—1, and the result follows. 

Our proof of Lemma 3 is not really much of a proof, since it refers the result 
for the spectra of a matrices back to the corresponding theorem for the zeros of 
polynomials (“continuity of zeros of polynomials”). This latter result is deeper 
than any other theorem we have used in this note, and we shall not attempt to 
prove it here. We may note that in the application of Lemma 3, the matrices 
A and B are both Hermitian. For normal, and therefore for Hermitian matrices, 
a more precise result is given in [2]: 


LemnMa 4. If A and B are normal matrices with ergenvalues a1, +--+, Qn and 
Bi, ° +--+, Ba respectively, then there exists a suitable numbering of the eigenvalues 
such that 


Ears)? DO [ay — by) 
) tJ 


This result rests on the famous theorem of Birkhoff that the permutation 
matrices are the vertices of the convex polyhedron of doubly stochastic matri- 
ces. For a proof of Birkhoff’s theorem see [3] p. 97, or [2], and for a proof of 
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Lemma 4 see [2]. Of course, Lemma 4 implies Lemma 3 since )>;,; | ai;—ba;| ? 
<n] A — BI)? 


7. From now on our space will be the space H; of all n Xn Hermitian matrices 
of fixed rank r. We shall first examine a trivial situation. The space of all Hermi- 
tian 1X1 matrices is just the real line R and hence Hj is the real line with the 
origin removed. The connectivity properties of R and Hj are quite different. 
R is connected and H; is not. Similarly the connectivity properties of H? will be 
quite different from these of the space of all Xn Hermitian matrices. The rea- 
son for focusing on H7 is that this space yields an interesting theorem. 

Notation. Let HC H™. Then the set of all KC H® such that HLK will be 
denoted by I(H), and the eigenvalue class I(H) will be called an inertial com- 
ponent of H?. Similarly we define C(H), U(H), A(H) to be the equivalence 
classes of H for <, ~, 4, respectively, and we call C(H) a conjunctive com- 
ponent, U(H) a connected component and A(#) an arc component of H?. 


THEOREM. Let Hy be the topological space of all nXn Hermitian matrices of 
rank r. Then the four equivalence relations —, %, 4, %, coincide on H?. Equiva- 


lently, for any HEH, I(H) =C(A) =A(A) = U(A). 


Proof. We shall prove that HK implies HLK, H2K implies HK, 
HK implies H“K, and H“.K implies HLK. 

(a) HLK implies H2LK: Suppose In H=In K=w=(m, pv, 4) say. It is 
enough to prove that HLE., where E, is defined in Section 1. (Note that 
a+v=r and that E,€H?.) Since H is Hermitian there exists a unitary Y such 
that Y*HY=diag (a1, -- +, Gn). By definition of H, and since the a; are the 
eigenvalues of H, it follows that 7 of the a; are positive, v are negative and the 
remaining 6 are zero. Replacing Y, if necessary, by the unitary matrix YP, where 


P is a permutation matrix, we may suppose that Y*HY=diag (a1, +--+, Qn) 
where a;>0, 7=1,°-°+, 7, Qi <0, t=r4+1,---, r+y, and a;=0, t=7+p 
7 oe 

Thus if D=diag (Vor, > + +, Var, WV —Or41, + °°, VW —Oryy, 1, °- +, 1) and 


X= YD-', then X*HX =E,,. 

(b) HLK implies 72K: Let X*HX=K, where X is nonsingular. Since by 
Lemma 2 any two nonsingular matrices are connected in the space N of non- 
singular complex matrices, there is a continuous function t—>X(¢) of (0, 1) into 
N such that X(0)=J and X(1) =X. Further, transposition and matrix multi- 
plication are continuous operations. Hence the function f(t) =X*(Q®AX(?) is 
continuous. But rank X*(i)HX(t) = 7, since X(t) is nonsingular, whence 
X (t) HX (t) EC H®. Further f(0) =A and f(1) =K, and so HLK. 

(c) HLK implies H2K. This is just Lemma 1. 

(d) H“K implies HK. We shall prove the equivalent result that I(H) 
contains U(H), for HEH: Let K EI(H), and let In K=w=(z, pv, 6), and sup- 
pose the eigenvalues a;, 7=1,---, 7, of K are positive, the eigenvalues a,, 
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t=a7+1,---,a-+v are negative and the eigenvalues a;,4=a7+v+1,---,n are 
zero. 

Let 0<e<min {|a;|:a;~0}. By Lemma 3 there exists a neighborhood 
N(K, co) of K in Hf? (thus each LE N(K, oc) is, by assumption, Hermitian of 
rank 7) so that the spectrum of each LE N(K, oc) is contained in the union of 
the 1 circles I'(a;, €). It follows that each LZ in this neighborhood of K has at 
least as many positive (negative) eigenvalues as K has positive (negative) 
eigenvalues, i.e. t(L) 27, and v(L)Z2v. But as LE AY, r(L)+r(L) =r=7-+, 
whence r(L) =z and p(L) =v. Thus In L=In K. It follows for each KCI(A), 
there exists an N(K, ¢) CI(H), and so I(H) is open. Now H®\I(H) =U{1(M): 
MEH,?, M €1(H)} and a union of open sets is open. Hence I(#) is also closed. 
By the definition of U(H), we see that U(A) is contained in every open and 
closed set containing H, whence U(H)CI(#H). This completes the proof of the 
theorem. 


CoROLLARY. The topological space Hy has precisely r+1 distinct inertial com- 
ponents (or conjunctive components, or connected components, or arc components). 


Proof. Obviously, each w = (7, v, 6) with r-+v =r corresponds to one inertial 
component of H7, and there are just r+1 such w. By the theorem, each inertial 
component is a conjunctive component (and a connected component and an 
arc component). 


8. It should be noted that in the proof of our theorem (a) is just a standard 
proof that there exists an w such that HXE,. The direct proof that this w is 
unique is simple (see [7] pp. 92, 100), but we do not need this proof. For dis- 
tinct w, the corresponding FE. obviously lie in distinct inertial components and 
the uniqueness now follows from the equality of £, and 4 on H7. 

The concept of inertia may be extended to matrices that are not Hermitian. 
For some results in this direction see [6]. 


I wish to thank Marvin Marcus, Judith Molinar, and Robert Thompson for comments which 
have helped to improve this paper. 
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SCRAMBLED SERIES 
PAUL JOHNSON anp RAY REDHEFFER, University of California, Los Angeles 


1. Introduction. Let a; be defined for R=1, 2, 3,---. A rearrangement of 
>a is a series >.b, where each a, occurs just once among the b,’s, and vice 
versa. If a,=O and > a,< © then 


nr m ce) 
Dos Dias Dw 
1 1 1 


as soon as m is so large that every 0, in the first sum occurs among the terms 
of the second. Hence > b; converges, and > \b,< > ay. By logical symmetry 
> az > by and equality holds. Furthermore, when either series diverges, so 
does the other. 

If the a, change sign but >)|a,| < © then the identities 


a, = (a, + | ag|) — | axl, by = (bo + | be |) — | de| 


together with the linearity of “> ” enable us to deduce > /a,= > by from the 
foregoing result. And if a,=u,+7v; is complex, with >| a,,| <o, the fact that 
|u| S|ax| gives >>| u.| <0. Similarly >} |v,|<o and hence, iaz= dobe 
again. 

These observations are, of course, familiar from the sophomore curriculum. 
But suppose we make a more drastic rearrangement, in which infinitely many 
a;’s are grouped together. For instance, let b= >a, over the prime subscripts 
k, let bo= > an over k=4, 6, 8,---, let b3= > dk over the multiples of 3 that 
have not yet been used, and so on (as in Eratosthenes’ sieve [1]). It is as clear 
as anything can be that >)b,= > az, if a,20 and yet this trivial fact escapes 
the foregoing analysis. The series > a; has not just been rearranged; it has been 
scrambled. 

Our interest in the subject arose in 1962, when we gave a course of advanced 
analysis for high-school teachers. To emphasize the richness and variety of 
mathematical thought a brisk pace was considered better than a plodding one; 
e.g., the absolute convergence of single and double series, the Weierstrass ap- 
proach to function theory via power series, and the development of n-dimen- 
sional measure were all covered in just a few periods, by means of the methods 
described here. Later we noted with pleasure that similar methods are used in 
Knopp [1]. But there the subject is scattered over two hundred pages; and 
hence, a major purpose of this expository article is to make Knopp’s ideas more 
readily available. In our opinion these ideas should be part of every course on 
advanced calculus. 


2. A miniature theorem. For precision of statement, we give a formal defini- 
tion: 


DEFINITION 1. Let the set of integers {1, 2,3, +--+ } be partitioned into disjoint 
nonempty subsets Sy, So, S3, - + + , the elements of each S; being arranged 1n a defi- 
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nite linear order. Using this order, form the sums 


6b, = >» Qa; bo = > a, b3 = »> Qi, 


sey 1E8¢9 tES83 
and so on. Then ) by is a scrambled form of > ax. 


The term “partition” implies that S,\US,US;U --- ={1, 2, 3,-++}. An 
ordinary rearrangement is obtained when each SS; has just one element. 

THEOREM 1. Let a, 20, or let >| ax| <0. Then >\b,= >.ax for every scrambled 
form, > bp. 

The reason for distinguishing the case a; 20 is to allow the possibility that 
>san= >ob,= ©, where > \b,= © means either that this series diverges, or that 
some series defining a b; diverges. 

For proof consider first the case in which a,2=0 and >Ja,< 0. Then > & 
< oo, where d is a; or 0. Since the series defining b; is a rearrangement of some 
such series > a, the remarks of the introduction show that ) <b; is well deter- 


mined, independently of the order that was imposed on the elements of S,. 
We now show that >/b.S > az. Given e>0 we can make 


bi< > 10% + $e, bo < > 2dr + te, bs < > 3dh + $6, 


and so on, where >; is over a finite subset of Si, > 2 is over a finite subset of 
Se, and so on. By addition 


bitbet+-+ +on S Date S Dia te, 


where )_’ is over a finite subset of the ay. This gives >-bkS > ax. 
On the other hand it is easily seen that 


(1) Sa < Xb, 


as soon as m is large enough and hence > a, )_b,. Therefore equality holds. 
If a,20 and > a,=, then (1) gives ».b,= ©. Extension to the case in 
which a, changes sign or is complex follows as in the introduction. 


3. Double series. If > )d, and > c are both scrambled forms of ) oa, the 
conclusion of Theorem 1 implies that 


(2) > b, = > Che 
As an illustration we have: 
Corotiary 1. If ai;20 then doe. of aig= Dope Dons Giz. 


The assertion allows the case “0 = 0.” For proof let a; be any enumeration 
of the a;;, such as the corner clipping enumeration 


ay = Qi1, G2 = A12, dg = det, G4 = 13, Ah = doz, Ge = a1, 
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and so on. If we form the series 
i> 0] i> 0] 
by = Do Ons, Ch = Dy Vix 
j=1 t=1 


then >°b, and > c;, are both scrambled forms of ><a; and the conclusion follows, 
therefore, from (2). 

The essence of the matter is that a partition of the (4, j) lattice induces a 
corresponding partition on the index-set {k} for a,. We can therefore give a 
vastly stronger theorem, as follows. Let the plane lattice (4, 7) forz,j7=1,2,3,4, --- 
be divided in any way whatever into sets S;, So, $3, -- +, such that each (4, 7) 
is in just one S;,. The sets need not be finite, but in each S;, the elements are 


enumerated in some definite order. A method of summation of > a; is given by 
> bs, where 


by = » Qij, (4, 1) ce Sky 


the latter sum being formed in the prescribed order. For example, one might 
have 


i> 0] oa) [o-¢) 
b, = >» 41, bg = » A2;; b3 = » Ais, bs = ase + 78, 
i=l =? i=3 


and so on. 

We say that > a,; is absolutely convergent if >| a;| <o for some enumera- 
tion a; of ai; By the ordinary rearrangement theorem this happens for all 
enumerations if for any, and the proof of Corollary 1 shows that the condition 
is equivalent to either of 


ie) «o Lv) 


(3a) Dd | aa] < %, Dy Dl ay] <<. 


t=1 j=1 j=1 t=1 
Thus, the notion of absolute convergence is well defined. 


Coro.iary 2. If > a;; is absolutely convergent, then all methods of summation 
give the same value. 


The proof is exactly like the proof of Corollary 1. It is very important that 
the plane regions 5S; need not be bounded—the familiar process of exhausting 
the (z, 7) plane by finite regions does not even yield Corollary 1. 

An evident consequence of (3a) and Corollary 2 is: 


Corotiary 3. If Ds|ai| <0 and >-\b;| < © then (doa,)(>2b,) = Diaid;, 
where the sum on the right 1s evaluated by any method of summation. 


4. Differentiation of power series. It is easy to show that a power series 
convergent for some +0 has a circle of convergence, at interior points of which 
it converges absolutely. If we can only justify the instinctive method of differ- 
entiating such series, the road is clear not only for generalizing the “elementary 
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functions,” but for developing a good part of “elementary function theory.” 
Unfortunately a direct attack on the problem of differentiation leads to 
analytic complexities that are entirely out of proportion to the depth of the 
problem. In most treatises the proof is measured by paragraphs and pages, 
rather than lines. 
This melancholy fact is all the more distressing because the differentiation at 
z=( happens to be trivial. If g(z) = >°b,2" for | 2| <r then, by inspection, 


(3b) i [g(h) — g(0)] = b1 + O(| B|) > by, 
and hence g’(0) =d1. 


Coro.iary 4. When z is interior to the circle of convergence of f(z) = > Anz" 
then f’(z) = > na,2"-}, 


For proof let % be so small that |z|+]|4] is interior to the circle of con- 
vergence. The series 


D lanl Cle] + | el== X[ eal cel els] alee 


then converges, Cj being the binomial coefficients. The latter series is summed 
on and j, but it is easy to imagine the terms enumerated in a definite order, 
giving a single series. Using this same order, we form the corresponding series 
without absolute values, 


(4) > nC y24h"3, 
Now collect the terms with do, ai, d2, - + - as coefficients on the one hand, and 
collect the terms with 1, /, h?, ---+ as coefficients on the other. Since the two 


series so obtained are both scrambled forms of the absolutely convergent series 
(4), Theorem 1 asserts that they are equal. That is, 


fe th) = Diane +h)" = D7 bah” = g(h), 


where, in particular, b1 =a1-+2a.2-+3a32?+ ---. Using (3b) we get the desired 
result, 


h[f(z + h) — f(2)] = be [g(2) — g(0)] - O31. 


5. Composite functions. The foregoing proof establishes the validity of the 
formal expansion f(z-+/) =g(h) and hence, it suggests a broader context. Instead 
of the change of variable h->z-++-h we could consider h->w(h), so that the desired 
equality is f[w(h) |= > 5b,h*. Writing z in place of # we shall establish: 


CoROLLARY 5. Let f(z) = > an8", let w(z) = > Wns", and let the formal expan- 
sion of f[w(z)] be >ibn2"=g(z). If |z| is so small that >| wal [2] is interior to 
the circle of convergence for f, then f(w) =g(z). 


By formal expansion 


(3) Deb anl [Df wel [elle = De] an] Cp.--a] wo? > ~~ | wm 2] af, 
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where m=p-:0+ ---+-+qm and p+ ----+q=n. The multinomial coefficients 
Cy... are positive. The right expression is a complicated sum on n, p,--+,q,m, 
but we can still imagine the terms are enumerated in some definite order, giving 
a single series, The left-hand series is a scrambled form of the right. By hypoth- 
eses the left-hand series converges. Hence by Theorem 1, the right-hand series 
converges. 

Corresponding to the right-hand side of (5) is the series without absolute 
values, 


(6) » OnCp.--qWs WB s 
If we collect the coefficients of do, a1, da, - - + on the one hand and the coefficients 
of 1, z, 27, - - - on the other, the resulting series are equal, because each of them 


is a scrambled form of the absolutely convergent series (6). This completes the 
proof. 


6. An infinite product. The following useful theorem is given by Titchmarsh 
in [2]: 


Coroiiary 6. If >>| u,| converges then [](1+un,2) converges and can be re- 
arranged as an absolutely convergent series in powers of 2, thus: 


[IQ + a2) =1+2>) unt 22 dS Untin + oe 
nem 


The proof is similar to that of Corollary 5. For any fixed WN it is possible to 
expand the product 


M Wat falls =it faallel + fealtel + allel lal + 


as a finite sum of monomials, each of which is a product of certain |,;| and a 
power of |z|. Changing N to N+1 multiplies the previous sum by 1+| uy+| {a}, 
hence merely adds some terms to those we already had. Therefore, the series 


(8) De | tas | | tna +++ | atm | | 2 (ns # 13) 


obtained for N— is well defined as a formal expansion. The series (8) con- 
verges, because the familiar inequality 1+aSe* shows that the product (7) 
converges as N—>o. 

Associated with (8) is a similar series (say (8)*) without absolute values. If 
we collect terms corresponding to successive values of NV in 


N 
U (1 + Un2) 


on the one hand, and collect terms in 1, z, 27, - - - , on the other, the resulting 
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series are equal, because they are both scrambled forms of one and the same 
absolutely convergent series (8)* mentioned above. This completes the proof. 


7. Measure in college. We shall be concerned with “intervals,” which can be 
ordinary intervals on the real line, or rectangles in the plane, or rectangular 
solids in space, or more general sets unlike any of these. But it is assumed that 
the intersection of two intervals is always an interval, and that each interval J 
has a measure, | I |. The latter is a nonnegative real number satisfying the fol- 
lowing two axioms: 


Axiom 1. If th, In, Iz, - - + are disjoint intervals contained in another interval I, 
then |Ti|+| Io] +| 2] +--- sz. 


Axiom 2. If h, In, Is are wntervals whose union contains another interval I, 
then |i} +| |} +| 2s] + --- =I 7]. 


It is not hard to show that these properties hold for the familiar measure of 
segments, rectangles, and so on, but we shall not pause to give the proof here. 
Our primary objective is to establish the consistency of measure, as follows: 


CorRoLLaRy 7. Let U be the union of countably many disjoint intervals, U 
=KURULU +--+ and let U be contained in an interval. Then the quantity 


FU] = [nl + |b] + [al +--- 
exists and is independent of the decomposition, {I,}. 


That | U | exists follows from Axiom 1. If J=J,AUJ..U J, +++ is another 
decomposition of the indicated type, we can define Kian =Im(\Jn. The Kin are 
disjoint intervals whose union is contained in the interval that contains U, and 
hence by Axiom 1 the series >>| Kmn| is convergent, with any convenient enu- 
meration. Also 


and hence, by Axioms 1 and 2, 
|Im| = | Kma| + | Kmo| + | Kms] +++. 


Therefore >~|Im| is a scrambled form of >)|Kmnl. Since the same applies to 
>| Jm| , equality follows from Theorem 1. 
For broad classes of functions f the region described by 


ax<x<Qb, 0O<y< f(x) 


is representable as union of infinitely many rectangles, all of which have their 
sides parallel to the axes. Corollary 7 asserts that the area is independent of the 
mode of decomposition, and thus we are enabled to define the definite integral. 
The same applies to volumes of the type usually encountered in elementary 
calculus. 
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8. Measure in high school. Reasoning a fortior1, one would conclude that 
Corollary 7 automatically settles the question of area and volume in high- 
school geometry. But actually the latter requires further discussion, for the fol- 
lowing reason. Corollary 7 says we will get a unique answer by use of a given 
family of “intervals,” no matter how the decomposition within that family is 
carried out. But it does not obviously ensure the same answer if we use an en- 
tirely different family. (Consider a semicircle decomposed into rectangles per- 
pendicular to the diameter, and then decomposed into other rectangles, making 
an angle of 60° with the diameter.) This matter must be faced in the schools, 
even though it can be passed over in silence in the university. The trouble is 
that the schools do not have a preferred co-ordinate system, and thus, the in- 
variance of measure under rotation cannot be dodged. 

The solution is to decompose the new intervals into intervals of the original 
type, getting a new decomposition of the original area. For example, in the case 
of the semicircle, the rectangles slanted 60° are themselves unions of rectangles 
slanted 90°. Similar remarks apply to decomposition into triangles, hexagons, 
circles, and so on. The matter is summarized by: 


Corotiary 8. Lee UV=U0U,A003U +--+, where the U; are disjoint and 
each of them is a union of countably many disjoint intervals. Let U be contained in 
some tnterval I. Then 


}U] = [Oi] + [ U2, + [Us| +--- 
independently of the decomposition { U;}. 
By hypothesis Um = Imi) Im2./Ims + + + , where the Im; are disjoint intervals. 


The J’s for different m’s are also disjoint, since the U’s are. Thus Corollary 7 
gives 


\U| = dO | Lmn|,  andalso | Un] = | Zmi| + | Ime} +--+: 


Since >>| U,,| is a scrambled form of }°| Imn|, the result follows. 

It should be noted that, apart from a little skill in the algebra of sets and 
series, the only convergence criterion we have used is the comparison test for 
positive series. The latter follows from the completeness axiom in the following 
easily digestible form: Every bounded increasing sequence has a limit. 
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PYTHAGOREAN TRIPLES OVER GAUSSIAN DOMAINS 
N. E. SEXAUER, University of Utah and Northern Illinois University 


1. Introduction. The object of this paper is to present a generalization of the 
number theoretic solution of the Diophantine equation x?+y2=z? when this 
equation is considered over a certain type of Gaussian (unique factorization) 
domain. From specializations of the general theory as herein developed the com- 
plete solution of the equation is determined for the integers and the Gaussian 
integers. The notation and terminology used are those of [1, Chapter IV]; in 
particular, (a, b) will denote a g.c.d. of the elements a and } and a~b will be 
used if a and b are associates. 


2. Preliminary results. In this and the remaining sections A will be a 
Gaussian domain. The following two propositions will be needed in the sequel. 
The proofs of these results can be modeled after the proofs of the corresponding 
results in the domain of integers and will be left to the reader. In the statements 
of these propositions, a, 0, and ¢ will be nonzero elements of A. 


PROPOSITION 1. If a?-~bce and (b, c)~g, then there exist s, t in A such that 
b~vegs?, c~gt? and (s, t)™1. 


PROPOSITION 2. If b?| a2, then b| a. 


A consequence of this result for which we will have need is: If uw is a unit 
and a?=1,b?, then there exists a unit uw: such that a=u9b and w2= 14. 


3. The general theory. The concept of a primitive solution will first be de- 
veloped. In the next two propositions x, y and z will be nonzero elements of A. 


PROPOSITION 3. If x?+y?=2?, then (x, y)~(x, 2) ~(y, 2)~(x, 9, 2). 


Proof. We first show that (x, y)~(x, y, 2). If g=(x, y), then g?| 2 which 
implies by Proposition 2 that g| z, hence g~(g, 2) ~(x, y, 2). The other conclu- 
sions follow in a similar manner. 

The proof of the next proposition is straightforward and is left to the reader. 


PROPOSITION 4. If x?-+y?=2? and g~(x, y, 2) so that x=ag, y=bg and 2=cg 
for some a, b, cin A, then a®+b2=c? and 1~(a, D, ¢). 


We will consider only those solutions in which all members are nonzero. A 
primitive solution of the equation x?+y2=g? is now defined to be a solution 
with the property that 1~(x, y, z). Upon noting that x, y, 2 is a solution if and 
only if there exists x1, y1, 21, g such that x=gm1, y=gy1, 2=g2%1 and x1, yi, 21 is a 
primitive solution, we see that the problem of finding solutions has been reduced 
to finding primitive solutions. The remainder of this section will be devoted to 
this problem over Gaussian domains which satisfy the following General 
Hypotheses: 

1. There exists an irreducible element » of A with the property that the 
quotient ring A/(p) is isomorphic to the Galois field of two elements, 
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2. The characteristic of A is zero. 

Let A satisfy the General Hypotheses. We will say that an element a of A 
is even with respect to p if a is in the residue class determined by 0, while a@ will 
be said to be odd with respect to if a is in the residue class determined by 1. 
Since in the sequel we will be concerned with only one fixed irreducible element 
b, we will drop the phrase “with respect to p” and just say even or odd. It is 
noted that units are odd, that a is even if and only if there exists g in A such 
that a=qgp, and that a is odd if and only if there exists g, win A with uw a unit 
such that a=qp--u. It is also of interest to note that if even and oddness are 
defined by the above characterizations of these concepts, then General Hypoth- 
esis 1 is equivalent to the two conditions: (i) There exists an irreducible element 
b of A such that every element of A is either even or odd. (ii) If #1, #2 are units, 
then u;+2, is even. It is also easy to see that all the elementary properties of 
even and oddness hold including the fact that if (a, b)~1, then either a or 6 is 
odd. Finally General Hypothesis 2 assures us that the integers are embedded in 
A, hence since 1+1 is even we see that b| 2in A and therefore the even integers 
are even with respect to » and the odd integers are odd with respect to p. 


Since p| 2 in A, 2 has the form 2=vp"py' --- pm where n21, n;2Z1, 0 a 
unit, p; irreducible and not associate to p or p; for 7. By this notation we do 
not mean to exclude the case 2=vp”. The symbols z, p, p1, + + +, Pm, %, M1, °° +, Mm 


will be reserved in this context for the rest of this section. As will be seen, it is 
possible that the equation x?+y?=z? has primitive solutions with « and y of 
opposite parity or both odd. Two theorems are now given which classify the 
primitive solutions in these two cases. Note that the ordered triple (x, y, 2) is 
a primitive solution if and only if (y, x, 2) is a primitive solution; therefore there 
will be no loss of generality if we restrict ourselves, as we now do, to the study 
of primitive solutions (x, y, 2) in which ~ is odd. 

In the statements of the three theorems of this section A will satisfy the 
General Hypotheses. If b is a nonzero factor of a we use the notation a/b to 
denote the unique g in A such that a=bg. We also let P=2/vp=dD where d 
and D are complementary divisors, in particular d=p*pf-- - pi” where 
O<k<n—1, 0Sk; Sn; ((=1, 2,---, m). We see that the number of (non- 
associated) choices for dis N=n(m-+1) - + + (tm+1). 


THEOREM 1. All primitive solutions in A of the equation x?-+-y?=2? with x odd 
and y even are given (perhaps with repetition) by x= 1us(s*—uel?)/D, y=updst, 
g = u3(s?+-uel?)/D, where um, Us, Uz are units with the property that u,= (us/usv)? 
and s and t are parameters such that (s, t)~1, x and 2 are in A, 2 1s odd and each 
irreducible factor of d 1s not a factor of 2. 


Proof. If x, y, z have the indicated form, it is easy to verify that D?(g2—x?) 
= D*y?, so that x, y, z is a solution. Since z is odd and y is even, it follows that 
x is odd. If we suppose (y, z) «1, there exists an irreducible r such that r| y and 
r|z. Therefore r is not a factor of d and rp, since 2 is odd. Since y=updst it 
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follows that r|s (or r| £); then since r|z we have that r|é (or r|s). Hence (s, é) 1, 
a contradiction. Thus (y, z)~1 and the solution is primitive. 

Conversely, let x, y, 2 be a primitive solution with x odd and y even. Then 
zis odd, so there exist qi: and gq. such that z-+x =qip, 3—-x =qp. From (qi+qe) p= 22 
=vpPz and (qi—q) p= 2x =upPx, we have Px =v'(Gi—qz) and Pa=v'(ma+q). 
If (q1, G2) +1, let ry be an irreducible factor of (qm, ge). Since (x, 2)~1, it follows 
that r| P. Hence (q1, g2)~p*pi - + - pm for certain nonnegative integers j, jr, 

- ++, jm. There exist elements #; and hf, in A such that Px=Mh(q, q2), P2 
=he(q, g2). If j>n—1, it follows from the last two equations that b| (x, 2), a 
contradiction; hence 0S$jSn—1. Similarly 0Sj;Sn;. Hence (q1, g2)-~d, one of 
the WN divisors of P. Since y is even, y=qp. Then y?=q?p? = 2? —x? = qigop? im- 
plies g?=q1g2. By Proposition 1 there exist s, ¢ with (s, #)~1 and units 1, % 
such that g1=152d, go =vet?d. By the remark following Proposition 2 there exists 
a unit m4 so that u?=vv, and y=updst. If we set u.=v; ‘ve and uz=v~!vy, then 
the relations Px =v-(q1—qz) and Pz=v—'(qi tq) show that x and z have the 
form stated in the theorem. It is also easy to see that w.=(u1/u3v)?. Finally, if 7 
is an irreducible factor of d, then r| y; hence (y, z)~1 implies 7/z. 

RemMarK 1. In the statement of Theorem 1 the condition that z is odd can 
be specified as follows: 


Case 1. If D is even, the conditions (s, t)~1 and Dz=u2(s?-+-uet?) require that 

s and t must both be odd, say s=aip+1, t=a.xp+1. Let the unit uw, be expressed 

by uw.=a;p—1. Then Dz=u;(aip+uazp +a3)p +u3(ai+mea2)vp?dD. Since D is 
even, it follows that z is odd if and only if (ajp-+-u.a3p-+4a3)p/D is odd. 

Case 2. If D is odd, the conditions Dz = u3(s?+ uot”), y=updst and (s, t)h~1 

show that z is odd if and only if s and ¢ are nonzero elements of A with opposite 


parity. 

The following notation will be used in Theorems 2 and 3. Let Py=2/up” 
= (,D, where d; and D, are complementary divisors, in particular d:=pf! - - - pm 
where 0Sk; <n; (¢=1, 2, +--+, m). We see that the number of (nonassociated) 


choices for d; is Ny=(m+1) - + + (tm+1). 


THEOREM 2. All primitive solutions in A of the equation x?+y?=2? with x odd 
and y odd are given (perhaps with repetition) by 


x = U3(s? — ut”) /p" Dy, y = ud,5t, z= us(s? + uot?) /p"Dy 


where U1, U2, Us are units with the property that ua= (u1/usv)? and s and t are param- 
eters such that s and t are both odd and (s, t)~1, x and zg arein A, 21s even and each 
irreducible factor of d, 1s not a factor of 2. 


Proof. lf x, y, 2 have the indicated form, then p?"Dj(z?—x?) =p**Diy? and 
therefore x, y, 2 is a solution. Since s and ¢ are both odd, y is odd; hence x is odd 
since z is even. Using essentially the same proof as employed in the proof of 
Theorem 1 we can show that (y. 2)~1. 
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Conversely, let x, y, g be a primitive solution with x odd and y odd. Then 2 
is even and therefore z+x=q, and 2—x=q: are both odd. From qi+q.=2z2 
=vp"Piz and gi—gq2=2x=vp"Pix, we have p*Py=v-"(qitgq) and p"Pix 
=y—!(q1—q2). It follows as in the proof of Theorem 1 that (q, g2)-~d1, one of the 
N, divisors of P1; the only modification in the proof is that r cannot be an asso- 
ciate of p since qi is odd. Since y? =z?—x?=4qiqg2 we see by use of Proposition 1 
that there exist s, ¢ with (s, 4)~1 and units a, v2 such that q,=v152d1, go =vel*di; 
from which it follows that s and ¢ are both odd. Finally using the same proof as 
employed in Theorem 1 we can show that there exist units 71, ue, “3; such that 
x, y, 2 have the form stated in the theorem, u2=(u1/u3gv)? and that each irre- 
ducible factor of d; is not a factor of gz. 

REMARK 2. In the statement of Theorem 2 the condition that z is even can 
be characterized as follows: Let s, t and u2 be expressed by s=aip+1, t=a2p+1 
and u,=a2:p —1. Then 

n 2 2 n+l 
p Dyz = uslaip + Uedep + a3)p + Us(a1 + Uede)vdiDip 
It follows that "1D, is a factor of u;(aip-—+u.azp-+as3) and that z is even if and 
only if (a?p-++-u2a3p +43) /p"!Di is even. 

Since the integers are embedded in A, primitive solutions in which x is odd 
and y is even always exist. In the next section we will see that there exist do- 
mains in which there are primitive solutions in which x and y are both odd and 
also domains in which such solutions do not exist. Therefore a natural question 
is: Is there a criterion under which we can determine whether these “odd-odd” 
solutions do or do not exist? An answer to this question is given in the next 
theorem. 


THEOREM 3. The equation x?+-y?=2? has primitive solutions in A in which x 
and y are both odd tf and only tf n 1s an even tnteger. 


Proof. Let n=2n’. Take ai, a2 in A with the property that a, and a2 have 
opposite parity and let s=a,p”’+1 and t=aep”’+1. Then s?—?=p"« where 
x =07 —az+uP1(a1—a2)p”"” and s?+i2=p"z, where g=aj+a3+vPi(ai+az)p” 
+vP,. Since a; and a, have opposite parity it is seen from these expressions for 
x and gz that x is odd and 2 is even. If y=vPist, then y is odd. Since p?"(z?—x?) 
= pny? we see that x, y, 2 is a solution. If g~(x, y, 2) and x=xg, y=jig and 
z=21g, then x1, y1, 2 is a primitive solution in which x, and y; are both odd. 

Conversely let n=2n’+1. Assume by way of contradiction that x =bp-+1, 
y=cp+1, z=ap is a solution. Upon substituting these expressions into the 
equation and cancelling » we have that a?p =(b?+c?)p+ep?”’t!+ Pip" where 
e=(b-+c)uP,. If n’=0, the left side of this equation is even while the right side 
is odd. In the case when n’=1 we use a “descent” argument to obtain a contra- 
diction by showing that for each integer k such that O<k<n’, there exist 
a, b,c, ein A such that a2p = (b?+c2)p+ep**t!1+vPip**. To this end assume that 
0<k+1<n’ and that there are elements of A such that a2 = (b?-+c?)p+ep™*+8 
+vPip**t2, If a is odd, then upon cancelling p from the given equation we see 
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that b and c have opposite parity. Let a=a,;p+1 and without loss of generality 
let b=bip and c=ap+1. It follows that 


2 2 2 2n!—2k Q2n'—2k. +1 2k 

arp = (bi + ci) p + (e+ cw Pip — ayPip )p + Pip 

which shows that the statement holds for the integer k. A similar result is ob- 

tained if a is even since in this case b and c must have the same parity. Finally 

we see that when we use the above statement with k =0 we obtain the same con- 
tradiction as in the case when n’=0. 


4. Two applications. Recall that we need to consider only primitive solutions 
in which x is odd, and that in Theorems 1 and 2 for each choice of d and d; 
respectively we obtain a particular form of the solutions. 


THEOREM 4. The totality of primitive solutions of x?+y?=2? in the domain of 
integers 1s given by the following two formulas where s and t range over the nonzero 
integers subject to the conditions that (s,t)-~1 and that s and t have opposite parity 
with respect to 2. 


x= 2 — £ x = — (5? — £?) 
1. y = 2st 2. y = — 2st 
zg=stP = — (5? + 2%), 


Proof. lf we let p=2, then the General Hypotheses are satisfied and in the 
factorization of 2 the exponent of p is 1. Thus the single form given by Theorem 
1 (corresponding to d=1=D) will give us all the primitive solutions. The com- 
binations of the units that satisfy the unit condition u2= (u1/uv)? where v=1 
are Wa=1, u41=+1=u3. Therefore upon using the result given in Case 2 of 
Remark 1 we see that the four formulas 


y= @— fp = — (s2— 2) a a = — (52 — 22) 
1. y = 2st 2. y = 2st 3. y= — 2st 4. y= — 2st 
g=s*+ 7 z= — (s? + 2?) Zg= s+ 7? g= — (s?+ £) 


will give us the primitive solutions as s and t range over the nonzero integers 
subject to the conditions as stated in the conclusion of this theorem. If s is 
replaced by —s and ¢ by ft in formula 1, then formula 3 is obtained. From this it 
is easy to see that formulas 1 and 3 are equivalent in the sense that each formula 
gives the same set of solutions of the equation. Similarly formulas 2 and 4 are 
equivalent. It is clear that formulas 1 and 4 are independent, that is, not 
equivalent. 


THEOREM 5. The totality of primitive solutions of x?-+-y?=2? in the domain G 
of Gaussian integers is given by the following set of four independent formulas 
where in 1. and 2. s and t range over the nonzero elements of G subject to the condt- 
tions that (s, t)~1 and that they have opposite parity with respect to 1+1, and 
where in 3. and 4., s=a,(1+72) +1, t=a.(1+7)+1 and a, and a2 range over G 
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subject to the conditions that a1 and ay have opposite parity with respect to 1+12 and 
that (s, t)~1. 


x= 52 — 72? x == 1(5? — 7?) x == (5? — £?)/2 x = i(s? — £?)/2 
1. y = 2st 2. y = 2ist 3. y= St 4A. y = ist 
g=s?+ 7 z= i(s? + 7) z= (s?-+ 2%) /2 z= i(s? + 2) /2. 


Proof. Under the function 6(a+07) =a?+0b?, G is a Euclidean domain [1, 
p. 123]. If p=1-++1, then p is irreducible [2, p. 17] and since 6() =2, if we use 
the division algorithm to divide an element of G by p then 6(7), where ¢ is the 
remainder, must be 0 or 1, that is 7 is 0 or a unit. Since the units of G are +1 
and +7 [2, p. 7], one can easily verify that uw; +2 is even as m1, “2 range over the 
units. Thus since 2 = (—12)p? the primitive solutions with x odd and y even with 
respect to 1++7 are of one of the two forms as listed in Theorem 1. Note that in 
the first form (corresponding to d=1, D=p) the condition that z is odd is 
equivalent to: if 1+.=a3p, then a3 is odd; this follows by use of the result 
given in Case 1 of Remark 1. But there are no solutions of the first form since 
there are no units 7, u2, uz in G such that 1+u.=a;p with a3 odd and using 
y= —7i such that uw.= —(u/u3)?. It can be seen that there are exactly 16 com- 
binations of the units of G that satisfy the unit condition u3u.= —uj. Upon sub- 
stituting each of these combinations into the formulas for x, y and z given in the 
second form of Theorem 1 (corresponding to d=), D=1) and using the result 
given in Case 2 of Remark 1, we obtain 16 formulas for primitive solutions, two 
of which are 1 and 2 as listed in the conclusion of this theorem. Techniques 
similar to those employed in the proof of Theorem 4 will show that all but 1 
and 2 can be eliminated. 

The primitive solutions in which both x and y are odd are given by the 
single form (corresponding to d;=1=Dy,) of Theorem 2. It is seen from the unit 
condition u,= —(u,/u3)? that uw, must be either +1 or —1. If w.=1, then the 
condition “(aip+usa3p-+as)/p is even” given in Remark 2 is equivalent to “a, 
and a, have opposite parity,” while if w,.=—1, then this same condition is 
equivalent to “a; and a, have the same parity.” When u.=1, then uj = —u3 and 
if we substitute the eight combinations of units that satisfy this condition into 
the general form given in Theorem 2 we obtain eight formulas for primitive 
solutions two of which are 3 and 4 as listed in the conclusion of this theorem. 
When u.= —1, then uj = 43 and we obtain eight additional formulas, but in these 
a, and a2 will have the same parity. As above all but 3 and 4 can be eliminated. 
Finally, it can be shown that the four listed formulas are independent. 


The author wishes to thank the referee for helpful criticisms and suggestions. 
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SOME REMARKS ON INVERTIBLE SPACES 
YIM-MING WONG, University of Hong Kong 


1, Introduction. Invertible spaces were first defined by P. H. Doyle and 
J. G. Hocking in [1] as follows: 


DEFINITION 1.1. A topological space X is said to be completely invertible +f, for 
each nonempty open subset G of X, there 1s an onto homeomorphism h: X-—>X such 
that h(CG) CG, where CG denotes the complement of G. h is called an inverting 
map for G. 


REMARK. To distinguish our definition (see Chapter 2.1 below) from that of 
Doyle and Hocking’s, we shall, throughout this paper, call a space which is in- 
vertible in the sense of Doyle and Hocking a completely invertible space, as 
has been done in the above definition. 

Using diverse methods, the authors of [1], [2] and [3] have proved among 
others the following results: 


THEOREM 1.1. Let X be a completely invertible space. If there 1s a non-empty 
open subset G of X having one of the following properties: 


(1) To, (2) 71, (3) separability, (4) satisfying the first axiom of countabil- 
ity, (5) satisfying the second axiom of countabtlity, (6) having a compact 
closure, (7) being Hausdorff, (8) being regular, (9) being normal, (10) 
metrizability, 

then X has also the corresponding property. 


In this paper, we improve these results by weakening the condition and pro- 
viding simpler proofs. 


2. T, T:, separability, satisfying the first axiom of countability, satisfying 
the second axiom of countability, having a compact closure and being Lindelof. 


LEMMA 2.1. Let A, B be two open sets in a topological space X such that 
X=AUB. If A and B have one of the properites (1)—(6), stated in Section 1, or 
are Lindeléf, then X has also the corresponding property. 


Proof. Let A, B be To, and x, yEX such that x #y. We now prove for x or y 
that there exists an open neighborhood in X which does not contain the other. 
If x, y are not at the same time in A or B, then the existence of such an open 
neighborhood is obvious, (namely, A or B). If x, y are at the same time in A, 
then since A is 7», there is an open neighborhood U of x or y in A, and also in 
X as A is open, which does not contain the other. It is similar for the case that 
x, y are in B. We have then proved in any case the existence of such an open 
neighborhood, hence X is 7. 

We can prove similarly that if A, B are 7, then X is also 73. 

Let A, B be separable and A1, Bi be countable dense subsets of A, B respec- 
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tively. We see first that Ai1\/By is countable. By a theorem stated in [4, p. 53], 
since A\B and B\A are separated, 


(A1U By)7 = (ALN A)- 1 A) U (BLO B)- CO B) = (ATO A) U (BT B) 
=AUB= xX. 


This proves that A1.B, is dense in X; hence X is separable. 
In case A, B have one of properties (4)—(6) and are Lindeléf, the verification 
that X has the corresponding property is straightforward. 


DEFINITION 2.1. A topological space X is said to be invertible with respect to 
an open subset G of itself tf there 1s an onto homeomorphism h: X—>X such that 
h(CG) CG. This homeomorphism h is called an inverting map for G. 


REMARK. Obviously, if X is invertible with respect to every nonempty open 
subset of itself then it is completely invertible. However, a topological space X 
which is invertible with respect to an open subset need not be completely in- 
vertible. For example, let R= { x: —-ao<x<+o i the real line with the usual 
topology, let G= fx: x< 1} and let be the homeomorphism R—R defined by 
h(x) = —x. Then h(CG) CG so that R is invertible with respect to the open sub- 
set G. But X is not completely invertible. In fact, by Theorem 1.1, if a completely 
invertible space is locally compact then it is compact. Since R is locally compact 
but not compact, R is not completely invertible. 

From the above remark we shall see that the following theorem is stronger 
than that stated in Section 1. 


THEOREM 2.1. Let X be a topological space invertible with respect to an open 
subset G. If G has one of the properties (1)—(6), stated in Section 1, or is Lindeléf, 
then X has also the corresponding property. 


Proof. Let h be an inverting map for G. Then f-! is also a homeomorphism of 
X onto itself and #-(G) is an open subset of X. Since h(CG) CG, we have 
h-*(G) DCG, and hence X =GUA-V(G). 

Now all the properties mentioned in Theorem 2.1 are topological; therefore, 
if G has one of these properties, then h—1(G) has also this property. 

It is shown in Lemma 2.1, however, that if X is the union of two open sub- 
sets having one of the above mentioned properties, then X itself also has the 
corresponding property. 

The theorem is thus proved. 


3. Being Hausdorff, regular or normal. In what follows, for two subsets 
A, B of a topological space X, we shall say that they are strongly separated if 
there are two open sets U, V such that ACU, BCV and UNV=@. 


DEFINITION 3.1. Let X be a topological space, G1, G2, two open subsets of X such 
that X =G,V/Gao. 

(i) If for each xEGi\G2 and yEG\Gi, {x} and iy} are strongly separated, 
then X 1s said to have so-property with respect to G; and Go. 
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(ii) If for each xEG:\Gi, {x} and Gi\G, are strongly separated, and for each 
yEGi\Gs, {y} and G:\G, are strongly separated, then X is said to have Si-property 
with respect to Gy and Gy. 

(iii) If Gi\Ge and G2\Gi are strongly separated, then X is said to have So- 
property with respect to Gi and Go. 


REMARK. Obviously, if Gi and Gz are open subsets of a topological space X 
such that X =G,\UGe, then Gi\G: and G:\Gi are disjoint closed subsets of X. 
It is then clear that a Hausdorff space has the sy-property, a regular space has 
the si-property and a normal space has the s:-property with respect to every 
pair of such Gi, Ge. 


LEMMA 3.1. Let X be a topological space and A, B and C subsets of X. If A 
and B are strongly separated and A and C are strongly separated, then A and BUC 
are strongly separated. 


Proof. Let Ui and V1 be two disjoint open neighborhoods of A and B, and 
Uz, and V2 two disjoint neighborhoods of A and C, respectively. It is easy to 
see that U= Ui(\ U2 and V= ViU V2 are disjoint open subsets of X such that 
ACU, BUCCV and UNV=2@. 


LEMMA 3.2. Let X be a topological space and G an open subspace of X. If two 
subsets A, B of G are strongly separated in G then they are strongly separated in the 
space X. 


Proof. It follows from the fact that open subsets of an open subspace are 
also open in the original space. 


LemMA 3.3. Let X, Y be two topological spaces and h a homeomorphism of X 
onto Y. Then, A, B are strongly separated iff h(A) and h(B) are strongly separated. 


Proof. This follows from the fact that a homeomorphism is a 1-1 onto map- 
ping and preserves openness. 


THEOREM 3.1. Let X be a topological space having the so-property with respect 
to G1 and Gz. If Gi and G2 are Hausdorff, then X is Hausdorff. 


Proof. Let x, yEX and «x+y. If x, y are at the same time in A then, since A 
is Hausdorff, {x} and {y} are strongly separated in A and, by Lemma 3.2, in 
X also. Similarly, {x} and {y} are strongly separated when they are at the 
same time in B. If x€A\B and yEB\A, then by the so-property, they are 
strongly separated in X. 


PROPOSITION 3.1. Let X be a completely invertible space, G a nonempty open 
subset of X and h an inverting map for G. If G is Hausdorff, then X has the so- 
property with respect to G and h-\(G). 


Proof. We have seen in the proof of Theorem 2.1 that X is the union of the 
open sets G and h-\(G). If A=GNh(G) = @, then G and h-\(G) are both open 
and closed, and so X obviously has the so-property with respect to G and h-(G). 
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If the open set A¥ @, let g be an inverting map for A. It is clear that g(x), 
g(y)—A CG, and g(x) ¥g(y). Since G is Hausdorff they are strongly separated 
in G, hence by Lemma 3.2 in X also. By Lemma 3.3, {x} and iy} are strongly 
separated in X. 


CoroLLARY 3.1. Let X be a completely invertible space. If X has a nonempty 
open subset which is Hausdorff, then X 1s Hausdorff. 


THEOREM 3.2. Let X be a topological space having the s:-property with respect 
to Gi and G2. If Gy; and G2 are regular, then X 1s regular. 


Proof. Let F be a closed subset of X and let x«CX\F. We assume first that 
xEGi\G.. Let Fik= FOG and F:= FO (G2\Gi). It is seen that Fi is closed in 
Gi, Fz is closed in both G.\Gi and X, and F=/iUF,. On the one hand since Gi 
is regular and open, by Lemma 3.2, {x} and F are strongly separated. On the 
other hand, since X has the si-property with respect to Gi and Gz, {x} and F¢ 
are strongly separated. By Lemma 3.1, since F= FU F2, {x} and F are strongly 
separated. The proof is similar in case xEG2\Gi. If xE@GiG: then, by Lemma 
3.2, since G, and G, are regular and open, {x} and F/\G; are separated for 
4=1, 2. By Lemma 3.1, {x} and F are strongly separated. 

The theorem is thus proved. 


PROPOSITION 3.2. Lei X be a completely invertible space, Ga nonempty open 
subset of X, and han inverting map for G. If G is regular, then X has the si-prop- 
erty with respect to G and h-\(G). 


Proof. We have seen in the proof of Theorem 2.1 that X is the union of the 
open sets G and h-1(G). If A=GNh-\(G) = @, then G and h~(G) are both open 
and closed, and so X obviously has the si-property with respect to G and h-(G). 

If A¥@, let F¥p=G\h-\(G) and Fo=h-(G)\G, and let g be an inverting 
map for A. It is clear that g(/;) and g(F2) are disjoint closed subsets of X both 
contained in A, and hence in G also. Since by assumption G is regular, for each 
xe Fi, { g(x) } and g(F:) are strongly separated in G and, by Lemma 3.2, in X 
also. By Lemma 3.3, {x and F, are strongly separated. 

We can prove similarly that, for each ye Fy, {y} and F are strongly sepa- 
rated. 

This proves that X has s1-property with respect to G and h—(G). 


CoROLLARY 3.2. Let X be a completely invertible space. If X has a nonempty 
open subset which is regular, then X is regular. 


THEOREM 3.3. Let X be a topological space having the so-property with respect 
to Gi and G2. If Gi and G2 are normal, then X is normal. 


Proof. Let S and T be two disjoint closed subsets of X. Consider the follow- 
ing subsets: 

Sy = § CN (G1\G2) ; Sg 

Ty = TO (Gi\G2); T» 


l 


SO (Gi Ge); S3 = S OV (G2\G1)5 
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It is seen that S=S,US,U/S; and T= 7,0 TAU Ts. 

On the one hand, by assumption, Gi is an open and normal subspace of X. 
Since SyW/S2, T1\./T>2 are disjoint closed subsets of Gi, they are strongly sepa- 
rated in X. It is then clear that 

Gi) Ty and S,US_ are strongly separated; 

(ii) ZT, and S,\/S, are strongly separated. 

Similarly, we see also that 

(iii) T3 and S,.US3 are strongly separated; 

(iv) TJ, and S,.US3 are strongly separated. 

On the other hand, since by assumption X has the s.-property with respect 
to G; and Ge, we see that 

(v) 7, and S; are strongly separated; 

(vi) 73 and S; are strongly separated. 

By making use of Lemma 3.1, we obtain from (i)~-(vi): 

(a) JT, and S are strongly separated; 

(b) 7, and S are strongly separated; 

(c) 73 and S are strongly separated. 

Using Lemma 3.1 again, we see from (a)-(c) that T and S are strongly 
separated. 

The theorem is thus proved. 


PROPOSITION 3.3. Let X be a completely invertible space, G a nonempty open 
subset of X, and h an inverting map for G. If G is normal, then X has the s>- 
property with respect to G and h-(G). 


Proof. It has been seen in the proof of Theorem 2.1 that G and h~\(G) are 
both open in X, and X =GUA-\(G). If GNh(G) = @, then the assertion is 
trivial. Let A =GOh-\(G)# ©, and let g be an inverting map for A. Then 
g(G\h-(G)) and g(h-1(G)\G) are closed (in X) disjoint subsets in A, and hence 
in G also. Since G is normal by assumption, g(G\%-1(G)) and g(h-1(G)\G) are 
strongly separated in G and, by Lemma 3.2, in X also. By Lemma 3.3, G\h-1(G) 
and h-(G)\g are strongly separated. Thus X has the s»-property with respect 
to G and h-\(G), as was to be proved. 


COROLLARY 3.3. Let X be a completely invertible space. If X has a nonempty 
open subset which 1s normal, then X 1s normal. 


REMARK. As has been pointed out in the Remark after Definition 2.1, the 
real line R with the usual topology is not completely invertible. But it is easy to 
see that R has the so-property, si-property and so-property with respect to 
Gi={x:x<1} and G={x:x>—1}. This shows that our Theorems 3.1, 3.2 
and 3.3 are stronger than the corresponding results stated in Section 1. 


4. Metrizability. 
LEMMA 4,1. Let X be a topological space and S a closed subspace of X, If B, 
a family of subsets of S, 1s o-locally finite in S, then tt ts o-locally finite in X. 


Proof. Let B=U;2, B;, such that B; is locally finite in S for each 7. For xEX, 
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if «© S then there is an open subset G of S such that xGG and G intersects only 
finitely many members of B;. Being a relative open set G can be written as 
G=G,C\S where Gi; is open in X. It is clear that G, intersects also only finitely 
many members of B,. If xGCS, the complement of S, then, since S is closed, 
CS is an open set containing x which does not intersect any member of Bj. 
Therefore B; is locally finite in X, and hence B is o-locally finite in X. 


THEOREM 4.1. Let X be a topological space, invertible with respect to an open 
subset G with inverting map h. If X has the s\-property with respect to G and 
h-!(G), and if G~ is metrizable, then X 1s metrizable. 


Proof. By a metrization theorem in [4, p. 127], we know that a topological 
space X is metrizable iff it is 71, regular, and its topology has a o-locally finite 
base. 

Let X satisfy the assumptions stated in Theorem 4.1. Then by Theorem 2.1 
and Theorem 3.2, X is 7; and regular. It remains to show that the topology of 
X has a o-locally finite base. Since G~ is by assumption metrizable, it has a o- 
locally finite base, say B,. But having a o-locally finite base is a topological 
property; therefore h-1(G-) has a o-locally finite base, say Bz». 

By Lemma 4.1, B,; and By are o-locally finite in X; then so is B,\W/ By. Let 
B= { BOG: BEB,} and B= {BOh(G): BEB}. It is clear that B, and B, 
are bases for G and h-1(G) respectively. Hence B,\B, is a base for X, as each 
open set O in X is the union of ONG and ONh-\(G). Since BiU Bz is o-locally 
finite in X, B,\ By is also o-locally finite in X. Thus, X is metrizable, as was to 
be proved. 

REMARK. If X is metrizable, then obviously X has the s,-property with re- 
spect to G and #-1(G), and G~ is metrizable. 


5. An example. The following example shows that for being Hausdorff, 
regular, normal, and metrizable, a theorem of the same type as Theorem 2.1 
does not hold. 

Example. Let r be the usual topology for the real line R. Consider the follow- 
ing family of subsets of R: 


#={A:AGrand1,-1€ A}U{A\{1}: 4 G7, 
16 A} U{aA\{-1}: 47, -1€ 4}. 


It is easy to verify that (R, 7) is a topological space. Let G= {x xER and 
*741} and the homeomorphism h: R->R defined by h(x) = —x. It is easily seen 
that (R, 7) is invertible with respect to G with the inverting map h. 

We now prove that G is Hausdorff, regular, normal and metrizable, but 
(R, 7) is not. 

Since a metrizable topological space is Hausdorff, regular and normal we 
need only to prove that G is metrizable but (R, 7) is neither Hausdorff nor 
regular nor normal. 
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Consider the map f: R->RXR defined by 
fO = @, @ — 1)@+ 1). 


It is easy to verify that the restriction of f to G, as a subspace of (R, 7), is a 
homeomorphism of G onto the subspace f(G) of RXR, with the usual metric 
topology. Since f(G) is a metric space, G is metrizable. 

Since {1} and {—1} are disjoint closed subsets of (R, 7) which are not 
strongly separated, (R, 7) is neither Hausdorff nor regular nor normal. 


The author wishes to thank Professor Young-Chow Wong for his supervision during the 
preparation of this paper. 
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SHRINKING BASES IN BANACH SPACES 
J. R. RETHERFORD, Louisiana State University 


1. Introduction. A Schauder basis in a Banach space X is a sequence = 
with the property that for each xCX there is a unique sequence of scalars ja; 
such that x= > a.x;, convergence in the norm topology. If f; is defined by 
fi(x) =a; then f; is a continuous linear functional on X and f,(x;) =6,;, the 
Kronecker delta. Throughout this note we will write {x;, f;} for the basis {x,} 
in X and the associated sequence of coefficient functionals { fi in X* and speak 
of the basis { 24, fit for X. 

A basis { x4, fit for X is 

(A) shrinking if lim,||f||,=0, where||f||, is the norm of f€X* on the closed 
linear span of 4 len 

This notion is due to James [4], although the word shrinking appears to 
have been introduced by Day [2]. The usefulness of this concept has been aptly 
demonstrated by James [4, 5, 6] with his now famous characterization of re- 
flexive spaces with bases which led to the construction of a nonreflexive Banach 
space isometrically isomorphic to its second conjugate space. 

In this expository paper we introduce a number of concepts which are 
shown to be equivalent to shrinking. While most of these equivalences are 
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known, they are scattered throughout the literature and this appears to be the 
first offering of a “cyclic” proof of these equivalences. 

Included in the bibliography is every paper, known to the author, concern- 
ing shrinking bases. 


2. Notation and facts concerning bases. If {y;} is a sequence in a Banach 
space Y, [y,|tGw], [y:|¢Sn] and [y.|¢2=n] denote the closed linear spans of 
lystta, (ysfter and yi |", respectively. 

A sequence {y,} in a Banach space Y is said to be a basic sequence in Y if 
yn} is a Schauder basis for [y,|nCGw]. We say that {yn, ga} is basic in VY if 
Vn{ 18 a basic sequence in Y and Zn} is the associated sequence of coefficient 
functionals. 

The following well-known results are stated here for easy reference. 


Turoren 2.1. If {x., f;} is a basis for a Banach space X then 

(i) { fis Ox} is basic in X*, where O 1s the canonical map of X into X**; 

(ii) if Unlx) = >" filx)xz and Vale) = di2.4 filx)oy then there isa K>0 such 
that || U,||<SK and || V,||<K for each nEw; 

(iii) for each FEX**, supa|| 0? FUfdxi|<+o; if {an} is such that 
SUDn | asx; <-+ © then thereisan FE X** with FUfi) =a;; 

(iv) for each hE X*, supy 1 7 h(x) | < +o; af {Gn} 4s such that 
supn || >.7 aifil| <-++ © then there is a hEX* with h(x) =a;. 


A proof of (i) and (ii) may be found in [2] and of (iii) and (iv) in [19] (see 
also [20], cor. 3, p. 210, Lemma 2, p. 212 and prob. 27, p. 214). 


3. The equivalences. Consider the following properties that a basis {x,, f:} 
for a Banach space X may possess: 

(B) lima || Vi(f)|| =0 for each fEX*, where V* is the adjoint of the oper- 
ator V, defined in 2.1 (ii); 

(C) jf: Ox; } is a Schauder basis for X*; 

(D) 4x3, fi} is weakly uniform, i.e. >07° fi(«)x; converges uniformly in the 
weak topology for « in the unit ball of X; 

(EF) A bounded sequence {yn in X must converge weakly to zero whenever 
lim, fx(vn) =0 for each KEw; 

(F) A bounded sequence |y,} in X must converge weakly to zero whenever 
fr(yn) =0 for K <n; 

(G) lim, dist(f, [fi|¢<]) =0 for each fEX"*; 

(H) [fm| mn] is w*-closed for each n; 

(1) 1 T={FEX**| oP F(f)x; converges} then QX =T; 

(J) The mapping wu: X** into E defined by u(F) = { F(f))} is a linear homeo- 
morphism of X** onto E, where E= { {a,}|sup,|| 5°? awd] <0}, with |] {a,}|| 
=supn || Di axil|; 

(K) [fn| nGw] = X*; and, 

(L) supn || tail <+ implies Do? a,f; exists. 
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THEOREM 3.1. Let { xz, f;} be a basis for a Banach space X. Then the properties 
(A) through (L) are equivalent. 
Proof. (A)=(B). By 2.1 (ii) there is a K such that || V,||<K for all nGw. 
Thus, if fEXx*, 
|Vt4l] = supt | #7) |] lel] < 1} S [lfll-sup{V.()|| | lal] = 1) 
= |[fllal| Val] S [lf 


By (A), lim, ||fl],=0 and so (B) holds. 

(B)=(C). Let I be the identity operator on X and J the identity operator 
on X*, Then V,=J— U, for each n (see 2.1 (ii)), and if fEX* it is clear that 
Unf) = Lif («afi Thus, 


VEC = || — On) *f|| = ]o — UDF] =|LF — Ve fed. 


Thus if (B) holds, it follows that f= yr f(x) fi= er Oxi( f) fi. Since Oxs( fi) 
=f :(«,;) =6,; it follows that the expansion is unique and so (C) holds. 


(C)=(D). Let U(O; g1, + + + , gp; €) be a weak neighborhood of 0 in X. From 
(C) we obtain the existence of an N such that n= N implies ||g;— 507 g;(x.)fill 
<e,j=1,---+, p and so | g,(x)— 3% g;(x)fi(x)| <e if ||x|]| <1, ie. {x., f;} is 


weakly uniform. 

(D)=(E). If fEX* and e>0 consider the weak neighborhood U(0; f; €/2). 
Suppose that {y,} is a bounded sequence in X such that lim, fx(y,) =0 for 
each KCw. Without loss of generality we may suppose ipl $1. Since {x,, fit 
is weakly uniform there is an N such that |f(ya)—f( 07 filyn)xs)| <€/2 for all 
n€wo. Since lim, fx(yn) =0 for each K Cw there is a p such that n2p implies 
fC yet fin) xs) | <e/2. Therefore | f(yn)| <eif n=p, i.e. {yn} converges weakly 
to zero. 

(E)=(F). This implication is trivial, 

(F)=(G). Suppose that (G) does not hold. Then there is an fyGX* such 
that lim, dist(fo, [f;]7$2]) #0. From the isometry X*/|f;|i<n] =([fi|¢Sn] 1)* 
we have dist(fo, [fi|¢S2]) =sup{|fo(x)| ]xE[filisn], ||x||s1}. Since 
fix;)=8,; it follows readily that [f,Jisn]1l=[x,|¢2=n+1] and so 
dist(fo, [fila S n]) = sup{|folx)| |x € [x.|¢ = un + 1], ||xl] S 1}. Thus, since 
lim, dist(fo, [f7<n]) #0, there is an e>0, an increasing sequence of positive 
integers {nx , and Yay & [xc =ny+1], || nal <1 such that | Fo(V ny) | =eand so 
{Yng f does not converge weakly to zero. Clearly fr(yn,) =0 if K<ny. Thus 
(F) does not hold. 

(G)=(H). Tf (AH) does not hold there is an ” such that M, = fA in| is not 
w*-closed and so there is an f©X*\M, such that f(x)=0 for all xE(M,) 1. 
Since x,€(M,) 1 we have f(x,) =0 and so f¥f, since f,(x,) =1. It follows that 
f €[f.| new]; for, if fE[f.| ne] then by 2.10), f= i? fledfi= Dmen Medfi 
since f(x,) =0. Thus fE M,, contradicting fEX*\M,. 
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On the other hand, dist(/, [fn | n€w]) <dist(f, [f:|¢<n]) and so if (G) holds 
we have dist(f, [f,|€@w]) =0, whence fE [f,|@w]. This contradiction shows 
that (G) implies (H). 

(H)=(1). If M, = [f;|¢4n] is w*-closed for each n it follows that [f;|iGo] 
is w*-closed. But {f;} is total over X and so the span of {f,;} is w*-dense in 
X*: thus awe is all of X*. Thus by 2.1(i) for each fEX*, f= oP f(xdf; 
(convergence in the norm topology). If FE X** is such that >? F(f)x:i=xr 
exists then for each fE X* we have 


(F ~ Que)f = F(f) — flee) = F(f) -s( > Px) 


= Fy) - F( Dslwdfs) = 0 


Therefore F=Qxpr and so TCQX. On the other hand, since { X iy fil is a basis for 
X we have OX CT and (I) holds. 

(1)=(J). Suppose FE X** and w(F)=0. Then F(f;)=0 for each 7 and so 
>t F(fi)«:=0. From (1) it follows that F=QOxp for some xrCX. But 0= F(f;) 
= Oxr(fi) =fi(xr) for each 7 and so xry=0. Thus F=0 and so p is one-to-one. 
That p is onto follows from 2.1(iii). Also, for FE X** we have 


l|u(F)|| = sup || D2 FG)s.|| = sup sup 
n 1 n  |{rl|S1 


> F (fi) f(x) 


S ||F| sup sup || Le fed fe|) = [IF] sup || U4] S KILFI| by 2.14), 
since || Uz|| =|| U,|| for each nm. Thus uw is continuous and hence, by the open 
mapping theorem, a linear homeomorphism onto E. 

(J)=(K). If [fn| new] AX* then, by the Hahn-Banach theorem, there is 
an FCX** such that F(f:)=0 for each «1 and F0. Thus yp is not one-to-one 
and so (J) does not hold. 

(K)=(L). If sup, 1 >” afl <-+o then by 2.1(iv) there is an hC X* such 
that a;=h(x,) for all 7. By 2.1(i) and (K) we have h= Do? h(x) fi= Do? ax; and 
so (L) holds. 

(L)=(A). If hE X* then by 2.1(iv) sup, | >.” h(xx)fr|| <-+o and so by 
(L), >? A(xx)fx exists and clearly must be equal to hk. For e>0 choose Vn 
= din ai [x,|¢2n] such that |ly,||=1 and | h(y,)| >{|nl|,-e/2. 

Then |h(y,)| = | OP hexdfe( De aw)! = | O dex fx( Oz awd] 
< (|| OP k(xx)fx)|| since ||y,|| = 1. If N is chosen such that » = N implies 
| Dow A(x) fx||<e/2 then |[All,n<|A(yn)| +e/2S|| D2 h(wx)fxl| +e/2<e. Thus 
(A) holds, completing the proof of the theorem. 


4, Remarks and unsolved problems. In [18] Singer proved the following 
theorem: 
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THEOREM 4.1. Jf 1X4, fil 1s a Shrinking basis for a Banach space X then X* 
ts linearly homeomor phic by the mapping 


n 


Dy afi 


1 


vif {f(x} to F = {fan} | sup 


<+ oo}, 


where the norm on F is defined by || {an}|| =sup, || >.” a.fil. 


We observe here that the hypothesis that the basis be shrinking in 4.1 is 
extraneous, 1.e. 


If (xi, fit is a basis for a Banach space X then v is a linear homeomorphism 
from X* onto F where v and F are as defined in 4.1. 


To see that pv is one-to-one observe that v(f) =0 implies f(x;) =0 for each 7 
and so, since {x;, f;} is a basis for X, f=0. That v is onto follows from 2.1 (iv). 
If fEx* then 


lPAl| = sup 


peas 


= sup sup 
n ||z|]S1 


s |[fll sup [|Uall = xii 


by 2.1(ii). Thus v is continuous, and so, by the open mapping theorem, a linear 
homeomorphism of X* onto F. 

Of course in the preceding proof we have tacitly assumed that F is a Banach 
space. The only property not immediately obvious is that F is complete. We 
sketch a proof of the completeness. 

Let {a } be a Cauchy sequence in F, a™ = {as } , then from the definition 
of the norm in F it follows that, for each 1, {a\”} is a Cauchy sequence of scalars. 
Let a;=lim,.. a”. Since {am} is Cauchy in F there is a positive real number 
M such that ||a™|| < M for every n. Let K be a fixed positive integer. There is 
an Nx such that n> Nx implies || })* (a;—a‘”)f,|| <1 and so 


K 


Do afi 


1 


| 


2 (as — a;" Jf 


+|lo ||S$ M41 ifn> Nx. 


Thus supx || > * af; 
F is complete. 
Finally we list two unsolved problems related to the material in this paper. 
Pi. If X* is separable and X has a basis does X have a shrinking basis? 
P2. Does there exist a nonreflexive Banach space X with a basis such that 
every basis in X is shrinking? 
In connection with P2 it is known that a Banach space X is reflexive if and 
only if every basic sequence in X is shrinking (see [8] and [14]). 


| <M+1 whence a= {a;} EF. Clearly lim,... a =a, and 
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ON THE MOESSNER THEOREM ON INTEGRAL POWERS 
C. T. Lone, Washington State University 


1. Introduction. In a paper [1, p. 29] in 1951, Alfred Moessner conjectured 
that the natural kth powers can be generated in the following interesting way: 
From the series of natural numbers strike out every kth number. From the re- 
sulting series form the series of partial sums and from this series strike out every 
(k —1)-st number. Again form the series of partial sums and now delete every 
(k—2)-nd number. Repeat the process k—-1 times, striking out every second 
number the last time and forming the final series of partial sums. This final 
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series of partial sums is the series of natural kth powers. For example, for k=4 
we obtain 


12 3 £4 5 6 7 $ 9 10 11 W--- 
1 3 11 17 24 33 43 BA 

1 4 15 32 65 198 

1 16 81 


and we note that 1=14, 16=2*, and 81 =3+*. That Moessner’s conjecture is true 
was first proved by Oskar Perron [2, pp. 31-34] using the method of mathe- 
matical induction. I. Paasche [3, pp. 1-5] derived Moessner’s theorem as a 
consequence of general theorems on the theory of generating functions and H. 
Salié [4, pp. 7-11] used mathematical induction to prove a theorem concerning 
the application of the Moessner process to an arbitrary sequence. 

In this paper we use mathematical induction and an interesting generaliza- 
tion of Pascal’s triangle to prove that if Moessner’s process is applied to the 
arithmetic progression 


a,a+d,a+2d,a+3d,---, 
the final series of partial sums is given by 
a-1F1, (a + d)-2'-1, (a + 2d)-3*-1,.- - 


The same method could be used to prove Salié’s theorem from which, in turn, 
the present result can be derived. Of course, if a=d=1, the present result re- 
duces to Moessner’s theorem. 


2. Generalization of Pascal’s triangle. For 20, OSnXr, let (n, r) denote 
the rth element in the nth row of the array 


bo 
an by 
ae ai+b1 De 
as do+ai1+b1 di+bi+be, bs 
07] . a3t+detai+hy d-+2a1-+26,-+-b2 di t+bitbe+b; by 


As Astastaotaitdi d3+2ae+3a14+3bi14+02 de+3a1+301+202+-b3 aitditdetdstd, 5 


defined recursively by 
(n, 0) = dn, n =1, 
(1) (n, 2) = bn, n = 0, 
nr) tmrti)=at+i,r+1), OSrsn—-1,221. 
Extending the array, it is not difficult to guess that 


n—-?r —{|— r —1— 
(2) nn = %(" ‘Vat O(" 6, n2=2,1<rSn-—1. 
~— 


‘=1 1 j=1 y—J 
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This is clearly true for 1 =2. Suppose that it is also true tor n=m. Then, by (1), 
(m+ 1,1) = (m,0) + (m, 1) | 
m1 /m—~—-1—i 1 /(m-1- 
ECE ae BC 


i=1 j=l 1— J 


85) OT) 


i=1 j-1 \l — 7 


(m+ 1,m) =(m, m — 1) + (m, m) 
= >i a o> a De 


i=1 m— 2 j=1 m—1— 
1 


m— 1 m (m—Jj 
("Nock Bm 
i=1 \m — 1 j=1 \M — J 
and, for 2Srsm-—1l, 


(m + 1,7) =(m,r — 1) + (m, 17) 
m—r+1 —{—-— r—1 —{— 
Ee BCLs 
i=1 r—2 j=1 r—-i-jg 
m—r —{-— 7 r —{1-— 7 
FECT BOTs 
mi\ r—i jar\ J 
m—-r —{1-— 3 —{i-— 7 
= Om—r4i+ >, {(” ‘) + (” ‘\t a; 
i=1 r—2 r—i1 
r—1 —{-7 —{1—7 
se BCI DCTS 
jar Vr —1—jJ r—Jj 
m—r+l1 m—t1 r m—Jj 
= > ( Ja+ d( Ys 
m1 Wl j=l \ — J 


Thus, (2) holds for n=m-+1 if it holds for n=m and so, by mathematical induc- 
tion, it holds for all n22 as claimed. 


3. Proof of the main result. To see how the discussion of the preceding para- 
graph applies to the problem at hand, consider the following array for the case 
k=A4: 


a atd a+2d at+3d a+4d a+5d at6d ated... 


(3) a 2atd 343d 4at+7d 5a+12d 6a+t8a 
a 3a+¢d 7at+8d 1246-200 
a 8a+8d 


It is clear that this is simply a sequence of triangular arrays each constructed 
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like the generalized Pascal triangle above. Alternatively, we may consider the 
array: 


d d d d -t- d d d qd --+-. 
a atd at2d «a3 a+4d a+5d at+6d g+7d 
(4) a atd 34e+3e 4at+7d S5a+12d 6a+t8 
a 3aFa 7a+8d 124+200 
a 8a+8d 


obtained from (3) by the obvious addition of the row of d’s. Again the triangu- 
lar arrays involved are generalized Pascal triangles, but here the elements in the 
first column of any particular array are the partial sums of the elements in the 
last diagonal row of the preceding array. Thus, in the second triangular array 
in (4) 
= d, 
a+4d=d+ (a+ 3d), 
4a+ 7d=d+ (a+ 3d) + (a+ 3d), 


and so on. 

In general, we consider an array like (4), constructed by the Moessner pro- 
cess by initially deleting every (k-+1)-std with k=2. Fort21,n20, OSrSn, let 
(n, r), denote the rth element (reading from upper right to lower left) in the 
nth diagonal of the fth triangle in the resulting array. In (4), for example, we 
have that (3, 0)1=d, (3, 1)1=a+2d, (4, 2)2=6a+18d, and so on. In these terms, 
then, our claim is that 


(5) (Rk, k), = tH -fa + (¢ — 1)d} kR21,t2 1. 


In fact, more generally, we claim that 


k—1 k 
(6) Gne= @- a ( ‘et + al Je, k21,t21,0857S 8, 
r— r 


k—1 
( ) =0. 
—1 
For t=1 we obtain (6) from the results of Section 2 with n=k, a;=d for 


171k, and b;=a for 1sjSk. Thus, (R, 0)1=d, (Rk, k)1=a, and, for 1<rsk—1, 
we see from (2) that 


(ky )s = =" 4) at > a 


i=l j=1 r—j 


where we agree to set 
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Ce) Gober Gene 
k 


Thus, (6) holds for ¢=1. 
Suppose that (6) also holds for t=m; i.e., suppose that 


k—1 k 
(7) (2,1) m = ( i) — d) +( ) mid Osrse. 
a 7 


Then, since the partial sums of the diagonal elements of the mth triangular 
array form the elements in the first column of the (m+1)-st array, in determin- 
ing the values of (R, 7) m1 we use the results of Section 2 with a;=d for 1Sisk 
and, by (7), 


j 
b; = 2) (k, 5) m 


-E o-oo Swrsa( 2) 


for 1<j8:k. Thus, by (1), (&, 0)myi1=a,=d and 
(R, R) m-+1 = b; 


(8) 


= (a — d)(m + 1)*1 + dim + 1)*. 
Moreover, since d=a; and we are taking 
k—1 
Co) 
to be zero, we have from (2) and (8) that 


kt /k — 1 — 
(b, na = > ( ‘ 4 


i=1 r—1 


B51) Efo—oC awe a( a} 
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“oC dee 9 BEC )C2 a) 


EEC CG) 
9 EEC, )G—a)" 
EEC CG) 


—J 
eo 9 EC) wr eZ) 
a DEC wre (EC) 
=@-a("7 i) ont ty ta") mt ay 


for 1Srsk—1. 
Thus, (6) is true for :=m-+1 if it is true for =m and the result follows by 
mathematical induction. 
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SOME REMARKS ON THE PARTITION FUNCTION 
M. V. SuBBARAO, University of Alberta, Edmonton 


1. Preliminaries. Kolberg [2] was probably the first to prove that the parti- 
tion function p(m) (which denotes the number of unrestricted partitions of the 
positive integer 2) takes both odd and even values, each of them infinitely often. 
This result is also contained in the Advanced problem No. 4944 (1961, 76) pro- 
posed by M. Newman and solved by J. H. van Lint and the proposer (1962, 69, 
p. 175) in this Monru ty. As a wide generalization of this result M. Newman [3] 
conjectured that for all integers m22 each of the congruences 


p(n) =r (mod m), OsSrsm-—ti, 


his infinitely many solutions in positive integers n. He proved this conjecture 
for m=2, 5, 13, 65 ([3], [4]). 
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In this note we prove that p(2n+1) takes even and odd values, each of them 
infinitely often. It should be noted that our result implies Kolberg’s result and 
yet is not covered by Newman’s conjecture. We also prove some other congru- 
ences and end up with some conjectures. 


2. A recurrence formula with a congruence. In the sequel we write 
o(a) =[L[G-2), |[a| <4; 
n=1 


a(n) and t() for the sum and number of divisors of m respectively, and define 
a(0)=0; 4(0) =p(0) =1, p(n) =0 for n<0. Also we write @ for the operator 
xd/dx and recall that 


(2.1) 1/o(x) = Dd) p(n)x, 
(2.2) 8 log(1/o(x)) = Dd) o(n)x*, 


where, unless otherwise specified, all summations are from n=0 to n=, 
In addition to the classical result due to Euler on the power series expansion 
for ¢(x) we use the following well-known and easily proved result: 


Lema 1. For all positive integers m and all divisors d>2 of 24, 
(2.3) a(dm — 1) = 0 (mod d). 


This holds for d=2 if and only if dm—1 is not a square integer. (Of course 
(2.3) holds trivially for d=1.) A simple proof of this result, given in [5], is 
based on the fact that if d>2, the integer VN =dm—1 is nonsquare, and for any 
t| N, t-+(N/t) =0 (mod d). This leads to 


Lema 2. Let d=2 be a dwisor of 24. For all nonsquare N for which 
(2.4) N = — 1 (mod d) 


we have 


k(3k — 1 
o(N) = 2) (-1)*4 (3 + aa) P(N — k(3k — 1)/2) 


(3k + 1) 
+ (: + a P(N — (3k + 1)/2)h (mod d). 


REMARK. If d>2, any WN satisfying (2.4) is a nonsquare integer. 
Proof. From (2.1) and (2.2) we have 


d(x) Dy mp(n)a" = Di a(n). 


Equating the coefficients of x” on both sides and using Lemma 1 we have the 
required result. 
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COROLLARY. For N, d as given above, 
(2.5) p(N — 1) + 2p(N — 2) — 5p(N — 5) — 7p(N — 7) + -+- =0 (mod d), 
the general term on the left being (—1)*-'k(3k41)/2 p(N—R(3k+1)/2). 


This follows on combining the result of Lemma 2 with Euler’s power series 
expansion for ¢(x). In particular, setting d=3 and observing that k(3k—1)/2 
=k (mod 3) and k(3k+1)/2=—k (mod 3) we have for all N=2 (mod 3), 


Dd (—1)"1{ pW — k(3Rk — 1)/2) — p(N — k(3K + 1)/2)} =0 (mod 3). 
k21,3{k 
3. Parity of p(2n+1). 
‘THEOREM 1. The congruences p(2n+1)=0 (mod 2) and p(2n+1)=1 (mod 2) 
have each an infinite number of solutions in n. 


Proof. We apply an argument similar to Kolberg’s to the relation 
(3.1) p(W) + p(W — 2) + p(W — 12) + p(W — 22) +--+ =0 (mod 2), 


which is valid for any positive odd integer N which is not a perfect square, 
where in the left member of (3.1) the general term is p(N—k(3k+1)/2) pro- 
vided k(3k+1)/2 is even. This relation is a consequence of Lemma 2. 

Assuming, then, that the theorem is false, let m be the largest odd integer for 
which p(m) is even (odd). Setting r=32m+8 and N=m-+r(3r—1)/2 it is easily 
verified that N=2 (mod 3) and hence not a square integer. Further, since N is 
odd, the congruence (3.1) applies and the last term in the left member of the 
congruence is p(m). Setting a,=k(3k—1)/2, b, =k(3k+1)/2, the terms of the 
sequence 1, 01, dz, bo,- ++ taken modulo 2 recur, the recurrence cycle being 
1,0, 1,1, 0, 1, 0, 0. Recalling the values of r and N in terms of m it is seen that 
in the left member of (3.1) the number of terms is even, being 32m-++8; of these 
the only even (odd) term is p(m). Hence for this choice of NV the congruence 
(3.1) cannot hold, thus proving the theorem. 


4. The function s,(m). Let a1, a2, + + +, @pimy denote the number of parts 
(summands) in the p(m) partitions of m arranged in some order. We define 
S,(m) =aj+ +++ +@5q so that s,(2)=p(m). We shall write s(n) for s(n). Let 


so that 1/é(~, 0)=1+Biw+Box?+ +--+, where B,=b%+ --- +h%™, It is 
easily seen, using differentiation with respect to b a couple of times and setting 
b=1 (and defining s,(n) =0 for nS0) that 


o(x) 2) s(n)a = Do i(n)a”, 
d(x) Dy so(m)a™ = (DY t(m)ar)? -+ D7 o(n) a". 


Using the Euler expansion for (x), the congruence properties for o(m) in Lemma 


(4.1) 
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1 and the fact that #(n) =0 (mod 2) unless 1 is a square we can prove not only 
recurrence relations for s(m) and s2(m) as in Lemma 2, but also: 


THEOREM 2. The functions s(n) and s2(n) take infinitely often even as well as 
odd values. 


The proof of this is analogous to that of Theorem 1. The function s(m) occurs 
in a recent paper of Fine [1], where (4.1) is obtained by a different method. A 
generating series for s,(m) for general values of r seems to be fairly complicated. 


5. Concluding remarks. The author has been unable to prove the analogue 
of Theorem 1 for $(2n)—namely that, for infinitely many n, p(2n) is odd (even), 
but believes it to be true. It might be conjectured that s,(m) takes both even and 
odd values, each infinitely often, for all integers r20, and probably more, that 
for all integers R21 and all a, OSa<k, each of the congruences s,(nk-+<a) 
=0 (mod k), s,(nk+1)=1 (mod k) hold for an infinite number of integers n 
and all integers r= 0. 

In a recent private communication to the author, Professor O. Kolberg 
proved that p(2n) takes even as well as odd values infinitely often. Following 
Kolberg’s method, the author has now proved similar results concerning 
p(4n+r) (r=0, 1, 2, 3). These, as well as further extensions, will appear elsewhere. 


References 


1, N. J. Fine, Sums over partitions, Report of the Institute in the Theory of Numbers. Uni- 
versity of Colorado, Boulder, (1959) pp. 86-94. 

2. Oddmund Kolberg, Note on the parity of the partition function, Math. Scand., 7 (1959) 
377-378. 

3. Morris Newman, Periodicity modulo mand divisibility properties of the partition function, 
Trans. Amer. Math. Soc., 97 (1960) 225-236. 

4, , Congruences for the partition function to composite moduli, Illinois J. of Math., 
6(1962) 59-63, 

5. M. V. Subbarao, Congruence properties of o(m), Math. Student, (1950) 17-18. 


SOME THEOREMS ON EXPANSIVE HOMEOMORPHISMS 
RICHARD WILLIAMS, Southern Methodist University 


In this note, a new theorem concerning expansive homeomorphisms will be 
proved, and an elementary proof of a known theorem appears as a corollary to 
the new theorem mentioned above. 

The following theorem was first proved by Jakobsen and Utz in [4]. We 
now give a new proof. 


THEOREM 1. If D ts the closed unit disk, then there does not extst an expansive 
homeomorphism on D. 


Proof. Let f be an expansive homeomorphism on D with expansive constant 
5. Let C be the boundary of D. Since f maps C onto itself, f is expansive on C. 
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Also, since f is expansive if and only if f” is expansive for 10 if f has a periodic 
point, we may assume that the point is fixed, ([5], Theorem 2.2). 

Suppose x is fixed under f. Then f is expansive on C— {x}, and there is a 
homeomorphism g of C— {x} onto (0, 1) such that g~! is uniformly continuous. 
Hence gfg-! is expansive on (0, 1), a contradiction, ([1], Theorems 1, 3 and 4). 
Therefore f has no periodic points. 

There exists 7 such that 0<71<min (6, 1) and such that d(x, y) <7 implies 
d(f(x), f(y)) <1. Also, there exist a pair of positively asymptotic points, ({2], 
Theorem 2). Hence there exist a and b such that 20 implies d(f"(a), f"(b)) <n. 
Let A be the arc from a to b of diameter less than y. Then it follows by induction 
that f*(A) is the arc from f*(a) to f*(b) of diameter less than 7 for k=0,1,---. 
Thus each two points of A are positively asymptotic, since x, yGA implies 
d(f*(x), fé(y)) <n <6 for R=0, 1,---, (see [2], Lemma 1). 

We will now show that mn implies f"(A)(f"(A) =@. If this is not true, 
there exist x, yCA such that f(x) =f"(y), ie, y=fm-"(x). Since x, yEA, 
d(f*(x), fe(y)) =d(f*(x), fm-"t*(x)) 0 as ko. There exists a subsequence 
{k;} and a point pEC such that f*i(x)—p. Then fr-"+*#(x) f"™-"(p), so fr-"(p) 
=p, a contradiction to the assumption that f has no periodic points. 

Since R20 implies diam (f*(A)) <6, for each integer NV <O there exist a 
pair of points in A so close that they never get 6 apart under f" for n2 N. Thus 
there is asequence O>m>me> --- such thatdiam(/"*(A)) >6forz=1,2,---. 
But 7+7 implies f"*(A)f"i(A) =. Thus we have an infinite number of disjoint 
arcs, each of diameter greater than 6>0, a contradiction. 

Hence f is not expansive on C, and is therefore not expansive on D. 

In Jakobsen and Utz’ proof of the preceding theorem, they stated that the 
set of points doubly asymptotic to a fixed point is at most countable. A stronger 
statement can be made. 

Henceforth, we assume that f is an expansive homeomorphism on X with 
expansive constant 6. 


THEOREM 2. If X is compact, then the set of poinis doubly asymptotic to a given 
point 1s at most countable. 


Proof. Let x be given. Then y is doubly asymptotic to « if and only if there 
exists a positive integer N such that |n| =N implies d(f(x), fn(y)) <6/2. Let 
Ay={y:|n| 2N implies d(f*(x), f"(y)) <6/2}. Then the set of points doubly 
asymptotic to x is Uy_, Aw. Suppose some Ay, say Aw, is infinite. There exists 
n>0O such that d(y, z)<7 implies d(/"(y), f"(z)) <6 for | | <M. Since Ay is 
infinite, there exist y, z@ Am such that d(y, 2) <n. Then d(f"(y), fr(z)) <6 for 
each n, a contradiction. Thus each Ay is finite, and Uy_, Aw is at most count- 
able. 

The method used in the proof of Theorem 2 can also be used to prove the 
following theorem: 


THEOREM 3. If X is complete and self-dense, then for each xCX and for each 
neighborhood N of x, there exists yCN such that x and y are not doubly asymptotic. 
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Proof. Suppose that each yCWN is doubly asymptotic to x. There exists a 
compact perfect set ACW ([3], p. 103, exercise 2-46). Using the notation of 
Theorem 2, A4CUy_, Ay. Since A is uncountable, A intersects some Ay in an 
uncountable number of points. But since A is compact, the same reasoning 
used in the proof of Theorem 2 shows that each A(\Ay must be finite. We thus 
have a contradiction, and the theorem is proved. 

The following theorem of Bryant (|2], Theorem 3) is an obvious corollary 
to both Theorems 2 and 3: 


CoROLLARY. If X is compact and self-dense, then for each xCX and for each 
neighborhood N of x, there exists yEN such that x and y are not doubly asymptotic. 
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ON A THEOREM OF POLYA 


R. KELLNER, Case Institute of Technology 


Introduction. In [1] Polya considers the two classical boundary-value prob- 
lems 


(1) Au + ru = 0 in D, “u=0 on C; 
(2) Au + pu = 0 in D, du/dn = 0 on C; 


D is a simply connected bounded plane domain, C its boundary curve, A the 
Laplace operator, and m the normal to C. Corresponding to the problems (1) 
and (2), respectively, are the two sequences of eigenvalues 


O<rA1.<A,.SA3Su8°°°, 
O=m<peSusSmS--:: 
Polya then proves the theorem: 
Let A stand for the area of D. If D 1s a plane-covering domain, then 
(3) At 2 4rk AM}, k=1,2,3,---. 
If Dis a regularly plane-covering domain, then 
(4) Me & 4r(k — 1) AM}, k=1,2,3,---. 


D is said to be a plane-covering domain if an infinity of domains congruent 
to D, admitting congruence by symmetry, cover the whole plane without gaps 
and without overlapping. Concerning regularly plane-covering domains, we 
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need only know that the definition of a regularly plane-covering domain is more 
restrictive than that of a plane-covering domain. 

Polya’s proof of (4) is more complicated than his relatively simple proof of 
(3). We shall give here a proof of (4) that is analogous to and as simple as 
Polya’s proof of (3). Furthermore, we shall prove (4) for plane-covering do- 
mains. Our method of proof of (4) is different from Polya’s in that we relate the 
py, to the d; and use the relation (11) which concerns the \,. Polya works only 
with the w,, for which no relation analogous to (11) holds. 

Proof of theorem. Besides the plane-covering domain D we shall consider the 
domains D™,7=1, 2, 3. As us, Xx, A are related to D, so are pu, 1, A® related 
to D™, 1=1, 2, 3. 

We define D™ to be a square with unit side, and so 


(5) AWM = J, 


(6) lim \p k= 4qr. 
k- 0 
The relation (6) is well known and is easily obtainable from the explicit form of 
AY (see [2], pp. 429-431). 
We define D™ to be similar to D, so that the length of any line in D® is to 
the corresponding length in D as h is to 1, and so 


(7) A®@) = f2A, 

(2) —-2 
(8) Mk >= h Mk 
The relation (8) is easily derived from the differential equation. D® is, like D, 
a plane-covering domain. Without leaving gaps, we fill the plane with non- 
overlapping domains congruent to D. Let m be the number of those among 
these congruent domains that intersect D*”, so that these n domains cover D™, 
Let us define D™ to be the union of these m domains; as h-—>0, n— ©, and so 
(9) lim 1A® = 4), 


(10) D® > D, 
Relation (10) implies (see [2], p. 409) that 


(11) Me SME 


Let *u® be the kth number, arranged in order of increasing magnitude, in 
the combined set of eigenvalues belonging to the subdomains congruent to 
D® whose union is D@), Then (see [2], p. 409) 


* (3) (3) 
(12) Me Sm. 


Furthermore, we have that (see [2], p. 410) 
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(13) ue Sy 


Relations (11), (12), and (13) are all simple consequences of the maximum- 
minimum characterization of the eigenvalues. 
By definition, 


* (3) (2) . 
(14) Mk—l)n+é¢ ~ Mk; t= 1,2,+-+, 0. 


Using (8), (14), (12), (13), and (11) we have 
(15) hn s Ne —dynsss 7=1,2,--+, mn. 
In order to get the best upper bound for uw, we pick 7=1, and so 


@ (1) 
(16) Me Sh dX e—1)n41- 


We can rewrite this as 


(17) pe S [2 — tn + 1) [rangi — Dn + 1Y. 
Using (5), (7), and (9) we have 
(18) lim 2h? = A-, 


Letting h--0, n—, and using (6), (17), and (18) we have the resulting 
THEOREM. Let D be a plane-covering domain; then 
Mk & 4r(k — 1) A+}, = 1, 2, 3, , 7 8 6 


This note was written while the author was supported by a National Science Foundation 
Undergraduate Research Program. 
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A GROUP-THEORETIC CHARACTERISATION OF THE PRIMES 


V. O. S. OLUNLoYO AND A. D. WEtss, University of Ibadan, Nigeria 


In a previous paper [1], we defined an admissible number as one whose 
totitives form a complete system of residues mod ¢(m), and we proved that 15 
is the only composite admissible number. This yielded an arithmetical near- 
characterisation of the primes. In this paper, we obtain first an alternative 
characterisation of admissibility in terms of groups of residue classes. Combining 
this with the well-known group-theoretic formulation of the existence of prim- 
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itive roots, we obtain an elementary group theoretic characterisation of the 
primes. 


An alternative characterisation of admissibility. Let 7,,, be the set of totitives 
of a fixed natural number m. 


Tm = {ti 1St<m, (tm) = 1}. 


Consider Rn, the set of distinct residue classes mod ¢(m) which are represented 
in 7;,. For which m does R» form a group under addition mod ¢(m)? It is obvi- 
ous that every admissible number has the property. In this case R,, is of maxi- 
mal order ¢(m). It is perhaps conceivable that even if R» is not of maximal 
order, it could yet form a group, viz. some subgroup of the cyclic group of order 
o(m). That this is not so, is the content of the theorems which follow. Thus 
we obtain a characterisation of admissibility in terms of group notions. 


THEOREM 1. If Rnis a group under addition mod $(m) then the order of Rm ts 
maximal t.e. d(m). 


We state two simple lemmas. 


Lemna I. For any n, the residue classes mod n form a cyclic group under addi- 
izon mod n with Class 1 as generator. 


Lemna II. If H 1s a subgroup of a cyclic group C and H contains a generator 
of C, then H=C. 


Proof. Let Km denote the cyclic group of order ¢(m). If Ry is a group under 
addition mod ¢(m) then it is a subgroup of K,,. Since (1, m) =1 for any m, Class 1 
is always in R» and the theorem follows from Lemmas I and II. 


THEOREM 2. The necessary and sufficient condition for Rm to form a group 
under addition mod ¢(m) ts that m be admissible. 


Proof. If m is admissible, i.e. if R,, is complete, by Lemma I it forms a group. 
Conversely if R,, forms a group, Theorem 1 implies that R,, contains @(m) dis- 
tinct classes mod ¢(m), viz., m is admissible. 


COROLLARY 2.1. Rm ts a (cyclic) group under addition mod $(m) if and only if 
m 1s either 15 or a prime. 
This follows from [1]. 


A characterisation of the primes. It is well known that the congruence classes 
prime to m form a group Gm under multiplication mod m and that G» is cyclic if 
and only if m has a primitive root, e.g. [2]. Also m has a primitive root if and 
only if m=2,4, p* or 26%, where p is an odd prime and a a natural number. Com- 
bining these results with Theorem 2, we get 


THEOREM 3. The totitives of m form a (cyclic) group under addition mod $(m) 
and a cyclic group under multiplication mod m af and only tf m is prime. This pair 
of group structures thus serves to characterise the primes. The two groups, being 
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cyclic of the same order, are 1somorphic. We are thus enabled to restate the result 
slightly differently thus: 

The totitives of m form a group under addition mod }(m) tsomorphic with the 
multiplicative group mod m tf and only 1f m 1s prime. 
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A NOTE ON GENERALIZED EQUIVALENCE RELATIONS 


H. E. Pickett, California Research Corporation, Richmond, California 


J. Hartmanis [1 and 2] has introduced the notion of a partition of type n, 
for sets having at least 2 distinct elements, by means of the following definition. 


A partition of X of type nis a family CO, of subsets of X satisfying (1) each mem- 
ber of Pn has at least n elements, and (2) each n distinct elements of X belong to 
exactly one member of On. 


Partitions of type 1 are the usual partitions of a set, and partitions of type 2 
are incidence geometries; i.e., families of lines such that each line has at least 
two points and any two distinct points belong to exactly one line. 

It is a well-known fact that partitions of X of type 1 correspond in a one-one 
way with the families of equivalence relations on X. It is the purpose of this note 
to demonstrate an analogous family of relations for partitions of type n. These 
we call generalized equivalence relations or, more specifically, equivalence rela- 
tions of type x. 

Let @, be a partition of X of type xz. Set E,= { (x1, rey %n41) | for some 
PEG,, each x;EP i. E,, is a relation of rank 7-+1 on X, and it is easy to check 
that E,, satisfies the following three axioms, where we are using ©,,41 to denote 


the set of permutations on (1, 2,°°¢, n+i}. 

E1,. Ax, ce Axn | (x1, 5 8 8 5 Xny X1) CE,,|. 

E2,. Axi +>: Axn41| (21, 28 Xn) © Ey PW Ate GSnatl (xrays +8, Xe(n4ty) 
CE, |]. 

E3n. AxoAxy + + + AXpAXny1|0:%x;, for 747, 7,7=1, «+ + ,2, (Xo, X1y * + + Xn) 
CE,/\(m, so 8 yy Xny Xn41) CE,— (xo, sty Xn—1y Xn41) CEn |. 


For partitions of type 1 these axioms reduce to 


E1,. Ax[(x, x) GE, |. 
E2,. AxAy[(x, y)E€Ei-(y, x) CE, I. 
E3,. AxAyAz[(x, y) EE A(y, 2) ECE (x, 2) CE]. 


These are, of course, the conditions defining equivalence relations. 
Now let X be a set with at least m elements and E, a relation on X of rank 
n+1 satisfying E1,, E2,, and E3,. For each set of ” distinct elements x1, - + +, Xn 
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in X let Pix, mee, Xn} = {w| (x1, °°, Xny u)CE,}, and let @, be the family 
of all P 1X1, -++,Xa;. From axioms E1, and E2, it follows that each member 
of @, has at least m elements. Suppose mCP im, mse, Xn } and a4x;, 7=1, 

-,n. Also suppose u is any member of Pix, rey Xn}. Using E2, freely, 
we have (a1, %,,°°:,%1)CE, and (%,,-°-:, 1, u)CE,. By E3, we conclude 
that (d1, Xn, ° °°, Xe, u)CE#H, or that P{m, coe , Xn} CP la, Xo, °° Xn}. Ina 
similar way, Pia, Xe, tt, x, }CP{x, sey tn}. By a finite induction, if 
(1,°°°*,@, are any 7 distinct elements in P{ x, ve Xnt, then P{x1, ve Xn} 
= Pia, mee, an}. If a,---+,a@, also belong to Pim, rey yn} then 
P{\x1, me, Xn} =P{y,, my yn}. Hence each nu distinct elements of X belong 
to exactly one member of @,. It is clear that if E, arose from a partition ©, , 
the partition recovered in this way is identical to the original. 

If a relation FE, satisfies £1, and £2, on a set of fewer than 2 elements, one 
sees that E, =X", It is natural to take the partition arising from E, as that 
having X as its only member. This agrees with the convention Hartmanis 
makes to extend the definition of partition of type 2 to sets with fewer than n 
elements. 
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SETS OF INTEGERS UNDER ADDITION 


R. E. DRESSLER, student, University of Rochester 


In this note we show that sets of positive integers, closed under finite sums, 
may be characterized by divisibility properties. Corresponding results for sets 
of arbitrary integers follow trivially. 


DEFINITION. If S={5s1, se, +--+} is @ set of integers, we define g.c.d. (S) 
= ($1, Soy). 


THEOREM. Jf S 1s a set of positive integers, closed under finite sums, a necessary 
and sufficient condition that g.c.d. (S) >1 ts (u, v) >1 for all u, vES. 


Proof. Necessity is trivial. We prove sufficiency by contradiction. Suppose 


g.c.d.($)=1. Order S by size, S= { St, Sa tt i. Then, by the hypothesis, 
there exists a smallest integer ~ > 2 such that (s1, 52,°:-+,5n) = 1. Let 
(Si, Se) ° + + Sat) =O>1 so that (s,, 6) =1. We can then find integers c; such 


that b= >°77/ c;s;. But, 


n—1 n—1 n—1 
b+5n >, lelss= (lela tasEs and (5+ 5.5 | cel ss 50) =1 
i=1 i=1 


a=1 


which contradicts the hypothesis that (u, v) >1 for all u, vES. Thus if (u, v) >1 
for all u, vES then g.c.d. (S)>1. 
As a corollary, we have the following interesting result. 
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DEFINITION. A set T'1s a tail of and only wf there exists a positive integer t, such 
that T contains exactly those integers Zt. 


THEOREM. If Sis a set of positive integers containing no tail and if S is closed 
under finite sums, then g.c.d. (S)>1. 


Proof. It is a well-known theorem (see [1]) that if x and y are positive 
integers with (x, y) =1 and if A is the set of all integers of the form ax+-by, where 
a and b range over the set of positive integers, then A contains every integer 
greater than xy. Thus, since S does not contain a tail, (a, b) >1 for all a, DES. 
This implies that g.c.d.(S) >1. 

For completeness, we include a proof of the above quoted result. 

Proof. We can clearly find nonzero integers c and d such that cx-++dy=n, for 
any given positive integer n. If d<0, let rx be the least positive multiple of x 
such that d+rx>0. Then, (c—(r—1)y)x+(d-+rx)y=n+xy and (c—(r—1)y)x 
-+eyzn+exy. Thus, c—(r—1)y2en/x>0, and c~—(r—1)>0. Since A is closed 
under finite sums, n+-xy€A, for every positive integer 2. Thus, A contains 
every integer >xy. If c<0, a similar argument holds. Finally, if c, d>0, it fol- 
lows easily that n+xyCA. 


The author wishes to thank the referee for his helpful comments. 
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A MEAN VALUE THEOREM—AN EXTENSION 


T. V. LAKSHMINARASIMHAN, Madras Christian College, Tambaram, Madras, India 


Let f(x) be defined in the interval [a, b] and differentiable in the interval. 
Further let f’(a) =f’(0). Then there is a point & in (a, b) such that 


fQ@ -f@ _,, 
ee EE), 
E—a 
The above result is a mean value theorem due to Flett ([1], p. 121; [2], 


p. 39). 
In this note we obtain an extension of the above result. 


THEOREM. Let f(x), defined in the interval |a, b], be continuous in [a, b| and 
differentiable at x=a and x=b. Further let the four Dini derivates ({1]) ft(x), 
f(x), f- (x), f_(x) exist and be finite in (a, b). Then tf f’(a) =f" (6) there exists a &1, 
a<&<b, such that 


(1 prey) sO ghey 
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COMMENTS ON INVOLUTORY MATRICES 
J. H. Hopces, University of Colorado and University of California, Berkeley 


In a note in this MonrTuHLy a few years ago [vol. 63 (1956) 704-709], Nisar 
A. Khan proved some elementary theorems concerning involutory matrices 
(matrices A such that A?=J, the identity matrix) with real (and in particular, 
rational integral) elements. 

It is perhaps worth noting that 


1. All of the following of his results (and proofs given) hold for any involutory 
matrix A of order n over any field not of characteristic 2, with r=rank (I+A) and 
k=any positive integer: 


THEOREM 3. A is similar to diag(I;, —In_:) for some t, OStSn, depending on 
A. 


Tueorem 4. [(1+.A)/2]|* are idempotent. 

Tueorem 5. [(J-+A)/2]* and [(I—A)/2]* are orthogonal to each other. 
THEOREM 6. rank (I+A)*+rank (I—A)*¥=n. 

THEOREM 7. A has characteristic polynomial | «l —A| =(x—1)"(x+1)"-. 


2. The following partial analogs of his results (and proofs given) hold for any 
anvolutory matrix A over any finite field of q=p! elements (including trivially the 
case where p=2). 

Theorems 7’, 8’, 9’. {2([+A) }*#2A =2I for k=q or 2q—1. 


This note was written under the support of NSF Science Faculty Fellowship 64203. 
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A THEOREM ON POSITIVE QUARTIC FORMS 
M. L. Banpy, IBM San Jose Research Laboratory 


A fourth order partial differential expression 


na? 82U (1, «+ + 5 an) 
LU = Sy ——aspaltiy «=» a) 
ijkl=1 OX{OX; OxX,0X1 


is said to be elliptic in a domain D in R, if the quartic form 


nN 
FS > Qejerhinjnunr 
ijkl=1 
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is positive definite in the interior of D. One difficulty with this definition arises 
when studying the properties of the expression {fp ULUdx, - - - dx,. Two ap- 
plications of Green’s Theorem yield 

PU #U 


| xvae = > Qijkl 
D 


D tjkl=1 OX;0X; OX,0X1 


dx -+ boundary terms. 


This focuses attention on the quadratic form 
/ 


n 
O= Do aaerianer- 
tjkl=1 

The definition of ellipticity gives no direct information on Q. In the case n =2, 
however, V. K. Zakharov in [1] stated (but did not prove) a theorem in which 
the positive definiteness of F implies the positive definiteness of a quadratic form 
Q derived from 0. 

This paper is concerned with extending and proving Zakharov’s theorem. 

We consider the quartic form, 


(1) P(E, 93 %1, %2) = a&4 + 4bE8n + 6ckn? -+ Adin? + en4, 


where the coefficients are real functions of (x1, x2), smooth in some domain 
D(x1, x2). When we make the substitutions £—w &—-, 72-22, the correspond- 
ing quadratic form is 


(2) O(w, y, 83 1, %2) = aw? + dbwy + 4cy? + 4dyz + ez? + ews. 


THEOREM A. Let F(E, 7; x1, x2) be given in D, the closure of D(x, x2). Then 
there exists a function d(x1, x2), defined in D, and as smooth there as the coefficients 
of F, such that 

(i) wnside D, F>0 if and only if O>0; 

(ii) on the boundary of D, F20 tf and only if Q20; for all real £, n, w, y, 2 
such that &-+-n? 40, w?-+y?+2?40, and where 


Q = QA, W, ¥, 2; %1; x2) = O(w, Y, 2; X41, 2) ~ AN (x1, x2) (y? ~~ wz). 


Proof. Q(A, &, &, 72; x1, x2) = F(E, 7; 1, x2). Thus, “if” is immediate in both 
(i) and (ii). To prove the “only if” part, without loss of generality, we can take 
70. Let 


(3) g(t) = (1/9 )F(E, 05 1 %2) = at + ABE + Oct + Adi +e, 


where ¢=£/n, and (x{, x9) is any point in the interior of D. Since g(t) >0 for all 
real ¢, at every interior point of D, g has no real roots. This imposes conditions 
(see [2]) on the coefficients of g: 

1) [2—27/2>0, 

2) HZ), or 12 H’?<TJa?, 

3) a>0, and e>0, 
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where H=ac—b?, I[=ae—4bd+3c?, and J=ace+2bcd—ad?—c*—eb?. Condi- 
tions 1) and 2) may be put in the more convenient form, 

1’) I>0 and [./T+3+/3J>0, 

2') H+a./I/12>0. 
The form Q(, x, y, 23 %1, X2) can be written as 


a 2b c+ 2vA7P%x 
(4) QO = (x, 4, 2)| 20 A(c —X) 2d y |= XTOX. 
c+ 2X 2a € z 


Q is positive definite if and only if the determinants of its principal minors are 
positive, that is, 


Gi) a> 0, 
(5) (ii) ac — b?— a> 0, 
(iii) 443 — (ae — 46d + 3c?)X + aec + 2bcd — ad? — c? — eb? > O. 


Conditions (ii) and (iii) may be rewritten as follows: 

Gi’) H—ar>0, 

(iii’) 443—JA+JS>0, 
where H, J, and J are defined as above. Set \= —+/J/12, and it is easy to verify 
that conditions (i), (ii’), and (iii’) follow from conditions 2’), 1’), and 3), re- 
spectively. \ is real since [>0 and is certainly as smooth as the original coeffi- 
cients a, b, c, d, and e. 

We now consider the situation on the boundary of D. Wherever F is positive 
definite, the previous argument holds, so we suppose F=0 for some (x/, x/) 
on the boundary of D and some choice of £ and 7, &?-++-y?0. There are two pos- 
sibilities and we must examine them both. 

1) Both a and e vanish for some (x/, x3). Then F has the form 


FC, 0; “1, xe) = 4bE%q +- Ock'n? + Adin? = 0, 


for all £, 7, but this is impossible unless d and d vanish also. Thus F actually has 
the form F=6céy?20, i.e., c(x!, x7) 20. The corresponding form of QO is then 
Q=4(c—)y?+2(c+2Ad)xz. This will be negative for some x, y, and z, unless 
c+2A=0, and c—\AZ0. So we take N= —c/2 and again the condition of the 
theorem is satisfied. [Note that in this case c/2=+/T/12.] 

2) At least one of a and e is nonzero at (xi, x/). Since F is symmetric in & 
and 7, we can assume a>0 and ¢e20. Moreover, if 7=0, F(é, 0; x1, x¢ ) =a&4%0, 
since £?-+-?0, we can take 7 £0, and examine the polynomial 9(é). The roots of 
g(t) are finite. We are assuming that F=0 for some real choice of £ and 7; 
therefore, g(¢) has at least one real root. A simple geometric argument shows 
that the four roots of g(#) =0 must have the form t= +78, te, t2, where th, f2, and 
6 are real. Thus, 
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et) = [¢— (a + 8) ft — (4 — é8) [2 — By 
=f —2(t+t)t + (e+ 4hte +h +B Et 
— 2h + tite + 8 )t + tai +B). 
Comparing coefficients we have 
b/a = — (1/2) (4 + #2), 
c/a = (1/6) (te + Atte +i +B), 
dja = — (1/2) (tite + tits + 28), 


e/a = io(ty + B), and [= (1/12)a [(ts — ts)” + B |. 
The conditions on QO(A, x, y, @; %1, %2) for positive semidefiniteness (which are 
easily obtained from the matrix expression (4)) are: 


(i) a= 0, 
(ii) ac —-a\.— 8? 20, 
(iii) 443 — (ae — 46d + 3c?) + ace + 2bcd — ad? — c® — eb? 2 0, 
(6) (iv) e2 0, 
(v) c-AZ2O, 
(vi) ec —-eX—d?20, and 


(vii) ac — (c + 2d)? 2 O. 


We choose \= —+/J/12 = — (a/12) [(t: -t)?++6?]. It is now a straight-forward, 
if tedious, calculation to verify that conditions (6) are indeed satisfied. Further- 
more, with this choice of \, condition (6-iii) reduces to an equality. Comparison 
with conditions (5) shows that we cannot have positive definiteness for this 
choice of A, since condition (5-iii) is violated. It remains then to demonstrate 
that no better choice of ) exists. 

We set \=A-+e and examine again conditions (6-ii) and (6-iii): 

(i) ac—a\—b? = (1/4)a2s? —ae= (a2/4) (s?—4e/a), 

(ii) 413 — (ae —4bd+3c*)\-+-ace+ 2bcd — ad? —c* — eb?) 

= — (e/a?) [(h—t)?+(s?—4e/a) |. 

It is clear that the only choice of € that will make both of these expressions 
nonnegative is e=0. 

A useful extension of Theorem A may be obtained by allowing &, 7, x, y, and 
z to be complex. Set 


F(E, 3 %1, %2) = a&7&? -+ 2b(EEq + EER) 
+ c(4| én |? + 2H? + 2?) + 2d (q2EH + HEN) + enH?, 
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O(x, ¥, 25 1, #2) = a| «|? + 2b(e9 + By) + c(4| y |? + 0B + 22) 
+ 2d(jz + yz) + e| 2[% 


THEOREM B. Theorem A is valid if F and O are as given in (1) and (2), when 
£7, x, y, and z are allowed to range through all complex numbers, (a, b, c, d, and e 
are all real). 


Proof. 1. lf F(E, 7; x1, x2) 20 for all complex £ and 7, then F2O, for all real & 
and 7. 

2. Conditions (5) are necessary and sufficient for O(x, y, 2; X1, X2) >0, with 
x, y, and z complex also. 

3. Conditions (6) are necessary and sufficient for 020 with x, y, and z 
complex. 

Thus Theorem B is a corollary of Theorem A, and the choice \= —+/I/12 
suffices for the complex case also. 

Note. It is clear from the proof of part (i) of Theorem A that if A(«1, %e) 
satisfies |A+-V I/ 12| <p(x1, x2), where p>0 is sufficiently small, then A will still 
satisfy the theorem. Thus, \ can be chosen as a C® function in any compact sub- 
domain of D, bounded away from the part of the boundary of D, where F=0 for 
some choice of &, 7. 


Acknowledgment. The author acknowledges with gratitude the valuable assistance of Dr. 
M. V. Menon. 
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PATHS OF MINIMAL LENGTH WITHIN HYPERCUBES 
R. A. Jacosson, Houghton College 


The reflection principle has been used quite successfully in solving many 
extremum problems in plane geometry [2, 3]. A recent note [1], discussing 
the limitations of purely analytic methods, extends the method to 3-space and 
employs reflections in order to find paths of minimal length within a cube. In 
this note we consider still another problem, suggested by M. S. Klamkin, that 
of finding paths of minimal length within a hypercube. Since a sequence of re- 
flections of hypercubes in 4-space is rather hard to visualize and impossible to 
draw, we find the method of analysis, employed in the preceding paper [1], is 
not altogether useful. Thus, we reconsider the previous problem in 3-space and 
develop an attack involving only constructions in 2-space. Although this tech- 
nique has the disadvantage of being somewhat lengthy, it is worthy of note since 
it is easily extended to 4-space. Not only does the following discussion disclose 
a solution technique, it is also beneficial in developing one’s concept of 4-space 
and gaining insight into some of its fascinating properties. 
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In the following we let F;; be the face of a cube lying in the plane x;=j. In 
order to motivate the eventual attack in 4-space, we begin with a familiar prob- 
lem in 3-space (prob. 1b, [1]). 


Three-space problem. Let us consider the shortest closed path within the 
3-cube that begins at point p(0, 1, 1) on Fiy and touches the faces Foo, Fis, Feo, 
Foo, gq successively. We begin our analysis as before; that is, we construct a 
sequence of reflections through faces Fao, Fis, Fs, Fo, Fo. Instead of working 
with the resulting polyhedron, however, we consider the two polyhedra “be- 
fore” and “after” reflection through face F,, and project these orthogonally onto 
the plane x1=2, see Figure 1(a) and (b). Also included are the projections, p* 
and p’*, of p and its final image p’. It is evident that all paths within the poly- 
hedron will pass through the “common” face, shaded in both Figure 1(a) and 
1(b), see Figure 1(c). In fact, the shortest such path will evidently touch either 
edge F, or F,. We cannot find a solution directly from Figure 1(c) since it is 
distorted. We remedy this by “revolving” point p and p’ about edges Fi, FE, until 
they lie in the plane x,=2, see Figure 2. “Revolving” is thought of as expressing 
point p in terms of its parallel and orthogonal components with respect to edge 
Fi or Ey. It is clear that the minimal path intersects edge EF, at the point 


Fic. 2 
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Fic. 3 


[2, (7—+/65)/2, 2,], see Figure 2(b). The projection of the solution is easily 
established, see Figure 3, and the desired path can be found by inverting the 
projections and reflections back into the original cube. 

In particular, in order to find the point g, where the path touches face F'9, 
we note that the inverse projection of the point g’ is the intersection of the 
line connecting ¢ and ’ and the plane x.= —2. Thus the reflected minimal path 
intersects the reflected face Fo at the point [(91 — »/65) /26, —2,(221 —3+/65) /52]. 
Reflecting this back into the original cube, we find q is the point [(13+~+/65) /26, 
2,(3+/65 —13)/52]. 

A similar procedure, illustrated in the following example, will be adequate 
in solving the corresponding problem in 4-space. 


” 


“Before 
x4 


(b) 
Fic. 4 


Four-space problem. Let us consider the shortest closed path within the 4- 
cube that begins at point p(1, 0, 0, 0) on Fip and touches faces F'se, Foe, Fie, Pa, 
Fo, F30, Fao successively. Once again, we begin our attack with a sequence of 
reflections, generating some sort of polytope in 4-space. We then project the two 
polytopes, “before” and “after” reflection through Fis, onto the plane x1=2, 
see Figure 4. Also included are the projections, p* and p’*, of the point p and 
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Fic. 5 


(2,0,0,0) 


(10) 


Fic. 6 


its final image p’(4, 5, 5, 5). It is again evident that the path of minimal length 
will intersect the “common” face in either edge FE; or Ey, see Figure 4(c). Since 
Figure 4(c) is distorted, we first get a true picture of the situation by “revolving” 
points p and p’ about £; and E&; into the plane x,=2, Figure 5. Evidently the 
path of minimal length intersects the “common” face at point ¢ 


see Figure 5(b). This establishes the projection of the shortest path, see Figure 6, 
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and from this we can determine the desired path of minimal length. 

In particular, in order to find the point g, where the path touches face Fb, 
we locate the reflected-projected point q’*, see Figure 6(b). The intersection of 
the line connecting ¢ and p’ and the plane x.=4 establishes the point q’ 


[(91 — +/65)/26, 4, 4, (221 — 3+/65)/52]. 


Reflecting gq’ back into the original cube, we find that ¢ is the point 


[13 + +»/65) /26, 0, 0, (3»/65 — 13)/52]. 


It is also evident from Figure 5(b) that the minimal path simultaneously touches 
both faces Foo and Fo at point gq. 

As in the previous paper, not all sequences will admit of a purely geometric 
solution (problem ic, [1]), but a similar attack employing a function of one 
variable will again be sufficient to solve the corresponding problem in 4-space. 
Finally we point out that although the proposed solution might appear lengthy, 
an analysis employing only calculus would involve the almost impossible task 
of minimizing a function of eight radicals and twenty-one variables. 

We conclude with two questions. It is evident that our attack utilized the 
orthogonality of the cube, as well as geometric pictures in 3-space. 

(1) How would one attack a related problem for a general polytope in 4- 
space? 

(2) How would one attack a related problem for hypercubes in n-space? 
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SOME DIVERGENCE PROPERTIES OF SERIES 


M. E. Tay tor, Princeton University 


Given an infinite sequence of numbers whose sum diverges, we would like 
to know when we can pick a subsequence whose sum diverges and which is term 
by term less than a given sequence. It will turn out that the sequence {1 / n} 
plays a central role here. 

Before we can proceed, we shall need a short lemma. 


LEMMA. Let {mz} be an increasing sequence of positive numbers, such that 
my—> © as ko. Then > 2.1 (mrssr— mz) /meys diverges. 


Proof. > (221 (misa— me) / Mey = (M,—m1)/m,—1 as n— ©. Pick m so large 
that (mz, — m)/mn, > %. In general, given n,, pick m,41 so large that 
(n+, —Mn,)/Mn, 41> 4, which is possible since (%12,—n,)/Mn—1 as n— ©. Now 
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Nny—1 ni—l1 no—-l 


> (Mr+1 — Mr) /Mrpr = >» (Mrs1 — mx) /Mrs1 + ») (Mp1 — Mx) [Mazar occ: 
k=1 k=1 ’ k=n, 
Nr—l 
+ > (np. — Mx) /Meg1 Z (ta, — 1) /Mn, 
k=Ny—1 
+ (Mng ~~ Mn) /[Mng tose + (Mn, _ Mn, 1) Mn, > r/2 —7 eo as r->O, 


Thus, since each term of ox, (441—1)/mx41 is positive, the series diverges. 


THEOREM 1. Let {tn } be a nonincreasing sequence of positive numbers, such that 
tn 0 as n—> ~,and >_”., t, diverges. Then there is a subsequence tn, } such that 
tn,<1/k and >-2., ty, diverges. 


Proof. We shall extract the largest possible subsequence which is term by 
term less than {1/k} and use our lemma to prove that its sum diverges. First, if 
there are only finitely many k such that t,21/k then, if M is the largest of these, 
the sequence ttmin} clearly satisfies the conclusions of our theorem. Thus we 
are justified in assuming that there are infinitely many such B. 

Let m be the first number such that t;,,21/m. Then t, 21/m for n<m. Con- 
struct a subsequence {#1} such that #=2, if n<m. 


1 
tnitp = bmytpy 


where m;, is the first number such that tm,<1/m, (pb=0, 1, 2, - +--+). Note that 
> 2.1 &, diverges. 
As before, we can assume that #,21/n for infinitely many n. Let m, be the 
first number such that #,21/m:. Note that m,.>m and that #21/m, for n<m. 
Construct a subsequence {#2} such that 2=2 if n<me. 


2 1 
bnotp = binetpy 


where m, is the first number such that ting <1/ M2, (p=0, 1, 2,---). Again 
>... 2 diverges and again we can assume that #?=1/n for infinitely many n. 
We continue in this manner: Given a subsequence \é,} , we find the first number 
Ms41 (or if we cannot, we are done) such that 


8 
bing 41 = 1/41, 


and we construct a subsequence {#'1} such that 


= t, ifn < Ngt1 


=“ 
| 


s+1 8 
lnsartp = bngartos 


where m,41 is the first number such that &, <1/n,41. Now consider the se- 


quence {bn} defined by 


8-4-1 
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b, = tr lk n < M1. 


1, 


k 
bn =tnifn, Sn < msi 


Then {b,} is a subsequence of {#,} and by construction b,<1/n. Further, we 
have partitioned {bn} into subsets, each of which, after the first, contains 
N41, terms, such that each term is greater than or equal to 1/m41. Thus 


ora) n1— n1— 


1 a) 1 or) 
> bn = > tn —F >» b, 2 » tn + > (Net1 —_ Nx) [Ne+1, 
n=1 


n=1 nN=N]1 n=1 k=1 


which diverges by our lemma. (Note: if m = 1, use the convention that 
unt tn =0.) 

n=1 n . 

One would like to generalize the preceding result, replacing {1 /n} by an 
arbitrary sequence {a,}, such that )i7.1¢, diverges. The following theorem 
states that significant improvement on our first theorem is impossible. 


THEOREM 2. Given any nonincreasing sequence {an} such that na,—0 as 
n—> 0, there is a sequence {tn} whose sum diverges, such that if {tn,} 1s any sub- 
sequence such that tn,<dx, then > pu1 tn, converges. 


Proof. Let @n=€n/n, where ¢,—0 as n— o. Pick a subsequence 
{ em, such that >) ém, = R <0. 
k=1 


Now we want to find a sequence {#,} such that any subsequence, term by term 
less than a,, has convergent sum. This is the case if the subsequence satisfies 


tn, = Om, ER << my 


ln < am, if My—1 < k < Myr 


The m, are defined as above, with m,=1. Thus each a,,, appears m;— m;_1 times. 
For in such a case, ).7.1 ta, Dyker (Me— M1) Am, but 


io.) ioe) © io.) 
>> Mtn, = Y, em = R<o, and >, M%-14m, < dy Mdm, < ©. 
k=1 


k=1 k=1 k=1 


Such a subsequence is forced if we let 
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= Om, UR < sy 


ly = Om, lf $1 SR < Se 


where 12m, S;—S;12M,—m,-1, and in addition s, is sufficiently large for 
> n-1 tn to diverge. The existence of such a set s, is obvious. Then the fact that 
{Qn} is nonincreasing implies that any subsequence \tnp} satisfies the required 
conditions. 

An obvious corollary is that we can substitute a nonincreasing sequence 
{an} for {1/n} in Theorem 1 if and only if lim inf,... 1@,>0. 


A REMARK ON LINEAR SPACES 
J. Pitcairn, Burroughs Corp., Paoli, Pa. 


Here is a quick and easy proof of Riesz’s Lemma (the one which is useful 
in showing that local compactness implies finite dimension). It is based on the 
following obvious 

REMARK. Let X be a linear space, A a subset, M a subspace, and ) a scalar 
such that AC M-++AA. Then for every positive integer n, AC M-+)*A. 

Let X be a topological linear space over a nondiscrete field with valuation. 
Let U be the neighborhood filter at 0, and A the set of all scalars \ such that 
| <1. We recall some elementary facts: a subset is fotal if it generates a dense 
subspace. Every element of VU is total. If X has a total finite subset, it is finite 
dimensional. A subset A is bounded if for every VE there exists ry >0 such 
that XA C V whenever RY Sry. Every precompact subset is bounded. 


LemMaA (Riesz). If A 1s bounded, and if M is a closed subspace such that for 
some NCA, AC M-+DA, then ACM. 


Proof. If VE, take m such that |v" Srv. Then \"A CV, and so by the Re- 
mark, AC M+YV. Hence 4CM-=WM. 


CoROLLARY 1. If A is bounded and total, and if AC B+)A for some X\EA, 
then B 1s total. 


CoROLLARY 2. If there exists a bounded total subset A such that for some NCA, 
A can be covered by a finite set of translates of NA, then X ts finite dimensional. 


Proof. Take a finite F such that A CF--AA. By Corollary 1, F is total. 
COROLLARY 3. If some ACW 1s precompact, X is finite dimensional. 


Proof. A is bounded (being precompact) and total (being in 0). Take XGA 
with \+0. Then AA CW. Since A is precompact, it can be covered by a finite 
set of translates of N\A. By Corollary 2, X is finite dimensional. 
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ON THE UNIQUENESS OF THE *-REPRESENTATION OF AN IDEAL 


R. W. GILMER, JR. AND L. S. Huscu, Florida State University, Tallahassee, Florida 


Let R be a commutative ring with identity. An ideal A of R is *-reducible 
provided A=B/\C for some ideals B and C of R properly containing A such 
that B and C are relatively prime; that is, B-+C=R. If A is not *-reducible, we 
say A is *-arreducible. Equivalently, A is *-reducible if and only if the residue 
class ring R/A is decomposable into a direct sum of proper subrings ([3], pp. 
175-179, and [2], p. 42). 

If Ris Noetherian then each proper ideal A of FR is a finite intersection of 
pairwise relatively prime *-irreducible proper ideals of R ([2], p. 41). For the 
sake of brevity we shall call such a representation a *-representation of A. For 
an arbitrary R, if A possesses a *-representation, such a representation is 
unique. For R Noetherian this result is proved in [2], pp. 38 and 41, by use of 
the primary decomposition theorem for ideals of R. The usual proof for the case 
of an arbitrary ring R uses the fact that if A =f), A; is a *-representation of A, 
then the ring R/A is isomorphic to the direct sum of the rings R/A; and that 
each of these rings is indecomposable. Then it is shown that the representation 
of a ring as a finite direct sum of nonzero indecomposable rings is unique. Fi- 
nally, the uniqueness of this representation is used to obtain uniqueness of the 
*-representation of A ([1], p. 21). 

We present in the following theorem a proof of this result using only ele- 
mentary properties of the “:” operation for ideals and of relatively prime ideals, 
where for A and B ideals of a ring R, A:B denotes the set of elements x of R 
such that xb) CA for each b€ B. This proof has the additional advantage of using 
the same basic idea that leads to the proof of the invariance of the prime ideals 
belonging to the primary ideals occurring in an irredundant representation of an 
ideal as an intersection of primary ideals belonging to distinct prime ideals 


({2], p. 35). 


THEOREM. Let A be a proper ideal of the commutative ring R with identity 
such that A admits a x-representation: A=(\j.1 Ay Then this representation 1s 
unique. That 1s, if A=(\j..1 B; 1s another *-representation of A, then r=s and by 
proper labeling, A;=B; for all 1. 


Proof. We use induction on 7. If r=1, that is, if A is *-irreducible, then by 
definition we must have s=1 and A = A,=B,. We assume that for ideals possess- 
ing a *-representation with k components, the representation is unique. Then let 
A=f\iti A, where the A,’s are pairwise relatively prime, +-irreducible proper 
ideals—that is, A =(\j2; A; is a *-representation of A having k-+1 components. 
Let A=fj_, B; be any *-representation of A. We let C=Ao) +--+ (Ans. We 
have 41+C=R and CCA, for 2Sisk+1. Hence 4Ai:C=A, and A;:C=R for 
2<iSk-+1 ([2], pp. 39-41). Therefore 


A:C = (NAD:C = (\(A;:C) =A,= ((VB;):C = (\(B;:C). 
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Because B;+ B;=R for j¥t and because B;CB;:C for all j, the ideals Bi:C, - + -, 
B,:C are pairwise relatively prime. Since A, is *-irreducible, 41 =B;:C for some 
j, say j=1, and B::C=R for 2StSs. Therefore Bi} CB,:C =A; and CCN, Bi. 
Setting C’=j_, B; we conclude, as above, that B,=A,:C’ for some v. But then 
A,DBiDA, so that v=1 and By=A,. Also, A,:C’=R for 2SnSk-+1. It fol- 
lows that C’/CNt}A,=CCC’ so C=C’=fti A, =U... B,, and these are 
*-representations of C, one of which has k components. By the inductive hypoth- 
esis, k=s—1 and by proper labeling A;=B, for 2SiSk+1=s. Since A,=Bi, 
our proof is complete. 
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SOLUTION OF THE QUARTIC 
YANG YU-CHENG, Tainan, Taiwan, Republic of China 


This paper deals with a method of solving the quartic equation 


(A) ax* + bx? + cx? ++ dx +e = 0. 
The roots of (A) are the abscissas of the points of intersection of the curves 
(B) ay? -+- bey + cx? + dx +e = 0, 
(C) x2—y = 0. 


The pencil of quadratic curves through the intersection of (B) and (C) is 
(c— u)x? + bay + ay? + dx + uyte=0. 


Let 7 be a root of 


' 2a b u 
(D) A=—|b %-w) d|=0. 
u d 2e€ 
Then 
(E) (c — r)x? + buy + ay? + dx+ryte=0 


represents a pair of straight lines through the intersections of (B) and (C). De- 
note these lines by Zi and Le, their slopes by m and me, and their point of 
intersection by P. Then m, and mz are the roots of 


(F) a’ -+ bt+c—r=0. 


To establish this fact, transform (E) by shifting the origin to the point P. The 
new equation is 
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AA 
c— rx’? + bx'y’ + ay’? -+ ——_————_—_—_ = 0, 
( ? 4a(c — r) — 0? 


and the conclusion follows at once, since A=0. 
Now the pencil of lines through the point P is 


(G) 2(c — nx + by + d+ r(bx + 2ay +7) = 0. 


And, when }\=m, equation (G) represents line L,. This comes from the fact 
that (G) can be written 


bm, + 2(c — r) rm, + d 


= 7 — 2am, + b ¥ 0, 
4 2am, + b 2am, + 6 
while (F), with t=m, can be written 
bm, + 2(c — 7) 
My SS  _ 
2am + b 


Likewise, when X\= me, equation (G) represents Lo. 
Hence the roots of (A) can be found by solving (C) and (G) simultaneously. 
The result of this operation is 


4(\r + d) 
(H) v= 4 —4/(x- sea)? AN =m, OF Mo. 
2ar + b 


If equation (F) has —b/2a as a root, it is easy to see that (F) has arepeated 
root, and the roots of (A) cannot be found by the method outlined above be- 
cause of the zero denominator in (H). 

But if we assume that equation (E) represents two parallel straight lines, 
then (E) may be written 


(T) aly — me — h)\(y — mx — k) = 0. 


By equating coefficients of like terms in (E) and (I), we can show that m= —b/2a 
and that # and k are the roots of 


at? + ri +e = 0. 
Now by solving y=x? “nuances with y=mx-+h we find that 


rN 
+ — ~ VOr+ 4), A= —0b/2a,t=h or &. 


x= ee 
2 


The method will be illustrated by solving the equation 
2404 + 6x3 — 134%? + 7x —4= 0. 
We first find r by solving the equation 
u® + 13u? + 426u + 3960 = 0. 
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By trial, «= —10 is a root, so we take r= —10. Now equation (F) becomes 
247 + 6 — 3 = 0, 
and m,=1/4, m.=—1/2. Upon substituting in (H), we find that the roots are 
1+ iv/15 —3 + V/105 
g 120 


i od 


I am indebted to the referee, who contributed very much to the completion of the paper. 


A NOTE ON THE BORDERING METHOD OF INVERTING A MATRIX 


T. R. Rocce anp D. D. WALLING, University of Arizona 


The bordering method is a computational scheme for inverting a matrix, 
[1, 2]. The matrix A to be inverted is the result of bordering a matrix of order 
n—1, whose inverse is already known, to obtain a matrix of order n. Formulas 
can then be derived which lead to the inverse of the matrix A. Thus one starts 
with a matrix of order 1, proceeds to a matrix of order 2, etc. In the computing of 
these successive inverses the value of their determinants would be of interest. 
The purpose of this note is to show how the determinant can be found by using 
quantities computed in obtaining the inverse. 

The following facts are known and used by many; yet, very few textbooks 
set forth this relationship. It certainly could and should be used when presenting 
the bordering technique in the classroom. 

Given the matrix A of order , as 


An-1 ; Un 
(1) A, = 


where u,=(diny + °°) Gn—1yn)", and Un= (Ani, * °°, Gnyn-1). The inverse of A, is 


~1 —1 
—1 An—iWUnInAn—1 * 1 1 | 


An—1 +} ————— + — — Ant 
—1 An ° An 
(2) A,=le eee ee ee . 
tn Ant 1 
An , An 


where Qn =Qnn—UnA, Wn N= 2. 
Let A®_, denote the cofactor of the s, ¢ element of order n—j. Thus, 


~1 1 


éj 1 jt 
3 Ani = ———~ (An_2)? = ——— (Ai), 
(3) 1 | An—a| ( 2) A ( 2) 


| Ant 


880 CLASSROOM NOTES [October 


where | An-1| =det (An1). Then 


n—1l n—1l 
(4) On | An-1| = Onn | An-1| — > > OngAn-20nn = | A,| . 
p=1 q=1 
Thus, 
(5) On = | Aol ) w=2 
| An-s| 


Multiply k of these a’s to obtain 
k 

(6) au JJ ap = | zl, k=2,3,°°-, 
p=2 


the desired result. 

Equations (5) or (6) can be used as a check on the inversion process. It is 
possible in this process to obtain a singular or near singular submatrix and yet 
the complete matrix be non-singular. Equation (6) gives a step by step check to 
inform one if this has happened. 


References 


1. D. K. Faddeev, and V. N. Faddeeva, Computational Methods of Linear Algebra, Freeman’ 
San Francisco, California, 1963. 
z. V. N. Faddeeva, Computational Methods of Linear Algebra, Dover, New York, 1959. 


A NATURAL MATRIX REPRESENTATION OF FINITE GROUPS 
C. F. Harpinec, Douglas Aircraft Company 


It is well known that the elements of a finite group may be represented by 
a set of matrices obeying the same rules of combination under matrix algebra. 
It does not seem to have been shown, however, that such a set of matrices may 
be obtained directly by an operation on the group multiplication table. 


THEOREM. If, for each a; in the finite groub G= { Ql, Mea, °°, nt, we cOon- 
struct ann Xn mairix M(a:) by placing a one where a; appears in the muliiplica- 
tion table of G and a zero otherwise, then the mapping a;—R(a;) = M(e) M(a,) 1s 
a faithful representation of G when ¢€ 1s the neutral element. 


Proof. No generality is lost if aja2.=a3 and thus for the theorem to be true 
one must have M(a,) M(e)M(a2) = M(as). So letting 7;, c; be a particular row, 
column of M(a;) while €=«ap there follows 


Co=T1o 
C1 =T7o. 


So we infer that 7; and cz are the correct locations in the group multiplication 
table. 
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INDEFINITE INTEGRATION BY RESIDUES I 


R. P. Boas, Jr., Northwestern University, and LoweLL SCHOENFELD, Mathematics Research 
Center, University of Wisconsin, and Pennsylvania State University 


In [2] Boas discussed the evaluation by contour integration of integrals of 
the form f{&F(e*)d6, or alternatively {&G(sin 0, cos 6)d0; his theorem should have 
assumed that the integrand f(z) used in [2] has no singularity anywhere on the 
unit circumference instead of merely on the arc from e* to e#®. In attempting to 
extend this work to the general case we have been led to a somewhat simpler 
treatment which applies to a wider class of integrals. Since the details are still 
rather complicated, we merely state the final result here for comparison with 
[2]; a full treatment appears in SIAM Review, 8 (1966) 173-183. For the 
closely related integral {?F(é)dt, we refer also to [1] (1st ed., p. 200; 2nd ed., 
p. 214). 


THEOREM. Let F(z) be holomorphic in the extended plane except for a finite 
number of singularities, of which those appearing on the arc YT: [ete . . . et8] 
(a<B<a+2z) of | z| =1 are simple poles not at e** or e*®, Then the principal value 
of f&F(e)dé is equal to i(R--r), where, with w=3(B—a), R is the sum of the resi- 


dues of 
Z— et 
z1F(z) log G ;) 
z— e® 


for 2 in the extended plane but not on T, and r 1s the sum of the residues of 


z— e 
z-1F(z) log (< ) 


ew — g 


for z on 1; in both cases the logarithm has tts principal value. 


References 


1. H. Behnke and F. Sommer, Theorie der analytischen Funktionen einer komplexen Ver- 
inderlichen, Springer, Berlin-Gottingen-Heidelberg, ist. ed., 1955; 2nd ed., 1962. 
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THE OLD OAKEN CALCULUS PROBLEM 


How dear to my heart are cylindrical wedges, 

when fond recollection presents them once more, 

and boxes from tin by upturning the edges, 

and ships landing passengers where on the shore. 

The ladder that slid in its slanting projection, 

the beam in the corridor rounding the ell, 

but rarest of all in that antique collection 

the leaky old bucket that hung in the well— 

the creaky old bucket, the squeaky old bucket, 

the leaky old bucket that hung in the well. 
KATHARINE O’BRIEN 
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OBJECTIONS TO SET THEORY 
P. S. Marcus, Shimer College, and Illinois Institute of Technology 


The “new mathematics” could be briefly and inaccurately defined as set 
theory for five-year olds. In this context, set theory refers to elementary Boolean 
algebra rather than the theory of infinite sets created by George Cantor. Two 
objections to the emphasis on set theory can be made, and the purpose of this 
note is to defend one of these objections as correct. 

A naive objection to set theory in grammar school could be made on the 
grounds that it is not necessary. The layman may honestly feel that set ma- 
nipulations are designed to replace useful but unglamourous arithmetic drill with 
useless but impressive sounding modern jargon. A proper answer to such objec- 
tions is that mastery of arithmetic is not an adequate goal for learning about 
mathematics. The key concept which the beginning student must master is the 
concept of vartable. The whole point of the “new mathematics” is that the right 
way to understand a variable is as a symbol that can be replaced by elements 
of a given set. It is the mastery of variables, both in algebra and geometry, 
which is the main benefit of introducing set theory. 

But a second objection can be made to set theory on the grounds that it is 
not sufficient. The teacher who has taught his students to associate statements 
about x with solution sets may feel that he has fought the good fight and is 
entitled to rest on his laurels. This is not, however, the last word on variables. 
For example, after their “new math,” students are going to be told that when 
y=f(x), then dy=f’(x)dx, where dy is a function of two variables and dx is itself 
a variable. But if x =g(), then dx = g’(#)di, and dx is no longer a variable but is 
now a function of two variables. If the student asks for a simple rule to tell 
him whether a given differential such as ds is to be thought of as a variable or 
as a function, he is not likely to receive a satisfactory answer. A little later, 
the student in a given situation may be told that dy/dx=0. Knowing that a 
letter used for a variable, be it r or y, does not matter at all since a variable is 
only an empty symbol acting as a place-holder for elements of a set, he may 
expect that 0r/dx=0 also. On being told that dr/dx=x/+/(x?+-?) because r 
“depends” on x whereas y is “independent” of x, he may desire an adequate 
definition of “dependent variable” and “independent variable.” No such defini- 
tion will be found in his text. 

The well-motivated student will be able to grasp the ideas behind these 
procedures without trouble, but the student who is either not exceptionally 
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well-motivated or is excessively conscientious about logical rigor may be repelled 
and even harmed by inconsistencies in the standard notation. What is needed 
for such a student is to be found in the thorough analysis of the concept “vari- 
able” which has been made by Karl Menger. 

If one may be allowed to summarize Menger’s position, the key to under- 
standing variables as they are actually used in mathematics is in a methodologi- 
cal principle which is the polar opposite of Occam’s razor. According to Occam’s 
razor, one should not use many different concepts and explanations which all 
serve the same purpose. According to Menger, one should not overload the same 
single concept with many different mutually inconsistent meanings which all 
serve different purposes. 

Menger points out that variables in mathematics have historically been 
confused with functions, indeterminates, “arbitrary constants,” unknowns, 
coordinates, parameters, and physical quantities such as time and pressure. 
The beginner has always had to elucidate meaning from context. Whenever 
notation has several different meanings, depending on context or interpretation, 
some confusion and misinterpretation is inevitable. It is true that many, per- 
haps most mathematicians do not regard notational inconsistencies as present- 
ing any real problem to the student. Be that as it may, the set theory of the 
new mathematics is not sufficient to clear up these possible confusions and any 
teacher who has been troubled by them may profit by an awareness of Menger’s 
work in this area. 

Reference 


1. K. Menger, Calculus, a Modern Approach, Boston 1955. 


A TEACH-TEST PROCEDURE FOR OBTAINING MEASURES 
OF MATHEMATICAL APTITUDE 


R. T. Hemmer, Pennsylvania State University 


Introduction. Most universities administer a wide variety of achievement 
tests to entering freshmen; a primary purpose of such a testing program is to 
identify those areas in which a student is likely to succeed and, in turn, to pro- 
vide a basis for effective counseling. In mathematics, however, evidence exists 
[1] which indicates that instruments currently available for the purpose of pre- 
dicting success in college-level mathematics courses have serious defects. 

Unfortunately, at least in a measurement sense, college-bound students have 
received a wide variety of prior training in mathematics with varied degrees of 
understanding and achievement. In part, this variability is due to differences 
in student motivation and ability. Another source of variability, however, is 
due to the type, extent, regularity, and value of previous mathematical educa- 
tion. It is an obvious fact that achievement examinations cannot distinguish 
between students who did not learn material which was presented to them in a 
satisfactory manner and those who did not learn the material because it was 
presented poorly or not at all. 
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In view of the situation discussed above, the writer proposed the develop- 
ment of a new procedure of assessment, one which would provide a measure of 
an individual’s capacity to learn mathematics under carefully controlled condi- 
tions. It was hypothesized that such a measure could make a unique and sig- 
nificant contribution to the prediction of outcomes in mathematics education. 
The purpose of this paper is to describe one such procedure of assessment and to 
examine its potential on the basis of evidence provided by a pilot study and two 
subsequent parallel studies. 


Description of the materials. The task of obtaining a measure of a person’s 
ability to learn mathematics led to the development of a packet of materials 
which, hereinafter, will be referred to as a Teach-Test (T-T) package; as implied 
by its name, it consists of an instructional unit as well as examinations. More 
specifically, the T-T package contains a pretest, an instructional unit, and a 
posttest. The instructional portion of the package was designed for self-instruc- 
tion, the method of programming being extremely unconventional. The unit is 
self-contained and deals with topics of an abstract nature which are presumed 
to be out of the realm of the students’ past experience. Accordingly, the pretest 
was designed to measure the extent to which the students were familiar with 
the content or methods of the instructional unit prior to its administration. The 
posttest was designed to measure the extent to which the students 

(a) comprehended the content of the unit, 

(b) were able to discover new (untaught) relationships, and 

(c) were able to provide sound arguments in support of conjectures about 
untaught relationships. 

In summary, the T-T package deals with the problem of obtaining a measure 
of an individual’s mathematical aptitude (i.e., ability to learn mathematics) 
rather than of measuring what he already knows. 


Studies of the Teach-Test package. The original study of the T-T package 
consisted of administering the package to a random sample of 106 entering 
freshmen (at The Florida State University) during the first week of the Fall 
Trimester, 1964. The objective was to collect data on course performance 
(grades) during the first two trimesters and then to ascertain the contribution, 
if any, that the T-T package could make in the direction of more effective pre- 
diction of success in college-level mathematics courses. 

The data were collected as planned but, generally, results proved to be in- 
conclusive. Several noteworthy items of information did come to light, however. 
All entering freshmen at the FSU are required to take the ETS Cooperative 
Mathematics Tests (CMT), Algebra I and Algebra IJ. Performance on these 
tests weighs heavily in the determination of the first (and perhaps only) mathe- 
matics course to be taken by a student. Consequently, these scores were avail- 
able for all of the experimental subjects. A scattergram was constructed to show 
the relationship between students’ T-T scores and their total scores on the 
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CMT. Observation of this scattergram revealed the fact that, for the given 
sample, high T-T scores corresponded to high CMT scores, but not conversely. 
As a matter of fact, the range of performance on T-T for the high achievers 
(those scoring at least 60/80, about 40 percent of the total group) was prac- 
tically identical to that of the total group (T-T scores of 15-95/100 as opposed 
to 5—95/100). 

The fact that T-T apparently was discriminating among students at the 
higher levels prompted two parallel and more important investigations during 
the summer of 1965. These studies involved the students in two NSF Secondary 
Science Training Programs in mathematics, one conducted at the Florida State 
University under the direction of the writer and the other conducted at the 
Florida A & M University under the direction of Dr. Israel Glover. 

It is a well-known fact among directors of Secondary Science Training Pro- 
grams in Mathematics that the students selected for participation typically 
appear to be quite similar in terms of the usual data that are collected. The 
primary criteria for selection include a high IQ; an outstanding high school 
record, especially in mathematics; high scores on standardized achievement 
tests; and outstanding teacher recommendations. If possible, it is customary to 
select only those applicants who meet all of the foregoing criteria. Yet, in spite 
of the apparent homogeneity of such groups, directors of these programs have 
often experienced a very wide range of student performance, where certain stu- 
dents frequently demonstrate, for seemingly no explainable reason, a propensity 
to learn mathematics which far exceeds that of their classmates. Since a very 
fine line must often be drawn in order to make the final selections for programs 
of this type, one wonders how many exceptional youngsters are turned away. 
The problem is compounded in the case of the so-called “limited background” 
programs where the participants are supposed to be selected from circumstances 
of limited educational opportunity. Under these conditions the standard barom- 
eters of success (mentioned earlier) must, perforce, be somewhat less valid. 

It was reasoned, therefore, thatif there is an urgency for finding and develop- 
ing latent mathematical talent, then it seems justified to develop techniques 
which hold some promise for doing it. Because T-T had already manifested the 
characteristic of discriminating between high achievers, it was decided to study 
the relationship between performance on the T-T package and performance in 
the aforementioned summer programs, especially in the case of those students, tf 
any, who were judged by their respective faculties to have exceptional mathematical 
talent. 


The Florida State Study. The SSTP conducted at The Florida State Univer- 
sity was a six-week, limited-background program designed for students who came 
from small rural high schools. Of the thirty participants involved in the pro- 
gram, five were chosen by the FSU Human Development Clinic as part of an 
independent research project and, consequently, did not meet the normal cri- 
teria for selection. An additional two participants who did not meet the stated 
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requirements were selected for special reasons which need not be elaborated 
here. The remaining twenty-three participants, all of whom fulfilled the given 
criteria, constitute the subjects of the research reported below. 

The T-T package (described above) was administered on the first day of the 
program; the following day the Cooperative School and College Ability Test 
(SCAT), Form UA, and the Cooperative Reading Test, Reading Comprehen- 
sion, Form 1, were administered. The scoring of the foregoing tests was withheld 
until after the completion of the summer period and, indeed, until after student 
performance in the program had been fully evaluated. 

The summer program consisted of three regular courses: one in probability 
and hypothesis testing, one in computer programming and related mathematics, 
and one in earth science; each participant was also involved in a directed indi- 
vidual study program in mathematics. At the end of the summer, the instructors 
all met together to discuss the performance of each student. A five-point scale 
was employed for this purpose. 


Rating Definition 
1 Outstanding performance; good potential for becoming a creative mathematician 
2 Very good performance; good mathematical ability, but with only a fair chance. 
of becoming a creative mathematician. 
3 Average performance; very little chance of becoming a creative mathematician. 


The 4 and 5 rankings should need no explanation. 


During the process of rating the students, the instructors expressed a desire 
to assign +’s and —’s to certain students within each category, and so these 
were adopted as admissible ratings. (In effect, therefore, a fourteen-point rating 
scale was employed: 1o1+; 201; 302+; 402; 5<02—; etc.). A general dis- 
tribution of ratings is given in Table I. (Except for 1 ratings, this Table does 
not reveal the distributions within categories.) 


TABLE I, Distribution of Ratings in The Florida State SSTP Mathematics Program 


Rating i+ 1 2 3 4 5 


No. of Students 2 2 5 9 2 3 


A summary of the scores received by the twenty-three participants on the 
various examinations, together with their performance ratings, is given in 
Table IT. For the convenience of the reader the listing is given (approximately) 
according to performance rating. 

Perhaps the most significant result of the study can be gleaned from an 
examination of Table II. Observe that the two students who received 1+ ratings 
had Teach-Test scores above ninety, and that they were the only students with 
T-T scores in this category. Further observation of the Table reveals the fact 
that these students are not identifiable on the basis of any of the other measures 
for which scores are available. 
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TABLE II. Scores for all Florida State Mathematics Program Participants on 
all Basic Measures Together with Performance Rating 


Math SCAT (Form UA) English Coop. (Form 1C) 
Teach-  |-———-—— 
Student Comp 
Rating Fest Verbal | Quant. | Total Vocab. oer Total 

# 1 1+ 94 33 46 79 46 47 93 
2 1+ 91 48 38 86 53 56 109 
3 1 81 37 40 77 50 54 104 
4 1 75 33 43 76 47 48 95 
5 2 81 34 36 70 47 52 99 
6 2 80 39 33 72 48 53 101 
7 2 75 35 44 79 44 48 92 
8 2 60 44 Al 85 52 46 98 
9 2 40 47 38 85 50 56 106 
10 3 83 43 34 77 52 53 105 
11 3 78 42 47 89 48 37 85 
12 3 66 Al 29 70 48 55 103 
13 3 65 31 30 61 43 37 80 
14 3 64 48 38 86 49 53 102 
15 3 63 35 42 77 42 50 92 
16 3 54 23 34 57 37 Al 78 
17 3 52 38 39 77 53 50 103 
18 3 48 48 32 80 48 51 99 
19 4 32 28 35 63 36 34 70 
20 4 24 22 34 56 31 21 52 
21 5 64 33 38 71 52 46 98 
22 5 55 52 36 88 57 53 110 
23 5 23 28 28 56 46 28 74 


To gain more information about Teach-Test, a matrix of correlations among 
the eight variables given in Table II was computed. These correlations are given 
in Table III, based on conversion to fourteen-point scale as previously described. 

The correlations of interest are found in the last column. Observe that the 
highest correlate (among those considered) of performance in the program was 
the Teach-Test score, the nearest competition being SCAT Quantitative. A T- 
test revealed, however, that it would be untenable to assert that the difference 
in these correlations (.67 and .49) is significant. [One would need to use a level of 
significance of a=0.3 in order to make such a claim. It should also be noted that 
there is considerable instability associated with correlations based on such a 
small sample (N = 23). | 

Correlations between performance in the summer program and scores on 
selected measures employed by the Human Development Clinic were also 
computed. They are presented in Table IV, where HP represents a special “high 
performance” measure which is a composite of several other measures. 

Twelve multiple correlations, 712.3, also were computed (six using the scores 
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TABLE III. Intercorrelations Among all Measures Administered as 
a Regular Part of the Study (N= 23) 


1 2 3 4 5 6 7 8 
SCAT SCAT SCAT CE CE CE Performance 
T-T V Q T V SC T Rating 

1. T-T — 30 47 48 43 60 57 .67 
2. SCAT-V — 13 87 80 72 81 15 
3. SCAT-Q — 61 16 19 19 49 
4, SCAT-T — 72 .67 74 37 
5. CE-V — 71 .89 10 
6. CE-SC — 95 44 
7. CE-T — 33 


8. Performance Rating — 


TABLE IV. CoRRELATIONS BETWEEN SCORES ON SELECTED MEASURES ADMINISTERED 
BY THE HUMAN DEVELOPMENT CLINIC AND PERFORMANCE IN THE 
MATHEMATICS PROGRAM 


WAIS-FS 32 WAIS-P 23 STEP-Total 27 
WAIS-V 36 BINET IQ 04 HP 23 


on the regularly administered measures and six using scores on the measures 
listed in Table IV); the greatest of these was .72, a result not significantly greater 
than the simple correlation 713.67. No further analyses were attempted. 


The Florida A & M Study. The study conducted at the Florida A & M 
University was more limited in scope than the Florida State study, but the 
events which transpired seem worthy of reporting. 

As at FSU, the T-T package was administered to the (twenty-five) partici- 
pants of their SSTP in mathematics on the first day of that program. No other 
tests were administered to this group as part of the present study. 

At the completion of the program, the A & M faculty ranked their students 
in order from 1 to 25. The Teach-Test scores, according to rank, are given in 
Table V. 

The rank-order correlation coefficient was computed and found to be .64. 
Once again, moreover, the package seemed to be especially effective in identifying 
the really exceptional students. Observe that the highest T-T score, namely 69, 
belonged to the top-ranked student (who, according to his instructors, “stood 
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TABLE V. TEACH-TEST SCORES OF PARTICIPANTS IN FAMU Strupy AcCcorRDING TO 
(RANK) PERFORMANCE 


9 20 21 22 23 24 25 
2 24 22 41 16 32 19 


Rank 12 3 7 8 9 2 
T-T Score} 69 56 50 3 8 52 30 1 


oO 
oa 
=x 60 


5 6 10 11 12 13 14 
58 44 28 52 30 28 35 51 29 40 


out” from among the rest of the group). It might also be noted that, in a very 
crude sense, these data provide for a cross-validation of the Florida State results. 
That is, the results are consistent; and this fact provides some degree of con- 
fidence in the validity of the T-T instrument even though the samples are small. 


Conclusions. The fact that the instructional units in T-T packages can be 
cast in a programmed (self-teaching) format is a guarantee of the feasibility 
of administering such instruments—much the same as ordinary measurement 
instruments are administered. Furthermore, T-T packages certainly could be 
developed for use at a variety of educational levels, a fact which suggestsa 
multitude of intriguing possibilities. 

Although the investigations reported above should be interpreted as nothing 
more than pilot studies, they seem to have provided relevant evidence in sup- 
port of the merit of the Teach-Test procedure and its potential for obtaining 
valid measures of mathematical aptitude. There seems to be substantial promise 
in utilizing such a procedure for assisting in the search for latent mathematical 
talent—wherever it exists. 
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BRIEF COMMENT 


Paperbacks: The New Math, Morris Kiine, The New York Times Book Re- 
view, March 8, 1966. 


“Civil rights, the war in Vietnam, inflation and taxes—these are minor 
problems compared to one which millions of American parents are now facing, 
that of helping their children learn the ‘new mathematics.’ The problem isn’t 
made any easier by the fact that the stores are currently displaying a dozen 
paperback books about mathematics whose covers suggest, somewhat mislead- 
ingly, that they will provide first aid to the perplexed. As a matter of fact, only 
six of the books are of value to parents, and these only with qualifications.” 

The books reviewed include Evelyn B. Rosenthal’s Understanding the New 
Mathematics, Charles M. Barker Jr., Helen Curran and Mary Metcalf’s The 
New Math, Carl B. Allendoerfer’s Mathematics for Parents, Irving Adler’s The 
New Mathematics, and Jerome S. Meyer and Stuart Hanlon’s Fun with the New 
Math. Besides the reviews, a brief history of the recent changes in the school 
curriculum, i.e. the introduction of the “new mathematics” is given. 
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Turning a Surface Inside Out, ANTHONY PHILLIPS, Scientific American, May, 
214 (1966) 112-120. 


An expository article, on a highly simplified level, of some work done by 
Stephen Smale and others in the area of differential topology—‘“The great 
mathematician David Hilbert once said that a mathematical theory should not 
be considered perfect until it could be explained to the first man one met in the 
street. Hilbert’s successors have generally despaired of living up to this standard. 
From time to time, however, research on an advanced and inaccessible mathe- 
matical topic leads to a discovery that is intuitively attractive and can be ex- 
plained without oversimplification. A striking example is Stephen Smale’s theo- 
rem concerning regular maps of the sphere, published in 1959. A visualization 
devised by the late Arnold Shapiro of Brandeis University enables us to depict 
a startling consequence of Smale’s theorem: it is possible, from the topologist’s 
point of view, to turn a surface such as a sphere inside out.” The article also 
deals with such concepts as regular curves, regular homotopy, and regular 
maps. The illustrations, as usual, are superb. 


PROBLEMS AND SOLUTIONS 


EpItEep By E. P. STARKE 


COLLABORATING EpITorRs: J. BARLAzZ, Rutgers—The State University; L. CARLITz, Duke 
University; H. S. M. Coxeter, University of Toronto; H. Eves, University of Maine; 
M. S. KLaMKIN, Ford Scientific Laboratory; A. E. LIvINGsToN, University of Alberta; 
and A. WILANSKY, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, N. J. 07060. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate for 
this Department. No solutions (except those accompanying proposals) should be sent to Pro- 
fessor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to M. S. Klamkin, Ford Sct. Lab., P.O. Box 
2053, Dearborn, MI 48121. To facilitate their consideration, solutions for Elementary Prob- 
lems in this issue should be submitted on separate, signed sheets and should be mazled before 
February 28, 1967. 


Editorial Announcement. We regret that we cannot be responsible for any 
solution to any Elementary Problem, submitted on or after October 1, 1966, 
unless it was directed to M. S. Klamkin at the foregoing address. 


E 1915. Proposed by Kaidy Tan, Fukien Normal College, Foochow, China 


Construct a triangle ABC given side BC, the median AM, and the angle bi- 
sector AT (that is, given @, mq, ta). 


1966] PROBLEMS AND SOLUTIONS 891 


E 1916. Proposed by J. E. Lewis, Acadia University, Wolfville, N.S., Canada 


Given any positive integer 2, then if both (a, ~)=1 and (a+2, nm) =1, we 
will calla and a+2 a special pair; and we define the function ¥(z) as the number 
of special pairs less than n. Prove the 


THEoReEm. ¥(n) +1=n"][2., (1—2/p,), where n=pGpe - + + p% ts the canon- 
ical decomposition of n, (2, n) =1; 


k 
v(m) +1 = 2% [] (1 —2/p,), where m= 2, (2, n) = 1. 
t=] 
E 1917. Proposed by K. O. May, University of Toronto 


The ordered pair is customarily defined in terms of the unordered pair by 
(a, b)={{a, b}, {a}}. Prove that it is impossible to reverse this by defining 
unordered pair in terms of ordered pair. 


E 1918. Proposed by L. J. Warren and Jerry Tice, San Diego State College 


Let p be a prime larger than 3. Show that there is no positive integer k 
such that 3p| o1(3p), where o;(7) is the sum of the kth powers of the divisors of n. 


E 1919. Proposed by D. R. Rao, Secunderabad, India 

Find the roots of the equation x«§—px1t+qx?—rx?+s=0, having given 
p(g?—4s) =r. 

E 1920. Proposed by H. S. M. Coxeter, University of Toronto 


Find the eccentricity of an ellipse which passes through two of the cusps of 
its evolute. 


E 1921. Proposed by H. S. M. Coxeter, University of Toronto 


Prove that there are at most three points on or inside the unit circle such 
that the distance between any two of them is greater than +/2. 


E 1922. Proposed by Gregory Wulczyn, Bucknell University 

Find a (least) prime which is simultaneously of each of the forms: x{+yi, 
e+ 2Va,* + >, Xp t109%o. 

E 1923. Proposed by I. J. Good, Trinity College, Oxford, England 


Prove that the square of the area of a face of any polyhedron is equal to the 
sums of the squares of the areas of the other faces, minus twice the sum, over 
every pair of the other faces, of the products of their areas times the cosine 
of the angle between them. 


E 1924. Proposed by Mason Henderson, Montana State University 


Let A and B be unit disks, A cut by a chord into two parts A; and A». (1) Is 
there a square of least area which covers A; and As, where Ai and Ag are placed 
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so as not to overlap? (2) Is there a square of least area which covers B and both 
A; and A2? (3) Replace square by rectangle in (1) and (2). 


SOLUTIONS OF ELEMENTARY PROBLEMS 


E 1646 [1964, 917]. Correction by Edward Milner, NASA—Lewis Research 
Center, Cleveland, Ohio. The solution as shown is incorrect. 

QCA’. Hence, A’= {0, 2,° °°, k+1} is closed, contradicting one of the 
conditions of the problem. | 

The following is a correct solution to the problem: Let S= { 1,2,3,---, 
k+1, a, b} with basis {{1}, {1, 2}, {1, 2, 3},---, {1, 2, 3,--+, R41}, 
{a, b} }. Let A={1, 2, 3,--+, R+1, a} which is not closed. For 1SjS&, 
AM={jt1,--+,k+1, d} if jis odd, and AM={j+i,---,k+1 a} if jis 
even. Noting that every open set containing either a or } contains both a and 
b, we see that each of the sets A, A’, A’”’, - + -,A™ is not closed. 


A Solid with Certain Cross-sections Specified 


E 1793 [1965, 544-545]. Proposed by Walter Bluger, Dominion Bureau of 
Statistics, Ottawa, Canada 


The projection of a solid body onto three mutually perpendicular planes 
yields a unit disk and two areas with square boundaries. Describe the possible 
shapes of the bodies. 


Solution by Michael Goldberg, Washington, D. C. The most obvious shape is 
a cylinder whose height is equal to its diameter. 

A second satisfactory shape is a “double cone,” fitted together base to base, 
with the height of each cone equal to the radius of its base. Variations of this 
solution may be obtained by deforming the circular cross-sections except at the 
midsection. 

A third family of solutions arises as follows: A ruled surface may be made by 
straight lines from points along a circle to points along two parallel straight 
lines at a distance from the plane of the circle equal to a radius. The association 
of corresponding points may be made in an infinite number of ways. Further- 
more, the surface may be varied by minor deformations without changing these 
views provided, only, that the straight lines at the four cardinal points of the 
circle are retained. 

Also solved by D. M. Hancasky, M. S. Klamkin, Charles McCracken, D. C. B. Marsh, and 
the proposer. 


A Group Consisting of zth Powers 
E 1794 [1965, 545]. Proposed by Alan Schwartz, University of Wisconsin 


Let G be a finite abelian group, multiplicatively written; and let m be the 
order of G. Then x is odd if and only if each element of G is a square. 
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I. Solution by E. A. Fay, Naval Ordnance Test Station, China Lake, Cali- 
fornia. The result holds without the restriction that G be abelian. Suppose first 
that a is odd, and let x be any element of G. Since the order of each element 
divides n, x is of odd order, and x?4*~!=e for some positive integer k, where e is 
the identity. Then x?*=4, so x is a square. 


Suppose conversely that 2 is even. Since the number of elements other than 
e is odd, at least one of them must be its own inverse. Then, on the diagonal 
of the multiplication table of G, e appears at least twice, so some element, say y, 
must not appear at all. Thus y is not a square. 


II. Solution by Robert Patenaude, Humboldt State College. Delete the condi- 
tion that G is abelian, and generalize the problem to end: Then (k, 2) =1 if and 
only if each element in G is a kth power. 


Suppose (k, n)=1. If a typical element a in G is of order n’, then n’ | n by 
Lagrange’s theorem. The congruence kx =1 (mod n’) has a solution since (k, 2’) 
= (k, n) = {| 1, so that (a*)*=a. 

Suppose instead that (k, n)>1; choose a prime p so that b| (R, n). By 
Cauchy’s Theorem (I. Herstein, Topics in Algebra, pg. 74), there exists in G 
an element (say 0) of order p. Since p| k, e=b?=b*. For every element in G to 
be a kth power, it is necessary that the kth powers of the 2 elements be distinct. 
Since e* =b* =e, this is impossible. 


Also solved by O. P. Anand, R. A. Avelsgaard, Ralph Bennett, S. K. Bhandari (India), J. L. 
Brown, Jr., E. O. Buchman, T. J. Burke, B. J. Cerimele, Orin Chein, J. K. Cole, Jézsef Dénes 
(Hungary), J. F. Dillon, W. G. Dotson, Jr., Vlaicu Drilea (Nigeria), E. W. Ewing, W. F. Feeny, 
N.J. Fine, David Finkel, W. B. Galvin, R. J. Gazik and R. F. Rossa (jointly), D. M. Goldschmidt, 
Israel Grossman, Harry Guess, J. K. Halbig, D. M. Hancasky, R. B. Hardin, Jr., R. E. Harper, 
L. D. Haugh, Edward Hook, Bernard Jacobson, Erwin Just, U. S. Kahlon (India), Geoffrey 
Kandall, Irving Katz, Omar Khayyam, Jr., M. S. Klamkin, M. L. Klasi, B. G. Klein, W. B. 
Laffer II], Horst-E. Lahmann (Germany), E. S. Langford, Steve Ligh, Loe Lipman, Richard 
Loebl, Jiang Luh, Charles McCracken, Robert McGuignan, D. C. B. Marsh, J. J. Martinez, 
C. J. Maxson, Y. Mayer ben-David, Jerry Metzger, William Moser, N. S. Natarajan (India), 
F. D. Parker, B. J. Parshall, C. B. A. Peck, J. W. Petro and E. A. Schreiner (jointly), Harsh 
Pittie, J. R. Porter, Donald Quiring and Elias Toubassi (jointly), Stephen Rhodes, Azriel Rosen- 
feld, J. P. Ruebsamen, P. J. Ryan, S. K. Sehgal, Robert Shanny, R. Sivaramakrishnan (India), 
D. A. Smith, R. T. Smythe, Al Somayajulu, Mike Sterling, John Stout, J. P. Tarwater, Guy 
Torchinelli, David Vasholz, L. J. Warren, W. C. Waterhouse, Albert Wehrly, P. Willeg, K. L. 
Yocom, D. A. Zave, and the proposer. 

Many solvers observed that the assumption of commutativity is not needed. Kahlon, Khay- 
yam, Lipman, Natarajan, and Petro and Schreiner proved the generalization offered in Solution 
II above, while Kandall, Pittie, and Vasholz obtained the intermediate result: If p is a prime, 
then +0(G) if and only if G= {x?|xCG}. 

Rosenfeld points out that this problem is Theorem 1 of W. R. Utz, Square roots in groups, 
this MONTHLY, 60 (1953) 185-186. Dénes calls attention to C. Pasztor and J. Dénes, Magyar 
Tudoményos Akademia Matemattkat Fiztkat tudomdnyok Osztdlyanak Kozleményei, XIII (1963) 
109-118 [see Math. Rev., 29 (1965) 180] and to K. Fenchel, Math. Scand., 10 (1962) 182-188 
[see Math. Rev., 27 (1964) 197]. 
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A Consequence of Problem 4964 
E 1795 [1965, 665]. Proposed by N. D. Kazarinoff, University of Michigan 


Let ABCDEF be a convex hexagon such that the perimeters of the triangles 
ABF, BCD, DEF, and BDF are the same. Show that the hexagon must be a 
triangle, that is, it must have three 180° angles. Compare 4964 [1962, 672]. 


Solution by M.S. Klamkin, Ford Scientific Laboratory, Dearborn, Michigan. 
Draw AGHI, where GB||AC, HD||CE, and IF||AE. Since the hexagon is convex 
it lies inside or on AGHI. By the result of problem 4964 [1962, 672], the perim- 
eter of ABFD cannot be less than each of the triangles GFB, FDI, and BDH, 
and if ABFD has the same perimeter as one of these other triangles, then all 
the four triangles have the same perimeter. Since AABFS AGBF in perimeter 
and similarly for the other two pairs of triangles XABC= (CDE= XHFA =r, 
and the hexagon is a triangle. 

The above result would still be valid if we replaced “perimeter” of the tri- 
angles by “area.” This follows from a corresponding result to problem 4964 
and is also a solved problem in this MONTHLY, 67 (1960) 479. 


Also solved by Neal Felsinger, J. M. Quoniam (France), Robin Sibson (England), and the 
proposer. 


An Asymptotic Formula 
E 1796 [1965, 665]. Proposed by Louis Comtet, Boulogne, France 
Show that, as n— ©, s(m) = 1% + 27+ 3% +4 ----+n” is asymptotic 
to en” /(e—1). 
Solution by M.S. Klamkin, Ford Scientific Laboratory, Dearborn, Michigan. 
Let v(m) 20 for m=1, 2, 3,--+-, and set S(n)= >0%., 7°™. By Maclaurin’s 
Integral Test, 


S(n) 2 | x ™dx = S(n) — n’™, 
0 


Consequently, 

1. If v(m)/n—0, then S(n)~n’™/[1+y(n)]; 

2. If n/v(n)—0, then S(n)~n’™; 

3. If v(n)/n—-a+ >0, then 1/a<S(n) S$1+1/a. 
In Case 3, we have 


S(n)/w = p> exp[>(n) log (1 — 1/n)] = ¥ exp[—v(n)[r/n + 0(02/n?)]] 


r=0 


ee 


n—1 co 
_— > ear e9 (1) — > ewer = 


r—0 r=0 e% — 1 


by Tannery’s Theorem [see, for example, T. J. Bromwich, Introduction to the 
Theory of Infinite Series, 2nd ed. (1925), page 136]. 
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Also solved by R. A. Avelsgaard, W. O. Egerland, R. B. Eggleton, P. G. Engstrom, J. A. 
Faucher, Robert Forbes, R. F. Jackson, V. K. Krishnan (India), Norman Miller, Simeon Reich 
(Israel), Henry Ricardo, M. N. Sastry, Richard Sinkhorn, Robert Spira, P. D. Thomas, L. E. 
Ward, Sr., David Zeitlin, and the proposer. Partial solutions by Daniel Ansimov, Paul Cull, 
R. J. Gazik and R. F. Rossa (jointly), H. M. Gehman, Michael Goldberg, P. G. Kirmser, E. S. 
Langford, L. W. Mendale, C. S. Ogilvy, Walter Penney, D. L. Silverman, Al Somayajulu, and 
K. L. Yocom. 

None of the partial solutions contained any justification that 


lim > an(k) = lim a,(k). 


WHO kal k=l 2-9 


Ricardo found (essentially) E 1796 as Problem 24 on page 467 of C. A. Stewart, Advanced 
Calculus, 3rd ed., Methuen, London (1951). He also calls attention to R. P. Boas, Jr., Tannery’s 
Theorem, Math. Mag. 38 (1965), 66. Ward notes that E 1796 is equivalent to Example 19 on 
page 528 of T. J. Bromwich, An Introduction to the Theory of Infinite Series, 2nd ed. (1926), and 
Kirmser points out Exercise 15e on page 107 of K. Knopp, Theory and Application of Infinite 
Series (1928). 


Another Diophantine Equation 


E 1797. Proposed by W. J. Blundon, Memorial University of Newfoundland 
Find all solutions in integers of the equation y?+y=x'-+x3-+-x? +x. 


Solution by D. C. B. Marsh, Colorado School of Mines. Multiply the given 
equation by 4 and add 1 to get 


Ant + 4a3 + 4n? + 4¢ +1 = (2y + 1)? 


For x= —1, y= —1 or 0; for x=0, y= —1 or 0; for x =2, y= —6or 5. (For x=1, 
y is nonintegral.) 

For all «<—1 or x>2, the left-hand side of the equation above is greater 
than (2x?+-x)? but less than (2x?-++x-+1)? and cannot be an integral square for 
integral x, while the right-hand side is an integral square for integral y. Thus, the 
six solutions listed above are the only integral solutions of the given equation. 

Also solved by Paul Devine, Michael Fredman, D. R. Morrison, C. B. A. Peck, Henry 
Ricardo, D. L. Silverman, Simon Vatriquant (Belgium), and the proposer. Partial solutions by 
J. N. Davies, R. B. Eggleton, G. G. Ford, D. M. Hancasky, G. F. Henry, R. F. Jackson, Sam 
Kravitz, R. E. Maas, Norman Miller, Sam Newman, Robin Sibson (England). 

Ricardo calls attention to the closely related Problem 2784 on pg. 10 of The Otto Dunkel 
Memortal Problem Book. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be sub- 
mitted on separate, signed sheets and should be mailed before April 30, 1967. 


5420. Proposed by T. P. Kezlan, Unwerstty of Texas 


Suppose that R is a ring with no nonzero divisors of zero and with the prop- 
erty that every proper subring of R is finite. Prove that R is a field of prime 
characteristic. 
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5421. Proposed by D. J. Newman, Yeshwa University 


J | (1 — )a 
0 0 tan x 
5422. Proposed by A. A. Mullin, University of California 


Let ¢ be the Riemann zeta-function restricted to the real numbers. Prove 
the following: ¢(s—1)+¢(2s) 2€2(s)-¢(2s) 2&*(s) =€(2s), for s>2. Does one 
have in fact strict inequalities? Which, if any, of the following inequalities hold: 


| g(s — 1)-¢(25) | = [e@ P| ¢@s)| = Le |? = | ¢@s)| 


for the extension of ¢ to Re s>2? 


Evaluate 


dy. 


5423. Proposed by James Singer, Brooklyn College 
Suppose that 


1 n €; 


Un, = — 

Qn de 2 22t- si ; 
where e;=0 or 1 for all 2, s;=e,+e.+ +--+ +e,;, and the sum >My) is extended 
over all possible allowable choices of e1, - - - , é,; find a simple expression for u, 


and limyso Un- 
5424. Proposed by Van E. Wood, Battelle Memorial Institute 


The relation of Ramanujan 


re) ens re) x 
(A) f <a a — | > ay, y2z0 
0 «(r? + In? x) o rd + x) 


is readily verified by the Laplace transform method (G. H. Hardy, Ramanujan, 
University Press, Cambridge, 1940, p. 196). Ramanujan, who, according to 
Hardy, disliked contour integration, proved (A) indirectly by discovering a 
generalization, the correctness of which could be shown without using integra- 
tion in the complex plane. Show that (A) can be verified directly (that is, with- 
out finding a more general integral of which it is a special case) by a method 
which does not involve contour integration. 


5425. Proposed by V. R. R. Uppuluri, Oak Ridge National Laboratory 

Let A and B be two real, symmetric, positive definite matrices. Show that 
C=2A(A+B)—14+2B(B+A)-!B—(A+B) is a nonnegative definite matrix. 

5426. Proposed by Omar Khayyam, Jr., University of California, Berkeley 


Prove or disprove: Every topological space X can be embedded in a simply- 
connected space X* where X* is obtained from X by the adjunction of one point. 
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5427. Proposed by J. W. Wyman, Pasadena College 


Let X1, Xo, X3 be points in £”, Euclidean n-space with d(X1, X3) =d(X1, X2) 
+d(X2, X3). Let S.,(X;) denote the open sphere of radius e; and center X; in 
Ei”. If es<d(X2, X3), determine how small e and € must be so that 


(*) %1 © S.,(X1), xe © S.(X2), 1 FF Le => H1H2 (VN Se,(X3) ¥ O. 
Find the least upper bound of all e’ such that e’ = «+e and (*) is met. 
5428. Proposed by P. G. Jessup, Lehigh Unwwersity 


For two vector topologies 7, 7’ on a linear space, let T/\7” be the largest 
vector topology included in T(\7’. Let X#(X’) be the set of all (continuous) 
linear functionals on X. For SC X*, let o(S) be the weak topology by S. For 
(X, T) a linear topological space, when is it true that ¢(X#) \T=oa(X’)? 


5429. Proposed by J. M. Moser, San Diego State College 


Consider k stochastically independent sequential tests Ain, °° +, Awe. An 
hypothesis is accepted when \,;,<8 for all 7 or rejected when \,,>a for all 2. 
Find E[n| the expected number of trials for accepting or rejecting the null 
hypothesis. : 


SOLUTIONS OF ADVANCED PROBLEMS 
Connected Topological Spaces not E* 


5214 [1964, 689]. Proposed by E. D. Nix, Norwich, Vermont 

Exhibit, or prove the nonexistence of, an arcwise connected topological 
space S having more than one point, and which is not a homeomorph of any 
open set of any finite-dimensional Euclidean space, such that: 

a) homeomorphisms between subsets of S preserve the property of having 
nonempty interiors; 

b) if # and qg are any (not necessarily distinct) points of S and if U, and U, 
are any neighborhoods respectively of » and gq, then there exists a neighborhood 
V,of gsuch that V,C U, and V,is homeomorphic to U, with a homeomorphism 
h: Up—V,_ such that h(p) =q. 


Solution by J. R. Isbell, Case Institute of Technology. The following example 
S is contractible and paracompact; the question whether a compact metric 
example exists is unresolved. S is the set of all paths f: [0, 7] ->E? (rE [0, )) 
made up of a finite number of isometric embeddings of subintervals [P:, Piss] 
horizontally or vertically in £2, without immediate retracing, with f(0) = (0, 0). 
From each f in S we can describe four “principal rays” corresponding to the 
three natural continuations and (r>0) one way back. Define a subset of S to be 
open if it contains an initial segment of each principal ray emanating from each 
of its points. (Two paths fi, f. are “close” if one is a “slight” extension of the 
other.) 

Evidently each point f cuts S— {f \ into four components. Every two points 
are joined by a unique arc. S can be contracted by a; taking each f on [0, 7| 
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to f| [0, tr]. Every connected open set has a discrete boundary, whence (easily) 
Sis paracompact. Every homeomorph of a letter “X” in S contains segments of 
the principal rays emanating from its center, whence homeomorphs of open sets 
are open. For homogeneity, S is a group with separately continuous multiplica- 
tion, the path fg being traced as follows: trace f, then go along the translate 
g+/f(r), erasing as long as this retraces f. To map S into any neighborhood of 0, 
note that any function 8: S—S continuous on principal rays is continuous, and 
proceed boldly: compress every f in S by composing its initial straight part 
fo: [0, 1] FE? with xe arctan x for suitable e, compressing its second straight 
part by e* arctan, where e* depends on how far the given neighborhood extends 
from ¢ arctan f(1), and so forth. 


Consecutive Composite Integers 
5317 [1965, 796]. Proposed by Daniel I. A. Cohen, Princeton University 


Show that there exists a number & such that there are 2—1 consecutive 
composite integers less than e** for all x. 


I. Soluizon by M. V. Subbarao, Unwersity of Alberta. Let A denote the 
product of all primes not exceeding m. As is well known (see, e.g., Hardy & 
Wright, Introduction to the Theory of Numbers, 4th ed., Theorem 415) A <4”. 
Clearly, +2, A+3,--+, A-+m are all composite integers and A+n<e™ 
where & is a fixed number (independent of z) less than 1++log 4. 


Il. Soluiton by K. K. Norton, University of Illinois. Define p(g) as the small- 
est prime following g or more consecutive composite integers. We shall show that 
p(n—1) S$(14/13)exp(z+3/2) for all n=1. 

Let p, be the rth prime (f1=2). Write di=f1, d,=p,—p,-1 for r=2. Let D, 
be the largest of di, +--+, dm. Then pa=d+-+-t+dzSmDm, whence Dm 
= Pm/m>log pPm—3/2 for bn25, by a result of Rosser and Schoenfeld (Illinois 
J. Math., 6 (1962) 64-94; Theorem 2). Therefore, if 21 and p, is the smallest 
prime Zexp(n+3/2), we have D,2=n. Now by a theorem of Rohrbach & Weis 
(J. Reine Angew. Math., 214/215 (1964) 432-440), dm S (14/13)exp(n-+3/2) for 
nz4, and hence p(n—1) $(14/13) exp(n+3/2) for n=4 (the cases 1Sn<3 
being trivial). 

Shanks (Math. Comput. 18 (1964), 646-651) conjectured a much stronger 
result, namely that log p(g)~~/g as g>+o. 

Also solved by Robert Breusch, N. J. Fine, W. D. Fryer, P. Gotiel (Netherlands), M. G, 
Greening (Australia), D. A. Hejhal, Agnis Kaugars, John B. Kelly, J. G. Mauldon (England), 
Lieselotte Miller, C. B. A. Peck, Harsh Pittie, R. E. Shafer, Robin Sibson (England), Al Somaya- 
julu, J. Wesley, and the proposer. 


When is 2! =a?-+-5?? 
5318 [1965, 796]. Proposed by Oystein Ore, Yale University 


Prove that there exist only a finite number of integers 1 for which the fac- 
torial 2! is the sum of two integral squares. 
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Solution by Robert Breusch, Amherst College. A prime p=4m-+3 can divide 
a?-+-6?2 only if p?| (a*+-b?). For n=7, there exists a prime p=3 (mod 4) such that 
n/2<psn. See Breusch, Zur Verallgemeinerung des Bertrandschen Postulates 
dass zwischen x und 2x stets Primzahlen liegen, Math. Zeitschrift 1932, p. 505. 
Thus 2! cannot be a sum of two squares if 27. 3!, 4!, 5! are not sums of two 
squares because each contains a single factor 3. Thus the only solutions are 


11= O02? +12 2= 42412 6! = 2424 122, 


Also solved by P. T. Bateman, R. A. Feinman, Harley Flanders (England), Michael Gold- 
berg, Emil Grosswald, J. G. Mauldon (England), K. K. Norton, C. B. A. Peck, Harsh Pittie, 
Donald Quiring, D. L. Silverman, Al Somayajulu, E. W. Trost (Switzerland), Van de Vyle (Belgium.) 
and K. S. Williams (England). 

Editorial Note. The fact mentioned in the first sentence above is attributed to Fermat and has 
been rediscovered many times. It may be found in many books—see, e.g., W. J. LeVeque, Topics 
an Number Theory, V. 1, p. 126. 


A Class of Space Filling Curves 


5321 [1965, 914]. Proposed by Borge Jessen, University of Copenhagen, Den- 
mark 


Let C denote the class of all pairs (/, g) of continuous functions on the inter- 
val [0, 1] on @, such that 


J [f@ |"[g@ nde = 1/(m + 1)(m + 1) 


for all pairs (x, m) of nonnegative integers. Each pair (f, g)@C determines a 
continuous curve (x, y) = (f(4), g(4)), ¢€[0, 1], in ®2. Prove that 

(i) The class C is not empty. 

(ii) For any pair (f, g)€C, the set ‘(f), g(t))|tE lo, 1]} is the unit square 
[0,1] X[0, 1] in 2%, ie., the corresponding curve is contained in the square and 
contains all its points. 

(iii) For any pair (f, g) CC, the functions f and g are nowhere differentiable 
to the right in [0, 1( and nowhere differentiable to the left in) 0, 1]. 


Solution by F. W. Steutel, Enschede, Netherlands. The functions f and g are 
continuous and therefore bounded on [0, 1]. Multiplying the given relations by 
xy™/n\m! we get (equivalently) 


ree 


y 


for all x and y. Thus f and g may be interpreted as independent random vari- 
ables, both uniformly distributed on [0, 1], i.e., if ~ denotes Lebesgue measure, 
we have 


(2) u({t| f@ € F and g() € S}) = (FA [0, 1 u(g¢-A [0, 1), 
for all Borel sets ¥ and G. 


1 
(1) J exp{af(d) + ye(d)}dt = 
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(ii) As f and g are continuous, it follows from (2) that f and g take no values 
outside [0, 1]. On the other hand, the curve { fd), g(é) } is a closed set and there- 
fore the existence of one point of [0, 1]? not belonging to the curve implies the 
existence of an open subset of [0, 1]? not belonging to the curve. This contra- 
dicts (2) and proves (ii). 

(iii) For an arbitrary point fg and any e>O there is a 6>0 such that 
lf —f(to)| <e if |¢—to]| <8. By (2) we have 


u({é| |f@ — fltr)| < eand | g(é) — g(to)| <6}) S 46. 
This means that any interval larger than |fo, to-+-4¢5] or [to—4e6, to] contains 
points for which | g(é) —g(to)| 28 and therefore in any such interval 
ie — g(to) 5 1 
sup | —————__| 2 —- = — : 
~E— lo 466 4e 


The quotient | { g(t) — g(to) }/(t—to) | is not bounded in any right or left neighbor- 
hood of to (similarly for f(¢)) which proves (iii). 

(i) An example of a pair of functions satisfying (2) is provided by Peano’s 
space filling curve (see e.g., Hobson, The Theory of Functions of a Real Variable). 
Here (2) follows from the fact that all values of ¢ for which the first 2” digits in 


the ternary expansion are constant, t=0. did)... Qon,... are mapped one to 
one (except for an enumerable set) on the square f=O0.Dibo...0,..., 
g=O.cice... Cn... 


Also solved by the proposer. 
Evaluation of ¢(d)/e(d) (mod 2) 

5322 [1965, 914]. Proposed by John Brillhart, University of San Francisco 

Let S(n, a) = Diain f(d), where (n, a) =1, f(1) =1, and f(d@) =¢(@)/e(d), d>1, 
¢@ the totient, and e(d) the exponent to which a belongs mod d. Then show that 
S(n, 2) is odd if n= +1 (mod 8) and is even if n= +3 (mod 8). 

Solution by M. G. Greening, University of New South Wales, Ausiralia. It is 
a simple calculation to show that ¢(d)/e(d) is even, or f(d) =0 (mod 2), forda 
composite number. Therefore S(n, a) = >) ptin f(p’). 

f(p*) is even if, and only if, e(p*) is a divisor of $¢(p‘); i.e. if, and only if, 
a=w* (mod p*), where w is a primitive root; that is if, and only if, a is a quad- 
ratic residue of p. It follows that 


p"|n t= 


sin, 0) = 'p(0) = 40) + Sy(p) (mod 2), 


(*) S(n,a)=1+ Di’a (mod 2), 


pe|n 


where }.,’ indicates a sum over primes for which a@ is a quadratic nonresidue. 
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Now 2 is a quadratic nonresidue for those primes p= +3 (mod 8), and a residue 
for those primes p= +1 (mod 8). Thus S(n, 2)—1= >.’ a=0 (mod 2) if 
n= +1 (mod 8), and =1 (mod 2) if m= +3 (mod 8). 

Also solved by L. Carlitz, Al Somayajulu, and by the proposer in collaboration with Emma 
Lehmer. 

Brillhart and Lehmer observe that the formula (*) above may be written S(n, a) =3{(a/n)+1 \ 
(mod 2), where (a/z) is the Jacobi symbol. The problem was located in P. Bachmann, Niedere 
Zahlentheorie, problem #609. 


Sums and Differences of Two Cubes 
5324 [1965, 915]. Proposed by Alan Sutcliffe, Congleton, Cheshire, England 


Following Hardy’s visit to Ramanujan at Putney it is well known that 1729 
is the smallest number that is the sum of two cubes in two different ways. (a) 
Show that 3367 is the difference of two cubes in three ways. (b) What is the 
smallest number that is the sum of two positive cubes in three different ways? 


Solution by John Leech, The University, Glasgow, Scotland. 
(a) 3367 = 15% — 2% = 163 — 93 = 343 — 333, 
(b) 87, 539, 319 = 4148 + 255% = 423% + 228% = 436% + 1673, 


and this is the smallest possible as revealed by a computer search. See a tabula- 
tion of the five smallest solutions as given in Some Solutions of Diophantine 
Equations, Proc. Cambridge Phil. Soc., 53 (1957) 779. 

Also solved by Joseph Arkin, J. A. H. Hunter, and Andrzej Makowski (Poland). 

Several solvers quoted 175959000, believed by A. Gérardin to be the smallest number expressi- 
ble in three ways as the sum of two cubes [L’intermediaire des math. 15 (1908), 182; mentioned 
in Dickson, History of the Theory of Numbers, 11, 562]. Makowski gave a reference to C. E. Britton, 
On a chain of equations, Scripta Math., 24 (1959), 179-180, which gives a number expressible as a 
sum of two cubes in four ways. Numbers (not smallest) are found by Hunter proceeding from the 
solutions of x3—y?=q3+}?, 

Apologies are offered for the unfortunate misprint in the original statement. Most solvers 
noted that 3367 was the correct number, rather than 3368 as printed. 


The Coefficients of (> \c;x?)* 


5325 [1965, 913]. Proposed by D. J. Newman, Yeshiva University and W. E. 
Weissblum, AVCO Research 


Suppose OSc;S1 and S\c;=2. Prove that all the coefficients of (> cwx*)” 
are <(%), where g=[n/2]. 


I. Solution by L. J. Goldstein, Princeton University. Proof by induction; the 
case 2=1 is clear. Put 


( > ca’) = > dx", 


t=0 7=0 


and assume that d;S(%), g=[n/2]. Now writing 
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co n+1 00 
(Sas!) =D ene", 
7=0 N=0 


we see that 


<o n n\ @ n n+1 
o- $0050) Bo = (B20) <2) 
i+j=N Q/ iti=N Q/ j=0 q q 


where q’ = [(n-+1)/2]. 


II. Solution by the proposers. We prove, in fact, that if c\”, j=1,2,°-°°+,n, 
satisfy the above hypotheses, then the coefficients in the power series resulting 
from 


ae | o: a!) | of | 


are all <(”). Having fixed the sequences c?,---, c® it is clear that one 


maximizes the largest coefficient in the above product by the choice of c{” equal 
to 1 for some two values of 2. Following this reasoning we see that the maximum 
coefficient is highest for a product (1-+x%)(1--x™) - + - (1-2). 

The coefficient of x” in this product, however, is the number of subsets, 5S, 
of ‘1, 2,°°¢, n} for which >/i¢s a@;= N. These subsets have the property that 
no one contains another and so the result follows from a lemma of Erdés that 
of any (7)-+1 subsets of {1, 2, °°"; n} there always exists one which is strictly 
included in another. 


An Arithmetic Inequality 


5326 [1965, 915]. Proposed by C. S. Venkataraman and R. Sivaramakrishnan, 
Trichur, India 


If o,(m) denotes the sum of the kth powers of the positive divisors of a posi- 
tive integer m and 7r(m) is the number of positive divisors of ”, prove that 


onln) a/nk 


7(n) 
I. Solution by S. L. Segal, University of Vienna, Austria. Let f(n) be a posi- 
tive submultiplicative arithmetic function, f(nm) Sf(n)f(m), n, m=1; then 


1 
—— DU f(@ = (f(n))"”. 


T(”) ain 


This is a simple consequence of the arithmetic-geometric inequality: 


1 
(f(n)) < (TL /of(w/2) Lar) = ( Ul i) ur) <> fd), 


d|n T(n) d|n 


The result of the problem now follows upon taking f(n) =n". 
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Il. Solution by C. B. A. Peck, Pennsylvania State University. a®(a—1) Za—1 
for all positive a, b with equality only for a=1. Setting a?=n/m? with positive 
m,n, b=2k—1, we see that 


(n/m)* -- m* = (m1 + (n/m) Jn for m’? An 
m* = m'-1./n for m? = n. 


Specializing k, m, ~ to positive integers, and adding over all divisors m of m with 
1sm* Sn, we get 


on(n) = op-1(N)/n 2 +++ 2 ao(n)J/n* = r(n) Vn". 


The case k=1 is problem E 1625 [1963, 891; 1964, 683]. 


Also solved by A. A, Aheart, P. N. Bajaj, N. J. Fine, J. A. Fridy, L. J. Goldstein, M. G. 
Greening (Australia), Emil Grosswald, D. A. Hejhal, Erwin Just, Marijo LeVan, Andrzej Makow- 
ski (Poland), C. J. Moremo, C. B, A. Peck, Stanton Philipp, Harsh Pittie, Simeon Reich (Israel), 
AlSomayajulu, Sidney Spital, Preston Stein, M. V. Subbarao, A. M. Vaidya (India), Van de Vyle 
(Belgium), and the proposers. 

Grosswald and Van de Vyle note that the inequality is strict for n >1. 


Triangle Tesselations of the Plane 


5328 [1965, 915]. Proposed by J. H. Conway, Gonville and Caius College, 
Cambridge, England 


Show that the plane may be filled with rational-sided triangles in such a 
way as to use just one of each type. (The triangles should be taken as closed and 
“filled” means covered in such a way that the overlap has zero area.) 


Solution by D. C. Kay, University of Wyoming. Consider the triangle T in E? 
whose vertices are (0, 0), (3, 0), and (0, 4). T has the rationals 3, 4, 5 as sides. 
We will show how to divide T into two subtriangles having rational sides for 
every integer 2>5. If 


7 16n(n? + 1) 
= 1) 


Xn 


since 0<x, <3 for each m>5 then the point (x,, 0) may be joined to (0, 4) form- 
ing two subtriangles T’(m) and T’’(m) having sides 4, xn, d,=(x7+16)!/2 and 
5, 3—Xn, dn, respectively, and 


L= 4(n4* + 6n? + 1) 
"(a = 1) 


Thus d, is rational for each n, and the triangles 7’(m) and T’’(m) are nonsimilar 
for different values of 2. Now tesselate the plane by 3, 4, 5 right triangles which 
may be labelled 7;, Tz, - +--+, Tn, -°+ + in some order. The desired tesselation of 
the plane by distinct triangles with rational sides is effected by 77 (6), Jy’ (6), 
Ty (7), T2"(7), +++. 
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Also solved by Michael Goldberg, John B. Kelly, and the proposer. 

Kelly’s solution involves a demonstration that any triangle with rational sides may be split 
into two triangles with rational sides in infinitely many different ways. 

The interesting question may still be raised: is a tesselation of the required type possible using 
triangles with integral sides? 


Integral Functions of an Integral Function 


5329 [1965, 915]. Proposed by Leopold Flatto, Yeshiva University 

Let w(z) be an entire function such that there exists another nonconstant 
entire function f(z) for which f(z) =f(w(z)). Show that this implies w(z) =¢z-++a, 
where ¢ is a root of unity. 


I. Solution by Fred Gross, Naval Research Lab. Let M,(r) =maxjz\=+ | f(z) |. 
G. Polya [J. London Math. Soc., I (1926) 12-15, Integral functions of an integral 
function. See also J. E. Littlewood, Lectures on the Theory of Functions, pp. 225- 
226. | shows that if f and gare entire and g(0) =0, then M,,(r) = Mj(cM,(r/2)) for 
an appropriate constant c, 0<c<1. It follows that if f(z) =f(w(z)), then w(z) 
must be linear, say w(z) =fz-+a. Write 


roo -1((e 25) +9) Her) =m0 


The Taylor series of F(z) shows that ¢ is a root of unity. 


II. Solution by R. Goldstein, The Northern Polytechnic, London, England. The 
problem can be generalized and is valid if f is a nonconstant meromorphic func- 
tion. A result of Rosenbloom |The fixed points of entire functions, Medd. Lunds 
Univ. Mat. Sem. Tome Suppl. M. Rieve, (1952) 186-192] says that either 
w(z) =z+a, a0, or w(z) =w(w(z)) has a fixed point, for any entire function 
w(z). So we may suppose that there exists a complex number 0 such that w®(d) 
=, Let 


(1) h@) =o(2+b)—6, (2) F@) =f@+t O). 
Then, by hypothesis 
F(z) = f(g + b) = fw + b)) = f(A@ + 0) = FG). 


Thus z=0 is a fixed point of the entire function h(z) and there is a nonconstant 
meromorphic function F(z) such that 


(3) F(z) = F(h(z)) = +++ = FUG) =---, 


for all z, and for all integers n, where h“(z) =h(z), h&t)(z) =h(h™(z)), n21. 
Without loss of generality we may suppose that F(z) is regular in the neighbor- 
hood of the origin and that F(0) =0. Let 


(4) F(z) = dps? + dpi igPtit--:, b, #0, p2il 


in some neighborhood of the origin, and let 
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(5) hz) = aga? + ayy + +++ = get[1+0@)], a 40,21. 
Then 

F(h(2)) = bparz [1+ O(2)]° + bouiae @ [1 +0] --- 
(6) kp+1, 


= bpd +O(z ). 


So, comparing (4) and (6), using (3), gives k=1 and 


(7) a4 = |. 
Thus h(z) =a2+0(2z?), a10. So 


n” (2) = a(axe + O(2)) + Oz) = az + O(z), 


and, in general 


(8) hn? (2) = aiz+ O(z) =g-+ O(z) =g-+ ue t+ o.+-, k=2 
say. Then 
F(h®)(z)) = bp2?|1 + ogre... |? + bn y 2? 11 + cggett... Je+ 
+ Bp p— re? TF be cysht fo... feted... 
Comparing the coefficients of 2?+*-! in (4) and (9) gives 
bypte + Oprx—1 = Optn-t. 


Hence bj,pc,=0, whence c,=0 (0,40, p40). 

Thus h® (zg) =z in the neighborhood of the origin, and so also in the whole 
plane. By the last equation h)(z) is univalent. Therefore h(z) must be univalent 
too. But A(z) is an entire function at the same time, so /(z) must reduce to a 
linear function of z. As h(0) =0 we must have 


(9) 


(10) h(z) = aig, a? = 1. 
Then, by (1) 
(11) w@2(z) = h(g —- 6) +b =a —- 6) +) = a2+ 011 — a). 


Thus w®)(z) is univalent, so w(z) is univalent too. As w(z) is also entire, we must 
have w(z) =fz-+a. So 


(12) w@(z) = 2+ ta-+ a. 


Comparing (11) and (12) we have ¢? =a, whence [97 =1. Thus w(z) =¢fz-+a with 
62? =1 as required. 

It may happen that w(z) itself has already a fixed point z=b. Then, by put- 
ting h(z) =w(z+b) —b we may obtain w(z) =fz+a with ¢?=1. 

Also solved by I. N. Baker (England). 
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The Riemann Hypothesis and Hulbert’s Tenth Problem. By S. Chowla. Gordon 
and Breach, New York, London, Paris, 1965. 119 pp. $6.50. 
Put 

=. x(7) 

L(s,x) = dU 


n=] n§ 


) 


where x(z) denotes a character (mod k). The Dirichlet L-function L(s, x) can 
be extended over the entire s-plane and is an entire function for x a nonprincipal 
character. The extended Riemann hypothesis asserts that the so-called non- 
trivial zeros of L(s, x) lie on the line R(s) =4. Hilbert’s tenth problem asks for a 
finite algorithm to solve a diophantine equation f(x, y) =c, where f is a poly- 
nomial in x and y with, say, rational integral coefficients. The subjects discussed 
in the present book are at least loosely related to one or the other of these topics. 
In a little over a hundred pages, Professor Chowla discusses an amazing variety 
of interesting questions in number theory. The first four chapters are concerned 
with character sums, the sign of the Gauss sum, the least positive quadratic 
nonresidue of a large prime and the formula of Jacobsthal: 


FENG): 


where p=a?-+-b2, a odd. Chapter 5 contains a proof of the congruence 


2m 
£20 = ( ) (mod p) (p = 4m-+1). 
m 


Chapters 6 and 7 are concerned with diophantine equations. Among other 
things there is a proof of the Mordell-Weil theorem that all rational points on 
the curve 


y? = (4 — 03) (x — 62) (% — 63), 


where the 6; are rational integers, are obtainable from a finite number by the 
tangent chord process. Chapter 8 contains a list of sixty-nine problems and 
theorems of varying degrees of difficulty. This chapter will no doubt be of spe- 
cial interest to the reader. 

The final chapter is concerned with cyclotomy; in particular it contains a 


906 
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proof of the theorem that if p is a prime =1 (mod 3), then 2 is a cubic residue 
(mod p) if and only if p=x?+27y?. 
This little book is very readable and should prove very valuable to the stu- 
dent of number theory. 
L. CARLITZ, Duke University 


Addition Theorems: The Addition Theorems of Group Theory and Number Theory. 
By Henry B. Mann. Interscience, New York, 1965. 114 pp. $8.75. 


In 1942 Professor Mann proved the following theorem that had been long 
outstanding. Let A, B, C be sets of positive integers, Let A(z) denote the num- 
ber of integers in A that do not exceed n; B(n), C(m) are defined in a similar 
way. Let 

C= fatblac Abc B}, 


where A°, B° consist of the numbers of A and B, respectively, and the number 0, 
Then 

C(n) _ Alm) + Bim) 

min —-—_—_———— 


— = or = 


= (l1SmsSn,m€C). 
Extensions of this result were obtained by the author, F. J. Dyson, M. Kneser, 
A. M. Macbeath and others. The first four chapters of this book contain a uni- 
fied account of these results, Chapter 5 is concerned with theorems about bases 
of the integers proved by Erdés, Kasch and Landau. Chapters 6, 7, 8 are de- 
voted to difference sets. The final chapter on decomposition theorems treats 
the following question. Let 


C=A+B={at+5|a€ A, bE B}. 


If Cand A are given, under what conditions will a set B exist that satisfies this 
equation? 
This little book is not easy to read but will be of great value both to the 
student and to the specialist. 
L. CaRLitz, Duke University 


Mathematical Methods in Engineering and Physics. Special Functions and Bound- 
ary- Value Problems. By David E. Johnson and Johnny R. Johnson. Ronald 
Press, New York, 1965. viii +271 pp. $9.50. 


This book is designed for courses in applied mathematics in which emphasis 
is placed on acquainting the student with the characteristics of the more im- 
portant special functions used in solving partial differential equations encoun- 
tered in engineering and physics. Attention is directed primarily to boundary- 
value problems, with emphasis on the separation-of-variables method. A brief 
introduction to transform methods is included. Applications to boundary-value 
problems in engineering and physics are discussed as they arise in the examina- 
tions of the functions themselves. 
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A good working knowledge of elementary differential equations is a neces- 
sary prerequisite for the proper study of this book. Such topics as are needed 
from advanced calculus are considered as they arise. The materials studied are 
considered generally to be on an advanced level though they are presented in a 
form suitable for students with less extensive backgrounds. The book may be 
used for one or two-semester courses at the graduate or senior level. 

The book begins with a study of orthogonal functions and a statement of the 
Sturm-Liouville problem. Self-contained chapters on Fourier series and the series 
solution of differential equations are included. Next are chapters on the Legendre, 
Gamma and Bessel Functions; Hermite, Laguerre, and Chebyshev Polyno- 
mials; Mathieu and other special functions. A chapter on concepts underlying 
boundary-value problems precedes one on Partial Differential Equations of 
Mathematical Physics, in which the common equations of mathematical physics 
are listed (i.e., Helmholtz, wave, diffusion, Laplace’s, vibrating string and mem- 
brane equations). Here, as elsewhere, applications of special functions to the 
boundary-value problems are included. The book closes with introductory 
chapters on Laplace, Fourier, and Sturm-Liouville Transforms. 

This reviewer questioned whether certain unifying concepts might have been 
introduced early from which many of the characteristics of special functions 
may be obtained. This possibility was considered by the authors who state in 
the last section that a unifying approach is conceivable and “would have the 
merit of making the work more compact, but would perhaps give the reader 
less insight and certainly much less experience in dealing with the special func- 
tions.” 

Although the authors recognize the theories necessary to justify techniques 
used, they make no attempt to go deeply into such matters. The inclusion of 
more detailed examples in the chapters on transforms would have been helpful 
to the student. The book is directed to the development of mathematical tech- 
niques rather than to related physical principles. The student may look else- 
where to acquire any needed knowledge of the physical sciences (e.g., the deriva- 
tions given for the equations for vibrating membranes, and diffusion, are not 
very convincing, though the student familiar with the physical problems in- 
volved will have no difficulties). 

The book is carefully written, of pleasing appearance, and should prove to 
be a useful text. The student who masters it should have developed a good 
working knowledge of special functions encountered in physical sciences. 

R. S. BuriINGTON, Arlington, Virginia 


Applications of Characteristic Functions. By E. Lukacs and R. G. Laha. Griffin's 
Statistical Monographs and Courses No. 14. Hafner, New York, 1964. 202 
pp. $7.25. 

This monograph might be considered as a sequel to Lukacs “Characteristic 


Functions” published in 1960 as No. 5 of the Griffin Statistical Monograph 
series, and reviewed by this writer in the MONTHLY, 69 (1962) 820-821. Where- 
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as the earlier volume emphasized the theory of characteristic functions, the 
present volume is primarily concerned with applications to problems of theo- 
retical statistics. The first chapter constitutes an introduction, while subsequent 
chapters are titled as follows: (2) “Important multivariate distributions,” 
(3) “The distribution problem of statistics,” (4) “Independent statistics in a 
given population,” (5) “Characterization of populations by the independence 
of statistics,” (6) “Regression problems,” (7) “Some problems in the theory of 
stochastic processes,” (8) “Identically distributed statistics,” (9) “Character- 
ization of populations by the distribution of a statistic,” and (10) “Stability 
theorems.” There are six appendices bearing titles as follows: (A) “Some basic 
concepts of probability theory,” (B) “Fourier transforms of probability meas- 
ures in R,,” (C) “Some results concerning determinants and matrices,” (D) 
“Proof of a lemma used in chapter 3,” (E) “Proof of lemmas used in chapter 5,” 
and (F) “Stochastic convergence.” 

Although detailed proofs are given for most of the theorems considered, oc- 
casionally proofs are omitted and reference is made to the original papers. In 
particular, only a brief indication is given of the structure of the proofs for some 
of Yu. V. Linnik’s work concerning identically distributed statistics. 

One of the noteworthy contributions of this and the earlier monograph is 
that these works make available many important results that heretofore have 
been published only in Russian and in other foreign journals. The scholarship 
exhibited in this work is commendable and the authors deserve the thanks of 
the entire statistical community for making it available. 

A. C. CoHEN, JR., University of Georgia 


Introductory Probability and Statistical Applications. By P. L. Meyer. Addison- 
Wesley, Reading, Mass., 1965. x +339 pp. $8.75. 


This carefully written text, presupposing one year of calculus, is directed 
towards engineering students. It covers the usual topics of non-measure-theoretic 
probability as well as containing brief excursions into hypothesis testing, sta- 
tistical estimation, and reliability. The latter makes a valuable addition to 
engineering courses, brief though it is, but the chapters on statistical ideas are 
too condensed to be useful. The author states that the book is intended for a 
one-semester course; my experience has been that there is too much material 
here for that time. One can “get through” the material, but one would do well 
to “teach” the first nine chapters and chapter 12, a total of 210 pp., with 
selected illustrations from the chapters on moment generating functions and 
reliability. 

The book contains a great many well thought out and imaginative examples 
and problems, and no obvious misprints. It is both more readable and better 
organized, and hence more teachable, than any other text covering the same 
material (probability—not statistics) that comes to mind. A question that will 
not down, however, is when a course covering this material might be appropri- 
ate, especially for engineers. For those with only one semester to spare, a com- 
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bined course with more statistics content would seem to be indicated. For those 
taking a full year course, there are better statistical texts. Nevertheless, if you 
have to teach a short course on probability to engineers, this will be an eminently 
satisfactory book. 

ROBERT KozELKA, Williams College 


Boundary Value Problems. By A. G. Mackie. Hafner, New York, 1965. 252 pp. 
$5.50. 


The aim of this book is to give a general account of how certain mathematical 
techniques may be used to solve important classes of boundary value problems 
in ordinary and partial differential equations. Emphasis is placed on the use of 
Green’s functions and integral transform methods. The approach of the author 
has been essentially heuristic without insistence on full rigor. For instance, the 
ideas of delta functions are used without development of a rigorous theory. 

In Chapters 2 and 3 the author concerns himself with solutions of ordinary 
differential equations satisfying one and two point boundary conditions. Trans- 
form methods, and techniques involving delta functions, Green’s functions, and 
eigenfunction expansions are introduced and applied to a wide variety of prob- 
lems, Chapters 3-6 deal with solutions of various boundary value problems for 
partial differential equations. In Chapter 3 simple equations of various types are 
introduced and methods of separation of variables and integral transforms are 
discussed. Chapter 4 is devoted to Fourier integrals and Fourier, Mellin, and 
Hankel transforms. The roles of the Green’s function, the method of images, 
and conformal mapping in the treatment of various classes of problems is dis- 
cussed in Chapter 5. Finally, Chapter 6 is concerned with Riemann’s method for 
solving hyperbolic problems and the connection between Riemann’s method and 
the method of Green’s functions. 

The book is clearly written and well within the grasp of the well-trained 
senior undergraduate mathematician, physicist or engineer. It should prove use- 
ful as a text or reference for a senior course in mathematical methods. 

L. E. Payne, Cornell University 


A Vector Space Approach to Geometry. By Melvin Hausner. Prentice-Hall, 
Englewood Cliffs, N. J., 1965. 397 pp. $12.00. 


Finding a title for a mathematical book is not easy these days, and since 
many books are adopted by departmental chairmen at sight, as it were, after a 
mere scrutiny of title, name of author and table of contents, it behooves an author 
to choose a title which is not too out of phase with the prevailing fashion in 
mathematical texts. The title to this very attractive book does not describe the 
contents. In fact, the first chapter deals with physical motivations in geometry, 
and the preface says: “although much algebra is used and developed here, this 
book is basically a geometry text, and no serious attempt has been made to give 
a totally axiomatic account of vector spaces.” 

The book is based on one year in-service courses for high school teachers of 
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mathematics given by the author, and explores the effect that geometry and 
linear algebra have on each other. It is carefully written and thought out, and 
can be recommended for similar courses where the instructor wishes to introduce 
his students to some of the delights of mathematics, rather than to crush them 
by asking them to gaze up at a towering superstructure, which they will have 
to climb in the course of a year without the benefit of elevators. 

The chapter headings are: The center of mass, Vector algebra, Vector spaces 
and subspaces, Length and angle, Miscellaneous applications, Area and volume, 
Further generalizations, Matrices and linear transformations, Area and metric 
considerations, The algebra of matrices, Groups. 

DANIEL PEDOE, University of Minnesota 


Linear Algebra, Volume III, Part 1. By V. I. Smirnov, translated by D. E. 
Brown and edited by I. N. Sneddon. Addison-Wesley, Reading, Mass., 1964. 
ix-+324 pp. $9.00. 


Appearing as the first part of Volume III of a five volume set by the author 
entitled A Course of Higher Mathematics, the purpose is to present the funda- 
mentals of linear algebra and the theory of groups that are “most frequently 
used in theoretical physics.” Noting the sectional topics mentioned below, an 
idea of the breadth of the treatment is obtained. The choice of topics should 
satisfy the requirements for a background in matrices and their applications for 
physicists as well as being topics that should supplement any first course in 
matrix theory. 

The book is quite readable, there are many fine examples, and no exercises. 
The approach used is antiquated when measured against today’s trends of 
emphasis and it is pronounced enough to act as a drawback when considering it 
for an introductory undergraduate course, in particular one directed toward 
mathematics majors. Containing a wealth of topics not normally treated in a 
first book of matrix algebra, a revision would make it a superior text. 

In Chapter I determinants are introduced in the classical manner followed 
by the solutions of systems of equations. Flavor is added by including sections 
on Gram’s determinant and Hadamard’s inequality, systems of linear differen- 
tial equations with constant coefficients, functional determinants (Jacobians), 
as well as an outlined proof of the implicit function theorem. 

Chapter II is concerned with linear transformations and quadratic forms. 
Under current usage, the term linear substitutions would be more appropriate 
since the entire chapter is developed around this notion. The treatment is en- 
hanced though by having sections on Buniakowski’s inequality, small vibrations, 
functions of matrices, infinite-dimensional spaces, the connection between func- 
tional and Hilbert space, and linear functional operators. 

The basic theory of groups and linear representations of groups appear in 
Chapter ITI. Among the sections of this chapter one finds continuous groups, 
representations of the Lorentz group, and integration over groups. 

HOMER BECHTELL, University of New Hampshire 
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Principles of Computation. By Peter Calingaert. Addison-Wesley, Reading, 
Mass., 1965. 200 pp. $7.75. 


This book is an introduction to methods commonly used in automatic com- 
putation. It begins with a historical introduction on the development of com- 
puter machines which is interesting, if not altogether accurate (e.g., the IBM 
Card Programmed Computer preceded the Ferranti Mark I and the Univac as 
a commercially available electronic computer). 

Dr. Calingaert clearly defines much of the computer terminology, such as an 
interpreter, compiler, assembler, loop, object program, compiling program, pre- 
cision, accuracy, error, roundoff error, truncation. He illustrates the develop- 
ment of computer logic by examples and emphasizes the importance of efficiency 
in programming by presenting alternate ways of programming a simple sort 
routine. In an attempt to be explicit, the author sometimes makes simple things 
complex; e.g., the discussion of iteration control seems to be much too detailed. 

The book includes a good description of number bases and the transforma- 
tion from one basis to another. It also touches upon the highlights of probability 
and statistics, including frequency distributions (discrete and continuous), kinds 
of ertors, correlations, and linear regressions. A section on analog computation 
includes methods of constructing nomograms, mechanical analog devices, and 
electronic analog computer programs. 

Finally, a section on numerical approximation is included. It is a good intro- 
duction, but does not go into depth on any method. For example, only one short 
paragraph and one short example are given on the predictor-corrector method 
for a numerical solution of a differential equation. No treatment at all is given to 
systems of differential equations. 

J. C. RoGERs, Omnimetrics 


Information and Information Stability of Random Variables and Processes. By 
M.S. Pinsker. Holden-Day, San Francisco, 1964. 256 pp. $10.95. 


This is a research monograph accounting for recent (up to 1960, the date of 
the Russian edition) work in information theory. Most of this work has only 
appeared in Russian periodicals, to a large extent in articles of R. L. Dobrushin 
and the author. The book consists of three parts. Part I, Information and in- 
formation stability of random variables, is devoted to the basic properties of 
information in far greater generality than in earlier expositions, which were 
usually restricted to discrete time and space parameter. The key results here are 
theorems of Dobrushin and of Gelfand, Yaglom, and Perez, concerning entropy 
and entropy density in general probability spaces. The proofs are omitted in 
the text (being available in the literature) but A. Feinstein has provided proofs 
as well as comments on these and other selected results in a sequence of valuable 
appendices to the various chapters. Part II, entitled Information rate and in- 
formation stability of random variables, lays the foundations for Part III which 
is the core of the book. Its title is “Information, information rate, and informa- 
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tion stability of Gaussian random variables and processes.” Here the information 
theory of Gaussian processes is related to their spectral theory. This part con- 
tains new methods permitting explicit computations of entropy, entropy rate, 
moments of the entropy density, as well as criteria for entropy stability and for 
the convergence of the distribution of the entropy density to a normal distribu- 
tion. 

The reader is assumed to be familiar with measure theory and with station- 
ary stochastic processes. The exposition is lucid, and compatible with these 
prerequisites, but the book is hard to read because of a two-fold lack of motiva- 
tion. The non-specialist will have to take on faith the statement that the results 
of Part II] can be used to solve problems of mathematical statistics concerning 
random processes, in particular the problem of receiving a signal in the presence 
of noise. No attempt is made to describe such problems. On the other hand the 
role of information in related areas of mathematics, such as ergodic theory, could 
also motivate the contents of the book, but even the appendices provide only 
hints in this direction. Indeed the subject matter of the book provides a natural 
setting for many interesting related results such as Linnik’s information-theo- 
retical proof of the central limit theorem, and the dichotomy theorem for Gaus- 
sian measures of Feldman and Hajek. 

The translation is of uniformly high quality, and the appendices mentioned 
above render the book more valuable than the previous Russian and German 
editions. 

FRANK SPITZER, Cornell University 


Mathematics: Its Content, Methods, and Meaning, volumes], II, III. Edited by 
A. D. Aleksandrov, A. N. Kolmogorov and M. A. Lavrentev. Translated by 
S. H. Gould. The M.I.T. Press, Cambridge, Mass., 1964. 359 pp. 377 pp. 
pp. 356 pp. Set $30.00. 


The twenty chapters in these three volumes were written by eighteen Rus- 
sian mathematicians, many of whom have international reputations. The object 
is to convey the flavor and some of the content of a large portion of mathe- 
matics to an audience consisting of students and teachers as well as engineers, 
scientists, and intelligent laymen. The preface states that only secondary-school 
mathematics is presupposed but that for most of the book a working knowledge 
of calculus, presented in Chapter II, is necessary. 

While Chapter II, which gives an uninspired presentation of the usual 
formulas of elementary calculus, is intended to serve as reference material for 
other chapters, the book as a whole is in no sense a reference work; there is no 
index and sometimes the content of a well-known theorem is established, but the 
theorem is not named or even formally stated. There are no exercises and few 
purely mathematical examples, but every effort is made to connect the mathe- 
matics with its applications and/or sources in physics and engineering. The 
chapters cover topics ranging from elementary calculus to partial differential 
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equations, functional analysis, electronic computing machines, and groups and 
other algebraic structures. 

We assume that the book is intended for readers who will be reading near 
the boundary of their comprehension. Ideally then the exposition should be 
brilliant and clear and unmarked by flaws. Some chapters come close to attain- 
ing this ideal, but the book as a whole does not. To begin with, there are many 
misprints throughout. 

Secondly there are some statements so oversimplified that they are not quite 
true; and there are statements of questionable validity. We cite a few examples. 
The chapter on complex variable asserts that every elementary function is 
analytic at each point of its domain. The chapter on prime numbers asserts 
that the infinitude of the sequence of natural numbers reflects the infiniteness of 
the material world in time and space. The chapter on probability asserts that if 
one computes the frequency of male births during a conjunction of Mars and 
Jupiter the result would not be different than at other times. This assertion is 
then used as an illustration of how science refutes the imagined relations of the 
astrologers. 

In some chapters there are too many instances of careless writing and edit- 
ing. Other chapters are of doubtful value because they cover too much material 
too thinly. In this category, we place Chapters IX (Functions of a Complex 
Variable), XV (Theory of Functions of a Real Variable), XVI (Linear Algebra), 
XX (Groups and Other Algebraic Systems). 

On the other hand, some chapters are examples of excellent expository writ- 
ing. These include the chapters on analytic geometry, the theory of algebraic 
equations, curves and surfaces, calculus of variations, non-Euclidean geometry 
and functional analysis. In particular, Chapter III (Analytic Geometry) pro- 
vides excellent collateral reading of a concrete sort for a student first studying 
the abstract theory of linear spaces. 

Chapter VII on curves and surfaces and Chapter VIII on the calculus of 
variations are conspicuously successful. From these a reader with a year of 
calculus should be able to get a good feeling for curvature, torsion, Gaussian 
curvature and should also be able to learn what it means to minimize a func- 
tional, while anyone who understands partial derivatives should be able to fol- 
low the derivation of Euler’s necessary condition. 

Chapter XIX (Functional Analysis) is an outstanding one, although the 
reader needs a somewhat greater background than a one-year calculus course. 

It is of course, not surprising that a book with nineteen authors should be 
uneven in quality. Unfortunately, this unevenness makes the present work only 
partially successful. We believe that the problem of communicating mathe- 
matics to the intelligent layman is an important and difficult task. The best 
parts of these three volumes can well serve as models for others who wish to 
contribute to this task, while the worst parts can serve to warn them how easy 
it is to miss the mark. 

H. E. Curestenson, B. Hunt, J. B. RoBERTS, Reed College 
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Introductory Computer Methods and Numerical Analysis. By Ralph H. Penning- 
ton. Macmillan, New York, 1965. 464 pp. $9.00. 


This is a book directed toward the student engineer and scientist with a back- 
ground in mathematics through integral calculus but with no familiarity of the 
digital computer. The numerical analysis portion of the book is computer- 
oriented with special emphasis given to possible errors that may develop in the 
course of calculation. Examples are numerous and well employed. Each chapter 
includes a set of exercises, most of which are computational in nature. 

After the initial chapter on number systems, a brief discussion of a hypo- 
thetical computer is given. The reader is then led smoothly through the process 
of machine language programming to basic FORTRAN-type programming and 
flow charts. Several chapters are devoted to the important problem of accuracy 
in computer calculations. The remaining chapters cover the standard introduc- 
tory numerical methods for digital computation. Included are chapters on 
evaluation of functions, quadrature, solution of algebraic and transcendental 
equations, solution of polynomial equations, systems of linear equations, matri- 
ces, curve fitting, interpolation and differentiation, and ordinary differential 
equations. Flow charts and FORTRAN programs are included whenever pos- 
sible. 

In general, the author’s exposition is very clear. Due to the amount of ma- 
terial covered, however, some numerical methods are discussed only briefly and 
are presented as “cook book” procedures. A bibliography is given but, unfor- 
tunately, no references are cited in the text. One not so obvious misprint was 
noted. Page 327 should read “... all the eigenvalues... ,” not “... all the 
elements... .” 

This book should be useful as a text for either a laboratory or classroom 
course in introductory digital computing and numerical methods. 

L. A. HAGEMAN, Westinghouse Electric Corp. 


Integration, Measure and Probability. By H. R. Pitt. Hafner, New York, 1963. 
106 pp. $4.00. 


This small book seems to be directed toward the graduate student who has 
already had solid work in linear algebra and matrix theory, and desirably some 
work in probability and/or mathematical statistics. Its principal objective ap- 
pears to be the consideration of a variety of theorems concerning the limiting 
forms of distributions. In Part One (45 pages) the author provides a compact, 
self-contained introduction to completely additive set functions over a o-ring 
of sets, and of measure and integration. The Radon-Nikodym theorem concern- 
ing the decomposition of a completely additive set function into its continuous 
and singular components is stated and proved. 

Part Two begins, in Chapter 4, with classical probability theory, based on 
the set-theoretical approach due to Kolmogoroff. The standard distributions, 
discrete and continuous, one- and multi-dimensional, are treated, including 
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random vectors with a general normal distribution. The author proves, for 
example, the independence of the sample mean and variance for random sam- 
ples from a normal distribution. 

Chapter 5 first deals with the so-called central limit problem, that is, with 
generalizations and extensions of the central limit theorem. Several theorems are 
derived which give necessary and sufficient conditions in order that the limiting 
form of a distribution, as n—«, may be of a specified type: normal, Poisson, 
singular, etc. The chief tools are the characteristic function and the K-Z func- 
tion, due to Kolmogoroff, Khintchine and Lévy. A final section of 13 pages gives 
a résumé of results concerning random functions and sequences, stochastic 
processes and time series, largely based on the work of such men as Wiener and 
Doob. 

H. W. ALEXANDER, University College, Nairobi, Kenya 


Linear Algebra. By R. A. Beaumont. Harcourt, Brace & World, 1965. 216 pp. 
$3.50. 


The text, one of a series, was designed to be used following a course in Cal- 
culus and preceding one in multivariate calculus. I found it to be very interest- 
ing. Topics are presented in an orderly fashion, figures are neatly drawn, and 
the page layout is excellent. 

The book is divided into thirty-three sections. Since each section covers 
about six pages, it appears suitable for a section-a-lesson coverage in a one- 
semester course meeting three times per week. There are an adequate number of 
examples and exercises. The exercises involve both proofs and routine computa- 
tions. The former category includes some proofs of theorems required in the 
text. Answers and hints are given for many of the exercises. 

Chapter headings are: Vector Methods in Geometry; Real Vector Spaces; 
Systems of Linear Equations; Linear Transformations and Matrices; Equiva- 
lence of Matrices; Determinants; Similarity of Matrices; and Quadratic Forms. 
The notion of real vector spaces is introduced early, and the terminology is used 
throughout the book. 

I believe the coverage is adequate for an introductory course in Determi- 
nants and Matrices, and it would certainly be a most helpful prelude to a more 
abstract course in Modern Algebra. 

A. B. FARNELL, General Dynamics/Convair 


Ordinary Differential Equations. By Philip Hartman. Wiley, New York, 1963. 
xiv-+612 pp. $20.00. 


The author has selected those aspects of differential equations with which 
he has been most intimately associated over the last twenty years, added ap- 
propriate introductory material, very good exercises, historical notes, and an ex- 
tensive bibliography to produce an excellent treatise. The chapters on differen- 
tial inequalities, total and partial differential equations, invariant manifolds and 
linearizations, perturbed linear systems, applications of fixed point theorems, 


1966] RECENT PUBLICATIONS AND PRESENTATIONS 917 


dichotomies, and monotony contain much material previously available only in 
research papers, many of which are by Hartman or Wintner. Although theoreti- 
cally an advanced undergraduate or beginning graduate student could read 
through the book, the extensive and very thorough analysis of most of the 
proofs make the book more appropriate as a reference for a research mathe- 
matician. A stimulating graduate course might well be based, however, on selec- 
tions from Hartman’s book and the chapters on stability from Lefschetz’s book 
Differential Equations: Geometric Theory, Interscience, 1963. 
CouRTNEY COLEMAN, Harvey Mudd College 


Homograpmes, Quaternions, and Rotations. By Patrick Du Val. Oxford Mathe- 
matical Monographs, Oxford at the Clarendon Press, 1964. xiv-+116 pp. 
35s. 


By means of stereographic projection, a projectivity of the real unit sphere 
onto itself corresponds to a transformation of the conformal plane which maps 
the set of all the circles and straight lines onto itself. If the projectivity is orien- 
tation preserving, the transformation is a homography [=Moebius transforma- 
tion =linear fractional transformation], otherwise the projectivity determines 
an antthomography. Chapter I collects some information on the groups © of all 
the homographies and §* of all the homographies and anti-homographies and 
on certain subgroups. Chapter II determines the finite subgroups of § and §* 
and their structure. Quaternion representations are used in Chapter III for the 
enumeration of the finite subgroups I of the four-dimensional real orthogonal 
group. An elementary argument yields all the possible regular polytopes and 
tessellations in n-space. The four-dimensional case and the 3-sphere modulo 
some I are then studied in detail (Chapter IV). Chapter V: If @ is a finite sub- 
group of § and ¢is any point in the conformal plane, the group set Gt determines 
an invariant form. For given G, any three of these forms are linearly dependent. 
Thus every group set satisfies an algebraic equation f(u, v)-+mg(u, v) =0 in 
homogeneous coordinates u,v [u=const] and the group sets of @ form a rational 
involution which is discussed for each ©. © is the 2:1 or 1:1 homeomorphic 
image of a finite centro-affine group Ws. The group sets of G4 are in 1-1 cor- 
respondence with the points of an algebraic surface in affine 3-space with a 
singularity at the origin. 

PETER SCHERK, University of Toronto 


Numerical Methods: 1. Iteration, Programming and Algebraic Equations. By Ben 
Noble. Wiley, New York, 1965. xii+156 pp. $2.75. 

Numerical Methods: 2. Differences, Integration and Differential Equations. By 
Ben Noble. Wiley, New York, 1965. viii+216 pp. $3.00. 


These little books provide an informal, accurate introduction to numerical 
methods. The areas covered in each volume are indicated in the titles. Tedious 
details and lengthy derivations are circumvented through footnoted references to 
elementary sources. 
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The main concern is to expose basic ideas, and the topics are chosen accord- 
ingly. Among the omissions are the Q—D algorithm and Romberg’s method, and 
there is no bibliography. Yet the shortcomings are outweighed by the author’s 
clarity, easy informality, and skill in selecting illustrations. 

NATHANIEL Macon, Institute for Defense Analyses 


The Haar Integral. By Leopoldo Nachbin. Van Nostrand, Princeton, N. J., 
1965. xii+156 pp. $6.50. 


Despite the number of existing books about topological groups there is 
definitely a place for this one, Addressed to graduate students “having the 
mathematical maturity normally expected from them,” and presupposing only 
a rudimentary knowledge of general topology, algebra, and elementary integra- 
tion, its aim is to reach the existence and uniqueness theorems for the Haar 
integral by the shortest possible path. It is hard to imagine how this aim could 
be more successfully achieved. The exposition moves smoothly and self-sufh- 
ciently through the theory of the Radon integral in a locally compact space, 
then proceeds to locally compact groups. The main existence and uniqueness 
theorem is stated and assumed, while properties of the Haar integral are de- 
rived from it and abundantly illustrated with examples from the classical groups. 
Then two proofs are presented, following A. Weil and H. Cartan, respectively. 
A short final chapter on locally compact homogeneous spaces reveals the ap- 
plications of the Haar integral to integral geometry. 

The exposition is strictly according to Bourbaki, and the book provides an 
excellent introduction to this theory of integration. Thus measure plays only 
a subordinate role; there is no need to distinguish between Baire and Borel 
measures, and questions of regularity or of the possibility of invariant extensions 
do not even arise. There are no lists of problems or exercises. One might criticize 
the book on the ground that it makes the subject appear almost too finished, but 
within the limits the author has set himself he has done a superb job. Tech- 
nically there is almost nothing to criticize, unless it be to point out that the 
words “less than” sometimes mean “less than or equal to” (e.g. in Propositions 
23 and 24, Chap. 1), and that in Lemma 1, p. 32, the condition should read “it 
is necessary and sufficient that f be finite valued and u*(f)<-+.” But these 
are very minor points. Here is a book that can be highly recommended as a 
model of smooth exposition, a pleasure to read. 

J. C. Oxtosy, Bryn Mawr College 


BRIEF MENTION 


Six-Figure Logarithmic Trigonometrical Functions of Angles in Degrees and Minutes, 
5th rev. ed. Practical Tables Series No. 1. By C. Attwood. Pergamon Press, Long 
Island City, N.Y. 1965. 68 pp. $1.50. 


Six-Figure Trigonometrical Functions of Angles in Hundredths of a Degree. Practical 
Tables Series No. 2. By C. Attwood. Pergamon Press, Long Island City, N.Y. 1965. 
103 pp. $2.45. 
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Stx-Figure Logarithmic Trigonometrical Functions of Angles in Degrees and Minutes, 5th 
ed. Practical Tables Series No. 3. By C. Attwood. Pergamon Press, Long Island 
City, N.Y. 1965. 75 pp. $1.50. 


Six- Figure Logarithmic Trigonometrical Functions of Angles in Hundredths of a Degree. 
Practical Tables Series No. 4. By C. Attwood. Pergamon Press, Long Island City, 
N.Y. 1965. 100 pp. $1.50. 


Six- Figure Logarithms, Cologarithms and Antilogarithms. Practical Tables Series No. 5. 
By C. Attwood. Pergamon Press, Long Island City, N.Y., 1965. 125 pp. $2.45. 


Studies in Real and Complex Analysis, vol. 3 of MAA Studies in Mathematics. Edited by 

I. I. Hirschman, Jr., Prentice Hall, Englewood Cliffs, N.J. 1965. 213 pp. $4.00. 

The articles in this volume are in general directed to advanced undergraduate and 
first year graduate students. They are, in addition to an introduction by the editor, 
“Several Complex Variables” by H. J. Bremermann, “Nonlinear Mappings Between 
Banach Spaces” by L. M. Graves, “What is a Semi-Group?” by Einar Hille, “The Laplace 
Transform, The Stieltjes Transform and their Generalizations” by I. I. Hirschman, 
Jr. and D. V. Widder, “A Brief Introduction to the Lebesgue-Stieltjes Integral” by 
H. H. Schaefer, “Harmonic Analysis” by Guido Weiss, and “Toeplitz Matrices” by 
Harold Widom. 


Introduction to the Foundations of Mathematics, 2nd ed. by Raymond L. Wilder. Wiley, 
New York, 1965. xvi+327 pp. $8.00. 
Certain sections are considerably revised or augmented. 


Transactions of the Moscow Mathematical Society, vol. 12. English translation of Trudy 
Moskovskogo Matematiceskogo Obscestva, American Mathematical Society, Provi- 
dence, R.I., 1965. iv-+524 pp. $5.30. 


Probability and tts Engineering Uses, 2nd ed. By Thornton C. Fry. Van Nostrand, Prince- 
ton, N.J., 1965. 462 pp. $12.00 College edition, $15.00 Reference edition. 


Radiative Transfer on Discrete Spaces. By Rudolph W. Preisendorfer. Pergamon Press, 
Long Island City, N.Y., 1965. xit+462 pp. $20.00. 


Elemente der Funktionalanalysis. By L. A. Ljusternik and W. I. Sobolev, Akademie- 
Verlag, Berlin, 1965. xi+256 pp. DM 25. 
The English translation of the Russian original was reviewed in the MONTHLY of 
November 1962. 


Legons d’analyse fonctionelle, 4th ed. By Frederic Riesz and Bela Sz.-Nagy, Akadémiai 
Kiadé, Budapest, 1965. viii+-490 pp. $8.50. 


Differential and Integral Calculus, 3rd ed. By Edmund Landau, translated by Melvin 
Hausner and Martin Davis. Chelsea, New York, 1965. 372 pp. $6.00. 


Concepts from Tensor Analysis and Differential Geometry, 2nd ed. By Tracy Y. Thomas. 
Academic Press, New York, 1965. vili-+178 pp. $7.50. 
A chapter on Einstein-Riemann spaces has been added. 


The Environment in Modern Physics, a Study in Relativistic Mechanics. By Clive W. 
Kilmister. American Elsevier, New York, 1965. viii +134 pp. $5.00. 


A Survey of Modern Algebra, 3rd ed. By Garrett Birkhoff and Saunders MacLane. 
Macmillan, New York, 1965. x+437 pp. $8.50. 
There are minor revisions throughout the book, major revisions in the material on 
Boolean algebra and lattices, and an introduction to tensor products has been added. 
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Mathematical Puzzles and Pastimes, 2nd ed. By Aaron Bakst. Van Nostrand, Princeton, 
N.J., 1965. 242 pp. $5.50. 


Nijenrode Lectures—Asymptotic Distribution Modulo One. Edited by J. F. Koksma and L. 
Kuipers. Papers presented at the Nuffic International Summer Session in Science, 
sponsored by NATO, held in Breukelen, the Netherlands, in August, 1962. Noordhoff, 
Groningen, Holland, 1965. 203 pp. $2.90. 


Calculus and Analytic Geometry, 2nd ed. By John F. Randolph. Wadsworth, Belmont, 
Calif., 1965. 640 pp. $10.95. 


Theoretical and Mathematical Biology. Edited by Talbot H. Waterman and Harold J. 
Morowitz. Blaisdell, Waltham, Mass., 1965. 426 pp. $12.50. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo (Uni- 
versity of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months be- 
fore publication can take place. 


PERSONAL ITEMS 


Professor B. A. Amira, Hebrew University, Israel, Founder and Editor of the Journal 
d’Analyse Mathématique, was nominated Chevalier de la Légion d’Honneur by the 
Government of the French Republic in recognition of his activity in the field of Interna- 
tional Cultural Relations. 

Professor P. N. Carpenter, Grove City College, received an honorary Doctor of 
Science degree at Grove City College’s Commencement on June 4, 1966. 

Professor E. D. Ebert, University of Toledo, has been named a recipient of the 
University of Toledo’s 1966 Outstanding Teacher Awards. 

Professor Mark Kac, Rockefeller University, has been awarded an honorary degree 
of Doctor of Science by the Case Institute of Technology. 

Mr. George Lenchner, Valley Stream North High School, Franklin Square, New 
York, has been awarded Harvard University's Distinguished Secondary School Teacher 
Award. 

Professor Emeritus E. B. Mode, Boston University, represented the Association 
at the Investiture of Joseph Leo Driscoll as President of Southeastern Massachusetts 
Technological Institute on June 9, 1966. 

Professor K. E. Whipple, Georgia State College, represented the Association at the 
inauguration of Harry M. Philpott as President of Auburn University on May 13, 1966. 

University of Miami: Professor A. D. Wallace, University of Florida, has been ap- 
pointed Professor; Dr. Marvin Mielke, Institute for Advanced Study, has been ap- 
pointed Assistant Professor. 

Wellesley College: Assistant Professor Torsten Norvig, University of Massachusetts, 
has been appointed Assistant Professor; Dr. Bernice L. Auslander has been promoted 
to Assistant Professor. 

University of Wisconsin, Madison: Associate Professor A. A. Johnson, University of 
Toledo, and Assistant Professor J. G. Harvey, University of Illinois, have been appointed 
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Assistant Professors; Professors Steve Armentrout, State University of Iowa, and B. H. 
Neumann, Australian National University, have been appointed Visiting Professors; 
Associate Professors Anatole Beck and Fred Brauer have been promoted to Professors; 
Assistant Professors Lawrence Levy, P. E. Miles, and J. R. Smart have been promoted 
to Associate Professors; Associate Professor D. W. Crowe will be on leave for the fall 
semester at the Mathematical Institute of the Hungarian Academy of Sciences; Professor 
Walter Rudin will be on leave for the coming year at the University of California at La 
Jolla. 

Associate Professor H. C. Kennedy, Providence College, is on sabbatical leave of 
absence for 1966-67 at the University of Turin, Italy, during the tenure of a Fulbright 
Research Grant. 

Professor B. J. Lockhart, U.S. Naval Postgraduate School, has been appointed Dean 
of Curricula. 

Assistant Professor Bernard Martin, Central Washington State College, has been 
promoted to Associate Professor. 

Dr. H. D. Mills, International Business Machines, Rockville, Maryland, has been 
named Director of the IBM Federal Systems Division’s Computer Mathematics De- 
partment. 

Dr. G. F. Rose, System Development Corporation, Santa Monica, California, has 
been appointed Guest Professor at the Mathematisches Institut der Technischen Hoch- 
schule in Munich, Germany. 

Assistant Professor Bobby Sanders, Texas Christian University, has been promoted 
to Associate Professor. 

Assistant Professor J. M. Scandura, Florida State University, has been appointed 
Associate Professor at the Graduate School of Education of the University of Penn- 
sylvania. 


Professor L. F. Ollmann, Hofstra College, died on April 8, 1966. He was a member of 
the Association for 32 years. 

Professor Emeritus Annie M. Pegram, Durham, North Carolina, died on April 13, 
1966. She was a member of the Association for 47 years. 

Professor Emeritus Anna Pell Wheeler, Bryn Mawr College, died on March 26, 1966. 
She was a charter member of the Association. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reporis and Communications 


APRIL MEETING OF THE ALLEGHENY MOUNTAIN SECTION 


Seventy-five members and twenty-three guests were greeted by Waynesburg College 
President, Dr. B. M. Rich, at the fortieth annual meeting of the Section held in Waynes- 
burg, Pa. April 30, 1966. Chairman F. E. Justis of Geneva College presided at the first 
morning session and conducted the business meeting. I. D. Peters of West Virginia 
University and Frank Perry of Washington and Jefferson College reported on the Annual 
Mathematics Contest. In West Virginia 3500 students from 77 schools participated and 
in Western Pennsylvania 5331 students from 116 schools. Six scored above 80. 

C. V. Coffman of Carnegie Institute of Technology accepted gift memberships in 
MAA for his winning team in the William Lowell Putnam competition for the Section. 
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J. B. Bartoo, Penn State University, announced a memorial fund established at 
Penn State for the former governor, Evan Johnson, Jr. who died July 13, 1965. The term 
of governor is being completed by P. N. Carpenter, Grove City College. The chairman 
appointed A. B. Cunningham, West Virginia University, F. H. Steen, Allegheny College 
and George Laush, University of Pittsburgh to nominate a successor for the three year 
term beginning July 1, 1966. 

The following were appointed by Professor Justis to study the CUPM curriculum 
proposals and to report at the 1967 meeting: C. F. Sebesta, Duquesne, Craig Comstock, 
Ward Bouwsma and Allan Krall, Penn State; Franz Hiergeist and Charles Church, West 
Virginia; Robert Berry, Washington and Jefferson; Anthony Pagano, Slippery Rock 
State, and George Novak, California State. 

Dr. Bartoo reported on the committee formed to lobby in Harrisburg for stronger 
certification requirements for both elementary and secondary teachers. Other members 
of the committee are Richard Moore, Carnegie Institute of Technology, and Bernard 
Jacobson, Albert Filano and Martin Hubley of the Philadelphia Section. 

Professor Peters presided at the session for short papers. Local arrangements were 
ably made by L. T. Moston, Waynesburg College, who presided at the afternoon session. 
An invitation from Professor Peters and West Virginia University to meet in Morgan- 
town in connection with the University’s 1967 centennial celebration was gratefully 
accepted. The date is May 6, 1967. 

A group of portraits of eleven great mathematicians of the past made by Hwa S. 
Hahn, assistant professor of mathematics at Penn State University, was displayed 
in the coffee room. 

A twenty-minute film on the 1964 Workshop at Stanford University, held by the 
Calculus Project of the Committee on Educational Media, was presented by Bruce 
Cornwall of the Calculus Project, Cleveland. O. F. H. Bert, charter member, reminisced 
on MAA’s fifty years. 

The following papers were given: 


1. Differential equations in the undergraduate curriculum, by I. 1. Kolodner, Carnegie Institute 
of Technology (by invitation). 


2. Computing and information, by Preston Hammer, Penn State University (by invitation). 
3. The role of intustion, by R. L. Wilder, president, MAA (by invitation). 


4. On asymptotic and convergent series, by Craig Comstock, Penn State University. 

The notion of asymptotic series is often treated as a converse of convergent series. In this note 
a single picture of both types of series is given, and conditions under which a series may be both 
convergent and asymptotic are shown. 


5. Properties of binary operators and their operator tables, by George Reilly, Westinghouse 
Electric Corporation, Pittsburgh. 

The operator tables for binary operators on a finite set of elements contain all information 
regarding the system. A computer algorithm has been developed for generation of Latin squares, 
loops, and tables for finite groups, which will identify which tables are group multiplicative systems. 
Some of the properties of the tables, considered as matrices, correspond to group properties. 


6. A generalization of the Mittag-Leffler function, by A. M. Chak, West Virginia University. 

The Mittag-Leffler function has been generalized by many authors in various directions. The 
purpose of this paper is to give another generalization and to study its properties by the help of 
operational calculus of two variables. 


7. Lattice-point solution of a problem in permutations, by C. A. Church, Jr., and H. W. Gould, 
West Virginia University, presented by Professor Church. 
The classical permutation problem of Terquem, following Riordan, can be stated as follows. 
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Consider combinations of 7 numbered things in natural (rising) order, with f(s, r) the number of 
r-combinations with odd elements in odd position and even elements in even position, or, what is 
equivalent, with f(z, 7) the number of combinations with an equal number of odd and even ele- 
ments for 7 even and with the number of odd elements one greater than the number of even for 
r odd. 

In order to determine a recurrence for f(n, r) and to find an explicit formula for f(n, 7) we con- 
sider a generalization modulo m due to Skolem (see Netto’s Kombinatorik, 1927). We give a simple 
proof by enumeration of lattice paths for Skolem’s formula for the more general problem. 

BERTHA W. MATHER, Secretary 


APRIL MEETING OF THE NEBRASKA SECTION 


The forty-second annual meeting of the Nebraska Section of the MAA was held on 
April 30, 1966, at the Nebraska Center for Continuing Education, Lincoln, Nebraska, 
in conjunction with the seventy-sixth annual meeting of the Nebraska Academy of 
Sciences. Rev. E. A. Sharp, Chairman of the Section, presided. There were 65 persons 
present of whom 52 were members of the Association. 

The following officers were elected for 1966-67: Chairman, Professor C. H. Frick, 
University of South Dakota; Vice-Chairman, Rev. E. A. Sharp, Creighton University; 
Secretary-Treasurer, Professor H. M. Cox, University of Nebraska. Professor J. M. Earl 
of The University of Omaha was continued as chairman of the Mathematics Contest 
Committee. Representatives of the Nebraska Section of the MAA, of the Nebraska Sec- 
tion of the National Council of Teachers of Mathematics, The Nebraska Actuaries Club, 
and the Nebraska Academy of Sciences are on the Contest Committee. 

The following papers were presented: 


1. The Nebraska Mathematics Contest, by J. M. Earl, University of Omaha, and H. M. Cox; 
University of Nebraska. 

Some 4632 contest papers from 163 high schools were scored and reports printed by use of 
IBM 1230, IBM 534, and IBM 7040. The median team score was 59 as compared with 60 for the 
1965 Contest. Reprints of the report printed in the Nebraska Guidance Digest for May 1966 are 
available upon request. 


2. A commutativity problem, by E. P. Armendariz, University of Nebraska. 


3. Polynomials generated by a Biirmann series, by O. G. Ruehr, University of Omaha. 

Let y(x) denote a formal power series possessing a formal inverse. The Biirmann series ex- 
pansion of y(kx) in powers of y(x) generates a set of polynomials, S,(k). If y(x) represents an entire 
function, sufficient conditions are given in the form of inequalities on the series coefficients of the 
inverse x(y), so that the asymptotic behavior of S,(z) for large 1 is determined. The problem is re- 
lated to that of determining the asymptotic behavior of the modified Faber polynomials associated 
with x(y). Several examples were discussed and a coefficient problem was posed. 


4. Programmed learning in mathematics, by H. L. Hunzeker, University of Omaha. 


5. Some results pertaining to sigma functions, by J. T. Wallen, University of Nebraska. 
Various problems concerning the sigma function were discussed and results given. Analogues 
were given for the unitary sigma function for which more complete results were obtained. 


6. Algebraic topology for undergraduates, by A. B. Willcox, Amherst College and Vice President 
of the MAA (invited lecture). 


7. Turing machines, algorithms and their relation to computers, by B. R. Gfeller, University of 
Omaha. 

Description of Turing machines and what they do, relation of Turing machines to algorithms 
and the use of high speed computers. 
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8. Difference methods of solving parabolic partial differential equations, by Gangu Hingorani, 
Northern Natural Gas Company and Creighton University. 

Parabolic differential equations can be solved as a system of simultaneous equations or by the 
grid method given initial and boundary conditions. Convergence and stability of difference schemes 
were discussed. Results were obtained for a particular heat conduction problem using a digital 
computer. 


9. Subbases applied to the existence of coefficient fields in commutative algebras, by George 
Haddix, Creighton University. 

Let F be a superfield of the field K. Then a subbasis of F over K is defined as a subset M of F 
such that K intersect M is empty where F equals K(M) and where for any subset M’ of M, m in 
l4—M’ implies that the irreducible polynomial which m satisfies over K remains irreducible over 
K(M’'). This concept can be applied to the problem of the existence of a coefficient field in a com- 
mutative algebra which contains a given field contained in the algebra. 


10. A characterization of the Jacobson radical, by T. L. Jenkins, University of Nebraska. 
11. Direct sums of radical rings, by A. E. Hoffman, University of Nebraska. 
12. Second order differential inequalities, by K. W. Schrader, University of Nebraska. 


13. CUPM proposal for a general mathematics curriculum, Panel discussion by H. L. Hunzeker, 
University of Omaha, D. Fuller, Creighton University, L. M. Larsen, Kearnsy State College, and 
W. A. Raab, University of South Dakota. 

H. M. Cox, Secretary 


APRIL MEETING OF THE OHIO SECTION 


The fiftieth annual meeting of the Ohio Section of the MAA was held at Ohio Wes- 
leyan University, Delaware, Ohio, on Saturday April 23, 1966. Professor William Fish- 
back, Chairman of the Section, presided at the general and business sessions, and pro- 
fessors Dean Robb and Holbrook MacNeille presided at the program sessions. One 
hundred thirty registered including one hundred twenty-one members of the Association. 

The following officers were elected: Chairman, Professor David Lipsich, University 
of Cincinnati; Chairman Elect, Professor Daniel Finkbeiner, Kenyon College; Secretary- 
Treasurer, Professor Foster Brooks, Kent State University. 

Program Committee: Professor D. H. Staley, Ohio Wesleyan University; Professor 
B. J. Yozwiak, Youngstown University; Professor R. A. Clark, Case Institute of Tech- 
nology. 

Regular reports were made by the Chairman and the Secretary-Treasurer and 
special reports by Professor H. C. Trimble of The Ohio State University for the Com- 
mittee on Teacher Training and Certification (CONTAC) and by Professor C. E. Capel 
of Miami University for the Committee on Curriculum (CONCUR). 

At this fiftieth annual meeting of the Section special recognition was given at the 
luncheon to Professor V. B. Caris, retired, of The Ohio State University, only charter 
member of the Association present, and to Professor Rufus Crane, retired, of Ohio Wes- 
leyan University, Secretary-Treasurer of the Ohio Section for twenty-one years (1926- 
1947), who was present with Mrs. Crane. 

The following program was presented: 


1. The high costs of trying, by W. T. Fishback, Ohio University, Athens, (Chairman’s address). 
The work of the Committees on Teacher Training and Accreditation and on Curriculum of the 
Section has ended its first phase successfully, but further action by them is needed if the goals of 
adequately prepared public school teachers and adequate preparation of incoming college students 
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are to be realized. Further Section activity seems in order in helping junior college teachers upgrade 
themselves and their programs, in maintaining adequate pregraduate programs in mathematics, 
and in controlling the growth of graduate programs in the state. This will require increased financial 
support for the Section and active participation of more Section members. 


2. Green's function for a spherical cell, by H. W. Vayo, University of Toledo. 

Electrical potential problems occurring in the electrophysiology of nerve and muscle differ 
from those usually considered in electrical theory for two reasons: first, the relation between cur- 
rent flow and polarization across a membrane of tissues is nonlinear, and second, the interior of the 
tissue is not strictly equipotential. We suppose that u, and u; are the steady state potentials out 
side and inside a tissue covered by a closed polarized membrane S. Then uw, and uw; are both har- 
monic functions which satisfy the nonlinear boundary condition at S. From these the Green's 
function is derived for a spherical cell. 


3. Report on a mathematics course for business students, by L. C. Peck, Miami University. 

Based on a minimum of 14 years of high school algebra, the year course covers linear program- 
ming through the simplex method, an introduction to matrices, a brief treatment of mathematics 
of investment, the derivative and integral for polynomial functions, and an introduction to prob- 
ability. 

Many results are intuitive generalizations. Applications are stressed. 

Taught in large (200) sections with small problem sessions, major tests and the examination 
are multiple-choice, computer-graded. Part of output is a frequency distribution of scores, and an 
item analysis of the test. 


4. A theorem on linearly ordered maximal families, by Nand Kishore, University of Toledo. 

Let X={m, x2,--+, xn} bea set of z elements, and P(X) be the power set of X which is 
partially ordered by set inclusion. Let S be a subset of P(X) such that the nonempty elements of 
P(X)—S are pairwise disjoint. And let rz, OSrz, 1Sk<n, denote the number of k-element sets 
of P(X) —S. Then there are 


nl + () (n — 2)1— > ri (n — k)! 


linearly ordered maximal families in S. 


5. Topology via geometry, by J. L. Smith, Muskingum College. 

Starting with congruences in Euclidean metric geometry, Klein’s definition of geometry is used 
to view topology as a geometry by examining properties of a topology which remain invariant 
under the transformation of stretching. 


6. The digital design of dynamos, by R. F. Jackson, University of Toledo. 

The rational design of rotating electrical machines entails numerical solutions of Maxwell’s 
equations in discontinuous structures of ferromagnetic materials. A lattice of points adequately 
defining the geometrical configuration requires storage of data exceeding the usual core memory of 
electronic computers unless one subdivides the cross-section into strips defined by the simplest 
possible lattices, joining the solutions by interpolation and making use of any periodic character 
of the cross section. 


7. A computer science program at The Ohio State University, by T. W. Hildebrandt, The Ohio 
State University. 

The Ohio State University has offered training in computer-related subjects and degree pro- 
grams with computer emphasis in the Department of Mathematics for several years. This spring 
the Dean of the College of Arts and Sciences is establishing a Division of Computer Science which 
is expected to become a full-fledged department. This will permit the expansion and broadening 
of these programs in recognition of the fact that much of the present work with computers has 
taken on a nonnumeric character. This paper describes the considerations leading to the establish- 
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ment of the Division and indicates the proposed requirements and courses of study both for under- 
graduate and graduate degrees. 


8. Matrices over rings in which finitely generated ideals are principal, by Melvin Henriksen, 
Case Institute of Technology. 

Let 2, denote the ring of Xn matrices over the commutative ring with identity 2. We call 
an F-ring if each of its finitely generated ideals is principal, an Hemite-Ring if for every ACA, 
there exists a nonsingular QE, such that AQ is diagonal and we call 1 an Elementary Division 
ring if for every such A, there exist nonsingular P, Q in I, such that PAQ is a diagonal matrix. The 
purpose of this talk is to gather together the known results about these rings and to pose open prob- 
lems about them. See Kaplansky, TAMS, 66 (1949) 464-491; Gillman and Henriksen, TAMS, 82 
(1956) 362-391, and Henriksen, Michigan Math, J., 3 (1956) 159-163. 


9. A group of calculus films recently produced by the Committee on Educational Media, MAA, 
were shown by Holbrook MacNeille, Case Institute of Technology. 
FOSTER BROOKS, Secretary 


APRIL MEETING OF THE OKLAHOMA-ARKANSAS SECTION 


The annual spring meeting of the Oklahoma-Arkansas Section was held at Oklahoma 
Baptist University, Shawnee, Oklahoma on April 1 and 2, 1966. There were 151 per- 
sons registered, of whom 107 were members of the Association. 

At the business session Professor James Nickel reported that approximately 3800 high 
school students participated in the high school contest in Oklahoma and Arkansas; Pro- 
fessor Gene Levy, the Governor from our section reported on the activities of the Board 
of Governors; and Professor Glenn Haddock reported on the Sectional Officers meeting 
at Cornell last August. 

Officers elected for 1966-67 were: Chairman James Scroggs of the University of 
Arkansas; Vice-Chairman Herbert Monks of Northeastern State College; Secretary- 
Treasurer Harold Huneke of The University of Oklahoma. 

The spring meeting in 1967 will be held at Northeastern State College, Tahlequah, 
Oklahoma and the 1968 meeting will be held at the Federal Aviation Agency in Okla- 
homa City. 

The Saturday morning session was devoted to the G.C.M.C. Report of the Commit- 
tee on the Undergraduate Program. By invitation of the section, Professor G. Baley 
Price addressed the meeting on the CUPM recommendations on college mathematics 
offerings. 

Following Dr. Price’s report, a panel consisting of Professor Leslie Dwight of South- 
eastern State College, Professor Lysle Mason of Phillips University, and Professor R. B. 
Deal of Oklahoma State University discussed the topic: “Advantages and Disadvantages 
of the G.C.M.C. Program from my School’s Viewpoint.” 

After discussion from the floor the following resolution was passed without dispute: 
“That the Section go on record recommending that any high school offering four years 
of mathematics should include in the last year the content of the course in Elementary 
Functions as recommended in the G.C.M.C. report.” The Secretary was instructed to 
send notes of this resolution to teachers and administrators in Oklahoma and Arkansas. 

The following papers were presented: 


1. An algorithm for computing polynomials of best approximation, by J. E. Howland, The Uni- 
versity of Oklahoma. 

The problem considered in the paper is the approximation of a real-valued function by poly- 
nomials of degree Sn such that the maximal deviation is as small as possible. For f defined on 
[a,b], the author defines and characterizes polynomials of best approximation of degree Sn to f on 
finite subsets of [a, 6], and develops a computational method of generating a sequence of poly- 
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nomials approximating f on finite subsets of [a, | which, if f is continuous on [a, 0], converges uni- 
formly on [a, b] to the polynomial of best approximation of degree Sx tof on [a, bd]. 


2. The generalized roulette in the plane, by R. L. Simons, Oklahoma City University, 

The general equation of a roulette, the locus of a point on a ray of a circle, as the circle is rolled 
along a general curve was derived. The special cases of the cycloid, epicycloid, etc., are obtained 
by suitable selection of the base curve. 


3. Paradoxes in locus problems, by J. A. Nickel, Oklahoma City University. 

(a) The locus of a point a given distance from a fixed point and (b) the locus of a point equally 
distant from two fixed points was considered by using the Minkowsky metric D(A, B)=( a, —b,| B 
-+| a2—be| ?)? as the distance function, The ‘‘circle” as first defined suggests a similarity of circu- 
lar and rectangular neighborhoods, The “bisector” of the second locus is in general not a line. 
Letting p equal to one or tend to infinity produces exceptional cases which may take on any of 
three different forms. 


4, Fermat's Theorem—A geometrical approach, by Ray Gazik, The University of Oklahoma. 
It is shown that there are no nontrivial solutions in integers x, y, a, p for the equation x?-+-y? 
=a? if pis an odd prime and a is a power of a prime. 


5. A generalization of Filippov’s Lemma, by M. Q, Jacobs, The University of Oklahoma. 

Let f be a continuous function, F:RXR?—-R*. Let Q be an upper semicontinuous mapping 
from R to the complete lattice of closed subsets of R®(=C(R?)) such that Q(t) is compact and non- 
empty for each 1 R. Define F(t)=f(t, Q(t)) for each tC R. Let y be a w-measurable function y:R 
—R: such that y(4)}€ F(t) for each #£R. Then there is a p-measurable u:R—-R? such that u(t) 
€ A(t) for each tC R and y(t) =f(t, u(¢)) for almost every t€ R. 

This result reduces to Filippov’s if the independent variable ¢ is required to lie in a compact 
interval T and if UzepQ(Z) is relatively compact. 


6. Characterization of an inverse arc map, by John Jobe, Oklahoma State University, 

If X is a space and f is a map such that f(X) = Y, then f is an inverse arc map if and only if for 
each arc L in Y there exists an arc Li in X such that f(Z1)=ZL. A factorization theorem analogous 
to one by G. T. Whyburn, Analytic Topology, Amer. Math. Soc., Colloq. Publ,, 28 (1963), is stated 
in relation to an inverse arc map. A characterization of an inverse arc map is given. 


7. Mappings of T, topologies into topologies, by Forrest Whitfield, Oklahoma State University. 

Let S be a space and T a 7, space with topologies « and 7. Let g be a mapping of 7 into o. 
There exists a unique continuous mapping f of S into T such that f-!=g if and only if g satisfies the 
conditions (1), g(@)=4, (2), g()U Va) =Ug(Va), (3), g (UNV) =g(()M8(V), (4), Vg(Va) =, if 
(\V.=0, and (5), if Neo, NC_g(V) for some V, where a belongs to an arbitrary indexing set. 


8. Some ergodic type problems, by Professor Tetsundo Sikiguchi, University of Arkansas, 

The following ergodic type problems are discussed. (a) Khinchin’s theorem on continued frac- 
tions; (b) application of Hermann Weyl’s theorem; (c) problem proposed by Dutch mathematician 
J. Duxemburg, ‘‘A necessary and sufficient condition that a set S of real numbers has Lebesgue 
measure zero is that all its subsets are Lebesgue measurable zero.” 


9. The convex kernel of a class of noncontinuous functions, by C. R. Smith, Oklahoma State 
University. 

Given the class of noncontinuous functions mapping the unit interval into itself such that zero 
is a fixed point and each map has at most a finite number of discontinuities, we show that this set 
is not convex and that its convex kernel is nonempty. A characterization of this kernel is then given. 


10. A solution of the word problem for the braid group, by J. H. Yates, Oklahoma State Uni- 
versity. 
The theory of braids was originated by E. Artin in 1925 to obtain structures similar in some 
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ways to knots only much simpler in concept. The main problem facing Artin was the classification 
or determination of equivalence of the braids. Artin solved this problem, by geometrical means 
in 1925 and again in 1947. Bohenenblust and Chow both succeeded in solving this geometrical 
problem by group theoretical means in 1947. In this paper a brief description of the braid groups 
is presented, along with a discussion of the solution of the word problem, which is the algebraic 
formulation of the classification problem of braids. 


11. An algebraic proof of Brouwer’s Theorem on the degree of a map, by John Keesee, The Uni- 
versity of Arkansas. 

Let K and Z be triangulations of compact, orientable, z-dimensional manifolds M and N. Let 
t:K—L be a simplicial approximation of a map f: M—N. Choose an u-simplex s” of L and let m 
be the number of -simplexes of K mapped by ¢ onto s” with orientation preserved less the number 
of n-simplexes mapped by # onto s* with orientation reversed. Brouwer’s fundamental theorem on 
the degree of a map states that the integer 2 depends only on the homotopy class of the map f. 
Most proofs of this result have a highly geometric flavor. The purpose here is to give a short, com- 
pletely algebraic proof based on the topological invariance of the simplicial homology groups. 

H. V. HuNEKE, Secretary-Treasurer 


APRIL MEETING OF THE TEXAS SECTION 


The annual spring meeting of the Texas Section of the MAA was held on the campus 
of Southern Methodist University, Dallas, Texas, on April 15-16, 1966. There were 287 
persons registered including 210 members of the Association. 

Papers were presented on both days in two concurrent sessions chaired by Professors 
J. T. Mohat of North Texas State University, A. D. Stewart of Prairie View A. and M. 
College, Bobby Sanders of Texas Christian University, Dale Maness of Austin College, 
and Father Theodosius Demen of Dallas University. 

The welcoming address was given by Provost W. L. Ayres of Southern Methodist 
University at a dinner meeting on April 15, 1966 which was presided over by Professor 
C. J. Pipes of Southern Methodist University. 

The general session on Saturday, April 16, 1966 was chaired by Professor C. R. 
Deeter of Texas Christian University and included reports of committees and of the 
secretary-treasurer. At this session the following officers were elected for the coming 
year: Chairman, C. J. Pipes of Southern Methodist University; Vice-Chairman, Dale 
Maness of Austin College; Secretary-Treasurer, Ben T. Goldbeck, Jr., of Texas Christian 
Unive sity. 

The invited speakers for the meeting were Professor P. R. Halmos, University of 
Michigan and University of Miami, who spoke on “Dilation Theory” and Professor 
R. L. Wilder, University of Michigan, who spoke on “The Role of Intuition.” 

The following papers were presented: 


1. Discrete harmonic kernels, by R. E. Huddleston, Texas Christian University. 

The study of reproducing discrete harmonic kernels in a finite dimensional Hilbert space was 
introduced by Deeter and Springer in a paper in which many of the theorems on ordinary harmonic 
kernels were shown to have discrete analogues. Also they proved, using Fourier series methods, the 
convergence of the discrete harmonic kernel on a rectangular domain. 

The purpose of this paper is to extend the domain of convergence of the discrete harmonic 
kernel to regions which are composed of finite unions of rectangles by using the general methods 
developed by Bramble and Hubbard. 


2. Extension of a $-derivation, by Tom Davis, Sam Houston State College. 

Let Rand R’ be rings and ¢ a homomorphism of R into R’. Then D is a ¢-derivation on R with 
values in R’ iff (1). D:R->R’; (2). D(x+y)=D(x)+D(y), for every x, yER; (3). D(xy)=D(x)y 
+¢(x)D(y), for every x, y¥ER. A proof is given that if RCR’, with R’ a field and Ra commutative 
integral domain, then D can be extended uniquely to the field of quotients of R. 
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3. Bounded connectedness and Chebychev sets, by Daniel Wulbert, University of Texas. 

Let (X, d) bea metric space. A subset M of X is boundedly connected if M intersect S is con- 
nected for each open sphere S in X. 

THEOREM: If M is a locally compact Chebychev set (each point in X admits a unique closest 
point in M) in a normed linear space, the following are equivalent: (A) M admits a continuous 
metric projection, (B) M is approximatively compact, (C) M is boundedly connected. THEOREM: 
A closed set M in a uniformly convex Banach space is convex if and only if in every equivalent 
norm topology M is a Chebychev set that admits a continuous metric projection. THEOREM: A 
compact Chebychev set in a normed linear space is the continuous image of [0, 1]. 


4. Near-rings with identities defined on cyclic groups, by J. J. Malone, Jr., University of Hous- 
ton, and J. R. Clay, George Washington University. 

THEOREM: Let (G, +) bea cyclic group. If (G, +, *) isa near-ring with identity, then (G, +, *) 
is a commutative ring with identity. 

The theorem is proved by showing that the identity must bea generator of (G, ++). 


5. A proof of the decomposition theorem for a modular lattice with a least element, by A. E. Borm, 
Southwest Texas State College. 

Most books on lattice theory discuss the problem of direct product decompositions in terms of 
congruence relations. The following theorem is proved directly without involving the additional 
concept of a congruence relation: ''A modular lattice ZL, with a least element 0, is isomorphic to 
the direct product of two nontrivial lattices if and only if it has two nontrivial ideals H; and A, 
such that Mi/A\H2= {o} ,and H,;\/H2=L.” The proof is straightforward. The main difficulty lies in 
showing that the representation x=a\/b of an element x of Las the join of an element a of H; and 
an element 0 of Ho, is unique. 


6. A characterization of reductbility for doubly stochastic matrices, by R. D. Sinkhorn, University 
of Houston. 

Denote the 2 Xn identity matrix by J and the ~Xz matrix whose elements all equal 1/n by 
J. THEOREM: A necessary and sufficient condition that an Xn doubly stochastic matrix S be 
reducible is that S—I—J be singular. If » (S—I—J)=r—1, then there exists a permutation P 
such that P?SP=S:@S2@ «++ @S, where each Sy, R=1,-++, 7, is doubly stochastic and ir- 
reducible. 


7. On binary sequences, by G. S. Innis, Defense Research Laboratory, University of Texas. 

Let x;= +1 for each 7,7=1, 2,--+m,and let = eres Let p=maxicr<en—-1| Cz|. Such 
a sequence is called a code of length 2 and type p. It is known that codes of type 1, Barker codes, 
do not exceed length 13. In some applications a longer code of minimum type is desired and in 
others the ratio 2: p is of primary interest. In this paper some preliminary results for codes of 
type p for p>1 are presented. 


8. On a singular Abel-type integral equation on E?, by A. D. Stewart, Prairie View A. and M. 
College. 


9. Matrix summability of sequences of bounded variation, by D. F. Dawson, North Texas State 
University. 

THEOREM 1. If a matrix A sums every sequence of bounded variation, in the sense of Brannen 
and Kuttner, then A sums a convergent sequence not of bounded variation. THEOREM 1 is a special 
case of (but was instrumental in proving) the following result. THEoREM 2. If M is a countable 
collection of matrices, each of which sums every sequence of bounded variation, then there exists 
a convergent sequence not of a bounded variation which every matrix in M sums. 


10. Some structure theorems on compact commutative integral domains with characteristic p, by 
J. E. Cude, University of Texas. 
Kaplansky has shown that a compact integral domain with an identity has an open Jacobson 
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radical and that the ring modulo the radical is a division ring. THEOREM: If A is a compact com- 
mutative integral domain with an identity and having characteristic p, then there exists a maximal 
subfield F of A such that F is isomorphic to A/J(A), where J(A) is the Jacobson radical of A. 
Furthermore, F is the unique maximal subfield of A. 


11. A theorem on polynomial identities, by T. P. Kezlan, University of Texas. 

Let f be any polynomial in (noncommuting) indeterminates x1, +++, x, with integral coef- 
ficients (at least one of which is the integer 1). THEOREM; The following are equivalent: (1)Every 
semi-simple ring satisfying f=0 is commutative. (ii) Every ring satisfying f=0 has nil commutator 
ideal. (ii3) For every prime # the ring of 22 matrices over the prime field with » elements does not 
satisfy f=0. 


12. A first order tteration process for simultaneous equations, by H. A. Luther and W. F. Stewart, 
Texas A. and M. University. 

The judgment of an iterative solution of simultaneous equations properly entails more than 
the rate of convergence. An item of concern is whether or not we can arrive at a solution point 
whose approximate location is known. 

Let the “region of influence” of a given solution point be the set of all starting values which 
(for a given iterative technique) have that solution point as the limiting value of the iteration. 

The present procedure was devised as part of a program for studying methods of altering the 
regions of influence rather than rates of convergence. 

The equations considered can be linear or nonlinear. By using first order partial derivatives, 
there is created a technique which has the Newton-Raphson quality of converging to every solu- 
tion point whose Jacobian is nonvanishing. The method is computationally simpler than the 
Newton-Raphson method; it is, however, first order rather than second order, An arbitrary func- 
tion can be used parametrically. 


13. Convolution and Fourier series, by Jack Bryant, Texas A. and M. University. 

Consider the convolution g*h of functions gand hin L(0, 27). The main result of this paper is a 
theorem extending a theorem of Salem on writing a given function as the convolution of other 
functions. Our result gives very general conditions ona Banach space B of functions on [0, 27] which 
imply that every f in B can be written f=g*h, where g is in L and h is in B. We apply our methods 
to the problem of convergence almost everywhere of Fourier series. 


14. An embedding theorem for topological semigroups, by G. E. Mattingly, Sam Houston State 
College, 

Necessary and sufficient conditions are given for embedding a topological semigroup as a 
neighborhood of one of its points in a topological group. A corollary extends a previously known 
result, 


15. On the set of idempotents in a convex cone, by R. V. McPherson, University of Texas. 

A convex cone is a set with two operations, addition and scalar multiplication, which satisfy 
the axioms for a vector space except that the scalars are restricted to the set of nonnegative real 
numbers and the cancellation law for addition is not necessarily satisfied. This allows cones to 
have nonzero idempotents. There is a natural generalization of linear variety to convex cones. 
The set of nonzero idempotents in a convex cone is either void or a variety. 


16, Interlocking sequences on completely regular spaces, by Peter Morris, University of Texas. 

A sequence {Aa, Ba} of pairs of disjoint, nonvoid, closed subsets of a topological space X 
is an Interlocking Sequence (I.S.) if every set of theform(\ { Cu: Ch=Anor Cy= Br, n=1,2, -++, N} 
~~. Let C*(X) denote the Banach space (sup norm) of real, bounded, continuous, functions on X. 
THEOREM: Let X be a completely regular Hausdorff space. Consider the following: (i) X admits 
an I.S.; (ii) C*(X) contains h; (iii) C*(X) contains C({0, 1]); (iv) X can be mapped continuously 
onto a dense subset of [0, 1]; (v) BX is not dispersed. Then (ii) through (v) are equivalent and 
imply (i). If X is normal, (i) through (v) are equivalent. 
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17. Periodic solutions of linear differential equations, by Louis Brand, University of Houston. 

The linear differential equation of order x, P(D)x=f(t), where P(D) is a polynomial in D, f() 
a piecewise continuous function of period p, always has a solution of period p and class C™~if the 
zeros of P(s) are not poles of F (s)=£ { fo}. If its Laplace transform is P(s)x=Q(s)+ F(s), the 
initial values x(0)=a, x’/(0)=8, ---+ that produce the wave are determined by the equations 
Q (s;) + F® (s;)=0, +=0, 1, +--+, m;—1, where s; is a zero of P(s) of multiplicity mj. 


18. Quotients of the space co, by H. E. Lacey, University of Texas. 

The space ¢y is the Banach space of all sequences of real numbers converging to 0. The pur- 
pose of this note is to prove that a quotient space of ¢o is either finite dimensional or has the 
property that each indefinite dimensional closed subspace contains a copy of co. 


19. The identification of fundamental truth functions by decimal arithmetization, by T. J. Brad- 
shaw, Texas Christian University. 


20. Formulas of propositional logic containing countably many variables, by A. Ullman, Texas 
Christian University. 

A mapping is defined on logical formulas of countably many variables into subsets of the 
Cantor ternary set. Topological characterizations of various classes of logical formulas can be 
given in terms of the associated subsets of the Cantor ternary set. 


21. Ona substructure in certain semirings, by R. G. Dean, Arlington State College. 

Analogous to an ideal, a multiplicative substructure, a cell, is defined for semirings. Certain 
semirings in which addition distributes over addition are discussed. In a mutually distributive 
semiring S, cosets modulo a cell C, form a semiring S/C, a homomorphic image of S. Also, the in- 
verse image of an all element under a homomorphism 4, is a cell C, and the homomorphic image 
of S, Sd, is unity-semi-isomorphic to S$/C. A mapping which reverses operations is discussed. An 
example is given to distinguish difference semirings modulo an ideal from quotient semirings mod- 
ulo a cell. 


22. The lattice of congruences on an inverse semigroup, by H. E. Scheiblich, University of Texas, 

THEOREM: Let S be an inverse semigroup with E as its set of idempotents and A its lattice of 
congruences, Define 6= { (p1, p2)p1, ox); epi’ \E= ep \E for each eC E}. Then (i) 0 is a congruence 
on X, (ii) each @ class is a complete modular lattice, and (iii) the natural homomorphism of A 
onto 4/6 is a complete lattice homomorphism. 


23. Nonnegative matrices with doubly stochastic powers, by Nancy Bedford, University of 
Houston. 

It is shown that a nonnegative irreducible matrix A which is not doubly stochastic has a 
doubly stochastic power A” if and only if (1) A is cyclic of index h with (m, h)>1, and (2) there 
exist ss>0, 7=1,---, h, such that the m1 X41, matrices A; in the Frobenius normal form are 
$3/Ss41 stochastic, all indices modulo h; the matrices A; ate (ni/ns41)(Si/Si4a) stochastic; $:= Sem} 
and there is at least one index 7 with s;/s;4141 and / or (1j;/1j41)(5;/sj41) 41. These results are 
applied to reducible matrices. 


24. The abstract nature of computer programs, by John Reynolds, Texas Christian University. 

The abstract nature of computer programs seems to indicate that they form closed algebraic 
systems. A study of the intrinsic elements of computer programs could lead to more efficient 
methods of hardware design. This study deserves investigation for the purposes of both applied 
and pure mathematics. 


25. Number systems with irrational bases, by R. R. Bunten, 6570th USAF Personnel Research 
Laboratory. 

Most numeric operations are performed using numbers to the base 10, but systems based 
on six, twelve, and twenty are still in use. Modern electronic computers use binary and octal 
numbers. By using the same idea and some of the same operations, any number can serve as the 
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base of a number system. This paper examines the implications of using an irrational number as a 
base, with particular attention to the number e, which allows the expression, 


e+ 2 4+-e+1-+4+ ¢1 + 2¢7 4 € 8, 
to be written 1211.121,. 


26. Isomorphisms and homeomorphisms, by A. Ullman, Texas Christian University. 

A general definition of isomorphism is given and it is shown that the usual algebraic iso- 
morphisms are particular cases of this definition. Similarly, it is shown that the definition of a 
topological homeomorphism is a particular case. 


27. Matrices, conics, and quadrics, by A. R. Amir-Moez, Texas Technological College. 

The equation ax?+2bxy-+cy?=0 can be written as XA X'=0. Here X = (xy1). If we write the 
equation of the conic in homogeneous form, we get a quadratic form in x, y, and z, and then A is 
the symmetric matrix of this quadratic form. Suppose that Q is the matrix of the quadratic form 
ax?+2bxy+cy®. Then points of intersection of the conic and the line X = Xo+tD will be obtained 
from the equation (DQD’)#?+2(XoAD’)t+X vA Xo =0, where Xo=(xo yo 1) and D=(r s 0). 
Through this second degree equation one can discuss many ideas related to a conic, such as center, 
axes, vertices, - - - , without change of coordinate system. These ideas can easily be generalized for 
quadrics in higher-dimensional spaces. Details can be found in “Matrix techniques, trigonometry, 
and analytic geometry,” Edwards Brothers Inc., Ann Arbor, Michigan. 

B. T. GoLDBECK, JR., Secretary-Treasurer 


MAY MEETING OF THE ILLINOIS SECTION 


The forty-fifth annual meeting of the Illinois Section of the MAA was held at Saint 
Dominic College, St. Charles, Illinois, on May 13 and 14, 1966. Amos Black, Section 
Chairman, presided at the afternoon session and the dinner meeting Friday evening, and 
the incoming Section Chairman, Wayne McGaughey, presided at the Saturday morning 
session. Approximately 115 persons, including 88 members of the Association, attended 
one or more of the sessions and/or the dinner meeting. 

The following officers were elected: Chairman, A. Wayne McGaughey, Bradley Uni- 
versity; Vice-Chairman, R. D. Boswell, Monmouth College; Secretary-Treasurer, 
Arnold Wendt, Western [Illinois University. 

The business meeting which followed the first session on Friday afternoon opened 
with general announcements by the secretary and the treasurer’s report, which showed 
a decrease of $268.67 in the treasury balance for the year. The primary reason for the 
decrease was a donation of $200 to the National MAA Contest Committee. The Illinois 
Section MAA contest continues to be the major source of funds which support other 
Section activities, 

Professor G. S. Young, Vice-President of MAA, then reported on items of interest to 
the members. In the future are new programs for improving collegiate instruction in 
science and mathematics. CUPM is now also concerned about qualified staff, especially 
at the junior college level. Partly due to CUPM efforts, the number of collegiate institu- 
tions requiring no mathematics of prospective elementary teachers continues to decrease, 
and six semester hours of mathematics is now a common requirement for elementary 
teachers. 

James Beach, chairman of the Membership Committee, reported that each junior 
college Mathematics Department chairman was contacted and encouraged to attend 
the annual meeting. He also announced that the Departments of Mathematics and 
Education at Northern Illinois University will sponsor a follow-up meeting to the 1962 
CUPM meeting on the pre-service training of elementary teachers. The meeting will be 
held on Oct. 1, 1966, at the University Center at Northern [Illinois University. Each 
Mathematics Department and Education Department is encouraged to send repre- 
sentatives. 
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Douglas Bey, chairman of the Secondary School Lecturer Committee reported that 
for the five years preceding the 1965-66 academic year the Committee received a grant 
for secondary mathematics lecturers directly from NSF, and 50-100 schools per year 
were served. In 1965-66, however, the NSF made the grant for all secondary science and 
mathematics lecturers to the State Academy of Science. Because of these altered circum- 
stances, only twenty-eight requests for mathematics lecturers were received and only 
eighteen of these were assigned lecturers because of lack of funds. The State Academy 
has requested funds for two-hundred lecturers next year, and the mathematics share 
should be larger than this year. 

Walter McCurdy, chairman of the Contest Committee, reported another successful 
year. Three-hundred-forty-two schools and 20,757 students participated. In view of the 
ample profit shown by the contest, a motion to grant $200 to the National MAA Contest 
Committee, if donations by the Committee are solicited, was duly made, seconded, and 
approved. 

Arnold Wendt, chairman of the Committee on the Strengthening of the Teaching 
of Mathematics, reported two main activities during the year: CSTM submitted recom- 
mendations to the Governor’s Task Force on Education and to the Teacher Education 
and Professional Standards Commission of the Illinois Education Association. The 
recommendations dealt primarily with upgrading certification procedures and standards, 
especially at the elementary, junior high, and junior college levels. 

Hiram Paley, chairman of the Undergraduate Participation Committee reported 
on the Committee’s project of encouraging participation in the Putnam competition 
by offering cash prizes and/or MAA memberships to the top fifteen [Illinois contestants. 
The Section appropriated $200 to continue this activity next year. 

The Section accepted invitations from the University of Illinois and Southern [Illinois 
University at Edwardsville to hold the Section meeting at these institutions in 1967 and 
1968, respectively. 

Professor Franz Hohn gave the dinner address. He gave an illustrated lecture on his 
experiences as a visiting lecturer in Holland. 

After a cordial welcome from Sister Mary Paul, O.P., Ph.D., President of Saint 
Dominic College, the following program was presented during the Friday afternoon and 
Saturday morning sessions: 


1. On the periodicity of the sum of two periodic functions, by C. G. Townsend, Southern Illinois 
University. 


Tuerorem. If f and g are periodic functions, f(d) a positive absolute maximum and d a point of 
continuity of f, then ft-g is periodic only if b/g is rational for some period p of f and some period 
q of g. 

The sum of two periodic functions f and g is always periodic if p/q is rational for some period 
p of f and some period q of g. Examples are available which show that the converse is not true in 
general. The above theorem specifies the weakest conditions the author has been able to find 
which insure that the converse does hold. 


2. Some hypergeometric identities, by Gus DiAntonia, Northern Illinois University. 

Three hypergeometric identities involving F(a, b, c, 2), are proved. By using the hyperge- 
ometric differential equation as a reduction formula on a, b, c, several other identities are deduced. 
These are closely related to the Gaussian contiguous relations. Further identities may be obtained 
by employing the Kummer solutions in their regions of intersections of the z plane. All of these 
carry over directly to the generalized hypergeometric differential equation. 


3. Some problems in cluster set theory, by G. S. Young, Tulane University (by invitation). 


4, Partially ordered topological spaces, trees, and local trees, by G. E. Dimitroff, Knox College. 
A sequence of theorems is presented which leads to several characterizations of trees and 
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local trees as partially ordered topological spaces having certain natural restrictions. The charac- 
terizations are viewed as descriptions of the inherent order properties possessed by trees and by 
local trees. 


5. A class of linear sequence spaces, by Sister M. Catharina Bereiter, Siena Heights College. 

The linear space Z(S) is defined by requiring that all subsequences with index sequence in S 
form absolutely convergent series. If S covers the natural numbers, the supremum of these sums 
forms a norm in the space B(S) of sequences for which it is finite, and B(S) is a Banach Space. 
Under easily satisfied conditions L(S) and B(S) differ from spaces such as (11) and (m). For certain 
S, “defined by a counting function 0,” B(S) equals Z(S) and is separable, but not reflexive. The 
dual space can be given by sequences determined directly from o. 


6. A mnemonic simplification in linear algebra, by Zamir Bavel, Southern Illinois University. 

Let U and V be finite dimensional vector spaces with D and D’ ordered bases for U, R and 
R’ ordered bases for V, a U, and T: UV a linear transformation. Denote by [a |p the coordinate 
matrix of a relative to D; by ®[T]” the matrix representing T relative to D and R; and by P(D->D’) 
the transition matrix from D to D'. Also regard D—D’ as instructions for substitution: To perform 
the forward substitution D->D’, replace D’ by D, and to perform the backward substitution DD’, 
replace D by D’. In either case, the substitution “consumes” the transition matrix. RULE: (a) A 
transition matrix adjacent to ®[T]2 appears on the domain (alt. range) side of ®{T]2 when the 
change-of-basis occurs in the domain (alt. range) space. (b) Perform a forward substitution in what 
follows a transition matrix; perform a backward substitution in what is behind a transition matrix. 
It is now easy to remember, prove, and “invent” such theorems as 


P(D— C)*[TP(A > E) P(E — B)la|s = >[Tlalz = [T@)]>, 
since it is impossible to misstate them. 


7. A Problem in Elementary Set Theory, (Hour Address), by Philip Dwinger, University of 
Illinois, Chicago Circle. 
ARNOLD WENDT, Secretary-Treasurer 


MAY MEETING OF THE INDIANA SECTION 


The Indiana Section of the MAA met on Saturday, May 14, 1966, at Indiana State 
University, Terre Haute, in joint session with the Indiana Council of Teachers of Mathe- 
matics. Approximately 200 persons attended, of whom 70 were members of the Associa- 
tion. Chairman George Springer of Indiana University presided, and President A. C. 
Rankin of Indiana State University welcomed the participants. 

Atits business meeting, the Section elected the following officers for the year 1966-67: 
Robert Zink, Purdue University, Chairman; Kenneth Sidebottom, Indiana Central Col- 
lege, Vice-Chairman; George Pedrick, Purdue University, Secretary-Treasurer. The Sec- 
tion also voted to give special recognition annually to the top Indiana team and indi- 
vidual in the Putnam Competition and directed its Executive Committee to determine 
a tangible expression of this recognition. A communication from the Mathematics 
Department of Indiana University was read in which it was announced that the depart- 
ment “each year reserves one of its regular stipends for graduate study for the participant 
in the Putnam Competition who ranks highest among the contestants in the State of 
Indiana.” 

The program consisted of three hour lectures as follows: 


1. Rotations, angles and trigonometry, by R. J. Troyer, Dartmouth College. 
2. Puzzles, platonism and extraversion, by E. E. Moise, Harvard University. 


3. Continued fractions in stability theory, by J. S. Frame, Michigan State University. 
PauL MIELKE, Secretary 
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MAY MEETING OF THE WISCONSIN SECTION 


The annual meeting of the Wisconsin Section of the MAA was held at Wisconsin 
State University, Eau Claire, on May 7, 1966. Professor Harold Glander, Chairman of 
the Section, presided. There were 201 persons in attendance including 72 members of 
the Association. 

Mr. Owen White, Manitowoc County Center of the University of Wisconsin, pre- 
sented a report of the Contest Committee. From 340 high schools, 23,273 registered for 
the preliminary contest held in local high schools on Thursday, February 10; 1123 
students from 226 schools participated in the final contest which was held in 27 centers 
located throughout the state of Wisconsin on Saturday, March 26. 

Professor John V. Finch, Beloit College, Governor of the MAA from the Wisconsin 
Section, gave a report. The following officers were elected to serve during the school year 
of 1966-67: Chairman: Sister Madeleine Sophie of Alverno College; Vice-Chairman: 
Professor E. F. Wilde, Beloit College; Secretary-Treasurer: L. F. Wahlstrom, Wisconsin 
State University, Eau Claire. 

The following papers were presented: 


1. Rolle’s Theorem in abstract space, by Morris Marden, University of Wisconsin-Milwaukee. 

As background for the extension of Rolle’s Theorem in abstract space, the speaker first sur- 
veyed the corresponding results in the complex plane. These results included the theorems of 
Gauss and Lucas on the location of the zeros of the derivative of a polynomial and then the the- 
orems of Laguerre and Brocher which are invariant under linear transformation. Generalizations 
of the latter two theorems to a vector field over an algebraically closed field were then stated as 
recently developed by Hérmander and by Marden. 


2. Differential rings and a Bruns Theorem for the harmonic oscillator, by Lawrence Markus, 
University of Minnesota. 

A differential ring is an algebraic ring with a derivation, that is, a mapping into itself satisfying 
the usual laws for derivatives of sums and products. The constants, whose derivatives are zero, 
form a subring. The main results of formal integration theory can be stated in this context. For 
example, the standard derivation on the ring of real exponential-trigonometric polynomials is 
surjective. Another application concerns the recognition of the ring of all first integrals of a 
dynamical system, as in the Bruns Theorem of celestial mechanics. An analogous result is proved 
for the harmonic oscillator. 


3. Math movies—what for?, by Seymour Schuster, University of Minnesota. 

The speaker presented a discussion of the weaknesses of existing mathematical films as suit- 
able teaching instruments and the probable reasons for these weaknesses. He discussed the philos- 
ophy of the College Geometry Project (of Minnemath) toward integrating films with independent- 
study materials. Also discussed were the attitudes of the College Geometry Project staff toward 
overcoming the above-mentioned weaknesses; namely, to produce films with greater involvement 
on the part of mathematicians and artists. Two geometry films were viewed and discussed as at- 
tempts to realize and fulfill the aims of the College Geometry Project. 


4, Foundations of probability and statistics, by Arthur Copeland, Sr., University of Michigan. 

This theory of the foundations results from the conviction that the probability of the occur- 
rence of an event should be related to the occurrence and that the relation should be evident from 
the definition of probability. It is shown that the usual definitions fail to indicate this relation. A 
new definition clarifying the relation is based on the testing of probabilities. Since the usual theory 
of statistical tests conceals the relation between probabilities and occurrences, a revised theory is 
presented. The revised theory gives a clearer understanding of why experimental science is so 
successful. 


L. F. WAHLSTROM, Secretary-Treasurer 
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CALENDAR OF FUTURE MEETINGS 


Fiftieth Annual Meeting, Houston, Texas, January 26-28, 1967. 
Forty-eighth Summer Meeting, University of Toronto, Toronto, Ontario, Canada, 


August 28-30, 1967. 


ALLEGHENY MovuntTAIN, West Virginia Uni- 
versity, Morgantown, West Virginia, May 
6, 1967. 

ILLINOIS, University of Illinois, Urbana, May 
14-15, 1967. 

INDIANA, Purdue University, Lafayette, No- 
vember 5, 1966. 

Iowa, Drake University, Des Moines, April 21, 
1967. 

Kansas, Fort Hays State College, 
April 22, 1967, 

KENTUCKY, Murray State University, Murray, 
Spring 1967. 

LovuIsIANA-Mississipr1, Jung Hotel, New Or- 
leans, Louisiana, March 4-5, 1967. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw YORK 

MICHIGAN 

MINNESOTA 

Missour!I, Northeast Missouri State Teachers 
College, Kirksville, April 29, 1967. 

NEBRASKA, University of South Dakota, Ver- 
million, May 6, 1967. 

NEw JERSEY, Rutgers, The State University, 
New Brunswick, November 12, 1966. 


Hays, 


NORTHEASTERN, ‘Trinity College, Hartford, 
Connecticut, November 26, 1966. 

NORTHERN CALIFORNIA, University of Cali- 
fornia, Davis, February 4, 1967. 

OHIO 

OKLAHOMA-ARKANSAS, Northeastern State Col- 
lege, Tahlequah, Oklahoma, March—April, 
1967. 

Paciric NORTHWEST, University of Montana, 
Missoula, June 16-17, 1967. 

PHILADELPHIA, Villanova University, Villa- 
nova, November 19, 1966. 

Rocky MOunNtTAIN 

SOUTHEASTERN, Florida Presbyterian College, 
St. Petersburg, Florida. March 31-April 1, 
1967. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, San Diego, March 11, 1967. 

SOUTHWESTERN, University of Arizona, Tucson, 
March 31-April 1, 1967. 

Texas, Austin College, Sherman, April 14-15, 
1967. 

UprerR NEw York STATE, State University 
College, Plattsburgh, May 20, 1967. 
WISCONSIN, St. Norbert College, DePere, May 

6, 1967. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Washington, D. C., 
December 26-31, 1966. 

AMERICAN MATHEMATICAL Society, Houston, 
Texas, January 24-27, 1967. 

AMERICAN SOCIETY FOR ENGINEERING Epuca- 
TION, Michigan State University, June 
19-23, 1967. 

ASSOCIATION FOR COMPUTING MACHINERY, 


Sheraton-Park, Washington, D. C., August 
29-31, 1967. 

ASSOCIATION FOR SYMBOLIC LoGic, Houston, 
Texas, January 23-24, 1967. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Indianapolis, Novem- 
ber 24-26, 1966. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Houston, Texas, January 28, 1967. 


SIX EXCELLENT TEXTS 


APPLICATIONS OF UNDERGRADUATE MATHEMATICS 
IN ENGINEERING 


A Joint Publication of the Mathematical Association of America and 
The Macmillan Company 


Edited by Dr. Ben Noble, Mathematics Research Center, U.S. Army, 
The University of Wisconsin 


This book for everyone interested in the uses of mathematics in engineering treats illustrative ap- 
plications of elementary mathematics, ordinary differential equations, the approximate formulation 
and solution of field problems, linear algebra and some applications of probability theory. 

1967, approx. 400 pages, $9.00 


APPLIED BOOLEAN ALGEBRA, AN ELEMENTARY INTRODUCTION 


Second Edition 
By Franz E. Hohn, University of Illinois 


The new enlarged edition of this textbook provides a basic introduction to Boolean algebra and its 


applications, particularly those applications related to computer and switching circuit design. 
1966, approx. 272 pages, $7.95 


ELEMENTARY MATRIX ALGEBRA 
Second Edition 
By Franz E. Hohn 


This second edition, in addition to providing sound preparation for those going on in mathematics, 
meets the needs of a wide variety of non-mathematicians (especially engineers) and reflects the 
growing list of areas in which matrix methods are applicable. 

1964, 395 pages, $8.50 


APPLIED COMPLEX VARIABLES 
By John W. Dettman, Oakland University 


This is a thoroughly modern, rigorous text. The first half of the text deals with the mathematics of 
analytic function theory. The second half is devoted to applications of the theory to problems faced 
by engineers and scientists. The book may be used in a one or two semester course. 


1965, 480 pages, $10.00, Illus. 
INTRODUCTION TO LINEAR ALGEBRA 


By Marvin Marcus and Henryk Minc, both of the University of California, Santa Barbara 
This textbook is a uniquely self-contained introduction to the fundamental concepts of linear algebra 


and matrix theory for one semester courses at the sophomore-junior level. Solutions to exercises are 
provided. 


1965, 225 pages, $7.95 


TOPICS IN HIGHER ANALYSIS 
By H. K. Crowder, The Cleveland State University, and S. VW. McCuskey, 
Case Institute of Technology 


Designed for science and engineering students, the text strikes a balance between theory and ap- 
plications in the choice of topics. 
1964, 512 pages, $10.50 


Write to the Faculty Service Desk for examination copies. 


THE MACMILLAN COMPANY, 866 Third Ave., New York 10022 


Calculus and Analytic Geometry 


JACK R. BRITTON, R. BEN KRIEGH, both of the University of Colorado, and 
LEON W. RUTLAND, Virginia Polytechnic Institute 


—Enables the student to reach the calculus within the first few weeks of the course 


— Follows recommendations of national groups concerned with the undergraduate 
program in mathematics 


— Provides a sensible continuation of the modern approach to mathematics that is 
now introduced in most high schools 


— Covers fundamental mathematical ideas, vector functions, linear algebra, and dif- 
ferential equations in addition to analytic geometry and calculus 


— Contains a large part of the material covered in the two-volume calculus text by the 
same authors, University Mathematics (1965, each volume $9.50) 


1966, 1088 pages, illustrated 


Mappings of the Plane, With Applications 
to Trigonometry and Complex Numbers 


H. E. CHRESTENSON, Reed College 


In this book the author characterizes rigid motions and similarity mappings of 
the plane and uses them to obtain fundamental trigonometric identities and to define 
operations in the complex numbers. 


The material on which the book is based has been taught for several years to sec- 
ondary school teachers in summer and in-service institutes. It is especially valuable 
for this purpose because it is, for most institute participants, a new approach to some 
familiar material and because it prepares the way for a study of vector spaces and 
linear transformations. It is also useful for self-study and for collateral reading in a 
more sophisticated course in linear algebra. 


1966, 150 pages, illustrated, paperbound 


W. H. FREEMAN AND COMPANY 


660 Market Street, San Francisco, California 94104 
Warner House, 48 Upper Thames Street, London, E.C. 4 


MATHEMATICS BOOKS FROM PRENTICE-HALL... 


UNIVERSITY ALGEBRA~—Richard E. Johnson, 
University of Montana. March 1966, 271 pp., $7.95 


‘*...a fine text for an undergraduate course in 


abstract algebra.”"—pre-publication review. 
Designed to meet the algebraic needs of students 
who plan on majoring in mathematics or related 
disciplines. ‘‘The basic theme...is to define 
abstract concepts in as simple a setting as possible, 
and then carry them over to more complex sys- 
tems. Thus, Cartesian products, homomorphisms, 
and quotient structures are first defined for Abe- 
lian groups and then extended to commutative 
rings, vector spaces, groups, and rings, in that 
order.”—from the author’s preface. 


ALGEBRAIC STRUCTURE THEORY OF SE- 
QUENTIAL MACHINES—J. Hartmanis and 
R. E. Stearns, both of the General Electric Re- 
search and Development Center. March 1966, 224 
pp., $9.00 


This completely self-contained book presents the 
structure theory of sequential machines from a 
single algebraic approach—all the structure and 
decomposition results are obtained through the 
application of partition algebra and its generaliza- 
tions. Begins with elementary machine concepts 
and simple decompositions and gradually develops 
more abstract mathematical formalizations and 
deeper structural problems. 


FUNDAMENTAL CONCEPTS OF ANALYSIS— 
Alton H. Smith and Walter A. Albrecht, Jr., 
both at California State College, Long Beach. 
January 1966, 190 pp., $6.00 


Class-tested for over three years, this rigorous 
basic text deals primarily with the concepts of 
analysis—set theory, mathematical logic, the real 
number system, relations, functions, etc. It is 
intended to ease the transition from problem- 
solving and lower-division calculus to theory and 
more advanced courses in analysis. ‘*The exposi- 
tion is clear; the illustrative material is well 
chosen; the exercise lists are good and plentiful. 
».. exciting and enjoyable to teach from Smith 
and Albrecht’s text.” —a pre-publication review 


MATHEMATICAL INTRODUCTION TO CE- 
LESTIAL MECHANICS—Harry Pollard, Purdue 
University. January 1966, 111 pp., $4.95 


Maintaining that celestial mechanics ‘‘deserves 
restoration to the mathematics curriculum,’’ Harry 
Pollard makes available the basic mathematics 
underlying the subject. This basic text features an 
account of the n-body problem, including new 
material on the growth of the system; a careful 
introduction to perturbation theory; new deriva- 
tions of the planetary equations, based on vector 
methods; and others. 


pp., $12.00 


INTRODUCTION TO LINEAR PROGRAM- 
MING, WITH APPLICATIONS—William R. 
Smythe, Jr., and Lynwood Johnson, both of the 
Georgia Institute of Technology. November 1966, 
approx. 256 pp., $7.50 


A mathematically sound development, at an ele- 
mentary level, of the simplex method and the 
theory of flows in networks. Included in a brief 
introduction to linear algebra is a detailed treat- 
ment of the solution of systems of linear equations 
by use of the row transformations. 


In the Selected Russian Publications in the Math- 
ematical Sciences series, translated from the Rus- 
sian and edited by Richard A. Silverman: 


INTEGRAL, MEASURE AND DERIVATIVE: A 
UNIFIED APPROACH—G. E. Shilov, Moscow 
State University, and B. L. Gurevich, Odessa 
University. April 1966, 224 pp., $8.50 


For use in a basic first-year graduate course in 
measure and integration, this newly translated 
volume contains much new material furnished 
expressly for the English-language edition. Unified 
by a systematic exploitation of the Daniell ap- 
proach, the book includes a section on integration 
in infinite-dimensional spaces and a novel treat- 
ment of the Stieltjes integral. 


ORDINARY DIFFERENTIAL EQUATIONS— 
I. G. Petrovski, Moscow State University. May 
1966, 232 pp., $7.95 


Ideally suited for both course use and independent 
study, this new volume provides an exceptionally 
lucid development of the theory of ordinary differ- 
ential equations. Featuring a complete develop- 
ment of the basic existence, uniqueness, and con- 
tinuous dependence theorems for initial value 
problems for single ordinary differential equations 
and systems. 


Also of interest: 


GAMES OF STRATEGY: THEORY AND AP- 
PLICATIONS—Melvin Dresher, The Rand Cor- 
poration, Santa Monica. 1961, 186 pp., $9.50 


INTRODUCTION TO COMPUTER PROGRAM- 
MING=—Donald Cutler, System Development 
Corp., Offut AFB, Omaha. 1964, 216 pp., $8.50 


AN INTRODUCTION TO ANALYSIS—Daniel 
Saltz, San Diego State College. 1965, 280 pp., $8.95 


PROBLEMS OF MATHEMATICAL PHYSICS— 
N. N. Lebedev, I. P. Skalskaya, and Y. S. Uflyand. 
(Translated by Richard A. Silverman.) 1965, 429 


Prices shown are for student use. For approval copies, write: Box 903 


PRENTICE-HALL, ENGLEWOOD CLIFFS, NEW JERSEY 07632 


The Allyn and Bacon Series/ 
Topics in Contemporary Mathematics 


This timely series is composed of selected topics designed to facilitate instructional 
flexibility and add to the enrichment of a variety of courses. Each topic has been 
chosen for its fundamental importance and interest to both professor and student. 
These short paperbound volumes will introduce students to such topics as linear 
algebra, the real number system, probability, logic, and statistics. 


1967/Informal Logic 


by John W. Kenelly, Clemson University 


Available in January 1967, this new paperbound volume develops the basic con- 
cepts of symbolic logic that are important to mathematical theorems and proofs. 
The treatment differs from most available material in a very important way: the 
purpose here is to use logical inferences and valid substitution within mathe- 
matical proofs; no attempt is made to put mathematical proofs into a formal 
logic format. The material requires only high school mathematics as a prerequi- 
site. Most examples are taken from geometry and elementary algebra. The ele- 
mentary material leads into the more complex mathematical statements present 
in analysis and algebra. paperbound 55% X 83% est. 128 pp. 


1966/Sets with Applications 


by Peter W. Zehna, U. S. Naval Postgraduate School 


“An excellent book, well written for the undergraduate with ample space for 
problems. All concepts are excellently integrated into the succeeding chapters. 
Applications are well treated with ample provision for supplementary motivating 
material.” Chester F. Bass, Southern Connecticut State College 


The introductory material is developed to show the need for set theory and then 
deals with the logic necessary to construct simple proofs. Separate chapters on 
probability and Boolean algebra serve to further illustrate the uses of set theory. 
The chapter on relations emphasizes the modern notion of function as a set. 
paperbound 6 X 9 153 pp. 


1966/Algebra Through Problem 
Solving 


by Abraham P. Hillman, University of New Mexico; and Gerald L. Alexanderson, 
University of Santa Clara 


The book, designed for supplementary use, teaches the reader to recognize mathe- 
matical patterns, and to prove analogies and generalizations of known results. 
The topics chosen exhibit the interdependence to mathematical concepts and are 
designed to lead students at the early-college level into progressively more sophis- 
ticated work with these concepts. The book includes the necessary theoretical 
material and illustrative examples to arouse and strengthen a student’s interest in 
mathematics. paperbound 55% X 83% 129 pp. 


Allyn and Bacon, Inc., Dept. E, 150 Tremont St., Boston, Mass. 02111 


Outstanding New Mathematics Texts For 
Your Gonsideration 
—__, 


COMING SOON! 


CALCULUS AND ANALYTIC GEOMETRY, Second Edition 
ABRAHAM SCHWARTZ, The City College of the 
City University of New York 


As in the first edition, this text for the introductory calculus course begins with 
chapters on the differential and integral calculus which rest on an intuitive basis 
rather than an abstract one. The student starts with tangible things and quickly 
develops some technique to handle meaningful problems, and it allows him to 
begin applying calculus to a concurrent course in physics. A chapter on differ- 
ential equations has been added. 


March 1967 992 pp. $12.50 tent. 


INTRODUCTION TO NUMBER THEORY 
JAMES E. SHOCKLEY, Virginia Polytechnic Institute 


Designed for a one-semester course in number theory, this book gives an alge- 
braic treatment to arithmetic functions. This gives the student with some back- 
ground in modern algebra experience with some non-trivial examples of groups 
and rings and, at the same time, shows the true significance of the MObius func- 
tion and clarifies several seemingly mysterious relationships among arithmetic 
functions. 


March 1967 352 pp. $6.75 tent. 


INTRODUCTORY COLLEGE MATHEMATICS 

DONALD R. HORNER, Eastern Washington State College 

Here is an introduction to and review of elementary algebra. This book begins 
with the rudiments of set theory and logic and then presents chapters that de- 
velop the real number system and introduce algebraic structures. At an ele- 
mentary level it provides insights into the nature of pure mathematics and 
surveys widely important areas. 


March 1967 320 pp. $5.50 tent. 


AVAILABLE NOW! 


A FIRST COURSE IN ABSTRACT ALGEBRA 

HIRAM PALEY and PAUL M. WEICHSEL, both of the 
University of Illinois 

Designed for the undergraduate course in abstract algebra. Includes naive set 
theory, elementary number theory with modular arithmetic, the elementary 
theory of groups and rings, and a carefully selected list of special topics in groups 
and rings for special assignment and advanced reading. 


July 1966 334 pp. $8.50 


“Holt, Rinehart 


and Winston, Inc. 
~ 8 383. Madison Avenue, 
m™: New York, New York 10017 


NEW SIXTH EDITION 


Numerical Mathematical 
Analysis 


by James B. Scarborough 


For more than 30 years Numerical Mathematical Analysis has been the out- 
standing textbook in its field. This enlarged sixth edition includes the follow- 
ing significant additions: the Trapezoidal Rule; an additonal method for find- 
ing the roots of numerical equations; and formulas and computing schedules 
for the numerical solution of simultaneous differential equations of the sec- 
ond order by the Runge-Kutta method. 


Numerical Mathematical Analysis has been adopted as a text in hundreds 
of colleges and universities. The excellence of this new edition will make it 


known still more widely. 
$8.50 


THE JOHNS HOPKINS PRESS, Baltimore 


CALCULUS WITH ANALYTIC GEOMETRY 
JOHN M. H. OLMSTED, Southern Illinois University 


This modern basic text stresses clarity, precision, and thoroughness, 
developing rigorous mathematical thinking while encouraging intui- 
tive motivation. Following the historical development of integral 
calculus, before differential calculus, the book also treats the global 
concept of uniform continuity before the local concepts of ordinary 
continuity and limits. Logical ideas used in mathematical analysis are 
introduced early, and quantifiers and negations of statements involv- 
ing them are provided throughout. Other features include: extensive 
use of vector spaces and algebras of functions, honors sections, axio- 
matic treatment of area and volume, the Riemann integral defined by 
step-functions and developed as a positive linear functional, linear 
algebra with eigen-values and other attributes of matrices exploited 
to simplify transformations of equations of the second degree. 
Two-volume edition: Volume I—810 pp., illustrated, $9.50; Volume 
II—655 pp., illustrated, $7.00. 


APPLETON - CENTURY - CROFTS 


DIVISION OF MEREDITH PUBLISHING CO.—440 PARK AVENUE SOUTH, NEW YORK 10016 


A waToro = 


Letort—Algebra & Analysis—Problems & Solutions 
By G. Lefort, University of Paris 

This superb supplementary text, through problems and problem-solving, 
exposes the student to the full spectrum of undergraduate mathematics. The 
exercises are partitioned into eight well-defined, important areas of algebra 
and/or analysis. These cover all strata from fundamental algebraic struc- 
tures to linear differential systems. All solutions are given in the text. 

About 575 pages e Illustrated e About $10.00 e New—Just Ready! 


Cater—Lectures in Real & Complex Vector Spaces 
By Frank S. Cater, Portland State College 


| Here is a valuable new entry into the literature on vector spaces and linear 


algebra. Unlike most books on the subject which are matrix-oriented, Dr. 
Cater’s volume is operator-oriented in its approach. The author has not | 
failed, however, to include a consideration of work on matrices. While 
dealing with an advanced subject, the author has presented his material in 
an elementary and clear manner. 

167 pages e About $6.00 e New—Just Ready! 


Evgratov—Analytic Functions 
By M. A. Evgrafov, Moscow Physical-Technical Institute 


Written for students with grounding in advanced calculus, this graduate 
level text presents analytic functions in a unique sequence. The author gives 
a rigorous discussion of the theory of multiple-valued analytic functions 
presented on the basis of analytic continuation at the beginning of his 
volume, rather than in the more usual place near the end. This text can be | 
readily adapted to courses of various lengths. | 
336 pages e Illustrated e $6.00 e New-~Published September, 1966! 


Petrovskii—Partial Differential Equations 

By I. G. Petrovskii, Moscow State University 
This translation from the original Russian is a modern treatment of three 
basic types of partial differential equations: elliptic, parabolic, and hyper- 
bolic. The author pays special attention to recent results in the theory. This | 
book will serve as a basic text for courses in partial differential equations 
at the graduate level, or in a topics course at the senior level. 
About 400 pages e Illustrated e About $7.50 e New—Ready September! 


W. B. Saunders Company 
West Washington Square, Philadelphia, Pa. 19105 


Please send and bill me: AMM 10-66 
[] Lefort—ALGEBRA [] Cater—-LECTURES 
About $10.00 About $6.00 
1] Evgrafov—-ANALYTIC O) Petrovskii_-PARTIAL 
$6.00 About $7.50 


Discount accorded to full-time teachers listing affiliation 


Name ———-————————______—__ SS )0—Affiliation 
Address —————______-_____________________. Zip 
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THE PRINDLE, WEBER & SCHMIDT 
COMPLEMENTARY SERIES IN MATHEMATICS 


UNDER THE CONSULTING EDITORSHIP OF 
HOWARD W. EVES 


PUBLISHED 


Volume One, Functions of a Complex Variable. By Howard W. Eves, 
University of Maine, 224 pages, $3.95. 

Volume Two, Functions of a Complex Variable. By Howard W. Eves, 
University of Maine, 252 pages, $3.95. 

Volume Three, Introduction to Geometrical Transformations. By Edward H. Barry, 
106 pages, $2.95. 
Volume Four, Vector Algebra. By Richard E. Johnson, 
University of New Hampshire, 119 pages, $2.95. 


FORTHCOMING THIS FALL 
NOVEMBER 


Volume Six, Foundations of Modern Mathematics. By Lyle E. Mehlenbacher, 
University of Detroit, 176 pages, $3.50. 
This concise text covers aspects of Algebra, Geometry and Calculus 
of Statements. The book has been class tested in N.S.F. institutes. 


TEXTS AVAILABLE FOR WINTER 
AND SPRING CLASSES 


DECEMBER 


Intermediate Mathematics with Applications. By William L. Hart, 
University of Minnesota, 357 pages plus 75 pages of tables, $7.95. 
This text, for students with minimal mathematics backgrounds, 
contains Algebra and Fundamental Statistics with significant 
applications to Business, Economics and Finance. 


JANUARY 


Introduction to Calculus and Analytic Geometry. By Robert H. Breusch, 
Amherst College, 224 pages, $8.50. 
A clear Calculus of One Variable designed for a one semester course. 
“Nothing in this text will have to be unlearned.” —- Howard W. Eves. 


Please contact our offices at 53 State Street, Boston, 
Massachusetts for additional information on these titles. 


ee 


LINEAR SPACES OF ANALYTIC FUNCTIONS 
PASQUALE PORCELLI e¢ Louisiana State University 


Approximation theory is the central theme of this monograph. Most of the theorems 
stated either lead to approximation theorems or are interesting results obtained 
from them. Designed to ground the student in analytic function theory and to 
familiarize him with both recent and historical literature. 


1966 


ELEMENTARY METHODS IN ANALYTIC 
NUMBER THEORY 


A. E. GELFOND and U. V. LINNIK 


Translated by Amiel Feinstein, Revised and Edited by L. J. Mordell 
A systematized, simplified collection of results representing many different and 
important aspects of number theory. Illustrates the use of elementary methods in 
additive problems, problems of counting the number of integer points inside 
contours, and the distribution of primes. Each chapter is self-contained and may 
be read independently. 
1965 + 242 pages + $8.75 


AN INTRODUCTION TO MODERN MATHEMATICS 
NATHAN J. FINE « Pennsylvania State University 


This basic text presents concepts of modern mathematics to undergraduates 
through a balanced selection of topics and exercises. Fundamental concepts 
rather than techniques and manipulation are emphasized. Units are integrated 
by use of continuing themes; yet chapters may be rearranged to suit individual 
teaching methods. Numerous exercises provide theory applications; the Teacher’s 
Manual contains complete solutions to all problems of any difficulty. 


1965 - 509 pages - $8.50 


RAND M¢NALLY & COMPANY 
The College Department « Box 7600 «+ Chicago, Illinois 60680 


oe LIKE 


FUNDAMENTALS OF COLLEGE ALGEBRA. 
By CARL B. ALLENDOERFER, University of 
Washington, and CLETUS 0. OAKLEY, 
Haverford College. 


This modern treatment for the regular course 
covers much more than “college algebra”: an 
introduction to sets and logic; an unusually 
careful discussion of mathematical induction; 
‘introduction to matrix and vector algebra; 
stress on solution of inequalities in one and 
two variables; and unusually large sets of 
problems. Color is used to emphasize impor- 
tant statements and to clarify illustrations. 
Available winter. 


MANUAL OF MATHEMATICS. 
By GRANINO A. KORN, University of Arizona, 
and THERESA M. KORN. 


Based on the Korns’ larger MATHEMATICAL 
HANDBOOK, this is a concise, connected outline 
of algebra, analytic geometry, calculus, differ- 
ential equations, vector analysis, and complex 
variables—combined with matrices, groups, 
vector spaces, Boolean algebra, set algebra, 
and simple maxima and minima. Each chap- 
ter permits rapid review of an entire mathe- 
matical subject. Tables and boxed groups of 
formulas allow for instant reference. It is 
ideal for the secondary school teacher inter- 
ested in the “new” mathematics and the 
college student. Availablé winter. 


ALGEBRA REVIEW MANUAL: A Program for 
Self-Instruction. 


BRIEF ALGEBRA REVIEW MANUAL: A Program 
for Self-Instruction. 

By MILDRED REIGH, Indiana State College, 
and WILLIAM HAUCK, University of Wisconsin. 


Two books at the freshman college level for 
students who have had algebra but need re- 
view. Both books cover the basics, but the 
Algebra Review Manual goes on to treat 
more advanced topics. Features: a combina- 
tion of narrative and programmed sections; 
reviews at ends of chapters; extra practice 
problems; “express stop frames”, allowing 
the student to skip material he knows; Instruc- 
tor’s manual. 

Algebra: 672 pages; $8.95, ($6.95 soft-cover) 
Brief: 352 pages; $5.95, ($3.95 soft-cover) 


New Books from McGraw-Hill 


CALCULUS IN THE FIRST THREE DIMENSIONS. 
By SHERMAN STEIN, University of 
California, Davis. 


An introductory calculus text for a one-year 
course stressing the fundamentals with a 
broad range of applications. The book is 
divided into three parts: Part I deals with such 
topics as the definite integral, the derivative, 
and the law of the mean. Part II covers spe- 
cial topics such as higher derivatives, maxi- 
ma and minima, series, and vectors. Part IJ 
contains applications of the calculus to such 
fields as economics, the physical sciences, 
and psychology. Available winter. 


MODERN COLLEGE ALGEBRA. 

By FLOYD LAMAR BLANTON and JAMES EARL 
PERRY, both of Abraham Baldwin College of 
the University System of Georgia. 


This modern approach preserves all of the 
traditional, basic material of college algebra, 
and includes special, non-sequential topics to 
challenge the adventurous student. The most 
important feature is the axiomatic presenta- 
tion of the basic ideas of algebra within the 
framework of modern set terminology and 
elementary rules of logic. This gives a good 
understanding of the structure as well as the 
manipulation of algebraic principles. 
Available winter. 


TECHNIQUES OF DIFFERENTIATION AND 
INTEGRATION: A Program For Self-Instruction. 
By HERMAN MEYER, University of Miami, 
and ROBERT V. MENDENHALL, Ohio Wesleyan 
University. 


Planned, through the programming process, 
to save from six to eight weeks of classroom 
time during a year’s course. This book is in- 
tended to supplement, rather than supplant, 
a regular calculus text. Features: answers and 
discussions keyed to (but hidden from) pro- 
gram frames; information panels introduce 
discussions of related material and ideas into 
the flow of frames. 

168 pp., $3.5¢. 


Examination copies available on request. 


GEORGE BANTA COMPANY, INC., MENASHA, WISCONSIN 
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INTRINSIC METRICS 
HERMAN GLUCK, Harvard University and The University of Pennsylvania 


1. Introduction. Let M be a set and d: MX M—R a real-valued function 
satisfying 

(1) d(x, y) 20; d(x, y) =0 iff x=y (positive definiteness) 

(2) d(x, y)=d(y, x) (symmetry) 

(3) d(x, 2) Sd(x, vy) +d(y, 2) (triangle inequality). 

Such a function d is said to be a metric on M, and the pair (M, d) is then 
called a metric space. Certain metrics on a set M seem to be “more natural” 
than others. For example, let M be the set of complex numbers of unit length, 
and define a metric d on VM by 


d(z, 2’) = |z—2'|. 


The set M is simply the unit circle in the complex plane and the metric d is 
“inherited” by M from the ordinary metric in the plane. Now consider the points 
—iand iin M. Their distance from one another is 2, yet every path in M from 
—1i1 to 1 has length at least +. The metric d would hardly be a practical metric 
for people living and moving about in M. The situation could be improved, how- 
ever, by increasing the metric d to a metric do for which do(z, 2’) is the length 
(in the metric d) of the shorter arc from g to 2’. This new metric is topologically 
equivalent to the old one, and assigns the same length to curves in M as did d. 
Furthermore, it is now possible to travel from z to 2’ in M by a path of length 
do(z, 2’), and it is in this sense that the metric dy is “better” or “more natural” 
than the metric d. The metric dp is an example of an intrinsic metric on M (the 
precise definition will be given later). 

Spaces with intrinsic metrics have been studied extensively in the literature 
[1, 2]. My object here is to examine in detail some of the ideas leading up to the 
notion of an intrinsic metric. Because of the elementary character of this paper, 
a number of proofs will be left to the reader. 


2. Finitely compact metric spaces. A metric space (M, d) has the Bolzanoe 
Weterstrass property if every bounded infinite set in M has a limit point in M. 
It has the Hezne-Borel property if every closed and bounded subset of M is com- 
pact. These two properties are in fact equivalent, and a metric space having 
them is said to be finitely compact. A finitely compact metric space is separable, 
locally compact and complete. Conversely, any locally compact separable 
metric space possesses an equivalent metric in terms of which it is finitely com- 
pact [3]. 


3. Nearness. We are going to need a notion of “nearness” for points in a 
metric space (JM, d) which is independent of the particular metric d and depends 
only on the topology which d induces on M. A typical way of developing such a 
notion is via admissible coverings of M. A covering is admissible if every point of 
M lies in the interior of some member of the covering. Then, relative to such a 
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covering, two points in M will be “near” if there is some member of the covering 
containing them both. Notice, however, that what counts is not the particular 
covering but rather the “nearness relation” which it induces on MXM. So we 
are led to a definition of the following sort. (This approach will remind the 
reader of that used in the study of uniform structures.) 


DEFINITION 3.1. Let M be a topological space. A sleeve is a subset = of MXM 
which ts symmetric (1.€., (x, y)\ C2 if (vy, x) EZ) and is also a neighborhood of the 
diagonal } (x, x): xEM}, of MXM. 


The points x, y in M will be “near” relative to the sleeve & if (x, y)€2. 
A subset of a sleeve which is itself a sleeve will be called a subdsleeve. Notice that 
the intersection of two sleeves is again a sleeve. Hence any two sleeves in MX M 
always have a common subsleeve. A sleeve 2 which is a closed subset of MX M 
will be called a closed sleeve. 

Given the sleeve 2, we define a sleeve 2? as follows: (x, y) G2? iff there is a 
point 7G M such that (x, u) CZ and (u, vy) C2. In a like manner we can define 
the sleeves 2%, 24, -- - , and we will have 


P= VCwewezwc=:-- 


Carrying this to an extreme, define 


8 


ye = U a 


bud 8 


n=l 
Then (x, y) 2° iff there is a finite sequence of points in M, 


X= Mo, M1, Mo, +++, Mp = Y, 


such that for eachi=1,2,---+,7, (m;4, m;) CZ. Such a finite sequence of points 
will be called a 2-chain from x to yin M. A sleeve 2 will be said to be wide if 

*= M1 XM, that is, if every pair of points in Mf can be joined by a =-chain. The 
proof of the following theorem is immediate. 


THEOREM 3.2. Every sleeve in MX M is wide iff M is connected. 


Suppose now that (M, d) is a metric space. Then for each number 6>0, 
consider the closed sleeve 2;= { (x, vy): d(x, y) <6}. If 2 isa sleeve in MXM 
and C'is a compact subset of M, there is always a Lebesgue number 6=8(C, 2) 
> 0, such that 2;(\(C XC) C2. That is, if x, yeEC and d(x, y) S64, then (x, y) C2. 


- 4, Construction of the metric ds. Let (JV, d) be a metric space and = a sleeve 
in MXM. If «=m, m, m,+++, m,=y is a =-chain in M from x to y, then 
the number 


> d(my—1, m;) 
t=] 
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will be referred to as the length of this 2-chain. For the remainder of this section 
we will assume that 2 is a wide sleeve, so that every pair of points in M can be 
joined by at least one 2-chain. This will automatically be the case, according 
to Theorem 3.2, if M is connected. 


DEFINITION 4.1. Let dy(x, y) denote the greatest lower bound of the set of lengths 
of all 2-chains in M from x to y. 


Picturesquely speaking, dz(x, y) is the practical distance from x to y for those 
people in WM whose strides are “subordinate” to the sleeve &. 


REMARKS. (1) dz(x, y) 2 d(x, y) for any x, ye M. We write: dy2d. 

(2) If (x, y)€2, then dzs(x, y) =d(x«, y). Hence the functions dy and d agree 
for points “sufficiently” close to one another. 

(3) If Cis a compact subset of (1, let 6=6(C, 2) be a Lebesgue number for 
C relative to 2. Then for x, yEC with d(x, y) $6, we have dzx(x, y) =d(x, y). So 
for x, vEC, dx(x, y) $4 iff d(x, y) S64, in which case the two are equal. 

(4) If 2=2;, then instead of writing ds,, we will write simply ds. 


THEOREM 4.2. dx: MX M—K 1s a metric on M equivalent to d. 


Positive definiteness follows from Remark (1) above. Symmetry and the 
triangle inequality follow directly from the definition of dy. So ds is a metric on 
M. It is equivalent to d by Remark (2) above. 


THEOREM 4.3. If (M, d) ts finitely compact, then so 1s (M, ds). 


Let C be closed and bounded in (M, ds). Then C is closed in (M, d) by the 
preceding theorem, and bounded in (1/7, d) by Remark (1) above. Hence C is 
compact in (M, d). Again by the preceding theorem, C must also be compact in 
(M, dz), so (MM, dy) is finitely compact. 


REMARK. The converse to this theorem is false. Let V/ be the set of real num- 
bers and d the metric on M defined by 


The metric d is equivalent to the ordinary absolute value metric but is bounded, 
so (M, d) is certainly not finitely compact. On the other hand, if 2 =2y,,, it is 
easily checked that (M, di) is finitely compact. 


THEOREM 4.4. If (M, d) ts complete, then so is (M, ds). 


Let (x,) be a Cauchy sequence in (M, ds). Since dy2d, the sequence (x,) is 
also Cauchy in (M, d), where it must therefore converge. Since the metrics d 
and ds are equivalent, (x,) also converges in (JZ, dy), and the theorem follows. 
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REMARK. The converse to this theorem is also false. Let 
1 

M= {Ga adi9 = sin—»x> ob C R?, 
x 


and let d be the metric on M induced by the inclusion MCR. Then (M, d) is 
not complete, because it is not closed in R* But if we define the sleeve 


2CMxXM by 
cit 


1 i 
>= {((« sin =) ) @ sin =)); 
2 x 
then dy “stretches” M enough to make (M, dz) complete. 

According to the definition of dz(x, y), there is for each e€>0 a 2-chain in M 
from x to y whose length is less than dz(x, y)-+e, but in many cases there will be 
no Z-chain from x to y whose length is exactly dy(x, y). We seek now conditions 
on the metric space (M, d) and on the sleeve 2 which will guarantee the exist- 
ence of a Z-chain from x to y with length exactly ds(x, ¥). 

Let (MV, d) be a finitely compact metric space and 2>C MXM a wide sleeve. 
Fix the points x, y© MM and consider the set 


C= | (2e" GC M:d(a, x’) S 2dx(a, yt. 


Since (M, d) is finitely compact, C must be compact. Let 6=6(C, 5)>0 be a 
Lebesgue number for C relative to 2. Let NV be an integer such that N6>dxz(x, y). 


1 1 


ee eee 


x 4" 


LemMA 4.5. Under the above conditions, dy(x, y) is the greatest lower bound of 
the set of lengths of all X-chains in M from x to y which have at most 2N terms. 


dx(x, y) is the greatest lower bound of the set of lengths of all 2-chains in M 
from x to y with length <min (6, 2ds(x, y)). Hence it will be sufficient to pro- 
duce, for each such 2-chain, a corresponding Z-chain in M from x to y with at 
most 2V terms, whose length is no larger. 

Let 


Xv = M0, My, Mo,° °° 5 My, = Y 


be a 2-chain in M from x to y with length Smin (N6, 2dz(x, y)). First observe 
that, since d(x, m,;) S2dx(x, y), all the m, lie in the compact set C. If this D-chain 
has more than 2 terms, then y2=2N and we can write [d(mo, m1)+d(m, m2) | 
+.+++ + [d(men—2, Mey—1)+d(mey—, Mon) | <N6, in which case there must be 
an odd index 2 such that 


d(m;—1, mi) + d(mi, Migr) S 6. 


But then d(m1, m41) S46, so that (m1, mi41) CX. Therefore m; can legitimately 
be dropped from the original 2-chain to get a new Z-chain from x to y with one 
term less and total length no larger. Repetition of this procedure then com- 
pletes the proof of the lemma. 
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THEOREM 4.6. If (M, d) 1s finitely compact and = is a closed sleeve, then for 
each x, yEM there will exist a X-chain from x to y with length exactly dy(x, y). 


Fix x, yEM and let C,é6 and WN be defined as above. For each n=1, 2,3,---, 
let 


Ch? X= Mon, Min, Mon, * * * , Man—2,n, Wen-1jn = Y 


be a 2-chain from x to y with exactly 2 terms and with length <min (dz(x, ¥) 
+1/n, 2dz(x, y)). The existence of the C, is guaranteed by the preceding lemma. 
As before, all the ,, lie in the compact set C. Hence by repeatedly taking subse- 
quences of (C,), we can finally get a subsequence (C,,) such that (m;,n,) con- 
verges, say to m,, for each i=0, 1, -- + , 2N—1. The limit sequence, C..: x =mo, 
My, °* + , Men1~=¥, will be a 2-chain because 2 is a closed sleeve, and its length 
will be exactly dz(x, vy), completing the proof. 


REMARK. Theorem 4.6 is no longer true when finite compactness is replaced 
by completeness. Let 17 = \a, b, C1, Cx, C3, ° °° \ and let 


d(a,b) = 1, d(c,¢) =1— 6, d(a, c) = d(c;, 6) = 1/2 + 1/24. 


For xy, 3 <d(x, y) $1, so the triangle inequality is automatically satisfied. All 
Cauchy sequences are eventually constant, so the space (JM, d) is certainly com- 
plete. On the other hand, if $}<6<1 then d;(a, 6) =1, but although the sleeve 
23 1s Closed, there is no 6-chain from a to 0 with length exactly 1. 


THEOREM 4.7. Arc length 1s the same in the metrics d and ds. 


Cis a path from x to y in (M, d) iff it isa path from x to y in (M, ds), be- 
cause d and dy are equivalent metrics. Furthermore, since C is a compact set, 
there is a 6>0 such that d and dy agree for points of C closer than 6. It then 
follows immediately that C is rectifiable in (M, d) iff it is rectifiable in (VM, dy), 
and that d and dy then assign the same arc length to C. 


THEOREM 4.8. Let d and d* be metrics on the same set M, with d* =d, and let 
2 be a wide sleeve in (M, d)X(M, d). Then = ts also a wide sleeve in (M, d*) 
x (M, d*), and (d*)s2 ds. 


Since d*2d, the identity map from (M, d*)X(M, d*) to (M, d)X(M, d) 
must be continuous. Hence 2 is a neighborhood of the diagonal in (M, d*) 
x (M, d*). Since the remaining conditions are clearly satisfied, > is a wide 
sleeve in (M, d*) xX (M, d*). Any 2-chain in (M, d*) is also a D-chain in (M, d), 
and its length in (M, d*) is greater than or equal to its length in (VM, d). From 
this it immediately follows that (d*)s2 dy. 


THEOREM 4.9. Let (M, d) be connected and let & and 2’ be sleeves in MXM. 
(1) If 2’ C2, then dy = ds. 

(2) If 2’ C2, then (dy) » = (dy')y=dy. 

(3) In general, (dy) y 74 (dsr) 5. 
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(4) In the following list, each metric 1s greater than or equal to all those listed 
on lower levels, while those on the same level can not 1n general be compared. 


dsl \y 
(dy) » (dz) 
dy dy 


Proof left to the reader. 


5. Construction of the metric d). From now on we will assume that the metric 
space (IM, d) is connected. Hence each sleeve 2C MXM is wide, and therefore 
the metric dy is always well-defined. 

For each pair of points x, yGM, consider the set of numbers { dy(x, y)}s, 
where 2 ranges over all possible sleeves in MXM. This set of numbers may or 
may not be bounded from above. 


DEFINITION 5.1. If, for each x, yEM, the set | dy(x, y) bs 1s bounded from 
above, then we say that the metric d is rectifiable, and define do: MXM—-R by 
do(x, vy) =LUBsdx(x, y). We also say that do is obtained from d by the process 
of rectification. 


Intuitively speaking, do(x, y) is the smallest number which can serve as a 
practical distance from x to y for all people in M, regardless of their strides. 


RemMArKs. (1) If d is rectifiable, then d)>=dy2d for all sleeves 2. 

(2) If between each x, yC WM there is a rectifiable path with length L(x, y), 
then d is rectifiable and do(x, vy) S$ L(x, y). 

(3) In computing LUBsdy(x, y), one can restrict 2 to be a subsleeve of a 
given sleeve without altering the answer. 

(4) One can also restrict 2 to be a closed sleeve without altering the answer, 
since MXM is a normal space. 


It is easy to give examples of metrics which are not rectifiable. If M 
= { (x, y):y=x sin 1/x for x >0, y=0 for «=0} and dis the metric induced on M 
by the inclusion M/C R?, then d is not rectifiable in the sense of the above defini- 
tion. 


THEOREM 5.2. If (M, d) is finitely compact and d 1s rectifiable, then 
do(x, y) = LUBs dx(a, y) = LUBsyo ds(x, y) = lims_so ds(a, y). 
This is generally false, however, if (M, d) 1s not finitely compact. 
Proof left to the reader. 
THEOREM 5.3. If d is rectifiable, then dy is a metric on M. 


Positive definiteness follows from the fact that d)>2d. Symmetry follows 
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from the symmetry of each dy. As for the triangle inequality, consider do(x, 2) 
and note that for each e>0 there is a sleeve 2 such that do(x, 2) <dsz(x, 2)+e. 
But dx(x, 2) Sdx(x, y)+ds(y, 2) Sdo(x, vy) +do(x, 2). Hence do(x, 2)<do(x, ¥) 
+do(y, z)-+e. Since this holds for each e>0, the triangle inequality follows im- 
mediately. 


THEOREM 5.4. If d is rectifiable, then (1) d: (M, do) X (M, do) R 1s untformly 
continuous, and (2) the identity map 1: (M, do)—>(M, d) is uniformly continuous. 


Proof trivial, because d y= d. 


Even if d is rectifiable, d and dy need not be equivalent metrics. We con- 
struct a compact subset MV of the plane, as follows. (See Figure 1.) 


po / 


Fic. 1 


In the sector: 0SrSi, r/2<<z7, draw an arc of length 1 from the origin 
to the point po: r=1, 6=37/4. In the sector: OSrSi, 1r/4<<7/2, draw an 
arc of length 1 from the origin to the point £1): r=4, 6=37/8. And in general, 
in the sector: OSrS3", 1/2"*1<h<7/2", draw an arc of length 1 from the 
origin to the point pz: r= 3", @6=37/2"t?, The union of this sequence of arcs is 
the compact set M. 

The metric d on M is induced by the inclusion 4/CR®. Since every pair of 
points in Mf can be joined by a path of finite length, the metric d is rectifiable. 
Since d(pn, 0) =43”, the sequence po, pi, f2, °° - converges to 0 in (M, d). But 
do(pn, 0) =1 for all n, so this sequence does not converge to 0 in (J, do). Hence 
the metrics d and dy are not equivalent. 


REMARKS. Relative to the above example, observe that 

(1) (M, d) is compact, yet (M, do) is not compact, nor even finitely compact. 
(2) (M, d) is complete, and so is (M, do). 

(3) (M, d) is arcwise connected, and so is (M, do). 
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THEOREM 5.5. If (M, d) is complete and d 1s rectifiable, then (M, do) is also 
complete. The converse ts false. 


Proof left to the reader. 


Consider the subset M of the plane given in Figure 2a below. If d is the 
metric on M induced by the inclusion M@CR?, then (M, d) is arcwise connected 
and d is rectifiable. (17, do), however, is not even connected! While (1, do) is 
not isometric to any subset of the plane, it is at least homeomorphic to the set 
indicated in Figure 2b. 


eee en 2 a ect ate ee ee 


Fic. 2 


I want to prove now, in analogy to Theorem 4.7, that arc length is the same 
in the metrics d and do. A little caution must be exercised, however. If Cis a 
curve in (M, do), then C is also a curve in (M, d) because the identity map 
i: (M, do) (MV, d) is continuous. The converse is false. Look in fact at the 
example following Theorem 5.4, in which the metrics d and dy are not equivalent. 
Let C be the compact curve which starts at po and runs to 0 along the first arc, 
then out to p; and back to 0 along the second arc, then out to 2 and back to 0 
along the third arc, and so forth, ending finally back at 0. Cis a curve in (M, d) 
but is not a curve in (MM, do)! The statement of the following theorem is there- 
fore slightly more complicated than that of its prototype, Theorem 4.7. 


THEOREM 5.6. Let d be a rectifiable metric on M. If the curve CC(M, d) has 
length L in (M, d), then Cis a curve in (M, do) and also has length L there. Con- 
versely, if the curve CC(M, do) has length Lin (M, do), then Cis a curve in (M, d) 
and has length L there. 


Without loss of generality, we may assume that C is a compact curve in 
(M, d) and let 


f: 0, L] > (M, @) 
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be a parametrization of C by arc length. Then, by Remark (2) in Section 5, we 
have 


dof, ft’) S |t- |, 


from which it follows that f must also be continuous with respect to the metric 
do. Thus Cisacurve in (M, do). The above inequality also implies that the length 
of Cin (M, do) is at most L. But it is also at least L, because dy= d, so its length 
in (M, do) is exactly L. 

A curve in (VM, do) is automatically a curve in (M, d), and the converse then 
follows immediately. 


By analogy with Theorem 4.8, we state 


THEOREM 5.7. Let d and d* be metrics on the same set M, with d*=d. Let 
(M, d*), and therefore also (M, d), be connected. If the metric d* is rectifiable, so 
ts d, and then (d*),9= do. 


Each sleeve 2C(M, d)X(M, d) is also a sleeve in (M, d*)X(M, d*), and 
then (d*)y2dy, according to Theorem 4.8. Hence (d*)y2dy for each such 2. 
But then, by the very definition of rectification, d must be rectifiable and satisfy 
(d*))= do. 


THEOREM 5.8. Jf dts a rectifiable metric on M, then so 1s each dx, and (dy)) = do. 


First of all, d and dy are equivalent metrics on M, according to Theorem 4.2. 
Therefore sleeves in (/, d) x (M, d) coincide with sleeves in (M, dy) X (M, dy). 
Now pick x, yE WM and consider LUB» (dy) (x, y), if this exists. By Remark (3) 
in Section 5, we can restrict 2’ to be a subsleeve of 2 without altering the value 
of this LUB. But if 2’C2, we know from Theorem 4.9 that (dy)s,=d s,. Hence 


(dy) o(%, y) = LUB»(ds)x(a, y) = LUBy dx (x, y) = do(x, 9), 
and the theorem is proved. 


THEOREM 5.9. If (M, d) is finitely compact and d is rectifiable, then for each 
x, yEM there ts a rectifiable arc from x to yin (M, d) with length do(x, y). 


According to Theorem 5.2, do(x, y) =lims.cods(x, y). Also, since (MM, d) is 
finitely compact and 2; is a closed sleeve, Theorem 4.6 asserts that for each 6>0 
there is a &s-chain from x to y with length exactly d;(x, y). 

Now fix x, ye M. For each 6>0, let 


C5: & = Mos, 18, M25, °° +, Mrs = Y 
be a 2;-chain from x to y with length exactly d;(x, y). Let 
L = do(x, y) & ds(a, y), 


and note that each m4 lies in the compact set C= {x’C M: d(x, x') SL}. 
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Construct a map f;: [0, L] (MM, d) as follows. Let 
tos = O 
tis = d(mos, M13) 


fos = d(mos, M15) + (m5, m2:) 


tess = A(Mos, M15) + + > + + d(my5-1,8 Mess) = ds(x, y) S L. 
Then define fs by 
fo: |bis, tina,s) > mis, fori = 0,1,2,+++,r5—1 
fs: [te 53 L|—> Mrs = Y. 


The function fs is a step function with simple jump discontinuities at times 
ts, to5, + * * y trgs (presuming that all the m,; are distinct), and satisfies the growth 
law 


d(fs(t), fol’)) S ltt] +6. 


Roughly speaking, the function f; is just another way of describing the chain C;. 

For each 6>0, the image of f; lies in the fixed compact set C. Hence thereisa 
sequence (f;,) of these functions, with 6; decreasing to 0, which converges point- 
wise to a function f on a countable dense subset D of [0, L]. For #, t’€D, we have 


ag, fe) = |t-#| +5 
for all 6>0, and hence 
d(f(), f@)) Ss |t-#1. 


Hence f is uniformly continuous and therefore has a unique extension f over 
[0, L], satisfying the above growth law for all ¢, ¢’€[0, L]. The uniformly con- 
tinuous function f: [0, L]—>(M, d) defines a path of length at most L connecting 
x with y. On the other hand, its length is at least ZL by Remark 2 on page 10, so 
its length is exactly LZ. This path isin fact an arc (i.e., without self-intersections), 
because otherwise removal of a loop would produce a path from x to y with 
length less than L, again contrary to Remark (2) in Section 5. 

This completes the proof of the theorem. (The idea for this proof is due to 
my former student at Harvard, Lawrence Brown.) 


CorRoLuaryY. If (M, d) ts finitely compact and d ts rectifiable, then both (M, d) 
and (M, do) must be arcwise connected. 


This is because a rectifiable arc in (M, d) is also a rectifiable arc in (M, do). 


THEOREM 5.10. Let (M, d) be finitely compact and d rectifiable. Then dy is also 
rectifiable, and (do)o=do. 


According to Theorem 5.9, each pair of points x, yE M can be connected by 
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a rectifiable arc in (M, d) of length do(x, vy). According to Theorem 5.6, this 
rectifiable arc is also a rectifiable arc in (M, do) with the same length, do(x, y). 
But then Remark (2) in Section 5 implies that dp is rectifiable and that (do)o(x, v) 
Sdo(x, y). Since (do)o 2 do, the theorem follows. 


REMARK. The example given on page 944 shows that the above theorem is 
no longer true upon deletion of the finite compactness condition. In that ex- 
ample, (M7, do) was not connected, so that do could not be rectified. 


6. Faithful rectification. 


DEFINITION 6.1. If the metric d 1s rectifiable and do 1s equivalent to d, then we 
say that d 1s faithfully rectifiable, and refer to the process as faithful rectification. 


THEOREM 6.2. The following conditions are equivalent: (1) d is faithfully recti- 
frable. (2) dts rectifiable and do: (M, d) X(M, d)->R is continuous. (3) d ts rectifi- 
able and the identity map t: (M, d) CM, do) ts continuous. 


Proof left to the reader. 


THEOREM 6.3. Let d be a faithfully rectifiable metric on M. For each pair of 
points x, ve M and each e>0, there is a sleeve 2 and a 6>0 such that 


| do(x, y) ~ dy (x, y’) | <e¢ 
for all sleeves 2' C2 and points x', y'EM satisfying d(x, x’) <6, d(y, y’) <6. 


Choose 2 so that | do(x, y) — d(x, y) | <e/3. Using the fact that dis faithfully 
rectifiable, choose 6>0 so that do(x, «’)<é/3 and do(y, y’)<e/3 whenever 
d(x, x’) <6 and diy, y’) <6. Then 


| do(a, y) — dx(x', y’)| S | do(x, 9) — da (x, y)| + | da(x, y) — dar(x’, ’) | 
S | do(x, y) — dx(x, vy) | + dy (a, x’) + dz(y, y’) 
S | do(x, y) — dz(x, y) | + do(x, x”) + do(y, 9’) 
<(f/3 + ¢/38 + ¢/3 = «, 


whenever 2’C2 and d(x, x’) <6, d(y, v’) <6. Note that we have made use of 
part (1) of Theorem 4.9 to conclude that |do(x, y)—dz(x, y) | <|do(x, y) 
—dzx(x, y) | . 


- THEOREM 6.4. Jf d is rectifiable and (M, do) is compact, then d is automatically 
faithfully rectifiable. 


For then the identity map 7: (VM, do) —(M, d), which in any case is a continu- 
ous bijection, must be a homeomorphism. But then its inverse must be continu- 
ous, and so the theorem follows from part (3) of Theorem 6.2. 


THEOREM 6.5. If d ts faithfully rectifiable and (M, d) ts finitely compact, then 
(M, do) ts also finitely compact. 


948 INTRINSIC METRICS [November 


Let C be closed and bounded in (M, do). Then C is closed in (M, d) because 
d and do are equivalent metrics, and bounded in (M, d) because dd». Hence C 
is compact in (M, d). But then again by the equivalence of d and do, C must be 
compact in (M, do), and the theorem follows. 


REMARK. If d is faithfully rectifiable and (M, do) is finitely compact, it does 
not follow that (1, d) is finitely compact. The example mentioned in the Remark 
following Theorem 4.3 works equally well here, for if 


jx — yl 
i+fle—yl- 


then do(x, y)=|«x—y|, so do is equivalent to d. Then (M, do) is finitely compact, 
while (M, d) isn’t. 


a(x, y) = 


The following question asks whether Theorem 5.10 remains true upon re- 
placement of the hypotheses: “(1/, d) is finitely compact and d is rectifiable” 
by the hypothesis: “d is faithfully rectifiable.” 


OQuesTION. Let d be a faithfully rectifiable metric on M. Is do rectifiable, and 
does (do)o=do? 


7. Intrinsic meirics. 

DEFINITION 7.1. The metric d on M will be said to be intrinsic if d ts rectifiable 
and dy=d (so 1 fact, d must be faithfully rectifiable). Equivalently, d is intrinsic 
if (M, d) is connected and dy=d for all sleeves 3C MXM. 


THEOREM 7.2. If (M, d) ts finitely compact and d is rectifiable, then dy is an 
intrinsic metric on M. 


This is just a restatement of Theorem 5.10. 


THEOREM 7.3. Let (M, d) be finitely compact and d an inirinsic metric. Then for 
each x, vEM there ts a rectifiable arc from x to yin (M, d) with length d(x, y). 


This follows immediately from Theorem 5.9. 


In a finitely compact space with an intrinsic metric, the distance between 
two points actually represents the length of the shortest path between them. 
The space is therefore quite reasonable to live in! 

Consider the following 


“PROBLEM FOR METRIC SPACES. Given a metric space (M, d), find an intrinsic 
metric d* >d, which is equivalent to d. 


This problem is connected with the rectification process as follows. 


THEeorEM 7.4. Let (M, d) be a metric space, and suppose there exists on M an 


intrinsic metric d* = d. 
(1) Then dis rectifiable and dy Sd*. 
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(2) If d* is equivalent to d, then so must do be equivalent to d. That is, d 1s 
faithfully rectifiable. 

(3) Independent of the assumption in part (2), of (M, d) ts finitely compact, 
then do ts intrinsic. 


Since d* is an intrinsic metric, (J, d*) is certainly connected. Then by The- 
orem 5.7, d must be rectifiable and satisfy do S (d*))=d*, proving part (1). 
If d* is equivalent to d, consider the following diagram of identity maps: 


j (M, d*) 
(M, do) 2 
i“(M, d) 


The maps i, 7 and & are continuous. Since d* is equivalent to d, k is a homeo- 
morphism. But then 7~!= jk! is continuous and, by Theorem 6.2, dy is equiva- 
lent to d, proving part (2). 

Since d is rectifiable, part (3) follows from Theorem 7.2. 


CoROLLARY. The above Problem for Metric Spaces has a solution for the finitely 
compact space (M, d) if and only if d is faithfully rectifiable, in which case dy 1s 
the minimum solution. 


REMARK. There are plenty of examples of spaces (M, d) for which the prob- 
lem has no solution, since a necessary condition for the existence of a solution is 
that d be faithfully rectifiable. If the answer to the question posed at the end 
of Section 6 is affirmative, then this condition is also sufficient for the existence 
of a solution, without need for the additional assumption that (JM, d) be finitely 
compact. 


THEOREM 7.5. The Problem for Metric Spaces admits a solution for the finitely 
compact space (M, d) tf and only if 

(1) between each pair of points in M there extsts a rectifiable curve, and 

(2) for each x M and each e>0, there is a 6>0 such that if d(x, x’) <6 then 
there 1s a rectifiable curve in M from x to x’ with length less than e. 


Proof left to the reader. A similar result appears in Menger [7]. 


By analogy with the above Problem for Metric Spaces, we may also formu- 
late a 


PROBLEM FOR METRIZABLE SPACES. Given a metrizable space M, find an 
intrinsic metric for M which is consistent with the topology on M. Equivalently, 
given a metric space (M, d), find an intrinsic metric d* for M which 1s equivalent 
to d. 


The following result is due to Moise [5] and Bing [6], independently. 
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THEOREM 7.6. (Bing, Moise). Every compact, connected, locally connected 
metrizable space (that is, every Peano space) admits an intrinsic metric consistent 
with tts topology. 


8. M-convexity. The following definition is due to Menger [7]. 

DEFINITION 8.1. A metric space (M, d) ts convex in the sense of Menger, or 
M-convex for short, 1f for each pair of distinct points x, 3€ M there exists a third 
point ye M such that d(x, y)+d(y, 2) =d(a, 2). 


On intuitive grounds, the two properties (1) d is an intrinsic metric, (2) 
(M, d) is M-convex, seem to be closely related. They are not quite equivalent. 
Examples. (1) Ii dis intrinsic, (M, d) need not be A/-convex. For example, let 
M be the complement in R? of an open line segment and d the Euclidean metric. 

(2) If (M, d) is M-convex, it need not even be connected. For example, let 
M be the complement in R! of a single point, and d the Euclidean metric. 

(3) If (MW, d) is M-convex and connected, d need not be intrinsic. Let d be 
the usual intrinsic metric on a circle, and obtain M by removing a single point 
from the circle. Restricting d to AM, the resulting (JV, d) is connected and M- 
convex, but d is no longer intrinsic on WV. 

On the positive side, we do have 


THEOREM 8.2. If (M, d) ts finitely compact, then it 1s M-convex if and only if 
d 1s intrimstc. 


Proof left to the reader. 


The author is an Alfred P. Sloan Research Fellow. 
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HOMAGE TO JOHN RAINWATER 


Hom, hom on the range, 

Where the co and the coutra do play, 
Where seldom is heard 

A non-natural word, 

And the arrows all run the right way. 


CHRISTIAN ROsELIus, Tulane University 


THE GAMMA FUNCTION WITH VARYING 
DIFFERENCE INTERVAL 


TOMLINSON FORT, Emory University 


Before actually discussing the gamma function it is necessary to introduce 
a section on general periodic functions and one on a generalization of the Huler- 
Maclaurin sum formula. 


1. General periodic functions. Let z=«-+4j2 and A(z) = p(z)+7¢(z), where 
x, y, p(z) and q(z) are real. Then f(z) is called general periodic with period h(z), 
over a domain R, if 


(1) f@+ h)) = f@, 
whenever z and z+h(z) belong to KR. 
An example of a general periodic function is sin z2 where h(z) = — 2 


+.4/(g?-+-27). Any determination may be given to »/(z?-+ 27). Other examples 
are easy to construct. 

We now place certain restrictions on A(z) and under these restrictions show 
that general periodic functions with period h(z), other than constants, exist. 
These restrictions are not necessary. The reader can formulate other sufficient 
conditions. 

Assume 0<e<p(z) and that if z and @ are different numbers in & then 
z+h(z) 4#2+h(z). We now draw the lines «=e, x=2€,--+,x=mne--- in the 
complex plane. These lines divide the right-hand half of the complex plane into 
strips. We now assign values to f(z) at all points of the strip 0 Sx Se. From these 
values determine f(z)+/(s) by equation (1). If f(z) is not determined at all 
points of the strip e<« S2e assign it a value at each of these points as desired. 
Now determine f(z) for the points of the strip 2e<«<3e from its values on the 
strip e<«X2e by (1) so far as is possible and so far as f(z) has not already been 
determined by the points of the strip OSaSe. If there exist now points of the 
strip 2e<« <3e where f(z) has not been defined we assign values to f(z) at these 
points as desired. We now consider the strip 3e<aS4e. So far as f(z) can not 
be defined at points of this strip from its values on the strip 0 Sx <3e we assign 
f(z) values at these points as desired. We continue to proceed in this manner 
until f(z) is defined at all points of the half plane x 20. It is immediate that f(z) 
is general periodic with period h(z) over this half plane. It is in general discon- 
tinuous. 


2. The Euler-Maclaurin Formula. Let h(x) be real and positive, and let 
x-+h(x) increase monotonically with «. Now let #1=x, %2=%+h(x1), °° +5 Xn 
=, 1+h(x%,-1). Then let x,—-x#1=h,(x). Then h,(«)=h,a(~)+h(n1) and 
h(x) = > 7} h(«,). In the work which follows B,(«) is the Bernoulli polynomial 
of order n, and B,(x) is the function with period 1 coinciding with B,(«) over 
the interval [0, 1]. We also let B, be the Bernoulli member of order 2 and Q,(x) 
= B,(x)—B,, O,(x) = B,(«) -—Bn. We remark that (d/dx) B,(«) =nB,«(x). For 
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other properties of the Bernoulli polynomials and numbers see, for example, 
[1], Chapter III. We now write down 


(2) —R,»(a) = h(a) f ene =! F(a + h(a)t) di. 


Carrying out certain operations on this as explained in detail in [1], page 51, 
we arrive at the formula, 
ath(a) ae ) 


1 
F(a+ wh(a)) = To F(i) dt + ar a) ——— AF&-1(a) 


(3) . 
ene) t) 
— }f"(a) if —_————— F(™) (4 + h(a)t) dt. 
Here AF@-) (a) = FO-Y)(a+h(a)) — F°-Y (a). The parenthetical superscripts de- 
note differentiation. Formula (3) is the basic Euler-Maclaurin formula. 
Now let w=0, m=2k. Note that QOo,(1—#) =Qo.(t) and that Bo,1=0 when 


k>1. We then let a equal successively x1, x2, +--+ ,*, and sum. If k>1 we get 
n n x4 n 2k-2 
Yo K(wdhee) = Of PO ae + DE aPmpie(wd 

(4) i=1 i=1” 2; i=1 =1 V!} 


tt | once > FO (x, + ie) | dt 
(2k)iJo LO 


Denote the last expression by —R,, We have 
1 


1 1 n 
(5) Rx = — (1)! | Ont 2 POE (32; + ies nerr es) | dt 


Since Qo;,(t) retains the same sign over the interval (0, 1) we can apply the first 
law of the mean for integrals. We get 


1 
Ra = |- J Orn (0) dt l= TOB\T > POM (x; + O(a, 2) hai) ) W(x), 
0 (2k)! G24 
0<6<1. But Qo(4) = (1/(2k +1)) Obn41(4) — Box. Hence [oQe(t) dt = — Box. Hence 
Bu 
(6) Ra = ay 2 De FO) (ae; + O(a, 12) h( 205) WH (c0,). 
Since By,/2k! is bounded, 


| Ras | <M > | FC) (a + A(x, nha 4) WE (04) |. 


=1 


Under certain conditions we can obtain other forms for R3,. Let us assume that 
F(t) retains the same sign when ¢>0 and that F?"(¢)- F27-2(¢) > 0 when ¢>0 and 
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j=2,3,--+. We note that Q3,(f) = 2kRQaAst),k > 1 and that Q._13) 
= (2k —1)QOox,-2—Bor_g and that Qoz(t)-Qor2(t) <0, O<é¢<1. We now consider 
(5) and integrate by parts twice. We obtain 

i Boye 


Ro = - >= AF Ch—8) (x7) h2*-2 (x; 
7 -G ie (x )h™-*(a,) 


: 3 2-2 2k— 7 
Ok — 2) J. | a0 2 BO (x; + h(x,)t)h k “es | dt. 


Now if 4=6+C and AC<0 then 4 =65, 0<6<1. Hence 


} Bona 2k—8 2k--2 
(8) Rx = apo yit ae (ae (ws) ) Wa), 


(7) 


We assume, of course, the existence of all derivatives that enter any formula. 
If we advance k by 1 we have 


Bok os 
(9) Roya = =~ 0D) (AFC (a,)) hws). 
2k) jay 
3. The gamma function. We shall solve the difference equation 
Au(x) 
(10) = In x, xZze> 0. 
h(x) 


Here Au(x) =u(x+h(x)) —u(x). We shall require that 0<c<h(x) <E, where c 
and E are constants. We shall also require that >), (In x, Ah(x,) converge uni- 
formly x2e. A function that satisfies these conditions is 


1 
h(w) =1+—>» x 21. 
x 


To show that 5°72, (In x,Ah(x,) converges note that x+i—1<x;<x-+i-1 
+(i—1)/x. Hence, 


Ah(a) = he) SE EEEEEEIET aEEEEELEA EERE EE 
vila; + h(x:)) (~ +4 — 1) (: + t4—-1+ race) 
e+4— PAYS 
14 0/0 
(w+ 4 — 1)? 


_ , 
Ina In(e ti 1+ )=m(2+ @-n(1+—)) 
xX xX 


< In (w + 2(i — 1)) 


if x21. Hence, 
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(In as) Ak(e) (+ ine 2 =) (14+ =) 
nx; h( 404 < ~) “G+i-t ~ (x ise 


<(1+—) : i> 1 
rs ns 4 . 
co) = 1)82 


This is the general term of a convergent series of constants. Consequently 
Died (In x,)Ah(x,;) converges uniformly, x =1. 
We note that 


Ah(a:) = h(a; + hiv) — h(a) = heist) — h(a). 


It will be noticed that, although the work is written for In x, we can replace 
In x by F(x) with only trivial modifications if we require that F@?(x) exist and 
retain the same sign when x21 and that F@)(x) F24-2(x) >0 when 1Sj7<k and 
that Do, F(«)Ah(x«,) converge uniformly when x2e and that F(x)x@- ap- 
proaches 0 when x becomes infinite, v=1, 2, 


THEOREM. If > 12, (In x,)Ah(x,) converges uniformly, x=«>0, and if 0<c 
<h(x) <<E, where c and E ave constants, then 


tn+h n 
(11) { Intdt — >. In w) h(x) — En p41) h(¢n41) 
Jy i=1 


has a limit as n becomes infinite and the first difference of this limit is (In x)h(x). 
We shall call this limit In Gj). We are to prove 
Aln G(x) In G(w + h(x)) — In G(x) 


his) st—~—«SA() 


Proof. We rewrite formula (4), replacing F(x) by In x and changing signs 
throughout the equation. We use formula (6) for the remainder. 


= IN %, 


intl n 2k--2 By 
Int dt — 2 (In a) h(w,) = ~ >) >, = (A In@-Da;) h?(x,) 
y! 


2 =I iL v1 
Boy 
~ QL & 
Consider the last sum which we call Rj,. Now Bo,/(2R)! is bounded and 
| (2h ~ 1) 2**4(se,) 


InC% (x, +- Oh(x;)) h* + (x,) = ~ Tiey + Oh(xy) [2 
Xy Xe 


= (2k — 1)! |e] ated <i el 


since h(x) is bounded. Here JN is a constant. Consequently 


(12) 
» In@® (4; + Oh(x,;)) h**1(x,). 
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Ba h(2;) 2h _ 2 4 
— 3° (2k — 1)!] ———— } h(w) < 
(2k) 1 jet Ny -b 0/:(«;) rr 
We call attention to the inequality 0<c<h(x) <E, whence 
2. co 1 


i=1 45 = [w+ (Gi — 1)c | ) 
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This series converges uniiormly when 2k >1, which we assume. It follows that 
when n— 0, Rj, approaches a function of x defined by a uniformly convergent 
series in x when x 2e>0., This function multiplied by x?*-? approaches zero when 


x becomes infinite. 


We now consider the sum —-S=S,-+.S2.+S3-+ +--+ +.So,-2, where 


Si 


I 


» B,[ln (@; + k(x,) — In |e“) 
i=1 


" Bot 1 
SS = y= - ~ =| 12(2¢3) 


imt 2! vey YG 


n Bsr—-1 1 
S3 = 2, = |=-+ =| h?(x,) 


I 


mt SILY Hy ; 

Bef 2! 2! 
So= OS] | te, 
: a wh A Ws) 


" Bs [Qk—4)! (2k—4)! 
= —_. — errr ene mem ee Qk—2 . 
Sak 2. (2k — 2) i 2h3 hs | ee 


att 


Now let x become infinite. Each of the rows above becomes an infinite series. 


Note that xi:1—-x;=h(x;). Consider 
© Bef 17? 
Se = > ~|—| h® (2), Xe <E< M41. 
a1 2!L & 
Since 0<c<h(x) <E 
—— < nr . 
& [a+ ci — 1)? 


Consequently when 2 becomes infinite S, becomes an absolutely uniformly con- 
vergent series in x when x 2e>0. Clearly 53 - - -Se, can be treated precisely as Se 


with the same result. 
Now consider the first of the above sums, namely 


St = By, > [In Vit, In a ;|h(o0,) = By , (A In ALACAE 
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Summation by parts yields 


nr 


Sy = — 1m enya) A(angs) — (In x)h(e) — DY (In ayn) Ah(a,)]. 


t=1 


Let » become infinite. We transpose —4$(In xn41)2(%n41) in (12). The infinite 
series > 21 (In x41)Ah(x,) converges since 5.2, (In x) Ah(x,) converges by 
hypothesis, and since, on account of the boundedness of h, In x,4:/ln x; ap- 
proaches 1. 

We now add filnédt to both sides of (12). All that remains in the right 
member of (12) approaches a limit as 2 becomes infinite. The left member is 
that given in the theorem. We have 


tn+1 n 
{ Intdt — >) (Ina) h(x) — 4 (1m ng1)h(4n41) 
1 i=1 


=xIna—xt1+4 (Un axh(x) + EDS (In x41) Ak(eiy) 


1=1 
n 2k—2 B, , 
— >> > — [A In@-)) a3] h” (24) + Rox, 
i=1 v2 UV: 


where Rie=(Bos/2k!) Sot4 [In@ (40h (xe,)) H(0,). 
We now shall show that In G(x) satisfies (10). Consider (11) which we treat 
in three parts. 


tr+i Tnt+y 
(a) af Intdi = | Int di = (%nr2— %n41) In &, 


1 tn +1 


where %n41<&E <Xa40, 


(b) A (- > (In nC) = — (In %n41)h(n+1) + Un 41) h(21) 


(c) A[—3(In tn41)M(2n41) | = — BL Cn angi) Al (ang) + Ue(an42)A In ana]. 
We now consider these three results. From (a) and (b), since h(%n41) =Xn42 
—~Xn+1y 


1 
(In € — In %n41)2(taq1) = - (E — on41)h(%n41); 


where #n41<4<&. Since h(x) is bounded and &—xn41<A(%n41), this approaches 
zero. Moreover, from (c), (Un xn41)AR(xn41) approaches zero because it is the 
general term of a convergent series. Also A(%n42)A In(an41) approaches zero since 


h(x) is bounded and 


1 1 
A(In X41) = (n42 — Xn41) E = A( Xn) " ° 
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We now total what we have obtained from (a), (b) and (c). All that we get is 
In x1h(x1). But x1=x. Hence the theorem is proved. 


4. Asymptotic form. If we refer to formula (12) with the addition of ff In ¢ dt 
to both sides and the transposition of $(1n xn41)2(v,41) to the left member, and 
then let 7 become infinite, we have 


InG(x) = ainx—ex+1+ 3 (nah(x) +5 > (in 341) AL( 43) 
i=1 


(14) 
< ae By / 
~ Let hoe [A In@-) (x) [(s) + Row, 
i=1 v=Q VU: 
where 
? Box < 
(15) Ro, = EI >, [In@® (a; + 02 (x,)) [228+ 1(x,). 
: ial 


Alternate forms for the remainder can be found. If, for example, we refer to 
formula (8) we have 


Ru = — 92 — ak (A In2*1 x) h?#(a,). 
2k! t=1 
Now if we let k(x;)=1 in (14) and perform the differentiation on In x we get 
the following form: 
ak—1 B, 1 
(16) InG(«) = («+43)Inae«—x+1i- >, ——— + Rox. 


v2 Viv—1) x} 


If we use the second formula for Ro, we have 
Box 1 


17 Ri. = §—— oo, 
G7) ORR — 1) x 


This differs from the classical formula for In I'(x) (see [1] p. 61) only by the ab- 
sence of In +/27 and the presence of 1. However, any general periodic function 
can be added to a solution of (10) and the result will still be a solution. We con- 
sequently add In +/27—1 to the right member of formula (14). We denote the 
function that we obtain by In I',(x). We have 


JInt,(4) = In-V2e + aelnx—a+4 (Inaxh(x) +3 >, (In v4.1) Ak (x) 
i=1 


co 2h—2 B, , 
+ >) 2 — [(A Ina) («| + Ra, 


! 
where Ry, is given by (15) or (17). 

We note particularly from (17) that «?4~?R}, approaches zero when x be- 
comes infinite. Since A In I'(x) =A(x) In x then Ty(a+h(x)) =x"@T h(x). 
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5. The gamma function in the complex plane. Draw a line parallel to the 
axis of imaginaries and distant e>0 from it. All variables are confined to the 
half-plane x2. We assume 0<7n< | h(z)| <E also Re(z+h(z)) >0. We require 
that h(z) be real when z=x is real. In addition we assume that /(z) is analytic 
over the half-plane in question. We also assume that h(x) meets all the require- 
ments previously put upon it. We let In zg=In W/«?+y?+¢7, where —7/2<¢ 
<7/2. The points 2; are determined by the equations 2;=2, 2;=2,;-1-+h(z,_1), 
r>1. 

We write down the expression 


In f2r + elnz— 2+ 2 (Inz)h(z) + 3 >> (In 2541) Ah(;) 


(18) = 
co 8 8k—-2 B, , 
+22 — [A In@-) (g,) ]h%(z,) + Roe, 
gl yn? VU: 
where 


, 1 1 re) 
Ry, = | Oor(£) | > In (24) (3; -|- wad ie(a) | dt. 
-“ 0 t=1 


All series appearing here converge uniformly over the half-plane x Ze, the 
first by assumption and the others by easy proof (see par. 3). Formula (18) con- 
sequently defines an analytic function. This function reduces to In T',(x) when 
zis real. This is the same function for different values of k. Suppose that there 
were two. These two would both be analytic and each would reduce to T,(x) 
when 2 is real. They are consequently identical from the general theory of 
analytic functions. We denote the function defined by (18) by In T,(z). Similarly 
the relation A In T,(z)/(g) =In 2 will hold for complex s from the general theory 
of analytic functions. 


6. Another generalization. Let us consider the equation 


(19) Au(x) = In x. 
We write this Au(x)/h(x) =In(x)/h(x). Replacing In x/hk(x) by F(x) we have 
Au(x) 
= F(x). 
ia) (x) 


Now if h(x) is as previously and F(x) issuch that F@” retains the same sign and 
FO) (xy) FRR-2D) (xy) >0 and F*)(x)-x«%*-2 approaches zero when x becomes in- 
finite, then (19) can be solved as (10) was. The solution which reduces to I(x) 
when A(x) =1 is a generalization of (x). The requirements on F place further 
restrictions on A(x). If, for example, h(x) =In «/(« In x—x), x>e? then all re- 
quirements are fulfilled. We call this generalization I(x). Clearly 


(20) I (4 + h(x)) = xD *(x). 
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LOGARITHMIC NUMBERS AND THE FUNCTIONS d(u) AND a(n) 
J. M. GANDHI, Univ. of Rajasthan, Jaipur (India) 


1. In this paper we derive some formulae relating logarithmic numbers 
G(—1) and G?(1), G (t) being defined by the generating function, [2] 


(1) e*tlog (1 — «") = — > 


with the function d(m), the number of divisors of n, o(m), the sum of the divisors 
of 2, S(m), the odd divisors of 2, C(2n), sum of even divisors of 2” and a(n), 
excess of the sum of odd divisors of 1 over the sum of even divisors of x. 

As corollaries to those relations, the following interesting congruences have 
been obtained, in which p denotes an odd prime: 


Q) Dy = 32651) = — 1 (mod 9) 

(3) Fy = 2 GL (-1) = — 1 (mod f) 

(4) Hy, = > Go (1) /n == — 2 (mod p) 

(5) Ip= >. GP (-1)/n = — 2 (mod 9). 


Putting t= -+1 and —1 in (1) respectively, we get 


- Go" 
(6) e* log (1 — a") = — So —— 
y=1 y! 
and 
(n) Y 
2“. G, (-1 
(7) et log (1 — ax) = —~ DO (=) 
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G (1) has been abbreviated as G™, In equation (6), putting m=1, 2, 3,---, 
and adding we get 


(8) clog [(1—a)(t—-2)(1—a) --- Ja - 
y=1 
where Dy = o7., G® = 907_, G®, since G” for y>n is 0. Now 
2. o(y)x? 
(9) log [1 — z)(1 — #’)(1 — #8) --- J = — BD a 
y=1 


When (9) is used, (8) becomes 


oe) vy a) D + 
(10) ee TE LS Pe 


y=1 Y y=1 Y 


Expanding and equating the coefficients of «7 we get 


SS (Dio — *) 


(11) D, =): 2, 
ro Ivy — &) 
We can also write (10) as 
Sayer Dyat 
(12) yy = — : 
y=1 Y y=1 YY: 


Expanding and equating the coefficients of x’ and rearranging, we get 


1 om 
(13) o(y) = ————_ 2 ) Dyn 


(y — 1)! aao VR 
Similarly starting from (7), and putting F,= > 7, G?(—1), we can obtain 


= o(y) a = cae 
(14) 2p = ha 
y=1 Y y=1 


Then proceeding as before, we can prove that 


— eo — &) 
(15) fy = v! Lu ty ok) 
: 1 y=} v . 
(16) o(y) = GD! 2 (*) (—1)*Fy_x. 


Now multiplying (14) and (10), expanding and equating the coefficients of x7 
and rearranging, we get 


Soy¥-Do _ 12 (° 


1 (y¥—- RR vce 


(17) ) Dyn. 
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Also dividing (12) by (14), we get 


©. By xy 2. Dyer 
(18) ene * =») ) 
-1 Y! y=l y! 
whence we can prove that 
y—1 
(19) Fy = » Dy—4+ 2* 
k=:0) 
and 
y—1 
(20) Dy = pa Fy_4(—2)*. 
k=0 
From (19) or (20) we have 
(21) FY, = D, (mod 2). 


Now from (6), we can easily prove that 


©. Ax 
(22) e*log [1 — x) (1 — #2) 721 — 8) 8... J = — 
y=1 y! 
where 
(n) 
2  G v n 
(23) H, = Y= Gn. 
n=l nN n=1 
Since 
Y d(y) x7 
(24) log [(1 — 2) (1 — @) 91 — a) 8 0 P= DY 
n=l Y 
(22) becomes 
©. d(n)x” ne PY ol 
(25) ct), OP ey ae 
n= 1 n=l WL 


; 2. d(n)x” OS nx” 
(26) e” > ) = ’ 
n=l it n=1 it 
where 
(n) 
1. G, (—1 
(27) > ee 
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Proceeding as before, we can show that 


x} d(y — k)(—1)* 


(28) Hy, = ¥! 
, ro = RI(y — R) 
(29) dy) (7 
29 y) => ( ) _ 
(y—1)!eco\R/ 
m=! diy — k 
(30) J, = 7! 0 
no Riv — R) 
(31) d(y) ~~ — 5 (-1( 7 
31 y) = — —1 ( )s -_ 
(y — 1)b 2 Ry 
wh diy — k)d(k) 1m /y 
(32) >» | tats 
k=1 (y —_ R)R Vi nal \ FR 
y—1 
(33) Jy = 2 Ay1(—2)* 
k=0 
y—-1 
(34) Hy = oo J y-1(2)*. 
k=0 
From (33) or (34) it follows that 
(35) J, = H, (mod 2). 
Now putting »=1, 3, 5,--+-+,in (7) and (8), and adding the expressions so 
obtained, we get 
co v Gos 
(36) e*log [(1 — «)(i — «*)(1 — #8) --- | = — 3) 
y=1 n=1 y! 
(n) v 
et 6G, (-!1 
(37) e* log [(1 — x)(1 — #3)(1 —- x8) --- | = — >) So Gy (78 
y=1ln=t y! 
where >_* denotes that the summation is taken over only the odd values of 
NY. 
We have 
© Sy) x7 
(38) log [(1 — #) (1 — #’)(1— 2) --- J = — 2) ) , 
y=1 Y 


S(y) being already defined. 

Using (36), (37) and (38), we can derive results similar to equations (28) 
to (34). 

Proceeding as before, we can prove the following set of seven general 
formulae 
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$y) Oy — &)(—1)! 


(39) “yl KG RI 
- B76 s 
(40) a) = (y ~ 1)! x (ee ° 
ay e) 9-4) 
y! nao Bl (y — R) 
1 
(42) oy) = ae Jor 
et Oy — Hee) 1S 
43) mi (y—)k  ¥! 2s rate (: ) 
_ yf» A 
(44) ¢'(y) 2 ( ; ) by—12 
(45) oC) = x CG) bra 


Here @, and @¢’ are given in the following table. 


TABLE 1 
Wo By py by’ 
Co (y) Dy f. Y 
2 d(y) Hy Jy 
au se 1) a em) 
3 s(y) DL *Gy 2, Gy (—1) 
Nol Tes 
ee a(R) CS) 
4 ¢(2y) 2 Gy Gy (—1) 
n=] =x] 
z (n) 2 (n) 
5 a(y) Dd, (— 1G, > (—1)"16,"(—1) 
n=l Nel 


»_* has already been defined while >)** mean that the summation is taken 
over only the even values of n. 

As corollaries to these results, we now prove the congruences (2)—(5). In 
(13), let y=, p being an odd prime, then since o(p) =p+1=1 (mod 9), (p—1)! 
= —1{ (mod ~) and () =0 (mod p) except when R=0 or k=p, and hence we get 


D, = — 1 (mod 9), 


whereby congruence (2) has been proved. Similarly, from (16) congruence (3) 
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can be proved. Then in (29), putting y=, and since d(p) =2, we get 
H, = — 2 (mod 9), 


whereby congruence (4) has been proved. Similarly, from (31) congruence (5) 
can be proved. 
Acknowledgements: The author is thankful to Prof. H. Gupta and Prof. M. F. Soonawala for 
their kind encouragement. 
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A COMPARISON OF METRIZABLE AND COMPACT 
TOPOLOGICAL SPACES 


JANET S. ALLSBROOK, University of Florida 
(Now at Newberry College, Newberry, S. C.) 


lt is possible to distinguish a class © of topological spaces {x} with con- 
tinuous functions on X XX into [0, 1] and equicontinuous families of functions 
on X into [0, i] for X€e. This class © of topological spaces can be character- 
ized without the use of the concept of “uniformities” on X XX, X CC. The class 
© is shown, however, to coincide with the class of topological spaces which are 
uniformizable. An interesting comparison results between two subclasses of 
©, the metrizable topological spaces and the compact topological spaces, which 
is described entirely in topological terms. Uniformity properties are used to ad- 
vantage, however, in deriving the results. 

All notation and definitions are consistent with [1] unless stated otherwise. 
All topological spaces are assumed to be Hausdorff. 


1. Metrizable topological spaces. We first characterize topological spaces, 
{X}, which are metrizable with a single continuous function on XXX to 


[0,1], xE{ x}. 


DeFinition 1.1, [1]. F, a family of functions on (X, 3), a topological space, 
to (Y, W), auniform space, is equicontinuous atxCX if and only tf for eachaCu, 
there exists a neighborhood of x, N(x), such that 

(1) f(N(x)) Co[f(x) | for each fEF; i.e., 

(2) Nyer f-a[f(x) |) is a neighborhood of x. 

F 4s an equicontinuous family of functions tf it 1s equicontinuous at eachxC x. 


DEFINITION 1.2. Let F be a family of functions on X,a set, to (Y,U),a uniform 
space. Let @ be an open base of WU. Consider 
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Br= { nsHalfo))iee X,ac ah. 
fer 

Then Br defines a topology on (X, Sr) [1, p. 56, BI. Lf 1 \rerf (al f(x) |:a€@} 7) 
an open neighborhood base for each xX, then 3p 1s called the least topology on X 
such that F 1s equicontinuous. 


REMARK. Actually Up is the least topology on X such that F is equicontinu- 
ous and which preserves open neighborhood bases in this sense: if fa f(x) |:eE @} 
is an open neighborhood base for f(x), then [yer fa Lf(x) rae GQ} is an open 
neighborhood base for x. In this case 3p is independent of the choice of @, an 
open base of W. 

Notation. Let f be a function on X X Y to Z, where X, Y, Z are sets. Then, 
for each xCX, f, will denote the function on Y to Z where f,(y) =f(x, y) for 
each yEY. Also, for each yE Y, f¥ will denote the function on X to Z where 
f(x) =f(x, y) for each «EX. 


DEFINITION 1.3. Let X, Y be topological spaces, let Z be a uniform space, and 
let f bea function on X XV to Z. Then, f is bi-equicontinuous if and onlyif {fr:xEX } 
and { feye y} are equicontinuous famaltes of functions. 


Notation. Let (X, d) be a metric space. Then, for each xEX, e>0, S2(x) 
will denote the set {y: d(x, y) < e}. Let 6 denote the usual metric on the real line; 
i.e, 6(x, y)=|x—y| for x, y real numbers. Thus S2(«) = {y: lx—y| <e} for 
x, y real, e>0. 


LemMMaA 1.1. Let (X, d) be a metric space. Then, 
Si(0e) = a d, (S.(d,(x))), 2EX,e>0. 
ye 


Proof. s€S%(x) if and only if d(w, 2) <e if and only if |d(x, y)—d(y, z)| <e 
for each yCX, if and only if d,(z)ES2(d,(x)) for each yCX if and only if 
zCd, ‘(S°(d,(x))) for each yE Y if and only if z@Nyex dj *(S2(d,(x))). 


THEOREM 1.1. A fopological space, (X, 5), ts metrizable if and only tf there 
exists one family of functions, F, on X to [0, 1] such that 5 is the least topology 
making F equicontinuous. 


Proof. First, assume (CX, 3) is metrizable. Let d be a metric on X XX into 
[0, 1] which has 3 as the corresponding metric topology. For each e>0 let 
Oe = f(t, s): Ji—s| <e} for s,t€[0, 1]. Then, {a.: e>0} is an open base for the 
usual uniformity on [0, 1]. Also, a.[#]=S2(t), / real. By Lemma 1.1, S%(x) 
=Nyexd, *(S°(d,(x))) for each xCX, €>0. Since, for each EX, { S2(x) :e>0} 
is an open neighborhood base, it follows that 3 is the least topology on X making 
{d.:x@X} equicontinuous. 

Secondly, let F be a family of functions on (X, 3), a topological space to 
[0, 1] such that 3 is the least topology making F equicontinuous; i.e., for each 
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xEX, {ver USF (x)), e>0} is an open neighborhood base. We shall show 
that (X, 3) is metrizable. 

Let d(x, y) =lLu.byer { | f(x) —f(y)| \ Then, d is a pseudometric on X; Le., 
d(x, x) =0 for xCX, d(x, y) =dy, x) for x, yEX, and d(x, z) Sd, y) +d, 2) 
for x, y, CX. 

Let 3g denote the pseudo-metric topology. Then, 3¢C3. Let e>0, xGX. It 
is sufficient to find a neighborhood of x, N(x), relative to the 3 topology on X 
such that Nxy(«) CSi(«). F is equicontinuous on (X, 3) to [0, 1]. Therefore, there 
exists a 3-neighborhood of x, N4(x), such that f(VA(x)) CStr(f(«)) for each 
fEF. Thus, yE N(x) implies that | f(y) —f (x) | <e/2 for each fEF, and there- 
fore the Lu.b.yep 1 | f(x) —f(y)| \<e/2<e. Hence, yENa(x) implies that 
d(x, y)<e or yES%(x). We let Na(x) = N(x). 

Finally, we show that 3C%qg. Since 3 is the least topology on X making F 
equicontinuous, for each EX {Ayer fTUS(f(«)): e>0} is an open neighbor- 
hood base. It is sufficient to show that S%(x) CNyer fCS2(f(x))) for each xEX, 
e>0. Let yES2(x). Then, d(x, y)<e, and, hence, Lu.bD.yer | | f(x) —f(y)| \ <e, 
Hence, | f(x) —f(y)| <e for each fEF or f(y)ES{(f(x)) for each fEF and 
yE Mer fF USG(x))). 


Thus, 3=3,. Since 3 is Ty and pseudo metrizable, it is metrizable. 


CoROLLARY 1.1. A topological space, (X, 3) 1s metrizable if and only tf there 
exists one continuous function f on XXX to [0,1] such that 5 is the least topology 
making f bi-equicontinuous. 


Proof. If (X, 3) is metrizable with metric d on XXX to [0, 1], d is continu- 
ous. Also, {d,:x«GX} = {d?:x€X}. Thus, since 3 is the least topology making 
{ dex: xEeX} equicontinuous, by proof of Theorem 1.1, it is, also, the least mak- 
ing d bi-equicontinuous. 


2. Uniformizable topological spaces. We now characterize topological spaces, 
{x}, which are uniformizable with a family of continuous functions on X KX 
to [0, 1] where XC{X}. This characterization of uniform spaces will be used 
in the next section to establish a result on compact spaces where we take ad- 
vantage of the fact that such spaces are uniformizable. 


THEOREM 2.1. (X, 3) is uniformizable if and only if there exist some families 
of functions, i.e., a set \ Fy: i€I} of families of functions, on X into [0, 1] such 
that 3 is the least topology making each F; equicontinuous for iC, (a subbase for 
31S: { 54: 4El } where for each iC, 3; ts the least topology making F; equicontinu- 
ous in the sense of Definition 1.2). 


Proof. First, assume there exists a collection of families of functions, 
| Fi: iEl} on X to [0, i] such that 3 is the least topology making each F; equi- 
continuous, 7€ J. Let 3; denote the least topology on X such that F; 1s equicon- 
tinuous, for 7€ 7. Then, by the proof of Theorem 1.1, (X, 3,) is pseudometriz- 
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able. Let d; be a pseudometric on X XX into [0, 1] which has 5; as its pseudo- 
metric topology. Now since | St(x): e>0O, xeX} is a base for 5;, it follows that 
a subbase for 3 is { S%(x): e>0, xEX, Cl}. It is easy to see that this latter set, 
{ S%(x) : e>O0, «CX, iECl}, is, also, a subbase for a uniformizable topology. 
We let Va, = { (x, y): di(x, vy) <e}. Then, { Va; 1€I, €>0} is a subbase for a 
uniformity on XXX, u [see 1. pp. 187-8]. Also, { Va,. [x]: xEX, e>0, 1€T} 
is a subbase for the uniform topology of U, Su, [1, p. 179, Theorem 5]. But 
Va, [x] = S#(x) for each «EX, e>0, 7EI. Thus 3=5u, and, hence, 3 is uni- 
formizable. 

Now, assume (CX, 3) is uniformizable with uniformity, W. Let \ di: iCT} be 
the gage for U. Let 3; denote the pseudometric topology of d;, GI. Now, 3; is 
the least topology such that | (diz: x©X} is equicontinuous, by the proof of 
Theorem 1.1. It is sufficient to show that 3 has {3;:i€J} asa subbase. Now, U 
has { Va, iG I, e>0} asa subbase where, as before, Va, = { (x, y): d(x, y) <e}. 
The uniform topology, then, has as a subbase, | Va, [x]: t€l, e>0, xEX} or 
equivalently, {.S#(x):iEI, e>0, xEX}, [1, p. 187; p. 179, Theorem 5]. Since 
| Se’(x) : e>0, xCX} is a base for 3;, it follows that 3 has {| 3a: iCl} as a sub- 
base. 


COROLLARY 2.1. A topological space, (X, 3) ts uniformizable if and only if 
there exist some continuous functions, F, on XXX into [0,1] such that 3 is the 
least topology such that each fEF 1s biequicontinuous; 1.€., 1t 1s the least topology 
making {fa} [{ fe} | equicontinuous for each fEF. 


Proof. In the second part of the prool of Theorem 2.1, we let { di: iCT} de- 
note the gage of U, a uniformity for 3, and we denote by 3,, the pseudometric 
topology of d;. It was shown that 3 has a subbase {3,:7€I}, where 35; is the least 
topology on X such that { (di)s: xX} is equicontinuous. But { (d,).: xX} 
= { (d,)*: EX}, Also, d; is continuous for each z€ J. The necessity of the Corol- 
lary follows. 


3. Compact topological spaces. We now give a property of compact spaces 
which shows them to be of the type termed “maximal bi-equicontinuous” while 
metrizable spaces are equivalent to the type termed “minimal bi-equicontinu- 

” 
ous. 


DEFINITION 3.1. Let (X, 5) be a topological space such that there exists one 
continuous function f on XXX to |0, 1] such that 3 is the least topology making f 
bi-equicontinuous. Then, (X, 3) is called a minimal bi-equicontinuous space. 


REMARK. The metrizable topological spaces coincide with the minimal bi- 
equicontinuous spaces, by Corollary 1.1. 


DEFINITION 3.2. Let (X, 5) be a topological space such that 31s the least topology 
making all continuous functions on XXX to [0, 1] bi-equicontinuous. Then, 
(X, 3) is called a maximal bi-equicontinuous space. 
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DEFINITION 3.3. Let (X, W) and (Z, V) be uniform spaces. Let Y be a topelogi- 
cal space. For eachxC X, let f, bea function on Y to Z. Let A CX. Then, fe! xECA } 
is uniformly extensively equicontinuous at yEY af and only af for each aC there 
exists a neighborhood of y, N(y), and BEN, such that 


(1) fe (N(y)) C al f(y) | for eachx € A, wE Bix]. 


LeMMA 3.1. Let (X, U), (Z, 0) be uniform spaces. Let Y be a topological space. 
Let f be a continuous function on XX Y to Z. Let K bea compact subset of X. Then, 
{ frixCkK } is uniformly extensively equicontinuous at each yE Y. 


Proof. Let a€v, yEY. Choose apEV, ao symmetric and such that oe 
=): Ca. Since f is continuous on XX Y, for each RC K there exist 6,EGU 
and N;z(y), a neighborhood of y, such that 

(i) f(Belk IX Ni(y)) Caolf(k, ¥) |. 

Choose 7z€U, yz open in X XX and such that y¢=7n 0 yx Cx for each REK. 
Now, K is compact and K CUxsex yz[k]. Therefore, there exists hi, ke, - ++, Rn 
CK such that 

(ii) K CUPy ve, [Ri]. 

(iii) Let N(y) =Nizi Nz, (y). Let B=(Vie1 Ye; Let REK. 

There exists 7@€ {4, 2,°¢¢, n} such that k € yz,[k:|. Therefore, 
f(6lk]XNG)) Chon [k] XN(y)), by Git), Cfvi,[2:] x VO)) Ch: [eel X NY) 
Caolf(ki, v) |, by G) Caé[f(k, y)| since ap is symmetric, Calf(k, y) |. 


Lemma 3.2. Let X be a compact space, f a continuous function on X XX tnto 
(Y, VU), a uniform space. If a is open in VX Y, then (\sex fz (alf2(y) ]) is open in 
X,vEY. 


Proof. Let z€(\zex fz al fa(y) |. Then, (f2(y), f2(2)) Ea, open, for each «EX. 
Hence, there exists 8, UV such that €,[fe(y) |] XBe[fr(z) | Ca for each x CX. Now, 
let kK = { (fe(y), f2(2));x EX}. Then, K is compact since K = (f", f*) (Axxx) where 
Axxx XXX and Axxx={(x, 9):x=y}; also, (f% FG, x) =(FQ), fC) 
=(fz(y), fe(z)) .Axxx is compact since X is compact and Hausdorff. By the uni- 
form covering property of compact subspaces, there exists yCV such that for 
each EX, ylfe(v) | Xy[f.(z)] Ca. Thus, 

(i) y[f2(z)| Calfe(y) |] for each «EX. 

Now by Lemma 3.1, there exists a neighborhood of 2, N(z), such that 
f.(N(z)) Cy[fe(z)], for each «EX, Calf.(y)] for each «EX, by (i). Thus, 
N(@) Cfwex fe (el fe(y)]), and hence, Necx fe (aL fa(0)]) is open, 


CoROLLARY 3.2. Let (X, 5) be a compact space, f a continuous function on 
XXX into (Y, 0), a uniform space. Let 3, denote the topology on X which has as 
a base the sets, \Nsex fz (alfe(y) |): a open, aEV, yEX}. Then, 3; is the least 
topology on X such that \f.:xCX} is equicontinuous in the sense of Definition 
1.2. Also, 37C3. 


Proof. Let @ be the open members of 0. By Lemma 3.2, for each a€@, 
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Neex fz (alfe(z)|) is an open neighborhood of z in 3. Hence, 3, C 5. Also, 
| Neex fe (a[fe(z)]): cE @} is a neighborhood base in 3, of each z€X. Let 
Nex fz (alfe(y)]) be a basic open set containing zg. Then, by (i) in proof of 
Lemma 3.2, there exists yCU such that Qrex fz (y[f2(z) |) CNeex fz (al fe(y) ]). 

REMARK. In Lemma 3.2 and Corollary 3.2, f, may be replaced by f* for each 
xEX, 


THEOREM 3.1. Let (X, 3) be compact. Then, 3 1s the least topology on X such 
that the set of all continuous functions on XX X->[0, 1] ts bi-equicontinuous; 1.e., 
(X, 3) ts a maximal bi-equicontinuous space. 


Proof. We use the fact that a compact space is uniformizable. By Corollary 
2.1, there exist some continuous functions F on XXX to [0, 1] such that 3 is 
the least topology such that each fEF is bi-equicontinuous. If 3g is the least 
topology on X such that for each g€G, g continuous on X¥ XX to [0, 1], {on} 
[{ 27} ] is equicontinuous, and if FCG, then 3C5q. Let A denote the set of all 
continuous functions on XXX to [0, 1]. FCA. Therefore, 3C3,4. Also, by 
Corollary 3.2 and subsequent Remark, each a€A generates a topology 3,.C3 
which is the least topology such that {a,} [{a?} ] is equicontinuous. Thus, 34C3, 
and therefore 3= 3, or 3 is the least topology such that the set of al] continuous 
functions on X XX into [0, 1]| is bi-equicontinuous. 


Reference 
1. J. L. Kelley, General Topology, Van Nostrand, Princeton, N. J., 1955. 


ARITHMETICAL FUNCTIONS AND DISTRIBUTIVITY 
J. LAMBEK, McGill University, Montreal 


By an arithmetical function will be understood a function from the positive 
integers to the complex numbers. Among various ways of combining such func- 
tions, two operations recommend themselves, ordinary multiplication and 
Dirichlet multiplication. We write 


(fg) (nm) = f(n)g(n), 
(fog(n) = Dd) f@eg(d). 


n==dd/ 


Both operations are commutative and associative. The neutral elements under 
these operations are the functions 1 and 6, where 


i(n) = 1, 
1 w@e=i, 
é(n) = ‘ 


0 otherwise. 
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Thus fl =f, f o 6=f. 
An arithmetical function f is called (completely) multiplicative if 


f(dd’) = (a) f(@’) 


for all positive integers d and d’; (f is called factorabdle if this is true when d and 
d’ are relatively prime). It is easily verified that every multiplicative function 
f is “distributive” in the sense that 


f(goh) =fgofh 


for all arithmetical functions g and hk, and we shall leave the verification to the 
reader. 
For example, let 


(—1)*™ if w is square-free, 
u(n) = , 
0) otherwise, 
where k(n) is the number of (distinct) prime factors of m. This is known as the 


Mobius function. Then ft o u=4, as is shown in almost any book on the theory 
of numbers. For multiplicative f it follows that 


fofu=flofu = fou) = fo. 


When moreover f(1)=1, this becomes f o fu=6, and so fy is the inverse of f 
under the operation o. The following appeared in [2]. 


THEOREM 1. The arithmetical function f satisfies f(g oh)=fe ofh, for all 
arithmetical functions g and h, 1f and only wf f 1s mulitplicative. 


Proof. Assume that f is distributive. 
Case 1. f(1) =0. For k>1, let 
1 iwin=k 


0 otherwise. 


é.(0) = ‘ 


Then /(6,01)=fd,0f, that is f(7) dian 5:(d)= > n-aaf(d)d.(d)f(d’). When 
n=k, this becomes f(k)6,(k) =f(k)6, (RYU), that is, f(k) =0. Thus f(z) =0 for 
all n. 

Case 2. f(1)#40. Let r=1 0 1, so that 7(”) is the number of divisors of 7. 


Then fr=f(101)=flofi=fof, that is 
f(n)r(n) = 24 (OF), 


Taking ~=1, we obiain f(1) =1. Taking n= pipe - - - px, the product of distinct 
primes, we shall prove by induction on k that 


f(a) = f(ps)f(b2) > + + F(bx)- 
Indeed, the statement holds when k=1. We assume the result for all k’ <2, 
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where k>1. For n=pipe - - - py we have 


It(n) = f(n)r(n) = 2 FOL), 


n=dd’ 


hence (2*—2)f(n)= >.’ f(@f(d'), where 3+’ extends over all factorizations 
n=dd' such that d-4n and d’xn. By the inductive hypothesis, this is 


2 (") so - ++ f(pe) = (2 — 2)f (pi) + + + f(pe), 
r 


lsr<k 


hence f(7) =f(p1) - - « f(p;), as required. 
Let us now consider any , not necessarily a product of distinct primes, say 
n=p}--- p#. Define 


fr(n) = f(pi) - + - f(be). 


Then f and f* have the same values for square-free arguments, so that fu=f*u, 
u being the Mdébius function. Since f and f* are distributive, we have 


fofu=6, fF of*u = 4, 
hence, 
f=sof=ffoffuof=ffotpof = fob = f*, 


and our argument is complete. 
In spite of the above result, (fo g)(hok)#¥fhkofkogho gk in general, 
even when f, g, # and k are multiplicative. The correct law is the following. 


THEOREM 2. If f, g, h and k are multiplicative functions, then 
fhofkoghogk = (fog(hok) ou, 
where 


fr/ne/nyiG/nk(/n) when n is a square, 
u(n) = ' 


QO otherwise. 


This result appeared in [2] also; however, with uw replaced by its inverse 
under the operation o on the other side of the equation. A similar result was also 
found by Vaidyanathaswamy. 

‘My original proof of Theorem 2 went like this: We observe that both sides 
of the equation are factorable functions, hence it suffices to prove the result for 
an argument which is a prime power, etc. I now think that a direct proof of the 
theorem is more instructive. 

Proof. Evaluating the left hand side at x, we obtain 


ou FuhlafDk@)ehlg()k@) = 2 flab)g(cd)h(ac) k(bd) 


ne=zubed n=abcd 
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= dD) f(xy) h(@k(t)r(a, », 2, t), 
n=xry—zt 
where w(x, y, 2, £) is the number of ways of writing «=ab, y=cd, 2=bc, t=bd. 
Evaluating the right hand side at n, we obtain 


2, La fDEr) Le Ms) ROFO ge) R(e) 


nm=de" d=gr deaet 


2, 2s S(ge)g(re)h(se)k(te) 


n=de" d=gr=st 


De fagoh@kOr(a, y, 8), 


n=ry—=zZe 


where 7(x, ¥, 2, 2) is the number of common divisors of x, y, 2 and #. 
To complete the proof, we need only show that w(x, y, 2, t) =7T(x, y, 2, 4). This 
result is of some small interest in itself, and we display it as a separate lemma. 
As is well known, the diophantine equation xy=2t has the parametric solu- 
tions x =ab, y=cd, z=ac, t=bd. 


Lemma. Let xy=2t. Then there 1s a one-one correspondence between all quad- 
vuples (a, b, c, d) such that x=ab, y=cd, 2=bc, t=bd, and all common divisors e 
of x, v, 2, t. 


Proof. Given a common divisor e of x, y, 2, ¢, we let 
a = gced(x/e, 2/c), b = x/a,c = 2/a, d = at/x. 


(We omit the routine verification that bd=t, cd=y and that d is an integer.) 
Then gcd(b, c) =gcd(x/a, z/a) =e-gcd(x/ae, z/ae) =e. Conversely, if e=ged(d, c), 
then 


gcd(x/e, 2/e) = gcd(ab/e, ac/e) = a-gcd(b/e, c/e) = a. 


It is customary to associate with each arithmetical function f its generating 
function > nsif(m)n-*. For our purposes, it suffices to regard this as a formal 
infinite series, and we shall forget all about convergence. Then 


2. (fo g)(n)n-* = DI f(n)n-* 2 g(n)n-, 
and Theorem 2 may be written 
Dd fah(nyn-* D2 f(a)k(n)n-* D7 g(n)h(n)n-* D, g(a) k(n) n-* 
=D (fog (nj(ho k)(n)n* DF f(m)g(a)h(n) k(n) n-. 


Putting f(z) =n*, h(n) =n, g(n) =1=k(n), one gets Ramanujan’s icentity 


(T) 
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c(s — a — d)&(s — al&(s — dB)E(s) = E(25 — a — b) D> aa(n)on(n)n-, 


where ¢(s) is the Riemann zeta-function and o,(m) is the sum of the ath powers 
of all divisors of n. 

Dividing (f) by the formula obtained from ({) upon interchanging g and /, 
one gets 


X Vom hon _ TL fooia)arr T gk) 
Dd. (foh)(n)(gok)(n)n* 2 f(n)g(n)n-* 2, h(n) k(n) n- 
for multiplicative f, g, kh and k, which may be of some interest also. 


The author’s interest in this problem was stimulated by Professor Gordon Pall. 
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A REGULAR HOMOTOPY OF S? 


RICHARD JERRARD, University of Illinois, Urbana 


Smale [1] has shown that any two immersions of S? in FE? are regularly 
homotopic. It is interesting (and nontrivial) to construct a regular homotopy 
of S?2 in #? which carries S? into its mirror image, i.e., reverses the orientation. 
Such an orientation-reversing regular homotopy of S! in EH? does not exist. 

‘To construct such a regular homotopy, we must find a smoothly varying 
family of differentiable immersions f;: S°-—E*® (0S#S1) which turns S? inside 
out. We start with a topological 2-sphere $?(0) which intersects a fixed cylinder 
C in two circles 4(0) and B(O), as in Fig. 1a. The part of S* exterior to Cis a 
half torus 7(0) bounded by A(0) and B(O) on C. The 2-sphere is completed by 
the two flat discs D4(0) and Dg(0). We will put 


f(S?) = SQ) = TD + AQ) + BY + Dal) + Dad), 
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that is, for each value of ¢ the sphere S(t) consists of two open discs, two 
circles, and an open half torus. 

The regular homotopy of S? will be defined by first constructing a regular 
homotopy of the circles A and B so that A(1)=B(0), B(1)=A(0), and A(d), 
B(t) lie on C for all ¢. This family of mappings will then be extended to all of S?. 

The immersions A(t) and B(t) of the circles on C will not have more than 
four self-intersections. It is shown below how to construct a smooth family of 
discs Da(t) such that 0D4(t)=A(f) and Da(t) joins smoothly with T(#). The 
half torus 7(0) can be generated by rotating a semi-circular arc around the 
cylinder C. For each ¢, the half torus 7(£) will be generated by moving a circular 
arc of smoothly varying radius around C with its endpoints on A(#) and B(é). 

The illustrations in Figs. 1 and 2 (with the exception of Fig. 1a) show suc- 
cessive positions of A(t) and B(é) on C. The illustrated curves are supposed to 
be wrapped around C, with left and right endpoints identified. The sharp 
corners shown are for convenience of illustration; they are to be smoothly 
rounded in the actual mappings. 


T(0) 


Fic. 1 


The first step (Fig. 1b) is to pinch A and B together over about half of their 
length. The second step is to begin the reversal of orientation by the rotation 
shown in Fig. ic. Throughout this process there corresponds to each point on 
A(t) a symmetrically located point on B(). This is so because the curved lines 
in the figures are symmetric pairs with respect to centers of rotation, while the 
straight lines are symmetric pairs with respect to the center line between A 
and B. 

In moving from Fig. ic to id we simply extend the portions of A and B 
which have their positions interchanged, starting this elongation at the points 
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x, xin Fig. 1c. We then continue this process, leaving fixed the rotation centered 
at P while moving the rotation centered at P’ around the cylinder, and at the 
same time expanding the size of this second rotation, arriving at the stage 
shown in Fig. 2a. The points P and QO, shown in Figs. 1d and 2a, remain fixed on 
C during this process, while the point P’ has moved around the cylinder. 

From Fig. 2a to Fig. 2b the rotation centered at P’ is pushed further, until P 
and P’ coincide. We arrive at a situation essentially the same as in Fig. ic, 
except that the two circles A and B have almost finished interchanging their 
positions. All that remains is to untwist the complicated part of Fig. 2b, obtain- 
ing Fig. 2c, and then to unpinch the circles B and A. This process clearly defines 
a regular homotopy on C of the two circles A and B, taking A(0) into B(0) and 
B(O) into A(0). 


Fic. 2 


The surface T(¢) is to consist of all points lying on circular arcs exterior to C 
whose endpoints are symmetric pairs on A(/) and B(t), and which intersect C 
orthogonally. There is just one such arc for each pair of points. The regular 
homotopy of A and B has been chosen so that the set of circular arcs compris- 
ing T(t) defines a surface without cusps or other singularities, though of course 
it will have self-intersections. Thus a regular homotopy taking 7(0) into itself 
(with reversed orientation) is defined. 

The appearance of the complicated part of T(f) at a stage half way between 
Figs. 1b and ic is shown in Fig. 3. The figure is not quite accurate because it 
shows the circular arcs generating 7(t) as semi-circles. This is almost the case, 
since we can assume that the radius of C is large compared to the radius of these 
arcs, 1.e., locally the surface of C looks like a plane. The doubly curved portions 
of the surface in Fig. 3, taken separately, are half Mobius bands. 

To show that the regular homotopy can be extended to the discs D4 and Dz, 
first parameterize with ¢ the segment of the center line of C lying between the 
center of A(0) and the center of B(0). Denote these points by Ka(é), with 
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Fic. 3 


Ka(0), Ka(1) being respectively the centers of A(0) and B(0). To generate 
D,(t) we can use a generating curve of suitable shape such as the sine curve of 
arbitrary amplitude between —z and 7. Then D,4(¢) consists of all such sine 
curves with endpoints on A(#) and K4(t) which intersect C orthogonally and are 
tangent to a radius of C at Ka(i). Each curve lies in a plane containing the 
center line of C; there is just one such curve for each point of A(t). The smooth 
family of sine curves generates the required disc Da(t). 

Finally we can suppose that the half torus T(é) is generated by a circular arc 
moving in such a way that no cusps or other singularities appear. The arcs and 
curves generating the half torus and the discs all intersect C orthogonally. 
Therefore S2(#) intersects C orthogonally and is smooth at this intersection. 
We thus have a smooth family of differentiable immersions which accomplishes 
the desired results. 


Reference 


1. S. Smale, A classification of the immersions of the two-sphere, Trans. Am. Math. Soc., 90 
(1959) 281-290. 


EXTENSIONS OF THE SCHNIRELMANN DENSITY TO HIGHER DIMENSIONS 


B. KvarpA AND R. KILLGROVE, San Diego State College 


A definition of density for a set of positive integers has been given by 
Schnirelmann in [9] as follows. Let A be a set of positive integers, and for a 
given positive integer 2, let A(z) be the number of integers a in A such that 
an. Then the density of A is the quantity 


A(n) 


n 


a= gb. 
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Clearly 0SaS1, and w=1 if and only if A is the set of all positive integers. 
It is also the case, as has been shown by Cheo in [2] and Lepson in [6], that for 
any real number @ such that 0SaSi1 there exists a set A of positive integers 
for which the density is a. We will restrict our attention to extensions of the 
Schnirelmann density which possess analogous properties. 

For any sets A and B of positive integers, let C be the set of all integers of 
the form a, 0, and a+b, where a is in A and 0 is in B, and let a, 8, y be the 
densities of A, B, C, respectively. Landau [5] and Schnirelmann [9] have proved 


(1) Tfiea+B2i1 theny = 1, and (2) yzZzatB— ee. 
Mann [7] has strengthened (2) by proving the well-known a+8 theorem, 
(3) y 2 min(1, a + 8). 


In [8] Mann has proved the following theorem, and has shown in a corollary 
that it implies (3): 
Let n be any positive integer. Then either C(n) =n or there exist positive integers 
mand m not in C such that mSn, mSmax (m, n—m—1), and 
C(n) +1 . A(m) + Bim) +1 Cin) +1 Clim) +1 
nti ~ m+ 1 n+ m+ 1 


(4) 


Now let QO, be the set of all ~-dimensional lattice points (41, - +--+, Xn) for 
which each x; is a nonnegative integer and at least one x; is positive. If A is any 
subset of Q, and J is any finite subset of Q,, let A(T) be the number of elements 
in ANT. 

The set OQ. may be identified with the set of nonzero Gaussian integers 
x-+yt for which x and y are both nonnegative rational integers. Cheo [1] has 
defined a density for subsets of Q2 as follows, using our notation. Let x 9-+yot 
be any element of Q., and let S be the set of all x«-+yz in Qo such that xSxo, 
y <yo. Then for any subset A of Q2, the density of A is the g.].b.g[4 (0S) /Q2(5) |. 
Cheo has shown that (1) and, at least, a weaker version of (2) hold for his 
density. He has also given an example to show that (3) need not be true. 

In [3] a fundamental subset of Q, or, briefly, a fundamental set, is defined 
to be any finite nonempty subset R of Q, such that whenever an element 
(71,° °°, 7%) is in R, we have also in R all elements (%1,°--+,4%,) of Q, with 
X;%7r;,t1=1,---,n. Then for any subset A of Q,, the density of A is defined in 
[3] to be the g.l.b.r[4(R)/Q,(R) |. For this density, (1) and (2) hold. Whether 
or:not (3) is true is an open question, but in [4] a theorem analogous to Theorem 
II of [7| is proved. 

We will now introduce a definition of density for subsets of QO, for which a 
partial analogue to (4), hence also (1), (2), and (3), can easily be shown to be 


true, Accordingly, let ¢=(t, +--+, ¢,) be any lattice point in Q, for which the 
components f,,---,¢, have greatest common divisor 1, and let T be the set of 
all lattice points Rt= (Rt, ---, Rtn), where k is a positive integer. Note that if 


n=2 or 3, T is just the set of all first quadrant or first octant lattice points on a 
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ray emanating from the origin. The set T will be called the ray set generated 
by f. 

Now let A be any subset of Q,, and let A (ki) be the number of lattice points 
k't in AC\T for which k’Sk. We will define the density of A on T to be the 
quantity 

A(kt 
ar = g.l.b. AD ’ 
k k 
and the ray density of A to be the g.l.b.7 ar. 

For any subsets A and B of Q,, let C be the set of all lattice points a, 6, d+, 
where d@ is in A and 6 is in B, addition of lattice points being done component- 
wise. Then for any ray set T we see that C(O\T contains all the elements in ANT 
and in B(\T, and all elements @+06 where dis in ACT and 0 is in BOT, plus, 
possibly, additional points. Hence, because of the corresponding results for sets 
of positive integers, if mf is any element of 7 then either C(ni) =z or there exist 
mi, mut in T but possibly not in C such that mSn, mSmax (m, n—m-1), and 

C(ni) + 1 . A(mt) + Bim) + 1 C(int) +1 Clmit+i 


n-+-1 m1 n+ 1 M+ 


Also, if av, Br, yr are the densities on T of A, B, C, respectively, and if a, B, y 
are the ray densities for A, B, C, then for all ray sets 7, yr2=min (1, a7+8r) 
=min (1, a+), and it follows that y2 min (1, a+ 8). 

We conclude this note by comparing the sizes of the various densities defined 
for subsets of Q,. If A is a subset of Qo, then clearly the Cheo density of A is 
greater than or equal to the density defined in [3]. Now let A be any subset of 
On, let a; be the density of A as defined in [3], and let a2 be the ray density of A. 
We will prove 


(5) Wy = C9. 


We may establish (5) by showing that A(R)/O,(R) 2a, for every funda- 
mental set R. Accordingly, let R be an arbitrary fundamental set. Since R is 
finite, there are finitely many ray sets 7), To, - +: , Im which have nonempty 
intersections with R. Supposing 7; to be generated by #;, we may let 


Tis\R = fii, 25, +++, kid, i= 1,---,m. 

Then for each a=1,-+-+, m, 
A (Ryt;) 
ke 


Hence 5." A(Rid;) 202 > 721s. But A(R) = 90%, A(R), and Q,(R) = 071 Ri. 
Consequently, A(R) 2a20,(R) and A(R)/0,(R) 2a, which completes the proof. 


= Q@2, OF A (Ril;) = ak. 


cmcere? 


The authors would like to thank the referee for bringing to their attention Mann’s stronger 
1960 result. 
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THE NUMBER OF TERMS IN THE CYCLOTOMIC POLYNOMIAL f,,(x) 


L. Caruitz, Duke University 


Let », g denote distinct primes. Then the cyclotomic polynomial Fp (x) is 
given by 
(1 — «?4)(1 — 2) 
(1 = a)(1 = 2) 
Bang [1] and Migotti [4| have proved that the coefficients of F,,(x) are +1 or 0. 


In a recent paper [2] Sister Marion Beiter has proved that if Fy g(x) = >, 2? cnx”, 
then 


(1) Fyq(x) = 


i ifn = ag + Bp + din exactly one way, 
in = 


0 otherwise, 


where a, 8 are nonnegative integers and 6=0, 1. She also determined the middle 
coefficient c,, where n=¢(pq)/2. 

It is of some interest to determine the number of nonzero terms in F',,(x). 
Let @o(pq) denote the number of terms with positive coefficients, 0;(pq) the 
number of terms with negative coefficients and 6(pq) =40(pq) +61(4q), the total 
number of nonzero terms. Since F,,(1)=1 it follows at once that @)(pq)=1 
+6:(q), so that 


(2) O(pq) = 28(pq) — 1. 
We may assume q>p and define u by means of 
(3) qu = —1 (mod ) O<u< p). 


Then by (1) we have 
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1— x 2! 1 poi pol 
Paes) = ——~ So ait = 5 ain — F aienh 
1 — xP j=x0 1— 4“? je=0 i=0 
With each term x¥ of the first sum on the extreme right, associate the term 
x'a+l of the second sum for which ig+1=jg(mod ). By (3) it follows that 
t=j+u(mod p). Then 


F yq(x) = SS (42 — 4 itu) atl) | ‘3 (499 — oy tu-p) atl) 
(4) LW jao,ttucp 1 — 2%? j20,j+uxp 
1 —_ yuqrl p—l—u {— a (p—u)q-l u—1 
= > yd » gtatl 
1 — x? j=0 1 — x? i=0 


The first sum in (4) consists of the terms of F,,(x) with positive coefficients; 
there are evidently (p—«)(wq+1)/p such terms. The second sum in (4) accounts 
for the negative terms of F,,,(«); there are u(pqg—ugq—1)/p such terms. Note that 


(p — u)(ug-+ 1) wlpg — ug — 1) _ 
p p 


1, 


as we should expect. 
This proves the following 


THEOREM. Let 6o(pq) denote the number of terms with positive coefficients in 
Fy (x). Take g>p and define u by means of qu=—1(mod p), (O<u<p). Then 
we have 
(S) O0(pq) = (pb — u) (ug + 1)/d. 
For example if =3 and q=3k-+41, then u=2 and we get 
60(3(3k + 1)) = 2k + 1. 
If p=3 and q=3k+2, then u=1, so that 6)(3(3k-+-2)) =2k+2. It is not difficult 
to verify these results directly. Similarly for p=5 we have 
O(S(5k + 1)) = 4k +4, O0(5(5k + 3)) = 62 + 4, 
09(5(5k + 2)) = 6k + 3, O0(5(5k + 4)) = 4k + 4. 
We remark that if we assume only that p, qg are relatively prime but other- 
wise arbitrary integers greater than one, the above theorem continues to hold. 


The-notation is somewhat ambiguous; to avoid confusion we may write F, q(x) 
in place of F,,(x) and 9(p, g) in place of @9(pq). Then we have, for example, 


O(4, 42 + 1) = 3k +1, 
O(4, 42 + 3) = 3k + 3. 
Also for arbitrary p we have 


Oo(p, kp +1) = k(p — 1) + 1, 


1966] MATHEMATICAL NOTES 981 


O(p, kb +p—1) =k(>—-1) +p —1. 
For p odd, on the other hand, we get 
Oo(p, kp + 2) = zkh(p? — 1) +3 + 1), 
O(p, kpt+p-2)=2R +)’ -— 1) - 30-2. 


The last four formulas indicate how strongly the value of #0(p, g) depends on 
the residue of g (mod ). 

The following remark was suggested by the referee. A recent problem in this 
MONTHLY (£1637, 1964, p. 799) asks that, given (a, b)=1, a>1, b>1, one finds 
N(a, b) the smallest positive integer such that for every n= N(a, db), there exists 
x, y20 such that 1 is representable asn=ax+by. Similar questions may be found 
in [3], p. 22, problem 4 and [5], p. 97, problem 4. 

LeVeque observes that the number of nonnegative integers less than 
N(a, 6) = (2—1)(6—1) which are representable in this manner is (a—1)(6—1)/2. 
One may ask how they are clustered; specifically, into how many sets of con- 
secutive integers are the representable integers divided. It is readily seen that 
C,= +1 if and only if 2 is the smallest of a set of consecutive representable in- 
tegers while c,= —1 if and only if x is the smallest of a set of consecutive non- 
representable integers. Some sets contain just one element. 


Supported in part by NSF grant GP-1593. 
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ON GROUPS AND THEIR NEAR-RINGS OF FUNCTIONS 
J. C. Bewieman, University of Kentucky 


Introduction. A near-ring R is an algebraic system with two binary com- 
positions of addition and multiplication such that: 


1. Risa group under addition. 
2. Risa semi-group under multiplication. 
3. a(b-+c) =ab-+ac for all a, 6, and c from R. 


Let G be an additive group (not necessarily abelian) and R(G) the set of all 
functions on G. If the elements of R(G) are added by adding images and multi- 
plication is iteration, then R(G) is a near-ring. Let Ro(G) denote the set of all 
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functions on G that commute with the zero function. Then R)(G) is a sub-near- 
ring of R(G). 

Let R’(G)= {oy R(G)| 9'bo =9; g; g’EG}. Then R’(G) is a sub-near-ring 
of R(G) and the mapping ng: CG-—d, CR’ (G) isa group isomorphism of the addi- 
tive group G onto the additive group of R’(G). If r is an element of R(G), then it 
is easily verified that ré,=¢, and $,7 =¢,,. We now turn our attention to a sub- 
near-ring of Ry)(G). Define an element VY, in Ro(G) as follows: 


if g’ #0 
gv, = \ , ; _ where g, 9’ € G. 


If Rd (G) = {V,ERo(G) | g@G}, then Rf (G) is a sub-near-ring of Ro(G) and its 
additive group is isomorphic to G. Throughout this article the near-rings Ro(G) 
and Rg (G) will play an important role. 

The main result of the first section is that two groups G and H are isomorphic 
if, and only if, there exists a near-ring isomorphism of R(G) onto R(#). In the 
second section we introduce the concept of kernel-preserving homomorphism 
and prove that G and ZH are isomorphic if, and only if, there exists a kernel-pre- 
serving near-ring isomorphism of Ro(G) onto Ro(#). 


1. An isomorphism theorem. 


(1.1) Lemna. Let f be a group isomorphism of G onto H. Then f induces a near- 
ring tsomorphism of R(G) onto R(A). 


Proof. If r is an element of R(G), then f-'7f is contained in R(H). A simple 
calculation shows that the mapping n:r€@R(G)—f-’fE R(A) is a near-ring 
isomorphism of R(G) onto R(A). 


(1.2) Lemma. If R(Z) is a (near-ring) homomor phic image of R(G), then H is 
a homomorplaic wmage of G. 


Proof. Let f be a near-ring homomorphism of R(G) onto R(A). It suffices to 
prove k’(G)f= R’ (1). Let ¢, be an element of R’(G) and ¢, an element of R’(H). 
Then there exists an element r contained in R(G) such that rf =@,. Therefore, 
we obtain the following: 


(1) (dof = %b0)f = CA) (bof) = bn: bof) & RA) 
and . 
(2) (dor)f = (bor) f = (bef) Hf) = (af) bn = on. 


From (1) and (2) the lemma follows. 
By lemmas (1.1) and (1.2) we have: 


(1.3) THEOREM. Two groups G and H are isomorphic if, and only if, there 
exists a near-ring tsomorphism of R(G) onto R(f). 
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2. Kernel preserving mappings. Let 7 be a function of G into H. By the 
kernel of 7 is meant Ke(y) = {gEG| gn=0}. We shall say that is kernel-free it 
Ke(y) =0. A near-ring homomorphism of Ao(G) into Ro(f) is called kernel- 
preserving if it maps kernel-free elements of Xo(G) onto kernel-free elements of 
Ro(#A). 

The nonzero elements of Rj(G) are kernel-free mappings of G into G. Let 7 
be an element of Ro(G). A routine calculation shows that 7 is kernel-free if, and 
only if, *Y, =, for every nonzero element gCG. 


(2.1) THEOREM. Two groups G and H are tsomerplic tf, and only 2f, there 
exists a near-ring isomorphism of Ro(G) onto Ro(H) which is kernel-preserving. 


Proof: Let f be a group isomorphism of G onto H. Then the mapping 
nirECR(G)—f-’fE RA) is a near-ring isomorphism of Ro(G) onto Ryo(ZZ). 
Let 7 be a kernel-free element of Ro(G) and let h be an element of H such that 
h(f—'7f) =0. Then (f-'7) C Ke(f) =0 and so it follows that (hf-')r =0. Since r is 
kernel-free hCG Ke(f—!) =0. This shows that 7 is kernel-preserving. 

Assume that 7 is a near-ring isomorphism of Ro(G) onto Ro(H) which is ker- 
nel-preserving. We shall show that y induces a group isomorphism of the additive 
group of R3(G) onto the additive group of Rj(77). Let W, be a nonzero element of 
Rj (AH). Then there exists a kernel-free element rE@Ro(G) such that 77 =W,,. If 
W, is a nonzero element of Kj (G), then we obtain 


(1) Voy = (7Vy)q = (77) (Wyn) = Wi: (Yon) GC Re (77) 
and 
(2) (Vora = (Yon) (ra) = un) Ya = Va © Re (A). 


From (1) and (2) weconclude that [2}(G) |n = Rd (4) and so the theorem follows. 


A NOTE ON GEOMETRY IN A p-RING 
R. A. Mevrer, University of Massachusetts 


In a note in this Montuty [2], J. L. Zemmer exhibited a Boolean geometry 
(for the integers) in which every motion was of the form m(«)=x-+m(0) or 
m(x) = —x-+m(0). We shall call the group of all such motions the geometric 
group of the integers. Subsequent work |1, 3] on the Boolean metric space of a 
p-ring developed that the groups of motions for these spaces were quite different. 
In the present note we introduce the operator space of a p-ring R aud show that 
each of its motions can be uniquely represented as the product of an element of 
the geometric group of the integers and a motion of the Boolean metric space of J. 

It is well known that every p-ring is a subdirect sum of GF (p). We limit our 
attention to a particular p-ring: the discrete direct sum, that is, the ring of func- 
tions from the set of integers to GI (p) which take on nonzero values for at most 
a finite number of integers. Henceforth R will designate only this ring. Let z be 
an integer, f an element of R, and g an element of the geometric group of the 
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integers. The mapping of R onto itself, f—-g(f) defined by { e(f) } (2) =f(g(z)) is 
an automorphism of R; the collection of all such automorphisms forms a group 
G which is isomorphic to the geometric group of the integers. Let [x] be the 
equivalence class, under G, which contains x. 

We note that the automorphisms described above are also automorphisms 
of the Boolean ring of idempotents B. Thus if x and y are elements of R we can 
define the distance between x and y to be [(x—vy)?!], where the equivalence 
class is now a subset of B. With this distance R becomes an abstract semi-metric 
space which we call its operator space. 


THEOREM. p 7s a motion of the operator space of R if and only af it has a unique 
representation tn the form w= gy where g€G and yEI, the group of motions of the 
Boolean metric space of R. 


Proof. gy is a motion of the operator space since 


d(gy(x), gv(y)) = [(er(x) — gv(y))?] = [(ev(@) — y(y)))?-4] 
= [g((v(x) — v(v))?-)] = [g(x — »)2-)] 
= [(« — y)?] = d(x, 9). 


It remains to show that every motion of the operator space has a unique 
representation in the form w= gy, where g€G and yEI. Suppose that u(0) =0. 
It follows that [(u(x))?-1] = [x?-!] and hence that (u(«))?-!=g(x?-1), where g 
depends upon x. In Lemma 1 we show that for a certain subset of R, g can be 
chosen independent of x. It will follow from Lemma 2 that g can be chosen inde- 
pendent of x for all of R. 

Denote by x. any element of R which has a nonzero entry in its a-th co- 
ordinate and zeros elsewhere. If, in particular this nonzero entry is one, the ele- 
ment of R will be designated e,. Let P be the set of all elements of R of the form 
Xa, where a@ is allowed to range over the integers. 


LEMMA 1, Let u be a motion of the operator space such that (0) =0. There ts a 
unique g€G such that (u(x))?-1 = g(x?!) for all xCP. 


Proof of Lemma 1. Since g is a one-to-one map on the integers it follows that 
(u(Xa))?-'=egs for some integer 6 which is independent of the particular entry 
which x, has in its a-th co-ordinate. Suppose that (u(x))?-1=e,: g, considered 
as a mapping on the integers has the property | g(m) —g(n)| = |m—n|. Hence 
exactly one of the two following sets of equations must hold. 


(1) (u(x_1))?-) = ewa! (2(v1))?7! = ews 
(2) (u(41))? 7? = Cw 413 (u(x1))?7! = Cyt. 
In both cases there is a unique g such that (u(x,))?-!=g((x,)?~1) for s= —1, 0, 1. 


In the first case we can use g(”) =n—w, while in the second case the necessary 
mapping is g(m)=—n-+w. Suppose we have shown that (u(x,))?~!=g(x,)?7} 
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for —mSsSm, where g(n) =n—w. It follows that 


(u(Xm41))?? = Cwgmyt and (14(2m—1))?7* = Cw—m—t- 
Hence (u(x,;))?~!=g((«%,)?7!) for —(m+1) S$ssSm-+1, and by induction for all 
integers s. A similar argument for g(x) = —n+w completes the proof of Lemma 1. 


LEMMA 2. Let wu be a motion of the operator space such that u(0) =0. There is a 
unique g@=G such that (u(x) —p(y))?-1= g((x«—y)?—}) for all x, yin R. 


Proof of Lemma 2. Let g be the element of G provided by Lemma 1. We shall 
show that it also satisfies the equation of Lemma 2. If it does so it will certainly 
be unique since Lemma 1 is a special case of Lemma 2. 

Suppose that Lemma 2 is false. Then there exist elements x and y in R such 
that (u(x) —u(y))? 14 2e((«—y)?+). Let 6 be one of the co-ordinates in which 
these two idempotents differ. We will consider the case in which (u(x) —py(y))?7? 
has a O in the 6-th co-ordinate and g((x—vy)”7!) has a 1 in the 6-th co-ordinate. 
(The alternative case can be handled similarly.) It follows that u(x) and wy) 
have the same entry in the 6-th co-ordinate while x and y have different 
entries in the 6-th co-ordinate, where G=g—1(6). Let £=xeg and j=vye,. It isa 
consequence of Lemma 1 that u(#) and u(%) will have different entries in the 
6-th co-ordinate. An examination of the following pairs of idempotents 


(u(x) — p())?*, (w — €)P 
(u(y) — wy), PO 
(u(x) — w(¥))?*,  (@ — PO 
(u(y) — w(&))?73, (y — «)?7? 


reveals, however, that for at least one of the pairs the two members of the pair 
contain different numbers of ones, which is impossible if uw is a motion. This 
contradiction completes the proof of Lemma 2. 

It follows from Lemma 2 that if uw is a motion which fixes 0, there is an ele- 
ment g@G such that y= g7!u is a motion of the operator space with the property 
(y(x) —y(y))?7! = (x—y)?7}, Le., yisa motion of Rconsidered as a Boolean metric 
space. Thus w= gy where g©G and yCYr. 

If uw does not fix 0, let » map x into x +y71(0). It is easy to see that v is an 
element of I’. It follows that o =p is a motion of the operator space which maps 
0 into 0 and hence c=g’y’=pv. Thus p=g'y’y-!=¢'6, where OCT and g’EG. 

_ The proof has already established that if w is a motion which fixes 0 and 
p=ey=e2'y’, then g=g’ and hence y=7y’. If a motion p which does not fix zero 
had two distinct representations then the motion py (where v takes x into 
x-+p—1(0)) would fix 0 and have two distinct representations contrary to what 
has already been established. 

The author would like to thank the Institute for Advanced Study for allowing him to visit 
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ON REPEATED INTERCHANGE GRAPHS 
V. V. MENon, Indian Statistical Institute, Calcutta (Presently at Trinity College, Oxford) 


1. In the following, we will understand by a graph G a collection V of ver- 
tices, and a collection @ of unordered pairs of vertices called edges. The edges 
need not be distinct (i.e., multiple edges can exist) and loops (i.e., edges of the 
form (v, v)) are allowed. For an edge (v;, vj), the vertices v; and a; are called its 
end-points, and »; is said to be joined by this edge to g,. 

The Interchange Graph I(G) of a graph G is obtained as follows: the edges of 
G form the vertex set of J(G), and two vertices of J(G) are joined by zero, one, 
or two edges according as the two corresponding edges in G have zero, one, or 
two end-points in common. In the literature, J(G) is known also as the adjoint 
or the line-graph of G. In Figure 1 are given some graphs G; and their interchange 
graphs [(G,). The vertices are labelled as 71, v2, - - - , and the edgesas @, @, «°° 


e1 é1 V1 Vo V3 Y € Ve €2 U3 


YY : 
G;: C) Ge: < G3: XR? Ga: 
V1 é2 €y &2 €3 


a ey 2 é1 2 
I(G,): ©) I(G»): () I(G3): I(Gs): I(Gs): 
, ) ) Pat (Gs): NOP / 


€2 €3 &3 


Fic. 1 


Repeated interchange graphs are defined by the relation 
I*(G) — I\I"-(@)], m=2,3,+°°. 


The object of our study is to examine the ‘convergence’ of the sequence 
I*(G), n=1, 2,---+. Ore [1] has posed a more general problem. Before pro- 
ceeding, we introduce the following terminology. 

A subgraph of a graph G=[V; @] is a graph G, = [U, ®] whose vertices form 
a subset of V, and whose edges form a subcollection of the edges in G whose end- 
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points are in U. A connected component of G=[V, @| is a subgraph G,= [U, 8] 
having the following properties: 

(1) @ is the collection of all the edges in G having their end-points in U; 

(2) any two vertices in U are joined by a chain of vertices and edges in G,, 
(i.e., if w» and wz, are the vertices, then there is a sequence of vertices #), #2, ° °°, 
4n—-1in U such that (w;, wi41) is in ®, forz=0,1,---,2—1); 

(3) Uis a maximal set having this property. The graph G is connected if G 
is the only connected component in it. 

The degree of a vertex v is the number of edges one of whose end-points is v. 
The degree of an edge (v;, v;) is defined as d;+d;—2 where d, is the degree of the 
vertex v;, and d; that of v;. (In fact, in /(G), this is the degree of the vertex cor- 
responding to the edge (wz, v;) of G.) 

The 0-graph is a graph whose vertex set (and hence the edge set) is empty. 

A graph G=|V, @] is finite if the sum of the cardinal numbers of V and @ 
is finite. 

We are dealing with finite graphs only. 

For a finite graph G we denote by m, and m; the number of vertices and 
edges, respectively, of J*(G). If the sequence z,-+-m,z, R=1, 2,--+-° is bounded, 
we say that the sequence /*(G) converges; in all other cases, we say that /*(G), 
k=1,2,--- diverges. 

We shall establish that the sequence J*(G) converges if and only if the de- 
gree of each vertex is at most two. In such a case, moreover, the sequence is 
stabilized, in the sense that [*(G)=J"(G) for k2=m» where %» is the number of 
vertices in G. The equality of graphs G=G’, means that they are isomorphic, 
i.e., there is a one-one correspondence between the vertex sets of G and G’ such 
that the number of edges joining any two vertices of G is equal to the number 
of edges joining the corresponding vertices in G’. 


2. Let G, be a subgraph (respectively, a connected component) of a finite 
graph G=|[V, @]. Then J(G,) is a subgraph (respectively, a connected com- 
ponent) of /(G). We can, therefore, assume that the graph G is connected (by 
considering the connected components separately). There are four cases to be 
considered. 

Case 1. There are no loops, and the degree of each vertex is at most 2, there 
being at least one vertex whose degree is 0 or 1. In this case, we can write (since 
G is connected) the vertex set V= {04, Vo, °°, Unt and the edges as (v3, v:41), 
t=1,-++, 2-1. I*(G) consists of single vertex and no edges, and 7"(G) is 
the 0-graph. 

Case 2. There are no loops and the degree of each vertex is 2. Then we can 
write the vertex set as V= {v, a Un} and the edges as (Un, 01), (Ys, Via); 
t4=1, 2,---, 2-1. It is easily verified that G=JI(G) and hence G=J*(G) for 
all x. 

Case 3. There are no loops and the degree of at least one vertex is at least 3. 
If there is a vertex v of degree 24, we can obtain a subgraph G, of the form 
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shown in Figure 2. (Some of these four edges may join the same end-points.) 

In Z(G,), every vertex has a degree = 3. 

By a simple argument, one shows that if d,, de, -- + , dx, are the degrees of 
the vertices in G, then there are Ly, d;(d;—1) edges in J(G) if G has no loops. 
(The edges at the vertex v; of G contribute 4d;(d;— 1) edges in J(G).) Denote the 
number of vertices and edges in G by my» and my respectively, and those in [(G) 
by m, and m, respectively. Then 


tn = mg = —- > ds ny =~ S ddld; — 1). 
2 fat 2 Gat 

[t follows that if the degree of each vertex of Gis 23, then the degree of each 
vertex in [(G) also is 23, 2, >mo and m1> mp. By induction, therefore, m441> 2, 
and Mz4.1> Mp. 

Hence J*(G,), R=1, 2, +--+, diverges. 


Fic. 2 


Go: Gs: 


Fic. 3 


On the other hand, if there is no vertex of degree 24, we take a vertex of 
degree 3. It is possible then to obtain at least one of the subgraphs shown in 
Figure 3. 

One verifies that [(G,) =I"(G,) for all n, and J?(G2) = 1°(G3), each containing 
a vertex of degree 4. The same argument as in the above paragraph applies to 
I?(G2) and I#(G3). Of course, if the subgraphs G, or G; do not exist in G, then 
G=G}. 

Case 4. There is at least one loop in G. Consider the subgraph Gp (shown as 
G, in Figure 1) consisting of a single loop. (Go) consists of a vertex with two 
loops. I?(Go) has two vertices joined by two edges and with two loops at each 
vertex, i.e., 2(Gp) has two subgraphs like [(G,). The number of vertices and of 
edges in /"(G) increases as # increases. 


3. We notice that if a subgraph of G diverges, then G itself diverges. The 
material of Section 2 can then be stated as the 
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THEOREM. Let G be a finite connected graph with or without loops and multiple 
edges. Consider the sequence I*(G), R=1, 2,-°--+. This sequence converges tf the 
degree of each edge ts at most two; otherwise, 1¢ diverges. More precisely, 

(1) Z*(G) =0-graph for k2=n, where n is the number of veritces in G, tf G has 
no loops, and the degree of each vertex 1s 2, with the strict inequahty holding for 
at least one vertex; 

(2) I*(G) =I(G) for R21, af G has no loops and the degree of each edge 1s 2; 

(3) in all other cases, ny, and m, are strictly increasing sequences for k= No 
(where no 1s the number of vertices in G). 


Proof. The assertions (1) and (2) follow directly from the Cases 1 and 2 of 
Section 2. For the assertion (3), observe that J*(G) cannot contain vertices of 
degree 0 or 1 for R20, where mv» is the number of vertices in G; and use Cases 
2, 3, 4 of Section 2. 

REMARKS. (1) In the assertion (2) of the Theorem, we refer to the degrees of 
edges (instead of the degrees of vertices as done in Section 2) in order to incor- 
porate the exceptional graph G, of Figure 3. We could restate it in another form: 
If G is the same as Gj of Figure 3, then J*(G) =7(G); and if G has no loops and the 
degree of each vertex is 2, then J*(G) =G. 

(2) In the case of an arbitrary graph G, some obvious modifications have to 
be made. Each of the connected components should be considered separately. 

(3) As a simple corollary, we deduce the following result: the three state- 
ments (1) G=J"(G) for some n; (2) G=JI"(G) for all n; (3) G has no loops and the 
degree of each vertex is 2; are equivalent for an arbitrary graph G. A different 
proof appears in [2]. 
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RADICAL SUBRINGS OF MATRIX RINGS 
Grorcio Soranti, University of Illinois 


Although nilpotent ideals are always included in the Jacobson radical of a 
ring, it is a rather special situation that will force the Jacobson radical itself 
to be. nilpotent. Although special, however, it is not a rare thing, for we know 
it to be the case for finite dimensional algebras and rings with descending chain 
conditions. 

In this note we give some criteria that radical subrings of matrix rings be 
nilpotent. We shall consistently use the following notation: 7 will be a com- 
mutative integral domain, 7, the ring of z><” matrices over 7; for any ring R&, 
J(&) will denote its Jacobson radical. 


DEFINITION: I= {T|RCTn implies that J(R) is nilpotent}. 
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We begin with 


Lemma 1. Let T be a commutative integral domain; suppose that T has a set of 
prime ideals {Pa} such that (\ePa=(0) and each T/P. is finite. Then TEM. 


Proof. Since P, is a two-sided ideal of 7, (Pa), is a two-sided ideal of T». 
Moreover, Tn/(Pa)n is isomorphic to (7/P.)n so by our assumptions on Pa, 
Tn/(P.a)n is isomorphic to the ring of all mXx matrices over a finite field. Let R 
be a subring of T,, and J(R) the Jacobson radical of R. Under the natural homo- 
morphism f, of T, onto T,/(Pa)n, fa(J(R)) is a finite radical ring, hence nil- 
potent [1]. In fact, it isa nilpotent subring of the 7 Xm matrices over a field; we 
can say that f.(/(R))"=(0), which translates into J/(R)"C(P.a)a for every Pa. 
Since (\.P a= (0) we get J(R)”=(0) thereby proving the lemma. 


CoROLLARY 1. The ring of integers 1s 1n NM. 


CoROLLARY 2. The ring of integers of any algebraic number field 1s in NM. 


We refine Lemma 1 to a sharpened form in 


Lemma 2. Let T be a commutative integral domain having a set of prime tdeals 
{Pa} such that \.Pa=(0) and each T/P., is in Mm. Then TEM. 


Proof. We proceed as before, mapping T, on Tn/(Pa)n. Since Tn/(Pa)n 18 
isomorphic to (7/P.)n and T/P.€M, we know that any radical subring of 
T,n/(P)n is nilpotent, in fact of index of nilpotence at most m (since T7/P, is an 
integral domain). So if RCTh, since J(R) maps into a radical subring of 
Tn/ (Pen, JCR)*C(Padn we see that J/(R)"=(0). Thus TEM. 

Let T'[x] be the ring of polynomials in x over 7. We now prove our main 
result. 


THeorem. If TEM then T[x] Com. 


Proof. lf T is finite it is a field; for any integer m21 we can find in T [x] 
an irreducible polynomial f(x) of degree m. Let P,, be the ideal of T'[x] gen- 
erated by fn(x); clearly AnPm=(0), the P» are prime in T[x] and T|x]/Pu is 
a finite extension of the field T, so it is finite. By Lemma 1 we see that 7[x] CoM. 

Suppose then that T is infinite. If #€T then the ideal P;=(x—1) of T |x] is 
prime, since T'[x]/(x—2) is isomorphic to T which is an integral domain. More- 
over (\terP;= (0), since any polynomial in this intersection would vanish on all 
i@T, and would have an infinite number of roots in 7, which is impossible if it 
is not zero. Summarizing, we have a set of prime ideals | P,} in T[x] whose inter- 
section is (0) and such that T[x]/(x—d) ~TEm. By Lemma 2, T]x] is in mM. 


CoroLuary 1. If TEM then Tle, ---, x, ]|EM. 
CorOLLARY 2. If Z is the ring of integers then Z|x1, +++, x,| Go. 
CoroLLary 3. If Fis a finite field then Flx,, +++ , x,| Go. 
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Note that Q, the field of rational numbers, is not in 9% since in it, we have 
the local ring {z/m|n, m integers, m odd} whose radical is {2n/m} which cer- 
tainly is not nilpotent. 

This note is part of the author’s thesis for the Laurea at the University of Rome. 


I should like to thank Prof. I. N. Herstein for the help and encouragement given me on this 
work. 
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ON MEASURABLE FUNCTIONS, CONTINUOUS FUNCTIONS 
AND SOME RELATED CONCEPTS 


ELIZABETH H. YEN AND H. R. VAN DER Vaart, North Carolina State University at Raleigh 


I. Introduction. When comparing various authors in the field of measure 
theory, one observes a confusing variety of statements concerning measurable 
functions, continuous functions and a few related subjects. The aim of the 
present paper is to discuss a number of these statements within one common 
framework so as to resolve apparent inconsistencies and clarify interrelations 
between various definitions of various concepts. The need for such a compara- 
tive evaluation becomes particularly obvious in view of such statements as: 

(1) A measurable function of a measurable function is measurable. ([7], 
Ch. 1, Sec. 1G; [3], Ch. 1, Sec. 1.2.) 

(2) If @ is a measurable function on R, and f is measurable, it is not in 
general true that the composite function ¢(f(-)) is measurable, ({11], Sec. 3.3). 

(3) A Lebesgue measurable function of a measurable function is not neces- 
sarily measurable, ([4]|, Sec. 19, problem 3), 

(4) A Borel measurable function of a y-measurable function is u-measurable, 
({6], Ch. 6, Th. 6, also see [4], Sec. 19, problem 2, and [1], Sec. 13, Th. 3). 

(5) An example can be given where a measurable function of a continuous 
function produces a nonmeasurable function, ([8], sec. 19). 

(6) A continuous function of a (u)-measurable function is (u)-measurable, 
({7], Ch. 2, Sec. 5.3; [6], Ch. 6, Th. 6 Cor.; [11], Lemma 3.3c, Sec. 3.3). 

(7) A continuous (real) function is (Borel) measurable, ({1], Sec. 13; [6], 
Ch. 6, Th. 6, remark; [8], Sec. 19; [9], Ch. 3, Sec. 5; [11], Sec. 3.3, Th. 3.3.b). 

(8) A continuous function (on a topological measurable space) is not in 
general measurable, ({3], Ch. 2). 

The present paper does not claim the introduction of new concepts or new 
results. It does offer a unifying approach to a subject which by its apparent 
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EMBEDDING AN INTEGRAL DOMAIN USING CYCLIC ELEMENTS 
B. L. McALutsTER, South Dakota School of Mines and Technology 


It is well known that every integral domain D may be embedded in a field F. 
(E.g. the ring of real integers can be embedded in the field of rationals.) In the 
usual proof, elements of F are equivalence classes of ordered pairs (a, 0) of 
elements of D with }#0; the arithmetic of F is induced from that of D. We ob- 
serve that the postponement of the exclusion 60 until late in the game permits 
a simple application of the theory of cyclic elements in the form due to Radé and 
Reichelderfer [1]. The resulting structure may shed a little light on “infinity” 
and “indeterminacy” in elementary mathematics. 

Let P denote the set of aj] ordered pairs of elements of D, and define the 
relation R over P by 


(a, b) R(c, d) — ad = be. 


The relation R restricted to P;, the set of ordered pairs (a, 0) with b+0, is the 
usual equivalence and, in fact, R restricted to P2=P— { (0, 0) } is still an equiva- 
lence. But, since transitivity fails on P itself, R does not partition P in the usual 
sense. 

Nevertheless, R is nearly transitive on P. If a, a2, - + +, @, are members of 
P such that a,Ra,Ra,;R +--+ Ra,Ra,, then for 7, 7=1, 2, 3,-+-, x, a;Ra;. This 
property, called cyclic transitivity is used by Radé and Reichelderfer to decom- 
pose sets into not-quite-disjoint subsets called cyclic elements. For the treatment 
of this decomposition in full generality, see [1]. 

Taking a short-cut in our simple case, we may define a cyclic element to be 
either | (0, 0) or a subset C of P maximal with respect to the property that 
each two members (a, b) and (c, d) of C bear the relation R to each other. 
(C—{(0, 0)} is then one of the equivalence classes into which KR partitions 
P2.) When D is the ring of integers, P is the set of lattice points in the plane, 
and a cyclic element C is the set of all points of P on some line L through the 
origin. Note that C degenerates if and only if the slope of L is irrational. 

For each (a, b) we let [a, b| denote the cyclic element to which (a, b) belongs, 
except that since (0, 0) is in every cyclic element, we make the notation unam- 
biguous by letting [0, 0] = {(0, 0)}. As usual, we identify [a, 1] with a, and in 
particular [0, 1] with 0. We also associate the symbol «© with [1, O]. 

Our procedure now differs very little from the usual. First we define a 
“pseudo-product” of members of P by members of P by the rule 


(1) (a, b)-(c, d) = (ac, bd). 


Then define [a, b]-[c, d] to be the smallest cyclic element C that contains all 
products of members of [a, b] by members of [c, d]. 
Then 


0. = [0, 1]-[1, 0] = [0, 0] 


1966] CLASSROOM NOTES 995 


and 
o -0 = [1, 0]-[0, 1] = [0, oO]. 


This is, in a sense, a “reason” for the indeterminacy of 0- «© and  -0 in elemen- 
tary mathematics. The only other indeterminacies of multiplication arise from 
using [0, 0] as a factor, when the product is always again [0, 0]. The product 
0 - 0 is, as it should be, “well behaved,” being [1, 0]-[1, 0] = [1, 0]. 

The analogous pattern for quotients “explains” the indeterminacy of 0/0 
and «/o as well as the relatively good behavior of 1/0 and 1/, etc. 

For sums, we replace (1) by 


(a, b) + (c, d) = (ad + bc, dd). 


Indeterminacy, i.e. [0, 0], arises only when [0, 0] is used as a summand and, of 
course, in the case «+ 0. (Remember, here, that [1, 0] is better analogous to 
the o of the complex sphere than to the -+- © of the extended real numbers.) 

The identities [0, 1] and [1, 1] do not compose properly with [0, 0], and 
so we do not have a field. (Moreover, neither [1, 0] nor [0, 0] has an additive 
nor a multiplicative inverse.) Of course, the field properties can be regained by 
finally deleting [1, 0] and [0, 0] after all. 


Reference 
1. T. Radé and P. Reichelderfer, Cyclic transitivity, Duke Math. J., 6 (1940) 474-485. 


THEOREM OF GEORGE B. THOMAS, JR. 
LEE YONG-JENG, Taipei, Taiwan (Now at Emory University) 


Consider the sums 


(1a) A(n) = > kt = 4n3 + 4n2? + in, 
k=1 
and 
Cb) B(n) = 12k = +n +8) ~ @). 
k=1 


If the discrete variable is replaced by the continuous variable x in the poly- 
nomials A and B, we observe that 


(2) B(n) = A'(a) — A’(O), 


where A’(x) is the derivative of the polynomial A, at x. Observe that the sum- 
mands in (1a) and (ib) are of the form 


f(k) = FP? and = f’(k) = 2k. 
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Equation (2) also holds when the summands in Eqs. (1a, b) are replaced by 
k? and 3k?, or by cos k and —sin k, respectively. This suggests the following 


THEOREM. Let f and F be differentiable functions on the domain of non-negative 
real numbers and such that 


(3) f@®=F@)-Fa@-1)  for*x21. 
Then 

(4a) 21) = FQ) — FO 

and 

(4b) s'H = Pa) = PO, 


Proof. Equation (4a) follows at once by summing both sides of Eq. (3). To 
get Eq. (4b), differentiate both sides of Eq. (3) and then sum. 

Examples, We can find F(n) = >°"_, k® by applying the theorem and Eq. 
(1a). Here F’(n) — F’(0) = Do7_, 3k? =n?+8n?2+4n s0 that 


4 3 


F(n) n eam ie LC 
nN) = —-+— + — n ; 
4 2° 4. ; 


where C,= F’(0) and C,;= F(0) =0. We can evaluate C, from the known result 
F(i)=1 and get Cy=0. Hence, 


(5) > hk? = $(n4 + 2n3 + n?), 
k=l 


As another example, consider F(z) = >°?_, sin ka, aw constant. Applying the 
theorem twice, we obtain —a?F(n)= >/7_,—a? sin ka=F'(n)—F''(0). We 
solve the differential equation —a2y=y’’+k&, and find that 


F(n) = [cos 4a — cos $(2n + 1)a]/2 sin 4a. 


The author is indebted to the referee and Professor George B. Thomas, Jr., for their valuable 
suggestions. 


CHANGE OF VARIABLES TEST FOR CONVERGENCE OF SERIES 


LEE YONG-JENG, Taipei, Taiwan (Now at Emory University) 


The integral test for convergence of series can be applied to show that 


iva) 1 ive) 1 
(1) > — and 


n=1 tt n-2 1 log 2 


diverge, 
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while 


00 1 00 
(2) >, — and > —_—_ converge. 
n=1 2” nae ae n)? 
If we look at the two series in (1) together, or at (2a, b) together, we see that 
the integral test for (1a) leads us to consider the question of convergence of 
° | 
(3a) — dx, 
1 


and for (1b) we consider 


°c 4 °o 1 
(3b) i) dx = { — du. 
e x log x log 2 U 


The lower limits on the integrals in (3a) and (3b) are of no particular signifi- 
cance; it is the behavior for large values of that determines convergence or 
divergence of the series, and of the related integrals. 

Similarly, convergence of (2a) and (2b) is a consequence of the convergence 
of the following integrals: 


° 4 “e 1 o du 
— dx and —~ dx = | —. 
1 


1 2 2 x(log x)? og 2 ks 


These examples suggest the following theorem. 


THEOREM. Let F be a positive, continuous, and decreasing function on the 
domain x21. Let t be an increasing and differentiable function on a domain x =m, 
where m is some positive integer, and t(~)=«0. Then >”, F(n) and 

n=m L(t(2))t"(2) both converge or both diverge, provided F(t(x))t' (x) is decreasing 
for x>m. 


Proof. With respect to convergence or divergence the first series behaves like 
{°F («)dx and the second behaves like 


i) F(i(a))t’ (x)da = f F(u)du. 
Example. The series >)1/(1-+-?) converges by comparison in the usual way 
with >01/n%. Let t(n) =n?, t'(n) =2n. Then 


2n 


XE FU) -#@) = DO 


so ).2n/(1-+n*) converges by the theorem. 


The author is indebted to the referee and Professor George B. Thomas, Jr., for their valuable 
suggestions. 
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CONVERGENCE TESTS BASED ON Va, 
S. W. REYNER, South Dakota School of Mines and Technology 


There are numerous convergence tests which are dependent on the ratio 
On41/An, yet no common test, other than the root test, is dependent on Wan. 
If both dn41/an and ~/a, have limits, these limits are the same, so one might 
expect to find other tests dependent on Wan. We derive convergence tests 
analogous to the Kummer-Jensen tests, but using (a, in place of @n41/dn. 

In the following, let L(z, m) =In(In - - - dn ~))(¢ times) with Z(1, z)=In n, 
L(0, 2) =n, and L(—1, ) =1/In n; let 


P(r, n) = [I LG ») 
i=1 
with P(0, 2) =1 and P(—1, 2) =1/n; let 
S(r, n) = 2, LG, 2) 
i=l 


with S(0, ~)=0; and let c,=~/a,. We suppose throughout that the numbers a, 
are nonnegative. Of the following two theorems the second is a partial converse 
of the first. 


THEOREM I. If there exists a positive integer r and a positive integer N such that 


L(r—1, 7) L(1, 2) [L(O, 2) 
©) Ty | _ tie ao (le) 1) -1 oO -1) inde 


for alln>N, then > dn is convergent. 
Proof. First we will prove by induction on 7 that if 


L(ir—1, ( a eee Ee n) 
L(r, #) L(2, ») LL(A, 2) 


(2) (a) —1 | -1} ae -1) > K(r,n) 


for all n> N, then we must have 


(3) On < (1 — [K(r, n) Lr, 2) + Sr — 1, n)|/n)”. 
If r=1, then (2) requires 
L(0, 2) 


nN 
Li, ») (1 — Cn) = Inn (1 — Gi.) > KC, 2), 


In # 
(1 — Gc) > —— K(1, n), 
n 


Inn In 2 ” 
1—-—— K(1, 2) > oe = Wan, E - =" Ka, 9) | > an 
n n 
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and (3) holds (z7>WN). 

Suppose (2) implies [with r=, n>N]| that (3) holds [with r=k, x>N]. 
Now considering (2) [with r=k+1, n»>WN’], multiplying both sides of (2) by 
[L(k+1, 2)/L(k, n)| followed by adding one to both sides, we have for n> N’ 


L(k — al _ ee ae >) — 1 -1\ ee ) 
Lk, 1) L(2, ») LL(A, 2) 
Lk-+ 1,2) | 
> iT Tay AM + 1, 2). 


But this is merely (2) with K(k, 2) =1+|[L(R+1, 2)/L(k, n)|K(k+1, 2); hence 
(3) holds and gives for n> NV’ 


L(k+ 1,2) _ ” 
In < (1 — 4 + —————_—- K(k + Lah 10, 0 + S(k — 1,) | /n) 
L(k, ”) 
= (1— [K(k +1, m)L(k + 1, 2) + S(R, 2)]/n)", 

which is exactly (3) with r=k+1, N=WN’. Consequently if (2) holds, then (3) 
holds. In particular if K(r, ~) =K, K a constant, and if n>, then (1) implies 
that 

Om < (1 — (a/n))” = [{1 — (e/n) }r/“|2 

1 

nP(r — 2, n)|L(r — 1, n)|¥ 
(where a=KL(r, n)+S(r—1, 2)) since for 6>0, (1—¢/n)"/?<e-!. The right 
hand side is the zth term of the convergent (for K>1) logarithmic series, so 
by the comparison test, ) a, is convergent. 


< exp(— KL(r, xn) —S(r —1,n)) = 


THEOREM II. Jf there exist a positive integer r and a positive integer N such 
that for n> N 


Tea (tam Lata Ot apt) 


then > a, is divergent. 
Proof. From (4) we obtain (proceeding as in the proof of Theorem I) 
Gn = [1 — (8/n)]? 
= [11 — (6/n)}*][{1 — (@/n)} o/-1]8 
1 
7 2nP(r — 1,7) 


(5) 


1 .— 
ne 


where 6 = S(r, ). 


The strict inequality above follows since 


{1 — (@/n)}® 1 andsince {1 — (8/n)}@/8-1 > 7), 
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But 1/[2nP(r—1, )] is the nth term of a divergent (K =1) logarithmic series 
and therefore > a, is divergent by the comparison test. 


CoROLLARY I. Lf there extsta@<l anda positive integer N such that forn>N 
nm(1— Gr) > K > 0, 
then > dn 1s convergent. 


Proof. This is immediate from Theorem I with r=1 since foru>N, 
nK/|2(n n)|>n® and (x/In 2)(1—c,) >2. 


Prepared in a National Science Foundation Undergraduate Science Education Program in 
Mathematics at Colorado State University under the direction of Professor E. R. Deal. 


ON POINTS OF CONTINUITY 


D. B. Goopn_Er, Florida State University 


The theory of functions of a real variable contains many results which seem 
contrary to intuition. The purpose of this note is to present such a result. 


THEOREM. Let R be the real line with the usual metric, and let Y be a normed 
linear space with the natural (norm) metric. There 1s a mapping from R into VY 
which is continuous only on a dense set of second category and of Lebesgue measure 
Zero. 


Proof. Let A, be a generalized Cantor set (cf. [1] p. 88, example 4) in the 
closed interval [0, 1] and let 4, be of Lebesgue measure (n—1)/n,n=1,2,---. 
It follows that each A, is closed and is nowhere dense, that d=A,VUA,U-- - 
is of first category and is of measure one, and that the complement A’ 
={x:xC[0, 1], «¢A} of A relative to [0, 1] is of second category and is of 
measure zero (cf. [1] p. 99, example 20). Also, A’ is dense in [0, 1] because it is 
the countable intersection of dense open sets in a complete metric space |[2, p. 
14]. Now let B1= A, and let 


B, = {xia & An, @E AYU A2U+++U Ana} form = 2,3,+--. 


We note that 4=B,VUB.U --- and that B,OB,=@ when mn. 

Let @ be the zero element in Y, let ||y|| denote the norm of the element y in 
Y, let \Vntmed be a sequence of elements in Y such that nll =2-", and let the 
mapping f be defined on [0, 1] into Y by f(x)=¥y, if xEB,, and f(x)=6@ if 
x€A’ (cf. [1] p. 30, example 23). The mapping f is discontinuous at each point 
in A: if pCB,, then ||f(p)|| =2-" while each neighborhood of contains a point 
gc A’ where ||f(g)|| =||6|| =0. The mapping f is continuous at each point in A’: 
let pEA’, let e>0, choose & so that 2-*<e, and then choose a neighborhood NV 
of » that excludes 4,U4,2U --- UA, 1 xEN, f(x) —f(p) } = f(x) 1 <2*<e, 

Let f be as above, let yC R, and let 7 be the unique integer such that mr 
<m-+1. We define the mapping Fon R into Y by F(r) =f(r—m). The mapping 
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F is continuous only on the set S={x@R: x-m€A’ for some integer m} 
=U,(m-+A’). Since S is everywhere dense, is of second category, and is of 
measure zero, F is the desired mapping. 


References 
1. B. R. Gelbaum and J. M. H. Olmsted, Counterexamples in Analysis, Holden-Day, San 
Francisco, 1964. 
Zz. A. C. Zaanen, An Introduction to the Theory of Integration, 2nd ed., North-Holland, 
Amsterdam, 1961. 
POWERS IN GROUPS 


LADISLAUS REDEI, Szeged, Hungary 


In semigroups, the powers of an element obey the rule 


aay = qety (x, y = 1, 2, oe ). 
Corresponding statements hold for x, y=0, 1, 2,---+ in semigroups with 
identity, and for x, y=0, +1, +2, --.- in groups. The proof for groups is usually 


assumed to require a breakdown into “cases,” and is left by most textbooks to 
q 


the reader. A complete and elegant proof may be obtained, however, by reduc- 
tion to the semigroup case as follows. 

For arbitrary a in the group, let («, y) denote the assertion “ata” =a*+” for 
all nonnegative integers x, y” and let (x, y, z) denote the assertion “a*a¥a? =1 for 
all integers x, y, gsuch that x+y-+2s=0.” For x, y nonnegative, (x, y) and (x, y, z) 
are obviously equivalent. Furthermore, in a group, the equations uvw=1, 
wuv=1 and wy tu-1=1 are all equivalent, and therefore the triples (x, y, 2), 
(2, x, Vv), (y, 2, x), (—2, —y¥, —x), (—y, —x%, —3), (—x, —2, —y) are equivalent. 
In at least one of these triples, the first two components are nonnegative and we 
have the desired reduction. 


MORE ON THE INFINITE PRIMES THEOREM 


R. L. HEMMINGER, Vanderbilt University 


Call a sequence {Fahey of positive integers acceptable if (1) F,4F, for 
nm, (2) (Fa, Fm) =1 for (n, m)=1, (3) there exists a prime p for which F, is 
not prime, and (4) F,+1 for p a prime. 

The purpose of this note is to observe that any acceptable sequence can be 
used to establish the infinitude of the primes in exactly the same manner as the 
Fibonacci numbers were used in [1]. 

Let { Fate be an acceptable sequence and suppose that p,, po, - > - , pz are 
all the prime numbers. Then, by (1), (2), and (4), F,,, /p,, °° +, Fp, are pairwise 
relatively prime integers greater than 1. Thus, since there are only k primes, 
each of them has only one prime factor. But this contradicts (3). 

One sees immediately that, in addition to the Fibonacci numbers, the Mer- 
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senne and Fermat numbers form acceptable sequences since, in each case, the 
terms of the sequence are relatively prime. 

Finally one notes that the essence of the classical proof is recaptured by 
considering the acceptable sequence {Fa} meats defined recursively by /,=2 and 
Pay=Py- + + Pal. 


Reference 
1. M. Wunderlich, Another proof of the infinite primes theorem, this MONTHLY, 72 (1965) 305. 
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THE THEORY OF NUMBERS AS A REQUIRED COURSE IN THE 
COLLEGE CURRICULUM FOR MAJORS 


I. A. BARNETT, University of Cincinnati, Ohio University 


The role of the theory of numbers in the development of mathematics is well 
known. Such eminent mathematicians as Hilbert, Hardy, and Dickson have 
expressed themselves vigorously on the benefits to be derived from a study of the 
subject. In his familiar essay, “A Mathematician’s Apology,” which first ap- 
peared nearly forty years ago, Hardy writes: 

“The elementary theory of numbers should be one of the very best subjects for early 
mathematical instruction. It demands very little previous knowledge; its subject matter is 
tangible and familiar; the processes of reasoning which it employs are simple, general and 
few; and it is unique among the mathematical sciences in its appeal to natural human curiosity. 
A month’s intelligent instruction in the theory of numbers ought to be twice as instructive, 
twice as useful, and at least ten times as entertaining as the same amount of Calculus for 
Engineers.” 


The purpose of this brief article is to expand on Hardy’s statement and to 
show why the subject matter of the theory of numbers should be required not 
only of all mathematics majors, but also of all prospective teachers of elemen- 
tary-school arithmetic as well as teachers of high-school algebra and geometry. 

There are, of course, many colleges that offer a course in the Theory of Num- 
bers; and it is usually elected as a sort of “filler” course. Those in charge of pro- 
grams for mathematics majors have overlooked one of the most effective disci- 
plines for the training of students. In the opinion of the writer, to discover 
mathematical talent, there is no better course in elementary mathematics than 
number theory. Any student who can work the exercises in a modern text in 


1966] MATHEMATICAL EDUCATION NOTES 1003 


number theory should be encouraged to pursue a mathematical career. Each 
problem requires a type of reasoning and insight that is hard to match in any 
other subject. Furthermore, the student may check his results and thus obtain 
confidence which he could not find in routine problems of the calculus. Not only 
majors can profit from such study. For the prospective teacher, notions of divisi- 
bility and other concepts of number theory will serve as a basis for a better 
understanding of arithmetic and algebra. 

To be sure, a chapter or two on number theory appears in most textbooks 
on abstract algebra, but the main purpose of such material is to give the student 
special instances and illustrations to clarify the definitions. This material, how- 
ever, does not suffice to initiate the student to the real beauty of the subject nor 
to develop in him the insight that is so important in the further understanding 
of mathematics. 

A first course in number theory should not be given as a unified mathemati- 
cal discipline. Nor should it be presented as a series of disconnected puzzle 
problems. The instructor should strike a middle course; he should give the 
student an historical perspective into the importance that many great mathe- 
maticians have attached to the subject. The mathematics major will be chal- 
lenged by the deceptive simplicity of the problems; his curiosity, a trait so basic 
to the study of mathematics, will be aroused. 

To point out a few places which serve to emphasize the beauty and the nature 
of the material, one may begin with the definition of the greatest common di- 
visor (g.c.d.). The definition may be given in two ways: 


A. dts the g.c.d. of two integers, a and b, uf dis a divisor of a and of b; and every 
divisor of aand bis a divisor of d. 


B. dis the g.c.d. of a and b, uf there are integers a and B such that a=ad, b= Bd, 
where a and B are relatively prime. 


Prove that A implies B and B implies A. 
In practically all arguments involving divisibility, the Fundamental Theo- 
rem of arithmetic is used. This Theorem may be stated in two equivalent forms: 


A. Every integer may be factored uniquely as a product of primes. 


B. Lf the product of two integers 1s divisible by a third, and one of the factors of 
the product 1s relatively prime to the third, then the other factor 1s divisible by the 
third integer. 


The proof of the equivalence of these two definitions is an instructive exer- 
cise. It is rather remarkable that such an elementary fact as the g.c.d. of ka and 
kb equals k times the g.c.d. of a and 0, requires for its proof the Euclidean Al- 
gorithm or something equivalent to it. 

The student majoring in mathematics should find satisfaction in learning 
about the result concerning the sum of the divisors of an integer, its application 
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to perfect numbers, and the connection of perfect numbers with Mersenne 
primes. He will certainly be astonished to learn about Fermat primes and their 
relation to the Euclidean constructions of regular polygons. 

The properties of Pythagorean triangles and the fact that their areas cannot 
be perfect squares will give him an introduction to certain types of Diophantine 
equations which have no solutions. Here he will learn about Fermat’s method 
of infinite descent. The depth of the properties of quadratic residues and the 
quadratic reciprocity theorem will give him a respect for the inventiveness of 
the human mind. When he sees how irregularly the primes are distributed, he 
will appreciate how the Prime Number Theorem brings order out of chaos. 

Finally, he will be impressed with the simplicity and beauty of Euclid’s proof 
concerning the infinitude of primes. The climax of Euclid’s discovery comes with 
Dirichlet’s result that every arithmetical progression an-++-b, where a and 6 are 
relatively prime, contains an infinitude of primes. Not all of these results need 
be proved in a first course in number theory, but they should certainly be stated 
and illustrated. 

One could go on citing many other remarkable results, as well as problems 
which still await solution. One of the best reasons for requiring a course in 
number theory for every major is that it will give the beginner an opportunity 
to start research at an early stage. The student can make up conjectures which 
he can prove to be true or false. He will find that the amateur as well as the 
professional mathematician can discover new results. One need only cite the 
example of how a young nineteenth-century Italian boy found a new pair of 
amicable numbers. This pair, 220 and 1184, which is relatively small in magni- 
tude, had been overlooked by the professional mathematicians. 

This short outline should show that there is a veritable gold mine of material 
which could serve as an excellent introduction to mathematics for young stu- 
dents, and which will arouse their curiosity and be a challenge to their mental 
powers. 


THE INTERCOLLEGIATE MATHEMATICS LEAGUE 


STANLEY RABINOWITZ, Polytechnic Institute of Brooklyn, vice president ICML 


During the 1965-66 school year, a group of college students in New York 
City banded together to form the Intercollegiate Mathematics League (ICML). 
The purpose of the League is to coordinate mathematical competitions among 
its member schools and by so doing to stimulate the students of these schools 
with the interesting problems proposed. 

The problems used are selected by the Faculty Advisor, presently Professor 
Salkind of the Polytechnic Institute of Brooklyn, from those contributed by 
volunteers from the faculty of the participating colleges. The contests are an 
hour long and are taken by teams from each member school. A team consists 
of from five to ten undergraduates and the team’s score is the sum of their top 
five scores. Both individual and team prizes are awarded. 
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Because of a late start, only three contests were held during the 1965-66 
year. They are listed in the appendix. For this year, the winning school was 
Cooper Union. Second and third places went to Polytechnic Institute of Brook- 
lyn and Adelphi University, respectively. The highest individual scorer was 
Harry Ploss of Cooper Union and second and third place went to Stanley Rabin- 
owitz and Richard Lary both of Polytechnic Institute of Brooklyn. The schools 
received trophies for their achievement and the individuals were given books on 
mathematics. 

The schools which are presently in the League are Adelphi University, 
Brooklyn College, The Cooper Union, Iona College, Newark College of En- 
gineering, New York Institute of Technology, New York University (at Wash- 
ington Square and University Heights), Polytechnic Institute of Brooklyn, 
Pratt Institute, Queens College, and St. John’s University. Other schools in or 
around the Metropolitan New York area which are interested may join by 
contacting the president of the League, Mark Brody, at Cooper Union or the 
author. 


Appendix. The following are the first three contests held by the ICML. 


MEET [ 


1. Find all the positive values of a for which 5/7, (a*m!)/n” converges. 

2. Let a be a given positive number. For each positive number, 0, the graph 
of x2/a2+y?/b?=1 is an ellipse (or a circle). Let the line with equation x=, 
0 <x,<a, intersect each of these graphs at two points. Prove that the tangents 
to the graphs at the intersection points all meet the x-axis in the same point. 

3. Prove that if 7; and 7. are the roots of x*—6x+1=0, then 7{+73, n a 
natural number, is an integer. 

4, Prove that triangles having vertices at lattice points in the xy-plane can- 
not be equilateral. (A lattice point is one with integer coordinates.) 


5. Let xy+xet --- +x,=s where x;>0, i=1, 2,--+-+mn, and s is fixed. 
Prove (a) If p=xyxe - + + Xa, then p(maximum) =s"/n". 
(b) 4 (xyte + + + Xn) S(ai+x%e+ - ++ +2x2)/n, that is, the positive geometric 


mean of z positive numbers can never exceed their arithmetic mean. 


Meet II 


1. Prove, by the use of “Taylor’s Theorem with Remainder” that any curve 
with equation y=f(x), having an inflection point at «=o, and for which the 
second derivative is continuous, crosses the tangent line at x». [Define an in- 
flection point as one where the second derivative changes sign. | 

2. Find the minimum of the function F where F(A) = f[x?—(x-FA) |?d«. 

3. Find the set S of points P(x, y) such that P is equidistant from the x-axis 
and the circle with center at the origin and radius a. 

4, (a) Find the points x; and x2 so that the formula fof(«)dx =f (x1) +f" (x2) 
yields exact results for polynomials of degree $2. (You may assume f possesses 
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the properties you deem necessary for this problem.) (b) Determine the error 
(in absolute value) in using this formula for any third-degree polynomial with 
leading coefficient 1. 

5. Define A, recursively by Anyi=A?—An+1 with A,=2. Prove that each 
A; is relatively prime to all other A;,74j,7,7=1,2,3,--°. 


MEET III 


1. Find the limz.. [x|/x, where [x] is the greatest integer less than or equal 
to x. Show all work. 
2. Prove or disprove that you can add a constant to the variable of integra- 
tion if you subtract it from the limits of integration. 
3. Derive the general term u,(x) of the series for 
1 1 


In 
1—x 1-% 


4. Prove without using |’Hépital’s Rule that J,~J_ when s is near 1, where 


tL dx 1 dx 
i, = — and I, = f —_———— > 
0 (1+ x)8 o (1 + 2) 


5. Let f be a family of lines such that for each line, OP is the x-intercept and 
OO is the y-intercept and segment PO is constant, that is, PQ=k#0, k constant. 
Find the equation of the envelope of f. 

DEFINITION. The envelope of a family f of ©! curves is the curve (or curves) 
such that, at each of its points, it is tangent to a member of the given family f. 


A MATHEMATICS COMPETITION IN CALIFORNIA 


BRENDAN KNEALE, F.S.C., St. Mary’s College 


In a recent report (see [1]|) J. R. Smart described a program in Wisconsin 
which calls for sending five problem-sets each year to more than 500 high schools 
and selecting the top fifty or so students to come to the State University for a 
special day-long session. It may be of interest to compare that program with a 
similar but differently oriented one in California. 

Six years ago the Department of Mathematics of St. Mary’s College sent 
to thirty high schools in the State a set of ten problems for each month of the 
school year, followed up with correction of the papers mailed in, score sheets, 
and solutions. The purpose was chiefly to upgrade performance in local and na- 
tional contests which involved problem-solving. The selected schools, which 
were mostly private or diocesan, had performed poorly in past contests. The 
next year forty public high schools from two Bay Area counties were invited to 
join the program, and a contest on the campus of the College was announced 
for those students who performed well. The response in that and subsequent 
years was most heartening. During the third year NSF gave further impetus to 
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the work by supporting the main part of the program (though not the final con- 
test, support for which was against Foundation policy). By 1966 the overall 
program has grown considerably and most of the “bugs” seem to have been re- 
moved. 

In its present form the program has the following steps: 

A. At the start of the school year letters of invitation are sent to all junior 
and senior high schools in the San Francisco-Oakland area and to selected 
schools in nearby counties. (We have previously cleared the program with school 
system superintendents.) These letters read in substance: 


Once again you and your students are invited to participate in the Problem-Solving Program 
in Mathematics sponsored by Saint Mary’s College and the California Mathematics Council 
Northern Section. 

The program provides high school and junior high school students with an opportunity to 
solve problems of some difficulty not just once a year at the time of a mathematics contest but 
throughout the year. The aims envisaged by the sponsors are: 1) To arouse mathematical interest, 
especially in key areas of problem-solving; 2) To discover mathematical talent that might other- 
wise remain hidden; 3) To help students keep widely separated parts of mathematics freshly in 
mind; 4) To direct abler students to advanced techniques, useful notations, and to habits of gen- 
eralization and abstraction; 5) To upgrade performance in homework, examinations, and con- 
tests; 6) To help teachers continue developing their own skills. 

Two separate problem-solving programs will be conducted simultaneously, one for students 
of grades 10-12 which will be subtitled the senior high school division, and one for students of 
grades 7~9, subtitled the junior high school division. For each division there will be four problem- 
sets sent during the year on the dates listed in the enclosed schedule. One month after these dates 
solutions will be due at the College. At that time solution-sheets will be sent to the participating 
schools so that students may check their results while the problems are still fresh in mind. During 
the following two weeks the problems will be corrected, points will be assigned to the students, a 
report of the students’ rating will be made, and the next problem-set will be sent to the schools. 
The pupils themselves may mail in their individual solutions or the instructors may prefer to col- 
lect the papers and mail them all in together. 

This program is capped with an invitational contest to be held May 7, 1966, on the campus 
of the College. Eligibility will be determined as follows: For each problem-set the maximum pos- 
sible number of points is 100, so that the total possible number for the year is 400; only students 
who during the course of the year have earned a total of at least 100 points in the ratings will be 
allowed to participate in the contest. Further information will be sent prior to the day of the contest. 


B. Asin former years there were requests from school instructors for guide- 
lines on how much help the students should receive in trying to solve the various 
problems. The reply that we gave this year was the following: Students are ex- 
pected to learn by doing so that it is hoped that the work mailed in represents 
personal effort. Success in the final contest is evidence of this effort. On the other 
hand, the program is supposed to lead to new ideas for the students, hence what- 
ever concepts and techniques are unknown to the students but are needed for 
understanding the problems should be taught to them, yet the students ought 
not to be deprived of the chance to make discoveries of such concepts and tech- 
niques for themselves. 

C. In the spring letters are sent to local companies requesting that they 
make prize-donations in the form of books, slide rules, and other aids. These, 
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together with cash support from the College and the California Mathematics 
Council, result in an impressive array of prizes—this year containing twenty- 
three for the senior division and thirty-four for the junior division. 

D. For the final contest in May we mailed out official eligibility lists and 
instructions to the schools who had students with 100 or more points, that is, to 
twenty-nine senior and fifty-one junior high schools. Of the 105 students from 
the former and the 172 from the latter some could not come to the contest be- 
cause of local activity-conflicts, but the final count was very good: eighty-five 
and 160 in the respective divisions. Also some forty teachers attended, many 
of them generously assisting with the work of proctoring, correcting, and 
tallying. 

Unlike the Wisconsin program described in [1] we are not engaged primarily 
in a “search for mathematical talent.” Rather we design our efforts mainly to 
develop and encourage such talent, and to a certain extent we include the school 
teachers in this effort. There is evidence that many schools, classrooms, and 
teachers of whom we never hear take full advantage of the problems and solu- 
tions which we mail out. 


Sample Problem-Set. Senior Division, April, 1966. 


(1) Find the matrices with real elements which are the square root of 
i -- 1 
1] 

(2) A trapezoid has parallel bases of 16” and 10” and equal sides of 12”. A line 
is drawn from one end of the 16” base to the opposite 12” side so as to di- 
vide the trapezoid into two figures of equal area. If the division line cuts 
the opposite side a distance x from the end of the base of length 10”, what 
is x? 

(3) The definition of e, the base of the natural logarithm system, is 
e=limz.5 (1-+x)*, On the basis of this definition find lim,.,, (1+5/z)'. 

(4) Nine cards are dealt face down. Somebody looks at one of the cards and 
places it on top of the pack of nine cards. These are then placed under the 
deck, face down. The dealer now makes four piles of cards as follows. He 
turns cards up counting 10, 9, 8, 7, .. . and stops if one of the numbers he 
calls coincides with the card. If there is no coincidence by the time he 

, reaches 1, he puts a card face down on this pile. In this manner he builds 
up four piles. He then adds the sum of the numbers appearing on the four 
piles and counts out that many cards. The last card he turns up is the card 
that was originally selected and put on top of the pile of nine cards. Explain 
why this trick works. 

(5) Draw the graph of y= | 5— 5—|«| | |. 

(6) There are x keys and m locks, with 2 2m. One key and only one opens each 
lock. What is the average number of trials required to open the m locks? 
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(7) 


(8) 


(9) 
(10) 


The roots of the equation x?~—3x—1=0 are r=(3+ 0/13)/2 and 
s=(3— V/13)/2. Prove that, for ~ a positive integer, r”-++s” is always an 
integer. 

Work out a formula f, in the form of a polynomial of least degree, which 
has the following values: f(1) =2; f(2) =7; f(3) =16; f(4) =30; f(5) =50; 
f(6) =77; f(7) = 112. 

Solve for x to three decimal places: 2*=2-*—A4. 

Determine whether the equation x? —25x+163 =0 has integral solutions in 
any number base. 


Sample Problem-Set. Junior Division, April, 1966. 


(1) 
(2) 
(3) 


(4) 


(5) 


(6) 


(7) 
(8) 


(9) 


(10) 


Two squares, each of side s, are so placed that their common area is a 
regular octagon. What is the area of this regular octagon? 

Express 17/25 as the sum of three different fractions each having 1 as 
numerator and an integer as denominator. 


Given the following table, determine the manner in which it is built up: 
1 

1 

3 2 1 


6 7 6 3 1 
10 16 19 16 10 4 1 
15 30 45 Si AS 30 15 5 1 


el ol oo oe oe 
mn +R WG bre 


Given two fractions 3/5 and 5/4 in base 7. Find their sum performing all 
operations in base 7. (In other words, put the fractions into a form so that 
they have a common denominator, and then add.) 

Find the set of positive integers whose sum is 20 and whose product is a 
maximum. 

Two wheels of radii 2’ 10” and 1’ 14” respectively are rotating in contact 
with each other. Let the point of contact at the start be marked on each 
wheel. What is the smallest number of revolutions of each wheel before the 
original point of contact becomes the point of contact again? 

What integer multiplied by 52631578947368421 will give all 9’s? 

Given objects of four colors: red (R), blue (B), green (G), and white (W). 
These are to be placed in a row in such a way that (1) no two objects of 
the same color are tcgether; (2) two successive objects of given colors may 
not be repeated in the sequence. Thus, once RW is used, this combination 
may not be used again. How many objects may be put in a row according to 
these rules? (Show your arrangement.) 

A student has four science books, three literature books, and two mathe- 
matics books. He wishes to keep all books of the same kind together on his 
shelf. In how many ways can the books be arranged? 

Tom Jones and Bill Smith set out to create their own thermometers. Jones 
calls the freezing point of water on his scale 40 degrees, while Smith calls 


1010 MATHEMATICAL EDUCATION NOTES [November 


his freezing point 25 degrees. Jones makes the boiling point of water 280 
degrees and Smith his boiling point of water 125 degrees. What tempera- 
ture on the Smith scale is equivalent to 97 degrees on the Jones scale (to 
one-tenth of a degree)? 


Reference 


1. J. R. Smart, Searching for mathematical talent in Wisconsin, II, this MonTuLy, 73 (1966) 
401-406. 


NCTM FILM SERIES 
MATHEMATICS FOR ELEMENTARY SCHOOL TEACHERS 


After an investment of three years’ hard work and nearly $300,000, the 
NCTM project Films in Mathematics for Elementary School Teachers now has 
tangible results to show for these efforts. A series of ten in-service teacher edu- 
cation films has been completed. They are 16mm color, sound films, each ap- 
proximately half an hour long. Up to this point these films may sound like “just 
another series.” This is far from true. The films are different because they were 
produced differently. Media experts, mathematicians, and mathematics edu- 
cators were joined together in a working team from the very inception of the 
project. Somewhat as a “shakedown cruise,” a series of five pilot films was pro- 
duced. Critiques of these were gathered from many informed persons. The films 
served their purpose and were never released for general classroom use. From 
the ideas and experiences gained in this initial project, plans for the present se- 
ries took shape. The team approach to producing these films is evident through- 
out. They are not stand-up blackboard lectures; appropriate teaching aids were 
specially built and are skillfully used; good teaching techniques were practiced 
as well as preached; a talented educator, with wide experience in the medium, 
plays the role of teacher. Mathematically precise and accurate content, sound 
teaching techniques, and technical finesse have been combined in this series of 
films in mathematics for elementary school teachers. A 224-page correlated text 
has been published to accompany the films. 

The National Science Foundation has provided financial assistance in the 
amount of $276,000. In addition, approximately $40,000 of NCTM members’ 
dues has been invested in the project. 


BRIEF COMMENT 


News of the “New Math,” GErorGE WEBER, Bulletin of the Council for Basic 
Education, 10 (1966) No. 9, 1-4. 


A review of some recent comments by a variety of people on topics in school 
mathematics is given here. E. G. Begle’s plans to convene a group to design a 
new sequential curriculum for the schools in grades 7 through 12, as reviewed in 
this section earlier, is mentioned. The concern of a number of people, Bernard 
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Friedman and Max Beberman among them, for the loss of computational skills 
which appears to accompany the introduction of “new math” is brought up. 
Some remarks of Frank B. Allen’s and of Howard Fehr’s are also mentioned. 


SMSG The Making of a Curriculum, WILLIAM Wooton, Yale University Press, 
New Haven, Connecticut, 1965, x+182 pp. 


It is not the intention of this section of the MONTHLY to review books; how- 
ever, since it is likely that this book will not be reviewed in the section on book 
reviews, it was thought desirable at least to call attention to its existence here. 
“This brief book provides a description of the origin and activities of the School 
Mathematics Study Group (SMSG) over the first four years of its existence. The 
chief purpose of this book is to describe the activities and modus operandi of 
SMSG. The book is addressed to any person, mathematically trained or other- 
wise, with a curiosity about how a group such as SMSG undertakes to influence 
the curriculum of the schools of the United States.” There is an extensive ap- 
pendix which names all the peopie who were involved with SMSG in the years 
1958 to 1962. 


Games and Programed Instruction, LAayMAN E. ALLEN, Programed Instruciton, 
V (1966), No. 6, 9-11. 


The claim is made that “(1) appropriate kinds of games can themselves be 
a rather sophisticated and complex mode of programed instruction, and (2) that 
learning programs can be constructed so that they incorporate important fea- 
tures of games—hopefully, the features that make games self-motivating.” 
Two games are mentioned to substantiate the claim. The first is WFF’N 
Proof, a game—or better a sequence of successively more difficult games— 
based on the statement calculus. WFF’N ProoF is mentioned but briefly, and 
then the second game EQUATIONS is described in considerable detail. EQUATIONS 
is a game in which a randomly determined set of elements—numbers and signs 
of operation—must be arranged by the players to form a correct equation, sub- 
ject to a rather complex set of rules. The article is reprinted from The Ariih- 
metic Teacher. 


Topics: The Case of the Angry Mathematician, HARRY ScHwartz, The New 
York Times, April 23, 1966, p. 30. 


» This brief and amusing editorial was prompted by the appointment of Nach- 
man Bench by Mayor Lindsay of New York City. It makes essentially two 
points. The first is that by and large mathematics gets much poorer reporting 
in the daily press than do the humanities. The second is that the computer is a 
“moron machine and it can do nothing by itself.” The latter point, though a 
familiar matter to any mathematician, is still a bit of a mystery to non-mathe- 
maticians. Its emphasis here is good to see. 
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Comment on Review of “Mathematics and the High School Curriculum.” F. V. 
Pou Le, Adelphi University. (See MONTHLY, April 1966, Part I, p. 409.) 


The Review asserts that the Report “appears to be largely an apologia for 
and an expansion of the views of Professor Morris Kline... ”. Appearances can 
be deceiving. The objective of the Report was clearly stated in the first sen- 
tence: “The following comments have been written to supply background in- 
formation on a subject which cannot be discussed without a substantial amount 
of preliminary reading.” 

The material was intended for high school teachers, parents, and adminis- 
trators interested in the teaching of mathematics in our high schools and was 
presented largely through quotations from many authorities: Courant, Dieu- 
donné, Stone, von Neumann, Yang, Weyl, Rosenbloom, Kline, Beberman, Biot, 
Stoker, Diliberto, and Moise. In addition, reference was made to SMSG texts. 

The Review did not note comments with respect to three important refer- 
ences: (1) The Cambridge Report (Goals for School Mathematics); (2) “On 
the Mathematics Curriculum of the High School” which appeared in this 
Monrtuaey (vol. 69, No. 3, March 1962, pp. 189-193): (3) recommendations made 
in 1964 by Dr. John W. Gardner, now a member of President Johnson’s Cabinet 
but written at the time when Dr. Gardner was President of the Carnegie Foun- 
dation for the Advancement of Teaching. Since precisely such recommendations 
have been made recently at the University of California at Berkeley and have 
been adopted in modified form at Yale University, the recommendations may 
be worth further consideration. 


The following 11 articles are taken from the Proceedings of the Preliminary 
Meeting on College Level Mathematics Education under the Auspices of the 
U. S.-Japan Program on Scientific Cooperation, Katada, 1964, Japan Society 
for the Promotion of Science, 1965. 


Problems of College Level Mathematics Education in Japan, SHOKICHI 
IYANAGA, pp. 1-8. 


This article describes the educational system in Japan, limiting itself to the 
college and secondary schoo! curricula. The description of the high school 
curriculum is rather more detailed, since the college curriculum is described in 
considerably greater detail in other articles of this booklet. After the description 
of the curricula, the following problems are stated: “(1) How to improve our 
high school mathematics? (IJ) Where should abstract ideas be introduced? 
(III) How about the logical foundations of elementary concepts? (IV) How 
about classical subjects such as differential geometry in A’ or projective geom- 
etry? (V) How about numerical analysis and computer mathematics?” 
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Analysis for the College Level Mathematics of Japan, Kosaku YosipDA, pp. 
9-16. 


“One of the salient features of the curriculum of the mathematics education 
in Japan is that we teach in high schools the differential and integral calculus of 
functions of one independent variable, including exponential and logarithmic 
functions. Of course, it is taught on the ground of very intuitive notion of limit 
concerning real numbers.” The article goes on to describe the college curriculum 
for the first three semesters at the College of General Education of the Univer- 
sity of Tokyo which curriculum is fairly typical. Thereafter the curriculum for 
more advanced analysis courses is also given. Finally two alternative plans for 
revision of the basic three semester curriculum are given. 


Algebra and Geometry for Science and Engineering Students, YUuxKiyos! 
KAWADA, pp. 17-21. 


Students described in the title generally take either one or two years of 
courses in algebra and geometry at the rate of two hours per week, the courses 
comprising basic ideas in analytic geometry and linear algebra. It is assumed 
that the students have had at the high school level the following: “polynomials, 
rational functions, algebraic equations of degree two, permutations and com- 
binations, elementary geometry, plane coordinate geometry, conic sections (in 
canonical forms), notion of vector in plane, complex numbers, introduction of 
coordinates in space.” Assuming this background there are presented two course 
outlines for the presentation of the following three main topics: “(1) Analytic 
geometry in space with the use of vector notation, (2) Linear algebra in m-dimen- 
sions, (3) Some concepts from abstract algebra (such as abstract groups).” 


Probability and Statistics for the First Two Years of University, SHIGERU 
FURUYA, pp. 22-27. 


An outline is given which presents pertinent information concerning the 
presentation of courses in probability and statistics at thirteen Japanese uni- 
versities. An outline is then given for a typical course in probability and sta- 
tistics, and a further outline is given for a course in statistics alone as presented 
at the University of Tokyo. Finally an outline for a proposed course in proba- 
bility and statistics (without measure theory) is given. 


Where to Place Abstract Ideas, Yukio MimuRa, pp. 28-29. 


This article deals with the problem of where in the college curriculum to 
place ideas associated with foundations and with the rigorous development of 
the real numbers. The students in Japanese colleges arrive with a background in 
calculus from their secondary school education, albeit a calculus taught from an 
intuitive standpoint. The pressure on progressing rapidly with the concepts of 
the calculus precludes any extensive background on foundational topics. It is 
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thus Professor Mimura’s proposal to introduce a course sometime during the 
first two years that will deal separately with “the fundamental notions of 
modern mathematics.” 


College Level Mathematics Education and Computers, HirosH1 NoGUCHI, pp. 
30-34. 


This article proposes that in the future, when high speed computing ma- 
chines may no longer be sequential, but may trend toward parallel operation, 
the disciplines of numerical analysis and high speed computation may be quite 
different. It also makes an interesting application of category theory to flow 
diagrams. Finally, it proposes “1) For mathematics students, start courses on 
algebra and general topology similar to those recommended by CUPM (green, 
pp. 51, 61) as early as possible (at best, within the first two years) including a 
little of high speed computation. 2) For engineers and physicists a course on 
elements of modern mathematics such as algebraic structures of CUPM (yellow 
without C, p. 38) and some of general topology (green, p. 61) have to be pro- 
vided as elective courses at least.” 


Mathematics Education for Other Sciences, Yasuo AKIZUKI, pp. 35-38. 


“Some physicists well recognize the effectiveness of modern mathematical 
thinking ... but they fear that, if their students learn mathematics from the 
very beginning in too abstract a way, then they might not grasp its relationship 
to physical matter, since the intuitional image would be hidden under the nice 
formulation.” “Most of the liberal scientists and economists desire mathematics 
education to be modernized and prefer the ideas and meaning of concepts to 
calculating techniques.” In attempting to deal with the needs of other sciences 
for mathematics Professor Akizuki urges that abstract concepts be illustrated 
insofar as possible with as many examples as possible—examples chosen from 
the physical world. He stresses the importance of geometrical intuition and of 
the global view of mathematics, not merely the appreciation of the logical de- 
velopment of the subject. 


Why and how C.U.P. began, E. J. McSHANE, pp. 39-48. 


“Let me begin by giving a short table of contents of my talk. First I shall 
indicate the background of the unsatisfactory situation existing some twenty 
or thirty years ago. Then I shall outline the ideas underlying the early work of 
the Committee on the Undergraduate Program of the Mathematical Associa- 
tion of America, and describe some of the work done by that committee in its 
first six years. In this I shall try to point out some mistakes.” True to his 
promise the article follows the course laid out and as a bonus at the end there 
are included some of the author’s own opinions on some of the matters broached 
in the earlier part. The style of the article is infused with the author’s usual 
charm and ends with, “I feel that it is important to remember in all efforts at 
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improving the teaching of mathematics, that we are teaching human beings, 
and that what we are teaching them is a human activity with uses and with 
beauty and with surprises.” 


Organizing Nationally for Improvement of College Mathematics, W. L. DurEn, 
JR., pp. 49-59. 


This article deals with the more recent history of the Committee on the 
Undergraduate Program (CUPM) and with some of the problems this commit- 
tee will face in the future. It also deals with the broader problem of organizing 
such a committee to reorganize the teaching of mathematics at the college level. 
“Our survey of the factors which press us to attempt a nationally organized 
revision of college mathematics and the forces resisting any such effort gives 
an idea of the problems which confront those of us who have undertaken some 
responsibility for it. Perhaps our greatest problem is not how to overcome the 
resistance in order to bring our plans to realization, but how to exercise wisdom, 
self-discipline and restraint, and how to retain our respect for the mathematics 
we have inherited from the past and preserve it. For our times are times of 
upheaval and change, not only in general society, but in some ways even more 
radically in our small world of mathematics and mathematics education.” 


Activity and Motivation in Mathematics, Epwin E. MolIsg, pp. 60-66. 


“Tf we look at a four-year college program, as a whole, it is very natural to 
judge it by the quantity of mathematical knowledge that it appears to contain, 
and by the speed with which it reaches the concepts and methods of contem- 
porary mathematics. Surely these are important criteria. I believe, however, 
that there are other criteria which it is easy to neglect, because they are harder 
to describe and to apply. In the first place, I do not believe the effect of an edu- 
cational program can safely be judged merely by the quantity of knowledge 
which the student can demonstrate on an examination. It seems to me that this 
sort of simple book keeping is not just slightly inaccurate but grossly so.” Much 
of the rest of the article goes on to document these ideas via a description of the 
methods of R. L. Moore, the notion of genetic principle, as well as other ex- 
amples. “I believe that there are no easy answers to the questions that I have 
been raising. The fundamental task of a mathematician who teaches is to convey 
to his students not only what mathematicians know, but also what they do, and 
how, and why. This is a problem in full and honest self-revelation. And (as 
Raymond Chandler has remarked in another connection) honesty ts an art.” 


New Notions for Algebra Courses in College, SAUNDERS MAcLANE, pp. 67-74. 


“A fundamental reform and improvement in college courses in algebra began 
in 1930 under the slogan ‘Modern Algebra.’ A second revolution in algebra is 
now underway: a revolution which emphasizes the importance of studying the 
‘morphisms’ of each type of algebraic system. These ideas entered algebra by 
way of its application to algebraic topology and geometry; they are formally 
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expressed by means of the notions of category and functor; these formal expres- 
sions have led to many new applications. It is now clear that these applications 
can drastically modify the style of future courses in algebra.” The remainder of 
the article documents these notions in technical detail by describing formally 
what a category and a functor are, and by giving a number of examples. 


PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STARKE 


COLLABORATING Epitors: J. BARLAz, Rutgers—The State University; L. CARLITz, 
Duke University: H. S. M. Coxeter, University of Toronto; H. Eves, University of 
Maine; M. S. Kiamxin, Ford Scientific Laboratory; A. E. Livincston, University of 
Alberta; and A. WiLansxy, Lehigh University. 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, N. J. 07060. Proposers of 
problems are urged to enclose any solutions or information that will assist the editors. Ordi- 
narily, problems in well-known textbooks and results in generally accessible sources are not 
appropriate for this Department. No solutions (except those accompanying proposals) 
should be sent to Professor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to M. S. Klamkin, Ford Scientific Labora- 
tory, P.O. Box 2053, Dearborn, Mich. 48121. To facilitate their consideration, solutions for 
Elementary Problems in this issue should be submitted on separate, signed sheets and should 
be matled before March 31, 1967. 


E1925. Proposed by W. J. Blundon, Memorial University of Newfoundland. 


Let r and R denote the inradius and circumradius, and define k=r/R, so 
that 0<kS#3. Prove that, for every triangle ABC, 


(1) —1+ 4k — k? S cos A cos B+ cos BcosC + cosC cos AS k-+ k?, 
(2) —1-+ 3k — 3k? S cos A cos BcosC & #?, 


with equality only for equilateral triangles. 


FE, 1926. Proposed by L. D. Yarbrough, Harvard Computing Center 


Express in terms of NV and 6 the sum of the digits of the integer N as written 
in radix 6 notation. (This is a generalization of the rule of “casting out nines,” 
and for b=2 the formula yields the number of 1’s in the binary representation 
of N, which is a measure of the multiplication speed of certain digital com- 
puters. ) 


E1927. Proposed by Daniel W. Burns, Woodstock, IIl. 


Given any integer m(>6) which possesses primitive roots, let 7 be a primi- 
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tive root of m. Put a;=r? (mod m), where a; is the least positive residue. Now 
form 


gd (m) 
F(x) = >» ajx? mJ, 


j=1 
Prove that F(x) is the product of t+1 polynomials 
F(x) = file) -fo(x) > - > f(a) - g(a), 


where every coefficient of f;(x) is 1, and the sum of the coefficients of g(x) is m. 
Here ¢ is the number of distinct prime divisors of $¢(m). The result is still true 
if the coefficients of F(x) are permuted cyclically. (The result is true for m=5 
and, trivially, for m=3, 4, 6.) 


E 1928. Proposed by D. Z. Djokovié, University of Belgrade, Yugoslavia 


Let A=(a,;) be an Xu matrix such that ai=a:;, 7=1, 2,-°+, 3 Gia 
=b;,i=1,2,--+,n—1;a,;=0 otherwise. Let M be the minor of det A obtained 
by deleting the rows 7, 72, ° °°, t% (1Si<in< +++ <4) and the columns 
jiu Jt ty Jk ASfi<je< +++ <jeSn). Prove that 
M = (aide “ee @j,-1) (05,05 ,41 me bi,-1) (Giyp1@iyye mc Oj_-1) (05.0541 sc b4-1) 

(Ging Giggs °° Oia) 0 + (Oa Dati s+ + Pit) Cin-idigg2 © + + Gn) 
if (S75) <joSte<jppSis<+ ++ <jrStzSn; M=0O otherwise. We take 
(Q,Qy44 °° ° @;) =1 whenever s<r. 


E 1929. Proposed by D. M. Bloom, Brooklyn College 


Each of the 2 teams of a baseball league plays each other team exactly r 
times during the season. (There are no tied games.) Let || a3 @@=1,---,m; 
j=1, 2) be the »X2 matrix representing the final won-and-lost records of the 
teams, arranged in the usual order. Then it is easily seen that 


(1) i+ a2=r(1—-1) (alld), 

(2) 2, Gi = Dy Gea, 
i=] i=x] 

(3) if 72 <4, then Diy = Qj1 and 142 < Aj25 
k 

(4). Sy) Gin = rk(k — 1)/2 (k= 1,+--,n). 
f==1 


Prove that any ~X2 matrix || ae; satisfying conditions (1) through (4) 
represents a possible outcome of the baseball season. 


E 1930. Proposed by Simeon Reich, Haifa, Israel 


Let a, b, c be the sides of an acute triangle, r its inradius, and 7¢, 7, re its 
exradii. Deduce: 
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(1) (x a) <5 >° ab — 3abc, 


2 
(2) or( Do r) + Ort = 32rerer, — 149? DS 1, 


with equality if and only if the triangle is equilateral. 
E 1931. Proposed by D. W. Burns, Woodstock, Ill. 


Given a finite sequence of nonnegative integers, consider the process of 
replacing each of the integers by the number of integers to its right which are 
smaller. Repeat the process in turn on each of the sequences obtained. Show 
that one will finally obtain a sequence such that repetition of the process makes 
no further change, i.e., each integer equals the number of smaller integers to 
its right. 


E 1932. Proposed by C. S. Ogilvy, Hamilton College 

Yor any point P(x,y) on the curve y=/(«), the slope of the line OP is equal 
to f’(xo), where xp =n'/CU-my, Find f(x). 

E 1933. Proposed by H. Kestelman, University College, London, England 

Let 1,,---+, M, be »X# matrices whose sum is (6,,;), and such that the 
sum of the ranks of the matrices is x. Prove that M@,M,=6,;M,(1 S7,sSk). 

FE 1934. Proposed by Gregory Dropkin and Brian Schimdi, Washington, D. C. 


Apply Newton’s method for approximating the roots of a function 
[root =limy soXny Xiza=Xi—S (x3) /f’ (x,) | to the polynomial y= 1+, What is the 
nature of the sequence {Xn ? For which choices, if any, of xo is the sequence 


bounded? 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers—The Stute Univer- 
sity, New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be 
submitted on separate, signed sheets and should be mailed before May 31, 1967. 


5430. Proposed by W. A. J. Luxemburg and R. F. Taylor, California Institute 
of Technology. 
Find all possible functions f: RR with properties 


(1) fe+y) =f(@) +f(9), and 
(2) f(p(x)) =pCf(x)) for some polynomial p(x) of degree 22. 


5431. Proposed by George Schumm, Earlham College, Richmond, Indiana 


Given the ordinal numbers £ and y, we call € a root of y if there exists an 
ordinal number a> 1 such that &*=y. What is the kth smallest transfinite num- 
ber for which there exists no root of degree greater than 1? 
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5432. Proposed by Benjamin Volk, Yeshiva University 


Let f(z) be an integer-valued function defined on the positive integers such 
that f(z)—»0 (c, k). Show that 


x = 3 nlf (=)>0 Ge. 


d\n 
5433. Proposed by Benjamin Volk, Veshiva University 


Let ¢ be a function, continuous on (0, 1] of period 1 and satisfying 


p— J 
D o(« —) - ; n= 1,2,--: 


j=1 n 
Show that the sequence {¢( I) } is orthogonal on (0, 1). (Cf. 5143 [1964, 1050). 
5434. Proposed by H. Kestleman, University College, London, England 


Let N be a normal Xz matrix (i.ec., N commutes with its hermitian 
transpose), N* = 1 for some integer k 2 2, and N ~ 1. If M = (1/k) 
°(1+N+N?2+ +--+ +N") and M0, show that / projects orthogonally on to 
a subspace of complex-euclidean 2-space, and identify this subspace in relation 
to NV. (Note that if =k =2, then NW isa reflection and $(7+ J) is the projection 
onto the mirror.) 


5435. Proposed by J. P. Wilhams, University of Michigan 


In the appendix to his book, Fourier Analysis on Groups, (Interscience, 1962), 
W. Rudin asserts that if A isa commutative Banach algebra then each nonzero 
complex homomorphism on A has norm 1, Is this true in general? 


5436. Proposed by Seymour Metz, Computer Associates, Arlington, Va. 


Does there exist a real function on the real line whose points of continuity 
form a dense set of measure zero? 


5437. Proposed by Hewitt Kenyon, George Washington University 


We say that a sequence x is eventually in A if x,€A for all sufficiently large 
nm; a sequence y is an undersequence to a sequence x if and only if whenever x 
is eventually in a set A, then y is eventually in A; we shall also say x is greater 
than y in this case. Two sequences will be called equivalent when each is an 
undersequence of the other. 

Suppose that S is a nonempty set of sequences, every finite subset of which 
has a common undersequence. Which of the following statements are necessarily 
true? 

(a) If y isan undersequence of x, then there exists a subsequence 2 of « which 
is equivalent to y. 

(b) If S is finite, then S has a common subsequence. 

(c) If S is finite, then S has a greatest common subsequence. 
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(d) If S is finite, then S has a greatest common undersequence. 

(e) If S is countable, then S has a common subsequence. 

(f) If S is countable, then S has a common undersequence. 

(zg) If S is countable, then S has a greatest common undersequence. 
(h) S has a common undersequence. 


5438. Proposed by M. L. Glasser, Battelle Memorial Institute 


Express the following integrals in terms of Fresnel functions: 
| er sin ¥ sin {a cosy + (y+ ni) } dy. 
0 


5439. Proposed by C. J. Mozzochi, University of Connecticut 


Let R be the reals with the usual topology, 3, and N(A) the family of all 
neighborhoods of the diagonal A of RXR (i.e, A= 1 (2, x): xER}). Show that 
N(A) is a uniformity for R, and 3 is the uniform topology. 


SOLUTIONS OF ADVANCED PROBLEMS 
Integral Solutions of 3x4—2y?=1 
5255 [1965, 85]. Proposed by J. H. E. Cohn, Bedford College, London, England 


Prove (or disprove): The equation in positive integers 2y? = 3x*—1 has solu- 
tions only if x=1 or x=3. 

Editorial Note. No correct solutions were received for this problem. Simon 
Vatriquant provided a reference to Edouard Lucas, Recherches sur Vanalyse 
indéterminée et l Arithmétique de Diophante, 1961 reprint, Section VI, for rational 
solutions to the given equation. The fact that there are no integral solutions 
other than the ones cited is the subject of a report by R. T. Bumby. Bumby’s 
abstract appearing in the Notices of the American Mathematical Society con- 
taining the program of the 71-st summer meeting (1966) follows: 

J. H. E. Cohn has conjectured (see Eight Diophantine Equations, Proc. Lond. Math. Soc., XVI, 
pp. 153-166) that the equation 3x4—2y?=1 has only the solutions x= +1, y= +1 and x= +3, 


y= +11. This conjecture is correct and may be demonstrated by extending Cohn’s methods to the 
field generated by (—2)”/2. Our solution requires the law of quadratic reprocity for this field. 


Countable Subsets of £” 
5330 [1965, 1030]. Proposed by M. Edelstein, Dalhousie University 


Let S be a subset of Z* and suppose that the distance d(sj, sz) is rational for 
all pairs si, ss€.S. Prove, or disprove, that S is countable. 


Solution by P. R. Chernoff, Harvard University. The only relevant property 
of the rationals is their countability. By translating if necessary, we may assume 
0=u,€S. We may also assume that S lies in no proper subspace of EZ”; hence, S 
contains a basis v;, v2, -- ° , U of E*. The intersection of x-+1 spheres centered 
respectively at vo, ¥1,° °°, Y can contain at most one point. Therefore, to a 
given (z+1)-tuple of admissible distances from vo, %1, +++, ¥, there can cor- 
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respond at most one point of S. Accordingly, S is countable. 


Also solved by C. W. Anderson, Andreas Blass, W. G. Dotson, Jr., P. Erdés, R. L. Farrell, 
Bruce Feldmeyer, Leopold Flatto, G. J. Foschini, J. H. Foster, D. A. Gale, R. Goldstein (England), 
kK. R. Goodear], D. A. Hejhal, Ellen Hertz, E. C. Hook, David Huestis, Erwin Just, Irving Katz, 
D. C. Kay, T. J. Killeen, Betty Kvarda, W. M. Lambert, Jr., E. S. Langford, Sim Lasher, R. N 
Leggett, Jr., K. O. Leland, Bruce Lercher, Robert McGuigan, R. L Madell, J. G. Mauldon (Eng- 
land), M. D. Mavinkurve (India), J. C. Morgan II, Leo Moser & Mangesh Murdeshwar, Harsh 
Pittie, A. L. Port & Robert Cohen, George Purdy (England), Donald Quiring, S. M. Robinson, 
J. T. Rosenbaum, J. J. Schaffer (Uruguay), G. F. Schumm, A. L. Selman & Roger Hindley, D. L. 
Silverman, David Stanberry, Min Min Tang, N. R. Wallach, J. Ernest Wilkins, Jr., Margaret R. 
Wiscomb, and the proposer. 

Erdés calls attention to Theorem III in his paper, Some remarks on set theory, Proc. Amer. 
Math. Soc., VI (1950), for a solution of the problem. He also recalls an unresolved question by 
Hajnal and himself: Let U be any countable set of real numbers. Join two points in E” by an edge 
if their distance is in U. Is aleph-null the chromatic number of the resulting graph? 


Iteration of Mappings in a Hilbert Space 
5331 [1965, 1030]. Proposed by M. Edelstein, Dalhousie University 
Let f be a mapping of J, into itself defined as follows, If 


x= (1, x2, o ee 6 ; Xny co ee 6 \Eh, 


then y=(y1, Yo, ° °° Yun 0 + )=f(x) if, and only if, y,=e?*/""(x,-—1)+1. Is 
the sequence of iterates f"(0) of the origin bounded? 


Solution by M. D. Mavinkurve, Siddharth College, India. By recursion the 
nth co-ordinate of the kth iterate of zero is obtained as x =1—e?#l™!, so 
that the square of the norm of the kth iterate equals 


43> sint eT _ aR), 
n! 


n=l 


say, where F(x)= > \2.1 sin?(xr/n!). The series defining F converges uniformly 
on each finite interval and the series of derivatives converges uniformly on the 
whole line. Therefore 7’, which exists as the uniform limit of a sequence of pe- 
riodic functions, is almost periodic; in particular F’ is bounded. Therefore, if 
the sequence { F(k)} were bounded, F itself would be bounded on the whole 
line (mean value theorem). Since 


F(x) = i ” F(a) da, 


where F’ is almost periodic, F also would be almost periodic and have a finite 
average value given by 


lim =f F(x) = lim 3 (: a). 


T+ 00 [T->0 pos] 2rr/n! 
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Such a limit, however, does not exist, for at T=m! the value of the above sum 
exceeds m. Therefore the sequence of iterates is not bounded. 


Also solved by D. A. Hejhal who obtains the unboundedness of F(R) by direct calculation 
using k of the form k=e1!+e.2!+ +--+ +eyN!, where e;= [(j7-+2)/3]. 


Fixed Point of a Set Operation 
5332 [1965, 1030]. Proposed by R. W. Forcade, Southern Illinois University 


Let T be an operator on (all) the subsets of a set X, such that the image of 
an arbitrary union of subsets is the intersection of their images. Prove that if 
every nonempty subset has a nonempty intersection with its image, then there 
is exactly one subset of X which is fixed by TJ. 


Solution by Ellen Hertz, Columbia University. First we prove: If F operates 
on the subsets of X and A CB implies F(A) C F(B), then F has at least one fixed 
set. Let Z be the set of subsets of X such that AD F(A). Z is not empty because 
X€Z. Let R be the intersection of all sets of Z. If ACZ then RCA, so F(R) 
CF(A)CA. Then F(R)CR. But then F(F(R)) GC F(R) so that F(R)EZ. But 
R is contained in any member of Z, so RC F(R). Therefore R= F(R). 

On the other hand, if dCB implies T(A) DT(B), then T?(A)CT?(B), and 
we can apply the preceding result to T°, letting A be the fixed set and B=T(A). 
Then B=T(A), A=T(B). Write dA B=(A—B)U(B—A). 

Now T(AUB)=BOA. Since ANBCA, T(ANB) DB. Similarly, T(AMB) 
2A. Then T(AMB)DAUBDAAB. So we have T(AUB)= TU(AC\B) 
U(AAB)) =T(ANB)OT(AAB), and ANB=T(ANB)OT(A AB). It follows 
that (ANB)O(AAB)=T(ANB)ONT(AAB)M(AAB)=T(A AB)(\(A AB). 
But the left side is empty; therefore A AB is empty, i.e. A =B. 

To establish uniqueness: Let T(A) =A, T(B)=B. Again we have T(A\UB) 
=A(\B, T(A(\B)>DAAB, and the same reasoning shows that A AB is null. 

Also solved by Roy O. Davies (England), Fred Galvin, Fred Galvin & J. C. Morgan II. 
J. Kahane & M. Tainiter, W. A. McWorter, J. G. Mauldon (England), M. D. Mavinkurve (India), 
A. Meir & J. S. W. Wong, J. C. Morgan II, C. B. A. Peck, Donald Quiring, J. T. Rosenbaum, P. A, 
Torelli & W. T. Smythe, and the proposer. 

Several solvers found the fixed set as the union of sets A for which ACTA). Galvin and 
Morgan generalized to a lattice &=(L, U,0\) (cf. G. Szasz, Introduction to Lattice Theory, p. 47) 
complete and containing a least element 0, and proved the following: If for every x, yCL for which 
yCw there is an element GL such that y\s=0, yYUz=x, and T: L—L has the properties(1) 
T(x) y) = T(x \T(y), (2) T(x)C\x 40 if x40, then T has a unique fixed point. 


An Application of the Arithmetic-Geometric Inequality 


5333 [1965, 1030]. Proposed by Masakazu Aoyagi, Chiba University, Japan 
If O0<xi<xe< +++ <x¥,81, then prove that 


1 


@ an) /(% 2, + may s+) 2 yo 
=} k=l kat L + Xp 


I. Solution by A. Meir, University of Alberia, Canada. If n=1 the inequality 
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is false. Suppose #22. By the inequality of means for any sequence a,>0, 
Dotes Gk > hay Gg Zn? and thus 


Oe a, (A — a) =n, (1 — ag). 


k==1 Kea] kur 


Setting @,=*(1+,)—! we obtain next 


ar(n ~ >) (1+ )") >n>) A+ x) 


k==] k=l k=1 
Multiplying both sides of this result by xyxe - - + x, and observing that for n=2, 
nh nr —1 
>, Xe 2 wyN, + + + Nps ve. 
k=l tex 


we obtain the proposed inequality, after rearranging terms. 


II. Solution by David Borwein, University of Western Ontario. As the result 
is evidently false when z=1, suppose that m= 2. Let 


1 2 1 = 1 
A, = — >, x, H, = — >) ——> G, = (avg + + ,)", Go = 1; 
Y k=l ¥ pat lL + x 
and suppose that x1, %2, - + + , X, satisfy 
1 
(1) O<Mm EMS SHES 
n—-] 


instead of the more stringent condition in the original problem. [t is easily 
deduced from (1) that 


(2) G,S1 and %Gy24 S 1 (y = 1,2,-°-,n). 


We shall prove the proposition 


bad 


P(r): A,s— 
”) -+- G, 


to be true for r=n. Since A,2G,, it follows from P(m) and the first part of 
(2) that 


which yields the required inequality. 
We first prove the 


LemMA: Jf 0<asSb, a+b=1, 0<gSl and 0<x—gSl, then 
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a b 1 


a NY 


——aes 


1+e i+tg 1+ ag? 
Differentiating 


fl) =— = 
Me ee ee 
1+a«7g? l+w i+eg 


and simplifying, we find that f’(~) has the same sign as 
(wOFal2ghl? — 1) ((g/a)*l? — 1), 


so that f’(x) 20 when g Sx Sg-4/(U4'® and f’(«) $0 otherwise. Hence f(x) 2 f(g) =0 
when 0<xSg-/G4+@: and, when g/t) <x <g-}, 


ot mee 

1+gre i+tg (i+ g*)(1 + g) 
where $(g) =a+bg —agit*-2— hgh, 

To complete the proof of the lemma it suffices to show that $(g) 20. Dif- 
ferentiating ¢(g) twice in the range 0<gSi, we see that ¢’’(g) 20 so that 
b'(g) $¢’(1) =0 and hence $(g) 2¢(1) =0. 

We can now show that P(z) is true by induction. P(1) is trivially true: if 


P(y—1) is true for any 7 in the range 12, rey n } then, by (2) and the lemma 
with x=x,, g=G,1, a=1/7, b=1—1/7, there follows 


1 1 
H, ———___— 1——j)4H,—- 
aap t( -) 


1/r 1— 1,7 
“ft, 14+G.—1 


f(x) = f(g-4) 


I 


A 
| 
| 


“1-+altGor 146, 


so that P(r) is true. 
Also solved by Max A. Bershad, N. P. Bhatia, P. H. Diananda (Singapore), R. F. Farrell, 
M. D. Mavinkurve (India), Edward Saibel, P. S. Schnare, and the proposer. 


The Determinant of a Real Symmetric Matrix 


5334 [1965, 1030]. Proposed by L. A. Shepp, Bell Telephone Laboratories, 
Murray Hill, N. J. 


lf (b) = [b,;] isa real symmetric square matrix with b,;=1, and Dini | b | 
<1 for each 7, then det(d) $1. 


Solution by Stanton Philipp, Uniwersity of California, Riverside. Let \1, - + - , 
\, be the characteristic roots of (6). Suppose that A is a characteristic root of 
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(6) and let x=(x1, ---, x»)? be an associated (nonzero) characteristic vector. 
Let x, be one of the x; which is largest in absolute value. Then 


»: bi5%5 = AXE, (A — 1) x; = >, bn jX3, and |r — 1 | < > | bij | < 1, 

j jek ik 
Since (6) is real and symmetric, \ is real and OSA. Notice that trace (0) =n 
= >°;;. Employing the arithmetic-geometric mean inequality we have 


1 n 
det (8) =Nile°+ An S (— > \) = |. 
no ¢ 


Also solved by D. E. Crabtree, W. R. Gordon, J. Z. Hearon, Irving Katz, Marvin Marcus, 
M. D. Mavinkurve (India), R. K. Meany, A. Meir & J. S. W. Wong, P. L. Nikolai, J. T. Rosen- 
baum, Edward Saibel, A. J. Schneider, V. Seshadri, Richard Sinkhorn, Sidney Spital, J. H. van 
Lint, S. Zlobec (Yugoslavia), and the proposer. 

Several solvers note the validity of the conclusion for Hermitian matrices. The inequality 
[~A— 1| <1 isa special case of Gerschgorin’s theorem (M. Marcus and H. Minc, A Survey of Matrix 
Theory and Matrix Inequaliives, 1964, p. 146). 


A Closed Set of Idempotents 
5335 [1965, 1030]. Proposed by James Chew, Virginia Polytechnic Institute 


In this MONTHLY (Dec. 1963) Doyle and Warne, Some properties of groupoids, 
the following theorem is given without proof: The set of dempotents in a topo- 
logical groupoid is (topologically) closed. Supply a proof. 


Solution by W.G. Dotson, Jr., North Carolina State University, Raleigh. This 
result follows immediately from the definition (as given by Doyle and Warne) 
of a topological groupoid as a groupoid which is a Hausdorff topological space in 
which the group multiplication is continuous in both variables. For, if the set E 
of idempotents in a topological groupoid G is not topologically closed, then there 
is a limit point x of E such that x?x. There exist disjoint open sets V(x?), V(x) 
containing x?, « respectively. Since the multiplication is continuous, there exist 
open sets S(x), T(x), each containing x, such that S(«)T(«)C V(x?). But 
S(e)(NT (x) (\ V(x) is an open set containing x and so contains an element 
eC FE. Hence e?€ V(x?) whereas e© V(x), so that e?e, a contradiction. 

Also solved by Shair Ahmad, P. R. Chernoff, C. C. Clever, A. J. D’Aristotle, L. L. English, 
D. A. Hejhal, Harsh Pittie, K. N. Sigmon, J. F. Standish, Kenneth Yanosko, and the proposer. 


Pittie generalizes by proving that the set of fixed points of a continuous map f: XX (X 
Hausdorff) is closed. 


A Sum over k-tuples 
5336 [1965, 1030]. Proposed by D. J. Newman, Veshiva University 
Let 2 be an integer greater than 1. Prove that 
1 
NyNeg + ° > Ag(11 - Me + ce + m,) 


= kl, 
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the sum extending over all k-tuples of positive integers which have no non- 
trivial common factor. 


Solution by J. H. van Lint, Bell Telephone Laboratories, Murray Hill, N. J. 
Let S be the sum to be determined. Then 


1 o 4 
one SD = St(k + 1). 
njz1 Wine: °° Ny (M4 -- 19, LE oes - Nx) dez1 qeti 


The sum on the left-hand side is equal to 


oe) ~ 1 1 2 8 k 1: 
> » oe f € fo pee. ) — 
0 


pork nyfteret-nzy Hine: °° n (M4 +- -" + Nr) 2 3 x 
1 1 k dx 0 yk oe 00 
=| (108 —) = { du = | w( > om) du 
0 1—«x x 9 ot — 1 0 n=l 
2 P(e + 1) 
== ————-——— — hbir-tt 
oa Ten kig(k + 1). 
Hence S=8l. 


Also solved by L. Carlitz, N. J. Fine, J. H. Halton, E. C. Milner & A. Oppenheim (England), 
and the proposer. 
Carlitz observes that a similar proof yields 


ee 
ngziNine*** ni (ia +ee+ + me + 1) 


the sum being extended over all positive integral k-tuples. 


Ratio of Sums of Euler’s Totient Function 
5337 [1965, 1031]. Proposed by C. S. Venkataraman, Sri Kerala Varma Col- 
lege, Trichur, India 
Evaluate > ¢(n/e)/ >\¢(n/d), where e runs through the even divisors and 
d runs through the odd divisors of 2, and ¢ is Euler’s function. 


Solution by L. E. Clarke, University of East Angha, Norwich, England. We 
show more generally that, for any positive integer m, 


Sn = 22’ b(n/D/2," $(n/d) = te — (g)}/o(2), 


where >,’( >,’’) denote summation over those divisors d of » for which (d, m) 
>1 ((d, m)=1), and g=(m, x). On putting m= 2, it follows that the expression 
given in the problem is 0 or {1 according as z is odd or even. 

Suppose n is expressed in the form | [p%, and write 


m=] pi, w=] pi. 
pihm 


p\|m 
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Then 


>,” o(n/d) = >, b(min/d) = b(n) Dd, o(ts/d) = ny6(M2) 


d\n, din. 


and 


5, = ( _ >") = fe — o(n2)} /o(ma) = fe — 6D} /$(g) 


because g and my have the same prime factors. 


Also solved by P. N. Bajaj, M. A. Bershad, L. Carlitz, S. R. Cavior, N. J. Fine, Sylvan Greene, 
M. G. Greening (Australia), Emil Grosswald, E. M. Horadam (Australia), F. T. Howard, Bernard 
Jacobson, M.S. Kaplan, Irving Katz, D. A. Klarner, Marijo Levan, C. C. Lindner, H. London, Ka 
Menehune, Lieselotte Miller, F. R. Olson & Al Somayajulu, J. C. Parnami (India), C. B. A. Peck, 
Stanton Philipp, Harsh Pittie, R. W. Prielipp, D. A. Prener, Simeon Reich (Israel), Margaret B. 
Seay, Sister Marion Beiter, R. Sivaramakrishnan (India), Sidney Spital, E. W. Trost (Switzer- 
land), A. M. Vaidya (India), J. H. van Lint, C. S. Venkataraman (India), and Jean Williams. 

Sivaramakrishnan proves the generalization: If f(z) is any multiplicative arithmetic function 
and F(n)= > amf(d)#0, then > S(n/e)/ > f(n/d) =0 if 2 is odd, and = F(2’1) /f(2”) where p is the 


exponent of 2 in 2 if n is even. 


Continuity of a Mapping from a Disk to its Boundary 
5338 [1965, 1031]. Proposed by J. W. Wyman, Pasadena College 


Let f: D-—D be a continuous function on the unit disk D in the complex 
plane such that f(z) #2 for each zG D. Let 0D denote the boundary of D and let 
y: D—D be defined as follows: If z@D, the line determined by f(z) and g inter- 
sects 0D in exactly two places. Let W(z) be the point on 0D such that f(z), z and 
Y(z) are in that order. Then W is continuous. Supply a proof. (This result is 
stated without proof in Tucker, Some topological properties of disk and sphere, 
Proceedings of the First Canadian Mathematical Congress, 1946, pp. 285-309.) 


I. Solution by Dennis A. Hejhal, studeni, Lane Technical High School, Chi- 
cago, Ill. Choose any ¢€D and draw the ray from f(¢) to ¢ to W(f) on | 2| =]. 
On |z| =1 draw arcs of measure ¢ in both directions from W(t) and let P;, Pe 
be the endpoints. From P;, P, draw segments through R, the midpoint of £, 
f(©, to Ox, Qe respectively on OD. Consider the circle le—f(o)| = entirely 
within D and angle QuRQ,. Choose 6 so that lz—¢| <6 is within D and angle 
P,RP», and so that | f(z) —f(0| <y for all g, lz—¢| <6. It follows therefore that 
if lz <6, the ray joining f(z) to z cuts dD at a point between P; and Pp, 
implying the continuity cf y(z). 


Il. Solution by C. R. Deeter, Texas Christian University. The line determined 
by «and f(z) for fixed z is given by 


it) = f(a)(1 — t) + et, t real. 
Then y(z) =1[T(z)], where T(z) is the positive solution of the quadratic equa- 
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tion |1(#)|?—1=0. The coefficients of this quadratic are all continuous functions 
of zg, and the leading coefficient, | f(z) —z/?2, cannot vanish since f(z) #2 for each 
z©€D. Since, in this case, a solution of the quadratic equation is a continuous 
function of its coefficients, T(z) isa continuous function of z, as must also be (gz). 


Also solved by P. R. Chernoff, W. G. Dotson, Jr., J. H. Foster, K. R. Goodearl, P. S. Schnare, 
J. H. van Lint, Kenneth Yanosko, and the proposer. 


Extremais for a Product of Distances 
5339 [1965, 1031]. Proposed by Necdet Ucoluk, Purdue University 


Let ABC be a given triangle in the plane, with a nonempty interior. Deter- 
mine the position of a point NV of the plane for which the product NAXNBXNC 
attains an extreme value. 


Solution by Michael Goldberg, Washington, D. C. Expressed analytically, the 
product surface is a sixth degree equation in the variables x, y, z. However, it is 
not necessary to resort to analysis to find the extreme values. For remote points, 
the product tends to infinity. At the vertices 4, B, C the products are zero; for 
neighboring points, the products are positive. Hence, extreme values are at- 
tained at A, B, and C. 

On the interior of the triangle, there is a minimax point at which the tangent 
to the product surface has zero slope, but the point is not an extreme point. 

The product surface can be described as an udder with three teats. Each teat 
touches a vertex at the plane z=0. Below the udder, a section z=c cuts the 
surface in three disconnected closed curves. These three curves are joined at a 
horizontal tangent at the udder. Above this tangent plane, a horizontal section 
is a single closed curve with three lobes. 


RECENT PUBLICATIONS AND PRESENTATIONS 


EDITED sy R. A. RosENBAuM, Wesleyan University 


COLLABORATING EpiTors: KENNETH O. May, University of Toronto and 
E. P. VANCE, Oberlin College 


Materials intended for review should be sent to Kenneth O. May, American Mathematical 
Monthly, Department of Mathematics, University of Toronto, Toronto 5, Ont., Canada. 


Introduction to Lattice Theory. By D. E. Rutherford. Hafner, New York, 1965. 
x+117 pp. $5.75. 


This little book is intended to introduce the undergraduate to the simpler 
parts of lattice theory and with the exception of some of the applications of 
Boolean algebras all of the topics covered appear as easier parts of the first 
twelve chapters of G. Birkhoff, Lattice Theory, Amer. Math. Soc. Colloq. Publ., 
Vol. 25, rev. ed. Thus the definitions and elementary properties of modular, 
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metric, and distributive lattices, Boolean algebras, semi-modular and matroid 
lattices are discussed in a leisurely and readable fashion; simple illustrations are 
provided and the classical applications to algebra, point set topology, geometry, 
Boolean and Brouwerian logic, and switching circuit theory are presented. 
Fifty-one fairly well-chosen exercises are included at the end of the text. 

A large part of the book is devoted to the above mentioned applications of 
Boolean algebra, especially to switching circuits and it is here that the author 
is at his best. In particular the application of Boolean matrices and determinants 
to electrical networks is doubly attractive because of the rarity of the material 
in elementary texts. 

On the other hand the book has shortcomings both in content and in form 
which prevent it from being considered a really well-balanced introduction to 
the subject. Of the former perhaps the most remarkable is the total absence of 
transfinite methods; thus, for example, the representation theorems for distribu- 
tive lattices and Boolean algebras are discussed for the finite case only. Of the 
latter the poor discussion of free lattices is one example. Indeed, the definition 
of a free lattice given here is simply incorrect. Another example is the failure to 
distinguish between sublattices of direct products and subdirect products. There 
are others. 

It seems to the reviewer that, at least for better undergraduates, judicious 
guided reading of Birkhoff, perhaps with this book as an aid, is still the best 
introduction to lattice theory. 

A. F. PrxLrEy, Harvey Mudd College 


Special Functions and their Applications. By N. N. Lebedev. Translated and 
adapted from the Russian by R. A. Silverman. Prentice-Hall, Englewood 
Cliffs, N. J., 1965. xii+308 pp. $12.00. 


The special functions here are the gamma function, the exponential, proba- 
bility, logarithmic and Fresnel integrals, the classical orthogonal polynomials, 
spherical harmonics, cylinder and parabolic cylinder functions, and the Gaus- 
sian and confluent hypergeometric functions. The selection of functions and 
properties was evidently made with an eye to classical physics. The properties 
are developed with a careful use of complex variable techniques and, for those 
techniques that are not explained in detail, the reader is given specific references. 

The applications (one-fifth of the book) are mostly boundary value problems. 
Applications of such complexity require of the reader some background in 
mathematical physics, but a large section of the material is a self contained unit 
of different Dirichlet problems. 

Covering similar materials, this book is fuller and longer than Hochstadt’s 
seventy five page book (this MONTHLY, 69 (1962) 325), and more motivated by 
physical applications than Rainville’s book (this MoNTHLY, 67 (1960) 1044). 

Professor Silverman’s translation reads well and he has furnished references 
easily available in English. Problem sets are included. 

DAvip DickINSON, University of Massachusetts 
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The Elements of Computational Mathematics. Edited by S. B. Norkin, English 
translation by A. D. Booth. Macmillan, New York, 1965. 192 pp. $6.00. 


This small but relatively expensive text contains the following table of con- 
tents: Chapter I, Computation with approximate numbers, and assessment of 
errors; Chapter II, Construction of tables of functions; Chapter II], Approxi- 
mate solution of equations; Chapter IV, Systems of linear equations; Chapter V, 
Interpolation polynomials; Chapter VI, Approximate computation of integrals; 
Chapter VII, Approximate integration of differential equations. 

Except for Chapter VII the material could be presented to an Advanced 
Placement High School Class by a teacher well trained in the calculus. The no- 
tion of a derivative, Rolle’s theorem and the mean value theorem for derivatives 
are used only occasionally. Definite integrals are treated by approximating, 
numerically, the limit of a sum. 

Emphasis is placed on the understanding and use of algorithms. Unfortu- 
nately, practise is advocated by hand or by desk calculator and little account is 
taken of modern digital computing machinery. This is unfortunate, because the 
“elements of computational mathematics” are dull as dishwater. A fascination 
for them can be aroused by developing them in the environment of modern 
computing machinery. 

The material in this text is developed with great care and is supported by 
good problems. 

R. H. Owens, University of Virginia 


Problémes de Mathématiques. By Daniel Dumas de Rauly. Gauthier-Villars, 
Paris, 1963. 221 pp. N.F. 16. 


Here are 213 pages of solved problems, classified into 14 chapters. Compared 
to Schaum’s Outlines, the problems are nonroutine, and none is merely repeti- 
tive. No problem in the book would seem out of place in an American “Advanced 
Mathematics for Engineers,” and such a book should include many problems of 
this sort as examples or exercises. Differential equations are omitted on the 
grounds that there is an ample supply of problems on this topic. 

The first two chapters present good problems from elementary combinatorial 
analysis and probability. The third gives a few superficialities from “modern 
algebra,” apparently to back up a claim in the preface. The next two present 
standard topics from elementary linear algebra. The remaining two-thirds of the 
book is concerned with classical calculus of functions of from one to three vari- 
ables. Perhaps the most ambitious part is two chapters devoted to the complex 
Gamma and Beta functions, with some resort to: “It can be shown that...”. 

Usually the author states a problem, tacitly assumes the relevant definitions 
and theorems to be known to the reader, and outlines a fairly complete solution, 
omitting details that should be clear. There are a good many misprints. 

BuRROWES Hunt, Reed College 
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Introduction to Abstract Algebra. By Roy Dubisch. Wiley, New York, 1965. 
ix-+193 pp. $5.95. 

This very elementary, but beautifully written text, constructs the usual 
number systems from the natural numbers, and then uses their properties to 
motivate the definitions of abstract algebraic structures. First, a list of eight 
axioms for the natural numbers is presented. (The verification that these axioms 
are equivalent to Peano’s axioms is left for the student as a starred exercise.) 
The integers are constructed, their basic properties proved, and then there fol- 
lows a chapter on integral domains and rings. Factorization in integral domains 
is discussed, and it is shown that unique factorization fails in a subdomain of the 
integers in O(+/5). Next, the rationals are constructed, followed by a chapter on 
fields and groups. As further examples of fields, the reals and complexes are con- 
structed, and their characteristic properties clearly and thoroughly discussed, 
although the completeness of the reals is never proved. The quaternions are 
mentioned also, as an example of a skew-field. 

There is a short chapter on vector spaces and a very nice one on polynomial 
rings. After proving unique factorization for polynomials with coefficients in a 
field, the author gives the solutions to the general equations of the third and 
fourth degree, and then discusses the impossibility of finding solutions to the 
general equations of higher degrees. 

The author’s teaching talent is evident throughout the text. By the use of 
many carefully chosen examples, he conscientiously warns his readers of many 
common misunderstandings. The book contains many exercises, most of which 
are either prescribed computations to illustrate abstract ideas, or completions of 
easy proofs not entirely done in the text. Each chapter concludes with a few 
“thought questions,” many of which seem too difficult for students at this level, 
but each is accompanied by an explicit reference to the complete bibliography 
of 63 titles. 

One might hope for more theorems within the discipline of abstract algebra 
itself. The most abstract proof given in the text is the verification that the auto- 
morphisms of a group (or a field) themselves form a group. 

WELLS JOHNSON, Bowdoin College 


Asymptotic Expansions. By E. T. Copson. Cambridge Tracts in Mathematics 
and Mathematical Physics, No. 55, Camb. Univ. Press, New York, 1965. 
vii+120 pp. $6.00. 

“This monograph gives an introduction to the theory of asymptotic represen- 
tation of a function defined by a definite integral or a contour integral. A knowl- 
edge of the elementary parts of the theory of functions is assumed, in particular 
complex integration and special functions such as the Gamma function and 
Bessel functions. After a preliminary account of the properties of asymptotic 
series, the standard methods of deriving the asymptotic expansion of an integral 
are explained in detail. 

The chapter headings are: (1) Introduction (Historical remarks), (2) Pre- 
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liminaries, (3) Integration by parts, (4) The method of stationary phase, (5) 
The method of Laplace, (6) Watson’s lemma, (7) The method of steepest de- 
scents, (8) The saddle-point method, (9) Airy’s integral, (10) Uniform asympto- 
tic expansions. 

Chapters 5—7 contain applications to the Gamma function, the logarithmic 
integral, Bessel functions and the error function. There are no exercises and the 
applications of asymptotic methods to differential equations are not considered. 
As mentioned by the author in the preface, there are few theorems and the aim 
is to explain the available methods and to illustrate them by means of a few of 
the more important special functions. The typography is splendid. The reviewer 
feels that this monograph is a welcome addition to the existing literature on the 
subject. 

S. M. Suan, University of Kansas 


Distribution Theory and Transform Analysis. By A. H. Zemanian. McGraw-Hill: 
New York, 1965. xiii +371 pp. $13.75. 


Since a knowledge of distribution theory is now almost a necessary prerequi- 
site for study in the systems area, and many other areas of applied mathematics, 
it is gratifying to see the appearance of this relatively elementary text directed 
to applied scientists. 

The text is oriented toward the use of distributions in transform analysis 
and stress is generally placed on important concepts relevant to this goal. The 
presentation should generally be excellent for mathematically oriented science 
and engineering first year graduate students. The use of stars and diamonds to 
indicate important sections and results should facilitate reader use. Particularly 
commendable are the emphasis on L. Schwartz’s theory, the stress on convolu- 
tion, the introduction of ultradistributions to obtain the Fourier transform of 
all distributions, an application to the characterization of passive systems, and 
a treatment of periodic distributions. Considering the author’s intent the short- 
comings of the book are relatively minor. The most important of these seems the 
absence of the kernel theorem [I. M. Gel’fand, N. Vilenkin, “Generalized Func- 
tions,” vol. 4, Academic Press, 1964, p. 18], which is of f{undamental importance 
in linear systems theory. The fact that Mikusifski’s calculus, p. 169, is a special 
application of a general result on embedding a ring in a field is not mentioned. 
Although Schwartz’s notation is generally used, it is sometimes mixed up, as 
illustrated by D,’ (which denotes support in 0Si< © in Zemanian but support 
bounded on the left in Schwartz). The results of Chapter 10 must be interpreted 
with care since a fixed physical system will have different properties depending 
upon the mathematical domain of definition chosen (for example, a parallel 
R-C circuit allows i=f=0, v=exp [—t/RC|€’ in contrast to Lemma 3). 

In summary the text is excellent and well-written for its purpose. Although 
most engineering instructors will have to supply more physical concepts, this 
should be an enjoyable and profitable text from which to teach. 

R. W. NEwcomes, Stanford University 
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Introduction to Field Theory. By Iain T. Adamson. Oliver & Boyd, Edinburgh 
and London, Interscience, New York, 1964. viii--180 pp. $2.75. 


This is an attractive book on field theory and Galois theory at a level 
somewhat beyond that of Artin’s Galois Theory. Some knowledge of group 
theory is assumed and the book is addressed to honors and graduate students. 
The fundamental theorem of finitely generated abelian groups and some ele- 
mentary facts about prime power order groups are freely used. 

There are four chapters: Chapter 1 introduces rings, fields and vector spaces 
as well as developing the basic facts about them; Chapter 2 is devoted to exten- 
sions of fields, with particular care given to field identifications; the basic theo- 
rems concerning the division algorithm and the existence of algebraic closures 
are stated without proofs; Chapter 3 is devoted to the Galois theory of finite 
dimensional Galois extensions and mirrors Artin’s approach; Chapter 4 offers 
applications of the previous material and includes material on cyclotomic and 
cyclic extensions, Wedderburn’s theorem on finite division rings, an especially 
complete discussion of constructibility by compass and straight-edge, and the 
impossibility of solving by radicals the general equation of degree >4. 

The text is very clearly written, with many examples, and the exercises are 
good though there are too few for my taste. All told this is an excellent introduc- 
tion to field theory. 

NEIL GRABors, Williams College 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo 
(University of Buffalo), Buffalo, New York 14214. Items must be submitted at least two 
months before publication can take place. 


PERSONAL ITEMS 


University of California, San Diego: Associate Professor Adriano Garsia, California 
Institute of Technology, has been appointed Professor; Dr. Jay Fillmore, University of 
Minnesota, has been appointed Assistant Professor. 

DePaul University: Dr. J. I. Goldman, Illinois Institute of Technology, has been 
appointed Assistant Professor; Assistant Professor Alphonse Buccino will be on leave for 
1966-67 as an NSF Science Faculty Fellow at the University of Chicago. 

Michigan State University: Dr. L. G. Woodby, U.S. Office of Education, Washington, 
D. C., has been appointed Professor; Associate Professor W. M. Fitzgerald, Florida At- 
lantic University, and Dr. C. J. Martin, Avco Corporation, Wilmington, Massachusetts, 
have been appointed Associate Professors; Assistant Professor G. D. Taylor, University 
of Arizona, and Drs. G. D. Ludden, University of Indiana, C. R. MacCluer, University 
of Michigan, C. E. Weil, University of Chicago, have been appointed Assistant Profes- 
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sors; Dr. I. E. Vance, University of Michigan, has been appointed Visiting Assistant 
Professor; Associate Professor John Wagner has been promoted to Professor. 

Ohio Wesleyan University: Professor R. L. Wilson has been appointed Visiting Pro- 
fessor of Mathematics and Director of the Computing Center at the University of 
Ibadan, Nigeria, for the period 1966-68; Associate Professor R. V. Mendenhall has 
been promoted to Professor and appointed Chairman of the Mathematics Department; 
Professor S. E. Ganis has been appointed Director of the Computing Center. 

University of South Carolina: Associate Professor W. L. Allen, Lamar State College 
of Technology, has been appointed Associate Professor; Mr. H. E. Scheiblich, University 
of Texas, has been appointed Assistant Professor. 

Washingion Siate University: Assistant Professors R. A. Stoltenberg and J. S. Rue, 
University of Wyoming, and Drs. D. C. Barnes, University of California, Davis, J. E. 
Cude, University of Texas, R. L. Irwin, University of Marburg, Germany, C. B. Mill- 
ham, Iowa State University, have been appointed Assistant Professors; Dr. Elizabeth 
M. Strohmeier has been promoted to Assistant Professor; Assistant Professors W. M. 
Cunnea and J. H. Jordan have been promoted to Associate Professors. 

Associate Professor L. R. Bragg, Case Institute of Technology, has been appointed 
Professor at Oakland University. 

Mr. H. L. Carlson, University of Wisconsin, Madison, has accepted an appointment 
as Assistant Computer Scientist in the Applied Mathematics Division of Argonne Na- 
tional Laboratory. 

Assistant Professor B. J. Cerimele, Xavier University, will be on leave during 1966-67 
and has accepted a post-doctoral fellowship for advanced study and research in the field 
of biomathematics at the North Carolina State University at Raleigh. 

Dr. C. A. Hall, White Sands Missile Range, New Mexico, has been appointed Senior 
Mathematician for the Bettis Atomic Power Laboratory of Westinghouse Electric Cor- 
poration. 

Dr. H. B. Keynes, Wesleyan University, has been appointed Assistant Professor at 
the University of California at Santa Barbara. 

Professor W. M. Perel, University of North Carolina, has been appointed Professor 
at Wichita State University. 

Dr. A. K. Ray, Clarkson College of Technology, has been appointed Associate Pro- 
fessor at the University of Ottawa. 

Professor Alex Rosenberg, Cornell University, has been appointed Chairman of the 
Mathematics Department. 

Associate Professor J. L. Smith, Muskingum College, has been appointed Chairman 
of the Mathematics Department. 


Dr. H. P. Thielman, Teledyne, Inc., Alexandria, Virginia, died on February 17, 1966. 
He was a member of the Association for 30 years. 

Professor J. R. Vatnsdal, Washington State University, died on April 14, 1966. He 
was a member of the Association for 20 years. 


FELLOWSHIP AND RESEARCH OPPORTUNITIES IN MATHEMATICS 


The Division of Mathematical Sciences, National Academy of Sciences—National 
Research Council, calls attention to a variety of fellowship and other support for research 
in the mathematical sciences at both the predoctoral and postdoctoral levels to be 
awarded during the year 1966-67. Copies of the complete announcement are available 
from the Division of Mathematical Sciences, National Academy of Sciences—National 
Research Council, 2101 Constitution Avenue, Washington, D. C. 20418. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reporis and Communications 


THE FORTY-SEVENTH SUMMER MEETING OF THE ASSOCIATION 


The Forty-seventh Summer Meeting of the Mathematical Association of America 
was held at Rutgers—The State University, New Brunswick, New Jersey, from Monday, 
August 29, through Thursday, September 1, 1966, in conjunction with summer meetings 
of the American Mathematical Society, the Society for Industrial and Applied Mathe- 
matics, the Institute of Mathematical Statistics, the Pi Mu Epsilon Fraternity and Mu 
Alpha Theta. There were registered 1856 persons, including 926 members of the Associa- 
tion. 

Sessions of the Association were held on Monday morning and afternoon, on Tuesday 
morning, on Wednesday afternoon, and on Thursday afternoon. All sessions were held in 
Room 123 of Scott Hall at Rutgers; the proceedings could also be viewed in Room 135 of 
Scott Hall by means of closed circuit television on a large screen. Presiding officers at the 
three Earle Raymond Hedrick Lectures were President R. L. Wilder, First Vice-Presi- 
dent G. S. Young, and Second Vice-President A. B. Willcox; at the two lectures on Mon- 
day morning, Professor H. F. Trotter; at the session on Monday afternoon, Professor 
R. D. Luce; at the panel discussion on Tuesday morning, Professor Joshua Barlaz; at the 
lecture on Wednesday afternoon, Professor Mary P. Dolciani; and at the session on 
Thursday afternoon, Professor Everett Pitcher. The fifteenth series of Earle Raymond 
Hedrick Lectures was delivered by Professor N. J. Fine of Pennsylvania State Univer- 
sity. The Program Committee consisted of Joshua Barlaz, Chairman; Mary P. Dolciani, 
R. D. Luce, A. E. Meder, Jr., Albert Nijenhuis, Everett Pitcher, and H. F. Trotter. 


FIRST SESSION OF THE ASSOCIATION 


The Earle Raymond Hedrick Lectures: Basic Hypergeometric Series and Applications, 
Lecture I, by Professor N. J. Fine, Pennsylvania State University. 


The theory of partitions, founded by Euler, leads naturally to series of the form 


’ ; oy (1 — ax) (1 — ax)(1 ~ ax’) , _— 

) Ma, byte) = 1 ant a pao) Tt 

There are simple relations connecting (*) with each of F(ax, b; t:x), F(a, bx; t:x), and F(a, b; tx:x). 
From them one can obtain famous identities of Euler, Gauss, and Jacobi, as well as other new ones. 
Suitable generalizations, specializations, and paraphrases yield results on partitions, sums of 
squares, Liouville identities, Gaussian sums, elliptic functions, modular equations, and mock-theta 
functions. One example of a new result is the following. Let f(x) = (1—x) (1 —x?)(1 —x8) - - + . Then 


FP )S() fF?) 
F(x) fo) 
where An is the excess of the number of divisors of 2 which are congruent to 1, 5, 7, 11 (mod 24) 


over the number congruent to —1, —5, —7, —11. Applications have also been made to orthogonal 
functions, enumeration problems in finite fields, statistics, and even mathematical psychology. 


= 1L+Aix + Aox?+ ---, 


Convergence of Fourier Series, by Professor V. F. Cowling, Rutgers—The State University. 

In his thesis “The integral and trigonometric series,” written in 1915, N. N. Lusin expressed 
the conjecture that the Fourier series of functions in Z? converge almost everywhere. Recently L. 
Carleson (in a manuscript entitled “On the growth of partial sums of Fourier series” unpublished as 
of the present writing) disposed of this conjecture by means of the following theorem: 
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(a) If for some 5>0 f | f(x) | dogt | f(x) | )##°da<oo, then S,(x) = o(log log 7), a.e. 


(b) If fEL?, 1<p<2, then S,(x) =o (log log log 7), a.e. (c) If fEL4, then S, (x) converges a.e. In the 
case of part (c) which provides an affirmative answer to the Lusin conjecture the best previous 
result is the Kolmogorov-Seliverstov-Plessner theorem to the effect that S,(x) =o (log 2)+/2, a.e. One 
may demonstrate by means of Fejér’s polynomials the existence of continuous functions in which 
the Fourier series converges at an everywhere dense set or in a set having the power of the contin- 
uum. Recently J. P. Kahane and Y. Katznelson (in a presently unpublished manuscript entitled 
“Sur les ensembles de divergence des séries trigonométriques”) have shown that given a set of zero 
measure there exists a continuous function whose Fourier series diverges on this set. 


The Continuum Problem, by Professor R. M. Smullyan, Yeshiva University. 

This was an expository account of the work of Kurt Gédel (1938) and Paul Cohen (1963) con- 
cerning the independence of C.H. (the Generalized Continuum Hypothesis) relative to the axioms 
of Z.F. (Zermelo-Fraenkel Set Theory). The Continuum Hypothesis asserts that for any infinite 
cardinal C, 2°= C+, where C* is the first cardinal larger than C. To this day, the truth or falsity of 
C.H. is unknown. The consistency of C.H. relative to Z.F. was demonstrated by Gédel; the consis- 
tency of the negation of C.H. relative to Z.F. was demonstrated by Cohen. Thus the present day 
axioms of set theory are simply not powerful enough to settle the problem. 


SECOND SESSION OF THE ASSOCIATION 
Session on Mathematical Applications 


The Theory of Optimal Growth, by Professor L. W. McKenzie, University of Rochester. 

Analogous asymptotic properties of optimal paths of capital accumulation are derived for two 
models of economic growth, one suggested by the work of John von Neumann and the other by the 
work of Frank Ramsey. The von Neumann model is specified by a closed convex cone Y in Ean, 
where y= (k’, —k)€ Y and k’, k=0. The initial capital stock for a unit period is k and the terminal 
capital stock is k’. A T period accumulation path is a sequence {Re}, where (R41, —k‘)CY for 
t=0,---+,2—1. The objective is to maximize o(k?) =min ke /k, for 2:40, where 2 is a chosen point 
in E,. The Ramsey model is specified by a closed convex set VY in Een41, where y= (u, k’, —k) G Yand 
u, k’, k=O. The new variable u represents the level of utility achieved for the consumers during the 
unit period. The objective is to maximize an ut, Asymptotic results for optimal paths based ona 
duality lemma due to Roy Radner are proved. Loosely speaking, for an appropriate metric, optimal 
paths in each model must stay close to a given facet of Y for all but a finite number NV of periods, 
however large T may be. 


Geometry and Monotone Functions in Statistics, by Dr. J. B. Kruskal, Bell Telephone Labora- 
tories. 

While geometry and monotone functions each enter statistics in areas which are well known to 
mathematicians, they also enter (sometimes together) in less familiar areas such as “multidimen- 
sional scaling,” “parametric mapping,” “monotone regression,” and “factor analysis.” The mathe- 
matical foundation of these techniques is rather pretty. The use of these techniques often leads to 
the challenging numerical analysis problem of minimizing a function of very many variables. (This 
may be illustrated by a brief movie.) In addition, some of these techniques can be very powerful, 
and provide extremely clear examples of how statistical analysis can provide that elusive thing 
called “insight.” 


Mathematical Learning Models for Continuous-Time Parameters and Continuous-Response 
Space, by Professor P. C. Suppes, Stanford University. 
The basic theory of learning models for continuous-time parameters and continuous-response 
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space was formulated. It was emphasized that the theory depends entirely in its mathematical 
formulation on the theory of stochastic processes. A survey was given of some of the constructive 
and testable results that may be obtained. Some of the difficulties of applying the theory to some 
problems with simple and natural formulation were surveyed. 


THIRD SESSION OF THE ASSOCIATION 


Hedrick Lecture II, by Professor Fine. 
Business Meeting of the Association; presentation of L. R. Ford Awards. 


Panel Discussion on the Past, Present, and Future in Mathematics Education, by Dean A. E. 
Meder, Jr., Rutgers—The State University, Professor E. G. Begle, Stanford University, Professor 
A. M. Gleason, Harvard University, and Dr. R. S. Fleming, Assistant Commissioner of Education, 
New Jersey. 

Dean Meder opened the discussion by reviewing the past: Although mathematics was com- 
pletely ignored as an entrance requirement by the American colonial colleges, some expectation of 
minimal competence in arithmetic developed during the eighteenth century. By the middle of the 
nineteenth, fairly specific content in algebra and geometry seems to have been generally accepted as 
standard pre-college study; codification of this content became quite rigid in the first decade of the 
twentieth century. Three significant quasi-official reform movements developed: one in the early 
1920’s jointly sponsored by this Association and the National Council of Teachers of Mathematics; 
a second, embodied in new requirements for the examinations of the College Entrance Examination 
Board issued in the middle 1930's, which was in many respects a reaction to attacks on mathematics 
by “educationists,” and the most recent and most successful, the work of the Commission on Math- 
ematics in the middle 1950’s. In this presentation, these movements were characterized as to their 
objectives and viewpoints, their degree of success evaluated, and reasons for their successes and 
failures suggested. 

Professor Begle discussed the present: The revolution in mathematics which started over a 
century ago has now penetrated down into all levels of the school mathematics curriculum. There 
are now textbooks available for all grade levels which attempt to develop in students not only 
mathematical skills but also understanding of mathematical ideas and of the structure of mathe- 
matical systems. Experience with these new texts has been good on the whole. While some improve- 
ments can easily be made, no further major changes are indicated for the near future. The prepara- 
tion of teachers for these new curricula presents a mixed picture. The recommendations of the 
Panel on Teacher Training of CUPM for the preparation of secondary school teachers have been 
generally accepted and are being implemented. The proper training of elementary school teachers, 
however, seems to be a much more difficult problem. 

Professor Gleason then looked at the future: It is agreed that a broad range of mathematical 
topics will be required by every citizen, and curricula are already being designed to include these 
new topics. The curricula of the future will differ from the more advanced curricula of today pri- 
marily in the order in which the topics are taken up. There will be great emphasis on pre-mathe- 
matical experiences, and even the youngest children will be exposed to such concepts as negative 
numbers, coordinate systems, vectors, symmetry, motion conceived as independent of the object 
moved, topology, probability and statistics. 

Dr. Fleming spoke on the impact of curriculum revision on educational administration. He 
observed that vigorous activity has been underway in many subject areas of the curriculum since 
Sputnik. Although the history of American education is rich with illustrations of quests for im- 
provement, schools will continue to seek better opportunities for all young people. The task will 
never be finished. Activities of recent years have included efforts to up-grade content, provide 
needed instructional materials, solicit scholars for program development, provide new patterns of 
in-service education, and to assess the consequence of educational programs. Such activities raise a 
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series of important questions concerning the role of the teacher, emphasis on a book, evaluation, 
relationships of elementary and secondary school curriculum, use of specialists, and basic purposes 
to be achieved. Efforts to date seem to be yielding new patterns of teacher education, new sources 
of materials, and new working relationships with higher education. The current curriculum pro- 
grams must not become academic issues to be discussed in isolation to teachers and administrators. 
New relationships are needed with subject area scholars which are cooperative and meaningful. 
Problems of planning, methodology, evaluation, teacher education and certification are central to 
the administrator’s responsibility. 


General Discussion by the Panel and the Audience 


FOURTH SESSION OF THE ASSOCIATION 
Hedrick Lecture III, by Professor Fine. 


Fourter Methods in the Frequency Analysts of Data, by Professor Christopher Bingham, Prince- 
ton University and University of Chicago, and Professor J. W. Tukey, Princeton University. 

Frequency analysis is an incisive tool in studying the world in spite of such obstacles as com- 
plete confounding of every frequency with many others and non-uniqueness of trigonometric ex- 
pansions of finite data. These techniques have been widely used in geophysics, as such discoveries as 
the natural periods of vibration of the earth illustrate. Understanding of frequency analysis, its 
aims and fundamental limitations is founded largely on the formulas of discrete Fourier analysis. 
The Fast Fourier Transform has made practical the application of better techniques by vastly 
reducing the effort needed to obtain numerical convolutions and Fourier transforms. 


FIFTH SESSION OF THE ASSOCIATION 


A Report on the 1966 International Congress of Mathematicians, by Professor Seymour Sherman, 
Indiana University, Professor J. R. Isbell, Case Institute of Technology, and Professor W. W. 
Comfort, University of Massachusetts. 

Professor Sherman reported that the 1966 International Congress of Mathematicians in Mos- 
cow was the largest Congress so far, attended by about 5000 mathematicians from every major 
country of the world with the exception of Communist China. The opening ceremony and final 
banquet were held in the beautiful Palace of Congresses in the Kremlin. The Fields medal winners 
were Michael Atiyah of Oxford University, Paul Cohen of Stanford University, Stephen Smale 
of the University of California, Berkeley, and Alexandre Grothendieck of Paris. The next Congress 
is scheduled for September 1970 in Nice, France. The Congress provided a unique opportunity for 
meeting Russian mathematicians who were present in large numbers and who, in different ways, 
tried to communicate in their lectures also with those only familiar with western languages. The 
AMS pretranslated many of the Soviet major addresses, and the Russians rapidly duplicated and 
distributed these. Some details were provided as to how the speaker, with the help of earlier visitors 
to the Soviet Union, as well as the judicious use of social lubricants, managed to surmount his lin- 
guistic inadequacies and initiate communication with Russian researchers in his field. 

Professor Isbell then briefly described the physical! plant and functioning of Moscow State Uni- 
versity. He commented on the lectures given by Dieudonné, Ergov, S. P. Novikov and Eilenberg. 

Professor Comfort finally observed that the courteous and pleasant treatment accorded to 
Congress members by Russian officials was not always available to Russian citizens under similar 
circumstances, and told several stories to illustrate this. The Congress was, in general, mercifully 
free of politics; exceptions to this were the bulletin board at Moscow University protesting “U. S. 
Atrocities” in Viet Nam, Grothendieck’s failure to attend the Congress, Smale’s relation with the 
House Unamerican Activities Committee and his Moscow press conference. Professor Comfort 
expressed surprise at Russian familiarity with mathematical English-language literature. State- 
ments were given of new important topological results by Lashneff, David Henderson, and Ronald 
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Knill, as well as detailed statements of advances in cardinal topology by Parovicenko, Juh4szZ, 
Vopénka, and Kurepa. He listed pleasant informal social experiences involving Russians, such as 
swimming in the Moscow River and conversations with non-mathematicians in restaurants, where 
questions were raised concerning Cassius Clay, Senators Robert and Ted Kennedy, Jack Ruby, etc. 
He urged American mathematicians to learn Russian, or at least to encourage their graduate stu- 
dents to do so. Periodic perusal of the Doklady English-language translations was felt to be insuff- 
cient to acquaint an American mathematician thoroughly with Russian work in his field. 


SPECIAL SESSIONS OF THE ASSOCIATION 


Film showings were held in Room 123 of Scott Hall as follows: 

CEM Animated Level I Films (in color). Sunday, 7:00-7:14 p.m.—‘“What is a Set?” 
7:15-7:27 p.m.— “One-to-one Correspondence.” 

CEM Animated Calculus Films (in color). Sunday, 7:30-7:50 p.m.—“What is Area?” 
by Charles E. Rickart; 8:00-8:10 p.m.—‘“Limit” by Robert C. Fisher; 8:12-8:22 p.m.— 
“Infinite Acres” by Melvin Henriksen; 8:25-8:34 p.m.—‘“Fundamental Theorem of the 
Calculus” by Morris Schreiber; 8:36-8:46 p.m.—“A Function is a Mapping” by Albert 
Fadell; 8:55-9:05 p.m.—‘“Area under a Curve” by Charles E. Rickart; 9:07-9:17 p.m@.— 
“The Definite Integral as a Limit” by Robert C. Fisher; 9:19-9:29 p.m—“Newton’s 
Method” by Herbert S. Wilf; 9:30-9:38 p.m.—“Volume by Shells” by George F. 
Leger, Jr. 

Miscellaneous CEM Films. Monday, 5:00-5:43 p.m.—‘“Géttingen and New York— 
Reflections on a Life in Mathematics—Richard Courant” (a CEM Individual Lectures 
Film in color); 5:45-5:59 p.m.—‘“ What is a Set?” (a repeat showing of the first film listed 
above); 7:00-7:30 p.M.—“Topology” with Raoul Bott and Marston Morse (A kinescope 
produced by the Sctence and Engineering TV Journal in b & w); 7:35-8:35 p.m.—“Let us 
Teach Guessing: A Demonstration with George Polya” (a CEM Individual Lectures Film 
in color); 8:45-9:15 p.m.—‘“ Mr. Simplex Saves the Aspidistra” with Frank Kocher, Leon 
Henkin and Julius H. Hlavaty (a CEM Level I film in color). Tuesday, 7:30-8:12 p.m.— 
“Predicting at Random: A Lecture by David Blackwell” (a CEM Individual Lectures 
Film in color); 8:20-9:23 p.m.—‘“Nim, and Other Oriented Graph Games” with Andrew 
M. Gleason (a CEM Individual Lectures Film in b & w); 9:35-10:40 p.m.—“What is an 
Integral, New Version” with Edwin Hewitt (a CEM Individual Lectures Film in color). 


MEETING OF THE BOARD OF GOVERNORS 


The Board of Governors of the Association met on Sunday at 10:00 a.m. in Dining 
Rooms A, B, and C of the University Commons at Rutgers with thirty-three members 
present. Among the items of business transacted were the following: 

Upon the recommendation of Professor R. A. Rosenbaum, as the incoming Editor of 
the MonTHLY, the Board elected the following as Associate Editors of the MonTuLy for a 
five-year term beginning January 1, 1967: Joshua Barlaz, Rutgers—The State Univer- 
sity,,J. A. Brown, University of Delaware, Leonard Carlitz, Duke University, Howard 
Eves, University of Maine, Harley Flanders, Purdue University, Raoul Hailpern, SUNY 
at Buffalo, M.S. Klamkin, Ford Science Laboratory, R. C. Lyndon, University of Michi- 
gan, A. P. Mattuck, Massachusetts Institute of Technology, K. O. May, University of 
Toronto, J. R. Mayor, AAAS, G. N. Raney, University of Connecticut, Gian-Carlo Rota, 
Rockefeller Institute, E. P. Starke, Rutgers—The State University, J. G. Wendel, 
University of Michigan. Albert Wilansky, Lehigh University. 

The Board voted to invite Professor Gian-Carlo Rota of the Rockefeller Institute to 
deliver the sixteenth series of Earle Raymond Hedrick Lectures at the 1967 Summer 
Meeting. 
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The Board voted to approve the recommendation of the ad hoc Committee on the 
Graduate Program in Mathematics that the Association become actively interested in 
the graduate program in mathematics, that it shall concern itself with five problems 
outlined below, and that CUPM shall be asked to attack these problems, since CUPM 
already has an office and a staff, and is already known to and respected by mathemati- 
cians and administrators. The five problems were listed as follows: (1) Make clear the 
qualifications appropriate for a college teacher of mathematics at various levels, both as a 
mathematician and as a teacher. (2) Make qualified teachers recognizable and recog- 
nized. (3) Help graduate students go into appropriate programs. (4) Help departments 
improve (or start) their graduate programs. (5) Hold conferences and summer institutes. 

The Board also authorized CUPM to establish a Panel on Mathematics in Two-Year 
Colleges and specifically requested that it, among its many other duties, concern itself 
with the problem of building up the interest and activity of this group of mathematics 
teachers in the MAA. 

The Board approved the following schedule of future meetings: Houston, Texas, 
January 26-28, 1967; University of Toronto, August 28-30, 1967; San Francisco, Cali- 
fornia, January 25-27, 1968; University of Wisconsin, Madison, August 26-28, 1968; 
New Orleans, Louisiana, January 1969; University of Oregon, August 25-27, 1969; 
Miami, Florida, January, 1970. 

The Executive Director reported the membership of the Association as 16,940 mem- 
bers, 2 corporate members, and 229 academic members. 

The Board voted that, beginning with the fall of 1967, the ComMBINED MEMBERSHIP 
LisT not be sent automatically to all members, as has been the case in the past, but that 
instead it be sent only to members requesting copies. Forms on which to request free 
copies of the List will be sent to all members in the summer of 1967. Certain classes of 
members will still receive the List automatically including institutional members, family 
members, members of the Board of Governors, all members of MAA committees, and all 
Section Officers, 


BUSINESS MEETING OF THE ASSOCIATION 


A business meeting of the Association was held on Tuesday morning with President 
Wilder presiding. 

The second set of L. R. Ford Awards were presented by President Wilder to authors 
of expository articles published in the MonTHLy and the MaTHEmMATIcS MAGAZINE in 
1965. The awards, in the amount of $100 each, were presented for three articles (for fur- 
ther details on these awards, see the August-September issue of this MONTHLY, page 815). 

The Secretary then reported on some of the actions taken by the Board of Governors 
on Sunday. He announced that the second edition of the Guidebook to Depariments in the 
Mathematical Sciences in the United States and Canada, giving information on 1200 insti- 
tutions, will be ready by October 1 and available from the Buffalo office of the Associa- 
tion for 50 cents per copy. He also announced that the lectures from the 1965 MAA 
Codperative Summer Seminar at Bowdoin College on Harmonic Analysis by L. H. 
Loomis are now available from the Buffalo office of the Association for $3.00 per copy 
postpaid. Applications of Undergraduate Mathematics in Engineering by Ben Noble will 
be published early in 1967. MAA members may purchase single copies at $4.50; non- 
members must purchase copies from Macmillan Company at $9.00 per copy. MAA 
Studies No. 4, Studies in Global Geometry and Analysis, edited by S. S. Chern, will be 
published early in 1967. 

The Secretary, speaking in behalf of all those who attended the meeting, extended the 
thanks of the Association to Rutgers for having made their facilities available for this 
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meeting and for all the assistance which has been received from the members of the de- 
partment of mathematics and the other staff at Rutgers. 


MEETING OF SECTION OFFICERS 


The meeting of representatives of the Sections was held on Monday evening in Dining 
Rooms A, B, and C of the University Commons. Professor L. E. Mehlenbacher, Chair- 
man of the Committee on Sections, presided. Fifty-seven persons were present, represent- 
ing twenty-six of the twenty-seven Sections of the Association. 

President R. L. Wilder discussed the regional educational laboratories which have 
just been established in various parts of the country, and urged that scientists and math- 
ematicians, in particular, contact these laboratories to offer their assistance so that their 
viewpoints are properly represented. 

Professor H. M. Gehman spoke about some of the problems of the Buffalo office in 
trying to keep accurate records of members’ addresses. In particular, he requested Sec- 
tion Secretaries to notify the Buffalo office of any errors in address lists, of deaths of 
MAA members, and changes of names of institutions. 

Professor H. L. Alder announced that arrangements between Modern Learning Aids 
(MLA) and the MAA provide for free showing of the films produced by the Individual 
Lectures Project of CEM at sectional and national meetings of the MAA. Section Officers 
desiring to show such films at sectional meetings should write to MLA at one of its 
branches or its headquarters, 1212 Avenue of the Americas, New York, New York, 
10036, and specify that the showing will be at a sectional meeting. The Level I films 
shown at this meeting are expected to be available from MLA as of January 1, 1967. 
Arrangements for general distribution of the calculus films have not as yet been com- 
pleted, but they are available for showing at sectional meetings from Professor H. M. 
MacNeille, Department of Mathematics, Case Institute of Technology, University 
Circle, Cleveland, Ohio, 44106. 

Professor Alder then appealed to the Section Officers to see to it that they have a 
strong local organization and that they be conscious of their responsibility to carry out at 
the Section level the many projects initiated by the MAA at the national level. He also 
urged a strengthening of the system of MAA representatives. It is the responsibility of 
the Section Chairmen to appoint at each college and university within their Section an 
MAA representative. He suggested that, in larger departments, MAA representatives 
write circular letters to their colleagues to inform them of current MAA activities of 
interest to them, such as CUPM recommendations, newly available mathematical films, 
and coming sectional and national meetings of the MAA. He also urged MAA representa- 
tives to take the initiative in inviting MAA Visiting Lecturers to their campuses and to 
arrange for showings of films produced by the MAA. 

Professor K. O. May, Chairman of the Committee on the Preparation of a Fifty- Year 
History of the Association, announced that his Committee had decided to include a his- 
tory of the Sections of the Association and, therefore, requested that each Section send 
him information on its history, especially its unique features, and also supply him with 
names of old members for possible interviews. 

Professor R. D. Larsson, Chairman of the Upper New York Section, reported on the 
Undergraduate Paper Contest of that Section, which was established during the 1965-66 
academic year. Department chairmen were invited to nominate papers prepared by 
undergraduate students in their institutions. Five papers were nominated, and one was 
chosen for presentation at the spring meeting of the Section. Prizes of $25, $15 and $10 were 
awarded to the top three papers. This money was made available to the Section by the 
Association. The success of the contest has resulted in its extension for at least another 
year. 

Professor C. T. Salkind, Chairman of the Committee on High School Contests, gave a 
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report on correlation studies between the MAA High School Contest and others. He 
emphasized that to date no quantitative or statistical study has been undertaken, chiefly 
because it does not seem that any useful purpose would be served by such a study. Since 
the objectives of the High School Contest and such other examinations as the SAT or 
CEEB are significantly different, one would be reasonably safe in predicting a low 
correlation. 

Professor S. A. Jennings led a discussion on “How can we involve members of mathe- 
matics departments in community colleges and junior colleges in the activities of the 
MAA?” He reported on a panel discussion on mathematics in two-year institutions which 
he had organized in the Pacific Northwest Section two years ago for a Section meeting. 
As a result, a committee of two-year college mathematicians was encouraged to meet 
jointly with the Pacific Northwest Section at their regular June meeting and have a 
program of their own choosing. 

Professor G. S. Young led a discussion on “How can we improve the nature of Section 
programs?” He expressed his feeling that there is a very large number of papers presented 
at Section meetings which can be described as very minor research papers and that pre- 
sentation of such papers will have a most damaging effect on interest in Section meetings. 
Various suggestions were offered for avoiding this: (1) by having parallel sessions at 
Section meetings with expository papers and contributed research papers being scheduled 
simultaneously, (2) by meeting jointly with the AMS, as is done in the Pacific Northwest 
where research papers then are presented at the AMS sessions and all papers at the MAA 
session are presented by invitation only, and (3) by a careful selection of topics and 
speakers supervised by a program committee appointed by the Section for this purpose. 


MEETINGS OF OTHER ORGANIZATIONS 


The American Mathematical Society held its session from Tuesday afternoon through 
Friday noon. Invited addresses were given by Professor Nachman Aronszajn of the Uni- 
versity of Kansas on “Miscellanea on Hilbert Spaces, Linear Operators, and Numerical 
Ranges” on Tuesday at 2:00 p.m.; by Professor H. J. Keisler of the University of Wiscon- 
sin on “Recent Developments in Model Theory” on Wednesday at 4:00 p.m.; by Pro- 
fessor V. S. Varadarajan of the University of California, Los Angeles, on “Representa- 
tions of Semisimple Lie Groups” on Thursday at 9:00 a.M.; and by Professor Karl 
Menger of the Illinois Institute of Technology on “Ideas on Complex Functions” on 
Friday at 9:00 a.m. 

The Institute of Mathematical Statistics held sessions from Tuesday afternoon 
through Friday. A special invited paper was presented by Professor David Friedman of 
the University of California, Berkeley, on “Some Invariance Principles for Functionals of 
a Markov Chain” on Wednesday at 10:50 a.m., and an invited address by Professor 
R. E. Kalaba of the RAND Corporation on “Mathematical Challenges of Biological 
Processes” on Thursday at 11:30 a.m. 

The Society for Industrial and Applied Mathematics presented the von Neumann 
Lecture at 8:00 p.m. on Wednesday. It was delivered by Professor E. P. Wigner of Prince- 
ton University on “Statistical Theory of Spectra.” 

The Pi Mu Epsilon Fraternity held sessions for contributed papers on Tuesday at 
3:00 p.m. and on Wednesday at 9:00 a.m. A banquet was held Tuesday evening at 
6:00 p.M. in Dining Rooms A, B, and C of the University Commons. At the banquet, 
Professor J. S. Frame, retiring national president of Pi Mu Epsilon, spoke on “Semi- 
inverses of a Matrix.” A Dutch-treat breakfast meeting for Pi Mu Epsilon members was 
held on Wednesday at 8:00 a.m. 

The Governing Council of Mu Alpha Theta, the National High School and Junior 
College Mathematics Club, sponsored by the MAA, met on Wednesday at 9:00 A.M. in 
Room 4 on Level B of Frelinghuysen Hall. 
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ARRANGEMENTS, ENTERTAINMENT AND RECREATION 


The Committee on Arrangements for the meeting consisted of L. F. McAuley, Chair- 
man; H. L. Alder, Joshua Barlaz, John Bender, Saul Blumenthal, F. E. Clark, R. M. 
Cohn, J. H. Griesmer, Katherine E. Hazard, Mrs. Barbara L. Osofsky, Everett Pitcher, 
M.S. Robertson, G. L. Walker, and K. G. Wolfson. 

Registration headquarters were located in The Ledge. Dormitory accommodations 
and cafeteria facilities were provided by Rutgers. The Mathematical Sciences Employ- 
ment Register was maintained on Level A of Frelinghuysen Hall, and book exhibits, 
exhibits of educational media and a group of drawings and paintings of eleven great 
mathematicians of the past, made by Professor Hwa S. Hahn of Pennsylvania State 
University, were displayed in Records Hall. 

There was a chicken fry on Tuesday at 6:00 p.m. on the mall in front of William the 
Silent, followed by a square dance at 8:00 p.m. in the Gymnasium parking lot. There was 
a Presidential Tea on Wednesday at 4:00 p.m. on the President’s lawn. SIAM conducted 
a beer party on Monday at 8:30 p.m. in the Officers’ Club at Camp Kilmer, and IMS 
a mixer on Wednesday at 9:00 p.m. in the University Commons. Non-mathematical movies 
were shown Monday through Friday at 8:30 pM. in Milledoler Hall, Room 100, at no 
charge. 

Henry L. ALDER, Secretary 


ACADEMIC MEMBERS ELECTED INTO THE ASSOCIATION 


In accordance with the amendments adopted at the business meeting of the Associa- 
tion at Stillwater on August 30, 1961, the Board of Governors at its meeting at Rutgers— 
The State University, New Brunswick, New Jersey, on August 28, 1966, elected to mem- 
bership in the Association the tenth set of applicants for academic members (for election 
of the other nine sets, see the April and November issues for 1962-66). Approval for 
election to membership was given to the following 7 applicants for academic membership: 


Kansas State College St. Mary’s College of Maryland 
Memorial University of Newfoundland State University College, Cortland, 
New Haven College New York 

Sacred Heart University U.S. Naval Academy, Annapolis 


Henry L. ALDER, Secretary 


RETIRED MATHEMATICIANS 


The next issue of the List of Retired Mathematicians Available for Employment 
will be published in January 1967 by the Mathematical Sciences Employment Register. 
Besides being distributed to academic and industrial employers, who request it from the 
Register office, copies will be available when the Register is open at the annual meeting 
in Houston, Texas, January 25-27, 1967. Retired mathematicians who are interested in 
being included in the list may either request a form from the Register office or send the 
following information: name, date of birth, highest degree earned and where it was ob- 
tained, most recent employment, present address, date available, references, preference 
for academic or industrial employment, and geographic location preferred. The deadline 
for receipt of either the completed form or the above information is January 1, 1967. 
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SUMMER EMPLOYMENT OPPORTUNITIES 


The List of Opportunities for Summer Employment for Mathematicians and College 
Mathematics Students is being compiled and will be issued in January 1967. The list 
will be available free of charge at the annual meeting in Houston, Texas, in January and 
on request from the Register office. Institutions and industrial concerns that have sum- 
mer openings and would welcome applications from mathematicians and students of 
mathematics may request forms for listing from the Register office. The deadline for 
receipt of completed forms is January 1, 1967. 


THE EMPLOYMENT REGISTER 


The Mathematical Sciences Employment Register, established by the American 
Mathematical Society, the Mathematical Association of America, and the Society for 
Industrial and Applied Mathematics, will be open at the annual meeting at the Rice 
Hotel in Houston, Texas. The dates are January 25-27, 1967. The Register will be open 
from 9 A.M. to 5 P.M. on Wednesday, Thursday, and Friday in the Terrace Room. Appli- 
cants and employers who wish to be listed should request forms from the Register office. 
Deadline for receipt of completed forms is December 15, 1966. Employers who enter list- 
ings after December 15 are charged $5.00 for each late listing. If these listings arrive too 
late to be included in the printed issues, they will be taken to the meeting and will be 
on display for those interested in seeing them. 

There is no charge for listing except when the late registration fee for employers is 
applicable. Provision will be made for anonymity of applicants upon request and upon 
payment of $5.00 to defray the cost involved in handling anonymous listings. 

A subscription, which includes three issues of the List of Applicants and the List of 
Positions is $15.00 a year. These lists are published in January, May, and August. The 
January issues will be mailed the first week of January. Individual sets of the lists are 
$7.50, and copies of the List of Positions only may be purchased tor $3.00. Copies of the 
lists will be available at the January meeting or may be ordered in advance from the 
Register office. Checks should be made payable to the American Mathematical Society, 


SECOND EDITION OF GUIDEBOOK 


MAA has just published a second edition (1966) of the GUIDEBOOK TO DEPARTMENTS 
IN THE MATHEMATICAL SCIENCES. This new edition consists of about eighty pages, and 
contains almost twelve hundred entries. Copies may be purchased at fifty cents each 
from the Buffalo office of MAA. 

The GUIDEBOOK, edited by Professor Raoul Hailpern, is a project of the MAA Com- 
mittee on Advisement and Personnel. It is intended to provide in summary form in- 
formation about the location, size, staff, library facilities, course offerings, and special 
features of departments in the mathematical sciences in four year colleges and univer- 
sities in the United States and Canada. Its purpose is to assist prospective students and 
their counselors and parents in obtaining comparable information about many institutions 
so that the selection of a proposed place of study may be narrowed down to a few from 
which more detailed information may then be sought. 

The GUIDEBOOK gives data for institutions that offer an undergraduate major in a 
mathematical science, such as Mathematics, Statistics, Computer Science, Applied 
Mathematics, leading to a baccalaureate degree. Additional information is given for 
institutions that offer the Ph.D. degree in one or more mathematical sciences. This 
information concerns the size, financial support and productivity of the doctoral pro- 
grams of these institutions. 
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MAY MEETING OF THE NEW JERSEY SECTION 


The first joint meeting of the New Jersey Section of the MAA and the Association of 
Mathematics Teachers of New Jersey was held at Ocean Township High School, Oak- 
hurst, on May 7, 1966. During the morning program, Professor Joshua Barlaz, Chairman 
of the Section, presided at the general session; Professor F. A. Varrichio, Secretary- 
Treasurer, presided at the elementary and junior high school session; and Professor 
F, E. Clark, Vice-President presided at the senior high school and college session. Mrs. 
Margret H. Devitt, President of the AMTNJ, presided at the luncheon session. One 
hundred and eighty-five persons attended the meeting, including sixty-six members 
of MAA. 

There was no business meeting. 

At the general session, the following paper was presented: 


Geometric concepts from Euclid to Einstein, by A. W. Tucker, Princeton University (by invita- 
tion). 


At the senior high school and college session, the following paper was presented: 
Statistics—an enigma, by E. R. Ott, Rutgers—The State University (by invitation). 
At the elementary and junior high school session, the following paper was presented: 


The emerging program in mathematics for grades 5-8, by W. G. Koellner, Coordinator of Mathe- 
matics, Cranford Public Schools (by invitation). 

The program in mathematics, grades 5-8, is relatively independent of the grade level structure 
of the school system. Grade level structures, such as K-6-3-3, K-6-4-2, K-5-4-3, and K-4-4-4, are 
more dependent on socio-economic conditions and administrative viability than on specific subject 
content or offerings. 

The report of the Cambridge Group projects directions and long-range goals for school mathe- 
matics. Investigations into current programs indicate that certain of these goals are being realized. 
Research indicates that these goals are attainable and necessary. 

Increased emphasis must be placed on training teachers in content as well as method. In- 
service training is necessary to develop depth and breadth of knowledge. 


At the luncheon session the following paper was presented: 


Mathematical education for scientific, technological and industrial needs of society, by H. F. Fehr, 
Teachers College, Columbia University (by invitation). 

Present mathematical reform in school is limited to updating the traditional program. Subject 
separation is maintained. For efficiency and real learning, mathematics must be conceived as a 
totality. The high school program must be reconstructed, using sets, mappings, relations and func- 
tions as unifying concepts. On these ideas are built the properties of the structures of number 
systems, groups, rings, fields—all headed toward vector spaces. Arithmetic, algebra, geometry, 
and analysis are completely unified. To culminate the secondary school program, probability in- 
cluding statistical inference, the calculus, and numerical analysis related to digital computers, 
should be studied. 

F. A. VARRICHIO, Secretary-Tveasurer 


MAY MEETING ‘OF THE UPPER NEW YORK STATE SECTION 


The annual meeting of the Upper New York State Section of the MAA was held 
at St. Bonaventure University, Olean, New York, on Saturday, May 14, 1966. M. W. 
Pownall, Chairman of the section, presided at the morning session, and R. D. Larsson, 
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Vice-Chairman, presided at the afternoon session. There were 135 persons in attendance, 
including 104 members of the association. 

At the business meeting the following officers were elected: Chairman, R. D. Larsson, 
Mohawk Valley Community College; Vice-Chairman, Dick Wick Hall, SUNY at 
Binghamton; Secretary-Treasurer, N. G. Gunderson, University of Rochester. R. D. 
Larsson, chairman of the Undergraduate Paper Contest Committee, reported the suc- 
cessful launching of this new venture of the section. J. M. Perry, chairman of the Com- 
mittee to Study the CUPM Report, General Curriculum in Mathematics for Colleges, 
called for reaction to the report to be sent to his committee. The Section moved its 
congratulations to Professor H. M. Gehman on his receiving the Award for Distinguished 
Service in Mathematics. B. H. Gere presented the findings of the Committee on Time 
of Meeting, and moved that in addition to the annual meeting in the spring, fall meetings 
be held for two years on an experimental basis. D. S. Martin reported on a survey of 
mathematics club activities in the section. Nura Turner reported on the 1966 MAA 
High School Mathematics Contest. N. G. Gunderson reported that section membership 
now exceeds 1000, and increased expenses make it necessary to levy a nominal registra- 
tion fee at future meetings. 

The program was as follows: 


1. Trends in undergraduate programs for mathematics majors, a panel discussion by M. W. 
Pownall, Colgate University; R. Exner, Syracuse University; J. M. Perry, Wells College; R. D. 
Slaugh, SUNY at Cortland; A. D. Zieber, SUNY at Binghamton. 

Programs at the colleges represented were described. Trends include the reduction in the 
amount of analytic geometry in the calculus course, linear algebra before multivariate calculus, 
no separate course in differential equations, real analysis instead of advanced calculus, the require- 
ment of 6 hours of mathematics for elementary school teachers, honors programs and independent 
study. 


2. The general curriculum in mathematics for colleges, by A. W. Tucker, Princeton University, 
representing CUPM. 


3. A generalization of the consecutive non-squure free integer problem, by C. J. Parry, SUNY at 
Oswego, Undergraduate Paper Contest winner. 

It was shown that for all positive integers 2 and k there exist » consecutive integers each with 
a kth power factor. 


4. Present and future trends of mathematics programs in two-year colleges, a panel discussion by 
R. D. Larsson, Mohawk Valley Community College; Mrs. R. Humphrey, Bennett College; C. A. 
Lathan, Monroe Community College; J. J. Deveny, SUNY at Morrisville. 

The typical mathematics programs of the three types of two year colleges represented were 
presented, with some development of the historical patterns. Emphasis was given on the variety of 
curricula to be served; the spread of backgrounds of the students; the conflict between career and 
transfer objectives; the lack of adequate texts and the need and opportunity for new curricular 
development in this area. 

Discussion was held on the special problems of career programs, transfer programs in Arts 
and.Sciences, remedial courses and the objectives of mathematics courses for those not majoring 
in mathematics or science. 


5. Secondary school mathematics—present and future, by Frank Hawthorne, N. Y. State Educa- 
tion Department. 


6. Finite calculus, by H. A. Still, Queen’s University. 
It would be convenient in the study of a series if we could find the sum of the first terms 
of a series, that is to obtain a simple expression for the partial sums, S,, of a series. The difference 
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operator A was defined for functions whose domain is the natural numbers. This was followed by a 
definition of the operators A7t and >_2. The words differentiable and summable were defined and 
the following Fundamental Theorem was presented: If f is summable on {x|aSxSb} and Fis 
such that AF(x)=f(x), then >? f(x) = F(b+1)— F(a). 


7. Projection matrices and the generalized inverse, by J. C. Boot, SUNY at Buffalo. 

It is shown that the generalized inverse can be considered as the matrix X which is such that, 
out of all matrices X that minimize tr(AX —JI)'(AX-—T) (that is in words: all matrices X such 
that AX is as close in a Euclidean sense to J as possible) it is that matrix for which tr X’X 
is minimized. This leads to the elegant formula for the generalized inverse X= A'A,(A/AA'A,)"1A!, 
A of order n Xm and A, any r independent columns of A. 

N. G. GuNDERSON, Secretary 


JUNE MEETING OF THE PACIFIC NORTHWEST SECTION 


The annual meeting of the Pacific Northwest Section of the MAA was held at the 
University of Victoria, Victoria, British Columbia on June 17 and 18, 1966. There were 
179 persons in attendance including 85 members of the Association. Professor S. A. 
Jennings, Chairman of the Section, presided over the Friday sessions which were held 
jointly with the Northwest Section of SIAM. Mr. Joel Carlson presided over the Satur- 
day sessions which were devoted to junior and community colleges. Those in attendance 
were guests of the Departments of Mathematics of the University of Victoria and the 
Canadian Services College at a social gathering on Friday evening and were guests of the 
Centennial Committee of the Province of British Columbia at a luncheon on Saturday. 
A reception and tea was held at the Canadian Services College at the conclusion of the 
meeting. 

At the business meeting the following officers were elected: Chairman, W. R. Ballard, 
Montana State University; Vice-Chairman, C. T. Long, Washington State University; 
Secretary-Treasurer, E. A. Maier, University of Oregon. 

The program of the joint sessions with SIAM was as follows: 


1. On uniqueness in the mathematical theory of plasticity, by E. M. Shoemaker, Simon Fraser 
University (by invitation). 

2. Panel discussion: The CUP M report on a general curriculum in mathematics ; H. E. Chresten- 
son, Reed College; Ivan Niven, University of Oregon; T. M. Southward, California State College 
at Hayward; Roy Dubisch, University of Washington (Chairman). 

3. Boolean Algebras—some old and new problems, by R. S. Pierce, University of Washington 
(by invitation). 

4. An application of Kalman filtering to passive ranging, by J. W. Burrows, The Boeing Com- 
pany (by invitation). 


The following program was presented at the junior and community college sessions: 


1. Comments concerning the two-year coileges of the Pacific Northwest, by S. A. Jennings, 
University of Victoria. 

2. Is there a place for the two-year college in the NCTM? by Donovan Johnson, President, 
NCTM, University of Minnesota. 

3. Is there a place for the two-year college in the MAA? by R. C. James, Member, CUPM, 
Harvey Mudd College. 

4. Panel discussion: Mathematics at the two-year college—points of view; Glenn Adams, Everett 
Junior College; Dana Lefstad, Skagit Valley College; Arvid Lonseth, Oregon State University; 
Brice Whittles, British Columbia Institute of Technology and Selkirk College. 

E. A. Mater, Secretary-Treasurer 
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CALENDAR OF FUTURE MEETINGS 


Fiftieth Annual Meeting, Houston, Texas, January 26-28, 1967. 
Forty-eighth Summer Meeting, University of Toronto, Toronto, Ontario, Canada, 


August 28-30, 1967. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY MOUNTAIN, West Virginia Uni- 
versity, Morgantown, West Virginia, May 
6, 1967. 

ILLINoIs, University of [linois, Urbana, May 
14-15, 1967. 

INDIANA 

Iowa, Drake University, Des Moines, April 21, 
1967. 

KANSAS, Fort Hays State College, Hays, April 
22, 1967. 

Kentucky, Murray State University, Murray, 
Spring, 1967. 

LovurstaNa-MississipPi1, Jung Hotel, New Or- 
leans, Louisiana, March 4-5, 1967. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
Georgetown University, Washington, D.C., 
December 10, 1966. 

METROPOLITAN NEW YORK 

MICHIGAN 

MINNESOTA 

Missour!, Northeast Missouri State Teachers 
College, Kirksville, April 29, 1967. 

NEBRASKA, University of South Dakota, Ver- 
million, May 6, 1967. 

NEW JERSEY 


NORTHEASTERN 

NORTHERN CALIFORNIA, University of Cali- 
fornia, Davis, February 4, 1967. 

OHIO 

OKLAHOMA-ARKANSAS, Northeastern State Col- 
lege, Tahlequah, Oklahoma, March-April, 
1967. 

Paciric NorTHWEST, University of Montana, 
Missoula, June 16-17, 1967. 

PHILADELPHIA 

Rocky MountTAIN 

SOUTHEASTERN, Florida Presbyterian College, 
St. Petersburg, Florida, March 31—April 1, 
1967. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, San Diego, March 11, 1967. 

SOUTHWESTERN, University of Arizona, Tucson, 
March 31—April 1, 1967. 

Texas, Austin College, Sherman, April 14-15, 
1967. 

Urprer NEw York STATE, State University 
College, Plattsburgh, May 20, 1967. 
WIsconsiINn, St. Norbert College, DePere, May 

6, 1967. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, Washington, D. C,, 
December 26-31, 1966. 

AMERICAN MATHEMATICAL SOCIETY, Houston, 
Texas, January 24-27, 1967. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Michigan State University, June 
19-23, 1967. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Sheraton-Park, Washington, D. C., Au- 
gust 29-31, 1967. 

ASSOCIATION FOR SymBoLic Locic, Houston, 


Texas, January 23-24, 1967. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Chicago, November 
23-25, 1967. 

INSTITUTE OF MATHEMATICAL STATISTICS 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Houston, Texas, January 28, 1967. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
New York Hilton Hotel, May 31-June 2, 
1967. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS 


PIVE TEXTS TO CONSIDER 
INTRODUCTION TO MATHEMATICAL STATISTICS 


Second Edition 


By Robert V. Hogg and Allen T. Craig, both of The University of lowa 
In this enlarged edition of a successtul, widely used text, all topics receive full and lucid 


treatment. The ciscussion of probability has been enlarged to include conditional 
probability. 1965, 383 pages, $8.50 


THE THEORY OF NUMBERS 
By Neal H. McCoy, Smith College 


Designed for one-semester courses at the junior or senior level, this text is a well or- 
ganized, well written statement of the theory of numbers. It employs set theory notations 
and assumes familiarity with the concept of a proof by induction. Additional topics for 
reading and study, with references conclude each chapter. 1965. 150 pages, $4.95 


REAL ANALYSIS 
By H. L. Royden, Stanford University 


The first third of this book contains the classical theory of functions. The second third is 
devoted to general topology, and the last third to abstract treatments of measure and 
integration. ‘‘This book is a well-organized and thoroughly readable introduction to a 
number of subjects ... including [the] real variable."—SIAM Review 

1963, 284 pages, $9.95 


MODERN UNIVERSITY ALGEBRA 


By Marvin Marcus and Henryk Minc, both of the University of California, 
Santa Barbara 

Here is a rigorous presentation of new and exciting ideas in algebra for students at 
the elementary (pre-calculus) level. Abstract and contemporary topics such as the 
Frobenius-Konig Theorem, the Minkowski inequality, and the basic theorem for sym- 
metric polynomials are made accessible to anyone who has completed high school 
courses in algebra and trigonometry. 1966, 244 pages, $6.95 


APPLIED COMPLEX VARIABLES 
By John W. Detiman, Oakland University 


Here is a thoroughly modern text. The first half deals with the mathematics of analytic 
function theory. The second is devoted to applications of the theory to problems faced 
by engineers and scientists. The book may be used in a one- or two-semester course. 

1965, 481 pages, $9.95 


Write to the Faculty Service Desk for examination copies. 


THE MACMILLAN COMPANY /866 Third Avenue /New York 10022 


ELEMENTS OF MATHEMATICS 
Revised — Updated 


FIRST TWO OF EIGHT 
VOLUMES 


The Addison-Wesley publication of this 
world famous series—for the first time in 
English—has been arranged with Bourbaki 
and authorized through the original French 
Publisher. GENERAL TOPOLOGY Parts 
I & II are the first to be translated and made 
available as permanent hard cover refer- 
ences. 


GENERAL TOPOLOGY 


Recognized as the most complete and 
authoritative reference work on this sub- 
ject, the two volumes take Topology from 
the beginning and give complete proofs. 


GENERAL TOPOLOGY—Part I 


This volume deals primarily with point 
set topology in four major chapters: 
1. Topological Structures 
2. Uniform Structures 
3. Topological Groups 
4. Real Numbers 


a 


438 pp $18.50 
GENERAL TOPOLOGY—Part Il 


A complete treatment of combinatorial 
topology in six major chapters: 
5. Groups with One Parameter 
6. Numerical Spaces and Projective 
Spaces 
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7. The Additive Groups R® 
8. Complex Numbers 
9. Utilization of Real Numbers in Gen- 


eral Topology 
10. Functional Spaces 363 pp $18.50 


FIRST ENGLISH PUBLICATION 


CALCULUS, Part | 
By Epwin E. Motse, Harvard University. 


Intended for a first-year course in elementary 
calculus, this book treats exponentials, loga- 
rithms, and trigonometric functions with the 
assumption that the student has some, but not 
a great deal of, prior knowledge of these topics. 
Ideas such as that of a coordinate system in a 
plane, and mathematical induction are explained 
from the beginning. 

This text will be followed by a second volume 
treating the calculus of several variables. 


498 pp. 529 illus. $8.95 


MATRICES AND LINEAR 
TRANSFORMATIONS 


By Cuartes G. CULLEN, University of Pittsburgh. 


The first five chapters of this book on linear 
algebra comprise a one-term text for science, 
engineering and mathematics students which 
covers those topics most frequently encountered 
in applications. Only a first course in calculus 
and analytic geometry is required. Aimed at the 
sophomore-junior level, the text approaches the 
subject from the matrix theory point of view 
rather than from the more abstract approach 
using linear transformations. 227 pp. $8.95 


INTRODUCTION TO LINEAR 
ANALYSIS 


By Donato L. Kreiper, Dartmouth College, 
RopertT G. Kutter, Wayne State University, 
DonaLtD R. Ostserc, SUNY Buffalo, and 
Frep W. Perkins, Dartmouth College 


This book, which assumes a background in 
calculus, is designed to serve as an introductory 
text in applied analysis for students of science 
and engineering. It covers much of the tradi- 
tional material, however it also treats topics 
which are of importance in present day mathe- 
matics. The concept of linearity is en:phasized 
and used as a unifying thread which ties together 
the treatment of topics often presented in an 
isolated manner. 773 pp. 177 illus. $12.50 


Vt. . 
oe Po lf 
‘ mG ¥ ee 
. a ie Po ee 
By Sty 


LINEAR ALGEBRA 


By Serce LANG, Columbia University. 


The present book is meant as a text for a one- 
year course in algebra at the undergraduate level, 
during the sophomore or junior year. It starts 
with the basic notion of vectors in real Euclidean 
Space, which sets the pattern for much that fol- 
lows. Examples and special cases are worked out 
in abundance, and abstractions are developed 
slowly. 

Examples from calculus are given through- 
out, and in some sense, the book is a completion 
of the limited amount of algebra in the author’s 
A. Second Course in Calculus. A chapter treating 
the tensor product and the alternating product 
appears in the text. 294 pp. 20 illus. $8.95 


FUNDAMENTALS OF ABSTRACT 
ANALYSIS 


By ANDREW M. GLEASON, Harvard University. 


This text is designed for use in the first course 
in real variable theory, at the advanced under- 
graduate-graduate level. 

An important feature of this text is the explicit 
formulation of the set-theoretic approach to ab- 
stract mathematics. This point of view is main- 
tained faithfully throughout. Although the foun- 
dations are not given axiomatically, the book is 
entirely consistent with the Hilbert-Bernays- 
Gédel treatment of set theory. The axiom of 
choice and the ideas behind axiomatic set theory 
are carefully explained in conjunction with the 
theory of cardinals. 404 pp. 25 illus. $13.75 


GEOMETRY: A MODERN 
INTRODUCTION 


By Mervin L. KEEpy and Cuar_Les W. NELSON, 
Purdue University. Teachers’ Commentary. 


This text, requiring a background of high 
school algebra and geometry and a familiarity 
with number systems, is designed for prospective 
teachers. It is essentially concerned with the 
foundations of geometry and contains sufficient 
material for a one-semester course. The axioms 
used in the foundational development are those 
of the authors and are designed not only to have 
strong intuitive appeal, but also to allow a rigor- 
ous development of the subject. 

324 pp. 361 illus. $7.95 


Write for approval copies 


Addison-\ 


THE SIGN OF 


Vesiey EXCELLENCE 
PUBLISHING COMPANY, INC. 


Reading, Massachusetts 01867 


LOGIC AND ALGORITHMS 


With Applications to the Computer and 
Information Sciences, by Robert R. Korf- 
hage, Purdue University. Covering those 
elements of Boolean algebra and logic 
that are appropriate to the computer and 
information sciences, this book features 
an elementary treatment of algorithmic 
theory and a discussion of formal lan- 
guages. 194 pages. $7.95. 


ELEMENTARY PARTICLE PHYSICS 


By Stephen Gasiorowicz, University of 
Minnesota. Presents the elements of field 
theory, examples of perturbation theory, 
symmetry principles and the phonome- 
nology of particle physics in one clearly 
written book. 613 pages. $14.95. 


COMPUTER PROGRAMMING AND 
RELATED MATHEMATICS 


By Richard V. Andree, University of Okla- 
homa. A careful introduction that fea- 
tures a wealth of computer problems of 


varying difficulty. Approx. 248 pages. 
$6.50. 


MATHEMATICAL METHODS IN 
THE PHYSICAL SCIENCES 


By Mary L. Boas, DePaul University. A 
pre-publication reviewer writes: ‘‘This is 
the best written mathematics book I have 
ever seen. In addition it is an imagina- 


$11.95. 


tive book.” 756 pages. 


John Yiley & Sons, Ine. 


SECONDARY SCHOOL MATHEMATICS 


By Stephen §S. Willoughby, New York 
University. Discusses the good and not so 
good innovations in mathematics teach- 
ing with emphasis on understanding and 


classroom use. Approx. 480 pages. 
Prob. $7.50. 


TOPOLOGICAL SPACES 


By Eduard Cech. Revised, rewritten and 
expanded by A. Frolik and M. Katetov. 
The original version of this book was pub- 
lished in Czech in 1959, with two supple- 
ments, one by J. Novak, and one by M. 
Katetov. 892 pages. $22.50. 


HILLS EQUATION 


By Wilhelm Magnus, New York Univer- 
sity; and Stanley Winkler, International 
Business Machines Corporation. Intersci- 
ence Tracts in Pure and Applied Mathe- 
matics, Volume 20. 136 pages. 
$8.50. 


THE THEORY OF STOCHASTIC 
PROCESSES 


By D. R. Cox and H. C. Miller, both of the 
University of London. Features clear, self- 
contained explanations (with examples) 


of how to use each of many special pro- 
cesses. 398 pages. $11.50. 


INTRODUCTION TO THE THEORY OF 
PROBABILITY AND STATISTICS 


By Niels Arley and K. R. Buch. A Science 
Editions Paperback. 240 pages. $1.65. 


APPLIED COMBINATORIAL 
MATHEMATICS 


Edited by Edwin Beckenbach, University 
of California. Covers important problems 
in the biological, social, physical, and 
mathematical sciences. 608 pages. 


$13.95. 


MODERN DIMENSION THEORY 

By J. Nagata, Osaka City University. A 
concise account of the theory that in- 
cludes the principal results of the classi- 
cal theory for separable metric spaces. 


259 pages. $11.00. 


NUMERICAL SOLUTIONS OF 
NONLINEAR DIFFERENTIAL EQUATIONS 


Proceedings of an Advanced Symposium 
Conducted by the Mathematics Research 
Center, U. S. Army at the University of 
Wisconsin, Madison, May 9-11, 1966. 
Edited by Donald Greenspan. 347 pages. 

G77 5. 


VECTOR SPACES OF 
FINITE DIMENSION 


By G. C. Shephard, University of Birming- 
ham. A concise account of the basic ideas 
of linear algebra with an ‘abstract’ ap- 
proach to vector spaces. One of the Uni- 
versity Mathematical Texts. 200 pages. 

$3.25. 


SPECIAL RELATIVITY 
Second Edition 


By W. Rindler, Southwest Center for Ad- 
vanced Studies, Dallas. A  successtul, 
stimulating introduction to the subject. In 
this new edition, new developments in 
mechanics are incorporated. One of the 
University Mathematical Texts. 196 
pages. $2.95. 


SEQUENTIAL METHODS IN 
STATISTICS 


By G. Barrie Wetherill. A Methuen Mono- 
graph in Applied probability and Statis- 
tics. 218 pages. $5.50. 


ELEMENTARY ABSTRACT ALGEBRA 


By E. M. Patterson, University of Aber- 
deen; and D. E. Rutherford, University of 
St. Andrews. A thorough but not too 
hurried introduction to the basic ideas of 
modem abstract algebra. Each idea is 
fully illustrated and examples relating to 
different concepts are discussed. One of 
the University Mathematical Texts. 211 
pages. $3.50. 


GERMAN-ENGLISH 
MATHEMATICAL VOCABULARY 


Second Edition 


By the late S. Macintyre and E. Witte. A 
successful aid to English-speaking mathe- 
maticians who wish to read German 
mathematical texts. This second edition 
by Edith Witte incorporates much new 
material prepared by Mrs. Macintyre be- 
fore her death. One of the University 
Mathematical Texts. 95 pages. $2.95. 
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INTRODUCTION TO ALGEBRA 


SAM PERLIS, Purdue University 


Designed for an introductory course in modern algebra or separate courses in linear and abstract 
algebra this text presents the concepts and elementary facts of five systems: groups, rings, in- 
tegral domains, fields, and vector spaces. Coverage extends to low-level topics such as induction, 
roots of unity, multiple roots of polynomials, and irreducibility. Matrices are used to move from 
the concrete to the abstract; repetition and examples clarify advanced concepts. 

1966. 440 pages. $9.50 


INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS 


SHEPLEY Ross, University of New Hampshire 


This book is essentially the same as the first nine chapters of the author’s longer book, DIF- 
FERENTIAL EQUATIONS. It covers the most fundamental methods of elementary differential 
equations, but omits the more advanced, specialized, and theoretical topics which would be 
presented in an intermediate course. The material is basically for a traditional elementaty coutse. 
However, more specialized topics such as numerical methods and Laplace Transform are intro- 
duced. 1966. 337 pages. $7.50 


INTRODUCTION TO NUMERICAL ANALYSIS 


GERARD P. WEEG, University of Iowa 
GEorGIA B. REED, Colorado State University 


Appropriate for a one semester course on numerical analysis, with prerequisites of calculus and 
an introduction to differential equations, this text presents eight major topics at a level of diffi- 
culty suited to the second-semester sophomore or the first-semester junior. A limited number of 
the methods available are presented, selected for their greater use and representation of broad 
classes of techniques. Through this class-tested material, the student is led to a better under- 
standing of the subject and an increased facility with the available material on a more advanced 
level. 1966. 184 pages. $7.50 


LECTURES ON RINGS AND MODULES 


JOACHIM LAMBEK, McGill University 


Designed for use at the advanced undergraduate and graduate levels, this book discusses as- 
sociative rings and their modules, with emphasis on the “ring of quotients’ concept. The text 
includes selected results in the case of Boolean and other commutative rings, the classical struc- 
ture theory of associative rings, injective modules, and offers an introduction to homological 
algebra. 1966. 192 pages. $8.50 


ALGEBRAIC EXTENSIONS OF FIELDS 


PAUL J. McCartuy, University of Kansas 


For students who have completed a course in abstract algebra, this text contains basic material 
concerning algebraic extensions of fields, and provides sound preparation for further study in 
the theory of fields, especially in algebraic number theory and classical field theory. 

1966. 176 pages. $8.50 


GUIDEBOOK 


TO 
DEPARTMENTS IN THE MATHEMATICAL SCIENCES 
IN THE 
UNITED STATES AND CANADA 


. intended to provide in summary form information about the location, size, 
staff, library facilities, course offerings, and special features of both undergrad- 
uate and graduate departments in the Mathematical Sciences . . . 


Second edition 1966 .. 


Price: Fifty Cents 


Copies may be purchased from: 


Mathematical Association of America 
SUNY at Buffalo (University of Buffalo) 
Buffalo, New York 14214 


UBLICATIONS FROM PRENTICE-HALL — 


HBRA AND TRIG- 


INTEGRATED AUG 
ONOMETRY: WITH ANALYTIC GE- 


OMETRY, 2ND EDITION, 1967—by 
ROBERT C. FISHER, The Ohio State Uni- 
versity, and ALLEN D. ZIEBUR, State Uni- 
versity of New York at Binghamton. 


A thorough revision of one of the most suc- 
cessful pre-calculus mathematics texts pub- 
lished. (Over 158,000 copies sold of previous 
edition.) The unit ying theme of the book is 
the concept of the function and its graph. 
New to this edition are the introduction of 
the language and notation of sets, and the 
treatment of analytic geometry. Color illus- 
trations have been incorporated. January 
1967, approx. 448 pp., $8.95 


INTRODUCTORY COMPLEX ANALY- 
SIS—by RICHARD A. SILVERMAN, formerly 
of the Courant Institute of Mathematical 
Sciences of New York. 


A basic senior or first year graduate course 
in Complex Variable Theory and its appli- 
cations. This completely self-contained text 
requires the reader to have a background in 
advanced calculus. Presents a ‘thorough 
treatment of elementary functions, poly- 
nomials and rational functions, with sepa- 
rate chapters on harmonic functions. 
January 1967, approx. 352 pp., $8.50 


. 80 pages... 


About 1200 entries. 


LINEAR TRANSFORMATIONS AND 
MATRICES—by F. A. FICKEN, New York 
University. 

A new text presenting the basic theory of 
finite-dimensional real and complex linear 
spaces. For students taking a first “con- 
ceptual” course. The material was class- 
tested by the author for over two years 
before final publication. January 1967, 
approx. 368 pp., $10.50 


APPLIED DIFFERENTIAL EQUA- 
TIONS, 2ND EDITION, 1967—-by mur- 
RAY R. SPIEGEL, Rensselaer Polytechnic 
Institute. 


This revised and updated 2nd Edition main- 
tains the objectives of the highly successful 
first edition. Briefly and clearly provides an 
elementary, reasonable understanding of 
differential equations for students of engi- 
neering, physics, chemistry and mathe- 
matics. This new edition features: a chapter 
on Laplace transform methods; an enlarged 
chapter on the Numerical Solution of Dif- 
ferential Equations by the addition of a 
section on the Runge-Kutta method and 
others. January 1967, approx. 384 pp., $8.50 


For approval copies, write: Box 903 
PRENTICH-HALL, ENGLEWOOD 
CLIFFS, NEW JERSEY 07632 
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Forthcoming .. . 


The University Series in Higher Mathematics 
Editorial Board: Marshall H. Stone, The University of 
Chicago; L. Nirenberg, New York University; and S. S. 
Chern, University of California, Berkeley. 


A HILBERT SPACE PROBLEM BOOK 


by Paul R. Halmos, The University of Michigan. 


This book of problems, together with solutions, on the 
Hilbert space theory, is intended to communicate ideas 
and techniques and allow the reader to generalize for 
himseif. The problems are designed to be challenges 
to thought, and to stimulate related questions and 
generalizations. The topics treated range from fairly 
standard textbook material to the boundary of what 
is known. Attempts have been made to exclude dull 
problems with routine answers. The book is divided 
into three parts. fhe first part consists of probiems, 
appropriately preceded by definitions and motivation, 
and often followed by corollaries and historical re- 
marks. Most of the problems are statements to be 
proved, although some are questions and challenges. 
The second part consists of hints—a word or para- 
graph intended to help the reader find a solution. The 
third section contains solutions: proofs, answers, or 
constructions, depending on the nature of the prob- 
lem. Standard nomenclature, the history of the subject 
and some pertinent references are also included in the 
third section. The work is excellent as a reference book 
or as a text for graduate students with previous 
knowledge of the Hilbert space theory, elementary and 
results of general topology, the measure theory, and 
real and complex analysis. 


February, 1967 About 340 pages Approximately $11.50 


The University Series in Undergraduate Mathematics 
Edited by John L. Kelley, University of California, 
Berkeley, and Paul R. Halmos, University of Michigan. 


LINEAR GEOMETRY 


by K. W. Gruenberg, Queen Mary College, and Alan 
J. Weir, University of Sussex. 


Designed for advanced undergraduate or first-year 
graduate students, LINEAR GEOMETRY explains in 
suitably rigorous language the intuitively familiar con- 
cepts of Euclidean, affine and projective geometries 
and to study the relations between them. The method 
of exposition is purely algebraic and includes most of 
the topics normally included in a first course in linear 
geometry. 


Little mathematical knowledge is presupposed at the 
outset, but the student will find that the style changes 
- to keep pace with his growing mathematical maturity. 
This text has been thoroughly class tested and is 
recommended for a one semester course given either 
during the winter quarter or spring semester. 


Available January, 1967 About 250 pages 
Approximately $7.50 


TEXTS 


A MODERN INTRODUCTION TO GEOMETRIES 


by Annita Tuller, The City University of New York, 
Hunter College. 


Through the study of geometry as a body of theorems 
deduced from a set of axioms, and geometry as the 
study of the invariant theory of a transformation 
group, the student is brought to an awareness of the 
new vistas in geometry which opened after the dis- 
covery of non-Euclidean geometry. 


Features include: Material selected to give a feeling of 
unity of presentation; early introduction of analytic 
as well as synthetic methods; gradual emergence of 
the familiar properties of Euclidean geometry as spe- 
cial cases of the more general geometries; suggestions 
and references in the text and exercises for student 
reports on the basis of independent study; many prob- 
lems of varying difficulty at the end of each section: 
and answers to selected problems. 


Available January, 1967 About 200 pages 
Approximately $6.00 


Recently Published. . . 


The University Series in Higher Mathematics 
Editorial Board: Marshall H. Stone, The University of 
Chicago; L. Nirenberg, New York University; and 
S. S. Chern, University of California, Berkeley. 


DENUMERABLE MARKOV CHAINS 


by John G. Kemeny and J. Laurie Snell, both of Dart- 
mouth College and Anthony W. Knapp, Massachusetts 
Institute of Technology. $12.50. 


GROUP THEORY 


by Eugene Schenkman, Purdue University. $9.50. 


VALUE DISTRIBUTION THEORY 


by Leo Sario, University of California, Los Angeles and 
Kiyoshi Noshiro, Nagoya University. $7.50. 


AN INTRODUCTION 10 COMPLEX ANALYSIS 
IN SEVERAL VARIABLES 


ee as Hormander, The Institute for Advanced Study. 


120 Alexander Street 
Princeton, New Jersey 08540 
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FORTHCOMING 
MATHEMATICS 
TEXTS FROM 


HOLT, 
RINEHART AND 
WINSTON 


CALCULUS AND 


ANALYTIC GEOMETRY, 
Second Edition 


ABRAHAM SCHWARTZ, The 
City College of the City University 
of New York 


As in the first edition, this text for 
the introductory calculus course be- 
gins with chapters on the differential 
and integral calculus which rest on 
an intuitive basis rather than an ab- 
stract one. In this second edition, the 
definition of “function” at the be- 
ginning of the book has been rewrit- 
ten in more precise terms, and the 
first, intuitive definition for integrals 
in Chapter Two has been improved. 
A completely new feature is the addi- 
tion of a chapter on differential equa- 
tions. This chapter places more em- 
phasis than usual, at this level, on 
uniqueness theorems. It also treats 
physical application, especially for 
linear equations with constant co- 
efficients. 


March 1967 992 pp. $12.50 tent. 


A SURVEY OF 
FRESHMAN MATHEMATICS 


DONALD R. HORNER, Eastern 
Washington State College 


Here is an introduction to mathe- 
matics that offers, at an elementary 
level, both an appreciation of mathe- 
matical abstractions and a broad sur- 
vey of the main topics in mathe- 
matics. Some of the concepts of pure 
mathematics are developed in the 
first chapters where logic, set theory 
and basic number systems are intro- 


<1 


SH SH BRI OCI IK KH HCH RIO IK OS OO 
eee ee SR 


+, 

Or 5°, XK? 
atate? Mote hsh es ¢, .o, 
2 SSSI 


duced. Chapter four provides a re- 
view of high school algebra while the 
remaining chapters present a broad 
treatment of matrices and determi- 
nants, probability and statistics, an- 
alytic geometry, trigonometry, and 
elementary calculus. Each topic is 
entered into as a result of the needs 
of other disciplines, such as business 
administration, biology, psychology, 
and education. 


March 1967 288 pp. $6.50 tent. 


INTRODUCTION TO 
NUMBER THEORY 


JAMES E. SHOCKLEY, Virginia 
Polytechnic Institute 

Designed for a one semester course 
in number theory, this text offers a 
good deal of exposition in its treat- 
ment of the subject. While maintain- 
ing rigor, proofs are treated in a 
more gradual style than the usual 
terse manner of presentation. Most 
of the chapters are virtually inde- 
pendent of each other and can be 
treated in any sequence. Other fea- 
tures include a liberal interjection of 
historical summaries and brief sur- 
veys of more advanced results which 
may be assigned for outside reading. 


March 1967 352 pp. $6.75 tent. 


A SEMINAR ON 

GRAPH THEORY 

FRANK HARARY, University of 
Michigan 

March 1967 200 pp. $6.00 tent. 


LINEAR PARTIAL 
DIFFERENTIAL EQUATIONS 


S. G. MIKALIN, Moscow, 
U.S.S.R. Translated by Scripta 
Technica; translation edited by 
HARRY HOCHSTADT, Poly- 
technic Institute of Brooklyn 


January 1967 416 pp. $10.00 tent. 


» Holl, Rinehart — 


and Winston, Inc. 
383 Madison Avenue, 
= New York, New York 10017 - 
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Recent Publications 


INTRODUCTION TO MODERN MATHEMATICS 
FOR ELEMENTARY TEACHERS 


Dora McFarland and Eunice M. Lewis 
Both of the University cf Oklahoma 


The outstanding feature of this new text is a 
careful structuring of the content of the “new 
math.” Intended for one-year college courses and 


in-service programs. 
$7.50 


CONTEMPORARY MATHEMATICS FOR 
ELEMENTARY TEACHERS 
Howard F. Fehr, Teachers College, Columbia 
University 
Thomas J. Hill, Montclair State College 


This impressive new text furnishes the founda- 
tions of arithmetic and geomeiry necessary for 
the conceptual teaching of a contemporary 
mathematics program in the elementary school. 
Suitable for one-year college courses and in- 


service programs. 


$7.95 


COLLEGE ALGEBRA, Fifth Edition 
William L. Hart, University of Minnesota 


A substantial course in college Algebra ex- 
pressed in current terminology; enriched by re- 
lated analytic geometry and selected new topics 
of recognized importance; flexibly arranged to 
permit either a course of moderate difficulty or a 
more sophisticated treatment. Parts of abstract 
algebra, probability, and linear programing are 
plainly indicated as supplementary. 

$7.50 


Home Office: Boston, Mass. 02116 Sales Offices: 


San Francisco, Calif. 94105 Atlanta, Ga. 30324 


FROM HEATH 


CONVEX FIGURES AND POLYHEDRA 
L. A. Lyusternik 


Another stimulating addition to the outstanding 
series of supplementary texts translated from the 
Russian, 

Paperbound $4.75 


To be Published in January 


INTRODUCTORY NUMERICAL ANALYSIS 


Anthony J. Peitofrezzo, Florida State University 


First introduction to the principles involved in 
numerical analysis. Concentrates on topics ap- 
propriate to a first course for undergraduates 
and graduate students without access to large- 
scale digital computing facilities. Numerous il- 


lustrative examples and exercises. 


STATISTICS FOR THE BEHAVIORAL SCIENCES 


W. W. Wyatt, University of Tennessee 
Charles M. Bridges, Jr., University of Florida 


A presentaion of the fundamentals of statistics 
applicable to courses in Psychology, Sociology, 
and Education. Emphasis on sampling distribu- 


tions, probability, and statistical inference. 


ADVANCED CALCULUS 
Jane Cronin-Scanlon, Rutgers, The Stcte Uni- 


versity 


Rigorous theoretical treatment of concepts of ad- 
vanced calculus including an introduction to 


Lebesque integration. 


D.C. HEATH AND COMPANY 


college department 


Englewood, N.J. 07631 Indianapolis, Ind. 46219 
Dallas, Tex. 75247 London W.C. 1 Toronto 2-B 


Plane Geometry and lis Groups 

By Heinrich W. Guggenheimer, University of Minnesota Based on the generation 
of motions by reflections, this new book revitalizes the study of elementary geom- 
etry within the framework of modern mathematics. ca. 300 pp. (JANUARY 
1967). $9.00 (estimated) 


Introduction to Probability and Statistical Decision Theory 
By George Hadley Intended as an introduction to probability and statistical de- 


cision theory for those who have had no previous training in those subjects. 
ca. 00 pp. GANUARY 1967). $10.75 (estimated) 


Intveductory Calculus 

By Stoughton Bell, J. R. Blum, J. Vernon Lewis, and Judah Rosenblatt, University 
of New Mexico Provides science and engineering students with immediate appli- 
cations in their concurrent courses, and social science, humanities, and business stu- 
dents with a survey of the subject. 336 pp. (PUBLISHED). $8.50 


Modern University Calculus 
By Stoughton Bell, J. R. Blum, J. Vernon Lewis, and Judah Rosenblatt, University 
of New Mexico A modern text that fulfills the need to build a proper foundation 


for the advanced mathematics increasingly required in applications. 992 pp. 
(PUBLISHED). $11.75 


Elementary Partial Differential Equations 

By Paul W. Berg and James L. McGregor, Stanford University For students in 
mathematics, the physical sciences, and engineering at levels from sophomore to 
first year graduate students. 472 pp. (SEPTEMBER 1966). $11.75 


Introduction to Contemporary Mathematics 

By Sze-Tsen Hu, University of California, Los Angeles Provides a broad intro- 
duction to contemporary mathematics, presupposing only a high-school mathe- 
matics background. 224 pp. (SEPTEMBER 1966). $7.95 


Homology Theory: A First Course in Algebraic Topology 

By Sze-Tsen Hu, University of California, Los Angeles Designed for advanced 
undergraduates and beginning graduate students who have already had semester 
courses in general topology and modern algebra. 270 pp. (SEPT. 1966). $11.00 


Measure and the Integral 

By Henri Lebesgue. Trans. by Scripta Technica. Edited with a biographical essay by 
Kenneth O. May, University of Toronto Translations of the non-technical clas- 
sics “Measure of Magnitudes” and “Development of the Integral Concept” by the 
inventor of the Lebesgue integral. 206 pp. (SEPTEMBER 1966). $6.95 


Lectures on Calculus 
Edited by Kenneth O. May, University of Toronto A collection of papers by visit- 
ing lecturers of the Mathematical Association of America. /20 pp. (MARCH 
1967). $8.50 (estimated) 


Dialogues in Mathematics 

By A. Renyi, Mathematical Institute of the Hungarian Academy of Sciences This 
unique book contains three dialogues by Socrates, Archimedes, and Galileo on the 
nature of mathematics. ca. 100 pp. (MARCH 1967). Cloth $4.50, Paper $2.50 
(estimated) 


An Introduction to Sequences, Series, and Improper Integrals 
By O. E. Stanaitis, St. Olaf College Introduces the beginner to fundamental con- 


cepts that form a firm basis for theory and application in the sciences and en- 
gineering. 224 pp. (JANUARY 1966.) $7.75 (estimated) 


Challenging Mathematical Problems with Elementary Solutions, I 

By A. M. Yaglom and I. M. Yaglom. Trans. by James McCawley, Jr. Revised and 
edited by Basil Gordon, University of California, Los Angeles Original, unique 
and interesting problems for high-school and college students and mathematics 
teachers. ca. 210 pp. (FEBRUARY 1966). Cloth $5.95, Paper $3.95 (est.) 


HOLDEN-D AY, ING. San Francisco, California 94111 


APPLETON-CENTURY-CROFTS 


CALCULUS WITH ANALYTIC GEOMETRY 


EDWIN J. PURCELL, University of Arizona. In one year this book has proved to be one of 
the most widely adopted. 843 pp., illus., $10.00 


CALCULUS WITH ANALYTIC GEOMETRY 


JOHN M. H. OLMSTED, Southern Illinois University. The dominant philosophy of the 
book—emphasis on concepts and structure—and its complete coverage of mathematical 
analysis, make this new text especially attractive to the serious student of mathematics. 
Vol. I, 810 pp., illus., $9.50. Vol. II, 655 pp., illus., $7.00 


AN INTRODUCTION TO MATRICES, VECTORS, AND 
LINEAR PROGRAMMING 
HUGH G. CAMPBELL, Virginia Polytechnic Institute. A highly successful elementary text 


for the social science student, business student, engineer, and prospective teacher. 
244 pp., illus., $6.50 


MODERN BASIC MATHEMATICS 
HOBART C, CARTER, Mary Washington College of the University of Virginia. An attractive 
text suitable for freshman courses in basic mathematics. 466 pp., illus., $6.50 
ELEMENTARY CONCEPTS OF MODERN MATHEMATICS 


FLORA DINKINES, University of Illinois. Available in hardbound volume (457 pp., illus., 
$6.50) or in three paperbacks: ELEMENTARY THEORY OF SETS, 237 pp., illus., $2.65; 
INTRODUCTION TO MATHEMATICAL LOGIC, 122 pp., $1.65; ABSTRACT MATHEMATICAL SYS- 
TEMS, 97 pp., illus., $1.45 


DIVISION OF MEREDITH PUBLISHING CO.—440 PARK AVE. SOUTH, NEW YORK 10016 


PERSPECTIVES IN GEOMETRY 
AND RELATIVITY 
Edited by Banesh Hoffmann 


Published in honor of Vaclav Hlavaty, Distinguished Service 
Professor Emeritus of Mathematics at Indiana University, this 
collection presents forty-seven research and expository papers by 
such contributors as H. S$. M. Coxeter, Banesh Hoffmann, Pascual 
Jordan, André Lichnerowicz, R. S. Mishra, F. A. E. Pirani, Nathan 
Rosen, J. L. Synge, T. Y. Thomas, John A. Wheeler, and others. 
Among the subjects covered are groups, invariance, curvature, 
fibre spaces, cosmology, gravitational collapse, field theory, 
electromagnetic radiation, optics, energy, spinors in relativity, 


and the classification of gravitational fields. 
$15.00 


INDIANA 
UNIVERSITY PRESS 


Tenth and Morton Streets, Bloomington, Indiana 47401 


HARMONIC ANALYSIS 


by 


Lynn H. Loomus 


Notes by Ethan Bolker from the 1965 MAA Cooperative Summet 


Seminar at Bowdoin College. About 400 pages. Paper cover. 


From the author’s preface: ‘The principal theme of these notes is 
the development of the heavy machinery required to manipulate the 


Fourier Transform. Secondary themes are the consistent applications of 


norms of increasing diversity and complexity and the gradual intro- 
duction of weak methods, starting with the pairings of the classical 
Banach spaces and culminating with the introduction of distributions. 
... The nominal aim of the lectures is to prove in a modern way a 


few theorems about linear partial differential equations.” 


Copies at $3.00 each postpaid may be ordered from: 


MATHEMATICAL ASSOCIATION OF AMERICA 
SUNY at Buffalo (University of Buffalo) 


BUFFALO, NEW YORK 14214 


For first-year courses in mathematics 


CALCULUS AND LINEAR ALGEBRA 
by HERBERT S. WILF, University of Pennsylvania 


Written explicitly for the two-semester freshman calculus course, this book 
provides beginning students with a solid foundation in calculus and linear 
algebra for their future courses in mathematics, science, and engineering. 
The author concentrates on the mathematical principles of the calculus in a 
presentation which is clear, up-to-date, and in keeping with the current trends 
in college mathematics. “Calculus and Linear Algebra ts well planned and its 
topics carefully chosen. The student who uses this book should be able to 
complete his elementary calculus course in two semesters and begin the study 
of advanced calculus and other higher mathematics courses earlier in his 
undergraduate career.’—John F. Burke, University of Vermont. 


408 pages $8.50 


INTRODUCTION TO MATHEMATICS 
by R. A. GOOD, University of Maryland 


Carefully prepared and thoroughly class-tested, this text is designed espe- 
cially for students who need a working knowledge of linear mathematics, 
algebraic structures, and probability for their future courses in business, 
management, and the social and behavioral sciences. Professor Good presents 
difficult concepts through well-chosen examples and sequential development 
of diagrams and solutions. Answers to selected problems in an Appendix. 
“An extremely well written and well conceived text.’—Carl J. Rees, Univer- 
sity of Delaware. 


545 pages $8.95 


A. calculus course—in paperback 


CALCULUS 
by KAREL DE LEEUW, Stanford University 


This book offers a concise, self-contained discussion of the calculus of one 
variable for a first-year college course. Its principal objectives are to intro- 
duce the concepts and techniques of the differential and integral calculus; to 
foster an appreciation of the calculus as an exact discipline; to show the 
rationale behind applications of the calculus to geometric and physical prob- 
lems; and to help develop in the student a geometric and analytical intul- 
tion. In the Harbrace College Mathematics Series. “Calculus reflects the ex- 
ceptional ability of the author as teacher, expositor, and research mathema- 
tician. My compliments for doing something a little better with such a well- 
documented subject.”—John V. Ryff, University of Washington. 


Paperbound 283 pages $4.50 


Harcourt, Brace & World, Inc. 
New York | Chicago | San Francisco | Atlanta 


Announcing two new volumes in the 


> 


Harbrace College Mathematics Series 


DISCRETE PROBABILITY 
by RAMESH A. GANGOLLI and DONALD YLVISAKER, University of Washington 


This textbook—the first original treatment of probability to be published in 
paperback—provides a concise and straightforward development of discrete 
probability for beginning students. The authors present the basic concepts 
and results of the theory in a careful and rigorous manner—without using 
mathematical material that would be beyond the grasp of students in a first 
course in probability theory. Numerous examples and problems are included, 
and the treatment of independent trials, the weak law of large numbers, and 
the central limit theorem is unusually comprehensive. 


Paperbound. 240 pages, $4.50 (probable) Publication: Spring, 1967 


ALGEBRAIC TOPOLOGY: An Introduction 
by WILLIAM S. MASSEY, Yale University 


A systematic introduction to algebraic topology that emphasizes two-dimen- 
sional manifolds, fundamental groups, and covering spaces. Written specifi- 
cally for the advanced undergraduate or beginning graduate student, the 
text provides a rigorous treatment of the subject without requiring knowl. 
edge of such specialized topics as knot theory or Lie groups. Moreover, the 
author uses standard mathematical language and notation so that the stu- 
dent need not learn a new set of symbols. Air brush and line drawings 
illustrate the text, and an Epilogue prepares the student for more difficult 
aspects of topology he will encounter in later courses. 


256 pages, 60 illustrations $8.75 (probable) Publication: January, 1967 


Published titles in the Series 


LINEAR ALGEBRA 
by ROSS A. BEAUMONT, University of Washington 


A concise treatment of essential topics organized around the central theme of 
finite dimensional real vector spaces and their linear transformations. 


216 pages $3.50 (paperbound) $5.95 (hardbound) 


FUNCTIONS OF SEVERAL VARIABLES 
,by JOHN W. WOLL, JR., University of Washington 


A rigorous, though concise, treatment of selected topics in advanced calculus, 
designed to provide the basis for graduate courses in differential geometry 
and complex variables. 


169 pages $6.95 


Harcourt, Brace & World, Inc. 
New York /Chicago/San Francisco /[ Atlanta 


Introduction to Algol Programming 
By Toreit EKMAN and CARL-ERIK FROBERG 


This modern textbook in ALGOL, the programming language of international status, is useful for 
applications with a background of mathematics and natural sciences and for applications within 
the field of administrative data processing. 


1966 123 pp. $5.00 


Numerical Solution of Partial Differential Equations 
By G. D. Smiru, Brunel College of Advanced Technology, London 


Designed as a textbook for students with no previous knowledge of numerical methods, this volume 
is also intended as a bridge to the increasing number of advanced treatises on the numerical solu- 
tion of partial differential equations. Exercises and worked solutions are included. 


1965 190 pp. . $5.00 


An Introduction to Numerical Linear Algebra 
With Exercises 
By L. Fox, Oxford University 


This introduction covers the practice of matrix algebra and manipulation, and the theory and 
practice of direct and iterative methods for solving simultaneous linear algebraic equations, invert- 
ing matrices, and determining the latent roots and vectors of matrices. 


1965 344 pp. $8.50 


University Texts in the Mathematical Sciences Series 


Introduction to Spectral Theory 
Hilbert Space Epcar R. Lorca 
S. K. BERBERIAN 1962 170 pp. $6.00 
1961 218 pp. $6.50 Random Processcs 

MuRRAY ROSENBLATT 
Probability and Statistical 1961 218 pp. $6.00 
Inference for Engineers Introduction to Real 


Cyrus DERMAN 


Functions and 
and Morton KLEIN 


Orthogonal Expansions 


1959 156 pp. $4.25 BELA Sz.-Nacy 

1965 464 pp. $9.00 
Rudiments of Introduction to the 
Algebraic Geometry Theory of Queues 
W. E. JENNER Lajos TAKACS 
1963 126 pp. paper $2.95 1962 278 pp. $7.50 


Oxford University Press / 200 Madison Avenue / New York, N.Y. 10016 


New and Recent Texts 


ADVANCED CALCULUS: An Introduction to 

Applied Mathematics, Vol. | and Vol. Il 

by Arthur E. Danese, State University of New York at 
Buffalo. 1965 (vol.l) 6X9 558pp. $10.75 
(vol. I) 6X9 372 pp. $8.25 


CALCULUS WITH ANALYTIC GEOMETRY, Ill 

by Richard E. Johnson, University of New Hampshire; 
and Fred L. Kiokemeister, Mount Holyoke College. 1964 
64X99 798pp. $11.95 


CONTEMPORARY MATHEMATICS 
by Julian D. Mancill and Mario O. Gonzalez, both of the 
University of Alabama. 1966 6 X 9 608 pp. $9.50 


FUNCTIONAL TRIGONOMETRY, Il 

by Abraham P. Hillman, University of New Mexico; and 
Gerald L. Alexanderson, University of Santa Clara. 1966 
6X9 370pp. $7.50 


BASIC COLLEGE MATHEMATICS, ll 

by Jerome M. Sachs, Ruth B. Rasmusen, and William J. 
Purcell, all of Illinois Teachers College. 1965 6x9 
391 pp. $7.95 


INTRODUCTORY MATHEMATICAL ANALYSIS, Il 

by Edgar D. Eaves, University of Tennessee; and Robert 
L. Wilson, Ohio Wesleyan University. 1964 6x9 
496 pp. $9.25 


ARITHMETIC FOR COLLEGE STUDENTS, Ill 
by Edwin !. Stein. 1965 6X9 530 pp. $7.75 


MODERN FUNDAMENTALS OF MATHEMATICS 
by Edwin |. Stein. 1966 6X9 506pp. $6.95 


MATHEMATICS FOR THE ELEMENTARY-SCHOOL 
TEACHER: Worktext 

by Klaas Kramer, State University of New York at Brock- 
port. 1966 814 X 11 Paperbound, 140 pp. $3.95 


Allyn and Bacon, Inc., Dept. E, 150 Tremont St., 
Boston, Mass. 02111 
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Introduction to Real Analysis 
Casper Goffman 


For advanced courses, this new text introduces the processes of analysis and uses them 
fo obtain simple but interesting and important mathematical facts. Treats both Power 
Series and Fourier Series at a depth not customary at this level of instruction. Considers 
the real number system by means of modified Dedikind cuts, then identifies the real num- 
bers as a complete ordered field. Exercises. For use as a separate text, or in combination 
with the author's CALCULUS OF SEVERAL VARIABLES. 160 pages, $7.50 


Caleulus of Several Variables 
Casper Goffman 


A concise treatment for one-semester courses on the graduate or undergraduate level. 
Differentials and the development of their main properties are presented in a careful, 
coordinate-free manner. Coordinates are introduced when needed for applications. 
Exercises. 182 pages, $7.00 


Introduction to Algebra 
Donald J. Lewis 


Designed for a two-semester course, this rigorous, essentially self-contained fext pre- 
supposes a year of calculus and progresses from an elementary level to topics generally 
reserved for graduate courses. Central theme is mappings; decomposition theorems are 
emphasized. Each new concept is motivated from earlier work; analogies are noted. 
Emphasizes active student participation in proving results; numerous examples and 


exercises. 318 pages, $8.50 
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THE DEFINITION OF A QUADRATIC FORM 
ANDREW M. GLEASON, Harvard University 


Let V be a vector space over a field F. We exclude, once and for all, the possi- 
bility that F have characteristic 2, but otherwise F may be arbitrary. The vector 
space V may have finite or infinite dimension. 

A quadratic form on V is classically defined as a function Q from V to F 
which can be expressed in the form 


QW) = 2X Na pfalr)fe(v), 


where {f.} is the family of linear functionals dual to some basis {xa|a€A} of 
Vand {Xa,6} is any family of constants indexed on A XA. For each v this sum 
will be effectively finite. A more intrinsic definition describes a quadratic form 
as the composition of some bilinear form from VV to F with the diagonal 
injection of V into VX V; that 1s, 


Q(v) = Bt, »), 
where B is bilinear. 
Each bilinear form thus defines a quadratic form, but the correspondence 
is not one-to-one since B and the symmetric bilinear form S defined by 


S(v, w) = 2(BQv, w) + BW, »)) 


define the same quadratic form. On the other hand, there is a one-to-one cor- 
respondence between symmetric bilinear forms and quadratic forms since we 
can recover S from Q by the formula 


(1) 45(v, w) = Ov + w) — Ov — wv). 


The study of quadratic forms is thereby reduced to the study of symmetric 
bilinear forms. 

There is something inappropriate about defining a quadratic form which is a 
function of one variable, in terms of a bilinear form which involves two variables. 
This raises the question of what requirements can be imposed on a function 
from V to F to define the set of all quadratic forms. 

The best known identity satisfied by quadratic forms 1s the parallelogram law 


(2) QW + w) + Ov — w) = 20(2) + 2Q(w). 


For the convenience of the reader, we reprove the theorem of von Neumann and 
Jordan [3] concerning the parallelogram law. 


0.1 THEOREM. Let OQ be'a function from V to F which satisfies (2). The function 
S defined by (1) is symmetric and biadditive and Q(v) = S(v, v). 


Proof. Putting v=w=0 in (2), we see that O(0) =0. Then putting v=0, we 
find that O(—w)=Q(w). From this it follows that S is symmetric. Finally, 


1049 


1050 THE DEFINITION OF A QUADRATIC FORM [December 


putting v=w, we get Q(2v) =4Q(v) and derive S(v, v) =Q(v). 
Since S is symmetric, to prove biadditivity it will be sufficient to prove it is 
additive in its first argument. Let x, y, and z be any three vectors in V. 


8S (x, 2) + 8S(y, 2) = 20(a + 2) + 20(y + 2) — 20% — 2) — 20(y — 2) 
= O(m + y + 22) + O(x — y) — CO + y — 22) — Oe — ») 
= 45(« + y, 23), 
whence 
(3) S(«, 2) + S(y, 2) = 2S + y, 22). 


Consider the special case y=0. Using S(0, 2) = S(z, 0) =0 (direct from (1)), we 
obtain the identity S(x, z) =4S(x, 22). Hence (3) becomes 


S(x, 2) + S(y, 2) = S@ + 9, 2). 


0.2 CoROLLARY. Let V be a vector space over F of dimension at least two. If Q1s a 
function from V to F such that the restriction of Q to each two dimensional subspace 
of V is a quadratic form, then Q 1s a quadratic form. 


Proof. Let v and w be any two vectors in V. Since the restriction of Q to the 
linear subspace spanned by v and w is a quadratic form the parallelogram 
identity (2) must hold. Hence Q(v) = S(v, v) where S is a symmetric biadditive 
function from VX V to F. To check that S is homogeneous, i.e., that S(dv, w) 
=\S(v, w), for a fixed v and w requires only reference to the subspace spanned by 
vy and w. Since Q is a quadratic form on this subspace, S is homogeneous. 

The corollary does not help us to find a suitable definition of a quadratic 
form. As is well known, additivity implies homogeneity with respect to scalars 
in the prime subfield. However, the parallelogram identity cannot possibly 
imply the homogeneity of S when F is not a prime field. In that case there exists 
an additive map @ of F into itself which is not homogeneous over F; then if Q isa 
nontrivial quadratic form, 60 Q satisfies (2) but the corresponding biadditive 
form 60S is not homogeneous. Obviously some identity involving the scalar 
multiplication is necessary to define a quadratic form. 

While teaching an elementary course in which the only field involved was the 
real numbers, I conjectured that the parallelogram law together with the identity 


(4) O(Ax) = VO(x) 


would suffice. This seemed plausible since almost any regularity assumption 
in conjunction with additivity suffices to guarantee linearity for functions from 
the reals to the reals. However, the conjecture is false. For fields of characteristic 
0, the identities (2) and (4) guarantee the homogeneity of S with respect to 
algebraic scalars, but not with respect to transcendental scalars! 

In this paper we shall prove this and discuss some other identities satisfied 
by quadratic forms. 
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1, Quasi-quadratic forms. We shall denote by © the set of all quadratic 
forms defined on V, and by Qo the set of all functions from V to F which satisfy 
the identities (2) and (4). Evidently Qo is a linear subspace of the space of all 
functions from V to Fand @ isa linear subspace of Qo. We shall refer to a member 
of Qo as a quasi-quadratic form. 

We associate with each quasi-quadratic form 0 a symmetric biadditive form 
S using the definition (1) and a function EZ from FX VX V to F defined by 


(5) E(A, v, w) = S(dv, w) — AS(a, w). 


It is obvious that & is additive in each of its three arguments. Furthermore, it is 
clear that # is identically zero if and only if S is actually linear in its first argu- 
ment. Since S is symmetric, this amounts to the assertion that £ is zero if and 
only if O€O, ie., Q is a genuine quadratic form. 

Let & be the set of all functions £ from FX VX V to F which are 

(a) linear and skew-symmetric in their second and third arguments, and 

(b) additive derivations in their first argument, Le., 


E(\ + p, v2, w) = EA, v, w) + E(u, v, w) and 
E(\u, v, w) = E(u, v, w) + wE(A, 2, w). 
The set of such functions is obviously a linear space over F. 


1.1 THEOREM. The map ©: QE defined by (1) and (5) ts a linear surjection 
from Qo to & with kernel Q. 


Proof. Clearly © is a linear map from Q, to the set of all functions from FX V 
< V to F. We have already seen that its kernel is Q. The essential step is to show 
that £, as defined in (1) and (5), is actually in &. 

It follows directly from (1) and (2) that Q(x) +2S(x, y)+Q(y) =Q(«+y). 
Replace y by Ax, expand using (4), and cancel terms to get 


S(Ax, *) = AS(a, x). 
Polarize the latter: Replace x by x-++, expand by biadditivity and cancel terms. 
(6) S(x,y) + SAy, #) = MS(«, 9) + Sy, #)). 


Transposing terms, we obtain E(\, x, y)=—E(\, y, x). Thus E is skew-sym- 
metric in its second and third arguments. 
Replace x by dx in (6). Since S(Ax, Ay) =A2,S(x, y) by (1) and (4), we get 


S(x,y) + MS(x, y) = 2S (Aa, 9). 


Polarize again, replacing \ by A-+u, etc. Recall that S is homogeneous with 
respect to the scalar 2. 


(7) Sux, y) + ApS (x, y) = AS(ux, y) + SA, 9). 
Transposing terms, we find E(A\, ux, y) =yE(A, x, y), that is, E is homogeneous 
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in its second argument. By skew symmetry it is also homogeneous in its third 
argument. This shows that £ satisfies condition (a) in the definition of &. Sub- 
tracting 2AuS(x, y) from both sides of (7), we find that £ also satisfies condition 
(b). Hence ECE. 

Finally we must show that @ is surjective. Suppose E»C&. We will construct 
a quasi-quadratic form Q with OQ= Epo. 

Choose a basis {x.|aGA} of V and let {fa} be the dual family of linear 
functionals on V. Then we have v= )iafa(v)x. for any vEV, the sum being 
effectively finite. 

Define a function B from VX V to F by 


Biv, w) = » Eo fav), ey W) 


and put Q(v) =2B(v, v). Since B is additive in its first argument and linear in its 
second, it follows immediately that Q satisfies the parallelogram identity (2). 
Moreover 


O(Av) = 2B(rv, Av) = 2AB(rv, 2) 
2 > Fo(Afa(v), Xe, 2) 


I 


l 


20 >) NE o(fa(v), Xay 2) + 2X Dy fa(v) Eo(A, oy ¥) 


since Eo is a derivation in its first argument. Since £o is linear in its second argu- 
ment and skew symmetric in its second and third, the second sum is 


» FoQ, IAOLS v) = Fo(, 2, v) = 0. 


Thus QO(Av) =\2Q(v) and Q is a quasi-quadratic form. 
The symmetric biadditive form S associated with Q is given by 


S(v, w) = Biv, w) + Bw, 2) 
and @Q=£, where E(\, v, w)=BQv, w)—-AB(v, w)+B(w, Av) —AB(w, 2). 
Since B is linear in its second argument, the last two terms cancel. Hence, 
E(a, dv, w) = > [Eo(Afa(v), Ley w) _ \Eo(fa(v), Vas w) | 
= » fa(v) Eola, Very w) = Fo a, Vv; Ww) 
because Ep is a derivation in its first argument and linear in its second. This 
shows that OQ =» and concludes the proof. 


Let 9 be the set of all additive derivations of F, that is the set of all functions 
D from F to F which are additive and satisfy 


Du) = \D(u) + wD). 
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Let 3 be the space of skew-symmetric bilinear forms on V. The map (D, T)-, 
where F(A, v, w) =D(A)T(v, w), is a bilinear map from 0X3 to & which induces 
an injective linear map from D@35 to &. (See [1] or [2] for the definition of the 
tensor product ©@3.) When V and hence 3 is finite dimensional, it is easy to 
see that this map is also surjective. Hence we have the following corollary. 


1.2 CoROLLARY. If V has finite dimension, Qo/Q 1s naturally tsomorphic to 
DX. 


Let QO be a quasi-quadratic form and let S be the corresponding biadditive 
form. S will be homogeneous with respect to the scalar yu if and only if E(u, v, w) 
= 0 for all vand w. SinceA— EA, v, w) is a derivation of F for each v and w, S will 
certainly be homogeneous with respect to those scalars wu for which every deriva- 
tion vanishes. Conversely, suppose that D is a derivation of F which does not 
vanish at w and assume that V has dimension at least two. Define Eo(X, v, w) 
= D(\)T(v, w), where T is some nontrivial skew-symmetric bilinear form on V. 
Any of the quasi-quadratic forms Q for which @Q= Ep will be associated with a 
symmetric biadditive form S which is not homogeneous with respect to the 
scalar p. 

Suppose that F has characteristic 0. Every derivation of F vanishes at every 
algebraic number, hence the form S associated with a quasi-quadratic form will 
be homogeneous with respect to algebraic numbers. On the other hand, if wp is 
transcendental, there is a derivation of F which does not vanish at pu (see [4], 
particularly Corollaries 1’ and 2’, pp. 124-5). Hence there are quasi-quadratic 
forms for which the associated biadditive form is not homogeneous with respect 
to p. 

Suppose that F has characteristic p. The set of all pth powers is a subfield 
F’ of F and every derivation must vanish on all of Ff’. Moreover, if wis in F but 
not F’, there is a derivation of F which does not vanish at pw (see [4], particu- 
larly the remark on p. 126). Hence the biadditive form associated with a quasi- 
quadratic form is always homogeneous with respect to scalars in fF’ but need 
not be with respect to scalars not in F’. 


2. Other identities for quadratic forms. Since the identities (2) and (4) fail 
to characterize quadratic forms, what other identity should we use? We can 
provide directly for the linearity of the biadditive function S by requiring the 
identity 


(8) O(x + Ay) — Ow — Ay) = A(O(e + y) — Oe — 9)), 


in addition to the parallelogram law (2), since (8) becomes immediately 
S(x, Av) =AS(x, y). 

It turns out that (8) alone almost guarantees that Q is a quadratic form 
without requiring the parallelogram law. Both constant and linear functions 
satisfy the identity (8). We shall refer to a function as quadratic if it can be 
represented as the sum of a constant, a linear functional, and a quadratic form. 
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We shall see that (8) characterizes the quadratic functions except when F has 
three elements. (Note that every function from V to F satisfies (8) if F has only 
three elements.) 

We begin with a simple extension of Corollary 0.2. 


2.1 LemMa. Let V be a vector space over a field F of dimension ai least two. Let 
QO be a function from V to F such that the restriciton of Q to each two dimensional 
subspace of V 1s a quadratic function. Then Q 1s a quadratic function. 


Proof. Define 
Oi(x) = 3(Q(#) + Q(—x) — 20(0)), 
Qx(x) = 3(Q(x) — Q(—*)), and 
Qs(x) = Q(0). 


A brief calculation shows that the restriction of Q; to each two dimensional sub- 
space of V is a quadratic form. Hence, by corollary 0.2, Qi is a quadratic form. 
The restriction of Q, to each two dimensional subspace of V is a linear functional. 
Hence Q is a linear functional. Since O=Q,+Q2+0Qs, Q is a quadratic function. 


2.2 THEOREM. Let V be a vector space over a field F. Assume that F contains 
more than three elements and has characteristic different from 2. Every function 
O from V to F satisfying the identity (8) is a quadratic function. 


Proof. In view of the lemma it is sufficient to prove this theorem when the 
dimension of V is zero, one, or two. When V has dimension zero, it is trivial. 

Let ® be the set of all functions ¢ from F to § which satisfy the identity (8). 
Ii d6€®@ and AEF, then 


o(2A) = 6(0) + (A + A) — oA — A)) 
= $(0) + AGA + 1) — (0 — 1) 
= $(0) + AOL + A) — (1 — A) AGO + (1 — A) — GC — (1 — d)) 
= (0) + A2($(2) — $(0)) + (1 — A) (H(1) — o(—1)). 


This shows explicitly that @ contains only quadratic functions. This proves the 
theorem for one dimensional vector spaces. It also shows that any member of ® 
which vanishes at as many as three points is everywhere zero. 

Now suppose that V is two dimensional. Let Q; be the set of all functions 
from V to F which satisfy (8). We know that Q; contains the six dimensional 
space of quadratic functions on V. It will therefore be sufficient to prove that 
Q, has dimension at most six over F. 

Let ZL be a line in V, say L={x+dy|ACF}. Suppose that QEaQ; then 
o(A) = O(x+dAy) defines a function 6€®. Hence, if Q vanishes at three points of 
L it vanishes at all points of L. 

Let £1, Ze, and ZL; be three lines of V in general position. Let x1, xe, and xs 
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be their three points of intersection and let 1, ye, and 3 be three other points 
on the lines Z;, Le, and Ls, respectively. Suppose that OC Q; and QO vanishes at 
each of the six points x1, x2, Xs, 1, ye, and y3. We shall prove that Q vanishes on 
all of V. This will prove that ©; has dimension at most six and thus finish the 
proof. 

Since Q vanishes at three points of each of the lines Z;, Le, and L3, it vanishes 
at all points of Z;,ULZ2ULZ;3. Let z be any other point of V and assume F has at 
least seven elements. Among the at-least-eight lines through z, there must be 
one which does not contain x, x2, or x3 and is not parallel to Z;, Le, or L3. This 
line Mf meets Zi, Le, and LZ; in three distinct points. Thus Q vanishes at three 
points of M/. Therefore Q vanishes at z. We have proved that Q vanishes on all 
of V. The fields with two, three, and four elements have been excluded from the 
theorem. If F has five elements, it is readily checked that there are many lines 
which meet 1, Le, and L; in distinct points; then, repeating the argument, we 
see that Q vanishes on all of V. 

The calculation involved in the proof of the lemma shows that we can dis- 
tinguish the quadratic forms among the quadratic functions by requiring that 


(9) Q(—2x) = Q(x) 
and 
(10) Q(0) = 0, 


both of which are implied by (4). Similarly, the linear functionals are singled out 
by the identity 


(11) QO(—2x) = — Q(x). 
With the aid of (9) we can write (8) in the form 
(12) QAy + x) — QOAY — *) = AY + *) — OY — x)). 


This latter identity by itself implies (9) by taking \=0; hence (12) is equivalent 
to (8) and (9) together. 


2.3 COROLLARY. Let V be a vector space over a field F. Assume thai F contains 
more than three elements and has characteristic different from 2. Then every function 
from V to F satisfying (10) and (12) ts a quadratic form. 


The field of three elements must still be excluded because for this field (12) 
is equivalent to (9) which is insufficient to characterize quadratic forms. 
Combining (8) and (11), we obtain the identity 


(13) QAy + *) + OAyY — x) = AO + x) + Oly — #)). 


Again setting \=0, we see that (13) is equivalent to (8) and (11). Therefore (13) 
characterizes linear functionals except over fields of characteristic two and the 
field of three elements. 
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ON THE PROBABILITY THAT A RANDOM 
INTEGER HAS INITIAL DIGIT A 


B. J. FLEHINGER, IBM, T. J. Watson Research Center, Yorktown Heights, New York 


Several papers have been written discussing the distribution of first signifi- 
cant digits in tables of physical constants, [2, 3, 4, 6]. It has been well estab- 
lished empirically that in most such tables the proportion of numbers with first 
significant digit equal to or less than A is approximately logio0(A +1). That is, 
roughly three tenths of all known physical constants have one as the first signifi- 
cant digit and roughly seven tenths begin with digits less than five. Less than 
five hundredths begin with nine. Previous authors, such as Furry [3, 4] and 
Pinkham [6], have sought the explanation of this phenomenon by assuming 
that all physical constants are selected from a population with some underlying 
distribution and have shown that certain plausible assumptions about this dis- 
tribution lead to the logarithmic law. Pinkham, for example, has shown that 
the only distribution of first significant digits which is invariant under scale 
change of the underlying distribution is logio(4 +1). 

It occurred to this author that the smallest population which contains the 
set of significant figures of all possible physical constants, past, present, and 
future, must be the set of positive integers. The explanation for the logarithmic 
law should, therefore, lie in the properties of the set of integers as represented 
in a radix number system. Is there a meaningful way to answer the heuristic 
question, “What proportion of the positive integers have initial digit equal to or 
less than A?” or “What is the probability that an integer chosen at random has 
initial digit equal to or less than A?” 

As a first step, consider those integers equal to or less than some finite num- 
ber N and let Py(A) be the proportion of this subset which have initial digit 
equal to or less than A. If limy..,,Py(A) existed, this limit would be a satisfactory 
answer to the questions posed above. However, as N increases P(A) oscillates 
between A/9 (for N=10/, integral 7) and approximately 10 4/9(4+41) (for 
N=(A-+1)-10%). The variation of Py(1) is plotted in Figure 1. Thus, Py(A) 
is a Slowly divergent sequence, oscillating over successively longer periods. We 
are forced to seek the answer to our questions in a generalized or Banach limit 
of this sequence [1, 5]. 
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P(A) 
CrP WH WD BDH TD ty 0 lO 
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N 


Fic. 1. Proportion of integers not exceeding N with initial digit equal to 1. 


When we attempt to find a Cesaro limit of the sequence, i.e. form the cumu- 
lative averages 


2 1X4 
Py(A) = — 2) Pu(A) 
N u=1 
we again generate a divergent sequence, but one which oscillates between nar- 
rower limits. As we take successive cumulative averages, (Hélder sums) 


k 1X oes 
Py(A) = — 2) Pu (A), 
N u=1 
we generate divergent sequences for all finite k, but, as & increases, the limits 
within which the sequences oscillate for large N become closer together. This 
behavior is illustrated in Figure 2. It will be proved in the following section that 


lim lim inf Py(A) = lim limsup Py(A) = logi(A + 1). 
k— 0 70 bk «0 N- © 
Thus, we have found a regular limiting process which leads to a probability mea- 
sure on the set of integers with initial digit equal to or less than A. This measure 
agrees with the logarithmic law. 
This discussion is limited to the base ten number system, but it can obviously 
be generalized to the case of any radix. 


Mathematical development. Let S(A) be the set of positive integers with 
initial digit equal to or less than A, and let P§,(A) be the characteristic function 
of S(A), i.e., 

1 NES(A) 


m) Pald) = to NV ES(A). 
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a log 102 


1 2 3 4 5 6 7 8 9 10 
NX107? (large j) 


Fic. 2. Variation of P4(1) as N varies from 10/ to 10/+ (large j). 
Let 


k 12 b-1 
(2) Py(A) = a >) Pu (A). 


Me=lil 


Clearly, Py(A) is the proportion of positive integers bounded by N which 
are members of S(A). 
It will now be proved that 


(3) jim lim inf Py(A) = jim lim sup Py(A) = logio(A + 1). 
Note that 
(9 — A) (107 — 1) . 
1— ry 1079s N < (A + 1)-107(N € S(A)) 
1 
4 Py(A) = 
PMA) = 4 saga — 4 


oy (A + 1)-10°< N < 10#1(N E S(A)). 


Although P}(A) does not approach a limit as N increases, P%.:9/(A) does 
converge to a limit for any a between 1 and 10 as 7 goes to infinity and 


1— 


1se< Aci 
(5) Q'(@, A) = lim Phaw(A) e 
a = a+ 10 = 
, je 10.4 
—— A+i1sa< i0. 
9a 
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Furthermore, we observe that, for all &, lim;..P...s(A) exists, and we set 
this limit equal to QO*(a, A). Then 


k 
min Q (a, A) 
1Sa<10 


lim inf Py(A) 
N 

6 
6) lim sup Py(A) = max QO" (e, A). 

N 1Sa<10 
Therefore, we can prove (3) by showing that lim;..Q*(a, A) =logio(A +1), 
1<a<10. 

We now derive an expression for Q*(a, A) for k>1. 


ae 107 
O'(a, A) = lim Pe.aw(A) = lim > Py (A) 
joo 


joo a 10 M=!1 


”) =m a: 10 ae ‘S Pau ) .¥ Pau 1a) 


= =| X10 foe, Anas + f “OG, 4)ae | 
Thus, 


(8) O(a, A) = =| — J "Qe, A)dB + f “OF-H,, Ads . 


Starting with (5), the successive application of this relationship yields expres- 
sions for Q*(a, A) for all k. We shall prove by induction that 


1 LR ail A) log a) 


1sa< Atl, 
(0) O*(a, A) eto) 6 
(64 = 
1 %! d,_,(A) (log a)- 
LEE AO ec ct, 
(a jx0 ji 


where the generating functions associated with {c;(A)} and {d,;(A)} are 


00 101-4 — (A + 1)!-4 
C(Z, A) = >> ¢;(A)Zi = —___ 
(Z, A) 2. oi(A) —_ One| 


“0 10'-2[(A + 1)'4 — 1] 
D Z A = d; A Ai= en 
(Z, A) 2. (A) — 0m? | 


From (5), we observe that Q'(a, A) satisfies (9) with 


(10) 


9-A | 104 
61(A) = Oo = hm LAC (Z, A), d,(A) = 9 = lim LZ~ 1D(Z, A). 
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Now assume (9) for Q*"(a, A). Then, substituting this expression in (8), 
we verify (9) for Q*(a, A) and derive the following expressions for c,(A) and 


9— A 1 1 [oq 4(A) + dy_j(A)]flog(A + 1)]F 
(A) = LR eo) + dAltog(a + 0] 
9 9 jal ji 
1&2 d,_;(A) (log 10)? 
(11) 9 2. j 
10A 1075! {c_,(A) + dy_j(A)][log(A + 1)]* 
(a) — 104 _ 1055! bans) + des( AD] flog + 0) 
9 9 j=1 qi 
4 >>) tei A) Coe 10) 
9 jal ji 


Thus the generating functions satisfy 


CZ, A) = * 4 2 Icw, 4) + DZ, AIA + 2-1] 
(Z, )= 9 1—Z 9 (Z, ) (Z, ILC )% — 
1 
— > DE, A)[107 — 1] 
(12) 104 Z 10 
D(Z, A) = > T2290 [C(Z, A) + D(Z, A)][(4 + 1)? - 1] 


1 


which may be solved to yield (10). 
We now consider the generating function associated with the set of functions 


{Q*(a, A)}. 6(Z, a, A)= OR O(a, AZ. 


From (9), 
Z  C(Z,A) 
aa eee KK A+ 1 
(13) b(Z,0,Ay= 4) 7% o 
"| D(z, A) 
—_—___. A+isa< 10. 
{ qi-Z 


Upon substituting (10) we obtain 
Z E 10-2 — (A+ yr] 
1-Z o!2(10'-Z — 14) 
Z  10%2[(A + 1)'-4 — 1] 
1—Z = a4[10'-2 — 14] 


pa 


Sa<A+i 
(14) $(Z, a, A) = 


A+isa< 10. 
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Now 


1 1 
(15) Oa, A) =s— | Fo, a, Adz, 


where I is any contour containing the origin and not containing any poles of 
$(Z, a, A). For 1Sa<10, 6(Z, a, A) has simple poles only at the points 


20M 
log 10 


n= 0, +1, +2,:-:: 


We let T[=I’—I” where I” is a circle centered at the origin with radius R, 
where 1<R<2, and I” is a circle centered at 1 with radius R—1. Then 


1 1 1 1 
Ka) = —- | ——¢(Z,a, A)dZ -—- | —— O(Z, a, A)dZ 
=) patGe MiZ-so] ta dZ a 4) 


(16)  Z-1 
= O(R-&-Y) — lim 
VAS Vie 


o(Z, a, A). 


Using L’Hépital’s Rule to take these limits, we find that, for 1Sa<10, 
O¥(a, A) = (log (A+1)/log 10) +O0(R-@-), so that 


(17) lim O¥(a, A) = logi0(A + 1), 


k- 0 


which completes the proof. 


References 


1. R. L. Adler and A. G. Konheim, Solution of problem 4999, Advanced problems and solu- 
tions, this MonTHLY, 70 (1963) 218-219. 

2. Frank Benford, The law of anomalous numbers, Proc. Amer. Philos. Soc., 78 (1938) 551- 
572. 

3. W. H. Furry and H. Hurwitz, Distribution of numbers and distribution of significant 
figures, Nature, 155 (1945) 52-53. 

4. S. A. Goudsmit and W. H. Furry, Significant figures of numbers in statistical tables, Na- 
ture, 154 (1944) 800-801. 

5. G. H. Hardy, Divergent Series, Oxford University Press, London, 1956, Chapter V. 

6. Roger S. Pinkham, On the distribution of first significant digits, Ann. Math. Stat., 32 (1961) 
1223-1230. 


Mathematical Swifties 


“An interpretation of that axiom system exists,” remarked Tom with satisfaction. 
“L = fP/1+ (9)? dx,” said Tom at length. 


CONSTRUCTION OF A CHARACTERISTIC BASIS FOR A MATRIX 
C. F. MOPPERT, Melbourne University 


1. Introduction. Let M be the set of ~ Xn matrices with complex coefficients, 
let e be the unit matrix and let 6, (v, w=1, - +--+, 2) be the matrix with 1 in the 
intersection of row vy and column p. The set WM is an algebra over the field of 
complex numbers and the matrices ¢,, form a basis of it. This basis we call the 
ordinary basis of the algebra M. Any sete, (v, uw=1, ---,) of matrices of rank 
1 of M satisfying the multiplication table ¢te% =6,,¢,, (Kronecker 5) we call a 
normal basis of M. 

If a is any matrix of M in the Jordan normal form then we say that the 
ordinary basis of M is characteristic for the matrix a. 

Again, let 6, be a normal basis and ¢,, be the ordinary basis of M. Let T 
be an automorphism of M such that Te,=e,, holds for v, w=1,---,”. Leta 
be an element of J such that the ordinary basis is characteristic for Ta. In this 
case, we call the basis ¢% characteristic for the matrix a. 

In a total matrix algebra, any automorphism is an inner automorphism [1]. 
Accordingly, if the basis 6 is characteristic for a given matrix a, then there is a 
regular ¢€ M such that the matrix fai! appears in the Jordan normal form. 

We shall show in this paper how to construct a basis of Mf which is charac- 
teristic for a given matrix a, naturally without presupposing the possibility of 
the representation of a in the Jordan normal form. To do so, we must first define 
the characteristic basis in an invariant manner. 

If \i, ++, A, are the distinct eigenvalues of a, then it is well known that 
there are idempotent elements é10, - - - , é-o and nilpotent elements ey, - °° , @r1 
such that the relations 


a= >) (Aseio + e:1) 


f==1 


(1) c= New 


i=l 
€x0€ko = Oixlio) 
Mika tereye) 
Cio 110 = Ca1 
hold. All these elements can be represented as polynomials in a with complex 
coefficients and can be calculated by using the minimum polynomial of a only. 
Our construction of the basis characteristic for a will start from these elements. 
It might be appropriate to recall how the representation (1) can be found. 
Let m(x) =(x—Ai)41, °° +, («—d,)4 be the minimum polynomial of a. We de- 
velop (m(x))~! in partial fractions: 
1 Qi Oy Bi 


mx) x — ry (% — dx) (“4— 2) 


1062 
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We then put 


eu) = Ce — da im(a) (Sp eB) m,n =) 


From this we get the matrices e;; (1=0, - + + , w1—1) by replacing x by the matrix 
a and i by the matrix e. The remaining e,, we get in the corresponding manner. 

For our purposes it is essential that the representation (1) gives a matrix a as 
a linear combination of idempotent and nilpotent matrices, all these matrices 
being polynomials in the matrix a [2]. 


1. Notations and definitions. In the following, M will denote a total matrix 
algebra with unit e over the field of complex numbers. The elements of M will 
be denoted by small latin letters or else by e, ¢,, €,, Any element denoted by e 
(with or without a subscript) will be of rank 1. Elements denoted by e, ¢, or by 
e,, will furthermore be idempotent elements. Complex numbers will be denoted 
by small Greek letters (no € will appear in this context). Small latin letters will be 
used also for enumerating purposes. 

An element a€ M is called nilpotent of order k if a*=0 and a*—!540. If n? is the 
order of M and if a is nilpotent of order then we say that a is maximal nil- 
potent. 

If ey and e are idempotent elements of M with ee. = ee: =0 then we say that 
é; and é: are orthogonal. If e’ is idempotent and if the elements ¢, +--+, e, are 
pairwise orthogonal idempotent with e’=e,+ ---+ +e, then we call this an 
orthogonal decomposition of e’. If furthermore all the elements e, - - + , e, are of 
rank 1 then we call the orthogonal representation mentioned above primitive 
orthogonal. 

If aE M is a nilpotent element, then we call an orthogonal decomposition 
e=y+ +--+ +e, of e characteristic for a if the ranks of the e,’s are monotonously 
decreasing, if a=eae;+ -- + +e,ae,, and if each ejae; @=1, - +--+, R) is maximal 
nilpotent in e;Me;. 

Let e’ and e’”’ be orthogonal idempotent elements of M and let 7’, r’’ be their 
ranks. If then & @, p=1,-::, 7’) is a normal basis of e’Me’ and 
ey, (vy w=l1,+-+-+,7’") isa normal basis of e’’ Me’’, then we call a normal basis ¢,, 
(vy, w=l1,- ++, 7’ +r’’) of (e’ +e’) Me’ +e’) an extension of the basis &, via €), if 
é,=€, holds for v, w=1,---, 7’ and ¢,=é!,,_, holds for vy, w=r/+1,---, 
rte’, 

The definition of a basts characteristic for a given matrix will be given in four 
steps. 

a) If the matrix a is maximal nilpotent in M where M has order n? then we 
call a normal basis e,, (v, w=1,---, 2) of M characteristic for a provided 
A=€-+€3-+ °° * +€n—1,n- ; 

b) If the matrix a is nilpotent in M and if the decomposition of e, namely 
e=ey+ +--+ +e, is for a characteristic, then we call a normal basis of M char- 
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acteristic for a provided it satisfies the following conditions: if &, is a character- 
istic basis of (e+ «+ + +e) M(er+ +--+ +e, for (r+ +++ +e)alert+ +++ +e:) 
and if ¢, is a characteristic basis of ¢:41Mes41 for e:,10e:41, then for every 7=1, 

- + k—1 the basis €,, of (er-+ °° + +eés1)M(ert +++ +41) is an extension 
of the basis &, via €,. 

c) If a has exactly one eigenvalue \, then we call a normal basis of M char- 
acteristic for a provided it is a characteristic basis for the matrix a—2e. 

d) If\s, - +--+, A, are the distinct eigenvalues of the matrix a and if a is given 
by the representation (1) then we call a normal basis of M characteristic for a 
provided it is defined in a recursive manner in the sense of b), the elements 
é1,° °°, & occurring there being replaced by eyo, + + - , ro. 


2. Subsidiary lemmas. We shall denote by KR right ideals and by L left ideals 
in M. The set of all linear combinations with complex coefficients of elements 
a,b,c, ° ++ © Mwe shall denote by V(a, b,c,-+ +). 


Lemma 1. Jf R, L are nonzero simple ideals in M then R.\L#0. Furthermore, 
any two elements of ROL are linearly dependent. 


Proof. Let n? be the order of M and let €,, be a normal basis of M. Toa simple 
R is associated a set a1, - * * , @, in such a way that any «CR can be represented 
in the form > a,£,€,,. Similarly, to any simple L is associated a set Bi, +--+, Bn 
in such a way that x= > 6,m,¢, holds for any xCL. Accordingly, u= 0B Evy 
RAL and we have u0 provided neither all the e’s nor all the 6’s vanish. 

An element x= )_a,£,€,, generates the left ideal Mx with elements of the 
form y= o£, Accordingly, Mx=L if and only if &,=£&@,. It follows that 
*x& ROL if and only if «=£u. This completes the proof of Lemma 1. 


Coro.uary 1. If u ts of rank 1 then u? =u. 


Proof. Both the ideals R=uM and L= Mu are simple. Both the elements u 
and uw? are in ROL. 


CoROLLARY 2. To any &, €2 there 1s a ux~0 such that uGaMe. 


Proof. The ideals R=a,.M and L = Me are both simple. Accordingly, there is 
aux 0, ucRD°VL, Uu=ey\u = Ueg — &; Mee. 


Lemna 2. If a, 6, € are elements such that aeX0 and eb #0 then aeb #0. 
Proof. From ae€ Me it follows that Mae= Me and that e€ Mae. Accordingly, 


there is an s such that e=sae. Similarly, there is a t such that e=ebt. It follows 
¢=e2=saebt and from this the lemma ensues. 


LeMMA 3. If @, +++, € are pairwise orthogonal elements and tf u,40, Uy 
=€,Uy641 (V=l, +++, R—1), then there is a normal basis é (v, w=1, +--+, k) of 


(a+ +++ te)M(at +--+ tex) such that €,=€ and &,r41= Uy. 
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Proof. According to Lemma 2, w,ty41 °° + M140 for v=1,---, R-1; 
m=2,-++, kh; p>v. We define €,,=u,--- u,1 for up>v and ¢,=e, It follows 
that €,€> = Oy,6¢ holds for w2v, c2p. For v=1, +--+, R—1 we choose v/0, 


v, Ce,41Me,. According to Lemma 2 we have then u,v/0 and as u,viCe,MN Me,, 
it follows that u,v) =y,«, with y,#0. Putting v, =(1/y,)v’ it follows that u,v, =6,. 
Then 0,4,0,U,=0,€U,=V,U,; thus Vly=G41, aS VWUyCewMl\Me4,. We now 
define €,,=v,10,-2 + + + 0, for y>yp. This is a basis satisfying the conditions. 


CoroLutaRy. Let e’, e’’ be orthogonal idempotent elements of M, let 
én (VV, w=1,-+-+, 7’) be a normal basis of e’ Me’ and &, (v, w=1,---+, 7") bea 
normal basis of e'’ Me’’. Then there is a normal basis &,(v, w=1, +++, 7’+r'’) of 
(e’-+e"’) M(e’-+e’’) which is an extension of the basis &, via €, 


Proof. Let u be a nonvanishing element of é€.,,M\Mej,, We put ¢,=€, 
forv=1,:-:,7’ and 64,=6€' »,_, for v=r’+1, +--+, 7’ +r’’. Furthermore, we 
put 6416.41 forv=1,- ++, 7’-1; € 41 =u and we put 6 ,41= 6 yy 1-7 for 
p=r'+i,-++-+,7r’+r’—1. Applying Lemma 3 we get the Corollary. 


Lemma 4. Let 2? be the order of M, let R, L be simple ideals and let u be a non- 
vanishing element of ROL. Furthermore, let a1, +++, Qn—1, u be linearly inde- 
pendent elements of R. There 1s then an €€L such that a,e=0 forv=1,-++-,n—1. 


Proof. In u*=&u we distinguish the two cases £0 and £=0. 

a) £0. Without restriction of generality we may assume that u=«. There 
is then R=gM, L=Ma. Let e=a+--- +e, be a primitive orthogonal de- 
composition of e. We choose u, (v=1,---, 2) in such a way that u,+0 and 
that u,= éu,¢,; in particular u;7=«. If then the elements a,+--,a, are in R 
then we have a,=Qy,ui+ +++ tamu, for v=2,--++, , furthermore are the 
elements €&, de, ++ + , d linearly independent if and only if 


Oni An2° ° * Ann 


the elements m1, - + + , 4, being linearly independent. We now choose nonvanish- 
ing elements v/, vy Ce, M(\Me, (v=2, +--+, 2). These are contained in L and 
Uv, #0 for v=2,-+--, n. Applying the argument used above we see that 
Uv, = Y,€, with y,~0. Again, we put v,=(1/y,)o/ for v=2,-++,nand 44. 
Accordingly we have then u,v, =6,,e for vy, w=1,-°-+, x. 

The elements v4, +--+, v, of Z are linearly independent and v,v,=0 for u41 
while v,2,=v, We put e=fa-+ +--+ +&,0,. Then a,e=(fa,,+ + + + +Encyn) es, 
and e¢ satisfies the conditions of Lemma 4 provided the quantities &,---, & 
satisfy the system 
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Ey = 1 
Ear + + + broom = 0 


E1otni + +++ + Entnn = 0. 


This system has a solution because its determinant does not vanish. Finally we 
denote a, by a, and have thus proved Lemma 4 in this case. 

b) £=0. We choose «CR, e, EL. Accordingly, R=aM, L= Me. There are 
elements x, y’ such that g=ux, é, = y’u. As we have u?=0 it follows that 
uey=é/ €=0. Furthermore, ee, =Tu. We put =e, —7u and have now 
E1€n = €n€, = 0. 

Let e=eqyt--+ +eite, be a primitive orthogonal decomposition of e. 
Then there are nonvanishing elements wu, (v=1, +--+, m) in such a way that 
Uy =e u,e, holds. In particular, we choose u,=u. These are then linearly inde- 
pendent elements of R, and the elements a, can be represented in the form 
Oy=Ayjlit +++ +aynUn. By assumption, the elements @1,-:+, Qn+1, u are 
linearly independent, Le., 


O41 * Ain 
x0. 
Qn—-1,1 ° ° *° An—i,n 
0 as | 
Again, we choose elements v/ #0 W~=1,---, #) in such a way that €,v, €, 


=v holds. These elements are contained in Z and we have u,v/ =O for vA yp. 
Since u,v/ #0, u,v) =y,u with y,~0. Putting v,=(1/y,)v, we have u,v, =6,,.u 


for vy, w=1,---, n. In particular we have unt, =U =Unj Un=€n. The elements 
V1, °°°,2, of L are linearly independent and we put e=&u,+ --- +&,v,. Then 
aye= (Hayat +++ +£nan)u for v=i1,---, w—1. The element € satisfies the 


conditions of Lemma 4 provided 


fia +eee Ht EnQlin = 0 


Exan—1,1 + °° + + ExQn-iyn = 0 
En = 1 
This system can be solved, for its determinant does not vanish. 


Lemma 5. If a is any element of M and if ¢€ is contained in aM, then 
Meal\M(a—ea) =0. 


Proof. There is an a, such that e=aa, holds, thus aa,;=aa,aa;. Let x be a 
nonvanishing element in Mea. There is then an element x; such that x=x,ea 
=x,a0,0. It follows that x,aa1=x,00,aa; =xa,;~0. On the other hand, if x is 
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contained in M(a—ea) then there is an element x. such that x=x.(a—ea) 
= x2(a —aa,a). It follows that xa,;=0. Accordingly, «#0, xC Meal\M(a—ea) is 
impossible. 


COROLLARY. Let a be nilpotent of order k, R>1 and let € be contained in 
aM. Put R=eM and let u be a non-vanishing element of R(\Mea*—. If the 


elements U1,°°**, Uy are linearly independent and 1f RC\M(a*-!—ea*') 
= V(u1,-°+ +, Up), then the elements €, ea, +++, €a*-*, uy, +++, Up, u are linearly 
independent. 

Proof. Obviously, wa= +--+ =u,a=ua=0. Suppose that 


foe + Exea + > + + + £, 2a"? + & iwi tees + En4p—wlp + Ent pp = 0. 


Multiplication by a*—! from the right gives &ea*-!=0, thus £)=0. Similarly we 
get &j= +--+ =&2=0. According to Lemma 5 we have Mea*—!(\\ M(a*—!— ea*“) 
=0, i.e., wis not contained in V(uwy, - +--+, up); thus &1= +--+ =£ pi =0. 


3. Construction of a characteristic basis. 


THEOREM 1. If a is nilpotent of order k then there 1s an 1dempotent element ey 
of rank k such that eva = ae, this element being nilpotent of order k. There is further- 
more a normal basts of e:Me, which 1s characteristic for eae. 


Proof. We are going to construct e; together with the characteristic base in 
three steps (the trivial case Rk=1 we take for granted). 

a) We choose « in a*-!M. There is then an element x such that 4 =a*'x 
=¢«a'— x. We put a’=ea*1; obviously a’+0. Then we put a” =a*-!—a’ 
=(e—«)a*, It follows that a’a=a"a=0, and from ae=0 it follows that 
aa’ =aa"’ =0; thus a’a” =a"a' =0. 

b) We choose e such that 


Gi) Ma’ = Me, (ii) eae, = 0, (iii) a’, = 0, (i =0,---,k — 2). 


This is possible for the following reasons. Put R=aM and let u be a nonvanish- 
ing element of R(\Ma’. Let wm, -- + , uw» be linearly independent elements such 
that RO\Ma"=V(m, +--+, up). According to the corollary of Lemma 5 the 
elements &, 4a, °° -, ea@*~*, uw, --° +, Up, u are then linearly independent. The 
ideal Ma’ is simple. According to Lemma 4 there is an & in Ma’ such that ea ‘e;, 
=0 “@=0,---, k—2), as well as me,= --- =u,e,=0. The left ideal Ma” is 
direct sum of the simple left ideals, namely Mum, ---, Mu,. In particular, we 
have a’ =syti+ +--+ +Syut, for some 51, ° ++, Sp, and thus a’’e,=0. With this 
choice of «, we have, therefore, a’ =a'e, =a*—'e,, and since a’ = ea*—!, a’ = ga*! 
= gh-le,, 
c) For y=2,---+,k—1 we choose ¢, in such a way that 


(iv) Me, = Mea", (v) «6M = ae M. 


This is possible for the following reasons. Let vy take one of the values indicated 
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above. The left ideal L = Maa’ as well as the right ideal R=a*~’e,M are both 
simple. Let u be a nonvanishing element of ROL, i.e., u=pea’"'=a'~"e.g for 
some p and gq. It follows that u2 = pea*—'e.g. As we have seen before, ea*~'¢, 0. 
Since here 6:0 as well as e.g0, it follows from Lemma 2 that u?0. There- 
fore u2=£u with £0, and we can put e,=(1/&)u. 

From this construction we deduce the following statements. 

A. The elements 6, +++, €& are pairwise orthogonal. 

Proof. Suppose first that py takes one of the values 2, -- - , k—1. According 
to (iv) and (v) there are elements x,, y, such that ¢,=x,ea’"!=a*-’ey, holds. 
It follows that ¢,¢, =x,e0*"!+"“e,y,. From a*=0 and (ii) we get thus ¢,¢,=0 for 


yAurv, p=2,°--+, R—1. We have ae,—ea*’ey,; thus e¢e,=0 for v=2,---, 
k—1 (according to (ii)). Again, according to (ii), 4¢,=0. Fory=2,---,k—1 we 
have €,¢,=x,e0’—1e,; therefore, again according to (ii), ¢,¢4.=0. This proves the 
orthogonality. 

B, 6@=@641 forv=1,-°-:,k—1. 

Proof. ¢a=x,«a” holds for y=2,-+:-, k—1. According to (iv) we have 
x,e0”’ & Me, for v=1,--+, R—2, thus 6a=606¢,4; for y=2,-+-+-, kR—2. Ac- 
cording to (iv) we have Me=Maa; thus aa =xe = eda. Since €,10 = &10&, 
we have thus ¢a=—¢,0¢,41 for v=1,---, k—1. In exactly the same way one 
shows that @¢,41=60641; forv=1,---+,k—-1. 

Cc, If éy= ey + see + €x, then C1 = Ley = C1044. 

Proof. According to (i) we have e¢,=xa’'; thus ga=xa'a=0 and ea=aa 
+... +e a. From ae,=0 it follows that aey=ae-+ -+>- +a; thus ea =aey 
=E0@+ --- +e_106. Since e, is idempotent and of rank k we have thus 


proved the first part of Theorem 1. 

D. eae, is maximal nilpotent in eMe,. 

Proof. e, is of rank k and we have eae=aae+ - ++ +ereE. It follows 
that (eyae;)*"! = eae, - + + ex, (e:0e1)* =0. Since ¢€,a€,4140 forv=1,---,k—-1it 
follows from Lemma 2 that (eae:)*"!40. 

E. There is a normal basis of e:Me, which 1s characteristic for eae. 

Proof. We construct such a basis, namely ¢,(v, w=1,---, &) in the follow- 
ing way: we put ¢,=¢ V=1,---, &), 6 .41=606. V=1,---, k—-1), and 
complete this basis in the sense of Lemma 3. This basis is then characteristic for 
eae, for in this case part a) of the definition of the characteristic basis has to 
be applied. 

With this the proof of Theorem 1 is completed. 


THEOREM 2. If a is nilpotent then there is a decomposition of e which is char- 
acteristic for a. 


Proof. lf a is nilpotent of order 1 then any primitive orthogonal decomposi- 
tion of e is characteristic for a. Suppose now that a is nilpotent of order ki with 
ki>1. We construct e in the sense of Theorem 1. Then (a —e1ae:)' = a'— (e:0e1)*; 
accordingly, a—e,ae, is nilpotent of order ky with ke Sky. If ke=1, andifat--- 
+e; is a primitive orthogonal decomposition of e—e, then e=eat+at --- +e 
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is a characteristic decomposition for a, for we have a=e,ae, and e—e, and e are 
orthogonal. If ke>1 then we consider the total matrix algebra (e—e,) M(e—e,). 
Since (¢—eé1)(a@—eae1) (e—e1) =a—eae,, the element a—-e,@e, is contained in it. 
According to Theorem 1, there is an idempotent element e: of rank k, in this 
algebra such that e(a—eae1) =(a—eae)e2 is nilpotent of order ke. From 
€2=(e—e)ee(e—e,) it follows that ee=ee,=0, i.e., @2(a—ee) =e2a and 
(a — €10¢;)€2 =Ae2. We have therefore e.a=ae, and this element is nilpotent of 
order ke. In the same manner we continue with a—eé,ae,— eae, and arrive after 


a finite number of steps at an element a—e,ae,— - - - —e,ae, which is nilpotent 
of order 1, ie, =0. If a+ --- +e is a primitive orthogonal decomposition of 
€—@— +--+: —e, then the decomposition e=e+ --+- +e,teat--- +e is 


characteristic for a. 


THEOREM 3. Jf a ts nilpotent in M then there 1s a basis of M which 1s char- 
acteristic for a. 


Proof. Let e=e,+ - + - +e, be a decomposition which is characteristic for a. 
To every 74=1, +--+, R) we construct a basis of e;Me; which is characteristic 
for e,ae; The construction of the basis of M characteristic for a is possible 
according to the corollary of Lemma 3. 


CoROLLARY. Jf a has exactly one eigenvalue then there 1s a basis of M which 
1s characteristic for a. 


This is trivial, for here a—)e is nilpotent if \ is the eigenvalue of a. 


THEOREM 4. For any element a of M there ts a basis of M which 1s character- 
astic for it. 


Proof. This follows immediately from the corollary to Lemma 3 if a@ is repre- 
sented in the form (1). 
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A MAXIMIZATION PROBLEM SUGGESTED BY BAKER VS. CARR 
H, E. REINHARDT, University of Montana 


1. Legislative Reapportionment. In recent decisions, including the celebrated 
case of Baker vs. Carr [369 U.S. 186 (1962) |, the United States Supreme Court 
has invoked a doctrine of “one man, one vote,” and ruled that apportionment 
in state legislatures must be essentially proportional to population. During the 
anguish and conjecturing about the political effects of this decision that fol- 
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lowed we were asked if mathematics had anything to add to the discussion. We 
invoked our own doctrine that in the land of the blind one one-eyed man has as 
much right to be king as any other and agreed to think about the problem. 

Obstacles are immediately apparent in trying to formulate any mathemati- 
cal problem concerning reapportionment. In the first place, the Supreme Court 
has not specified what “essential” equality of the values of votes might be. In 
the second place, reapportionment of an assembly is supposed to be done by 
the assembly itself, and the quality of a reapportionment scheme for a particular 
legislator might depend almost entirely on whether or not it has a district he 
can represent. We have chosen to ignore the second and make some assumptions 
about the first. According to Paul David and Ralph Eisenberg [1], drafters of 
model plans of representation have considered the population represented by 
a legislative member and have suggested that the ratio of largest population 
per member to smallest population per member should not exceed 1.3. David and 
Eisenberg, themselves, suggest that 1.5 is politically more feasible. 

We can now formulate a problem of possible interest to political bosses and 
political observers: Among acceptable apportionments, what is the maximum 
fraction of a legislative assembly which one party can expect to control? We 
suppose that there are 2 nonempty voting units (e.g., precincts or counties) in 
the state. Let p; be the fraction of the state’s population in the 7th district. Ina 
perfectly apportioned legislature, this district would be represented by a frac- 
tion p; of the legislators. We suppose that there are only two parties which we 
call Republican and Democratic out of force of habit. Let r:, OS7r;S1, be the 
fraction of the 7th delegation which the Republicans can “expect” to control. 
(Specification of a reasonable set of 7,’s is, of course, difficult; it turns out that 
it is also the crucial part of the simplified problem we are considering.) We 
suppose that d;=1-—~r; is the fraction the Democrats can expect to control. In 
that demographic miracle, a perfectly apportioned legislature, the Republicans 
could expect to control a fraction >>". 47.p;. (Hereafter we will suppress these 
limits of summation.) The apportionment of any legislature can be represented 
by a set of positive numbers {w,} such that the fraction of the assembly repre- 
senting the ith voting unit is w.p:/ > w.p;. (The w; for instance might be ratio 
of number of legislators to population.) If the set { w,} represents an appor- 
tionment the set { kw} also represents that apportionment for any positive k. 
The fraction of the assembly controlled by the Republicans is }owir:pi/ D wii. 
In terms of this notation an acceptable apportionment, according to the David- 
Eisenberg criterion, is max w,;/min w;31.5. The problem of interest to bosses 
and observers can now be posed as follows: Among all apportionments with 
max w;/min w;S1.5 what are maximum and minimum values of > wirip/ 
> wip;? We note that we may take min w;=1 so the restraint can be taken as 


2.A solution via the Neyman-Pearson Lemma. The solution of the problem 
is given by application of the following 
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THEOREM. Let fi, fo, °° , fry £1, 22, °° * , Sn, A, and B be 2n+2 real numbers 
with the f; nonnegative, the g; positive, and A and B satisfying O0<A<B. The func- 
tion of n variables 


vy (wi, We, ° * %y Wn) = >» Wa i/ > Wi8s 
has a maximum y* on the hypercube H in Euclidean n-space defined by ASw;SB, 
1SiSn; Ww, we, +++, Wn) =W* of and only if 
(1) w, = A if fi/ gs < y* 
w; = Baf fi/g: > Y*. 
Proof. Since w(x) is a continuous function defined on a compact set it attains 
its least upper bound. Call it y*. In the search for the maximum we use the fol- 


lowing slight modification of the Neyman-Pearson Lemma of statistical hy- 
pothesis testing: 


LEMMA. Let fi, > °°, fins £1, ° °°, Sn, A, and B be In+2 nonnegative numbers 
with A<B. Let H be the hypercube in Euchdean n-space defined by A Sw;SB. 
For any c satisfying A >\g:ScSB > g,, the quantity > fiw; is maximized over H 
subject to the restraint > gw,;=c by a point (Wi, + °°, Wa) with 

w= Biffi/gi> k 

wi = A af fi/gi < k, 
where k and the values of w; for those 1 with f;/g:=k are chosen to satisfy the re- 
straint. All maximizing solutions satisfy (2), for the same k. 


(2) 


In many books (e.g. [2], pp. 294-6) the Neyman-Pearson Lemma is a result 
concerning the choice of a set in a probability space. But the specification of a 
set is equivalent to the specification of its indicator (or, synonymously, char- 
acteristic) function—a function with range {0, 1}. One can proceed by easy 
steps to replace functions with the two-point range to functions whose range is 
the entire closed interval [0, 1]. (The details appear, for instance, on pages 65 
and 66 of [3].) It is one more easy step to a function whose range is an arbitrary 
interval [4, B]. Trivial modifications of the proof of [3] suffice. 

To prove the theorem we note that at a point (wi, We, > + +°, Wn) for which 
W(W1, We, ° ++, Wn) =Y* one must have > )g,w,=c for some c. If one knew this 
value of c he could replace the problem of maximizing y by the problem of 
maximizing > fiw./c over S subject to the restraint > g,w;=c. The solution to 
this problem is given by the Neyman-Pearson Lemma. But since we know that 
> g:w:=c for some c we know that a maximizing point is given by (2) for some k. 

Suppose that (wi, - ++, Wz) satisfies (2) but not (1) and that W(wy, - + + , wn) 
=y*. Then for some 2, say 10, fi,/g:,<y* and w;,>A or f;,/g:;,>y¥* and wi,<B. 
But, from the fact that (for b, y, and f—1 positive) 


a+x att 
b+y FO+ ty 
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has the same sign as 


we see that replacing w,, by A in the first case or w,, by B in the second will give 
a point in the set H with Y(w, - +--+, w,)>y*. This is a contradiction and com- 
pletes the “only if” part of the proof. The “if” part follows from the existence 
of the maximum and the fact that if 


a+x x 

b+y y! 
then for all ¢>0, 

at+ tx x 

b+ oy 


The maximum Republican representation for the problem of Section 1 is 
given by the theorem with 4 = 1, B=1.5, g;=i, fi:=ripi. For maximum Demo- 
cratic representation, we would, of course, take f;=d;p;, and obtain from this 
the minimum Republican representation. We alluded earlier to the crucial 
nature of the choice of the 7,;’s. For one reasonable specification of the 7;’s the 
maximum and minimum Republican representations for the Montana legisla- 
ture were .65 and .50 while for another equally reasonable specification they 
were .40 and .23. 


3. Another application of the theorem. While it is unlikely that the solution 
sheds much light on the serious matter of reapportionment, the theorem of 
Section 2 has another application. In their paper [4], Ostrowski and Schneider 
prove and use the theorem for the case g;=1,7=1, 2,---,x to obtain bounds 
on the maximal characteristic root of a nonnegative irreducible matrix. Their 
proof uses a mean-value theorem where we have used the Neyman-Pearson 
Lemma. 

The problem considered by Ostrowski and Schneider has a simple physical 
interpretation. To each of fixed points on a line with one-dimensional co- 
ordinates fi, fo, ---, f, assign a mass w:i, ASw;SB,i=—1, 2,---,nin sucha 
way as to maximize the co-ordinate of the center of gravity. A small set of 
physicists, confronted with the problem expressed in these terms, with A =e, 
B=1, conjectured that the solution would be w;=1 if and only if f;= max, f; and 
w;=e otherwise. This, one of them supposed, because of an instinctive faith in 
the smallness of epsilons. (An equally small set of political observers confronted 
with the problem of Section 1 conjectured that the maximum would occur if 
w,=1.5 if and only if r;>.5 and w;=1 otherwise. What sort of instinctive faith 
that represents is not clear.) 
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REGULARITY OF CERTAIN EXPLICIT SOLUTIONS TO LAPLACE’S 
EQUATION AT ARTIFICIAL INTERFACES 


R. B. KELMAN, University of Maryland and Howard University 
(Now at Colorado State University) 


1. Introduction. Weak solutions to elliptic partial differential equations and 
their relation to classical solutions have become standard topics in research [5]. 
It is worthwhile therefore to have available as examples simple problems of 
physical and numerical interest in which these concepts arise in a natural way. 
In this note one such problem is discussed in detail. I have found that the 
analysis given here and the elegantly easy proof of Weyl’s lemma given in [4] 
are useful supplements to a standard course (e.g. [2]) dealing with explicit 
methods of solving partial differential equations. This material helps bridge the 
gap between the classical method of separation of variables and more modern 
ideas. Because of the simplicity of the explicit formulas involved all proofs can 
be given rigorously and need not be deferred until a later study of Green’s func- 
tions and distributions. 

The theorem given in Section 2 establishes the regularity of an explicit 
axisymmetric solution of Laplace’s equation. Although the analysis is routine 
to the best of the writer’s knowledge no proof of this regularity has been given 
heretofore even though the formulas themselves were known at least by 1904 
[8]. We confine ourselves to this simple example to make the computations as 
easy as possible. The proof itself is easily modified, in an almost verbatim way, 
to deal with other similar problems. 

For example, it applies to the problem which arises from the device described 
in Section 3 for finding an alternative form for the solution of a boundary value 
problem for the two dimensional Laplace equation. This alternative form pro- 
vides rapid convergence for values of the independent variables for which the 
standard series solution converges slowly. In [3, p. 270] another alternative 
form of a more general nature is given for this problem. 
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The word “artificial” in the title refers to the fact that, in the problems dis- 
cussed below, the interface arises as an artifact of the method of solution and 
not as a result of two dissimilar physical bodies being brought into contact. 


2. A steady temperature problem. Consider the steady temperature in an 
infinite uniform cylinder of radius 1 whose axis coincides with the x-axis. For 
x* <0 the surface temperature is 1, and for x«>0 it is 0. Thus we seek an axisym- 
metric solution, say u(x, 7), of the equation 

0°u = 0’ 1 Ou 


(1) Au =—-+—_-+— — =49, —-a<cx<c wo, 0<r<i 
Ox? or? Yr or 


subject to the boundary conditions 


u(x, vr) = 1, x<0,r=1 


2 
) = 0, x>0,r=1. 
Following [1, p. 209; 8] a solution of the form 
u(x, 7) =1+ Do jnSolyarem, «2 50,0<7r<1, 
n=1 
(3) ; 
= DE Prdo(raren™, *20,0<r<1, 
n=1 


is sought where vy, is the zth positive zero of Jo(r), a Bessel function of the first 
kind, and Jo(¥nr) = V2JSo(ynr)/Ji(¥n) is a normalized Bessel function. The val- 
ues of j, and p, are formally determined by assuming that u and du/dx are 
continuous at «=0 and matching coefficients in the Fourier-Bessel series given 
in (3). Remembering that 1= }) W272 'Jo(var) we find that 


. , v2 
jn + = Pry qn = — Pn. 
Yn 
Thus (3) yields 
20 Erne 
u(x, 7) = 1— 2 Joya), *£80,0<7r<l, 
n==1 V/ 2Yn 
(4) 
u(x, 7) = *x20,0<7 <1. 
n=l Tie 


Set R2={x<0; 0<r<1i}, RR={x=0; 0O<r<i1}, R8={x>0; 0<r<i} and 
R= RURUR?. Clearly, uw is continuous in R°, harmonic in R}UR}, and satis- 
fies the boundary condition (2). It remains to be shown that u is harmonic in the 
neighborhood of R$ and hence throughout R°®. 

REMARK. If u, and u, were continuous on R} the problem would be solved at 
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once by the theorem on analytic continuation [6, p. 261], but from the explicit 
form (4) no information is available concerning the behavior of uw, or u, on R}. 
Intuitively speaking, we have “weakly matched” the left and right branches of 
u, along R, and we now wish to show that this implies “strong (i.e. pointwise) 
matching” along R}. 

Let us recall that a weak solution of (1) is a function, say v, locally Lebesgue 
integrable with respect to the weight function rv and such that 


f f vAfrdrdx = 0 
D 


whenever D is a compact subset of R® and fis an infinitely differentiable function 
that vanishes exterior to an open subset of D. Further, if v is a weak solution 
then by Weyl’s Lemma v is equal almost everywhere to a harmonic function 
[4; 5]. Since uw is continuous, it is harmonic if it is a weak solution. Therefore 
let us prove the 


Lemma. The function u(x, r) given by (4) is a weak solution of (1). 


Proof. Since u is harmonic in R9°UR3 it follows by Green’s second identity 
[6, p. 215] that w is a weak solution of (1) if 


f f uAfrdrdx = 0 
D 


whenever D is a rectangle of the form 


D={-aSx«Sa;bsrKc}, 


where a, b, and ¢ are positive constants such that c<6b<1 and f is an infinitely 
differentiable function vanishing exterior to an open subset of D. Let 6 be a 
small positive number. Let A, (see Fig. 1) be the area of D to the left of x= —5, 
A, the area between x = —d6 and x =6, and A; the area to the right of x =6. Denote 


x=—a@ x=—6 ‘x26 x=¢ X 


Fic. 1. An illustration in the x-r plane of the area D used in proving that u is a weak solution. 
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by l, and J; respectively the segments of x= —6 and x=6 intercepted by D. 


Clearly 
im Sf uAfrdrdx = 0. 


Using Green’s second identity and remembering that u is harmonic in RUUR3 
we have 


Ou Ou of of 
(5) If uAfrdrdx = J f-—rdr — f—rdr+ | u—rdr— | u —rdr. 
A ls Ox ly Ox 


1UA3 ly Ox l3 Ox 
Now 

| a fre d Rc )(— ou ) 

3 or 7 rar = r ~~ rdr 
(6) 9 on Ox wand Ox Ga—§ 
Ou 
+f Gean—n—-am"| rar, 
0 Ox r——5 


Since wz| ..s=Uz|2—-s, the first integral on the right hand side of (6) vanishes. 
Define F(x, r) by F(x, r) =f(x, r) —f(—x, 7). Now F is uniformly continuous in 
D, and in particular 


(7) lim F(x, r) = 0, Orsi 
z=0 
uniformly in r. Let us expand F in a Fourier-Bessel series 


nal 


where F,,(x) = [oF («, r)So(var)rdr. Employing integration by parts twice we see 


that 
1{ @ 
Fax) = -aS,5 <(r 5 =) solyatrar. 
Yr or 


Now r—(rF,), is square integrable with respect to the weight r on the interval 
0<r<1 for any choice of x. By the Riesz-Fischer Theorem [7] its Fourier-Bessel 
coefficient is O(n7/2) asn— ©. Consequently, F,(x) =O(n-5/*) since y,* =O(n-). 
Using Parseval’s identity [7] we see that 


Secs “lak 


From (7) don (4) —0 as x—0. Hence F,(x)—0 as x0 uniformly in ». There- 
fore the last series in (8) tends to 0 as 6-0. In a similar way one can show that 
the sum of the two remaining integrals on the right hand side of (5) tends to 0 
as 60, This proves the lemma. In summary we have shown 


oa) 


e-™ F, (8) Ey wee 


F,, (8) 


B (6, r)rdr 
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THEOREM. The function u given by (A) ts a twice continuously differentiable 
solution of (1) satisfying the boundary conditions (2). 


3. Discussion. Carslaw and Jaeger [1] and Wilson [8] give other examples 
of this type, e.g. the steady temperature in a cylinder moving in the direction of 
its axis and satisfying (2). Moreover, the type of solution discussed above can 
be useful when alternate solutions are easily available. We give an example: to 
find the steady temperature in a uniform unit square, i.e. 


O°u O74 


a 


ax Pre O<x<10<y<il, 
% y 


with the boundary conditions 
u(x, y) = 1, x=0,0<y<i 
u(x, y) = 1, 0<«<ly=0,1, 
u(x, y) = 0, L<x<i,y=0,1, 
u(x, y) = 0, x= 10<y<1, 


where / is a constant such that 0</ <1. 
From [1, Ch. V] the solution is 


2 2. (1 


— cos wrl) sin nmrx(sinh (1 — y)na + sinh ny) 
T n=1 n sinh nr 


(9) 4 © sin (2n + 1) 7y(sinh (2n + 1)r( — x)) 


+ — a; 
T x (2n + 1) sinh (2x + 1) 
O0<x<1O<y<i. 


On the other hand matching across an artificial inierface at {a=l; 0<y<1} 
an alternate form for the above solution is 


42 (tanh (27 -++ 1)zl)(sin (2m + 1)ry) sinh (2n + 1)rx 


w n=o (20 + 1) (tanh (2n + 1)al + tanh (2n + 1)r(1 — 2) sinh (2n + 1)a/ 
(10) 0<*8S1;0<y <i, 


> tanh (2n + 1)r(1 — 2) (sin (2n + 1)ry) sinh (2n + 1)r(1 — x) 
n=0 (2m -+ 1)(tanh (2n + 1)al + tanh (2n + 1)r(1 — J) sinh (2n + 1)r(1 —D 
box <i1o0<y<i. 


For numerical purposes the series in (9) converge rapidly provided x is not too 
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close to 0, or y is not too close to 0 or 1, because of the factors sinh nry/sinh na 
etc. When x or y are near these values the series in (9) converge slowly and 
present difficulties especially in trying to write a simple program for a computor. 
On the other hand the series in (10) converge rapidly for these values of x and y 
but they do not converge rapidly near x =/. Thus the two representations of the 
solution can be used for effective and easy numerical calculations over the whole 
domain of the independent variables, whereas difficulties arise in using only one 
or the other of the formulas. 

Introducing an artificial interface can be applied in a straightforward man- 
ner to other similar boundary value problems to obtain alternative forms of 
the solution. 


The writer thanks Mr. Y. H. Lee for having read this manuscript critically. 


This work was supported in part by a contract of the Office of Naval Research, U. S. Navy, 
Contract No. 595 (17) with the University of Maryland. 
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MAPPINGS OF SEMIGROUPS ASSOCIATED WITH ORDERED PAIRS 
MARGARET L. VITANZA, SUNY at Buffalo 


I. Introduction. In 1961, S. P. Franklin and J. W. Lindsay, in [3], defined a 
straddle on a semigroup S to be an ordered pair (a, b) of elements of S with the 
property that axb=<x for all x in S. This notion of straddle leads in a natural 
way to the examination of mappings defined on S which carry an arbitrary ele- 
ment x of S into the element axb, where a and BD are fixed elements of S. Spe- 
cifically, for an ordered pair (a, b), we define a mapping 7} from S into S by 
al,(x) =axb and find necessary and sufficient conditions that J; be each of the 
following: epimorphism, automorphism, monomorphism, anti-epimorphism and 
anti-automorphism. 

Let us recall that a mapping ¢ from S into S is an endomorphism if d(~)d(y) 
=@(xy) for all x, y in S. If ¢ is onto, ¢ is said to be an epimorphism; and if, in 
addition, @ is one-one, then @ is called an automorphism. An endomorphism 
which is one-one is referred to as a monomorphism. We say that ¢ is an anti- 


1966] MAPPINGS OF SEMIGROUPS ASSOCIATED WITH ORDERED PAIRS 1079 


endomorphism if ¢(x)¢(y) =¢(yx) for all x, y in S. The terms anti-epimorphism 
and anti-automorphism are then defined analogously. Quite often, when no con- 
fusion can result, we denote ,7; more simply by 7. Our main result is contained 
in Theorem 1, which shows that in order that .7;, be an epimorphism or auto- 
morphism for some ordered pair (a, b), it is necessary and sufficient that S have 
an identity e, and ab=ba=e. This result is then used to obtain the theorem of 
Franklin and Lindsay, namely that (a, b) is a straddle on S if and only if S has 
an identity e, ab =ba =e, and a and b are in the center of S. 


II. Theorems and proofs. 

THEOREM 1. The following statements are equivalent: 
(1) aly 15 an epimorphism, 

(2) S has an identity e=ab =ba, 

(3) aTy ts an automorphism. 


Proof. (1) implies (2). Consider x in S. Since T is onto, there exists a y such 
that x=T(y). Then, we have T(a)x=T(a)T(y) =T(ay) =aayb =aTy) =ax; 
that is, 


(1.1) aabx = ax. 
Also, xT (0) = T(y) T(b) = T(yb) =aybb = T(y)b =xb; that is, 
(1.2) xabb = xb. 


Then, [J (ab) ]x=T(ab)T(y) =T(aby) =aabyb = (aaby)b =ayb=x by (1.1). 
Similarly, «xT (ab) =T(y)T (ab) =T(yab) =ayabb =a(yabb) =ayb=x by (1.2). 
Hence xT (ab) =T(ab)x=x and T(ab) =e is the identity for S. Furthermore, 
T (ab) =aabb =ab by (1.2) and thus ab =e. We also have T'(ba) =7T(b)T (a); that 
is, abab =abbaab. But since ab =e, e=abab = (ab) ba(ab) =ba. 

(2) implies (3): T(«)T(y) =axbayb =ax(ba)yb =axyb =T(xy). Thus T is an 
endomorphism. 

Now let x in S be given. We wish to find a y in S such that T(y) =x. Letting 
y =bxa, we see that ayb =a(bxa)b = (ab)x(ab) =x. 

If T(x)=T(y); that is, axb=ayb, then b(axb)a=b(ayb)a or (ba)x(ba) 
=(ba)y(ba). But since ba=e by hypothesis, x=y. 

It is evident that (3) implies (1). 


COROLLARY 2. (a, b) is a straddle on S tf and only if S has an identity e, ab =e, 
and a and b are in the center of S. 


Proof. Suppose that (a, 0) is a straddle on S. Then the mapping 47; is the 
identity mapping which is an automorphism. Hence, by Theorem 1, ab =ba is 
the identity for S. Furthermore, xa =T (xa) =axab=axe=ax, and bx = T(bx) 
= abxb =exb = xb. 


Conversely, if ab =e and a and 0 are in the center of S, T(x) =axb =abx =x 
and hence (a, 0) is a straddle. 
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Next we proceed to the investigation of mappings of the form .7} which are 
monomorphisms. We consider this problem only for semigroups with identity. 


THEOREM 3. Let S be a semigroup with wdentity. Then «Ty 1s a monomorphism 
for some (a, b) uf and only tf ba=e. 


Proof. Suppose T is a monomorphism. Then 7 (xy) =7(x«)T(y); that is, 
axyb =axbayb =a(xbay)b. Since T is one-one, we have xy =xbay. Letting «=y=e 
in the preceding equation, we have e=ba. 

On the other hand, if ba=e, it follows that T is a monomorphism, using 
techniques similar to those used in the proof of Theorem 1. 

We now turn to the investigation of conditions under which T is an anti- 
epimorphism and anti-automorphism. We are able to obtain the following 
results: 


THEOREM 4, The following statements are equivalent: 
(1) aTy 1s an anti-epimorplism, 

(2) Sis commutative, has an tdentity e and ab=e, 
(3) a7, ts an anti-automorphism. 


Proof. (1) implies (2): Consider x in S. There exists a y such that x=T(y), 
and x7 (a) =T(y)T(a) = T (ay) =aayb =aT(y) =ax; that is, 


(4.1) xaab = ax. 
We also have T(b)x=T(b)T(y) = T(yb) =aybb = T(y)b =xb which implies 
(4.2) abbx = xb. 
[T (ba) |x = T (ba) T(y) = T(yba) =aybab = [T(y) lab and therefore 
(4.3) [T(ba) |x = xab. 
Using (4.2), we get «(ba) = (x«b)a = (abbx)a = (abb)xa =x(ab). Thus 
(4.4) x(ba) = x(ab). 


In a similar manner, we use (4.1) to obtain (ba)x =b(ax) =b(xaab) =bx(aab) 
=a(bx). Hence, 


(4.5) (ba)x = (ab)x. 


Now (ab)x=(baab)x by (4.1). But (baab)x =ba(abx) =ab(abx) = (abab)x 
= [T (ba) |x =x(ab) by (4.3) and (4.4). Therefore, we have 


(4.6) (ab)x% = x(ab). 
Similarly, 
(4.7) (ba)x = «(ba) 


since (ba)x = (ab)x =x(ab) =x(ba) by (4.4) and (4.5). 
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We note that axb=abx since (ab)x =x(ab) =x(baab) =xb(aab) =axb by (4.1) 
and (4.5). Therefore, (ab)x = abT(y) = ab(ayb) = ab(aby) = (abab)y = T(ba)y 
= (ab) = (ab)y =ayb=x by (4.3) and (4.5). 

Hence, (ab)x =x(ab) =x(ba) = (ba)x and ab=ba =e is the identity for S. 

Since J is an anti-epimorphism, we have axyb =aybaxb for all x, y in S. Then 
b(axyb)a = b(aybaxb)a; that is, (ab) xy(ba) = (ba) y(ba)x(ba) and hence xy= yx. 

(2) implies (3): This follows immediately from Theorem 1, since if S is 
commutative, every automorphism is an anti-automorphism. 

It is evident that (3) implies (1). 

Our remaining problem is the determination of necessary and sufficient con- 
ditions that .7; be an endomorphism. We are able to obtain the following results: 


THEOREM 5. Let S be a commutatwe semigroup with identity. Then aT, 15 an 
endomorphism if and only if ab ts the identity of T[S|, where T| S| = { T(x):xES } . 


Proof. Necessity: Suppose that T is an endomorphism and x is any element 
of T[S]. Then there exists a y in S such that T(y) =x. 


[T(e)]x = T(e)T(y) = Tey) = Ty) = +. 


Similarly, «7(e) =T(y)T(e) =T(ye) =T(y) =x. But T(e)=aeb=ab and hence 
ab€T |S] and is the identity of T[S]. 

Sufficiency: Suppose that ad is the identity of T[.S]. Then T(«)T(y) =axbayb 
= (axyb)ab =axybe =axyb = T (xy). 


THEOREM 6. Lei S be a cancellation semigroup. Then aT, 1s an endomorphism 
uf and only tf S has an identity e and ba =e. 


Proof. Necessity: Suppose that T is an endomorphism. Then axyb =axbayb 
for all x, y in S. Since S is cancellative, we have xyb =xbayb and hence xy = xbay. 
Then y=bay and x=xba. Therefore, for any x in S, we have x=bax=xba and 
ba is the identity for S. 

Sufficiency: Now suppose that ba=e. Then T(x) T(y) =axbayb = axeyb =axyb 
= T (xy). 


III. Some examples and remarks. A reasonable question that arises at this 
point is whether there exist monomorphisms of the form 7; which are not 
automorphisms. Then, by Theorem 3, we are looking for elements a and b, where 
b is a left inverse of a but not the inverse of a. We note that if a semigroup S 
contains such elements a and b, then the semigroup contains infinitely many 
elements. (This statement follows from the fact that if S is finite and ba =e, the 
mapping 47, is a monomorphism. But since any one-one mapping of a finite set 
into itself must necessarily be onto, «7; is an automorphism, and hence ab = ba =e 
by Theorem 1.) Before we present an example of such a mapping, let us consider 
the semigroup R(X) of all relations on a set X with binary operation defined by 
fog={(x, y): BzD(x, 2)€g and (g, y) Ef} for f, g in Q(X). The identity for 
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R(X) is the relation J= { (x, x): EX}. Now for any element f in @(CX), we 
define fx = { (2, y): (y, x) Ef} . One can then verify the following statements: 

1) Let f be an element of R(X). Then f o fx=J if and only if 

(a) Range of f is X; (b) f is a function. 

2) Let f be an element of R(X). Then fo fs=fx of =I if and only if 

(a) Range of f and fx is X; (b) f is a one-one function. 

Thus, in order to exhibit an example of a mapping T which is a monomor- 
phism but not an automorphism, select »,7; where f is a function on an infinite 
set X, the range of f is X, and f is mot a one-one function. 

Next, let S; be the closed interval [0, 1] and for x and y in Si, define xo y 
=min {x, yt, Then S; is a semigroup with respect to (0) and the identity for 
S; is the real number 1. We note that there exists no epimorphism of the form 
al, which is not the identity map and further, that if .7; is an epimorphism, 
then a=b=1. 

Consider a set S. with binary operation defined by x 0 y=y for all x, y in Sb». 
Then S2 is a semigroup with respect to (0). We observe that if S. has more than 
one element, the mapping T is not an epimorphism for any (a, b), for given any 
xb, there exists no y such that ayb =x, since ayb =) for all y. 

And now a few words about the general problem: As Theorem 6 shows, the 
problem of determining necessary and sufficient conditions that ,7} be an endo- 
morphism is handled rather easily when the semigroup in question satisfies both 
cancellation laws. (For a further study of endomorphisms of such semigroups, 
see [4|.) However, we have not been able to solve the problem for semigroups in 
general. Yamada in [5] defines an element u of a semigroup S to be a “middle 
unit of S” if xuy=xy for all x, y in S. Now 47;(«) is an endomorphism if ba is a 
middle unit of S. However, the following example shows that one cannot expect 
the converse to hold; that is, ,7; may be an endomorphism even though ba is 
not a middle unit of S: Let H be a nonempty set and H™* the set of all subsets of HZ. 
For A, B in H*, define Ao B=AWUB. Then H* together with the binary opera- 
tion of set union is a semigroup. We assert that J is an endomorphism for any 
pair of elements A, B of H*, but BA isa middle unit only if A=B=. 

The author would like to express her sincere appreciation to Professor K. D. Magill for his help- 


ful suggestions during the preparation of this paper, I also thank the referee for his valuable com- 
ments and for pointing out some of the references mentioned above. 
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INEQUALITIES FOR SIMPLEXES 
HYMAN GABAI, University of Illinois, UICSM 


1. Introduction. In [1] Carlitz derived a number of interesting inequalities 
related to a point in a triangle. In this paper we consider a point and an n-dimen- 
sional simplex. We derive some inequalities with respect to a parameter ¢ which 
varies according to the position of the point. If the point is in the simplex we 
may eliminate the parameter in some of the inequalities. 

We shall utilize some of the notation and methods which are introduced in a 
[three-dimensional] geometry course currently being developed by UICSM 
under the direction of Max Beberman and Herbert Vaughan. The algebraic 
methods used in that course extend in a natural way to z-dimensions. If X, Y, 
and Z are points, the vector which maps X onto Y is denoted by Y—X, and the 
image of Z under that mapping is denoted by Z+(Y—X). See [3]. 

Let A; [0SiSn| be the vertices of an x-dimensional simplex S, in 2-dimen- 
sional space E, with 222. H(j) will denote the ~—1 dimensional subspace 
containing the points A;[O<isn, ij]. Let as=A;—Ao[1Si<z], and 


P= Apt >, aca; 
t=] 
such that P is not a vertex of S, and such that the line A;P intersects E(i) at the 
point U;[0<isn]. 

Let u; be the measure of the segment PU;, and x; the measure of the segment 
AP. We choose u; to be nonnegative, and x; to be positive if 4;P has the same 
sense as PU; or if u;=0, and negative otherwise. 

We shall derive the relations between the u,’s and x,’s which are stated in 
the following theorems. 

LEMMA. 


(1) — = _., (2) —=——“—, 1 <i<nl. 


COROLLARY 1. 


= 1, (4) a rn 


i=0 Ui + x; i=1 Uy tr Xs i=1 


(3) 


TuHEorEM. If a;20[1Sisn]| and 0< 5-7, a;St then 


(5) I (uj; + 4) 2 (~)’ Ul Ui, 


t i=i 
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a nN 
(6) y en(=-1) [u; OJ 
n 1 n 
(7) > 4; > (—-1) du. 


nt nN nr nm 
(8) Ift <1 then II» 2(*~-1) [I x. 


Equality holds in (5), (6), and (8) if and only if a;=(t/n)|1SisSz]. 


CoroLuary 2. If a;20[1Si<n] and 0< 30%, 4;S1 then 


(9) IL@+ 2) = a+1)"' J] a, 
gu=0 t=0 
(10) ys “ = n(n + 1), [us + 0] 
i=0 Us 
(11) Il a = nd uz. 
t==0 t==0 


Equality holds in (9), (10), and (11) if and only if a;=1/(n+1), [1Sisn]. 
We remark that the condition 
a;20[i sign and 0< dia; S14, 
i=1 


given in the theorem, is equivalent to the condition that P# Apo and P isa point 
in the simplex 4oMiM2--+ Mn, where M;=Ao+a[1SiSn|. If tS1, P is 
in the simplex ApA1--- An. 

In the case 7=2, equation (3) yields the familiar result that 


PU PU, PU» 


=]. 
AgU 5 AU, AgU2 
(See, for example, [2] page 162.) 
The inequality (5) yields 
A,A2\? 
Air AU = 4(5) (PUL PUD), 


where MM, and M2 are points on the rays AoA; and AoA2, M1M?2 is parallel to 
A1Ae, and P is in the triangle AoM,Me. Equality holds if and only if P is the 
midpoint of M1Mo. 

If P is in the triangle AoA1Az2, (9) yields 
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ApUo- AiU3- AqU2 = 27(PUo- PU: PU?) 


with equality if and only if P is the centroid. 
Similar results may be obtained from the other inequalities for the case n = 2. 
When 2=2, (10) and (11) yield results obtained by Carlitz in [1]. 


2. Proof of the Lemma and Corollary 1. We first remark that since the 
vectors a;[1<i<z] are linearly independent, it follows that >0%_, a;#0 and 


aixX~1[1sisn|]. 
We shall derive equation (1); (2) may be obtained in a similar manner. 
Let 0, c1, Co, - + + , Cn be scalars such that 
(12) Up = P+ (P — Add € AvP 
and 


Uy = A, + >) (Ai — Ade: € E(0). 


i==2 


Now P+(P—Ao)b=P+ 95,21 aad and 


Ay + » (A;— Atha = {P _ » aia + ait » (as — as)e. 


i==2 fos] t=2 


It follows that 


a(1 — ay — ay) — > «) + > a;(c; — a; — a,b) = 0. 


s=2 t=2 


Since a;[1<i<z]| are linearly independent, the coefficients are zero. Solving the 
resulting equations for b and substituting in (12) yields (1). 
Immediately from the lemma we obtain 


u n u 
° =1-— >a; and =a,[1 SiS nl, 


Uo + Xo i=l a ae 


and equations (3) and (4) follow. 


3. Proof of the Theorem and Corollary 2. Since u;20 and a;20 [1SiSn], 
the left side of (5) is positive. Therefore, in the derivation of (5) we may assume 
that IL2; ui>0. Since a;>0 if and only if u;>0, we assume that Th2s a;>0. 
Since the arithmetic mean is equal to or greater than the geometric mean, 


Il Uy te ll ts nn( Xa)” = (7) 


i=1 U; =1 A; i=1 


with equality if and only if a;=t/n[1Si<n|. 
The inequality (6) is derived similarly. If u;#0[1<isn], 
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y= Y= (To) S(T a)-» 


i=-1 U4 i=1 a; t=1 j=1 istsn,ixj 


n —1/n n —1 y2 
= n( Ia.) —nznt( Das) —-nZz——N. 
t=1 


= t=1 


To derive (7) let I= {i: 1SiSn, u;+0}. Now I¥@ because u;=0 if and 
only if a;=0, and >),",a;>0. Let 


icI U; ic] a; t 
Since u;20, x,2u2 and Dyer xi2eQytius. If IT={i: 1SiSn} then 


n n 1-1 
DB Dw >—— Das 
i=] 


t=] f=] 
If u;=0 then x;>0 and 
t 


St > Dz du 


t=1 sel f=1 
This proves (7). 
The left side of (8) is nonnegative. Therefore in the derivation of (8) we 
may assume that [[7., u;>0. That is, we may assume that a;>0[1sSisn]. 
Now (8) is satisfied when 2 =2. For if a1 and ae are positive scalars such that 
0<ataest<i, then 


X1X2 a —_ a3) (1 — G2) = (- 1) 
UyU2 A102 t 


with equality if and only if a;=a,.=//2. 

We assume that (8) is satisfied for #=k, and suppose that a,;[1<i<k+1] 
are positive scalars such that 0< Doki a;=sStS1. Let )),2, a;=2<t. Then 
Cri =S—2 and 


kr Xi (1 — a3) 1 — Gpyi 
we {TI i 
ix1 Uj i=1 a; Ak+1 
k _ k _ 
(1) GS)? 6-1) GS) 
Z S$—& Zz t— 2 


with equality if and only if a;=(z/k)[1<i<k] and s=t. 
The proof is completed by showing that for 0<z<iS1, 


b k/{ — k+1 
(+ -1) (Actes) (Et) - 
Zz i—g t 


with equality if and only if z=kt/(k-+1). 
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We remark that (8) is not valid for ¢>1. 
To derive the results in Corollary 2 we note that if 0< >0%., a;=t<1 then 
from (5), (6), (8), and (3), we obtain: 


fr + ee (2) (2) Hee 10 te 


t i=0 i=6 


+=0 


| 
IV 


(= 1) + — (t) [u; ¥ 0] 
ON i-i ™ " 


IL «: (= _ 1) (—) I uz = In(t) [] 


t t=0 


IV 


The proof of Corollary 2 is completed by noting that for ¢€(0, 1), 


min fr(t) = fn (—*-) = (n + 1)", 


min ga(t) = ga (—"-) = n(n + 1), 


min f,(t) = hy (—"-) = mrt, 
n+ i 


This work was supported by National Science Foundation Grant G23554. 
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AN EXTENSION OF A THEOREM OF RAMANUJAN 
JOSEPH ARKIN, Suffern, New York 
Introduction. Let f(x) = ]],2, (1—x”). Following Newman [1] we write 


(f(a))* = SS pln)”. 


n=0 


Ramanujan [2] proved in 1919 that pe(z) =0 (mod 49) for 7=—2 (mod 7). 
In the following theorem we have replaced 7 by any prime P=3 (mod 4). 


THEOREM I. Let P=4m+3 be a prime then 
(1) pe(n) = 0 (mod P*?) forn = —1 — m (mod P). 
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Proof. From Jacobi’s well-known identity [3] 


ie) 


(f(x))* = » (—1)*(2s + taser? 


s=0 
we have 
(f(x))® = D> YS (—1)et (2s + 1) (24 + Lae erlerecern a, 
s==0 t=0 


Now let »=pP—m-—1; then p(x) is the coefficient of x“? in the expansion of 
x™tl(f(x))®& Hence 


(1.1) po(n) = 2) dL (—1)*(2s + 1) (2t + 1), 
where the sum extends over all nonnegative s, ¢ satisfying 
s(s + 1)/2 + t@ + 1)/2 +m +1 = uP. 
The condition under the summation can be written, after multiplication by 8, 
(1.2) (2s + 1)? + (2¢ + 1)? = (84 — 2)P. 


Since —1 is not a quadratic residue of P, P can divide the left side of (1.2) only 
by dividing each term. Now (1) follows from (1.1). 
In a previous paper [4]| I proved the following result. Put 


~ n\k . (k) 
(2) ( >> Cn ) = Cn x, 
n==0 n=0 
where the c, are integers and k is an integer 21. We define c® by means of (2) 
for all integral k. (The series considered are purely formal power series, and the 
question of their convergence is irrelevant.) We then have: 


(2.1) of =0 (modk/(n,k)) n=1,2,3,°-°, 


and, when co=1, 


(2.2) of” =0 (mod k/(n, B)). 

The congruences in (2) then led this author to the following supplementary 
results [5]. 

(3) If for a prime P and for some integers ¢ and r(r21), the congruence 
c =0 (mod P*-*), (v= mP +4), holds for m=0, 1, 2,--- and for OSsSr, then 

ot? = 0 (mod P’) (w = Pa) 

for any integer a. 

(3.1) If co=1, and if c+%=0 (mod Pr), P being a prime, and / is any 
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integer for which the congruence holds, then c¢#”+®=0 (mod P’-*). Now let 
Yong Pol2)xX" = Yin 2g Cx”, so that by (1, with P=7) we have 

Cimes = 0 (mod 7) m=0,1,2,--- 
Combining this result with (3.1, with -—w=7, d=6) leads to 


Comis = p-a(7m + 5) = 0 (mod 7) 


which is a well-known congruence of Ramanujan. 
In conclusion we discuss some consequences of (2) and (3). Let 


( >, o(2n + a) = >) A,X”, 
n=0 


n=0 


where o(2n-+1) equals the sum of the divisors of 27-1. 


THEOREM II. If P=4¢-+1 1s a prime number z=1, 2, 3,---, and tts any 
integer for which Pma+t4v(v+1)/2, (P, t) =1, m=0,1,2,---,v=0,1,2,---), 
then 
(4) A pm+-t = 0 (mod P). 

Proof. Put 
(4.1) ( yx mony => c.f (here co = 1). 

v=0 n= 
Since co=1 and (P, t) =1, combining (4.1) with (2.2, with —k =P) leads to 
(—P) 
(4.2) Pais = = 0 (mod P). 


Now, combining Pm-+tv(v+1)/2 with (4.1), we have 0=c¥),,,=0 (mod P), 
and this result with (4.2) and (3.1, with s=0, r=1, -w=P=4z2+1, d=1) 
leads to 


(4.3) CPmit = = 0 (mod P). 


A well-known identity of Jacobi (see [6]) is 
00 00 —4z 00 —2 
ag Sora (Ese) (Eaent ne) 
n=0 v=0 n=0 


(g=1, 2,3, +--+), and (4) now follows from (4.3) and (4.4). The following result 
follows easily. 


Corouuary. If P=4¢—1 15 a prime number, then 


CPt = = 0 (mod P). 
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AN INEQUALITY FOR THE DERIVATIVES OF NONNEGATIVE POLYNOMIALS 
L. F. SHAMPINE, Sandia Laboratory, Albuquerque, New Mexico 
We shall prove an analog for nonnegative polynomials of the following 
pretty inequality of Turdn [1]: 


THEOREM. Let P,(x) be a polynomial of degree n= 2 and L(x) be the Laguerre 
polynomials. Then 


J “IP! (x) |2e-*dx S 4 sin-? <—- f [P,,(x) ]2e-*dx 


4n + 2 


with equality holding if and only 1f P, 1s a multiple of 


2 10) sin a 


Primes denote differentiation and the Laguerre polynomials are explicitly 


Lyfe) =D (- 1)* — ~(7) a j=0,1,--- 


Polynomials P, such that P,(«) =0 for «20 are characterized [2, p. 185] by 


2 2 


+4 


[(n—1) /2] 


Dd, 57; (x) 


0 


[n/2] 


Dd, u5L;(x) 


0 


(1) P,(*) = 
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where the L; and 7; are orthonormal with respect to e~* and xe~*. The u; and 2; 
may be complex numbers. 


THEOREM. Let Pr(x) be a polynomial of degree n=2 and suppose P»(x) 20 
for «20. Then 


— (|= — 1) J ” Pa(a)en*de <S J “Pf (x)e*dx S J "Pp n(x)e~*dx. 


Equality on the left 1s obtained tf and only tf P, 1s a nonnegative multiple of 
[x /2] 2 
( > 1,(2)) 
j=1 


Equality on the right is obtained tf and only if Pn, when expressed in the form (1), 
has 


[n/2] 
uy = 0, >) u; = 0. 
j=l 


With the requirement P,(«) 20 for x20 we ask for the extrema of 


f Pa (“)e*dx 
0 
subject to 
f P,(x)e*dx = 1. 
0 


Using the characterization, we see that 


09 [n/2] 
(2) J P,e*dx = >» 
0 


0 


2 [(n—1) /2] 2 


uz} + Vj 


0 


and 
Pi = » ust;(L;L;)' + >» 0,0;(xr,r;)’. 


An integration by parts and the fact that Z,;(0) =1 for all 7 show that 


00 [n/2] [(n—1) /2] 
J Phetdx = DY) ustij(6y—-1)+ D7 | ol? 
0 0 


t,j=1 


(3) 


The extremum of the quadratic form is obtained from those of the separate 
forms which we now determine. All the eigenvalues of the v-form are obviously 
+1. There is a zero eigenvalue associated with uo. Let J be the [2/2] x [n/2] 
matrix all of whose entries are +1. The matrix associated with u-form (exclud- 
ing uo) is ~M with M=J—T. 


1092 MATHEMATICAL NOTES [December 


Since J?= [n/2|J we readily find the minimal polynomial of M to be 


»-(5-)-G-). 


The roots are —1 and [n/2|]—1. M is a nonnegative irreducible matrix. It is 
known that the largest eigenvalue in modulus of such matrices is simple [3, 
p. 30|. The eigenvector corresponding to this value is obviously the vector all 
whose entries are 1. 

The only negative eigenvalue of the form is —([z/2|—1), so that 


(5]-9['$ bes "8" bo] s (Fee 


which (2) shows to be the left side of the desired inequality. We saw equality 
could occur if and only if the vector is a multiple of 


n 
uo = QO, u, = I, image [2] 


n—i 
oe fA]. 
2 


From (1) we see that this means equality holds if and only if P, is a nonnegative 


multiple of 
[n/2] 2 
( > La(e)) 


(=1] 


| 


v; = 0, 1 


The remaining eigenvalues are 0 and the multiple eigenvalue +1. As before, 
this statement is the right side of the inequality. Equality is attained if and only 
if the vector lies in the invariant subspace corresponding to +1. This is equiva- 
lent to the vector being orthogonal to the eigenvectors corresponding to 0 and 
—([n/2|—1), ice. 

[n/2] 
uo = 0, u; = 0. 


t=] 


This work was supported by the U. S. Atomic Energy Commission. Reproduction in whole 
or in part is permitted for any purpose of the U. S. Government. 
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ON THE FUNCTIONAL EQUATION f*-+-g"=h* 
FRED Gross, U. S. Naval Research Laboratory, Washington, D. C. 


I. Introduction. The purpose of this paper is to study the solutions of func- 
tional equations of the form 


(1) (f(z) + (g(z))" = (h(z))” 


where 7 is an integer greater than 1. 

Some of our more interesting results are stated below. 

I. Let » be an integer greater than 2. If p(s) 40 is a polynomial of degree 
k<n—2 then the functional equation 


(2) (f(2))" + (g(2))" = pl) 


does not have any nonconstant entire solutions. 

II. The functional equation (2) with p(s)=1 and n=2 has the entire solu- 
tions f(z) =cos(n(z)) and g(z) =sin(n(z)), where n(z) is any entire function. No 
other solutions exist. 

Ill. If p(g) is any polynomial, then the functional equation 


(3) (f(z))" + (g(2))” = (0(@))", (# > 2) 


has no entire solutions other than constants. 

A number of related problems will also be discussed. 

We shall need a particular consequence of the following theorem due to 
Borel [1]. By the expression F(z) grows more slowly (faster) than »(r) we mean 
that the maximum modulus M(r, F) of F(z) is eventually less (greater) than p(r), 


THEOREM (BoREL). Let k be a positive integer and w(r) be a positive increasing 


function. Let G,(z) and Hi(z),i=1, 2,--+-, k, be entire functions such that G;(z) 
grows more slowly than e* and H(z) —H,(z) grows faster than [u(r) |? for x47. 
If dc, Gi(z)e# =0 then G,(z) =0 fori=1,2,--+,k 


An immediate consequence is the following 


Lemma 1. Let p,(z) be polynomials and ¢;(z) be entire functions for 1=1, 2, 3. 
If pi(z)e*! + po(z)e%© = p3(z) then di(z) and o2(z) are both constants. 


THEOREM 1. Let p(z, w) be an entire function in two complex variables of the 
form (ay2-+-byw) (ao2-+ dew) (az +bsw) Q(z, w), where Q(z, w) is an entire function 
in 2 and w. Suppose furthermore that 


a; a; 


~0O fori sj (4,7 = 1, 2, 3). 
b; 2; 


If f(z) and g(z) are any two entire functions such that p(f(z), g(z)) has at most a 
finite number of zeros, then f(z)/g(z) must be a rational function of z. 
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Proof. We may assume that a,;+0. We have 


(4) ai f(z) + big(z) = pi(z)es 
(5) de f(z) + beg(z) = po(z)er 
and 

(6) ds f(z) + bag(2) = ps(z)ers 


where ,(z) are polynomials and ¢,(z) are entire functions for 1=1, 2, 3. Elim- 
inating f(z) from equations (4), (5) and (6) respectively and solving for g(z) we 
get 


dop1(z) ee! — A1p2(z)e%? a3p1(z)e%! — a1p3(z)e%3¢?) 
nN ens Z nee 
Ab —_ aybe a304 — a1b3 


By Lemma 1 it follows that $2(z) —¢2(z) is equal to a constant. Hence (5) and 
(6) yield 


ae Ca3 cbs De 
| 19 = | - Jato, 
p2(z) — ps(z) ps(z) —p2(2) 
where c is a nonzero constant. Since D;;+0 if 147, by hypothesis, the coefficients 


of f(z) and g(z) do not vanish identically and hence f(z)/g(z) must be a rational 
function. 


THEOREM 2. Let f(z) and g(z) be any two entire functions such that f(2)/g(z) 
1s not a rational function of 2; then the function (f(z))"+(g(z))", (n>2), must have 
infinitely many zeros. 


Proof. Let &, & and & be three distinct nth roots of —1. We have 
(f(2))” + (g@))" = [f@ — e@I[F@ — &e@IL@ — &¢@]o@, 
where Q(z) is an entire function. Since 
1 | 
Ei & 


our result follows from Theorem 1. 


~ 0 for 1 #7 


THEOREM 3. Let n be an integer greater than 2. If p(z) 40 ts a polynomial of 
degree kSn—2 then the functional equation (2) does not have any nonconstant 
entire solutions. 


Proof. lf f(z) and g(z) satisfy (2), then it follows from Theorem 2 that f(z) 
and g(z) must be polynomials. This is clear, since f(z)/g(z) must be rational and 
so f(z) =r(z)g(z), where r(z) is rational. Thus (1-+7(z))"(g(z))" = p(z). If g(z) were 
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transcendental then the left side of this equation would grow faster than the 
right side. 
Factoring the two sides of (2) we get 


[f(2) + érg(2)] - - - [f(@) + éng(2)] = cz — a1) - + - (@ — aw), 


where c is a constant and the &; are roots of unity. Since k Sn—2, two factors on 
the left side of the above equation must reduce to nonzero constants and conse- 
quently g(z) must be constant. 

In a similar manner one sees that f(z) must also be a constant. 


THEOREM 4. The functional equation (f(z))"+(g(z))"=1 does not have any 
nonconstant entire solutions for n>2, while for n=2 all entire solutions f(z) and 
g(z) are of the form f(z) =cos(n(z)) and g(z) =sin(n(z)), where n(z) 1s an entire 
function. 


Proof. The first part of the theorem follows immediately from Theorem 3. 
We prove the second part. 


(f(2))? + (g(z))? = 1 
implies that [f(z)-+ig(z) | f(z) —ig(z)]=1. Hence we must have 
(7) f(z) — ig(z) = e& 
(8) f(z) + ig(z) = e*, 
where @(z) is an entire function. Solving the simultaneous equations (7) and (8) 
for f(z) and g(g) we get 


e% (z) +. eb (z) ee (z) — eb(z) 
f(2) = ~—>——— _ ands g(2z) = ——--— 
2 24 
and our theorem follows. 

It follows from Theorem 2 as in the proof of Theorem 3 that for any poly- 
nomial p(z), the functional equation (3) has no entire solutions other than 
polynomials. But it is known (see Shanks [4]) that nonconstant polynomial 
solutions do not exist either. Thus we have 


THEOREM 5. If p(z) 1s any polynomial, then the functional equation (3) has no 
entire solutions other than constants. 


REMARK. For n= 2 it is well known that (f(z))?+ (g(z))?=1 does have rational 
functions as solutions [4]. 

Let us now consider the functional equation (1) with n>2. It follows from 
Theorem 5 that if f(z), g(z) and A(z) satisfy equation (1) then each of them 
must have infinitely many zeros. 

The problem of determining whether such solutions actually exist seems 
to be quite difficult, but we have: 
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THEOREM 6. There exist functions f(z), g(z) and h(z), analytic wm the open 
unit disc which satisfy equation (1) with n=4. 


Proof. Let f(q) =6:(q*), g(z) =%(g*) and h(g) =6s(q*), with 6(g) =6:(0, q), 
where 6;(z, g) are the Jacobi theta functions for 7 = 2, 3, 4. 


G2(g) = 2 Do gWoerty’, 3g) =1+2 209", O4(g) =1+2 2) (—1)"q". 
n=0 n= n=} 
It is well known (see Hille [2]) that 62(q), 63(q) and 64(g) satisfy the equation 
(82(q))*+- (64(g))* = (03(g))*. Thus 


(f(@)* + (g(@))* = h(Q))*. 


Since f(g), g(g) and h(q) are clearly analytic in | ¢| <1 our theorem follows. 
It is interesting to note that the more general functional equation 


(9) (fil) + (falz))" + ++ +(e)" = 1 


may have entire solutions. For n=k=3 (Lehmer [3]) showed that (9) has 
infinitely many solutions, one of which is given by 


filz) = 924, fo(z) = — 924+ 32 and f(z) = — 925 + 1. 
Entire solutions of (9) also exist when z>k as illustrated by the example 
(21/4(sin? z — cos? z + isin z cos z)|4 + [(—1)"/4(2i sin 2 cos 2 + sin? z)|4 


+ [(—1)1/4(2¢ sin g Cos 3 — cos? z) |4 = |. 


In a subsequent paper the author will prove that (1) has no meromorphic 
solutions for 2>3 and will discuss the solutions of (1) for 7 =3. The proofs are 
simple, but more advanced methods must be used than are employed in this 
paper. 

Subsequent to the completion of this paper, a paper containing a number of similar results 
appeared (see—Elementary proof of a theorem of P. Montel, on entire functions by A. V. Jategaon- 
kar, J. London Math. Soc., 40 (1965) 166-170). It has also been brought to the author’s attention 
by Prof. Olga T. Todd, that Ganapathy Iyer had done some work on (1). In fact he also proves the 
second part of Theorem 4 (see his paper “On certain functional equations,” J. Indian Math. Soc., 
3 (1939) 312-315). 

The author was formerly with the National Bureau of Standards. 


References 


1. E. Borel, Sur les zéros des fonctions entiéres, Acta Mathematica, 20 (1897) 357-396. 

2. E. Hille, Analytic Function Theory, vol. II, Ginn, Boston, Mass., 1962, p. 159. 

3. D. H. Lehmer, On the Diophantine Equation x?+-y?+-23=1, J. London Math. Soc., 31 
(1956) 275-280, 

4, D. Shanks, Solved and Unsolved Problems in Number Theory, vol. I, Spartan Books, 
Washington, D. C., 1962, pp. 145-146. 


1966] MATHEMATICAL NOTES 1097 


ON THE CLASS OF YOUNG’S CONTINUOUS FUNCTIONS 
B. S. YADAV, Sardar Patel University, Vallabh Vidyanagar, India 
1. Let the functions f, g and h be each L-integrable in (0, 27) and periodic 


outside with period 27. We say that / is the Fourier faltung (composition or 
convolution) of f and g if 


1 QT 
(1) h(a) = — J fle + dg()d, [73 p. 36]. 


Moreover, a function / is said to be a Young’s continuous function if there exist 
two functions f and g, each of the Lebesgue class Ze, such that / is the Fourier 
faltung of these functions [6]. Although there is no obvious criterion to verify 
directly whether a given function / is a Young’s continuous function, it is 
known that a necessary and sufficient condition for a function to be a Young’s 
continuous function is that its Fourier series be absolutely convergent ([1], [3]). 
Min-Teh Cheng [2] has obtained Young’s continuous functions by imposing 
more on f and less on g as follows: 


THEOREM 1. Jf fElip(a, p) and gElip($p, gq), where 0 <aS1, 1 <pS2, 
ap >t and q>1, then the function h given by (1) 1s a Young’s continuous function. 


The object of this note is also to obtain Young’s continuous functions with 
the help of the following theorem proved first by the author in [5]. 


THEOREM 2. Let O<a51,1<pS2, andt>0. Uf 


(2) f~ di ene 
and 


J "| e+) FG) Pax = O(Mogry-), as 10, 
where 5=1+p(1—£)/, then 


(3) 5 | cn [Adog| |)? < % 


—00 


for all B>p(T.+1)/(A tap); but not necessarily for B=p(T+1)/(1+eap). 


( >.’ denotes a summation for m in which the term corresponding to n=0 is 
omitted.) 
We shall prove the following 


THEOREM 3, Let O0<aSi, 1<pS2 and t>0. If 


(4) J WG (« +t) — f(x) |"dx = O(P -*(log 1)-*7), as £0, 
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and gE€lip(1/g, g), where p(1—a)<1 and q is given by p-1+q-!=1, then the 
function h in (1) ts a Young’s continuous function. 

The case p=2 in this theorem is trivial. 

2. In order to prove our theorem, we shall need the following three lemmas: 

Lemma 1. Jf fElip(a, p), then fEL>p. 

LEMMA 2. If fElip(a, p), a>0 and p>1, then 

cn = O(| 22). 

Lemma 3. If f satisfies the condition (4), then >.'®. | ca(log|2|)7|?>< «, for 

The Lemmas 1 and 2 are obtained by Hardy and Littlewood [4] and the 


Lemma 3 can be obtained as a corollary of Theorem 1 by replacing B by p and T 
by Tp in (3). 


3. Proof of Theorem 3. We first observe that the integral 
27 
J f(a + fH g(t) dt 
0 


does exist under the hypothesis of the theorem. For, it follows from the condition 
(4) that fElip((2—p)/p, p); and hence from Lemma 1 that fEL, and gly. 
Therefore, by Hélder’s inequality, we have 


ic + Data < {fo lie+o ar} YF ee earh we ew, 


To prove the theorem it will suffice to prove that the Fourier series of h is 
absolutely convergent. Let g~ >.” » dnei*®. Then we know that h ~ 52 2 Cnd_ne***. 
Now 


1/q 


©) Lt lead s {DL Lents] nl yeh | 2’ |a-adoe] »| tlh 


where in >>* the terms with |n| <1 are omitted, and where T is chosen so that 
T<a and Jg>1. 

This choice of T is possible because of the hypothesis p(1—a) <1. It follows 
from Lemma 3 that the first sum on the right of (5) remains bounded, as N> &, 
under the condition (4). Again it follows from Lemma 2 that d_n = O(| 2| 1/q) , 
Therefore 


N N 1 
"\d_n(l Tia = O( >’ ——_—___} . 
Jao || (2 aapape) 


Since Tqg>1, the second sum on the right of (5) will also remain bounded, as 
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N—-o. Therefore 


and the proof is complete. 
I wish to thank Professor U. N. Singh for his help in the preparation of this note. 


References 


1. K. K. Chen, On the class of functions with absolutely convergent Fourier series, Proc. Imp. 
Acad., 4 (1928) 348-351. 

2. Min-Teh Cheng, The absolute convergence of Fourier series, Duke Math. J., 9 (1942) 
803-810. 

3. G. H. Hardy and J. E. Littlewood, Notes on the theory of series (IX): On the absolute con- 
vergence of Fourier series, J. London Math. Soc., 3 (1928) 250-253. 

4, , A convergence criterion for Fourier series, Math. Z., 28 (1928) 612-634. 

5. B. S. Yadav, On a theorem of Titchmarsh, Publ. Inst. Math., Beograd, Nouvelle série, 
tome 2 (16) (1962) 87-92. 

6. W. H. Young, On a class of parametric integrals and their application in the theory of 
Fourier series, Proc. Roy. Soc., A, 25 (1911) 401. 

7. A. Zygmund, Trigonometric series, vol. 1, Cambridge, 1959. 


ON RELATIVELY PRIME SEQUENCES 
M. V. SuBBARAO, University of Alberta, Edmonton 


1. A sequence of integers {an} (2721) will be called relatively prime if 
Qn7~0 except for at most one value of z and (Gm, dn) =1 for all m and x with 
mn. We recall that, if a is a nonzero integer, we define (a, 0) =|a]. In this 
note we consider the following question: Suppose that (x) is a polynomial in x 
with integral coefficients and do(x) =x, drri(x) =b(os(x)) (R20). Suppose also 
that for all integers x and all k20O for which ¢;(x) 40 we have ¢;(x) | buss(x). 
We note that this holds if and only if 6(0)=0, which is therefore assumed 
throughout. Under what conditions on ¢(x) and for what integral values 
of « is the sequence of integers {fn(x)} (z>0) relatively prime, where f,(x) 
= n(x) /dn—i1(x) (2 =1, 2, - - - )? (For the case @a_i(x) =0, see below.) This ques- 
tion arises naturally in view of the known result that the sequence 
{ (a?"~1)/ (a®"~"—1)} (x21, b prime, (a—1, p) =1) is relatively prime, and we 
can write a?”—1=¢,(a—1) with d(x) =(x+1)?-1. 

A similar problem for the sequence {¢,(x)} of iterations of ¢(«) was consid- 
ered by R. Bellman [1] in trying to generalize the well-known result that the 
sequence of Fermat numbers { Fn} = {227-1 } is relatively prime and observing 
the fact that F, can be written as F,=¢,(3), where d(x) =(«~—1)?+1. In the 
sequel {¢,(x)} and {fn(x)} are sequences as already defined and we write f(x) 
for fi(x). 


If, for some z 20, }n(x) =0, then ¢,,(x) = 0 for all m Zn. In this case we define 
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The author is thankful to the referee especially for calling attention to the case in which 
én(x) vanishes for some 7. 
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THE MASSERA—SCHAFFER EQUALITY 
L. M. Ketty, Michigan State University and Cambridge University 


J. L. Massera and J. J. Schaffer [Annals of Math., 67 (1958) p. 538] have 
shown that for any two vectors x and y of a normed linear space 


(1) | IIolle — [allyl] maxc(lall, loll) S 2llell loll lle — sf. 


Kirk and Smiley [this Montuty, 71 (1964) p. 891] have expressed interest 
in the conditions under which equality holds. 


THEOREM. Two distinct nonzero vectors x and y of a complex normed linear space 
satisfy the equality in (1) iff x and y span an 1; in the underlying real vector space 
with 

— x x 
to and oy (or + 2) 
lly — | || ies 


as the vertices of the untt parallelogram. 
The proof is an immediate consequence of the following lemma. 


Lemna. If ABC is an isosceles triangle in a two dimensional real normed linear 
space with || AB|| =||AC|| and X any point on side AC, then ||BX||=4||BC|| with 
equality holding iff || A X|| =4||BC || and the unit circle is a parallelogram. 


Proof. Consider points D and E on sides AC and BC respectively such thnt 
|| CD|| =4||BC|| and the line DE is parallel to line AB. ||DE|| =||DC|| =4||BC||. 
If X is on the closed segment DC, the inequality follows from the triangle in- 
equality with equality possible only if X =D. If X is on the closed segment AD, 
consider the point Y on the segment BE such that the line BX is parallel to the 
line DY. ||BX||=||DY|| =||Dz|| =4||DC||, the middle inequality following from 
the convexity of spheres. Here again equality holds iff X =D. 

If || BD|| =||DC|| =4||BC|| then B and C together with the reflections of these 
points in D form the vertices of a parallelogram all of whose boundary points 
are equidistant from D. 


Proof of the theorem. The sufficiency is clear. Suppose then that ||-y|| =||x|| >0 
and the vectors are linearly independent. The case of linear dependence leads 
easily to the condition x = y. Application of the lemma to the triangle defined by 
the null vector and the vectors y and ||-y||x/||x|| implies that 
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|| 


yrs 


1 


which is equivalent to the M-S inequality. The lemma further implies that if 
equality holds then 


lly — «|| 24 


+o and +-— 
TT) Can a DT re 
EI lly — «| 


are the vertices of the unit parallelogram of the real span of x and y. 


A FUNCTIONAL INEQUALITY 
SEYMouR HaBEr, National Bureau of Standards, Washington 


Let f be a continuous and strictly increasing function, defined to the right 
of some positive number and not bounded from above. Its inverse then has all 
those properties, and the graph of f-! is the reflection in the line y=x of the 
graph of f. We will compare the product f(x) -f-1(«) with x?. 

Either may be larger; as for example when f is x? and when f is x—1. There 
can of course be no restriction on how much larger than x? the product f(x) -f~1(«) 
might be. The general result in the opposite direction is: 


THEOREM 1. Jf f ts continuous, strictly increasing, and f(x) © as x, 
then for any e>0 and any K 


(1) f(«)-f-'(%) > (1 — €)2? for somex > K. 


Proof. We first note that it is sufficient to prove the theorem under the addi- 
tional assumption that f(x) Sx always. For, if f does not satisfy this condition 
then we may define a function h by h(x) =f(x) when f(x) Sx, and h(x) =f-!(x) 
when f(x) >x. Since f is continuous, the set of points at which h(x) =f—1(x) is a 
union of open intervals (a, b) with f(a) =a and f(b) =b. On each such interval h 
is continuous and strictly increasing, and a<h(x) <b. It follows that h satisfies 
all the hypotheses of the theorem; and h(x) Sx. Furthermore, h(x) -h-'(x) =f(x) 
-{-'(x), so that f satisfies (1) exactly where h does. 

We now assume that f(x) Sx. Setting g(x) =f(x)/x and y=f-'(x), (1) takes 
the form 


(2) g(x)/giy) 21 —e. 


Let A=lim sup,... g(x). There exists an increasing sequence { «;} going to in- 
finity, such that for each 7, g(x;) > A —1/i and g(x) <A-+1/1 for all x 2x;. Since 
yi=f(«:) 2x; we then have 

A-—1/i 


g(xs)/g(ys) 2 yERY; 


and the theorem follows. 
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We can say more about the set of points at which (1) holds. Let e be any 
positive number. Then with x; as above, for any x in the interval (x;, «;(1+6/2)), 
it is true that 


g(x) = fla)/x > fle)/« > a h(a) 


so that 
A—1/i 
1+¢/2 A+1/i 
and so g(x)/g(y) >1—e if 7 is sufficiently large. The lengths of these intervals 
increase as 7 increases; so we may conclude: 


THEOREM 1’. If f 1s as in Theorem 1, then for any e>0 and any K, the set of 
all x>K for which the inequality (1) holds is of infinite (Lebesgue) measure. 


g(*)/gly) > 


This seems to be the most that can be said in general; there is a function f 
such that for any 6>0, the set of x in (0, a) at which (1) is satisfied is of measure 
less than 6a, for large a. However, imposing a condition of smoothness of growth 
on f enables us to strengthen the conclusion. 


THEOREM 2. Jf f satisfies the hypotheses of the above theorem, and f(x)/x ts 
nondecreasing, then for any e>0 there is a K’ such that the inequality (1) holds for 
all x>K’'; tf in addition limz..f(x)/x>1, the quantity 1—e in (1) may be re- 
placed by 1. 


Proof: Define g as above; it is now nondecreasing. Letting y=/f—'(x) again, 
we are to prove that g(x)/g(y) 21—e. If g(x) 21 from some point on, f(x) 2x 
and so ySx. Since g is nondecreasing we would then have g(x)/g(y) 21. If g(x) 
is always <1, then y=x, so that g(x)/g(y) $1. However if we set h(x) =f—'(x) /x, 
our inequality becomes h(y)/h(x)21—e; and hk is nonincreasing and bounded 


below, so that the inequality must hold. 
By considering f-1(x) it is seen that (1) also holds for all sufficiently large x 


if f(x)/x is nonincreasing; and then if lim f(«)/x<1, (1) holds with 1~—e re- 
placed by 1. 


A CONDITION FOR A CANCELLATION SEMIGROUP TO BE A GROUP 
TREVOR Evans, Emory University 


We describe a rather unusual type of condition for a cancellation semigroup 
to be a group, in terms of identities which the semigroup may satisfy. 


THEOREM. Jf a cancellation semigroup satisfies an identity which 1s not a conse- 
quence of the commutative law, then 1t 1s a group. 


We actually prove a rather more general result: 
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If a semigroup satisfies an identity which ts not a consequence of the commutative 
law, then tt 1s periodic (in fact, satisfies an identity x™=x", mn). 


The theorem follows from this and the trivial fact that a periodic cancellation 
semigroup is a group. 

We begin by classifying those semigroup identities which are consequences 
of the commutative law. If w(x, y, z, - - - ) isa semigroup word in the variables 
x,y, 2, +++, we will write ((w) for the length of w and ¢,(w) for the number of 
occurrences of the variable x in w. 


LEMMA 1. In a semigroup, an identity u(x, y, 2,--+)=v(x, y, 8,°-+) isa 
consequence of the commutative law if and only if t.(u) =¢,(v), for every variable x 
occurring in the identity. 


Proof. Let u=v be a consequence of the commutative law and let x be any 
variable occurring in the identity. Since u =v holds in every commutative semi- 
group, it holds in the cyclic group G of prime order » (considered as a semi- 
group). Put all variables in uw, v other than x, equal to the neutral element 1 in 
G. Then 


afa(u) = gle) for all x in G. 


Hence, f,(u) =4,(v) (mod ). 

Since this congruence holds for every prime, ¢,(u) =4,(v). Conversely, if 
f,(u) =4,(v) for every variable, then the generalized commutative-associative 
law implies u=v. This completes the proof. 


LemMaA 2. Let S be a semigroup satisfying an identity which is not a consequence 
of the commutative law. Then S is periodic, in fact, satisfies an identity x™ =x", 
MAN. 


Proof. Let S satisfy the identity u(x, y, 2, +--+) =v(x, y, 2, - + +) which is not 
a consequence of the commutative law. If ¢(u) ¥¢(v), then putting all variables 
in “=v equal to x, we see that x satisfies xf =x) for all x. Hence, S is periodic. 

If ¢(u) = €(v), a slight modification is needed. By Lemma 1, there is a variable 
x occurring in the identity such that ¢,(u)#¢,(v). Put all variables in u =z, 
other than x, equal to x?. Then S satisfies the identity 


xrt(u—te(u) = x2t()—-f) for all x, 


Again, S is periodic. 
LEMMA 3. A periodic cancellation semigroup is a group. 


This well-known result [1, p. 23, Ex. 6(c) ] isan immediate consequence of the 
fact that a local one-sided neutral element in a cancellation semigroup is a two- 
sided neutral element for the whole semigroup. 

Since it is known what type of identities a group can satisfy [2], the follow- 
ing form of the theorem 
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If a cancellation semigroup is not a group, then any identity tt satisfies 1s a con- 
sequence of the commutative law 


determines the identities a cancellation semigroup can satisfy. More generally, 
any identity which a nonperiodic semigroup satisfies is a consequence of the 
commutative law. In this form we see that our result is, in a way, a generaliza- 
tion of Neumann’s result in [2], that any identity which a group satisfies may 
be put in the form 


%1 49 tn 
X12 °° °° Xn -¢(%1, X25 ee -, Xn) = 1, 
where c(%1, X2, °° * , Xn) is a complex commutator word in the variables. 
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A NOTE ON FERMAT’S LAST THEOREM 


J. M. Ganpul, University of Alberta, Edmonton 


Recently D. E. Stone [2] proved the following theorem which pertains to 
Fermat’s Last Theorem (FLT). 


THEOREM. If p and 2p-+1 are odd primes and 
aP + b? -+ c? = 0, 


where a, b, c are nonzero, pairwise prime integers, then precisely one of the 
integers a, b, ¢ 1s divisible by p. 


In this note we prove a similar theorem pertaining to FLT. 


THEOREM. If p and 4p-+1 are primes with p>3, and a?-+-b?-+-c? =0, where 
a, b, c are nonzero, pairwise prime integers, then precisely one of the integers a, b, c 
is divisible by 4p-+1. 


Proof of Theorem. Assume that (abc, 4p-+1) =1. Writing (1) as a?-++b? = —c? 
and squaring, we get 
(1) a?2p + 6% + 2aPh? = ¢??, 


Since 4p+1 is prime, and since, by assumption, a, b, c are each prime to 
4pb+1, we have by Fermat’s “little” theorem, 


(2) a’? = +1 (mod 4p +1), 0? = +1 (mod 4p + 1) 
cp = +1 (mod 46 + 1). 
The sign before the residues is -+- or — according as k?=a, k*=b, k?=c 


(mod 4p-+1) respectively has or has not integral solutions. 
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Using (2) in (1) we get 
zt 1+ 1-+ 207d? = +1 (mod 4% + 1) 
or 
2a°6? = +1, —1, +3 or —3 (mod 4 + 1). 
Squaring the last congruence and using (2) we get 
+4 = 1 or 9 (mod 4p + 1). 


Since p is a prime >3, the last congruence is impossible. This contradicts the 
assumption (abc, 4p+1) =1 and hence one of a, b, c must be divisible by 4p-++-1. 
The author is on leave from University of Rajasthan, Jaipur. 
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CLASSROOM NOTES 
EDITED BY GERTRUDE EHRLICH, University of Maryland 
Send manuscripts to R. A. Rosenbaum, Wesleyan University, Middletown, Conn. 06457. 
ON PROVING THEOREMS IN PLANE GEOMETRY VIA DIGITAL COMPUTER 


RICHARD BELLMAN, University of Southern California 


1. Introduction. The development of the digital computer has focused con- 
siderable attention upon various types of algorithms, and, in particular, upon 
those connected with logical processes and decision-making. An offshoot of this 
has been the set of attempts by various people, with varying degrees of success, 
to replicate human thought processes with the aid of a digital computer. In this 
connection, let us cite the work in translation of languages, pattern recognition, 
chess playing, checker playing, and the proving of logical and geometric theo- 
rems. 

In pursuing these goals, there are many different approaches that can be 
pursued. At one extreme, we can imitate what the human mind does; at the 
other extreme, we can fasten our attention solely upon the capabilities of an 
analog or digital computer. In between, we have a continuum of man-machine 
processes. Since it is generally agreed by knowledgeable people that we possess 
very little understanding of the working of the brain, it is clearly hazardous to 
follow the first route. We shall restrain ourselves exclusively to a completely 
rigorous use of the computer in establishing geometric theorems. 

The basic idea is quite simple. The structure of Euclidean plane geometry 
permits us to express geometric theorems as algebraic identities. Algebraic iden- 
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tities can be established by verification of a sufficiently large number of cases. 
This verification should be possible, purely arithmetically, using a digital com- 
puter. There are, however, many interesting problems associated with a pro- 
cedure of this type, as we shall see below. 

Let us hasten to add that we see no intrinsic value to establishing geometric 
theorems in this fashion. We do feel that it is pedagogically of some value to 
have the student interested in the uses of the computer try his skill at problems 
of this type, and there are some nontrivial associated arithmetic and analytic 
questions. Furthermore, numerous questions arise as to what we mean by 
“fundamental theorems” of geometry. All of this will be illustrated by the fol- 
lowing discussion. 


2. The medians of an isosceles triangle. Suppose that we wish to prove that 
the medians to the equal sides of an isosceles triangle are equal. Considering 
the figure below, we must establish the identity 


(6-3) 6-37" 
“[G-eoJHG-9T" 


This is, of course, obvious upon inspection, but with a digital computer, we are 
not allowed “inspection.” 


(2.1) 


(G, 6) 


ony 


(40 0 (4,0) 


As far as the computer is concerned, an isosceles triangle is determined by 
the three vertices (0, 0), (a, 0), (—a, 0), and the lengths of the medians are 
determined by simple algorithms which provide first the midpoints and then the 
length according to the distance formula. We are assuming the Pythagorean 
theorem which enables us to use the usual distance formula of analytic geometry. 

We establish the equality of the two sides of (2.1) in a two-step process. We 
first invoke some general algebraic theorems which assure us that it is sufficient 
to verify equality for a finite set of values of a and b, and then use the computer 
to carry out this arithmetic confrontation. 
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There are several ways to proceed. Let us sketch one. Since the expressions 
are homogeneous in a and 0 (scale is unimportant), it suffices to take b =1. Since 
equality of the squares implies equality of positive quantities, let us square 
both sides. It remains to establish the identity of two quadratic polynomials in 
a. For this, equality at three values of a suffices. Choose three convenient values, 
e.g., a@=2, 4, 6. 

At this point, the reader may justifiably worry about round-off error. After 
all, computer arithmetic is not ordinary arithmetic. Suppose that we had not 
thought of the artifice of squaring, or, in general, of rationalizing. How would we 
establish that M=WN by comparing the calculated values of \/M and «/W? Does 
agreement of »/M and /N to a sufficiently large number of decimal places as- 
sure us that they are equal? The answer is “yes.” 

Observe that 


(2.2) /M — /N 


Hence, if M and WN are integers and distinct, we must have 


__ _ 1 
2.3) VM —-J/N| = ——= - 
If arithmetic calculations show that 
_. _ 1 
(2.4) /M—/N| Se <——» 
| | Jil + VN 


we can conclude that M=N. Starting with the values of Mand JN, we know how 
to obtain the accuracy of (2.4). 

In the general case, a number of interesting questions arise as to the number 
of verifications required and the methods to be used to obtain this verification. 
How, for example, does one systematically reduce a problem involving distances 
to a polynomial identity? 


3. Discussion. We leave it to the reader to investigate the possibility of 
establishing the existence of the Euler line, the Simpson line, the nine-point 
circle, and so on. It is also clear that we can “generate” theorems of this type 
in a completely uninspired fashion by tabulating sets of points and lines and 
testing collinearity, coincidence, etc. Some of this would be pursued in an 
adaptive fashion, as, for example, the search for the nine-point circle. As men- 
tioned previously, none of this has any intrinsic interest. But these are useful 
problems for training purposes, since they deal with familiar types of questions 
requiring no advanced training. They illustrate what is meant by the term 
“algorithm,” and they also demonstrate the value of ingenuity and knowledge 
of the structure of a process. 
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FACTORIZATIONS WITH UNEQUAL NUMBERS OF PRIMES 


BERNARD JACOBSON, Franklin and Marshall College 


Hilbert was probably the first to give a very simple example of a semigroup 
which failed to possess unique factorization into “primes.” In the set 
H= (x: x=1 mod 4, x>O}, 441 =21-21=9-49 and 9, 21, 49 are “primes” in H. 
Other examples are given in [3], and [4]. In these examples and in all of the 
examples in elementary textbooks which have come to the attention of the 
author, the same number of “primes” appear in each of the different factoriza- 
tions. On a somewhat higher level it has been shown that the algebraic number 
field Z has a class number <2 if and only if for every nonzero integer aCZ the 
number of primes in every factorization of a into a product of primes depends 
only on a (see [1]). 

A class of examples of different factorizations with unequal numbers of 
“primes” is set forth below. Here, the product of two “primes” is shown to be 
equal to the product of n “primes” for any n>1. The curious and interested 
student may wish to try to generalize and show the product of m “primes” equal 
to the product of 2 “primes.” 

An element 2 is called prime in the set S= {x: x«=1 mod p, x>0} if and only 
if z=uv with u, vCS implies z= or g=v. 


THEOREM. Let n be a positive integer, p a rational prime such that p=1 mod n, 
and S={x:x=1 mod p, x>0}, then there exists an integer k in S such that 
k=rs=t" where r, s, tare prime in S. 


Proof. From p=1 mod n, n| p—1 (=¢(~)), and thus there exist ¢(7) residue 
classes of order n modulo p. Let a belong to n, i.e. a*=1 mod p and a“=1 mod p 


implies n| m. Then a‘41 mod # for :=1, 2,---,n—1. Since (a, p) =1, there 
exists b such that ab=1 mod p. Clearly 6°=1 mod p and 0‘41 mod p for 
t=1, 2,--+,n-—1. By Dirichlet’s theorem there exist rational primes qi and 


gz such that qi=a mod p and q.=b mod Pp. It now follows that (qig2)" = (q?) (@3), 
where qi, gj and qige are primes in S. 

Examples. (1) Let n=3, p=7, S= (1, 8, 15,--- i gi=2 and q.=11, then 
10648 = 22?=8- 1331. 

(2) Letn=4, p=13, S={1, 14,27, - - + og=5, H=47, then 2354= (5*) (474). 

(3) Letw=5, p=11, S={1, 12, 23, - + +}, ¢q1=3, q2=37, then 1115 = (35)(379). 
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A REMARK ON CUBICS 
L. Cartitz, Duke University 


It is familiar that the discriminant of the cubic f(x) =x?+px-+q is given by 
D=—4p?—27q?. In particular the discriminant of x?—m is equal to —27m?; 
hence for rational m the discriminant is of the form —3k?, where k is rational. 

Now let @ satisfy the cubic equation 


(1) a + p0-+¢ = 0, 
where p and gq are rational and put 

(2) ¢= at b0-+ ci. 
We shall show that, provided 

(3) 4p3 + 27¢? = 3k?, 


where & is rational, we can find rational a, 0, c, not all zero, such that ¢? is 
rational. 
In the first place it follows from (1) that 


(4) 2 6=0, Lie=— 29, 660" = — 4, 
where 0, 6’, 0” are the roots of (1). Then by (2) and (4) 
(5) >) ¢ = 3a — 2h. 


In the next place we have 
¢? = (a? — 2bceq) + (2ab — 2bcp — c?q)O + (6? + 2ac — c*p)6?, 
so that 
(6) >, ¢? = 3(a? — 2bcq) — 2p(b? + 2ac — cP). 
We now require that 


(7) Le= LP =0. 


In view of (5) and (6), (7) implies 

(8) c?p? — 9bcq — 3b*p = 0. 

We may think of (8) as a quadratic in b, c; the discriminant is equal to 
12p3 + 819? = 3(4p3 + 27g?) = 9R?, 

by (3). The roots of (8) are therefore rational. We find that 


GC 3(3¢g + R) 
bo 2p? 
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There is no loss in generality in taking the upper sign. Then by (5) 


3q +h 3(¢ +k 
(0) pai th, = (_ BUTA, 
Pp 2p? 
To compute ¢#°, we put ¢?=A+BO+ Cé?, where 
A = a* — 2bcq, 
B = 2ab — 2bcp — cg, 


C = B+ 2ac — cp. 
Then ¢?= (aA —bqC—cgB) + (aB+bA —bpC—cpB—cqC)0+ (aC +0B+c¢A —cpC)é?. 
In view of (7) this reduces to 
(10) ¢? = aA — bgC — cB. 
Making use of (9) we find after a little manipulation that (10) becomes 


ay _ 6(3q + B)*hOe 
8 8 


Conversely if we put 
6 = a-63(3q + B)2/8 + b-62/3(3q + B12, 
(12) 6 = aw-61/3(3g + k)2/ + bw? 62/8(3q + RNB, 
6’ = aw?-6'/8(3g + k)?/3 + bw-62/8(3g + Rk), 


I 


where w, w? are the primitive cube roots of unity, we find that 
> 6=0, >) 6? = 36ab(3q + 2), 000” = 6(3q + )2a8 + 36(3g + B)b°. 


We now require that 


(13) >= — 2p, 006" = — 4g. 
We find without much difficulty that (13) is satisfied provided 
1 
(14) a= _ P ; b= ——. 
3(3q + k) 6 


An algebraic number field of the type R(./m), where m is rational but not 
the cube of a rational number, may be called a pure cubic field. The discriminant 
of such a field is evidently of the form —3k?, where k is some rational integer. 
As an application of the above discussion we may state the following 


THEOREM. A cubic field 1s pure tf and only «af its discriminant 1s of the form 
— 3k?, where Ris some posite rational integer. 
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A THEOREM ON GROUPS AND THE CHARACTERISTIC 
OF AN INTEGRAL DOMAIN 


R. W. Batu, Auburn University 


If the characteristic of an integral domain is finite, it is prime. The standard 
textbook proofs, using the absence of zero-divisors, seem to miss the point in that 
they cannot be generalized, for example, to simple rings as suggested by Jacob- 
son, Lectures in Abstract Algebra, volume 1. The purpose of this note is to call 
attention to the group-theoretic nature of this result. 

Let G be a group with identity e. 


THrorem. If G#{e} and all elements of G other than e have the same finite 
order m, then m 1s a prime. 


Proof. Assume that m is composite, say m=rs with 1<r<m. Let a be an 
element of G, ae. Then (a*)"=a"=e. Thus a*=e since r<m, and a=e since 
s<m. This is a contradiction. 

In the additive notation this equation is r(sa) =ma=0. 


THEOREM. If Ris a ring with at least two elements in which all nonzero elements 
have the same additive order m (so that m ts the characteristic of R), then either m 1s 
infinite or 1t 1s a prime. 


Using the absence of zero-divisors, it can be proved that an integral domain 
satisfies the hypothesis of this theorem. Similarly a simple ring (ring with no 
nontrivial ideals) has this property since for each positive integer k, {a in 
R| ka=0} is a (two-sided) ideal of R. In general if R contains an element a0 
of minimal additive order such that either R=aR or R=Ra, then R is homo- 
geneous in the sense of the above theorem. An identity 1 in an integral domain 
is such an element. 


A CHARACTERIZATION OF FINITE NILPOTENT GROUPS 
C, V. Hotmes, San Diego State College 


It will be shown that a finite group is nilpotent if and only if there is at least 
one normal subgroup of order m for each positive integer m which is a divisor 
of the order of the group. A finite Hamiltonian group is nilpotent and this char- 
acterization of finite nilpotent groups classes them as being near Hamiltonian. 

A group G is said to be nilpotent if there exists a positive integer m such that 
Zn=G, where Z, is a member of the upper central series, E=Zo, Z1, Z2, -- > of 
G, where 

Zn41 = {x Cc G| [x, y| CZ, forallye G}. 


For finite groups the following are equivalent: 
(1) Gis nilpotent. 
(2) If H be a proper subgroup of G then H is a proper subgroup of the 
normalizer of H. 
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(3) Gis a direct sum of its Sylow subgroups. 
We extend this list with the following theorem. 


THEOREM 1. A finite group Gis nilpotent af and only 1f for each divisor d of the 
order of G there exists a normal subgroup of order d. 


Proof. Let G be a group of order n= pf1pz2 - - - pet, bs a prime, and let d be 
a divisor of n, d=pfhip® -- - pf, OS 8; Sa; 

Suppose that G is a nilpotent group. Write G as a direct sum of its Sylow-p 
subgroups, G= >.7_, (S(p,)), S(ps the Sylow-p; subgroup of G. S(p,) is a p- 
group of order ~%, and hence S(p,) contains a normal subgroup H; of order p*. 
Since S(;) is both normal in G and, moreover, a summand of G it follows that 
H; is normal in G. That H; is disjoint from the group generated by Hi,---, 
Ain, Hi-n, > +--+, Hi, follows since H; is a subgroup of S(p;) and the subgroups 
S(p;) enjoy this disjointness property. Then H= >_7., H; exists as a subgroup 
of G, and has order d. That H is a normal subgroup of G follows from the fact 
that each H; is normal in S(,). 

Conversely, since pf is a divisor of n, G has a normal subgroup of order 
p;t which is the unique Sylow-p; subgroup of G. Hence G= yo S(p;), and we 
conclude that G is nilpotent. 


A PROOF OF THE EQUALITY OF COLUMN AND ROW RANK OF A MATRIX 
HAns LIEBECK, University of Keele, Staffordshire, England 


Let A be an mXn complex matrix, A* its conjugate transpose, and let x 
and y denote 2X1 matrices (column vectors). 


LemoMaA 1. y*y=0 af and only 1f y=0. 
LEMMA 2. Ax=0 if and only if A*Ax=0. 


Proof. lf A*Ax=0, then y*y=0, where y=Ax. Hence, by Lemma 1, y=0. 
The converse is obvious. 

Now let R(A) denote the range of A, i.e. the vector space { Ax; all x}. Note 
that column rank (c.r.) Ad =dim R(A). We write r.r. A for the row rank of A. 


LEMMA 3. dim R(A)=dim R(A*A). 


Proof. By Lemma 2, Axi, +--+, Ax; are linearly independent if and only if 
A*Ax, +--+, A*Ax; are linearly independent. 


THEOREM. c.r. d=c.r. A*=r.r. A. 


Proof. cr. A=c.r. A*A =dim{ A*(Ax); all x} Sdim{A*y; all y} =cr. A*. 
Thus alsoc.r. A* Scr. A**=c.r. A, and socr. A=cr. A*=rr. A=rr. A. 


PROBLEMS AND SOLUTIONS 


EpITED BY E. P. STARKE 


CoLLABORATING Epitors: J. BAartaz, Rutgers—The State University; L. CARLITz, 
Duke University; H. S. M. Coxeter, University of Toronto; H. Eves, University of 
Maine; M. S. Kiamxrn, Ford Scientific Laboratory; A. E. Livineston, University of 
Alberta; and A. WiLansky, Lehigh University 


All problems (both elementary and advanced) proposed for inclusion in this Department 
should be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, N. J., 07060. Proposers of 
problems are urged to enclose any solutions or information that will assist the editors. Ord1- 
narily, problems in well-known textbooks and results in generally accessible sources are not 
appropriate for this Department. No solutions (except those accompanying proposals) should 
be sent to Professor Starke. 

ELEMENTARY PROBLEMS 


Solutions of ElementaryProblems should be sent to M.S. Klamkin, Ford Scientific Labora- 
tory, P. O. Box 2053, Dearborn, Mich. 48121. To facilitate their consideration, solutions for 
Elementary Problems in this tssue should be submitted on separate, signed sheets and should 
be matled before April 30, 1967. 


E 1935. Proposed by W. J. Blundon, Memorial University of Newfoundland 


Prove that, for every triangle ABC, s<2R+(3+/3—4)r, where s, R and r 
are the semiperimeter, circumradius and inradius, respectively. Equality holds 
only for the equilateral triangle. 


E 1936. Proposed by W. J. Blundon, Memorial Uniwersity of Newfoundland 
If in triangle ABC we have 
sin A + sin B + sinC 3 
cos A + cosB+cosC | 


2 


prove that at least one angle of the triangle is 60°. 


E 1937. Proposed by J. M. Quoniam, Saint-Etienne, France 
Taking 


prove that 
2u—1 
Sy = (n+ 1) — 270-1 
p—i 
where the usual symbols for greatest integer and binomial coefficient have been 
used. 
1122 
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FE, 1938. Proposed by Stanimir Fempl, University of Belgrade, Yugoslavia 


A right cone and a right circular cylinder have a common base and altitude. 
[f a plane meets these two bodies so that the intersections are ellipses, prove 
that the ratio of the eccentricities of the ellipses is equal to the ratio of the 
lengths of the generatrices of the bodies. 


FE, 1939. Proposed by Richard Stanley, California Institute of Technology 
How many of the first 7 triangular numbers 7; = 4$k(k-+1) are divisible by 1? 


FE, 1940. Proposed by J. V. Cornacchio and R. P. Soni, IBM, Endicott, N. Y. 

Given the finite sequence {p,m such that 0<p,S1 (k=1, 2,---, m), 

z-1 Pk=1, and the mXm matrix ||az||, each of whose elements satisfies the 
condition | ave| <1, prove (or disprove): 

Du 

k=1 


FE, 1941. Proposed by William Koenen, Highland Park High School, St. Paul, 
Minn. 


Let M be the set of natural numbers. For ACM, we let cA represent the 
complement of A in M. 

(1) If kA is the smallest set containing A which is closed for addition, prove 
that there are no more than six sets of the form A, cA, kA, ckA, kcA, ckcA, 
kckA, ckckA, kckcA, etc., and display a set A for which six are distinct. 

(2) If hA is the smallest set containing A which is closed for multiplication, 
display a set A for which fourteen of the sets, 4, cA, hA, chA, hcA, chcA, hchA, 
chchA, hchcA, chchcA, etc., are distinct. 


FE, 1942. Proposed by C. F. McLaren, University of Michigan 
Let 


pubr| axi|? = 1 if and only if | ag:| = 1, (k,l =1,2,++-,m). 


Me 


1 


I 


—91 28 9 
A = 47 —14 —4|- Find V/A. 
(—1113 341 108 


E 1943. Proposed by J. M. Khatri, Baroda, India 


(1) Prove or disprove: There exists an infinite series of triangular numbers 
such that every partial sum is a perfect square number. (2) The same except 
that every partial sum shall be a triangular number. 


FE, 1944. Proposed by Philip Dwinger, University of Illinois at Chicago 


Let X be a set of » points, n2=1. Let Ai, Ao, +--+, Ax be a family of k sub- 
sets of X, such that every subset of X can be expressed in terms of the A,, 
113k, by means of the set-theoretic operations: union, intersection and com- 
plementation. Find the minimum value of &. 


1124 PROBLEMS AND SOLUTIONS [December 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sentto J. Barlaz, Rutgers—The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be sub- 
mitted on separate, signed sheets and should be matled before June 30, 1967. 


5440. Proposed by Benjamin Volk, Yeshwa University 


Let F(z) be a complex-valued function of a complex variable defined and 
bounded for |z| <1. Prove that the following are equivalent: 

(A) F(z) is analytic for | z| <i and absolutely monotonic in (—1, 1). 

(B) For any sequence {2,} of distinct points in {z: |z| <1} we have 


| [z1, 22,--+,%]| S | [| 22], lzel,---, | ze], k=1,2,---, 


and [|z:|, |ze|,---, |2:| ] is monotonic in |z|. Here we use the notation for 
a given function F(x) as defined in Milne-Thompson, The Calculus of Finite 
Differences, p. 1. 


5441. Proposed by Benjamin Volk, YVeshwa University 


Find a real-valued function f(x) of a real variable such that 
(A) f(x) is Lebesgue integrable on [6, 1] for every 6>0, 
(B) Limz.. (1/x) donee f(R/x) exists, 

(C) Lims.o f5f(dt does not exist. 


5442. Proposed by J. T. Renfrow, California Institute of Technology 


Let f(x) be an infinitely differentiable real-valued function defined on an open 
interval (a, b). If f(x) vanishes infinitely often on a closed bounded subinterval 
[c, d], c¥d, and supsewasy|f™(x)| =O(n!) as n>, then f(x) vanishes identi- 
cally on an open subinterval of (a, b). 

5443. Proposed by G. E. Noether, Boston University 


Let x1), °* + , X~y be an ordered sample from a normal distribution, and let 
Eyn4i be the ith (w-+1)-ile of this distribution. Prove that for 7>4n, Ein4i 
SEX) SE spay. 


5444. Proposed by T. S. Frank, Le Moyne College, and W. A. Lopez, Univer- 
sity of Wisconsin 

It is well known that the intersection of compact sets in a Hausdorff space 
is again compact. Prove or disprove the corresponding statement for T; spaces. 


5445. Proposed by A. J. Macintyre and C. I. Lubin, University of Cincinnati 
Show that 
2 1 1 1 1 


e=1i+— — — — — cee 
1+ 6+10+14+ 18+ 


and the sequence of convergents to this fraction form a subsequence of the se- 
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quence of convergents of the regular fraction for e. Show also that 
2 1 1 1 
e=aT+— — — _... 
S+7+9+4+11+ 
and the sequence of convergents of this fraction form a subsequence of the 
sequence of convergents of the regular fraction for e?. 


5446. Proposed by R. Sivaramakrishnan, Engineering College, Trichur, India 
Let (7) denote the number of distinct prime divisors of n and let Q(n) be 
the total number of prime divisors of n. Prove that 


Dy (~1)9Mo(d)o(n/d) = Dy 2. 20cn1), 


d\n k2\n 
where ¢(m) is the Euler phi-function and o(n) is the sum of the divisors of n. 


5447. Proposed by H. A. Smith, Institute for Defense Analysis 


Let K be a compact subset of the plane having a nonvacuous interior. Let 
A be a linear transformation on the plane which maps K onto itself. Show that 
if A does not preserve orientation, then A? is the identity. 


5448. Proposed by H. A. Smith, Institute for Defense Analysis 

Let A be an »Xn matrix, A?=T, the identity, and A¥+J. Show 
(1) Tr(A) = n (mod 2), (2) | Tr(A) | <n — 2, 
where Tr(A) is the trace of A. 


5449, Proposed by G. R. Sell, University of Minnesota 


Let f: K XR—-R be a bounded, continuous function, where R denotes the 
real numbers and K is a compact set in R. It can be easily shown that if f is 
uniformly continuous, then f satisfies the following condition: 

(U): For every e€>0 there is a 6>0 such that 


lf@)—-f@r+)|S6_ (@%)ECKXR), 


whenever |7| <8. Is the converse true? That is, does condition (U) imply that f 
is uniformly continuous? 


SOLUTIONS OF ADVANCED PROBLEMS 
Integral Solutions of the Ladder Problem 
5323 [1965, 914]. Proposed by Alan Sutcliffe, Congleton, Cheshire, England 


There is a well-known problem in which two ladders rest between two walls. 
The lengths of the ladders and the height above the ground at which they cross 
are given, and it is required to find the distance between the two walls and the 
heights that the ladders reach up the walls. The complete solution when all these 
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six quantities are integers is known (Mathematical Gazette, 47 (1963) 133-136). 
Is there a solution in which the distance between the tops of the ladders is also 
integral, other than the trivial case in which the ladders are of equal length? 


c 


Solution by Gerald J. Janusz, Institute for Advanced Study and University of 
Chicago. If, as shown in the figure, a, D, c, d, e, f are integers, then g=ab/(a+bd) 
is rational and a solution is obtained. Thus we seek integral solutions to the 
system: 


(1) q? + C2 _ d?, b2 + C2 _ e”, (a —_ b)? + C2 _— f. 
We can obtain a solution to (1) if there are integers u, v, 7, s, 2, w such that 
(2) uv = rs = sw = (¢/2)?, (4—v)—(r—s) =(w-—92), 
for we then take a=u—v, b=r—s, whence a—b=w-—2z, d=u-+v, e=r-+s, 
f=z-+w. 

Suppose that m, n, p, q are integers such that 
(3) g? = mn(mn + p*)[(m + n)? + p*). 


Setting u=(mn-+ p?)(m-+n)2m, s=(mn-+ p?) (m-+n)?n, 
z= (mn + p)(m + n)p?, uv = rs = cw = p?(m + n)%q’, 
we obtain a solution for (2). 


There are infinitely many solutions to (3). For example, take x any positive 
integer and set 


p=2e+1 = x(2e+ 1), n= 4, ¢ = «(x + 1)(2x + 1)(2x? + 2x + 1). 
After removing a common factor x(2x-+1), this gives: 
= (24 + 1)(2x3 + 6x? + 4a + 1)(2x3 + 2x? — 1), 
b = (6x3 + 10x? + 6% + 1) (2x3 + 2x? + 2% + 1), 
¢ = Ax(a + 1)2(2x + 1) (2x? + 2x + 1), 
d = (2x + 1)[4a2(w + 1)4 + (2x? + 2% + 1)2], 
@ = (Qe + 1)2(Qa? + 2x + 1)? + 4a2(w + 1)4 
f = (aw + 1) [2(Qe? + 2e + 1)2 + (w + 1)2(2e + 1)?]. 
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There is no common factor (>1) for this set for any value of x. In fact for each 


x, b and c are relatively prime. 
If we set x=1 and multiply all terms by 2-139 we get the following solution 


to the original problem: 
a = 2-32-13-139, b = 2-7-23-139, ¢ = 25-3-5-139, 
d = 2-3-89-139,  ¢ = 2-172-139, f = 23-61-1389, _g = 32-13-7-23. 


This solution has the additional property that (a—b)?-+a? =(2-53-139)2, 


Constructing Tangents to Level Lines of u?v2 


5340 [1965, 1134]. Proposed by Necdet Ucoluk, Purdue University 


Let A and B be two fixed points in the plane. If N is a variable point of the 
plane, say u=NA, v=NB, determine a geometric construction for the tangent 
line at the general point N on the locus of uv?=k. 


Solution by R. C. Lyness, Blackpool, England. More generally, u®v?=con- 
stant if and only if (p/u)(du/ds) = —(q/v)(dv/ds) if and only if pv-cosx ANC 
=qgu-cos X BND, where CND is the tangent. Construct £ to divide AB in 
the ratio p:qg. Then u-sin X ANE/v-sin X ENB=p/q, and the isogonal con- 
jugate of EN with respect to AN, BN is the normal at N. 


Also solved by J. M. Quoniam (France), and G. D. Kyle. 


Sum-Integral Analogs for sinh x 
5341 [1965, 1134]. Proposed by George Purdy, The University, Reading, 
England 


It is known that 
1 2 
— >) (—1)'e) = sinh x. 


t=1 
Prove the integral analog: 


sinh x 


1 2 
> J (—1)teDeegy = — 
1 


TX 


I. Solution by Michael Schulz, Massachusetts Institute of Technology. Replace 
(—1)* by e@"tDitt, where n is an integer. Then 


1 ¢? 1 sinh x 
—{ eQntl)int expn(eQntl)irty) dy = ———— [e _ e~*| = ——______. 
274 24(2n + 1)in (2n + 1)érx 
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If only the »=0 branch is considered, we obtain the desired result; the case 
x =0 may be verified directly by using 1 for sinh 0/0. 


II. Solution by Harsh Pittie, Swarthmore College. Let u=(—1)*=e'™'. Then, 


1 I 1 /e* — e 
— ~f (—1) eC» ‘adt = oar _Oidu = —— — 
21 1rXx 2 


as required. 
It is to be observed that the sum analog for cosh x goes through but 


1 2 ; 1 1 1 1 * —- 1\ coshx 
— f el 'eqdt = — | we'dt = — ue*"du = | — 
24 2 J _4 Qtr 3 4 10% x 


Also solved by A. N. Aheart, M. Ash, José Asseo, D. W. Bailey, P. G. Bugl, M. M. Chowla 
(India), Craig Comstock, J. T. Darwin, Jr., D. E. Daykin, G. Di Antonio, A. D. Fine, C. L. Foun- 
tain, N. Ganesan (India), Mrs. A. C. Garstang, M. L. Glasser, Emil Grosswald, D. A. Hejhal, 
D. A. Horn, D. G. Kabe, D. B. Kirk, M. S. Klamkin, C. D. La Budde, E. S. Langford, Margaret 
M. La Salle, Stephen Libby, Beatriz Margolis, R. A. Moore, F. C. Smith, Al Somayajulu, M. R. 
Spiegel, Sidney Spital, L. A. Steen, C. M. Strauss, Maynard Tomer, H-O. Ténder (Denmark), 
C. J. Trauter (England), Gary Walls, A. Weinmann (England), K. L. Yocom, P. H. Young, and 
the proposer. 


Partial Orderings from Total Orderings 


5342 [1965, 1135]. Proposed by R. B. Killgrove, the University of Wisconsin 


Suppose we have relations Rj, Re, then we define R= Rif\R, as follows: xRy 
if and only if x«Riy and xRoy. Now let S be the class of all total linear orderings 
of the positive integers, i.e., the relation L belongs to S if and only if (1) for any 
two positive integers x, y, we have xLy or yLx, (2) L is reflexive, (3) L is anti- 
symmetric, (4) Z is transitive. Now consider the relation D, “divides.” Prove 
(i) D can be obtained in at least one way from intersecting certain members of S, 
and (ii) find the smallest (possibly an infinite cardinal) number of members of S$ 
needed to obtain D as their intersection. (Dedekind considered D as a partial 
ordering as an example of a lattice. Sometimes it is called Dedekind’s ordering.) 


I. Solution by Seth Warner, Duke University. For each pC P, the set of 
primes, let S, be defined as follows: if a= p"s and b= pt where s and ¢ are rela- 
tively prime to p, then a S,0 if and only if either »<m, or n=mand s St. Clearly 
<, is a total ordering Gin fact, it is a well-ordering), It is also apparent that 
aDb if and only if for every pC P, aS,b. Thus D is the intersection of the 
countable set of all $,, where pCP. 

To show that D is not the intersection of finitely many total orderings, let 
In, +--+, L, be total orderings each containing D. As P is infinite, there exists 
pEP such that no kE (1, 2] is p the last element of P for the total ordering Ly. 
Thus for each RE [1, 2] there exists g,€P distinct from » such that pLag,. Let 
g=1- ++ dn. Then plig for all RE[1, 2], since pLag, and q.Lug. But p does not 
divide g. Therefore D is not the intersection of Zi, ---, Ln. 
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Il. Solution by Roy O. Davies, The University, Leicester, England. The re- 
quired cardinal is No. Zorn’s lemma easily yields: 

(1) [Marczewski-Szpilrajn| Every partial ordering of any set E can be ex- 
tended to a total ordering of E, in which the order of any one previously un- 
ordered pair may be pre-assigned. Hence (easily): 

(2) [Dushnik and Miller] Every partial ordering of any set E is an inter- 
section of total orderings, at most (card £)? being required, and this equals 
card E if it is infinite. 

[If card E is finite or an aleph, the axiom of choice can be avoided in the 
proofs. | 

(3) We complete the proof by showing that if D (“divides”) is the intersec- 
tion of a subclass TJ of S and Rk is any positive integer then card TZk. Let 9; 
denote the ith prime number, and let q;:=(pipo - + - px) /ps. Since not p:Dqi, 
there is a member L; of T such that q;L,p;. For 147 we have p,;Dq;, whence 
p;L.q; and by transitivity p;£:p;; and similarly p:L;p;; therefore by antisym- 
metry L;4L,;. Thus we have found k distinct members of 7’. 


Also solved by E. S. Langford, J. C. Morgan II, Donald Quiring, R. N. Raffelock, D. L. 
Silverman, and the proposer. 
A Determinant of Binomial Coefficients 


5343 [1965, 1135]. Proposed by J. M. Gandhi, Maharani’s College, Jaipur, 
India 


Show that 


yy! 
> 7 = (— 1)7 D, where Dis the following determinant: 
(==0 e 


01 1 0 0 ° ° 
© QC ee 8 
2 G) -G) Go 

(y- 1)! cor(")") _ -Co, Co 


1 cm) cme) om Gt) G2) 


Solution by C. A. Church, Jr., West Virginia University. Replace y by n. 
Move the first column to the last column; this eliminates the coefficient (—1)” 
on the right. Denote the entries by ai; (4, 7=0, 1,---,). Then, for j=0, 1, 


--,n—-t1, 
i 1, #=7=0, 
a= (-yi(*) = 4 , , 
j 0, i<y, 
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and di, =1!. Forj7=0,1,---,2-—1, 
a(n a _{\(+ n\ y 
o(")e= Dene") )-C Sew" /) <0, 
0 \2 i=j 4 I J 7 ix0 t 

and 


("as = o(")a 3”. 


i=0 4 t==0 t ! 


These elementary row operations reduce the last row to all zeros except the 
last element, but this is the value of the determinant (by expansion along the 
last row.) 

If the same problem is considered with entries b,;=|a,,;|, i.e., all entries 
nonnegative, then we have a representation for the familiar “rencontres” num- 
bers >.7.5 (—1)!/t!. 

Also solved by L. Carlitz, C. A. Church, Jr. (second solution), Eldon Hansen, Margaret M. 
LaSalle, F. D. Parker, D. P. Roselle, Sidney Spital, Selig Starr, J. H. van Lint, A. Weinmann 
(England), and the proposer. 


Lineless Partition of a Finite Projective Plane 


5345 [1965, 1136]. Proposed by Carl Evans, Union College, Barbourville, Ky. 


Let II be a finite projective plane of order n>2. Show that there is a parti- 
tion of the points of IJ into two.sets such that neither set contains all of the n-+-1 


e 4 e 
points on a line. 


Solution by Peter Yff, American Unwersity of Beirut, Lebanon. Take any 
triangle ABC in II. Let one set (called S) consist of all points on AB and AC 
except B and C, plus another point P on BC. Then every line of II, other than 
AB and AC, intersects Sin at least one point but not more than three. Therefore 
neither S nor its complement contains an entire line. 

When n= 2, the statement is false. Since there are seven points, one of the 
sets contains at least four points. If it consists of four points of which no three 
are collinear, the complement is a line. If it contains five points, it must contain 
a line. 


Also solved by Roy O. Davies (England), J. W. Di Paola, F. T. Howard, F. Karteszi (Hun- 
gary), J. J. Martinez, J. G. Mauldon (England), F, D. Parker, William Smythe, Charles Wells, 
and the proposer. 


The Coefficients in a Numerical Integration 
5347 [1965, 1136]. Proposed by Sidney Spital, Polytechnic State College, 
Pomona, California 
Show that the coefficients in Adams-Bashforth integration 


1966] PROBLEMS AND SOLUTIONS 1131 


n=(- of (yas 


are given asymptotically by 


1 +0/ 1 ) 
Y log n log? n 


I. Solution by W. F. Trench, Drexel Institute of Technology. From Stirling’s 
approximation, 


(— p»(~*) = (" r ~ ') . = [1 + O(1/n)]. 


Hence, by integration by parts, 


1 n 1 f T"(s) tds + O(1/n) 
yn” logn lognJy Ts) me ur 

There exists an upper bound for |r’ (s)/T'2(s)| in [0, 1], and the integral on the 
right is less than M/log n, which yields the result. 


II. Solution by A. Weinmann, Leicester, England. This follows as a very 
special case of the asymptotic expansion of the generalized Bernoulli poly- 
nomials given by N. E. Nérlund, Sur les valeurs asymptotiques des nombres et 
des polynémes de Bernoulli, Rend. Circ. Mat. Palermo, (2), 10 (1961) 1-18. For, 
as is well known, (—1)*2!y,=B” (0) =B™” (see, e.g., Nérlund, Section 1, or 
equation (38)), and the required asymptotic expansion can then be obtained 
from Néorlund’s equations (21), or (31), or the equation after (41). 

Also solved by L. Carlitz, M. L. Glasser, and the proposer. 


Editorial Note. Using Haubel’s integral for 1/I'(s), Glasser derives the formula 


_ il 4 A +0/ 1 ) 
"” lognx log? n log? ” 


A =C?—?/6, C=Euler’s constant. 


The Sequence Function, %,=f(%nu, X%n42, °° °) 

5348 [1965, 1136]. Proposed by Fred Galvin, St. Paul, Minnesota 

Show that there is a function f such that for any sequence (x1, %2, - ++) we 
have Xn =f(Xn41, Xn42, °° ° ) for all but finitely many x. 

Solution by D. L. Silverman, Hughes Aircraft Company, Los Angeles. Define 
an end-sequence of (x1, x2, - + + ) as a sequence of the form (xz, xz41, - + + ), where 
k is any positive integer. If k>1, call such an end-sequence proper, and define 
the element x,_1 as the predecessor of (xz, Xz41, - * +) in the sequence (x1, x2, - - - ). 


Well-order the sequences, and for each sequence s, let f(s) be the predecessor of 
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s in the first sequence of the ordering of which s is a proper end-sequence. Then, 
for an arbitrary sequence (m1, x2, ---), if m is the smallest subscript (if any) 
such that (4m, Xm41, ‘°° ) is a proper end-sequence of a prior sequence in the 
ordering, f(%n41, Xn42,) °° * ) =Xn holds for all n except n=m-—1, and holds with- 
out restriction if m=1 or if no end-sequence of (x1, x2, +--+) is a proper end- 
sequence of a prior sequence in the ordering. This proves the stronger result that 
for any sequence (x1, %2,°--), Xn=f(%n41, Xn42, °°) holds for all 2 with at 
most one possible exception. 

Also solved by D. W. Bailey, R. D. Berlin, Roy O. Davies (England), S. J. Garland, Ellen 
Hertz, J. G. Mauldon (England), J. T. Rosenbaum, Leonard Shapiro, David Stanberry, L. A. Steen, 
B. L. D. Thorp, J. H. van Lint, and the proposer. 

Editorial Note. All solutions to this problem used the axiom of choice in one way or another. 
Davies observed that the use of the axiom is to be expected because, using sequences of 0’s and 1’s, 
the result of the problem leads to the existence of a countable collection of sets E,C (0, 1), each 
with inner measure zero, and >| E,= (0, 1). 


A Kuratowski Closure and Complement Problem 


5349 [1965, 1136]. Proposed by S. P. Lloyd, Bell Telephone Laboratories, 
Murray Hill, N. J. 


With A a subset of a topological space X, let K(A) be the smallest class of 
subsets of X with the properties (i) A is in the class, (ii) for every member E 
of the class, both E’ and E~ are members of the class. It is known that K(A) 
has at most 14 members and that there is a subset of the reals for which K(A) 
does have 14 members (J. L. Kelley, General Topology, p. 57). If 5(A) is the 
field of subsets of X generated by the members of K(A) show that 51(A) has at 
most 16,384 (=2'4) members, and give a subset of the reals for which $,(A) 
does have 16,384 members. Let 5:(4) be the smallest field of subsets of X 
which has properties (i) and (ii) above. Give a subset of the closed unit interval 
for which 5,(A) has infinitely many members. 


Solution by J. C. Morgan IT, University of California, Berkeley. We shall 
make use of the results of C. Kuratowski, Sur l’opération A de l’Analysis Situs, 
Fund. Math., 3 (1922) 182-199. 

NOTATION. @3=A’~’, d2=A’~’—'—', a3=Al~'-, a4=An~'’, G3=A, Ag= A’, 
a,=A-, af = A’-, ad = A’-!-'~, ad = Al-!-! ad =A-'-, ad =A’, ad =A-!-!-" 
a7 =A~’ (cf. Kuratowski, p. 186), We shall identify intervals of the real line 
with the set of points of the intervals. Thus, [a, b) ={x|a<x<b}, (—©, a) 
= {x|x<a}, etc. Let Q CU, resp.) denote the set of rational (resp., irrational) 
numbers, and let (a, b)g=(a, b)NQ, [a, blr=[a, DIN, etc. 

Part 1. The elements of %:(A) are the finite unions of elements of the form 
p=li_1 0%, where a,=a, or a,=ad (kR=1, 2,---+, 7). Due to the relationship 
between the elements di, d2, - + - , @7 (cf. Kuratowski, p. 186) it can be shown 
that there are at most 14 nonzero elements of the form p. Thus there are at most 
214 finite unions. 
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Part 2. A subset of the reals for which ¥:(A) has 214 members is: 


n= 1,2,+- t U [2, 3) U 3, aU [5, 6) U [6, Tle U [8, 9] 


1 1 
U {| 9+ —— <#<9-4+—, for some n 2 i} U (ao, 11) U {13}. 
n-+1 nN 


Part 3. Kuratowski gives a subset of the real line such that %(A) is infinite 
(see loc. cit., p. 197; this example is also found in J. C. C. McKinsey & A. Tarski, 
The Algebra of Topology, Ann. Math., 45 (1944) 169). This example can be re- 
produced as a subset of the closed unit interval. 

Verification of Part 1. 


CASE 1: 


CASE 2: 


CASE 3: 


CASE 4: 


CasE 5: 


CASE 6: 


CASE 7: 


a=. lfa,=af (for R>1) then pCasQa? Caza? =0. 
The only possibility is: p1=@1/ \def \dsf \aal \asl \a6f \a7. 
O,=a1, d=d2 li RE {3, 4, -6, 7} and a,=ayz then pCaef\az Carl \a? 
= 0. 
The only possibilities are: 

po= at (\dol \a3l \dal \dgl \ael \a7, 

D3 = af (Vael \asl \aal \ad (Nadel \a7. 
a1 =a', a2 =as , os=a3. If RE {6,7} anda,=as then pCas ar Cas \as 
=(), 
The only possibilities are: 

Pa =a, (Vag (Vasl \dal \asf \ael \a7, 

pbs =at (\ad (\dasl \aul \ag (a6 \a7, 

De = af (Vag (Vasl \ad (asf \dgl \az, 

br=ald Cag (asl \ad (ag O\a6f \a7. 
ay=al , 2 =Ad , a3 =03 , 4 = Aa. AS in case 3, we must have ag =d¢, @7 =A7. 
The only possibilities are: 

pbe=al (\ag (Vag (Vaal \asl \a6f \a7, 

Po = af (Vag (Vag (Vaal \ag (Nadel \A7. 
a,=azt (R=1, 2, 3, 4), as=as. If ay=a/, then pCasQa7 Ca;(\as =0. 
The only possibilities are: 

bi =al \0ag \0a3 (\0ad C\asf \a6l \a7, 

buat ad Mag O\ad asl \ag (Oa. 
on, =a, (R=1, 2, 3, 4, 5), wag=ag. As in case 5, we must have a7=a. 
The only possibility is: 

Pre = af (Vag ar (Va (ag (\ael \A7. 
a,=arzx (k=1, 2, 3, 4, 5, 6). 
The only possibilities are: 

big =at (vag (\a3 (Vad Cag C\ag (a7, 

Pua =a, (Vag (Nag (Vad (Vag (Vag (Vat . 


Thus, 51(4) has at most 14 atoms. 
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Verification of Part 2. Direct calculation establishes that 


P1 =] pg=a3 (Vaal \a5 = (3, 4)gVU (6, 7)@ 

be =a (\deol \a5 = {9} Po =az (Vaal \ag = (3, 4), (6, 7)1 

p3 =e \ag = (9+3|n=1, 2,°°° } bi = a3 (\ad (Vas \dg = {7} 

ps=ag (\a3l \aal \a5 = {6} pi, = sf \ag = {2\n= 1, 2, se hU {12} 
pa=az (Vas \aal \a¢ = {3 } Pre =(3 (Vad (ag (\d¢ = {4} 

pg =asl \ad (\ad3= {2, 5, 8} pi3 =ag (Vag (\a7= {o} 

p71 =A3l \ad (\ag = {11 } pu =a7 


Verification of Part 3. A countably infinite number of disjoint open sub- 
intervals of the unit interval is designated. There is a one-to-one correspondence 
I between this family of subintervals and the ordinal numbers a<w»*. If a<w# 
then we can find a subset of J—'(q) of order type a. 

Also solved by Donald Quiring, J. G. Mauldon (England), and the proposer. 


RECENT PUBLICATIONS AND PRESENTATIONS 
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Variational Methods for the Study of Nonlinear Operators. By M. M. Vainberg. 
With a chapter on Newton’s method, by L. M. Kantorovich and G. P. 
Akilov. Translated and supplemented by Amiel Feinstein. Holden-Day, 
San Francisco, London, Amsterdam, 1964. x +323 pp. $12.95. 


The so-called variational method for solving an equation 


(1) F(x) = 0 
or for treating an eigenvalue problem 
(2) F(x) = Xx 


may be described as follows: if f(x) is a real valued function defined in a domain 
D then a necessary condition for f(x) to take an extremum in an interior point 
of D is that at that point 


(3) df = 0 or, equivalently, grad f = 0. 


This is no longer true if the extremum is “conditional”; if, e.g., x is subject to 
the condition that it lie on the surface of a sphere, then (3) is replaced by 


(4) grad f = Ax. 
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Consequently if the given F in (1) or (2) is a “potential operator,” i.e., if there 
exists a real valued function f such that 


(5) F=df, or F = grad f, 


then any xo giving an extremum or conditional extremum as described above 
will be a solution of (1) or (2) respectively. 

This method of reducing problems of the form (1) and (2) is elementary if 
D is in a finite dimensional Euclidean space. It is classical in certain function 
spaces if F is linear (i.e., if f is quadratic). 

Since about 1930 the method has been extended to nonlinear operators F 
in function spaces. It is the object of the book under review to give an up-to-1955 
account of such investigations, many of which are due to the book’s author. 

To carry through as the author does the above program in Banach or Hilbert 
space one obviously needs a treatment of differentials (Gateaux and Fréchet) 
in such spaces and of various forms of continuity. Such treatment is contained 
in chapter I. Since the variational method is applicable only if F is a potential 
operator, i.e., if (5) is true, chapter II is devoted to properties of potential op- 
erators and to the formulation of sufficient conditions for F to be a potential 
operator. Here Stieltjes integrals in a Banach space come into play. A treatment 
of such integrals is therefore incorporated in chapter I. 

Chapter III deals with critical points of f (i.e., points where (3) is satisfied) 
and contains conditions sufficient for the existence of an extremum of f in a ball 
in a reflexive Banach space. Here the “weak” compactness of such a ball and the 
“weak” continuity of f(x) play a decisive role. A sufficient condition for the latter 
property is the compactness of the operator F=grad f. 

Chapter IV deals with conditional extrema and conditionally critical points 
leading to a type of equation of which (4) is a special case. In particular the 
case in which the point x lies on a hyperboloid or an ellipsoid in a Hilbert space 
is treated. In case the ellipsoid is a sphere in a separable Hilbert space, a proof 
for the existence of infinitely many conditionally critical points is given if the 
scalar f is even. The proof uses the Lusternik-Schnirelman “category” theory of 
which a short exposition, mainly without proofs, is given. 

The first part of chapter V deals with eigenelements of a nonlinear operator 
F, An element x90 is called an eigenelement of F if (2) is satisfied provided 
that F(0) =0, a definition which agrees with the usual one for a linear F. Thus 
the eigenvalue problem is closely connected with a suitable “conditional” prob- 
lem, and the results of chapter IV play a decisive role. Particular attention is 
given to the eigenvalue problem in Hilbert space for operators of the form 
F=AF, where A is linear and self adjoint while F; is a potential operator. (Op- 
erators of this form have been already considered in chapter III.) 

The second part of chapter V deals with the existence of “bifurcation points” 
of (2), again under the assumption that F(0)=0, which has the consequence 
that the point (x=0, A) is a solution of (2) for all X. A point (x =0, N=Apo) is 
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then called a bifurcation point for (2) (or for F) if every neighborhood of this 
point contains a solution (x, \) of (2) with «+0. In particular the connection 
between the bifurcation problem for F and the eigenvalue problem for its dif- 
ferential dF is discussed. 

Chapter VI deals with operators and functionals of the special type needed 
for the applications to nonlinear integral equations given in the following 
chapter. For instance in the Hammerstein equation the operator I' of the form 


rw) = f Kw, 9) (ub), addy 


appears. This is the product of the Nemytsky operator u—g(u(y), y) with the 
linear operator 


(6) Av = { K(x, 5) dy, 


Consequently these two operators are treated in detail, particularly concerning 
their differentiability and the property of having a potential. The underlying 
space is usually L? with p21. Similar investigations are made concerning the 
Liapunov-Lichtenstein operator, which consists of an infinite sum of integrals 
of the form 


1 1 
f ve f K(s, ta, to, > * + ta) ¢(t1) ¢(t2) - + + (tn) dty, dle, + > + dln. 
0 0 


The remainder of this chapter is devoted to the eigenvalue and expansion 
problem concerning the linear operator A defined in (6) and its square root in 
case A is symmetric and completely continuous. It is classical that these prob- 
lems can be treated by considering certain conditional extremum problems 
for a quadratic form associated with A if the underlying space is L?. It is 
shown that this method may be extended to the case where A maps L’‘ into 
L?((1/p) +(1/g) =1) with q<2. 

Chapter VII, the last of Vainberg’s book, applies the preceding theory to 
existence, uniqueness, eigenvalue and bifurcation problems of nonlinear integral 
equations, mainly of the Hammerstein type (or systems of such) under various 
assumptions. 

The last chapter of the present book deals with the generalization to Banach 
spaces of Newton’s well-known method for solving equations. It is a translation 
of the last chapter of the book “Functional Analysis and Normed Spaces,” by 
G. P. Akilov and L. V. Kantorovich. This book has since been translated in its 
entirety (1964). 

As to prerequisites for reading his book, Professor Vainberg states that he 
assumes familiarity with functional analysis to the extent of the first five chap- 
ters of Lusternik-Sobolev’s book, Elements of Functional Analysis (1951), 
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(translated 1961, Ungar, New York). However, the translator added a supple- 
ment containing a brief survey of results of Banach space theory used in the text. 

Throughout the book proofs are based on properties of the function space 
involved and not as is often the case in the older literature on “going to the 
limit” with finite dimensional subspaces. While the latter method is still valuable 
for approximation purposes, the former is in keeping with the modern trend and 
seems to be more systematic from the theoretical point of view. 

As to the notion of weak continuity, the author uses throughout the tradi- 
tional “sequential” definition in contradistinction to the one based on the weak 
topology (mentioned in passing p. 75/76). This reviewer wonders whether the 
use of the latter definition might not result in a still more systematic treatment 
since the general theorems on compact topological spaces would be available. 
In many of the spaces occurring in the book the two definitions are equivalent. 

All in all this is a very informative book which will be valuable to all mathe- 
maticians interested in the subject matter treated. 

The practical value is enhanced by an extensive bibliography. 

E. H. RotuHeE, University of Michigan 
and Western Michigan University 


Calculus of Several Variables. By Casper Goffman. Harper and Row, New York, 
1965. ix+182 pp. $7.00. 


The chapter headings in this concisely written book are as follows: I Euclid- 
ean Space, II Mappings and their Differentials, III Mappings into the Reals, 
IV Main Theorems on Mappings, V Manifolds—Differential Forms, VI Vector 
Analysis. There are about 250 exercises (many calling for proofs which are not 
in the text) and an abbreviated, although possibly adequate index. The section 
on integration of real valued functions on E™ is by far the most satisfying. The 
key to the arguments is the observation that any open set in E™ is the union of 
countably many closed n-dimensional cubes which are pairwise non-overlapping 
in the sense that J/\J contains no interior points of the n-dimensional cubes I 
or J. The climax of this section is the theorem that a bounded function on an 
n-dimensional cube is integrable if and only if its points of discontinuity com- 
prise a set which is the union of countably many sets of zero volume. I also 
found the method of presentation of definitions to be literarily more satisfying 
than the usual method. At the same time, there are precisely 7 figures, some of 
which illustrate trivial matters, and there is no motivation of the concepts what- 
soever. Conceivably, the motivation is to be found in previous courses (this is 
obviously a textbook) but, for example, we get no more information than 
“Laplace’s equation Af=0 arises in many places in pure and applied mathe- 
matics.” Only one major class of problems is mentioned—problems of diffeo- 
morphism. One does not get the slightest hint of differential equations on mani- 
folds or of why one would want to integrate differentiable forms. There is not 
even a schematic diagram of a tangent vector. Moreover, I do not believe that 
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the text convinces one of any advantage of differential forms and exterior alge- 
bra. Aside from minor errors, I was unable to find a definition of the notation 
(page 154) 


J Bue - dar A der ++ A dt 


in previous chapters. The proof of the formula for differentiation under the 
integral sign depends on the mean value theorem without showing that the mean 
value theorem yields an integrable function. Finally, the key lemma in the proof 
of Stokes theorem (page 158) is not clearly used in the body of the proof, al- 
though a student familiar with certain techniques should be able to fix up the 


latter proof. 
MaALcoLm GOLDMAN, New York University 


Linear Approximation. By Arthur Sard. Mathematical Surveys, No. 9, Amer. 
Math. Soc., 1963. xi+544 pp. $16.80. 


In this book, Professor Sard conducts us on a guided tour of one of the larger 
edifices which comprise approximation theory, viz., the theory of approximating 
one linear operator or functional by another. The author has been the principal 
architect of this structure during the past few years of vigorous development. 

The central problem of the book is this: one is presented with a linear oper- 
ator L and with a family & of linear operators; an element F of & is sought for 
which || L— F|| is a minimum. Unfortunately, this simple description does not 
convey any hint of the great diversity of interesting particular problems which 
can be couched in these terms. Actually, many problems of numerical analysis, 
such as the smoothing of data, numerical integration, interpolation, and the 
economical representation of common functions are subsumed by this general 
question. As an illustration, one may cite the typical problem of numerical inte- 
gration in which it is required to approximate the linear functional Lx = 2, x(t)dt 
by a linear functional of the form Fx =ax(—1)+8x(0)+yx(1). After deciding 
on an appropriate normed linear space as the situs for x, one may ask for an 
optimum determination of a, B, and y;1.e., a choice making ||L— F 1 a minimum. 
The author devotes 15 pages to the analysis of this very problem in a variety of 
practical situations. General numerical quadrature and interpolation formulas 
in one variable are the subject of the lengthy Chapter II (81 pages). The same 
degree of comprehensive scholarship characterizes the treatment of each topic 
taken up by the author and accounts for the book’s size. 

The theoretical aspects of the subject depend heavily upon representation 
theorems for linear functionals and operators in the classical spaces and in vari- 
ous other spaces introduced by the author because of their usefulness in numeri- 
cal analysis. This book will be a convenient source of information on this topic 
as well as on its central topic of optimum formulas. 

E. W. CHENEY, University of Texas 
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Continuous Mappings and Conditions of Monogenetty. By Yu. Yu. Trokhimchuk. 
Israel Program for Scientific Translation. Transl. R. Mandl. Daniel Davey, 
New York, 1965. vi+133 pp. $10.25. 


This book is the translation of a revised version of the author’s 1960 dis- 
sertation. Based on methods of analytic topology and the theory of real variables 
(perfect sets, category, existence of differentials, etc.) it presents generalizations 
of the conditions of Looman-Menchov and of Bohr that a continuous function 
of a complex variable be analytic in a region. The material is accessible to second 
year graduate students. Some open problems, mostly relating to the existence 
of counterexamples, are pointed out. 

The translation is quite good; there seem to be few misprints. The translator 
points out some inaccuracies in the original text. He does not, however, warn 
the reader that in the author’s terminology a set is of “second category” just in 
case its complement is of the first category. 

E. C. SCHLESINGER, Connecticut College 


Elements of the Theory of Probability. By Emile Borel. Translated from the 
French by John E. Freund. Prentice-Hall, Englewood Cliffs, N. J., 1965. 
178 pp. $6.50. 


The book under review is an English translation of Emile Borel’s Eléments 
de la théorie des probabilités. As stated in the Preface, this book may be consid- 
ered as an introduction to the distinguished author’s classic treatise Tvaité du 
calcul des probabilités et de ses applications. The chapter headings give an indica- 
tion of the wide variety of interesting topics discussed in this volume: 1. The 
game of heads or tails; 2. Definitions and theorems; 3. Approximation formulas; 
4, Further study of the game of heads or tails; 5. The law of large numbers; 6. 
The law of chance; 7. Definition of geometrical probability; 8. Some problems of 
geometrical probabilities; 9. The introduction of arbitrary functions; 10. Errors 
of measurement; 11. The problem of choice in the continuum; 12. The discrete 
case; 13. Statistical problems; 14. The continuous case; 15. The determination 
of causes, There are also several appendices; of particular interest are those 
dealing with psychological games and the imitation of chance, objective and 
subjective probabilities, and the Petersburg paradox. 

Although this volume presents a very lucid and informal introduction to 
many important and controversial problems associated with probability theory, 
it is not suitable as a text for what might be called a conventional course in 
probability theory. In the opinion of this reviewer, however, this book should be 
read by students of probability theory and mathematical statistics as well as 
by students of philosophy and methodology of science. 

A. T. BHARUCHA-REID, Wayne State University 
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Numerical Solution of Partial Differential Equations. By G. D. Smith. Oxford, 
London, 1965. 188 pp. $4.00. 


This book is an introduction both to partial differential equations and to 
their numerical solution. It begins with a description of the methods used to 
solve the heat equation. The concepts of stability and convergence are intro- 
duced in the next chapter, where some proofs are given. The final two chapters 
are devoted to hyperbolic and elliptic equations. The chapter on hyperbolic 
equations is not restricted to the wave equation; it even discusses shocks. 

The aim of the author was to describe the state of affairs honestly, giving 
proofs when they can be understood by a wide audience, and citing the litera- 
ture otherwise. He has succeeded in this because he frequently gives proofs of 
special cases of the theorems he states. 

The book contains many examples and exercises, and it also contains solu- 
tions to the exercises. 

G. W. HEpstrom, University of Michigan 


The Collected Papers of Emil Artin. Edited by Serge Lang and John T. Tate. 
Addison-Wesley, Reading, Mass., 1965. xvi-+560 pp. $13.50. 


This volume reproduces all the papers of Emil Artin (1898-1962). They are 
arranged by topic and appear in chronological order within each topic heading. 
A tripartite preface by the editors contains a short outline of Artin’s career, a 
brief but intense appreciation of Artin the teacher, and a concise discussion of 
some of Artin’s more important conjectures, their motivation, and their current 
status. The table of contents, which doubles as a bibliography, is followed by a 
list of Artin’s books and lecture notes, none of which is reprinted in the present 
work. This book is a fitting tribute to a great mathematician by two of his best 
students; it deserves to be read and recommended by all who would keep his 
memory alive. 

F, E. J. Linton, Wesleyan University 


Numerical Analysis. By I. M. Khabaza. Pergamon Press, Oxford and New York, 
1965. 242 pp. $5.00. 


This book has been written for the undergraduate student interested in 
numerical methods associated with digital computers. The author has written 
a clear book, with pertinent examples to clarify the text and an extensive list 
of problems to exercise the student. Although this is an elementary book, the 
author constantly directs the reader’s attention to errors in these numerical 
methods, and he shows how these errors adversely affect the solution. 

The book’s contents by chapter are: 1. Digital Computers. 2. Desk Machines. 
Errors in Computation. 3. Finite Difference Methods. 4. Recurrence Relations 
and Algebraic Equations. 5. Numerical Solution of Ordinary Differential Equa- 
tions. 6. Matrices. 7. Relaxation Methods. 8. Numerical Methods for Unequal 
Intervals. 

LEON LEVINE, Scientific Data Systems 
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Elements of the Theory of Elliptic and Associated Functions with Applications. By 
Mahadur Dutta and Lokenath Debrath. World Press, Calcutta, 1965. 
290 pp. Rs. 22.50, 35/-. 


This book presents an account of elliptic functions and modular functions 
covering roughly the same material as E. T. Whittaker and G. N. Watson, 
“A Course in Modern Analysis,” and using the same method of approach. A few 
topics which are not treated in Whittaker and Watson are mentioned: Riemann 
surfaces, algebraic curves, uniformisation, solution of the quintic. These sub- 
jects are treated so sketchily that it would have been better not to include them 
at all. There are several inaccuracies, in particular the alleged theorem that two 
simply periodic functions with the same periods, the same zeros and the same 
poles must be linearly dependent is not true, as the example e’, exp {e7} shows. 

W. H. J. Fucus, Cornell University 


The Foundations of Astrodynamics. By Archie E. Roy. Macmillan, New York, 
1965. xiv+385 pp. $10.95. 


The advent of the “space age” has caused a remarkable rebirth of interest in 
and a need for textbooks in celestial mechanics. Professor Roy’s book is one of 
the better products of this resurgence. Following a brief synopsis of the prin- 
cipal features of the solar system and a discussion of coordinates and time he 
presents the two, three and n-body problems of central force motion. Spheres of 
influence of planetary masses are discussed as well as Tisserand’s criterion for 
the identity of comets. In general the treatment is lucid. There are quite a few 
errors in proof reading which may cause the uninitiated student to think hard. 
The student reading the book would gain a great deal if there were more illus- 
trative examples clearly worked out. 

Perturbation theory is treated by the standard variation of parameters tech- 
nique. A brief discussion of Lagrange’s equations and the Hamilton-Jacobi 
theory introduces the student to these more elaborate techniques. The earth- 
moon system is considered in considerable detail. 

By far the most valuable contributions made by the author are his discus- 
sions of rocket and artificial satellite motions. The effects of atmospheric drag, 
earth’s oblateness, and so forth are well described. Transfer orbits for planetary 
probes, escape orbits from a planet or the moon, interplanetary navigation and 
the effects of errors in interplanetary orbits are among the topics discussed in 
detail. There are brief discussions but no numerical examples of methods for 
determining orbits from observation. 

The book concludes with five appendices giving astronomical constants and 
numerical data concerning the solar system. Answers are given for the numerous 
problems with which each chapter concludes. The format of the book is excel- 
lent. It is up-to-date and should arouse the interest of the student by the dis- 
cussions of currently provocative problems of space flight. 

S. W. McCusKEy, Case Inst. of Tech. 
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Differential Equations. By Shepley Ross. Blaisdell, Waltham, Mass., 1964. 608 
pp. $10.50. (A shorter version, essentially the same as the first nine chapters, 
is available under the title “Introduction to Ordinary Differential Equa- 
tions.” Blaisdell, 1966. viii+337 pp. $7.50.) 


The book is divided into two distinct parts. The first part introduces the 
elementary methods for solving ordinary differential equations and considers 
simple applications to spring problems and simple electrical circuits. The treat- 
ment of power series techniques is perfunctory and stops short of any real ap- 
plicability. 

In spirit, the first chapter in the second part belongs in the first part, pro- 
viding a superficial study of approximation and numerical methods, The next 
three chapters are more theoretical and give a good introduction to the theory 
of the Laplace transformation and the basic theorems on existence and unique- 
ness of solutions for first order equations and for linear equations. Fourier series 
are introduced through the study of Sturm-Liouville systems. Theorems whose 
proofs are considered difficult are clearly stated without proof. 

The most interesting material in the book is contained in the chapter on non- 
linear equations. The author discusses the phase plane and critical points with 
applications to linear systems and to non-linear conservative systems. He then 
motivates and discusses the Poincaré-Bendixson theorem, the theorem of Lien- 
ard-Levinson-Smith, and the method of Kryloff and Bogoliuboff, giving ap- 
plications of these theorems in several special cases. 

P, E. BEDIENT, Franklin and Marshall College and 
The University of Michigan 


The Theory of Matrices in Numerical Analysis. By Alston S. Householder. Blais- 
dell, Waltham, Mass., 1964. 272 pp. $9.50. 


This book is an excellent and scholarly approach to the role of matrices in 
numerical analysis. Classical algorithms for reduction of matrices to tridiagonal 
form, solution of linear systems, inversion, and other standard matrix problems 
are presented here, not as separate and distinct methods, but as part of a unified 
theory. A comprehensive discussion of norms and their applications to localiza- 
tion of characteristic roots, convergence criteria and error analysis is given. In 
addition Dr. Householder has simplified and enriched the content with many 
original ideas. 

The book provides a solid background for the numerical analyst and for 
anyone interested in the practical applications of matrix theory, but it is far 
more than just a list or description of numerical methods. It is an excellent 
reference book for anyone doing research work in matrix theory. The problems 
and exercises alone give a varied and extensive sampling of recent results in this 
field. In this connection it would be helpful to have the references numbered, 
and a more complete list of the notation used is also needed; but these are very 
minor criticisms of a major book, which will undoubtedly become a classic in 
its field. 

E. V. Haynswortu, Auburn University 
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Vector and Tensor Analysis. By K. Pachand T. Frey. Akadémiai Kiad6, Budapest, 
1964. 595 pp. $14.00. 


The volume under review is an exposition of the methods and principal re- 
sults of vector analysis as well as of some elementary tensor analysis. Written 
for engineers, there is a strong emphasis on the geometric, intuitive meaning of 
the quantities which are discussed, and on applications of the theory. The 
authors also pay more attention than is usual in such texts to a careful develop- 
ment of the statement and proof of the results achieved. 

Arranged in a systematic, methodical sequence, the topics under discussion 
include vector algebra, vector functions of a scalar variable, scalar functions of 
a vector variable, vector fields, second order tensor algebra and tensor analysis. 
As outgrowths of these subjects, the authors treat such customary matters as 
the gradient, divergence, curl, the integral theorems of Gauss and Stokes. They 
also discuss in considerable detail some less usual topics including eigenvalue 
theory, non-stationary vector fields, Green’s theorems and potential theory. 

With the exception of a short final chapter, dealing briefly with multidi- 
mensional spaces and curvilinear coordinates, the underlying space of the entire 
volume is a three dimensional Euclidean space having a fixed Cartesian system 
of coordinates. The authors define vectors entirely by their geometric properties. 
Second and third order tensors are defined in terms of vectors by what is, in 
effect, the quotient rule. Strict adherence to this point of view (except in the 
final chapter) has severely circumscribed the scope of the tensor theory included 
in the book. Tensors of order n(n >3) are not defined. The transformation laws 
for vector and tensor components and their invariance properties under changes 
of the coordinate system are not developed. Concepts which arise in curved Rie- 
mann spaces simply do not appear. There is no mention of covariant differen- 
tiation, parallel displacement, or the Riemann curvature tensor. 

In its purely vectorial aspects, however, the volume has some clear advan- 
tages. An outstanding feature of the book is the very large number of applica- 
tions to geometry and physics. These include many aspects of geodesics, par- 
ticle dynamics, hydrodynamics, potential theory, elasticity and electromagnetic 
theory. The style of the book is leisurely, with a profusion of illustrations. Al- 
though helpful to the beginner, the lengthy discussion may generate some im- 
patience in an experienced reader. The text proceeds in a logical development 
with considerable clarity of exposition. Many excellent exercises for the student 
are included. 

AARON FIALKowW, Polytechnic Institute of Brooklyn 


Handbook of Mathematical Functions. Edited by Milton Abramowitz and Irene 
A. Stegun. Dover, New York, 1965. 1043 pp. $4.00. 


In the age of computers what is the place of the book of tables? In 1954 a 
conference considered this question and rightly concluded that with a general 
increase in computation, tables would become more, not less, important. The 
outcome of the conference was that the National Science Foundation and the 
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National Bureau of Standards set up a distinguished committee to advise on 
the preparation of a modern handbook of tables. Under the editorship of M. 
Abramowitz and Irene A. Stegun the book was divided into nearly thirty sec- 
tions, and each was handled by members of the staff of the Mathematics Divi- 
sion of the National Bureau of Standards. 

It would take too much space to list the sections; certainly it is more compre- 
hensive than any previous general handbook. Each section has a well-written 
introduction giving extensive formulae and many well-chosen references. The 
number of significant figures in the tables varies from 18 for the exponential 
function to 5 for the parabolic cylinder functions. Generally, this kind of choice 
seems to have been made in accord with practical experience. 

The printing and layout are extremely good and the book is pleasant to 
handle, although the publishers might consider issuing individual sections for 
classroom use. The price needs special note: four dollars for a book of over 1000 
pages. This handbook will assuredly become a classic. 

J. J. FLORENTIN, Brown University 


Funktionalanalysis und numerische Mathematik. By L. Collatz. Springer-Verlag, 
Berlin, 1964. xvi+371 pp. 58 DM. 


This is a comprehensive treatment of the two topics, iterative methods and 
monotone operators, on which the author and many of his students have con- 
centrated in recent years. Of course the book includes more—an exposition of 
the required functional analysis, for example, and a useful discussion of Tcheby- 
cheff approximation and the exchange algorithm—but the spotlight is on those 
first topics. 

The fundamental theorem on iterative methods is the contraction mapping 
principle: the sequence defined by unas1=T (un) converges to the (unique) solu- 
tion of w=T(u), given that J maps a complete metric space into itself with 
p(T(v), T(w)) SPp(v, w), for some P <1 and all v, w. The author first generalizes 
this result, following Schréder, and then later specializes it to linear problems. 
In this case 7(u) =Au+d, and the spectral radius of the linear operator A 
governs convergence; perhaps this should have been proved in infinite dimen- 
sions, but the finite-dimensional case leads to a compact discussion of over- 
relaxation and alternating direction methods. 

Monotone operators generally arise in the presence of maximum principles, 
which are an essential feature of many elliptic and parabolic problems. Like self- 
adjointness and positive definiteness, this feature ought to be preserved numer- 
ically; it might even have been possible to give a general recipe for producing 
monotone operators in a class of elliptic problems. The author devotes his at- 
tention to working out several examples in detail, emphasizing the relevance of 
his theory to nonlinear problems. 

GILBERT STRANG, Massachusetts Institute of Technology 
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Applications of Graph Theory to Group Structure. By Claude Flament. Prentice- 
Hall, Englewood Cliffs, N. J., 1963. 142 pp. $6.95. 


The word “group” in the title means organization, and the intent of this 
monograph is to show that concepts from graph theory are relevant to the formal 
study of group behavior. Chapter 1 has introductory material (sets, ordered sets, 
connectivity, etc.). Chapter 2 discusses organization of a group and its com- 
munication channels to perform a task. Chapter 3 discusses models of positive 
and negative relationship, and their adjustments (balancing processes). Some 
interesting theorems are given here, but the author has missed the easy proof of 
the “conjecture” on page 107. There is a substantial bibliography. 

The heart of the book is contained in the concluding sections of Chapters 2 
and 3 (Applications), which unfortunately occupy only thirteen pages. The 
examples cited there are enough to stimulate interest, which was perhaps the 
extent of the author’s ambition, but this reader was left with the feeling that the 
feast terminated with the appetizer. 

A. J. Horrman, Thomas J. Watson Research Center 


Albert Einstein and the Cosmic World Order. By Cornelius Lanczos. Interscience, 
New York, 1965. 139 pp. $3.95. 


This set of six lectures delivered at the University of Michigan in 1962 is an 
exposition for the educated layman of the fundamental ideas of Einstein’s 
special and general relativity theory. It is a more serious, adult treatment than 
most “popular” writings about relativity. Rather than considering specific ap- 
plications, Lanczos emphasizes basic concepts such as reference frames and co- 
variance, Minkowski space-time (including an unusually lucid treatment of the 
twin paradox), basic ideas of geometry from Euclid to Gauss and Riemann, 
and the reasons that drove Einstein to a geometrical description of physics. 
These basic concepts are very clearly explained, using hardly any equations; 
interesting insights into Einstein’s personality and into the history of physics 
of his time are found throughout the book. This book would be particularly 
appropriate for non-specialists who would like to appreciate the greatness of 
Albert Einstein by exploring the fascinating world order brought about by his 
relativity theory. 

DIETER BRILL, Yale University 


Elements of Modern Algebra. By Sze-Tsen Hu. Holden-Day, San Francisco, 1965. 
x+208 pp. $8.95. 


This book is designed as a text for upper level undergraduates and beginning 
graduate students. The seven chapters are: “Sets, Functions and Relations,” 
“Semigroups,” “Groups,” “Abelian Groups,” “Rings; Integral Domains and 
Fields,” “Modules, Vector Spaces and Algebras,” and “Categories and Func- 
tors.” The book is carefully written; proofs are generally very detailed and easy 
to follow. Exercises in the early part of the book tend to be routine and easy 
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but the later chapters have some exercises which will challenge good students. 

The author’s homological bent is revealed throughout in his choice of nota- 
tion, of terminology and of subject matter. In the treatment of groups, for in- 
stance, the emphasis is decidedly on abelian groups; very little space is given 
to permutation groups and none at all to the linear groups, but exact sequences 
and commutative diagrams abound. 

The book’s approach to universal structures, such as free groups, free 
abelian groups, and tensor products, is superior to the usual ones. Its repeated 
reliance on the universal mapping property that characterizes such structures is 
specially effective. 

All in all, the student will find here many important ideas and techniques 
that will not only serve him well in later studies in algebra but will be useful in 
other areas of mathematics. 

In the reviewer’s opinion a serious defect of the book as a text is that it 
gives a broad collection of definitions, concepts, lemmas and theorems, but in 
general gives little indication as to why these are important, either by use of 
examples, or applications in later theorems. Too often the student will have to 
wait until a later course to realize any payoff for his efforts. For a specific exam- 
ple, a detailed proof of “The Four Lemma” for exact sequences is given in 
Chapter III, but the reviewer was unable to find any further mention of this 
proposition in any later chapter. The last chapter, “Categories and Functors,” 
is twelve pages long and essentially consists of definitions, a few immediate 
consequences of the definitions, and a list of examples. One wonders if, for the 
student at this level, there might not be other topics to which he could more 
profitably devote his time. 

A. C. MEwsorn, University of North Carolina 


Spantsh-English/English-Spanish Mathematics Dictionary. By Mariano Garcia. 
Hobbs-Dorman, New York, 1965. vii+78 pp. $2.50. 


In this day of rapidly growing interest and participation in contemporary 
mathematical developments on the part of the Spanish-speaking world of Latin 
America, the appearance of this first Spanish-English/English-Spanish mathe- 
matics dictionary is particularly timely. 

Professor Garcia's dictionary is compact rather than compendious, being 
confined to around 3000 of the most commonly used mathematical terms and 
phrases. The words and phrases selected for inclusion were arrived at after 
comparisons of comparable foreign-English mathematics dictionaries for several 
other languages. Such refinements as indications of parts of speech, gender of 
nouns, and cross-references were omitted in the interest of more rapid publica- 
tion. These may appear in a later edition. The printing, paper, and binding are 
of good quality, and the fact that the present paper-back edition is inexpensive 
should contribute to its wide use. 

TRUMAN Botts, University of Virginia 


NEWS AND NOTICES 


EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited 1o coniribute to the general interest of this department by sending news 
tiems to Raoul Hailpern, Mathematical Association of America, SUNY at Buffalo (Uni- 
versity of Buffalo), Buffalo, New York 14214. Items must be submitted at least two months 
before publication can take place. 


PERSONAL ITEMS 


Professor R. H. Bing, University of Wisconsin, has been appointed to the President’s 
Committee on the National Medal of Science. 

Concordia College: Professor W. L. Miser, Sweet Briar College, has been appointed 
Visiting Professor; Assistant Professor Charles Heuer, University of Missouri, has been 
appointed Assistant Professor; Assistant Professor Arne Garness has been named Acting 
Chairman of the Department of Mathematics. 

University of Georgia: Professor George Adomian, Pennsylvania State University, has 
been appointed Barrow Professor of Mathematics; Assistant Professor J. T. Hardy, 
University of Southwestern Louisiana, and Dr. R. B. Sher, University of Utah, have 
been appointed Assistant Professors; Associate Professor J. G. Horne, Jr. has been pro- 
moted to Professor; Associate Professor J. W. Jewett has been appointed Executive 
Secretary of the Survey Committee of the Conference Board of the Mathematical Sci- 
ences and will be on leave for 1966-67. 

Mr. Roger Backen, Educational Services of California, Oakland, California, has been 
appointed Chairman of Mathematics with the International School Association, Bangkok, 
Thailand. 

Mr. R. M. Gordon, Scientific Data Systems of Santa Monica, has been appointed 
Assistant Director of the Computer Facility at the University of California, Irvine. 

Mr. H. H. Harman, System Development Corporation, Santa Monica, California, has 
been appointed Senior Research Psychologist at Educational Testing Service, Princeton, 
New Jersey. 

Assistant Professor K. O. Leland, University of Virginia, has been appointed Assistant 
Professor at the IIlinois Institute of Technology. 

Professor L. E. Mehlenbacher, University of Detroit, has been appointed Associate 
Dean of the Graduate School. 

Professor M. W. Oliphant, Georgetown University, has been appointed Dean of 
Academic Affairs at Hawaii Loa College. 

Associate Professor F. G. Scorsone, Eastern Kentucky University, has been promoted 
to Professor. 

Assistant Professor E. M. Stone, California State College, Long Beach, has been ap- 
pointed Assistant Professor at State University College of New York at Oneonta. 


Assistant Professor L. G. Black, Purdue University, died on May 25, 1966. He was a 
member of the Association for 37 years. 

Professor Emeritus L. M. Coffin, Coe College, died on April 14, 1966. He was a 
charter member of the Association. 

Mr. Marcel Delcourte, Les Assurances du Boerenbond Belge, Louvain, Belgium, died 
on June 18, 1966. He was a member of the Association for 11 years. 

Professor E. D. Rainville, University of Michigan, died on April 29, 1966. He was a 
member of the Association for 38 years. 

Professor Emeritus L. J. Reed, Johns Hopkins University, died on April 28, 1966. He 
was a charter member of the Association. 
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JOHN VON NEUMANN CHAIR OF APPLIED MATHEMATICS 


The University of Brussels has created the John von Neumann Chair of Applied 
Mathematics under the sponsorship of IBM. The first lecturer appointed to the chair is 
Professor E. Stiefel of Ziirich. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 
APRIL MEETING OF THE IOWA SECTION 


The 53rd regular meeting of the Iowa Section of the MAA was held at the Central 
College, Pella, on April 15, 1966. Chairman R. V. Hogg presided. Total attendance was 
105, including 56 members of the Association. Routine business was considered during 
the afternoon meeting. 

A treasurer’s report was giver and a balance of $264.32 was indicated. 

The following officers were elected: Chairman: W. L. Waltmann, Wartburg College; 
Vice-Chairman: Rev. J. L. Friedell, Loras College; Secretary-Treasurer: E. L. Canfield, 
Drake University; Vice-Secretary-Treasurer: B. E. Gillam, Drake University. 

The following papers completed the program: 


1. Quasi-algebraic functions, by E. S. Allen, lowa State University. 

Antonio Salmeri denotes as “quasi-algebraic” those functions of x and [x] which are algebraic 
in x. (Gior. di Mat., vol. 91, 1963.) Those functions described by him, and those considered in this 
report, are algebraic in [x] also. Solutions of linear equations are first considered. The paper then 
considers the possibility of replacing the real number x by the complex number x +2. 


2. On order convergence in partially ordered sets, by R. F. Anderson, Iowa State University, 
introduced by the Chairman. 


3. Generalized derivatives and integrals, by D. L. Hansen, Westmar College, Le Mars. 

Definitions of a generalized derivative have been given in the following three papers: K. Menger, 
this Montaty, October, 1957, pp. 58-70; K. Menger and S. Shii, Proc. Nat. Acad. Sci., 1955, 
pp. 591-595; G. Pall, this Monruty, October, 1957, pp. 71-78. It is shown that the given defini- 
tions are equivalent. A definition is given for a generalized integral (using Pall’s notation). Various 
analogs of integration theorems from complex analysis are then explored. 


4. Approximation of real continuous functions on the real line by infinitely differentiable func- 
tions, by L. E. Pursell, Grinnell College. 

Most extensions of the Weierstrass Approximation Theorem apply only to bounded functions 
(See: M. H. Stone, A Generalized Weierstrass Approximation Theorem, MAA Siudies, vol. 1, 
1962). It is shown here that any real continuous function on the real line R can be uniformly ap- 
proximated on R by infinitely differentiable functions. It follows that if the set C*(R) of all real 
infinitely differentiable functions on R is considered as an “extended (0 <distance S$ ~) metric 
space” with the metric d(f, g) =sup | f- g| then the completion of C*(R) via Cauchy sequences may 
be identified with the space C(R) of all real continuous functions on R. 


5. Panel Discussion: A general curriculum in mathematics for colleges (1965 CUPM report). 
Marion Cornwall, Marshalltown Community College; J. C. Mathews, Iowa State University; 
E. R. Mullins, Jr., Grinnell College. 


6. Cell pairs of codimension 2, by T. M, Price, University of Iowa, Iowa City. 
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7. Chains of different dimensional topologies, by B. A. Anderson, University of Iowa. 

If X is a set with cardinal at least c, there is a sequence J, 71, - - - of complete metric topolo- 
gies on X such that for each nonnegative integer 7, T; contains Ti41 and dim(X, T;) =7. Various 
types of these “chains” are possible. For example, if card (X)=c, there is a chain such that each 
T; is separable; if card (X) =c, there is a chain such that each 7; is locally separable. 


8. Some new results in distance geometry, by L. M. Blumenthal, University of Missouri, Co- 
lumbia (by invitation). 

The new results discussed are (1) the congruent imbedding of every metric (x-+2)-tuple in the 
Minkowski space M®, (2) sine laws for simplices, and (3) the homothetic imbedding of all metric 
triples in a metric space consisting of a metric line G and a point p, not on G. 

E. L. CANFIELD, Secretary-Treasurer 


APPLICATIONS OF UNDERGRADUATE MATHEMATICS IN ENGINEERING 


Early in 1967, MAA will publish a 400-page book entitled “Applications of Under- 
graduate Mathematics in Engineering” written and edited by Professor Ben Noble of 
the Mathematics Research Center, U.S. Army, University of Wisconsin. Each individual 
member of the Association may purchase one copy for $4.50 by sending order with remit- 
tance to the Buffalo office. Additional copies and copies for nonmembers may be pur- 
chased at $9.00 from Macmillan. The publication of this book is the direct result of 
activities of a panel of CUPM. 

The Panel on Mathematics for the Physical Sciences and Engineering of CUPM has 
devoted considerable time and effort in recent years to study ways of improving the 
mathematics programs offered to engineering students. In examining existing courses, 
the committee found a perennial lack of really good engineering problems for motivation 
and application of mathematics. Many of the problems that appear in calculus texts, for 
example, although they attempt to motivate the mathematical ideas, are in reality 
rather superficial. They suffer by being either so overly simplified or so artificially con- 
structed as to be meaningless from the point of view of the application. 

In 1963, the Panel decided that a significant contribution could be made by making 
available a collection of mathematical problems drawn from real engineering situations. 
With the cooperation of the Commission on Engineering Education and its Executive 
Director, Professor Newman Hall, a large number of problems were collected from a 
variety of sources. These were first sorted and collected in a preliminary way by a joint 
committee of mathematicians and engineers. The major task, however, was the very 
difficult one of writing up the problems, filling in numerous gaps, and preparing a coher- 
ent exposition. It is the very good fortune of the Association that Professor Ben Noble 
brought his broad knowledge in both mathematics and its many fields of engineering 
application to the realization of “Applications of Undergraduate Mathematics in En- 
gineering.” 

In the pattern of presentation adapted for this volume, each problem begins by de- 
veloping the understanding of the engineering situation essentially from first principles. 
An approximate mathematical model is then established and carefully developed. Next, 
the resulting mathematical insights are applied and interpreted in the context of the 
original engineering situation. Numerical examples, pictorial interpretations, and gen- 
eralizations of both the mathematics and the engineering are frequently possible. 

The book is intended for at least three major audiences. First, for each of a number of 
undergraduate mathematics courses, it provides the mathematics instructor with a set 
of motivating problems for possible classroom presentation. Second, it brings to the at- 
tention of engineers the utility of many branches of mathematics in attacking engineering 
problems in their own fields. Third, the engineering student will find in this book the 
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opportunity to synthesize and enrich personally his educational experiences in both 
mathematics and engineering courses. An abbreviated version of the Table of Contents 
follows: 


Illustrative Applications of Elementary Mathematics 
Ordinary Differential Equations 

Approximate Formulation and Solution of Field Problems 
Linear Algebra 

Applications of Probability Theory 
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CALENDAR OF FUTURE MEETINGS 


Fiftieth Annual Meeting, Houston, Texas, January 26-28, 1967. 
Forty-eighth Summer Meeting, University of Toronto, Toronto, Ontario, Canada, 


August 28-30, 1967. 


ALLEGHENY Mountain, West Virginia Univer- 
sity, Morgantown, West Virginia, May 6, 
1967. 

ILLINOIS, University of Illinois, Urbana, May 
14-15, 1967. 

INDIANA 

Iowa, Drake University, Des Moines, April 21, 
1967. 

KANSAS, Fort Hays State College, Hays, April 
22, 1967. 

Kentucky, Murray State University, Murray, 
Spring 1967. 

LovuIsIANA-MissIssipPI, Jung Hotel, 
Orleans, Louisiana, March 4—5, 1967. 

MARYLAND-DIsTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw YORK 

MICHIGAN 

MINNESOTA 

Missourt, Northeast Missouri State Teachers 
College, Kirksville, April 29, 1967. 


New 


NEBRASKA, University of South Dakota, 
Vermillion, May 6, 1967. 

NEw JERSEY 

NORTHEASTERN 


NORTHERN CALIFORNIA, University of Cali- 
fornia, Davis, February 4, 1967. 

OuI0, Ohio State University, Columbus, April 
22, 1967. 

OKLAHOMA-ARKANSAS, Northeastern State Col- 
lege, Tahlequah, Oklahoma, March-April, 
1967. 

Paciric NORTHWEST, University of Montana, 
Missoula, June 16-17, 1967. 

PHILADELPHIA 

Rocky MountaINn, Western State College of 
Colorado, Gunnison, May 1967. 

SOUTHEASTERN, Florida Presbyterian College, St. 
Petersburg, Florida, March 31—April 1, 1967. 

SOUTHERN CALIFORNIA, San Diego State Col- 
lege, San Diego, March 11, 1967. 

SOUTHWESTERN, University of Arizona, Tucson, 
March 31—April 1, 1967. 

Texas, Austin College, Sherman, April 14-15, 
1967. 

Upper NEw York State, State University 
College, Plattsburgh, May 20, 1967. 

WIsconsIN, St. Norbert College, DePere, May 
6, 1967. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, New York, N. Y., 
December 26-31, 1967. 

AMERICAN MATHEMATICAL SOCIETY, Houston, 
Texas, January 24-27, 1967. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Michigan State University, June 
19-23, 1967. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Sheraton-Park, Washington, D. C., August 
29-31, 1967. 


ASSOCIATION FOR SyMBOLIC LoGic, Houston, 
Texas, January 23-24, 1967. 

CENTRAL ASSOCIATION OF SCIENCE AND MATHE- 
MATICS TEACHERS, Chicago, November 
23-25, 1967. 

NATIONAL CoUNCIL OF TEACHERS OF MATHE- 
MATICS, Houston, Texas, January 28, 1967. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
New York Hilton Hotel, May 31—-June 2, 
1967. 


AVAILABLE IN MARCH 


Algebra 


By Saunders Mac Lane, The University of Chicago; and 
Garrett Birkhoff, Harvard University 


Here is a fresh presentation of algebra for undergraduate or graduate courses that is the 
first to make full and effective use of the new concepts of category, functor, and “universal 
elements” for functors. The starting point, in Chapter I, is the idea of functions and 
the composition of functions; in the treatment of set theory this idea already leads up to 
the concept of universality. This concept is further developed in the next chapter on the 
systems of integers. Following these two introductory chapters is the discussion of the 
basic types of algebraic systems: groups and their morphisms, rings, fields, modules, 


vector spaces, and their morphisms. 


On this background linear algebra is developed systematically, in successive chapters on 
the matrix representation of linear transformations, on similarity and eigenvalues, on 
determinants and tensor products, and on quadratic forms. Special topics are covered in 
chapters on similarity and canonical forms, on affine geometry, on lattices, on categories, 
and on multilinear algebra. A bibliography, lists of symbols, and an index are included. 


1967, approx. 672 pages, prob. $11.95 


Write to the faculty service desk for examination copies. 


THE MACMILLAN COMPANY 
866 Third Avenue, New York, N.Y. 10022 


[— 1967 PUBLICATIONS FROM PRENTICE-HALL — 


INTEGRATED ALGEBRA AND TRIG- 
ONOMETRY: WITH ANALYTIC GE- 
OMETRY, 2ND EDITION, 1967—by 
ROBERT C. FISHER, The Ohio State Uni- 
versity, and ALLEN D. ZIEBUR, State Uni- 
versity of New York at Binghamton. 


A thorough revision of one of the most suc- 
cessful pre-calculus mathematics texts pub- 
lished. (Over 158,000 copies sold of previous 
edition.) The unifying theme of the book is 
the concept of the function and its graph. 
New to this edition are the introduction of 
the language and notation of sets, and the 
treatment of analytic geometry. Color illus- 
trations have been incorporated. January 
1967, approx. 448 pp., $8.95 


INTRODUCTORY COMPLEX ANALY- 
SIS—by RICHARD A. SILVERMAN, formerly 
of the Courant Institute of Mathematical 
Sciences of New York. 


A basic senior or first year graduate course 
in Complex Variable Theory and its appli- 
cations. This completely self-contained text 
requires the reader to have a background in 
advanced calculus. Presents a thorough 
treatment of elementary functions, poly- 
nomials and rational functions, with sepa- 
rate chapters on harmonic functions. 
January 1967, approx. 352 pp., $8.50 


LINEAR TRANSFORMATIONS AND 
MATRICES—by F. A. FICKEN, New York 
University. 


A new text presenting the basic theory of 
finite-dimensional real and complex linear 
spaces. For students taking a first “con- 
ceptual” course. The material was class- 
tested by the author for over two years 
before final publication. January 1967, 
approx. 368 pp., $10.50 


APPLIED DIFFERENTIAL EQUA- 
TIONS, 2ND EDITION, 1967—by mur- 
RAY R. SPIEGEL, Rensselaer Polytechnic 
Institute. 


This revised and updated 2nd Edition main- 
tains the objectives of the highly successful 
first edition. Briefly and clearly provides an 
elementary, reasonable understanding of 
differential equations for students of engi- 
neering, physics, chemistry and mathe- 
matics. This new edition features: a chapter 
on Laplace transform methods; an enlarged 
chapter on the Numerical Solution of Dif- 
ferential Equations by the addition of a 
section on the Runge-Kutta method and 
others. January 1967, approx. 384 pp., $8.50 


For approval copies, write: Box 903 
PRENTICE-HALL, ENGLEWOOD 
CLIFFS, NEW JERSEY 07632 


PROFESSIONAL OPPORTUNITIES 
IN MATHEMATICS 


Sixth Edition 


A completely revised and up-to-date version of an article which appeared 
originally in the American Mathematical Monthly. 


32 pages, paper covers 


25¢ for single copies; 20¢ each for orders of five or more. Send orders with 


payment to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
SUNY at Buffalo (University of Buffalo) 


Buffalo, New York 14214 


Current Offerings From 
Holt, Rinehart and Winston 


A FIRST COURSE IN 
ABSTRACT ALGEBRA 


HIRAM PALEY and PAUL M. 
WEICHSEL, both of the University 
of Illinois 


Designed for the undergraduate 
course in abstract algebra. Includes 
naive set theory, elementary num- 
ber theory with modular arithmetic, 
the elementary theory of groups and 
rings, and a selected list of topics in 
groups and rings for special assign- 
ment and advanced reading. 


1966 334 pp. $8.95 


ELEMENTARY ALGEBRA 
EUGENE D. NICHOLS, Florida 
State University 


An introductory text in modern 
algebra, this work is for beginning 
college students who have not had 
an algebra course in high school, or 
for those who have had a traditional 
high school algebra course. 


1966 466 pp. $7.95 


ALGEBRA 


EUGENE D. NICHOLS, RALPH 
I. HEIMER, and E. HENRY 
GARLAND, all of Florida State 
University 


A sequel to Elementary Algebra, 
this text may be used successfully by 
any college student who has a fa- 
miliarity with the beginning notions 
of a modern elementary algebra 
course. 


1966 582 pp. $7.95 


MATHEMATICS OF 
AUTOMATIC CONTROL 


TOSHIE TAKAHASHI, Tokyo, 
Japan 

Translated by Scripta Technica; 
translation edited by GEORGE M. 
KRANC, The City College of the 
City University of New York 
From the preface: “The author dis- 
cusses the most important special- 
ized mathematical topics that are 
at once so necessary and so trouble- 
some for the student and the en- 
gineer attempting to master the prin- 
ciples of automatic control theory.” 


1966 456 pp. $12.50 


TOPOLOGICAL 
STRUCTURES 


Wolfgang J. Thron, University of 
Colorado 


Discusses a number of advanced 
topics: lattice theory aspects of point 
set topology; detailed accounts of 
both net theory and filter theory and 
the relationship between these the- 
ories; and proximity spaces. 
1966 240 pp. 


A FIRST COURSE IN 
INTEGRATION 


EDGAR ASPLUND, University of 
Stockholm 

LUTZ BUNGART, University of 
California, Berkeley 

A basic text for a one-semester un- 
dergraduate course in the theory of 
Lebesgue integration. 
1966 489 pp. 


$9.50 


$10.95 


HOW, Rinehart = 


_383 Madison Avenue, . 


New York, New York 10017 


Allyn and Bacon, Inc. / 
Leading Publishers Since 1868 


THE ALLYN AND BACON SERIES IN ADVANCED MATHEMATICS 


“The Allyn and Bacon Series in Advanced Mathematics is designed to pro- 
vide expositions of the basic areas of mathematics at the upper undergraduate 
and beginning graduate levels. It is at this point that the student’s acquaintance 
with modern mathematics really begins. A good text will, of course, supply 
the usual indispensable features: a high level of exposition, plenty of exercises 
ranging from routine ones to ingenious challenges, and stimulating glimpses 
of where the subject goes when you penetrate deeper. A superb text does even 
more: it lets the student share the excitement that accompanied the great dis- 
coveries of the last century. It is to the development of superb texts that the 
Series is dedicated.” 

Irving Kaplansky, University of Chicago 
Charles DePrima, California Institute of Technology 
Consulting Editors 


TOPOLOGY by James Dugundji, University of Southern California. 1966 
464 pp. List $12.95. 


A SURVEY OF MATRIX THEORY AND MATRIX INEQUALITIES by 
Marvin Marcus and Henryk Minc, both of the University of California at 
Santa Barbara. 1964. 180 pp. List $8.95. 


THE THEORY OF GROUPS: AN INTRODUCTION by Joseph J. Rotman, 
University of Illinois. 1965. 305 pp. List $9.95. 


THE ALLYN AND BACON SERIES 
TOPICS IN CONTEMPORARY MATHEMATICS 


This timely new series is composed of selected topics designed to facilitate 
instructional flexibility, and add to the enrichment of a variety of courses. 
Each topic has been chosen for its fundamental importance and interest to 
both professor and student. These short, paperbound volumes will introduce 
students to such topics as linear algebra, the real number system, probability, 
logic and statistics. 


New for 1967—Available for use January Ist 


INFORMAL LOGIC by John W. Kenelly, Clemson University. 1967. est. 
128 pp. Tent. List $2.95. Paperbound. 


ALGEBRA THROUGH PROBLEM SOLVING by Abraham P. Hillman, 
University of New Mexico; and Gerald L. Alexanderson, University of Santa 
Clara. 1966. 129 pp. List $2.95. Paperbound. 


SETS WITH APPLICATIONS by Peter W. Zehna, U. S. Naval Postgraduate 
School. 1966. 153 pp. List $2.95, Paperbound. 


ALLYN AND BACON, INC., Dept. F, 150 Tremont St., Boston, Mass. 02111 


Allyn and Bacon, Inc. / 
Leading Publishers Since 1868 


ANNOUNCING TWO FORTHCOMING 1967 PUBLICATIONS 


INTRODUCTION TO VECTOR ANALYSIS, SECOND EDITION by 
Harry F. Davis, University of Waterloo, Ontario. 1967. Est. 380 pp. 
Tent. List $8.50, 


ELEMENTS OF STATISTICAL INFERENCE, SECOND EDITION by 
David Huntsberger, Iowa State University. 1967. Est. 454 pp. Tent. List 
$8.50. 


PUBLISHED TITLES 


INTERMEDIATE ALGEBRA by Donald S. Russell, Ventura College. 
1965. 338 pp. List $7.25. 


FUNCTIONAL TRIGONOMETRY, SECOND EDITION by Abraham P. 
Hillman, University of New Mexico; and Gerald L. Alexanderson, Univer- 
sity of Santa Clara. 1966. 370 pp. List $7.50. 


INTRODUCTORY MATHEMATICAL ANALYSIS, SECOND EDITION 
by Edgar D. Eaves, University of Tennessee; and Robert L. Wilson, Ohio 
Wesleyan University. 1964. 496 pp. List $9.25. 


CALCULUS WITH ANALYTIC GEOMETRY, THIRD EDITION by 
Richard E. Johnson, University of New Hampshire; and Fred L. Kioke- 
meister, Mt. Holyoke College. 1964. 798 pp. List $11.95. 


INTRODUCTION TO MODERN ALGEBRA by Neal McCoy, Smith Col- 
lege. 1960. 304 pp. List $8.50. 


A SURVEY OF GEOMETRY by Howard Eves, University of Maine. 
Volume I: 1963. 489 pp. List $9.95. Volume II: 1965. 496 pp. List 
$9.95. 

INTRODUCTION TO COMPLEX ANALYSIS by Zeev Nehari, Carnegie 
Institute of Technology. 1961. 258 pp. List $7.95. 


ADVANCED CALCULUS: AN INTRODUCTION TO APPLIED 
MATHEMATICS by Arthur E. Danese, State University of New York at 
Buffalo. Volume I: 1965. 558 pp. List $10.75. Volume II: 1965. 
372 pp. List $8.25, 


ELEMENTARY MATRIX THEORY by Howard Eves, University of Maine. 
1966. 325 pp. List $9.50. 


ALLYN AND BACON, INC., Dept. F, 150 Tremont St., Boston, Mass. 02111 


‘McGraw-Hill is proud to announce the newest addition 
to the successful Allendoerfer/Oakley collection. 


"FUNDAMENTALS. OF COLLEGE ALGEBRA 430 pages, $7.50 


Also available by Carl B. Allendoerfer, University of Washington and Cletus O. Oakley, 
Haverford College are FUNDAMENTALS OF FRESHMAN MATHEMATICS, 2/e, 586 
pages, $8. 50 and PRINCIPLES OF MATHEMATICS, 2/e, 533. pages, ae 95. An Instruc- 
tor’ s Manual is available for each of the three texts. 


a Send for your examination copies today. 
.McGraw-Hill Book Company sy 
330 West 42nd Street, New: York, N.Y. 10036. 
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LINEAR EQUATIONS AND MATRICES 


By JOHN B. JOHNSTON, General Electric Research 
Laboratory and University of Kansas, G. BALEY 
PRICE and FRED S. VAN VLECK, University of Kansas 


This text, requiring a background of three years of 
high school mathematics, is designed for a one- 
semester freshman or sophomore course for students 
in the biological, management and social sciences. 
Subjects with important applications in these areas 
are covered from both theoretical and practical 
viewpoints. These topics include the solution of m 
linear equations in n unknowns, flow charts for de- 
scribing the algorithm for solving systems of linear 
equations, matrix algebra, inverses of matrices, and 
the solution of matrix equations. 

308 pp, 78 illus. $8.50 


A FIRST COURSE IN CALCULUS 
By SERGE LANG, Columbia University 


Designed for a first course in Calculus, it is intended 
to teach the students the basic notions of derivative 
and integral, and the basic techniques and applica- 
tions which accompany them. The _ epsilon-delta 
techniques are given in an appendix. If one grants 
these, the proofs of the book are then perfectly 
rigorous. Such an arrangement allows the student 
to cover the subject without a depressing formal 
barrage at the beginning, while permitting him to 
absorb these techniques as soon as he feels suffi- 


ciently prepared for them. 260 pp, 96 illus. $8.50 


A SECOND COURSE IN CALCULUS 
By SERGE LANG 


This volume is a continuation of the author’s A First 
Course in Calculus. Like the first volume, it is written 
for the student and strikes a proper compromise be- 
tween dwelling too much on special details and not 
giving enough technical exercises necessary to 


acquire the desired familiarity with the subject. 


After a first chapter decling with vectors, the text 
separates naturally into two parts treating functions 
of several variables and linear algebra, respectively. 
Since these are essentially independent, they may 
be studied in either order desired. In general, each 
part will require approximately one semester’s work. 

256 pp, 227 illus. $7.95 


INTRODUCTION TO LINEAR ANALYSIS 


By DONALD L. KREIDER, Dartmouth College, 
ROBERT G. KULLER, University of Colorado, 
DONALD R. OSTBERG, Indiana University, and 
FRED W. PERKINS, Dartmouth College 


This book, which assumes a background in calculus, 
is designed to serve as an introductory text in ap- 
plied analysis for students of science and engineer- 
ing. The concept of linearity is emphasized and 
used as a unifying thread which ties together the 
treatment of topics often presented in an isolated 
manner. Conceptual understanding is _ stressed 
throughout, particularly through the detailed discus- 
sions of the underlying importance of vector spaces 
and linear transformations in the solution of physi- 


cal problems. 773 pp, 177 illus. $12.50 


FUNCTIONS OF SEVERAL VARIABLES 
By WENDELL H. FLEMING, Brown University 


Intended for courses in advanced calculus, this text 
presents a systematic treatment of differential and 
integral calculus for functions of several variables. 
The standard topics are presented, but the treatment 
differs from the traditional one in several important 
respects. For example, the text presents the elements 
of the Lebesgue theory of integrals in some defail. 
The introduction of convex and concave functions 
makes possible a more thorough treatment of ex- 
trema. Instead of the traditional vector analysis the 
text offers a treatment of differential forms and 
manifolds in n-dimensional euclidean space. 

337 pp, 91 illus. $10.50 


Write for approval copies 


THE SIGN OF 


Addison-Wesley 
PUBLISHING COMPANY, INC. 
Reading, Massachusetts 01867 


EXCELLENCE 


APPLETON-CENTURY-CROFTS 


| CALCULUS WITH ANALYTIC GEOMETRY 


EDWIN J. PURCELL, University of Arizona. In one year this book has proved to be one of 
the most widely adopted. 843 pp., illus., $10.00 


CALCULUS WITH ANALYTIC GEOMETRY 


JOHN M. H. OLMSTED, Southern Illinois University. The dominant philosophy of the 
book—emphasis on concepts and structure—and its complete coverage of mathematical 
analysis, make this new text especially attractive to the serious student of mathematics. 
Vol. I, 810 pp., illus., $9.50. Vol. IT, 655 pp., illus., $7.00 


AN INTRODUCTION TO MATRICES, VECTORS, AND 
LINEAR PROGRAMMING 
HUGH G. CAMPBELL, Virginia Polytechnic Institute. A highly successful elementary text 


for the social science student, business student, engineer, and prospective teacher. 
244 pp., illus., $6.50 


MODERN BASIC MATHEMATICS 


HOBART C. CARTER, Mary Washington College of the University of Virginia. An attractive 
text suitable for freshman courses in basic mathematics. 466 pp., illus., $6.50 


ELEMENTARY CONCEPTS OF MODERN MATHEMATICS 


FLORA DINKINES, University of Illinois. Available in hardbound volume (457 pp., illus., 
$6.50) or in three paperbacks: ELEMENTARY THEORY OF SETS, 237 pp., illus., $2.65; 
INTRODUCTION TO MATHEMATICAL LOGIC, 122 pp., $1.65; ABSTRACT MATHEMATICAL SYS- 
TEMS, 97 pp., illus., $1.45 


DIVISION OF MEREDITH PUBLISHING CO.—440 PARK AVE. SOUTH, NEW YORK 10016 


GUIDEBOOK 


TO 
DEPARTMENTS IN THE MATHEMATICAL SCIENCES 
IN THE 
UNITED STATES AND CANADA 


(Second edition, 1966: about 80 pages containing almost 1200 entries) 


... intended to provide in summary form information about the location, size, 
staff, library facilities, course offerings, and special features of both undergrad- 
uate and graduate departments in the Mathematical Sciences .. . 


Price: Fifty Cents 


Copies may be purchased from: 
Mathematical Association of America 
SUNY at Buffalo (University of Buffalo) 
Buffalo, New York 14214 


BLAISDELL COMPUTER SCIENCE SERIES 


designed to give clear and up-to-date presentations of the major topics in computer sci- 
ence. The books are written in such a way that they will serve equally well in the classroom as texts 
for courses in advanced computer science or in scientific or computation laboratories as reference 
works. Each book is being prepared by an expert in the field who has had experience both with 
the theoretical and the practical aspects of the problem described. The first two books are: 


NUMERICAL INTEGRATION 


Philip J. Davis, Brown University 
Philip Rabinowitz, Weizmann Institute, Israel 


This text provides a balance between practical applications and theoretical topics 
which underlie numerical integration. The coverage is broad, comprehensive, and 
computer oriented. The Appendix includes FORTRAN programs, a bibliography of 
ALGOL procedures, and a reproduction of ‘On the Practical Evaluation of Integrals” 
by M. Abramowitz. Available January 


STATISTICAL COMPUTATIONS ON A DIGITAL COMPUTER 
William J. Hemmerle, University of Rhode Island 


This text is useful to both statisticians and to numerical analysts. The statistical theory 
is briefly presented for various applications which are selected because of their im- 
portance in applied statistics and numerical analysis. A basic knowledge of computer 


programming and some advanced calculus and matrix algebra are assumed. 
Available March 


NEW ALGEBRA TEXTS 


INTRODUCTION TO ALGEBRA 
Sam Perlis, Purdue University 


Designed for an introductory course in modern algebra or separate courses in linear and abstract 
algebra, this text presents the concepts and elementary facts of five systems: groups, rings, integral 
domains, fields, and vector spaces. Coverage extends to low-level topics such as induction, roots of 
unity, multiple roots of polynomials, and irreducibility. Matrices are used to move from the concrete 
to the abstract; repetition and examples clarify advanced concepts. 1966. 337 pages. $9.50 


LECTURES ON RINGS AND MODULES 
Joachim Lambek, McGill University 


For advanced undergraduate and graduate use, this book discusses associative rings and their 
modules, with emphasis on the “ring of quotient" concept. The text includes selected results in the 
case of Boolean and other commutative rings, the classical structure theory of associative rings, in- 
jective modules, and offers an introduction to homological algebra. 1966. 192 pages. $8.50 


ALGEBRAIC EXTENSIONS OF FIELDS 
Paul J. McCarthy, University of Kansas 


For students who have completed a course in abstract algebra, this text presents basic material con- 
cerning algebraic extensions of fields, and provides preparation for further study in the theory of 
fields, especially in algebraic number theory and classical field theory. 1966. 1765 pages. $8.50 
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MODERN ALGEBRA AND 
TRIGONOMETRY 
By ELBRIDGE P. VANCE, Oberlin College 


Offers a unified treatment of the basic ideas of al- 
gebra and trigonometry; it may be used in either 
G@ one- or a two-semester course. The author has 
adopted as an aim the education of the student in 
the nature of mathematics as a logical system. He 
attempts to show the student that precise definitions 
are important, that explicitly stated hypotheses are 
necessary, and that any system of mathematics con- 
sists of these definitions and hypotheses, together 
with the results which have been derived by logical 
reasoning. 374 pp, 93 illus. $8.95 


COLLEGE ALGEBRA, Second Edition 


By ROSS H. BARDELL and ABRAHAM SPITZBART, 
University of Wisconsin, Milwaukee 


The present edition of this text has been designed 
to maintain the essential features of the first edition 
with some notable changes. Perhaps the most signif- 
icant is the axiomatic development, in Chapter One, 
of the real number system. A set of axioms are 
chosen for the natural numbers, which permits 
definitions and proofs that are understandable to 
the student. The emphasis of the book is still on the 
study of properties and applications of the ele- 
mentary functions of mathematics. 

285 pp, 29 illus. $6.95 


CALCULUS WITH ANALYTIC 
GEOMETRY: A FIRST COURSE 


By MURRAY H. PROTTER and CHARLES B. MORREY, 
JR., University of California 


This is the first volume of a two-volume work cover- 
ing analytic geometry, calculus, linear algebra, and 
differential equations. It is essentially concerned 
with analytic geometry and functions of one vari- 
able and contains enough material for two semesters’ 
work. To meet the needs of students of science and 
engineering, who are required to know as early as 
possible some of the elementary processes of cal- 
culus, this book treats the fundamental notions of 
limit, differentiation, and integration in an informal 
way in Chapter 4. Similarly, physical applications 
are emphasized wherever suitable. 

572 pp, 403 illus. $8.95 


MODERN MATHEMATICAL ANALYSIS 


By MURRAY H. PROTTER and 
CHARLES B. MORREY, JR. 


This text is primarily concerned with functions of 
several variables, linear algebra, and differential 
equations. It is specifically designed to follow the 
authors’ Calculus with Analytic Geometry, A First 
Course, but can be used for any second eourse in 
analysis. To make it particularly attractive to stu- 
dents of science and engineering, considerable at- 
tention has been devoted to elementary topics, il- 
lustrative examples, and intuitive explanations of 
many of the fundamental concepts. However, defini- 
tions and theorems are stated with care and preci- 
sion, and the proofs of many theorems are given in 
full. 800 pp, 296 illus. $10.95 


COLLEGE CALCULUS WITH 
ANALYTIC GEOMETRY 


By MURRAY H. PROTTER and 
CHARLES B. MORREY, JR. 


Covering analytic geometry, calculus, and linear al- 
gebra, this text is designed for a three-semester 
course. Definitions and theorems are stated with 
care and precision throughout, and the proofs of 
simple theorems are given in full. However, con- 
siderable attention has also been devoted to ele- 
mentary copies, illustrative examples, and intuitive 
explanations of many of the fundamental concepts, 
thus making the book equally attractive to students 
of both science and engineering and pure mathe- 
matics. 916 pp., 551 illus. $12.50 


ADVANCED CALCULUS 
By WILFRED KAPLAN, University of Michigan 


The adopted text in over 100 colleges and univer- 
sities, this book is designed for courses in advanced 
calculus or higher mathematics for engineers, up to 
three semesters in length. There is more than the 
usual emphasis upon applications and on physical 
motivation. The book contains sufficient material, 
not only for a standard two-semester course in ad- 
vanced calculus, but it also provides, in Chapters 
1, 3, and 5, the basis for a one-semester course in 
vector analysis, in Chapters 7 and 10 sufficient ma- 
terial for a course in partial differential equations, 
and Chapter 9 by itself is a complete elementary 
course in complex variables. 

679 pp, 241illus. $12.75 
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